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SUM!IMY

~Understandin q of the equilibrium properties of intense relati vistic electron F ,
beams is extremely important in various areas , including microwave generation and
beam propagation in the atmosphere . This report exami nes the equilibrium prop-
erties of the intense relativisti c electron beam described by the rig id-rotor
equilibrium distribution function . Beam properties includin g an axial velocity
profile , a beam temperature , a beam densit y, and equilibrium self-field profiles
are calculated for a broad range of system parameters . This work was supported
by Independent Research at the center .
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1. INTRODUCTION

This work is a theoretical study of the equilibrium properties 1
~~’

of a relativistic electron beam . The major recent interest in the

equilibrium properties of relativistic electron beams originates from

several diverse research areas. These include : (a) fundamental

experimental and theoretical studies of equilibrium and stability
properties of magnetically confined nonneutral plasmas in mirror ,~~

’8

~~~~~~~~ and uniform ’
~ magnetic field geometries , (b) research on

collecti’.’o - effect accelerators that utilize the intense self fields

1. Davidson , R. C., Theory of Nonneutral Plasma (Benjamin , Reading ,
MA., 1974).

2 . Bennett , W . H., “Magnetically Self-Focussing Streams ,” Phys. Rev.
45, 1934 , p 890. F ’

3 . Hammer , D. A., and Rostoker , N., “Propagation of High Current
Relativistic Electron Beams ,” Phys. Fluids 13 , 1970 , p. 1831.

4. Gratreau , P., “Generalized Bennett Equilibria and Particle Orbit
Anal ysis of Plasma Columns Carry ing Ultra-High Currents ,” Phys.
Fluids 21 , 1978 , p 1302.

5. Davidson , R. C., and Uhm , H. S., “ Thermal Equilibrium Properties of
an Intense Relativistic Electron Beam ,” phys . Fluids , i n  press 1979.

6. Armstrong , C. ~1., Hammer , 0. A., and Trivelpiece , A. W., “Non-
neutral Electron Plasma With a 2.5 MeV Mean Energy,” Phys. Lett.
AS S , 1976 , p 413.

7. Davidson , R. C., and Uhm , H. S., “Intluence of Strong Self-
Electric Fields on Ion Resonance Instability in a Nonneutral
Plasma Column ,” Phys . Fluids , 20 , 1977, p 1938.

8. Davidson , R. C., and Uhm , H. S., “Influence of Finite Ion Latm or
Radius Effects on the Ion Resonance Instability in a Nonneutral
Plasma Column ,” Phys. Fluids , 21 , 1978, p 60.

9. Striffler , C. 0., Kapetnnakos , C. A., and Davidson , R. C., “Equili-
brium Properties of a Rotating Nonneutral E Layer in a Cusped
Magretic Field ,” Phys. Fluids , 18 , 1975 , p 1374
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of a~ electron cluster , ’0 the electron cyclotron resonance mode (the
Auto Resonant Accelerator),’ ’  and the converging waveguide ,’’ (c) re-
search on the high—power microwave generation ’ 

~~~~~~~ and (di studies

of electron beam propagation through a neutral gas or background

plasma .’” 2° Although these research areas have different goals and
objectives , they have in common thE need to understand the

10. Destler , W. W., Uhm , H. S., Kim , H., and Reiser , M. P., “Stud y
of Collective Ion Acceleration in Vacuum ” 3. A~)pl. Phvs. inpress (1979).

11. Sloan , M. W ., and Drummond , ‘~ E., “Autoresonant Accelerator . 1
Concept ,” Phys. Rev . Lett. 31 , 1973 , p 1234.

~~ 1

12. Sprang le, P., Drobot , A., and Manheimer , W., “Collective Ion
Acceleration in a Converging Wave Guide ,” Phys. Rev.Lett. 36 ,
1976 , p 1180.

13. Granatstein , V. L., Sprangle , P., Parker , R. K., Pasour , J.,
Herndon , M ., Schlesinger , S. P., and Sefter , J. L., “Realization
of Relativistic Mirror; Electromagnetic Backscattering from the
Front of a Magnetized Relativistic Electron Beam ,” Phys. Rev .
Al4, 1976 , p 1194.

14. Flyagin , V. A., Gaponov , A. V., Petelin , M. I., and Yulpatov ,
V. K., “The Gyroton ,” IEEE Trans. Microwave Theory and Techniques ,
MTT—25 , 1977 , p 514 .

15. Uhm , H. S., and Davidson , R. C., “Quasi-Linear Theory of Cyclo-
tron Maser Instability ,” Phvs. Fluids 22 , in press (1979) and
references therein.

16. Reiser , M. “Lam~nar-F 1ow Equ~1i bria and Limiting Currents in Magnetically
Focused Relativistic Beams ’ , Phys . Flu ids 20 , 477 (1977).

17. Kli gman , R. L., “Electric Conductivity in a Beam , Plasma System ,”
NSWC/WOL TR 77—146 , 15 Sep 1977.

18. Briggs , R. J., Hester , R. E., Lauer , E. J., Lee, E. P., and H
SpoerleLn , R. L., “Radial Expansion of Self-Focused , Relativistic
E lectron Bea:ns ,” Phys. Fluids , 19, 1976 , p 1007.

19. Lee, E. P., “Kinetic Theory of a Relativistic Beam ,” Phys. Fluids
19, 1976 , p 60.

20. Lampe , P1 ., “Energy Moment Method for Straggling of an Ultra-
Relativistic Electron Beam ,” NRL Memorandum Report 3221 , Feb
1976.
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equilibrium properties of a relativistic electron beam that is char-
acterized by intense self electric and self magnetic fields.

