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qUnderstandinq of the equiiibrium properties of intense relativistic electron
beams is extremely important in various areas, including microwave generation and
beam propagation in the atmosphere. This report examines the equilibrium prop-
erties of the intense relativistic electron beam described by the rigid-rotor
equilibrium distribution function. Beam properties including an axial velocity
profile, a beam temperature, a beam density, and equilibrium self-field profiles
are calculated for a broad range of system parameters.. This work was supported
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1. INTRODUCTION

This work is a theoretical study of the equilibrium properties'=®

of a relativistic electron beam. The major recent interest in the
equilibrium properties of relativistic electron beams originates from
several diverse research areas. These include: (a) fundamental
experimental and theoretical studies of equilibrium and stability
properties of magnetically confined nonneutral plasmas in mirror, ®-*
cusped,’ and uniform® magnetic field geometries, (b) research on

collectiva - effect accelerators that utilize the intense self fields

1. Davidson, R. C., Theory of Nonneutral Plasma (Benjamin, Reading,
MA., 1974).

2. Bennett, W. H., "Magnetically Self-Focussing Streams," Phys. Rev.
45, 1934, p 890.

3. Hammer, D. A., and Rostoker, N., "Propagation of High Current
Relativistic Electron Beams," Phys. Fluids l}, 1970, p. 1831.

4. Gratreau, P., "Generalized Bennett Equilibria and Particle Orbit
Analysis of Plasma Columns Carrying Ultra-High Currents," Phys.
Fluids 21, 1978, p 1302.

5. Davidson, R. C., and Uhm, H. S., "Thermal Equilibrium Properties of
an Intense Relativistic Electron Beam, " phys. Fluids, in press 1979,

6. Armstrong, C. M., Hammer, D. A., and Trivelpiece, A. W., "Non-
neutral Electron Plasma With a 2.5 MeV Mean Energy," Phys. Lett.
A55, 1976, p 413.

7. Davidson, R. C., and Uhm, H. S., "Influence of Strong Self-
Electric Fields on Ion Resonance Instability in a Nonneutral
Plasma Column," Phys. Fluids, 20, 1977, p 1938.

8. Davidson, R. C., and Uhm, H. S., "Influence of Finite Ion Latmor
Radius Effects on the Ion Resonance Instability in a Nonneutral
Plasma Column," Phys. Fluids, 21, 1978, p 60.

9. Striffler, C. D., Kapetnnakos, C. A., and Davidson, R. C., "Equili-

brium Properties of a Rotating Nonneutral E Layer in a Cusped
Magretic Field," Phys. Fluids, 18, 1975, p 1374.
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of an electron cluster,'’ the electron cyclotron resonance mode (the

13

Auto Resonant Accelerator), and the converging waveguide,'!’ (¢) re-

search on the high-power microwave generation'’'~'® and (d) studies

of electron beam propagation through a neutral gas or background

0

plasma.'®”?° Although these research areas have different goals and

objectives, they have in common the need to understand the

10. Destler, W. W., Uhm, H. S., Kim, H., and Reiser, M. P., "Study
of Collective Ion Acceleration in Vacuum" J. Appl. Phys. in
press (1979).

11. Sloan, M. W., and Drummond, . E., "Autoresonant Accelerator
Concept," Phys. Rev. Lett. 31, 1973, p 1234.

12, Sprangle, P., Drobot, A., and Manheimer, W., "Collective Ion
Acceleration in a Converging Wave Guide," Phys. Rev.Lett. 36,
1976, p 1180.

Granatstein, V. L., Sprangle, P., Parker, R. K., Pasour, J.,
Herndon, M., Schlesinger, S. P., and Sefter, J. L., "Realization
of Relativistic Mirror; Electromagnetic Backscattering from the
Front of a Magnetized Relativistic Electron Beam," Phys. Rev.
Al4, 1976, p 1194.

Flyagin, V. A., Gaponov, A. V., Petelin, M. I., and Yulpatov,
V. K., "The Gyroton," IEEE Trans. Microwave Theory and Techniques,
MTT-25, 1977, p 514.

Uhm, H. S., and Davidson, R. C., "Quasi-Linear Theory of Cyclo-
tron Maser Instability," Phys. Fluids 22, in press (1979) and
references therein.

Reiser, M. "Laminar-Flow Equilibria and Limiting Currents in Magnetically
Focused Relativistic Beams", Phys. Fluids 20, 477 (1977).

Kligman, R. L., "Electric Conductivity in a Beam, Plasma System,"
NSWC/WOL TR 77-146, 15 Sep 1977.

Briggs, R, J., Hester, R. E., Lauver, E. J., Lee, E. P., and
Spoerle.n, R. L., "Radial Expansion of Self-Focused, Relativistic
Electrorn Beams," Phys. Fluids, 19, 1976, p 1007.

Lee, E. P., "Kinetic Theory of a Relativistic Beam," Phys. Fluids |
19, 1976, p 60.

Lampe, M., "Energy Moment Method for Straggling of an Ultra- |
Relativistic Electron Beam," NRL Memorandum Report 3221, Feb
1976.
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equilibrium properties of a relativistic electron beam that is char-
acterized by intense self electric and self magnetic fields.

The theoretical analysis of relativistic electron beams is carried
out, neglecting the atomic process and discrete particle interactions
(i.e., binary collisions), because the collective processes are
assumed to dominate on the time and length scales of interest. The
equilibrium properties are examined within the framework of the
Vlasov-Maxwell equations.! The analysis is carried out for an infi-
nitely long electron beam as shown in Figure 1. The mean radius of
£ the electron beam is denoted by a. The mean motion of the electron
‘ hheam is in the azimuthal and axial directions, producing the self

magnetic fields. Cylindrical polar coordinates (r, 8, z) are in-

troduced with the 2z axis along the axis of symmetry; r is the radial
distance from the z axis,
and 8 is the polar angle in the plane perpendicular to the 2z axis.

The relativistic electron beam is immersed in a cylindrical back-

ground plasma and is partially charge neutralized by extra positive
ions. We also expect that the background plasma has an additional
equal number of positive ions and electrons. The positive ions are

assumed to be immobile (mi*w). Thus we have

o e

0 .0 0
ne(r) ub(r) + np(r),

(1.1)

0 0 0
ni(r) fenb(r) + np(r),

where ng(r) and ng(r) are the equilibrium beam and plasma densities,

respectively, ng(r) and ng(r) are the total electron and ion densi-

ties, respectively, and fe=const is the fractional charge neutrali-

zation. It is also assumed that the space current density generated
by the beam electrons is partially neutralized by the return current
of plasma electrons, with the fractional current neutralization fm=
const.
Equilibrium properties of the electron beam are calculated for
the class of rigid-rotor equilibria described by kinetic equilibrium
distributions of the form fg(H, Py Pz) = fg(H - “bpe'Pz)' where H 3

is the total energy, P, is the canonical angular momentum, P_ is the

) z
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axial canonical momentum, and Wy is the canonical angular velocity.
It is worthwhile to emphasize that in rigid-rotor equilibrium, the

electron distribution function fg depends exclusively on the linear
combination of the energy H and the canonical angular momentum PO‘
One of the characteristic features of the rigid-rotor equilibrium is
that the mean azimuthal velocity ¢f a beam electron fluid element is
o : 0 0
rigid-rotor, i.e., Vob(r)=wbr, where ng

velocity of a beam electron fluid element. Equilibrium properties

(r) is the mean azimuthal

are investigated for a variety of choices of fg(H-wbPG, P,) to de-
termine the sensitivity of density, temperature, and self-field
profiles to beam injection conditions.

To make the theoretical analysis tractable, the following addi-
tional simplifying assumptions are made in describing the electron
beam equilibrium by the steady-state (3/3t=0) Vlasov-Maxwell
equations;

(a) The equilibrium properties are independent of z (3/32z=0) and
aximuthally symmetric (3/38=0) about the z axis.

(b) It is further assumed that the motion of the beam electrons
is predominately in the axial direction, and that the transverse
momentum is small in comparison with the characteristic axial

momentum, i.e.,

2 2 2
pr + pn \'\’pz ¥ (1.2)
where p = (pr, Py pz) is the particle momentum in cylindrical co-
ordinates. Consistent with Fq. (1.2), we simply omit the axial self

magnetic field B:(r) in the subsequent analysis, since the influence
of the axial self magnetic field, produced by the mean rotation

0 _
Vair) = Wy
negligibly small in comparison with the influence ,of azimuthal self

r of the electron beam, on the eguilibrium properties is

magnetic field Bi(r). A simple estimate gives

0.s
VopPz| . [ "2 :
0 S “ 0 << l, (1.3)
V2bPo Vb
8
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where ng(r) is the mean axial velocity of a beam electron fluid
element.

Central to a Vlasov description of electron beam equilibria are

the single-particle constants of the motion in the equilibrium fields

39, (r)

0 L g 0 S

E (g) = Er(r) T e R {(1.4)
ar

and
B%x} =B & + B%(r) &
ks Q =z 8 =6
aAi(r)
"B & - & (1.5

where ér’ é,, and éz are unit vectors in the radial, azimuthal, and

W -

axial directions, BO is a uniform applied magnetic field, co(r) is
the equilibrium electrostatic potential and Az(r) is the z- com-

ponent of equilibrium vector potential. For azimuthally symmetric
equilibrium with 3/3z=0, there are three single particle constants

of the motion. These are the total energy H,

H = (m2c4 + C2p2)1/2 - e:o(r), (1.6)
the canonical angular momentum Py
O SO R S (1.7)
9 ) 2 cb n
and the axial canonical momentum
£ L e.n
P, =P A, () (1.8)

where ¢ is the speed of light in vacuo, -e and m are charge and rest
mass of electron, respectively, and &cb = eBo/mc is the nonrelati-
visitic electron cyclotron frequency in the uniform applied magnetic
field B0 Note that w1thout the applied magnetic field (B -0), the
term proportional to wcb in Eq. (1.7) vanishes.

The radial electric field Eo(r) and azimuthal self magnetic field

B (r) are determined self- cons1stent1y from the Maxwell equations

T

FTET W

o~
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= Sorde,(r) = 4me(1-£ ) n) (r), (1.9)
and

g o s _ 4me 0 0

= -a—fré—f AZ( ) = —C—-(l—fm)nb(r)vzb(r) ' (1.10)

where fe and fm are the fractional space charge and current neutral-

izations respectively, of the system [see Eq. (1.1)]. Here, ng(r)
and Vzb(r) are the beam density and axial velocity profiles defined

. 0
in terms of fb(H—wbPe,Pz) by
0 it 3 0
n (r) = Ja p fy (H-w P, P ), {1.11)
and
0 0 e 0
n (r)v_, (r) = Ja’p v, fp(H-w P, ,P ), €1.12)

where v, = pzcz/(m2c4+c2p2)1/2. Equations (1.6) - (1.12) can be

used to investigate a wide variety of beam equilibrium properties

~

in the following two sections. Moreover, the mean azimuthal velocity

vgb(:d can also be obtained from

0 0 <o e 0
)V lx) = [d7p v, £ (H-u P ,B.) (1.13)

2
where ¥y = pec%«m2c4 + r_:‘?p‘)l/2

The organization of this report is the following. 1In Section 2,
we investigate the equilibrium properties of rigid-rotor electron
beam with uniform axial drift velocity. The equilibrium distribution
function for rigid-rotor electron beam with uniform axial drift

velocity is given by

= gY
£, = fb(H-wbPe-B

b CPZ),

b
which depends on H, Pe, and P, exclusively through the linear com-
bination H-w Po-B,cP . Here§c is a constant. The equilibrium

properties of a stiff electron beam, which is characterized by zero

axial temperature and is described by the distribution function of

10
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the form

0 = -
fb = G(H-wbPQ)ﬁ(Pz yomﬁoc) 2

is investigated in Section 3. Here, G(H-w, P.) is an arbitrary

2=/, O 8
function of H-wbP9 and \0 = (1-8 1s a constant.

n
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2. ELECTRON BEAM EQUILIBRIA WITH UNIFORM AXIAL DRIFT
We first consider the class of rigid-rotor Vlasov equilibria witk

uniform axial drifts where fg depends on H, P8 and P_ exclusively
through the linear combination H-wbP0~Bbch,where Bb =l—1/fi =const.
That is, we consider beam equilibrium distributions of the form

fg = fp (- Po=B,cP,) . (2.1)
We will find that equilibria described by Eq. (2.1) correspond to
rigid-rotors with angular velocities Wy and with uniform axial
velocities ng(r)=8bc=const. In this regard, it is useful to
transform variables in Eq. (2.1) from momentum variables (pr, Pgr Pz)
appropriate to the laboratory frame to momentum variables (p;i pé, pé)
appropriate to a frame of reference moving with velocity Bbc e,

The relevant transformation is given by
P.=PLPy=Py P, =Yy (Po+Y 'mB, C), Y=Y (Y'+B o) /mc), (2.2)

9
where y=(l+p2/m‘c2)l/2 and y'=(l+p2/m2c2)l/2. After some straight-
forward algebra with the approximation p'2=(p;2+p62+péz)<<m202, we

find

H-w P,=B,cP,
ik s
mc
s e e ke MR e T
U S B SR (2.3)
Y Fygmorr 00 B Pz ’ ;

where wcb=ch/Yb=e80/ybmc is the characteristic electron cyclotron
frequency and ¥(r) is defined by

PIEEL 2N, mlw w_, ~wl) r2=e($, -8, A%)

b b'cb b 0 "b 'z

= a/znbm(wbwcb-mg) r2-ed(x), (2.4)

12

AR b T

_«,_“,- ﬁ””
et A T T

e >
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and ¢(r) is the effective self-field potential

@(r)=¢0(r)-BbA:(r). (2.5)

In order to evaluate the macroscopic equilibrium properties
defined in Egs. (l1.11) - (1.13), it is also necessary to consider the

transformation of d3p to beam frame variables d3p'. It is straight-

forward to show from Eq. (2.2) that d3p transforms according to

3

7 8pPz, 43,
d p-\b(l+§QEE)d - L (2.6)

Substituting Egs. (2.1) - (2.6) into Eq. (1.11), we find that the
equilibrium beam density is given by

&Y 2 2
0 = "ot 2.0 |mc i A
nb(r)—4nyb£dp p fb 7;~ + §7§ﬁ +w(r{] (2.7)
where the integration variable p" is defined by

Vi Adseiin T 80 Sy 9.
BT, 2 By *iPgermui rl ey

Without loss of generality, we assume that the effective self-field

potential ¢ (r) vanishes at r=0, i.e., ®(r=0)=0. Similarly the

function {(r) also vanishes at r=0. Defining ﬁb=ng(r=0), and r
o0 2 2 “g
e P i 3
: {dp p fb(E— * W + V) %
F(y) = - 5 5 (2.8)

VagLal e P
{dp p fb‘vg” + 5735) ,

Eq. (2.7) can be expressed as

n)(r) = A, FLO(O)]. (2.9)

It is also straightforward to show from Egs. (1.12), (2.1l) and
(2.3) that 3

13
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0 0 3Pz o
ng (£)V,, (r) = [d’p =

Bbcng(r). (2.10)

We note from Eg. (2.10) that vgb(r) is uniform over the beam cross
section with

ng(r) = g, c = const. (2.11)

This is a characteristic property of electron beam equilibria
described by an electron distribution function which depends on H
and Py exclusively through the linear combination H-Bbch. More-
over, substituting Eq. (2.3) into Egs. (1.13) and (2.1), we readily
find

V%b(r) = w r. (2.12)

b

It is obvious from Eq. (2.12) that the mean aziumthal velocity of
the beam electron fluid element is that of airigid-rotor. Again,
this is a typical characteristic of the rigid-rotor beam equilibria
in which the distribution function also depends on H and Pe
exclusively through the linear combination of H-wbPe. We therefore
conclude from Egs. (2.11) and (2.12) that any electron beam equili-
brium described by a distribution which is exclusively a function of
H-wbPe-Bbch,is a rigid-rotor equilibrium distribution with a uniform
axial drift.

The remaining important macroscopic quantity that characterizes
the electron beam is the equilibrium temperature profile of the beam
electrons. The effective beam temperature Tg(r) is determined from

O R |
np (r)Tp (1) =3/a%p v, P+ (vy-Ve)) (pg=<Py>)
+(v_ -2 ) (p.-<p.>) 1£2 (H-w,_P,-8, cP) (2.13)
2 2b 2 z b ) S A - el v

2c4+02p2)1/2

2
wh V.i=p.
ere vy Py / (m

, and <py>= (fd3ppjfg)/(fd3pfg).