The theoretical ana lysis of relativistic electron beans is carried
out , neglecting the atomic process and discrete particle interactions
(i.e., binary collisions) , because the collective processes are
assumed to dominate on the time and length scales of interest. The

equilibrium properties are examined within the framework of the

Vlasov-Maxwell equations. ’ The analysis is carried out for an infi-

nitely long electron beam as shown in Figure 1. The mean radius of

the electron beam is denoted by a. The mean motion of the electron

1.eam is in the azimuthal and axial directions , producing the self ‘1
• magnetic fields. Cy lindrical polar coordinates (r , ~~~, z) are in—

troduced with the z axis along the axis of symmetry; r is the radial

distance from the z axis ,

and ~~ is the polar angle in the plane perpendicular to the z axis. k.
The relativistic electron beam is immersed in a cylindrical back—

ground plasma and is partially charge neutralized by extra positive

ions. We also expect that the background plasma has an additional

• equal number of positive ions and electrons. The positive ions are

assumed to be immobile (m. ‘ ) .  Thus we have

n0(r) = r~~(r) + n0(r)e p (1.1)

n?(r) 
~~~~~~ 

+ n°(r), H

where n0(r) and n0(r) are the equilibrium beam and plasma densities ,

respectively, ne(r) and n 1 (r) are the total electron and ion densi-

• ties, respectively , and fe=const is the fractional charge neutrali-

zation . It is also assumed that the space current density generated

by the beam electrons is partially neutralized by the return current

of plasma electrons , with the fractional current neutralization f =

const.

Equilibrium properties of the electron beam are calculated for

the class of rigid-rotor equilibria described by kinetic equilibrium

distributions of the form f~~(H, P0, P~ ) = f~~(H - 

~~~~~~~ 
, where H

¶ is the total energy , P0 is the canonical angular momentum, P~ is the

6
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axial canonical momentum , and •

~~

-

~~ 

is the canonical angular velocity . H

It is worthwhile to emphasize that in ri gid-rotor equilibrium , the
electron distribution function f~ depends exclusivel y on the linear

combination of the energy H and the canonical angular momentum P0.
One of the characteristic features of the rigid-rotor equilibrium is

that the mean azimuthal velocity c~ ~o beam electron rluid element is
rigid—rotor , i.e., V Sh (r)_

~
.br , where V~b

(r) is the mean azimuthal

velocity of a beam electron fluid element. Equilibrium properties

are investigated for a variety of choices of f
~~
(H_w

bP~~
, 
~~ 

to de—
termine the sensitivity of density, temperature , and self-field

profiles to beam injection conditions.

To make the theoretical analysis tractable , the following add~-

tional simplifying assumptions are made in describing the electron

beam equilibrium by the steady-state ( ‘~/‘~t=0) Vlasov-Maxwell

equations ;

(a) The equilibrium properties are independent of z (T~/~ z=0) and

aximuthally symmetric (~ /~~ =0) about the z axis.

(b) It is further assumed that the motion of the beam electrons

is predominatel y in the axial direction , and that the transverse

momentum is small in comparison with the characteristic axial

momentum , i.e., A

~r
2 

+ 
~~~ ~~~z

2
’ (1.2)

where 
~~r ’ ~~~~~~~ 

p~) is the particle momentum in cylindrical co-

ordinates. Consistent with r~~. (1.2). we simp ly omit th€: axial self

magnetic field B (r) in the subsequent analysis , since the influence

of the axial self magnetic field , produced by the mean rotation

V~ (r) = wbr of the electron beam , on the equilibrium properties is

negligibly small in comparison with the influence of azimuthal self

magnetic field B~~(r). A simple estimate gives

(u>ba 
s.

\

2 

1, (1.3)
VzbBO \Vzb 1

8
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where V .~~(r) is the mean axial velocity of a beam electron fluid
element.

‘:entral to a \‘lasov descri ption of electron beam equilibria are
the single-particle constants of the motion in the equilibrium fields

0 0 ~:0
(r)

F N) = E (r) e = - — e (1.4)
- r -r . ~r

anLI

B 0 ’ x)  = B0 é 4 B S ( r )  ~~

S

~A (r)
= 

~ 0 — ~r
Z (1.5)

where é , 
~~~~~~~ 

and é are unit vectors in the radial , azimuthal , and
axial directions , B0 

is a uniform app lied magnetic field , ~0
(r) is

the equilibrium electrostatic potential and A (r) is the z— cor.-

ponent of equilibrium vector poter .tial. For azimuthally symmetric

equilibrium with ~/~ z=0 , there are three single particle constants

of the motion . These are the total energy H ,

2 4 2 2 1/2U = (m c + c p ) — e:0(r) , (1.6)

the canonical angular momentum P~

P~ r (p~ - 

~ 
mw~~r) (1.7)

and the axial canonical momentum

= — (1.8)

where c is the speed of light in vacuo, —e and m are charge and rest

mass of electron , respectively, and Wcb = eB0/mc is the nonrelati-

visitic electron cyclotron frequency in the uniform applied magnetic

field B0. Note that without the applied magnetic field (B0=0) , 
the

term proportional to Wcb in Eq. (1.7) vanishes.

The radial electric field E~~(r) and azimuthal self magnetic field

B~~(r) are determined self-consistently from the Maxwell equations

9
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~ ~j r-$~40(r) = 47re(l_fe)n~,(r) , (1.9)