14
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Substituting Eq. (2.3) into Egs. (2.1) and (2.13) gives

ng (©)Tp (r) = 4n/ dp° ped °[h° §——m + wtr{j (2.14)

where use has been made of the approximation g'2<<m2c2. One of the

important features in Eq. (2.14) is that the effective beam tempera-

ture Tg(r) is isotrop.c, i.e., Tob(r)=Tgb(r)=T0b(r)=Tg(r), where
0 0 0 ¥ : .
Trb(r)' Teb(r), and sz(r) are the etfective radial, axiumthal, and

axial beam temperatures, respectively, defined by
dry1d () = [a’p (v -<v.>) (p -<p,>) £) (2.15)
jb - 3. T Bei. Wkt Shle:

where <vj\ = (fd3p(pj/ym)£gl/(fd3pfg). Examples of anisotropic
beam temperatures will be discussed in the next section.

The Maxwell equation for the effective self-field potential
®(r) can be obtained from the linear combination of Eqs. (1.9) and
(1.10), and we have

2

3 &S 2 2 SR
5T T 55 ¢(r)—ybmwpb(l—fe-6b+fm8b)F(W). (2.16)

La g K¢/)

where w;b=4nﬁbe2/ybm is the characteristic plasma frequency-squared
and use has been made of Egs. (2.9) and (2.11). It is evident from
Egs. (1.9), (1.10) and (2.5) that the potentials ¢0(r) and Ai(r) are
related to ¢=¢0-BbA2 by

1- fe
dn (X)) = ®(r) (2:17)
0 2 i )
1-f -gb+fm6b
and
(1-f_)B
s L m' b

l-fe-8b+fm8b

Therefore, once the effective potential ¢(r) is determined from
Egq. (2.16) the equilibrium self fields, Eg(r)=—a¢0/ar and

15
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Bg(r)=-aA§/3r, can be calculated self-consistently from Egs. (2.17)
and (2.18).

Eliminating the effective potential ¢(r) in BEg. (2.16) in favor

of the function y(r) and defining a new dimensionless function

v(r) = Y(r)/T , (2/19)

where T = const is a measure of the thermal energy spread for the
distribution function fg, we find the nonlinear differential equation
for y(r):

?_Y_lin.(u w —wz)
T cb’b b

Q

1}

1 9
FHE T Y

2
Yo MW
3 _§;_J¥2(1-fe-e§+fmeg)F[w<r)]. (2.20)

The measure of thermal energy spread T is a parameter characteristic
of the beam temperature. Once F is known, the equilibrium problem
has been reduced to solving the nonlinear differential equation (2.20)
for ¢(r). It is useful to express Eq. (2.20) as

2y, m
55 roar v = ey (wymug)

Lad i

tupup (1-F (D1}, _ (2.21) &

where the laminar cold-fluid rotation frequencies wé are defined by

p

(4

- B 1 5 2 _gvdfe |
Wy o= i[;cbi(wcb K) ] ’ (2.22) ,g

in which
< + - 2 2 2 &
K = 4wbwb = prb(l'fe'8b+fm8b) (2.23)
is a measure of the combined strengths of the equilibrium self-

electric field (l-fe) and the equilibrium self-magnetic field
2 R}
[(1-fm)8bl.

16
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From the definition of y and a careful examination of Eg. (2.21),

we find that W(r=0)=0=(3w/ar)r= For physically acceptable solu-

tions of Eq. (2.21) correspondigg to radially confined beam
equilibria [with ng(r) approaching zero for sufficiently large
radius r], F(y) 1s a monotonic decreasing function of increasing

Y with F(y=0)=1 at y(r=0)=0, by Eq. (2.8), and y(r) is a monotonic
increasing function of r. An algebriaic manipulation shows in a
straightforward way that

I

2ybm

3 3 5
oy =up) (ep-uy )

ir ' o7

|-
£
I

r=0

2 2
-(wb-wcb/Z) +(wcb -K) /4 (2.24)

We note from Eq. (2.24) that for a radially confined equilibrium,

the beam rotation frequency w, is restricted to the range

b

“~r

u\b e : b ’ (2.25)

which is only a sufficient condition for radial confinement. The
complete necessary and sufficient condition for radially confined
equilibrium will be obtained in the specific example. For Wy in the
range of Eq. (2.25), we find [r‘l(a/ar)(raw/ar)]r=0>o. Therefore,
beginning with y(0)=0, if we integrate Eq. (2.21)for small r and vy,
we find that y(r)is monotonically increasing near the origin. However,
for large r, y(r) is not always to be a monotonic increasing func-
tion of r. Hence, the inequality in Eq. (2.25) is a sufficient but
not necessary condition for a radially confined equilibria.

In Bg. (2.21), Wy is a variable (as yet unspecified) rotation
parameter. Moreover, the nature of the solution for y(r) exhibits
a strong dependence on the value of Wy relative to the values of
wb+ andu%;, which are the laminar cold-fluid rotation frequencies
for a beam with constant density ﬁb. For future reference, we plot

-

w, versus K [Eq. 2.23)] in Figure 2. The segment in the right-half

17
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plane in Figure 2 corresponds to

2 % SES "

e 5b(l-fm) (or K 0), (2.26)
i.e., the repulsive space-charge force on a beam fluid element exceeds
the magnetic focussing force associated with the azimuthal self
magnetic field. On the other hand, the left-half plane in Figure 2

corresponds to
2
Bb(l—fm) > l-fe (for K < 9), {2.27)

in which case the self-magnetic force on a beam fluid element exceeds
the repulsive space-charge force. We note from Figure 2 that the
wé curves are defined in the entire left-half plane, and converge to
the common point wé = mcb/z in the right-half plane for a value of
beam density satisfying 2w§b(1-fe—8§+8bfm) = wcé. We also note from
Figure 2, and Egs. (2.22) and (2.24) that no equilibrium solutions

exist in the region where

2

2 2 2 .
+fm8b)>wcb, {2.28)

The reason is simply that equilibrium space charge force is so strong
in this region that the total magnetic attractive forces (self-field
plus applied field) cannot overcome the repulsive electrostatic force.
Moreover, it is emphasized that without the applied magnetic field,

Eq. (2.22) can be further simplified as

20 = (K172, (2.2¢)
and the wé curves are defined only in the left-half plane of
Figure 2.

To complete the general analysis of this equilibrium configuration,

we define the effective beam radius a by the relation

ol a2

5 52£ drrng(r). (2.30)

: 2 2
Moreover, we introduce Budker's parameter v defined by v=N, (e”/mc™),

19
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where
2

RS Ty A
N, = an drrng (r) = mf a (2.31)
is the number of electrons per unit axial length of the beam. For

a general profile ng(r), we find

2 2
w-, a
¥g Z % —227— % (2.32)
which is one of the most important parameters in discussing electron
beam equilibriun.. Evidently, v/yb > 1 accordingly as a 2 2c/w b*
We now analyze Eq. (2.20) for several specific choices of distribution
function fg, which illustrate specifically the qualitative behavior
described above.
2.A Sharp ~ Boundary Beam Equilibria

As a first example, we consider a choice of distribution function
for which the beam density is identically zero beyond some radius

o » S ng(r>rc)=0. In particular, we consider the distribution

cl

2
mc
0 U (T+T —H+wbPe+ BbCPz)
f = (2.33)

b 2
mc L /2
(T+7—— -H+wbPe+Bbch)

b

where the Heaviside step function U(x) is defined by

U(x) = (2.34)

The distribution in Eq. (2.33) is chosen in this subsection simply
because the nonlinear differential equation of ¢ in Eq. (2.20) becomes
linear and can be solved analytically for the entire range of
interesting physical parameters. Substituting Eq. (2.33) into Egs.
(2.8) and (2.9), and carrying out the straightforward algebra, we

find

F(y) = [1-y(r)] U (1-y) , (2.35)

20
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and the electron density profile

0 1=-ylr) , for Y(r)<l,
nb(r) = ﬁb (2.36)

0 . for w(r)=>1,

Before determining the solutions of the nonlinear differential
equation of Eq. (2.20), it is convenient to treat separately the

SR2 (1. 22 (1 e
cases (a) l-fe;ob(l fm), and (b) Bb(l fm) 3l fe'

(a) Equilibrium Dominated by Space-Charge Forces

(l-fezﬁg-fmﬁz). We first consider the region of the right-

half plane in Figure 2, where

: o + -~ 2
0 £ K = 4wbwb S Wope 2537

In order to reduce the number of independent parameters in Eq. (2.20),

we introduce the dimensionless variable
X = r/dO - (2.38)

where d, is defined by

dy = lGT/meK . (2331

2
0
Substituting Eq. (2.35) into Eg. (2.20), and making use of Egs. (2.38)
and (2.39) gives

d )

1 1
gose aay B SeR

8(1-y) , 0<r<rc ;
{ (2.49)

where
= 4wb(wcb-wb)/K ; (2.41)
and r, is the confinement radius satisfying w(rc)=l. For r<r_, the

solution to Eq. (2.40) is

v (X) (C-l)[Io(2/7X)—1] ’ (2.42)

21
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where Io(x) is the modified Bessel function of the first kind of

order zero. In obtaining Eq. (2.42), use has been made of y(r=0)=0
[see the discussion following Eg. (2.23)].
Since the function Y (r) must be greater than zero for all r, it

is quite obvious from Egq. (2.42) that
LA A (2.43)

is the necessary and sufficient condition in the case for a radially

confined beam equilibrjum. [Note that I, («) = «,]., Making use of

the definition of ¢ in Eq. (2.41), Egq. (2.43) can be expressed as
Eq. (2.25) for a positive value K. Thus, we conclude from Eq. (2.43)
that the space-charge dominated electron beam described by Eq. (2.33)
is in radially confined equilibria provided the beam rotation fre-

quency w, is in the range w;wa<m;. Substituting Eq. (2.42) into

b
Egq. (2.36), we find the electron density profile

z-(z-1) IO(ZJEX), o<r<r_ ,
c
no(r) - A (2.44)
b ey 0 Y .
c
where the beam confinement radius r, is obtained from
/> = [ =
Io(2v2rc/d0)— g/ (g=1). (2.45)
The effective beam radius a defined in Eq. (2.30) can be simply
expressed as
- SRR 2
& = er. - ‘/7/2"S‘l’rcd011‘2/7fc/do’ (2.46) $

In Eq. (2.46) Il(x) is the modified Bessel function of order one.

Note from Egs. (2.45) and (2.46) that the beam confinement radius r.
and the effective beam radius a increase to infinity when [ approaches
unity. Moreover, the measure of the thermal energy spread T plays a
significant role in determining the confinement radius ro and beam
radius a [see Egs. (2.39), (2.45) and (2.46)].

22
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(b) Equilibrium Dominated by Self-Magnetic Forces (Bg'fm8§>l°fe)'

We now consider the left-half plane in Figure 2, where

B
K = 4mbwb ) (2.47)

In this region, Bi-fmﬁi > l-fe, i.e., the self-magnetic force on a

beam fluid element exceeds the repulsive space-charge force. 1t is
convenient to analyze Eg. (2.20) with the radial variable r normal-

ized in units of the Bennett pinch radius b0 [see Eq. (2.83)]. De-

fining
Xu = r/bO, (2.48)
where
b2 = - a% = 16T/y, m|K| (2.49)
0 0 By 5 i

Eq. (2.20) can be expressed in the form

8 (1), O<r<r .. ,
BN - =8 - (2.50
" Wl! —aYu w e C + . )
Qaias r<r. ,

]

where ¢ is again defined in Eq. (2.41). For re<r_, the solution y(X")
that satisfies y(X"=0)=0 is given by

VX" =(1-5) [1-3,(2V2X") ], (2.51)

where Jo(x) is the Bessel function of the first kind of order zero.
Once again, in order to have a positive y(r) for all r, it is

necessary that
A I (2.52) g

which also can be expressed, as in Eq. (2.25), as w;<wb<w; for a
negative K value. In this case, the inequality in Eq. (2.25) is
only a sufficient condition for radially confined equilibrium. *

However, Eq. (2.25) is not a necessary condition for radial con- t
finement, since the function y(r) in Eq. (2.51) is always smaller

23
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than unity for a certain range of the physical parameter [ even if I
satisfies Eq. (2.52). 1In order to have radially confined equilibrium,
the value of the function Y (r) must be greater than unity for r>r _,
where . satisfies y(rc)=l. In finding a necessary condition for
radial confinement, it is important to investigate the properties of
Eg. (2.50) and the Bessel function Jo(x) which has the minimum value
Jo(a01)3-0.402 at X=agq - Here<101=3.83 is the first root of
Jl(aol)=0 and Jl(x) is the Bessel function of order one. Since the
value of y(r) is always greater than unity for rer, when (~0 [Examine

carefully Eq. (2.50)], we find the necessary and sufficient condition

() s u‘b ~ mcb (2.53)

for a radially confined equilibrium.
The equilibrium properties of the electron beam corresponding
to
@ sz = Beate 31" (2.54)
o Qi
where the right-hand side inequality is obtained from w(u01/2{f)31,
are also very interesting. In terms of the beam rotation freguency

w,, Eq. (2.54) can be expressed as

< 0L Or W < W

+
ks ~ @y (2:.55)

w
b

where @ is determined by

S ' 2 -1y1/2
“\b = 5(.&) {mcb-mK[l-JO(.xol)] } )

In this case, the value of the function yY(r) would be less than unity

+
b

for several subranges of r., Thus, the density profile would have
subsidiary peaks at successive radii and the central beam would be
surrounded by coaxial cylindrical beams for ¢ in the range

0 < & silad fa.9]

tion is not yet clear. We shall call this condition the multi annular

The physical significance of such a configura-

beam equilibrium.

Substituting Eq. (2.51) into Eq. (2.30), we find the density

N "




NSWC/WOL TR 78-182

profile of beam electrons

no (x) = A, 12+ (1-0)3, (2/7x/b) ], (2.56)

for either radially confined or oscillatory equilibrium. For a
radially confined equilibrium, in which the beam rotation frequency
wh satisfies Eq. (2.53), the beam density becomes zero at the
radial confinement radius r.. on the other hand, if Wy is in the
range

+

Qb <wy <w; or w, <w

b b <mb, (2.57)

we find from Eq. (2.51) that y(r) [and hence ng(r)] exhibits
oscillatory behavior with its maximum value always less than unity.
Evidently from Eq. (2.56), in this oscillatory equilibrium, the
beam density ng(r)] decreases from ﬁh at r=0, to cﬁb as r-+o,

Moreover, the beam density exhibits an oscillatory dependence on r,
with characteristic radial wave number

1/2
2v2 1 (EiETlEl.) (2.58)

s Ea_ . s

where b0 is the Bennett pinch radius.

The effective beam radius a is estimated by substitution of
Eq. (2.56) into Eg. (2.30) and we find

aZ = ;r§+(/§/2)(1-;)rcb0Jl(2/7rc/bO), (2.59)

where the radial confinement radius E is obtained from

3y (2/Zr/by) = ¢/ (-1). (2.60)

When the self-magnetic force exceeds the repulsive space-charge
force, the maximum radial confinement radius ¥ n of the electron
beam described by Eq. (2.33) is given by

S om ™ a01b0/2/2 ; (2.61)
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which corresponds to ¢ = 1 - [l-JO(aol)]_l. Moreover, the radial

confinement radius T (hence the eftective beam radius a) i1ncreases

by increasing the mesaure of thermal energy spread T [see Egs. (2.49),
{2.59) and (2.60)).

A summary of the equilibrium properties for the electron beam
described by Eq. (2.33) is presented in Figure 3. Figure s is
similar to Figure 2 except for the addition of a plot of Qg versus

+ - s
K = 4wbwb in the left-half plane where the self-magnetic force exceeds

the replusive space-charge force. We reiterate that for an electron

2 >
beam dominated by space-charge force (l-fe;ﬁg-fmﬁg), both necessary
{ and sufficient condition for a radially contined equilibrium is given

by Eq. (2.25). On the other hand, Eq. (2.53)

is the necessary and
sufficient condition for a radially confined beam equilibrium domi-

. 2 2 .
nated by a self-maqgnetic force(B -f 8 ~1-f,). These are illustrated
by the cross-hatched region in Figure 3.

Finally, we calculate the beam temperature profile defined in

1 Eg. (2.14). ‘Substituting Eg. (2.33) into Eg. (2.7) and (2.14), it
is straightforward to show that

’I‘g(r) - %—T[l—w(r)], (2.62)

which decreases from T/2 at r=0, to zero at r=r_ for a radially
confined equilibrium. Evidently, the measure of thermal energy spread
T is directly related to the beam temperature. We therefore conclude
from Egs. (2.46), (2.49) and (2.59) that the effective beam radius a

increases considerably when the beam temperature is increased.