and

! 
~~~~~ 

A (r) = 
~ 

1_f
m) n~ (r) V~b

(r) , (1.10)

where 
~e 

and are the fractional space cha rge and current neutral-

iza t~ ons res p ec ti vel y, of the system [see Eq. (1.1)]. Here , n~ (r)
and V

~b
(r) are the beam density and axial velocity profiles defined

in terms of fb(H hl’O,Pz) by

n~ (r) = fd
3p f

~~
(H_w

bPe,Pz) , (1.11)

and 3nb (r)V Zb (r) = fd p v~ f
b
(H_w

bPe,P?) , (1.12)

2 2 4  2 2 1 / 2where v
~ 

= p
~
c /(m c +c p ) . Equations (1.6) - (1 .12)  can be

used to investigate a wide variety of beam equilibrium properties

in the following two sections. Moreover , the mean azimuthal velocity
vOb (r) can also be obtained from

n
~
(r)V

~b
(r) = fd

3p v0 f~~
(H_w

bPe,Pz) (1.13)

2 2 4  2 2 1 /2  . 1
where v

0 = p0c /(m c + c p

The organization of this report is the following . In Section 2,

we investigate the equilibrium properties of rigid—rotor electron
beam with uniform axial drift velocity . The equilibrium distribution

• function for rigid-rotor electron beam with uniform axial drift

velocity is given by

0 0
= 

~b b~ 0
8b~~ Z~ 

‘

which depend s on H , P0, and P~ exclusively through the linear corn-
bination H_w

bPO
_ 6
bcPZ. Here 8bc is a constant. The equilibrium -

properties of a stiff electron beam , which is characterized by zero
axial temperature and is described by the distribution function of

1 

•10
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the form

f~ = G(H_w
bP~~

)6(P _
~ O

m~ O
c)

is investigated in Section 3. Here , G(H_w
bP~~

) is an arbitrary• function of H_u
bP~ and = (l~ f~0

2)~~
1”2 is a constant .

t

11
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2. ELECTRON BEAM EQUILIBRIA WITH UNIFORM AXIAL DRIFT

We first consider the class of rigid-rotor Vlasov equilibria witt~
uniform axial drifts where f~ depends on H , P0 and P~ 

exclusively

through the linear combination H_u bP~
_8
bcPZ#where 8b =1_l/’4

~ 
=const.

That is, we consider beam equilibrium distributions of the form

= f
~~
(H_

~b
Po

_8
bcPz) . (2.1)

We will find that equilibria described by Eq. (2.1) correspond to

rigid-rotors with angular velocities 
~b 

and with uniform axial

velocities VZb (r)=L
~b
c=const. In this regard , it is useful to

transform variables in Eq. (2.1) from momentum variables 
~~r ’ ~8’ ~~

appropriate to the laboratory frame to momentum variables (p~ , ~~~ p~~
appropriate to a frame of reference moving with velocity 

~b
C 

~~
The relevant transformation is given by

pr~~ r
, O,pz 1b z mOb , ~~~ b b pz/m ,(2.2)

where ~= (l+p
2/m 2c2)1”2 and ~

‘= (1+p2/m 2c2)1”2. After some straight-
. .~~~~~~ . ,2 ,2 ,2 ,2 2 2

forward algebra with the approximation ~ 
= (p~. ~~~~~ ~~~ 

)<<m c , we
find H

= 
me2 

+ 
bm 

- e(4O
_ 8
b
A ) _ w

br(p~
_
~b

rnrwcb/2)

= 
,~~2 

+ 2)m [Pr +(PO
_
~b

mwbr) +Pz ]+
~
)(r)

~ 
(2.3)

where wCb=wCb/yb=e80/ybmc is the characteristic electron cyclotron
frequency and i~kr) is defined by

H

H =a/2)
~b
m (
~ b

wcb
_w
~
)r 2_e

~~
cr) , (2.4)

12
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and ~(r) is the effective sell-field potential

5
(2.5)

In order to evalua te the macroscopic equilibrium properties
defined in Eqs . (1.11) - (1.13) , it is also necessary to consider the
transformation of d 3p to beam frame variables d3p ’. It is straight-

forward to show fr:m Eq. (2.2) that d 3p trans forms according to

d p=~~~(l+ 1~ 
Z) d  p ’ . (2.6)

Substituting Eqs . (2.1) - (2.6) into Eq. (1.11), we find that the

equilibrium beam density is g iven by

~~~~~~~~~~~~~~~~~~~~~~~~~ + 
~~ 

÷~~(r)
J 

(2.7)

where the integration variable p ” is defined by

p” 2 = p
~
2+(p

~
_
~ b

mu b
r)2+p

~
2.

Without loss of generality , we assume that the effective self-field

potential ~ (r) vanishes at r=0 , i .e., ~(r=0)=0. Similarly the
— • .  0function ~4 (r) also vanishes at r—0. Defining flb=nb (r=O), and

F (~~) = 

fd p ’ p ” 2 f~, (~E_ + 2Ybm 
+ ~ 

(2 8)

+ 
~

Eq. (2.7) can be expressed as

n~~( r)  = r
~b 

F[~U(r)] . (2.9)

it is also straightforward to show from Eqs. (1.12) , (2.1) and

(2.3) that

13
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n
~~
(r)V

~b
(r) = fd

3p ~~ f~

= Obcnb (r). (2.10)

We note f rom Eq. (2 .10)  that V~ b (r )  is uni form over the beam cross
section wi th

V Zb ( r) = Bbc = const. (2.11)

This is a characteristic property of electron beam equilibria

described by an electron distribution funct ion which depends on H
and P~ exclusively through the linear combination M_ B bcP z . More-
over, substituting Eq. (2.3) into EqS. (1.13) and (2.1), we readily

• find

v Ob (r) = wbr . (2 .12)

It is obvious from Eq. (2.12) that the mean aziumthal velocity of

the beam electron fluid element is that of a rigid-rotor. Again ,

this is a typical characteristic of the rigid-rotor beam equilibria

in which the dis t r ibut ion funct ion also depends on H and P 0
exclusively through the linear combination of H_wbPO . We therefore
conclude from Eqs. (2.11) and (2.12) that any electron beam equili-

brium described by a distribution which is exclusively a function of
H_w

bPO-8bcPZ,iS a rigid-rotor equilibrium distribution with a uniform

axial drift.

The remaining important macroscopic quantity that characterizes
the electron beam is the equilibrium temperature profile of the beam

electrons. The effective beam temperature T~~(r ) is determined from

0 0 1 3  0n
b (r)Tb

(r)=.
~
.fd p[v~p~ + ( v

0
_V

9~~
) ( p ~ _<p 0))

(2 . 13)

where v~~ p~ c2/ (m 2c4 +c 2p 2 ) l~’2 , and <p~ >= ( f d 3
PP~ f~~) / ( f d 3Pf ~~) .

14
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Substituting Eq. (2.3) into Eqs. (2.1) and (2.13) gives

n~~(r)T~~(r) = 4 nf ~~~
_ 
~~~~~~~~~ + + ~(r)]~ (2.14)

• . where use has been made of the approximation p ’2 —~ m
2c2. One of the

important features in Eq. (2.14) is that the effective beam tempera-

ture T~~(r) is isotropic , £ . e . ,  T
~b

(r)=T
~b

(r)=T
~b

(r)=T
~~
(r), where

T
~b

(r), TOb (r), and T~b
(r) are the erfective radial , axiumthal , and

axial beam temperatures , respectively , defined by

nb (r)TJb
(r) = fd p (v~_ cv .~~) j ”1~j~~~ b 

(2.15)

where <v~~ = (fd 3p(p~/~m)f~ l/ (fd 3pfg). ~xamp1es of anisotropic

beam temperatures will be discussed in the next section .

The Maxwell equation for the effective self-field potential

4(r) can be obtained from the linear combination of Eqs. (1.9) and

(1.10), and we have

~~
- -

~~
-

~~ 
r 

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(2.16)

where w
Pb

=4rlnbe /ybm is the characteristic plasma frequency-squared

and use has been made of Eqs. (2.9) and (2.11). It is evident from - •

Eqs. (1.9), (1.10) and (2.5) that the potentials 40(r) and A~ (r) are

related to 
~O~~b

Az by

• 1— -f
q 0

( r )  = 
e 

2 4(r) , (2.17)
1
~~~e 8b~ ~m

8b

and
(1—f )8~.AS(r) = 

m &) 

2 
c
~(r) (2.18)

e~~b~~m
8b

Therefore , once the effective potential 4(r) is determined from

Eq. (2.16) the equilibrium self fields , E~~(r) -~~ 0/~ r and

15
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can be calculated self-consistently from Eqs. (2.17)

and (2.18).