2.B Diffuse Beam Equilibrium - The Generalized Bennett Pinch

As a second example, we consider the choice of distribution
function

—

0 - .
fb(H, PQ,PZ) = »bexpl—(n-mbpo—bbcrz)/T], (2.63)

o3

where the normalization constant Z;l is defined by

— e —

e —————




NSWC/WOL TR 78-182

*(eg°z) *ba Aq PSqTId0s®Q weag uoi3loalg
103 SaTIepunog wntiqiitanbg pautjuo) Arrerpey

g @anbrg

<_¢m_.=90m >¢OP<J.=QwO

L

\

vidg111no3

\

G3NIINQD ATTVIaVYH

\

Stm_qscm >c0.-.<.—;:0w°

27




NSWC/WOL TR 78-182

jo 2

-1 b i 2
yA = — exp(mc™/y, T). (2.64) &
b b (21wbm'1‘)3/2 b

The equilibrium properties of the electron beam described by Eq.(2.63)
have been investigated in the previous literatures. However, we

repeat some of the arguments in the previous study5 in order to make
this report more complete. Moverover, the distribution function in

Eq. (2.63) is used more often in describing the electron beam pro-

perties than any other distribution function, mostly because the
Gibbs distribution in Eq. (2.63) corresponds to the unique thermal
equilibrium distribution to which the beam electrons would evolve
through self collisions. Equation (2.63) corresponds to significant
generalization of the distribution function first analyzed by Bennett2
in that Eq. (2.63) allows for a mean azimuthal rotation of the beam
electrons when (wb#O). We will therefore find, for appropriate chace
of Wy that radially confined beam equilibria exist even in the
absence of a partially neutralizing positive ion background that
weakens the repulsive space charge force. The reason is simply that
the wbrgexBoéz force on an electron fluid element is in the inward
direction, and therefore acts as a confining force that can overcome
repulsive electrostatic forces.

From Egs. (2.8), (2.9), (2.19), and (2.63), we find

F(y) = exp[-¥(r)] (2.65)
and the density profile of the beam electron

ng(r) = ﬂb exp[-y(r)] (2.66)

The nonlinear equation of y(r) in Eq. (2.20) can be expressed as

ZYa Y, .m
13 3 & SN 2 b s
FOOESIEY R T s < e S ERERETh ok

where use has been made of the definition of K in Eq. (2.23).
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(a) Necessary and Sufficient Conditions for Radially Confined

Equilibrium
We now make use of Egs. (2.21) and (2.65) for y(r), to-
gether with the definitions in Egs. (2.22) and (2.23), to determine

the necessary and sufficient conditions for radially confined
equilibria, i.e., equilibria characterized by

lim O = i

r+o nb(r) T row ﬁbexpl-W(r)] = 0

or equivalently

lim

r>o™

Y(r) = +o,

In this regard, we investigate properties of the solution to Eq.
(2.21), subject to the boundary conditions y(r=0)=0 and y(r+x)=wx,
Evidently, if ¢y (r) is a monotonic increasing function of r, then
0 3
nb(r)—ﬁb
from ﬁb at r=0 to zero as r»~, Since the sufficient condition for

exp(¥) is a monotonic decreasing function of r, decreasing

radial confinement has been already obtained in Eq. (2.25) for
general rigid-rotor equilibria, we investigate here the necessary
condition for radial confinement particularly for the Gibbs dis-
tribution function in Eqg. (2.63).

Equilibrium Dominated by Space-Charge Forces (l-fe>8§—8§fm).

We first consider the region of the right-half plane in Figure 4
where K>0. To show that Eq. (2.25) is also a necessary condition

for a radially confined equilibrium, let us assume that Wy is outside
>w; or w aw;) and that y(r-+e)=w,

b b
which corresponds to ng(r*w)=0. This will lead to a contradiction.

the range in Eq. (2.25) (either w

For mb>m; or wb<w;, we conclude from Eq. (2.24) that [r_l(a/ar)
(rBW/Br)]r=0<o, so that y(r) decreases to negative values near the
origin. If y(r) is to eventually assume a positive value so that
Y (r+=)=w, then yY(r) must pass through a minimum (Figure 5) at r=r,,
say, where w(rl)\o,(aw/ar)r=r =0 and (azw/arz)r=r >0. Evaluating

Eq. (2.21) at r=r,, we find :
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2 2y, m

3"y - b + - B -
=y

1

which is manifestly negative for w(rl)<0 and wp satisfying wb>w; or
wb<w_. [Keep in mind K=4m;w530]. We therefore conclude that

Wy >Wy OF Wy <wy is contradictory to the assumption of a radially
confined equilibrium with y(r»«)=+«, Hence, a restriction of the
rotational parameter w, to the range specified by Eq. (2.25) is both
necessary and sufficient for a radially confined equilibrium dominated
by space charge force, This is illﬁstrated by the cross-hatched
region in the right-half plane of Figure 4.

Equilibrium Dominated by Self-Magnetic Forces (Bﬁ-fm8§>l-fe)'

We now consider the left-half plane in Figure 4 where
K=4w;w;<0. A determination of the necessary and sufficient con-
ditions for radially confined equilibrium solutions when K«<0 (Figure
4) proceeds in a similar manner to the analysis in the case K>0. We
therefore summarize the essential results. ForK=4w+w'<0, a restriction

b b
of the rotational parameter w, to the range

i Tl PN (2.69)

is both necessary and sufficient for the solution to Eq. (2.67) to
correspond to a radially confined equilibrium characterized by
ng(r*w)=0 and y(r+~)=+», This range is illustrated by the cross-
hatched region in the left-half plane of Figure 4. Moreover, for
K<0 and Oswbgl, the beam density profile ng(r) is a m notonic de-

creasing funetion of r. Finally, for K<0, if Wy is in the range
ey -
Wop SWy Wy, OF wb<wb<0, (2.70)

we find from Eq. (2.67) that y(r) [and hence np(r)] exhibits
oscillatory behavior.

To summarize the results, we find that radially confined

equilibrium solutions exist provided -m<K=4w;wg<l and wy lies

3
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in the cross-hatched region in Figure 4. Moreover, for Sé-fmﬁg*l-fe,

and 3 in the range orwg\m <0, the density profile

+
- “eb b Yb b
nb(r), although a nonincreasing function of r on the average, does
exhibit an oscillatory radial dependence. Furthermore, we note from
: +
Bg. (2.67) that if W=y

is Y(r)=0, which corresponds to uniform beam density for all r.

or mb=m;, then the solution to Eq. (2.67)

(b) Exact Analytic Solutions

Equation (2.67) does permit exact analytic solutions for

certain special choices of the rotational parameter w or the

bl
quantity K=4w;wg that measures the strength of the equilibrium self
fields. Before determining these solutions, we find from Eg. (2.13)
that the beam temperature profile for the Gibbs distribution function

is given by the isothermal value
Tg(r) = T = const. (2.71)

We now determine the exact solution to Eg. (2.67) for two special
choices of equilibrium parameters: (a) l-fe=ﬁg-fm5§, which cor-
responds to a self-field force-free equilibrium, and (b)
wb(wcb-mb)=0, which corresponds to an equilibrium in which the
magnetic force associated with the applied field and the centrifugal
force exactly cancel.

Self-Tield Force-Free Equilibrium. In the special case where

S S P T s q e P
K"4”b“b‘zwpb(l'fe‘°b+fmf3b)'o' (2.72)

i.e., the magnetic and electric self-field force on a beam fluid
element exactly cancel, Eq. (2.67) reduces to the simple linear
equation

Zme

Fa=b () = — (mcbwb—w;). (2.70)

i
La ]

a
X

<

The solution to Eq. (2.73) is

pir) = r2/ag, {2.74)
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where
(2T/Y, m)
2 b
B * G lo o7 (2.75)
b'eb b
Moreover, the density profile ng(r)=ﬂb exp(-y) is given by the
Gaussian profile
0 it 22
nb(r) = fiy exp{—r /a0 }. (2.76)
The effective beam radius a is found by
a = a {2.77)

0

from Eq. (2.30) for the self-field force-tree equilibrium. Note that
K=0 [(Eg. (2.72)] corresponds to the vertical axis in Figure 4 and
0<wb<mcb is required [Eq. (2.75)] in order for the beam equilibrium
to be radially confined with a2\0.

0
Equilibrium With mgwcb—wb)=0. As a second example that has an

exact analytic solution, we consider the case where the centrifugal
and applied magnetic forces exactly cancel, i.e., mb(wcb—mb), or
equivalently

=0 or w {2.78)

Uy b “cb *

From Figure 4 and Eq. (2.69), we therefore require Sg—fm8§>l-fe for

radially confined equilibrium solutions. Making use of Eq. (2.78),

we find that Eq. (2.67) can be expressed as

e v g '
FoE T = Dy ex {-w(r)} , (2.79)
0
where
8T/y, m
bg - Ylifxl = —— 2y - (2.80)
» Uoh Py tpfpitig)l . -

The solution to Eq. (2.79) is given by

Vi) = 2in(l+r2/bg), (2.81)
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and the beam density profile ng(r) = ﬁb exp (~y) reduces to

0 ﬂb

b(r) = ——-—-2-—- 2. B2

n
L

which is identical to that obtained by Bennettz. Substituting
Eq. (2.82) into Eq. (2.30), we find the Bennett pinch radius

ELREA (2.83)

which has been introduced into Eq. (2.48). The equilibrium self
fields can be calculated from Egs. (2.4), (2.17), (2.18), (2.19) and
(2.81). We find

g% () = ?*me 2 At et (2.84)
r = - e u)pb - e .
141 /bO
and
s Y,.m
B b 2 1
o(r) = - W By {1=£_) (2.85)
2e pb' b m 1+r2/bg :

We note from Eq. (2.80) that the effective beam radius a=b0 becomes
large whenever Hg(l—fm) is closely tuned to l-fe, i.e., whenever the
self-magnetic pinching force almost cancels the repulsive electro-
static force.

(c) Numerical Solutions to Eq. (2.67)

The exact analytic solution to Eq. (2.67) is accessible
only in cértain special limiting cases ([see Eqs. (2.74) and (2.81)].
HHere we solve Eq. (2.67) numerically for a variety of system
parameters of experimental interest. To reduce the number of in-

dependent parameters, we introduce the dimensionless variable

X' = r/a0 , (2.86)

where a, is the effective beam radius defined for self-field force-

free equilibrium (2.75). Making use of Eq. (2.86), Eq. (2.67)

reduces to
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Figure 5. Plot of ¥(r) versus r for wb>wb+ or wb<wb‘
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X' v = 401-a exp(-v)] (2.87)

where a i1s defined by

a = 7 £ (2.88)
wp (W p-@y .
Figure 6 shows a plot of the normalized effective beam radius-
squared defined by
2 (e 3]
a [ 4 { ! /
— = 2/ dX'X' exp {-;(k )} (2.89)
aa 0

versus a [Eq. (2.88)], which is a measure of the beam density and
self-field strength. Note from Figure 6 that the effective beam

radius a increases monotonically from a, when a=0, to infinity when

a=1l, or equivalently w Moreover, for a<0 (i.e.,

i + \ — =
. ; b=%p Wy =W -
:b-fmob \l-fe), a decreases from a=a

or
0 when a=0, to zero when a tends
to minus infinity. Equation (2.87) has been solved numerically for

various choices of a. This is illustrated in Figures 7 and 8, where

Y(X') is plotted versus X'=r/a, (Figure 7), and the corresponding

0

normalized density profile nO(X')/ﬁ

b b
X'=r/a0 (Figure 8) for several values of a. We emphasize from the

=exp[-v(X')] is plotted versus

definition of ag in Eg. (2.75) that the numerical analysis of Eq.
(2.87) is valid only when the beam rotational parameter b is in the
range Oa@b\gcb. Note from Figure 7 that ¢(X') is a monotonic in-
creasing function of X' for each value of a. Moreover, for specified
X', Y(X') decreases as a increases, with y(X')=0 in the limit where
a=1l. We also note from Figure 8 that the curve for a=0 corresponds
to the gaussian density profile in Egq. (2.76).

In the region where the self-magnetic focussing force exceeds
the electrostatic repulsive force, i.e., K<0, it is convenient to
analyze Eq. (2.67) with radial variable r normalized in units of the

Bennett pinch radius b, derived for y=0 [Egq. (2.83) 1.

0 Wy (0o =9
Defining
X"=r/b0 . (2.90)
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Eq. (2.67) can be expressed in the equivalent form

T saw X" mow U(X")=8 (n+exp(-¥(X") 1) , (2.91)
where
N = = r = 4wb(wb-mcb)/K. (2.92)

The effective beam radius is calculated numerically from

2 [
27 = 2 fodx" X"exp [-¥(X")] . (2.93)

by

Figure 9 shows a plot of az/bg versus n for n>0, i.e., for radially
confined equilibria with radial density profile decreasing monotoni-
cally as a function of X". Evidently, a/b0 decreases monotonically
as a function of n from the value a/b0=1 when n=0 (the familiar
Bennett pinch radius). Figure 10 shows a plot of y(X") versus
X"=r/b0 obtained numerically from Eq. (2.91) for various values of
n>0 (radially decreasing density profile), and n in the range 0>n>-1
(oscillatory density profile). The corresponding density profiles
are illustrated in Figure 1ll. The special case where n=0 in Figure
11 corresponds to the Bennett pinch equilibrium density profile in
Eq. (2.82). We note from Figure 11 that the beam density profile is
an oscillatory function of X“=r/b0 for n in the range -1<n<0, which
corresponds to wy in the range wg<wb<0 or wcb<mb<w; [see Figure 4].

2.C Monoenergetic Beam in Beam Frame

As a third example of the uniform axial drift beam, we

consider the delta-function distribution

2
- - - - Rc_ _
= NS (H-w Bbcpz : T) (2.94)

f P
b" 0 b

0
b
where N is the normalization constant. Substituting Eq. (2.94) into
Eq. (2.8 ), and making use of Eq. (2.19), we find

L/

F(y) = (1-v) U(l-y) (2.95)

a1

:
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where U(X) is the Heaviside step function defined in Eg. (2.34).
The corresponding density profile of beam electrons is

(1—&)1/2, for y<1,

nd(r) = ; (2.96)
0 , for Y>1.

Similarly, the effective beam temperature Tg(r) is obtained as
0 (r) = 20 (1-9) U(1-¥) (2.97)
b 3‘ . .

The governing equation for ¥ is given by

oo s O G 2,
ror FRYT T YWep™mTY%
Y, mK
—%T_ (1-w)l/2 . for <l
* (2.98)
0 ; for U=l

where K is defined in Eq. (2.23). Since the equilibrium properties
for the delta-function distribution is very similar to the previous
two examples, we present only the numerical solutions to Eq. (2.97),
skipping the possible analytic investigation of Eq. (2.97).

(a) Equilibtium Dominated by Applied Magnetic Forces
[wb(wcb-wb)EO]

We first obtain the numerical solution for the case

0 Swy 5wcb, (2.99)

when the applied magnetic force (term proportional to mcbwb) exceeds
the centrifugal force (term proportional to wé). Introducing the
dimensionless variable X' defined in Eq. (2.86), Eg. (2.98) reduces
to

da(1-v) /2, y<1,

IP—‘

-

(2.100)

' a =
s U S

=<
oS/

0 y¥>1,
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where ~=K/4ab(¢cb-@b) is defined in Bg. (2.88). Figure 12 is a plot
of yp(X') versus X'=r/a, for several values of a. The corresponding

; 9 0 1/2
normalized density profile nb(X')/ﬁb=[l-y(X')] :

is plotted versus
."=r/aO in Figure 13. We note from Figure 12 that the qualitative
feature of Figure 12 is very similar to those of Figure 7. We also
emphasize from Figures 12 and 13 that the curves for a=0 correspond
to the self-field force-free equilibrium (K=0). A plot of normalized

effective beam radius-squared defined by

2 @
3 =2 [ ax'x’[1-v(x*)1}/?
ag 0
versus : is presented in Figure 14 for the §-function distribution

function. Note from Figure 14 that the gualitative feature of
Figure 14 1is very similar to Figure 6. We therefore conclude that
the equilibrium properties of electron beam, whose rotational

frequency is in the range Ol“bl“cb' are qualitatively similar for

nk\b
different distribution functions.
(b) Equilibrium Dominated Self-Magnetic Forces(rﬁ-fmsgﬂ-fe)

In the region where the self-magnetic focusing force

exceeds the electrostatic repulsive force (i.e., K<0), it is con-
venient again to analyze Eq. (2.98) with radial variable r normalized
0 defined in Eq. (2.83).