Eliminating the effective potential t(r) in Eq. (2.16) in favor

of the function ‘(r) and defining a new dimensionless function

= ~‘(r)/T , (2/19)

where T = const is a measure of the thermal energy spread for the

distribution function f~~, we find the nonlinear differential equation

• for i~(r):

_ _ _  
2

? r— r ~~q (r) = 
T cbWb~~b

)

2 - •

— 
b Pb (1_f

e
_
~~~+fmB~~

)FH)(r)1. (2.20)

The measure of thermal energy spread T is a parameter characteristic

of the beam temperature. Once F is known , the equilibrium problem

has been reduced to solving the nonlinear differential equation (2.20) f:.
for ~j(r) . It is useful to express Eq. (2.20) as

l a  2ybm~ + —— .
~~— r -a--. ~(r) = T 

(
( b~~b~ b °~b~

÷w~~w~~( l _ F ( ~P ) J }  (2.21)

where the laminar cold-fluid rotation frequencies are defined by

- Wb = 

~[~cb ~cb~
X ) ] , (2.22)

in which

K = 4w~w = 2(
~~b

(1_f
e
_8
~
+fm8~

) (2.23)

is a measure of the combined strengths of the equilibrium self-

elec t ric f ield 
~~~~ 

and the equilibrium self-magnetic field

16
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From the definition of , and a careful examination of Eq. (2.21),

we find that ~- (r=O)=O=(- ~,/~~r ) For physically acceptable solu-
tions of Eq. (2.21) corresponding to radially confined beam

equilibria [with n~~(r) approaching zero for sufficiently large

radius r], F (.- ) is a monotonic decreasing function of increasing

~ with F(~p=0 )=l at p (r=0)=0 , by Eq. (2.8), and q (r) is a monotonic

increasing function of r. An algebriaic manipulation shows in a
strai’jhtforward way that

El 2)b
m 

+ -

L~ ~~ 
r 

~
r- 

-‘r=0 
= 

T ~~b ~~~~ 
(w
b
_w
b ~

= 
_

b c b /2 ) 2 Wcb
2_
~~
/4 (2.24)

We note from Eq. (2.24) that for a radially confined equilibrium ,

the beam rotation frequency W
b 

is restricted to the range

~
‘b ~ ~ 

1
~b 

(2. 2:~

which is only a suff icient condition for radial confinement. The
complete necessary and sufficient condition for radially confined

equilibrium will be obtained in the specific example. For w in the

range of Eq. (2.25), we find [r (~ /~r) (r~~/~ r) 1 r=0>°~ 
Therefore ,

beginning with ~p (0)=0, if we integrate Eq. (2.21)for small r and ~~~ ,

we find that ~p (r)lS monoton i cally increas inq nea r the origin . Howe v er ,
for large r , ~(r) is not always to be a monotonic increasing func-

tion of r. Hence , the inequality in Eq. (2.25) is a sufficient b~.t

not necessary condition for a radially confined equilibria.

In Eq. (2.21), wb is a variable (as yet unspecified) rotation

parameter. Moreover , the nature of the solution for ~‘(r) exhibits

a strong dependence on the value of relative to the values of

~b
and wb ,  which are the laminar cold-fluid rotation frequencies

for a beam with constant density 
~~~ 

For future reference , we plot

w~~versus K [Eq. 2.23) 1 in Figure 2. The segment in the right-half

17

_ _ _ _ _ _  _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  

I

t I 

~- — — ___  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  •.~ - - S ~~S — ~~~~~~~~~~



r
NSWC/NOL TR 78-182

— — —
I 0
I Pt -‘.4
I Pt
I Pt

..o ~~~+.Q e
3 0 3

3 v i i
I Pt

I PtI
I PtI v U)

81I it o w
3 II

‘
~~~~ f _ _ _ _ _ _ _ _ _ _ _ _

1
I .-l

I PtII 0
• H• I o w

Pt
II O W
I t
I I
I I .

~~~• it~~...-3 . 
- 

-

N

18

_ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~~: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~



- - -- - - — ——5--- - - -  - -- — - --~~~--- -~~~~
-
~~~~~~~~~ :~~~::

NSWC /W OL TR 78-182

plane in Figure 2 corresponds to

1
~~ e > 

~~
(1_f

m) (or K 
- . 0) , (2.26)

i.e., the repulsive space-charge force on a beam fluid element exceeds

the magnetic focussing force associated with the azimuthal self

magnetic field . On the other hand , the left-half plane in Figure 2

corresponds to

~~ (1—f ) > l— f~ (or K < 0), (2.27)

in which case the self-magnetic force on a beam fluid element exceeds

the repulsive space-charge force. We note from Figure 2 that the

curves are defined in the entire left-half plane, and converge to

the common point w~ = 
~~~ b~~

2 in the right-half plane for a value of

beam density satisfying 2W
~b

(l_f
e
_ 8
~
+8bfm) ~~~ 

We also note from

Figure 2, and Eqs. (2.22) and (2.24) that no equilibrium solutions

exist in the region where

2 ,2 2 2K = 2Wpb fe~~b m ~b
)>W

cb~ 
(2.2~

The reason is simply that equilibrium space charge force is so strong

in this region that the total magnetic attractive forces (self-field

plus applied field) cannot overcome the repulsive electrostatic force.

Moreover , it is emphasized that without the applied magnetic field ,

Eq. (2.22) can be further simplified as

2w~ = (~ K)
V2 , (2.2~ )

and the curves are defined only in the left-half plane of

Figure 2.
To complete the general analysis of this equilibrium configuration ,

we define the effective beam radius a by the relation

~b
a E2 f drrn~~(r). (2 .30)

Moreover , we introduce Budker ’s parameter v defined by \=N~ (e
2/mc2),

19 
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where 
- 

-

Nb = 2~ f drrn~ (r) = lTfl
b
a2 (2.31)

is the number of electrons per unit axial length of the beam . For
a general profile n°(r), we findb 

2
v 

— 
1 w ba , (2.32)

2b c

which is one of the most important parameters in discussing electron

beam equilibriun.. Evidently , V/yb 1 according ly as a 
~ 
2c/w b.

We now analyze Eq. (2.20) for several specific choices of distribution

func tion 
~b’ 

which illustrate specifically the qualitative behavior

described above.
-
~~ 2.A Sharp - Boundary Bea m Equilibria

As a first example, we consider a choice of distribution function

for which the beam density is identically zero beyond some radius
rc, i.e., n~~(r>r )=0. In particular , we consider the distribution

U(T-s-~E-- 
_ H+wbPe+ObcPz)

= 
2~~~ 

(2.33)
(T+~~~ -H+wbPO+6bcPZ)~~

”2

where the Heaviside step function 0(x) is defined by

1 , x~~~ 0 ,

0(x) = (2.34)
0 , x < 0 .  ::-

The distribution in Eq. (2.33) is chosen in this subsection simply

because the nonlinear differential equation of ~4’ in Eq. (2.20) becomes
linear and can be solved analytically for the entire range of

interesting physical parameters . Substituting Eq. (2.33) into Eqs.

(2.8) and (2.9), and carrying out the straightforwar d algebra , we
find

F(ijt) = [l—~p(r)] U (l—~p) , (2 .35)  .

20
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and the electron density profile

0 l— ,(r) , for ,(r)~-1 ,
nb (r) = (2.36)

0 , for •~(r)>l.

Before determining the solutions of the nonlinear differential

equation of Eq. (2.20), it is convenient to treat separately the

cases (a) 1~ f 
~~~

(1_f
m)i and (b) 

~~
(l_f

m
)>1_ f

e~

(a) Equilibrium Dominated by Space-Charge Forces

(l_f
e~~~

_ f
m~~

)
~ 

We first consider the region of the right-

half plane in Figur~~~~, where

0 K = ~~~~~~~~ 
~ ~cb~ 

(2.37)

In order to reduce the number of independent parameters in Eq. (2.20)

we introduce the dimensionless variable

X = r/d0 , (2.38)

where ~~ is defined by

d~ l6T/YbmK . (2.39)

Substituting Eq. (2.35) into Eq. (2.20) , and making use of Eqs. (2.38)

and (2.39) gives

j 8 (l—~ ) , 0’~r<r

~~

. 
4~~

- X ~~-~~ - ~ = 8~ — (2.40)
0 , r

~
rc

where

~~ 
4
~ b c b b ~

”1
~ 
~ (2.41)

and rc is the confinement radius satisfying ~(r )=l. For r<rc, the

solution to Eq. (2.40) is

t4~(X) = (~ —l ) [10(217X)—1J , (2.42)

21
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where 1
0 (x) is the modified Bessel function of the first kind of

order zero. In obtaining Eq. (2.42), use has been made of y (r=0)=0

[see the discussion following Eq. (2.2~ )).

Since the function , (r) must be greater than zero for all r, it

is quite obvious from Eq. (2.42) that

— 1 (2.43)

is the necessary and sufficient condition in the case for a radially

confined beam equilibrium . [Note that 10 (~~~~) = ‘ .l. Making use of

the definition of in Eq. (2.41), Eq. (2.43) can be expressed as

Eq. (2.25) for a positive value K. Thus , we conclude from Eq. (2.43)

that the space-charge dominated electron beam described by Eq. (2.33)