Making use of Egq. (2.90), Eq, (2.98) can be expressed as

in units of the Bennett pinch radius b

i >
. 8(1-y) /2, y<1,
e X"—— P(X") = 8n + (2.101)
8 eund,

where n is defined in Eg. (2.92). Figure 15 shows a plot of y(X")
versus X"=r/b0 obtained numerically from Eq. (2.101) for various
values of n>0 (radially decreasing density profile), n in the range
-0.5<n<0, and nin the range -1l<n<-0.5 (oscillatory density profile).
The corresponding density profiles are illustrated in Figure 16. We
note from Figure 15 that the value of {(X") becomes exactly unity at
X"=1.4 for n=-0.5. Therefore, we have the central and successive
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radius - squared defined by

a o2 )
? ) 2 fodxnxu[l_w(xu)]l/z
0

versus n for n>0, i.e., for complete radial confinement.

In summerizing this section, we conclude the following.

the necessary and sufficient condition for radial confinement
: - 1 : :
given by Wy, SWy <wp for K>0 (the repulsive electrostatic forces

the focussing self-magnetic forces) and O<wb<wcb for K<0 (the

coaxial annular beam densities for n in the range -0.5<n>0 [see
Figure 16 for n in the range -0.5<n<0 and the discussion following
the Eq. (2.55)]). Figure 17 shows a plot of normalized effective beam

First,
is
exceeds
self-

magnetic focussing force exceeds the repulsive electrostatic forces).

Second, for the sharp boundary equilibrium dominated by self-

magnetic focussing forces (K<0), we have the multi-annular beam

equilibrium for the rotational parameter Wy corresponding to

0<z<[1-J5(ay,) 17" for the distribution in Eq. (2.33) and correspond-

ing to 0<z<0.5 for the d-function distribution in Eg. (2.94).

Third,

oscillatory electron beam equilibrium also exists for a relavent

rotational frequency Wy - Fourth, in the rigid-rotor electron
with uniform axial drift, we also have found that the angular

beam

velocity as well as the axial beam velocity is uniform over the beam

cross section [see Egs. (2.11) and (2.12)]. Moreover, the effective

temperature of the electrons is isotropic [see Eq. (2.14)].
we point out that the analysis can be extended for any other

equilibrium distribution function.

Finally,
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3. STIFF ELECTRON BEAM

In this section, we investigate the equilibrium properties of
the stiff electron beam that is characterized by the zero axial
temperature. All the electrons have the same axial canonical

momentum so that the distribution function is

0 , .
- = G - \ - 1 C
£, (H=0 Py, P,) = G(H-w P)) &P, -y mB,c), (3.1)
2-1/2 , ; . :
where \0=(1—50) 1s a constant, and G is an arbitrary function

determined by the injection condition of the electron beam. The anqular

velocity of beam equilibria described by Eq. (3.1) is uniform over
the beam cross section. However, the axial velocity ng(r) of the
electron beam fluid element is not uniform anymore over the cross
section. Making use of Egs. (1.6) and (1.7), and the approximation
S 2.2 ;
P P <<m7c”, we find
5

5 Py

H - rbpo = \Omc“ + N

Yo o \(X')T_L S
&

where the function x(r) is defined by

b,
[y, (r) =y lmc -ed, (r) (Y, 0=wpd,)

x(r) = T, - im T, S (3.3)

the mass scale y,(r) is defined by

g 2o SO N 4.4 2 2 € ,8 ;.11 21% %
\Z(r)mc = (m“c +c pz) = {m®c +c [\0m10c+513 3 | Sl Al (3.4)
Sy v ot 2 i . e A e
| T pr+(p0—yzmmhr) T,= const is a measure of the transversc

thermal energy spread and &Ch=onf/mc is the nonrelativistic electron
cyclotron frequency. 1In obtainirg Eq. (3.2), we have assumed that

A:(r=0)=0=$0(r:0) without loss of generality. Note from Fq. (3.4)

e L —
8 cranlb. . i .

n——

i
|
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that Yz(r=0)=yo, so that x (r=0)=0 in Eg. (3.3).
Substituting Eq. (3.1) and (3.2) into Eq. (1.11) and defining

&?duG[yomc2+u+x(r)T1]
foduG(yomc +u)

we find the density profile of the beam electrons to be

np(r) = A, (v,/vq) Flx()1, (3.6)

where ﬁb is the beam electron density at r=0. It is also straight-
forward to show from Egs. (1.12), (3.1) and (3.2) that the axial

mean momentum of a beam electron fluid element is approximated by

0 0 = S .
np(r)V_, (r)=[B,c+(e/yyme)A_ (r) I, F (X). (3.7)
The transverse temperature of the beam electrons is defined by
0 0 3 0 0
ny (r) Ti(r)=%[d plv p + (vo=Vop) (Pg=<pg>) 1, (3.8)

where Vj and <pj> are defined in Eq. (2.13). Making use of the

2 . :
approximation Ymcz i (m2c4+czgz)% ® y,mc”, we can simplify Eq. (3.8)

as

ng(r)Tg(r) - ZHYZmL?duuG[Yomcz+u+x(r)TL). (3.9)
The axial temperature profile is obtained by substituting Eq. (3.1)
into Eq. (2.15) and we find
To(r) = 0. (3.10)
Due to the presence of the factor S(Pz-YomBOc)in the equilibrium
distribution function, the electron motion in the axial direction is

cold and the effective axial temperature is zero.
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The equilibrium properties of the electron beam are determined
through Egs. (1.9), (1.10) and (3.5) - (3.7). We now analyze these
equations for one specific choice of distribution fuction fg, in which
all electrons have the same energy in the laboratory frame. This will
orient the reader and illustrate the equilibrium properties of the stijff
electron beam.

As an example, we consider the delta-function distribution

2
G(F-wPy) = S(H-wpPy - ygme =T, ), (3.11)

where all the beam electrons have the same energy. Substituting Eq.

(3.11) into Egs. (3.5) and (3.6), we find

1, for %=1,
Fix) = 0, Eer ik, (3.12)

and the electron density profile

Yz(r)
Yo

ng(r) = fi

b

1, for Y(r)sl,
(3.13)

0, for x(r)>1.

For notational convenience in the subsequent analysis, we define the
collisionless skin depth § by

2 2

5% = /8 (3.14)

pb

where aéb = 4nﬁbe2/yom is the beam electron plasma frequency squared.

The z-component of the vector potential Ai(r) is determined by sub-
stituting Egs. (3.7) and (3.12) into Eq. (1.10). For x<1 we have

1 s
T fi.-r-gf Az(r) -

m .S & -
_Ei_ A, (r) = 4men B, (1-fp). {3.15)

On the other hand, for x>1, the vector potential A:(r) is determined
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from

1 9 AS -

T 3 T hir)=o0. (3.16)
We assume that r, is the beam confinement radius so that X(rc) = 1,
The solution to the FEq. (3.15) and (3.16), which is continuous at

r=r. has continuous first derivative at r = r and satisfies

cl
Ai (r=0) = 0, is

2 &
As(r) = Iﬁjo_ [Io(r 'l—fm/a)—llr 0\r<rc,
2 e
by e ASE 7ay + SoT IR L R )
Tk m
xQnr— - 1)],r>r (3.17)
r Uil oV .

c
where IQ(X) is the modified Bessel function of the first kind of

order . The corresponding self azimuthal magnetic field is given by

2 %
Y ome 80(1—fm) Il(r /l—fm/é), 0>r>rc,
es o (3.18)
c
jTII(rc“l'fm/G)' r>rc

B (r) = -1

Substituting Eq. (3.17) into Eq. (3.7) gives the mean axial velocity

profile

0 (r)
Vzb(r) = —— R o Io (r/1-f /6), (3.19)
0

where Yz(r) is given by

v, (0 = (14v282 1) (e/TTE/6) 2% (3.20)
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The electrostatic potential ¢o(r) is determined from

3

) R T 5% = a Y. Xix)s),
F F5elsst, (r) = 4re(1l £) Ap (v, /vg N

or 0: Xir)>l. {3.21)

The exact solution to Eq. (3.21) is not tractable analytically;
however, the asymptotic solution to Eq. (3.21) can be obtained in
various limits of practical interest, depending on the size of the
self-field influence.