is in radially confined equilibria provided the beam rotation fre-

quency 
~b 

is in the range w
~~~

wb
-U
~

w
~~

. Substituting Eq. (2.42) into

Eq. (2.36), we find the electron density profile

t~
— (
~
— 1
~ 

10(2/2X) , 0<r<r~0 (2.44)nb (r) = 

~b k 
0 , r’~r~

where the beam confinement radius r
~ 

is obtained from

1a (2V ~r /d0) = ~/(~ -l) - (2.45)

The effective beam radius a defined in Eq. (2.30) can be simply

expressed as

a2 = ~~~ - (~~ /2) (~ -l)rd 0I1(2~~ r /~~) (2.46)

In Eq. (2.46) 11(x) is the modified Bessel function of order one.

Note from Eqs. (2.45) and (2.46) that the beam confinement radius r
~

• and the effective beam radius a increase to infinity when ~ approaches
unity. Moreover , the measure of the thermal energy spread T plays a

significant role in determining the confinement radius r
~ 

and beam

— 
radius a [see Eqs. (2.39), (2.45) and (2.46)].

22
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(b) E q u i l i b r i u m  Dominated by Self-Magnetic Forces (
~~

_ f
m~~

>l
~
fe)

We now consider the left-half p lane in F igure 2 , where

K = 4ui~~~~~ < 0 - (2.47)

In this region , 8~,-f~~~ > l-~~~ i.e., the self-magnetic force on a
beam fluid element exceeds the repulsive space-charge force , ‘t is
convenient to analyze Eq. (2.20) with the radial variable r noimal-
ized in units of the Bennett pinch radius b0 [see Eq. (2.83)]. De-
f i n i n g

X” = r/b 0, (2.48)

where

b~ = — d~ = l6T/
~ b

m K I ,  (2.49)

Eq. (2 .20 ) can be expressed in the form

8 (l— ~~) , 0-~r’-r ,
1 ~ 

c
k-,, ~~~~~~~ x”  ~~~~~~~ ~p = —8 ; + (2.50) -~~

0 , r<r ,C I -~

where is again defined in Eq. (2.41). For r-.r
~~
, the solution t~(X” )

that  s a t i s f i es ~‘(X ”=0)=0 is given by

~ (X”)= (l-~~)[l-J 0
(2~~~x”)] , (2.51)

where J0(x) is the Bessel function of the first kind of order zero .
Once again , in order to have a positive ~4.(r) for all r , it is

necessary that

< 1 , (2 . 5 2 )

which also can be expressed , as in Eq. (2.25), as W
b

-U- W
b

<W
b 

for a
negative K value . In this case , the inequality in Eq. (2.25) is
only a sufficient condition for radially confined equilibrium .

However , Eq. (2.25) is not a necessary condition for radial con-
finement , since the function 4(r) in Eq. (2.51) is always smaller

23 
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than unity for a certain range of the phy sical ~ a r a m e te r  even if ;

satisfies Eq. (2.52). In order to h a v t ’  r a d i a l l y confined equilibrium ,

the v a l u e  a t t he  f u nct ion , (r) must be ~1reate’- tha n unity for r ’U r ,
where r satisfies , (r~~)=l . In findinq a necessary condition for H
radial confinement , it is important to investiqate the properties of

Eq. (2.50) and the Bessel function J0(x) which has the  m i n i mu m  va lue
J
0(- 1 01

)- —0 .402 at x=a01. Here 1 01=3.83 is the first root of 
L

and J
1

(x ) is the Bessel f u n ct ion  of order one. Since the
value  of ~ (r ) is a lways  g r e a t e r  than  unit y fo r  r r c when :~~ [Examine
c a r e f u l ly Eq. (2.50)], we find the necessary and sufficient condition

0 lA I
b 

‘U “
~cb (2.53)

for a radially con fined equilibrium . k

Th e equil ibr ium proper ties of the el ectro n beam cor respond ing
to

0 ; ~ 1 - [ l-J (a 01 ) 1~~~ (2 . 54)

where the right-hand side inequality is obtained from

are also very interesting . In terms of the beam rotation frequency

~b’ 
Eq. (2.54) can be expressed as

‘U 

~
‘ b 0 or 

~cb ‘U ‘U (2.55)

where is determined by

= ~ {~~~~_K+K[l_ J 0 (~~oi ) 1 _lkl/2)
In this case, the value of the function ~(r) would be less than unity
for several subrange s of r , Thus , the density profile would have

subsidiary peaks at successive radii and the central beam would be

• surrounded by coaxial cylindrical beams for ; in the range

0 :. ~
[l_ J

0
(~~01 )J

l . The phys ical si g n i f i c a n c e  of such a conf i gura-
t i on  is not  ve t  c lea r . We s h a l l  call  t h i s  c o n d i t i o n  the m u l t i  a n n u l a r

beam e q u i l i b r i um .
Substituting Eq .  ( 2 .~~~1) into Eq. (2.30) , we f i n d  the  den si ty

24
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profile of beam electrons

n~~(r) 
_ ñ

b [ (l_C)J
O (2/7r/b O )], (2.56)

for either radially confined or oscillatory equilibrium . For a
radially confined equilibrium , in which the beam rotation frequency

satisfies Eq. (2.53), the beam density becomes zero at the
radial confinement radius r

~
. On the other hand , if is in the

ranye

‘w~ <% or 
~~ 

<W b <~~~~~ , (2.57)

we find from Eq. (2.51) that ip (r) [and hence n~~(r)] exhibits
oscillatory behavior with its maximum value always less than unity .
Evidently from Eq. (2.56), in this oscillatory equilibrium , the
beam density n~~(r)] decreases from at r=0 , to t~1~~~ as ~~~~
Moreover , the beam density exhibits an oscillatory dependence on r,
with characteristic radial wave number

i ~ l/2
2/~ 1 (2y bmjK J  

~
T — J  (2.58)

where b0 is the Bennett pinch radius .

• The effective beam radius a is estimated by substitution of

Eq. (2.56) into Eq. (2.30) and we find

a2 = ~r~+(/7/2) (l-~ ) r b 0J1(2/~r/b 0
), (2.59)

where the radial confinement radius r
~ 

is obtained from

J0(2/~r0/b0) = ~/(C—1). (2.60)

When the self-magnetic force exceeds the repulsive space-charge

for ce, the maximum radial confinement radius rcm of the electron
beam described by Eq. (2.33) is given by

rem a01b0/2~~ , (2.61)

25 
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which corresponds to . = 1 — [l_ 3
o (a~ i ) ~~~ Moreover , the radial

c o n f i n e m e n t  r a d iu s  r
~ (hence the e ft o ct ivt ’ beam radius a) increases

by increasing the mesaure ot therma l en e rgy  spread -r [see Eqs . ( 2 . 4 9 ) ,
(2.59) and (2 .60)).

A summary of the equilibrium properties for the electron beam -

described by Eq. (2.33) is presented in Figure 3 . Figure i is

similar to Figure 2 except for the addition of a plot of versus

K = 4w~w~ in the  l e f t - h a l f  p l a n e  where  t he  se l t  - m agn e t i c  t o r ce  exceeds
the rep lus ive  space-charge  t o r c e .  We r e i t e ra t e  t h a t  t o r  an e l e c t r o n

beam dominated by space-charge force ( l _ t e H~~
_ t n~

.
~~) ,  both necessary

and s u f f i c i e n t  c o n d i t i o n  f o r  a r a d i a l l y  c on t i n ei  e q u f l i b r i u m  is g i v e n
by Eq. ( 2 . 2 5 ) .  On the o t h e r  hand , Eq.  ( 2 . 5 3 )  is the  necessary and

S
sufficient condition for a radiall y conf ined beam equilibrium domi-

U,

nated by a se l f -m aqnetic force~ — f~~- 1~~l— f ) . These are  i l l u s t r a t e d
by the cross—hatched region in Figure 3.

F i n a l l y ,  we c a l c u l a t e  the beam t empe ra tu r e  p r o f i l e  d e f i n e d  in
- 

•
~ Eq. ( 2 . 1 4 ) .  Substituting Eq.  ( 2 . 3 3 )  i n t o  Eq.  ( 2 . 7 )  and ( 2 . 14) , i t

— is s t r a i g h t f o r w a r d  to show t h a t

T~~( r )  = ~T [ l-~~( r ) ) ,  ( 2 . 6 2 )

wh ich  decreases f rom T - ’2 a t  r =0 , to zero at  r = r , fo r  a radi ally
c o n f i n e d  e q u i l i b r i u m. E v i d e n t l y ,  the measure  c-f therma l energy spread

T is d i rec t ly related to the beam t empera tu re . We t h e r e f o r e  conc lude

from Eqs. (2 .46), ( 2 . 4 9 )  and ( 2 . 5 9 )  that the effective beam radius a

increases considerably when the beam temperature is increased .

2.13 Diffuse Beam Equilibrium - The G e n e r a l i z e d  Benne t t  P inch

As a second example, we consider the choice of distribution
function

= 
Zb b~~~~~h z  , ( 2 . t 3 )

where  the n o r m a l i z a t i o n  c o n s t a n t  is d e f i n e d  by

26
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-l ñb 1 U,
Z b = — 3/2 exp(mc /y bT ) .  (2 . 6 4 )

~b ( 2
~~’~bmT )

The equ i l ib r ium properties of the electron beam described by Eq.  (2 .63)
have been inves t iga ted  in the previous l i t e ra tu re5 . Howeve r , we

repeat some of the arguments  in the previous s tudy 5 in order to make
this report more complete. Moverover , the distribution function in

Eq. (2.63) is used more often in describing the electron beam pro-

perties than any other distribution function , mostly because the

Gibbs distribution in Eq. (2.63) corresponds to the unique thermal

equilibrium distribution to which the beam electrons would evolve

throug h self coll is ions.  Equation (2.63) corresponds to significant

generalization of the distribution function first analyzed by Bennett2

in that Eq. (2.63) allows for a mean azimuthal rotation of the beam

electrons when (w~~0). We will therefore find , for appropriate ch~ .ceLI

of Wb? that radially confined beam equilibria exist even in the

absence of a partially neutralizing positive ion background that

weakens the repulsive space charge force . The reason is simply that

the w rê xB ê force on an electron f l u i d  element is in the inwardb~~ e 0-z
direction , and therefore acts as a confining force that can overcome -

repulsive electrostatic forces. P

From Eqs. (2.8), (2.9) , (2.19), and (2.63) , we find

F(
~~
) = exp [-~’(r)1 (2.65)

and the density profile of the beam electron

n~,(r) = 

~b 
exp[—~~(r)1 (2.66)

The nonlinear equation of ~‘(r) in Eq. (2.20) can be expressed as

____  

2 ~b
m

- ~~ ~~~~~~~~~ 
= T cb wb~~~b

) — K exp [—tL’(r) ] , (2.67) 
.

where use has been made of the definition of K in Eq. (2.23).

~~
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(a) Necessary and Sufficient Conditions for Radially Confined

Equilibrium

We now make use of Eqs. (2.21) and (2.65) for tj (r) , to-

gether with the definitions in Eqs. (2.22) and (2.23), to determine

the necessary and sufficient conditions for radially confined

equilibria , i.e., equilibria characterized by

lim 0 l im
r-’-’- nb (r) = r-~~ 

ñb~~
P1_

~~
(r)1 = 0

or equivalently

ç’(r) = +- ‘- .

In this  regard , we inves t igate  properties of the solution to Eq.
(2.21) , subject to the boundary conditions ~p(r=0)=0 and ~(r-”~’)~~~.

Evidently, if ~p(r) is a monotonic increasing functi~on of r , then

n
~~~

( r )= ñ
b

exp (
~
l1) is a moriotonic decreasing function of r , decreasing

from at r~0 to zero as r~~- . Since the sufficient condition for

radial confinement has been already obtained in Eq. (2.25) for

general r igid-rotor equilibria , we investigate here the necessary

condition for radial confinement particularly for the Gibbs dis-

tribution function in Eq. (2.63).
Ecp.iilibrium Dominated by Space-Charge Forces (l_f

e~~~
_
~~

fm)•

We f i r s t  consider the region of the ri ght-half p lane in Figure 4
where K’-’O. To show that Eq. (2.25) is also a necessary condition - :
for a radially confined equilibrium , let us assume that Wb is outside

the range in Eq. (2.25) (either Wb~
Wb or wb’Uwb

) and that ~ (r-~’)=°’,

which corresponds to n~~(rL ~ )=0. This will lead to a contradiction .

For 
~b

>% or wb~
Uwb, we conclude from Eq. (2.24) that [r ( ~ /~r)

(r
~~P/~

r))r 0 ~ O, so that ~p(r) decreases to negative values near the

origin. If ~p(r) is to eventua lly assume a positive value so that

(r-~~)=~°, then ~p (r) must pass through a minimum (Figure 5) at r=r 1,
say , where ~i ( r 1) -~o , (2hP/Dr)r r =0 and (~

2
~
/
~
r2)r..r ~0. Evaluating

Eq. (2.21) at r=r 1, we find 
1 1

- 
29 
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(
~~

) 
= 

= ~~~~ 
~ b~~b 

(
~ b

-
~~

) [l-exp (-q)] } , (2.68)
r r

1

which is m a n i f e s t l y  negative  for  ~4~(r1)s0 and wb satisfy ing wb
>wb or

w
b
<w

~~
. (Keep in mind K=4~~~w~~ 0 ) .  We therefore  conclude that

wb wb or ~b~~b 
is contradictory to the assumption of a radially

conf ined  equ i l ib r ium wi th  ~p ( r — ~~) = +~~. He nce , a restr ic t ion of the
ro ta t ional  pa rameter wb to the range specif ied by Eq. (2 .25)  is both

necessary_ and sufficient for a radially confined equilibrium dominated

by space charge force. This is illustrated by the cross-hatched 
(

region in the right-half plane of Figure 4.

~qui1ibr ium Dominated by Se l f -Magnet ic  Forces ( 6~
_ f

m 8~~
> l_ f e )

~
We now consider the left-half plane in Figure 4 where

K=4& bwb
s-O. A determination of the necessary and sufficient con-

ditions for radially confined equilibrium solutions when K~0 (Figure

4) proceeds in a similar manner to the analysis in the case K>0. We

therefore summarize the essential results. For K=4w~w~~0, a restriction

of the rotational parameter wb to the range

°~~ b~~ cb ( 2 , 6 9 )

is both necessary and sufficient for the solution to Eq. (2.67) to

correspond to a radially confined equilibrium characterized by
0 U -nb (r~

co)=0 and (r-~-~)=+-’- . This range is illustrated by the cross-

hatched region in the left-half plane of Figure 4. Moreover , for

K<0 and O
~
wb~

l, the beam density profile n~~(r) is a m~ notonic de-

creasing fun~-tion of r. Finally, for K<0 , if is in the range

ucb<wb~~b 
or %<Wb<O , (2.70)

we find from Eq. (2.67) that ‘~‘(r) land hence n~~(r)1 exhibits
• oscillatory behavior .