3 Tenuous Beam

In circumstances where the beam density is so low that
2 2
Nbe r

& o (= X
s S el (3.22)
'Yomc

the modified Bessel function IO(X) can be expanded according to
I, (x) = 1+x%/4, giving

(v, (r) /1) = L+r?el (1-£ ) /467 (3.23)

The electrostatic potential in Eg. (3.21) can also be approximated
by

05 (x) = me(l-f_)n r’. (3.24)

Substituting Egs. (3.23) and (3.24) into Eq. (3.3), the
dimensionless function X (r) is given by
Ll w2
\(r) - W (wb-wb) (wb-mb)r (3.25)
where the laminar cold-fluid rotation frequencies w; are
defined by

- 2 1/2}

op = 3 Lo /vg) (D /v 2=KI : (3.26)
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in which {
X e S g 2

K = 4wbwb = prb[l £ =By +E 8y ) (3.27)
3
The necessary and sufficient condition for a radially ' f
i
confined equilibrium is given by L
[
- + :
wb<wb<wb (3.28) :4
from Eq. (3.25). The radial confinement radius r, is derived 14
from x(r)=1 and given by 2

1/2

2T,

g =[ ] (3.29)

c ¥ =
Yo M0y =) (0 -wp)

Equation (3.29) indicates that the beam radius r. increases when

the beam temperature T; increases. Moreover, in the event that

wp is closely tuned to either w; or wg, the two laminar cold- |
fluid rotation frequencies, the beam radius r. becomes very E*
large. It is worthwhile to note the difference between the r:
radial confinement condition in the previous section and that in |
this section. For the electron beam with uniform axial drift
described in Section 2, the necessary and sufficient condition for
a radially confined equilibrium dominated by the self-magnetic
force (K<0) is given by 0<wb<wcb and we have oscillatory
equilibria for K<0 and rotational frequency Wy in the range
However, the stiff monoenergetic electron

+ -
Wop <@y <Wy OF wb<wb<0.
beam is radially confined even if K<0 and the rotational

- —r T— - :
ahdaidis o BT 2 i 20k g 2

frequency Wy is in the range wcb<wb<w; or w;<wb<0. The reason
for this difference is simply that the current source

ng(r)vgb(r) in Eq. (3.7) for the vector potential Ai(r) has one . “
more additional term, which is proportional to ﬁ;(r) in the right- |
hand side of Eq. (3.7). This term ensures that the vector i
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potential Ai(r) in Eq. (3.15) increases monotonically by increasing
r. On the other hand, in the electron beam with uniform axial
drift, the current source ng(r)vgb in Eq. (2.10) doesn't include
the term proportional to Ai(r), and thereby leads to an
oscillatory equilibrium for K<0 and for mcb<wb<w; or w;<wb<0 -

3.B Space-Charge Neutralized Beam

As a second example of finding an analytic expression of the
dimensionless function X (r) in Eg. (3.3)for a monoenergetic beam,

we consider the space-charge neutralized beam, i.e.,
£ =1, (3.30)
which ensures the elimination of the electrostatic potential in

Eq. (3.3). Therefore, in order to have a radially confined

equilibrium, it is reqguired that

wy (w -w r2
.01 TBiEh b
2
\z(r) > \omc2 2 (iR
, 2 glr'} = 1 + {3.31)
y 2
o] 1 ©p 2
l - — ——2— &
2RC

for r>r_, where r, is the radial confinement radius satisfying
YZ(YC)/n) = g(ri). Here yz(r) is defined in Eq. (3.4). We can
find from Eq. (3.31) that the function g(rz) is a monotonically

increasing or decreasing function of r2 accordingly as
2 2 s &
T wb/yo me” 2wy (wcb wb) -

Since the whole analysis in this paper is valid cnly when
(mbr/cF <<] [see Eq. (1.3)], Eg. (3.31) is also valid only when
(wbr/c)2<<1 . Note from Eg. (3.31) that in case

2 2 : :
wb(wcb-wb) > leb/y)mc , we always have a radially confined
equilibrium even without the self-pinching forces (i.e.,
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\z(r)fwo). Even for the case TLM§/\Omc2\mb(mcb-mb), a radially con-
fined equilibrium can exist, provided there is a reasonable self-
magnetic pinching force. However, finding the exact b requires the
numerical analysis of Eq. (3.31).

3.C Equilibrium with w, = 0.

The equilibrium properties of electron beams with& =0 and described

3 Thus,

In the

by Eq. (3.11) have been investigated in the previous literature.
we repeat here some of the arguments made in previous studies.3

case of w, =0, the dimensionless function on x(r) can be simplified to

[\z(r)-xolmcz-e¢o(r)

x(x) = 3.32
T, (3.32)

The density profile is given by

0 bl 3
fp i) = IS et My R
0 1
e} :
= (1 + Omcf)nb’ EEE s (3.33)

Substituting Eq. (3.33) into Eq. (1.9) gives

e¢0(r)
in1(1-£.) A e <re
% . ; T ( % nb[l+\0mc‘ Ly Qe I'C,
;j?r’s? J‘O(r) = (3.34)
0 P, o e
(o
The solution to Eq. (3.34) is
‘omc: [Ta{xvi=f /8)-1], O<r<r_,
¢0(r)= P e (3535)
= o p g L= — T %
[Io(rcv[ fe/‘\)-& [o] (sl Il (rc» l—fe/ﬁ)\n r—-l],r rc

C G

From Eq. (3.35), the radial electric field Eg(r)=—3¢0/3r

can be expressed as
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2 1‘1 et 6 Sr s~
ygme? (1-£) I, (eV1-£_/8), O<r<r_,

ed (3. 36)

£? (r)=-
K h

— I,z /ISE_/8), ror,.
The additional equilibrium properties are obtained from Eg. (3.32)
by substituting Egs. (3.4), (B.17) and (3.35) into Bg. (3.32).
However, this is not straightforward and requires some numerical
calculation.
We conclude this section by deriving some general properties.

First the perpendicular temperature of beam electrons defined in Eq.

(3.9) can be expressed as

e Y - Pald = o (E)] (3.37)

It is also straightforward to calculate the total current carried
by the electron beam for the equilibrium distribution function
defined in Eq. (3.11). Making use of Egs. (3.13) and (3.19), we

can express the magnitude of the total beam current as

r VI-f_ f g
c C X vV1-fo
1= 2nef arrn® (r)Vzb(r)-(mc /e)———T——— BgYaly (=S = )
r vl-f r vi-f
2 \ (> m c m amperes (3.38)
&~ 1700010\0 53 Il[ 3 ]

when use has been made of mc3/e = 17000 in units of amperes.
Evidently, I in Eq. (3.38) is sensitive to the value of rC/S.
The analysis in this section can also be extended to a diffuse

elec tron beam equilibrium described by the equilibrium distribution
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function

G(H-wbPQ) = exp { - (H-mbPe - womcz)/Tl} a (3.39)

The resulting equations are again two coupled second order

differential equations. However, an analysis of these eguations '

can also be carried out in a relatively straightforward manner.
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4. CONCLUSIONS

In this paper, we have investigated the equilibrium properties

. of a rigid-rotor relativistic intense electron beam described by
the equilibrium distribution function of the form

: fg(H,Pd,Pz) E fg(u—wbpa,92> which ensures a rigid-rotor
equilibrium with the angular frequency Wy, - The theoretical analysis
of relativistic electron beams has been carried out, neglecting the
atomic process and discrete particle interactions (i.e., binary
collisions), because the collective processes are assumed to
dominate on the time and length scale of interest. The positive ions
have been assumed to be immobile, providing partial space-charge

neutralization.

Various equilibirum properties were calculated in Section 2,
for a relativistic electron beam with uniform axial drift velocity.
A second order differential equation (2.20) has been obtained for the
dimensionless function y(r) which governs the equilibrium properties
of the electron beam. We have investigated this differential
equation analytically and numerically for several specific examples
of the electron distribution function, thereby finding the necessary and
sufficient condition for a radially confined equilibrium. One of

the important features for rigid-rotor electron beam with uniform

axial drift is that an oscillatory equilibrium exists for the

3 s - . + = , -
rotational frequency in the range Wop SWp <@y OF wb«wbxo. Moreover,

the effective temperature profile is isotropic for this distribution

function.

In Section 3, the equilibrium properties were calculated for a -€
stiff electron beam, in which all the beam electrons have the same ;
axial canonical momentum, thereby leading to a zero axial
temperature. Particularly, the monoenergetic electron beam
properties have been analytically investigated in detail. The g
expression for total current carried by the monoenergetic electron

beam was derived in terms of the beam intensity. However, the

governing equations for a stiff electron beam are two coupled

second order differential equations, and the analysis of these
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equations is considerably more complicated than that of an electron
beam with uniform axial drift.
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