To summarize the results , we find that radially confined

equilibrium solutions exist provided _co<K=4w~~~,.~l and ~b 
lies

31
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in the cross-hatched reg ion in Figure 4. Moreover , for

and in the range ~~~~~~~~~~~~~~~~~~~~~~~~ the density profile

nb (r). although a nonincreasing function of r on the average , does

exhibit an oscillatory radial dependence. Furthermore , we note from
Eq. (2.67) that it 

~~~~~ 
or 

~b~~
’b’ then the solution to Eq. (2.67)

is ~(r)=0 , which corresponds to uniform beam density for all r.

(b) Exact Analytic Solutions
Equation (2.67) does permi t exact analytic solutions for

certain special choices of the rotational parameter wb, or the

quantity K=4~~ w~ that measures the strength of the equilibrium self

fields . 3efore determining these solutions , we find from Eq. (2.13)

th at  the beam tempera ture  p r o f i l e  for  the Gibbs d i s t r ibu t ion  funct ion
is given by the isotherma l value

T~~(r) = T = const. (2.71)

We now determine the exact solution to Eq. (2.6”) for two special
- , 2 2 -choices of equilibrium parameters : (a) 1 e b ~~ m~b ’ which cor-

responds to a self—field force-free equilibrium , and (b)

~b c b ~~b~~
0’ which corresponds to an equilibrium in which theP magnetic force associated with the applied field and the centrifugal

force exactly cancel.

Self—~’ield Force-Free Equilibrium. In the special case where

~ ~
=2
~~ b

(l_f
e
_
~~~

+fm ~~~)=0 , (2.72)

i.e., the magnetic and electric self-field force on a beam fluid

element exactly cancel , Eq. (2.67) reduces to the simple linear

equation

2Y bm 2
~ -.~- r - ~-- . ( r )  = T cb~ b

_ 1
~

)
b ) . (2.73)

The solution to Eq. (2.73) is

~ (r )  = r~/a~ , (2.74)

U

I 

- 

32

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
. 



- - 5 -- -—— - - - 5 - - - - -- -  ——-- -
~~~~~ -- -~~ -— ——- — -

uSwC /W OL TR 78- 182

where

2 
(2T/

~ b
m)

a
0 

= r —  T (2. 75)

- 
Moreover , the density profile n

~~
(r)=

~b 
exp(-J is given by the

Gaussian profile

n~,(r) = 
~b 

exp.~_r
2
/a~ )

~ . ( 2 . 76)

The effective beam radius a is found by

a = a0 (2.77)

from Eq. (2.30) for the self-field force-tree equilibrium . Note that

K=0 (Eq. (2.72)] corresponds to the vertical axis in Figure 4 and

is r equired [Eq . (2.75)1 in order for the beam equilibrium 1—
to be r a d i a l ly conf ined  w i th a~~’0.

E q u i l i b r i u m  W i th  
~b~~Cb

_ S
~b

)=O • As a second example tha t  has an
exact analytic solutioñ7 we consider the case where the centrifugaa

and applied magnetic forces exactly cancel , i .e., 
~b

(w cb
_w
b ), or

equivalently

LlJb
_ O or 

~b c b  ( 2 . 78)

From Figure 4 and Eq. (2.69) , we therefore require 8~
_ f

m6~
>l_ f

e for

radially confined equilibrium solutions . Making use of Eq. (2.78),

we find that Eq. (2.67) can be expressed as

r -~-~ip (r) = ~~-~~- exp .~
_
~~(r)} , (2.79)

where F
8T/~~ m

0 y m iK 2 ‘ 2b Wpb ( 6 b
_f
~~ b

_l+f
e) .

• The solution to Eq. (2.79) is given by

p (r) = 2~ n(l+r
2/b~ ), (2.81)

33 
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and the beam density profile n~~(r) = 

~b 
exp (-~~~) reduces to

o 
______= (2.82) —

(l+r /b~ )

which is identical to that obtained by Bennett 2. Substituting

Eq. (2.82) into Eq. (2.30) , we find the Bennett pinch radius

— b (2.83)
0’ 

U

which has been introduced into Eq. (2.48). The equilibrium self

fields can be calculated from Eqs. (2.4), (2.17) , (2.18) , (2.19) and

(2.81). We find

o ~b
m -)  r

and 

~~~~ 
— 

~~~ 
“ b~~’~~~e~~l 2 /b2 (2 . 84 )

‘7 bm 2 r
~ (r) — - 2e ~~~~~~~~~~~ 2 2  

- 

(2 .85 )

II We note from Eq. 
- ~

2.8O) that the effective beam radius a=b0 becomes

large whenever L
~~

(l_ f
m ) is closely tuned to ~~~~~ 

i . e . ,  whenever the
self-magnetic pinching force almost cancels the repulsive electro-

static force. - ;
(c) ~umerica1 Solutions to Eq. (2.67)

The exact analytic solution to Eq. ( 2 . 67) is accessible
only in certain special limiting cases (see Eqs . (2.74) and (2.81)].

ilere we solve Eq. (2.67) numerically for a variety of system

parameters of experimental interest. To reduce the number of in-

dependent parameters , we introduce the dimensionless variable

n a 0 , (2.86)

where a0 is the effective beam radius defined for self—f ield force—

f r e e  equilibrium ( 2 . 7 5 ) .  Making use of Eq. (2.86), Eq. ( 2 .67)

reduces to

L. -

~~~~~~~~~~
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-- -U- U- 5— 
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/
~i’ (r)

ri
0 /

I r

N~t / ‘
U

I

— — — — —

OR

Figure 5. Plot of ~‘(r) versus r for or wb<w

~ind radial confi nement .
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—~• , X 
~~~~~ 

- = 4 [ i — - k  e x~ — ( — , ) ] , (2 . 8 7 )  -

w h e r e  is ietined b y

- = 
4

~__7U_ -_-_~~55
_-)

_ (2  - 8 8)
b cc l~

Figure 6 shows a plot of the n~~-m~ 1 i :ed e f f e c t iv e  bea ir radi us-
s q u a r ed  d e f i n e d  by —

~~—~~- =  2 d X ’ X ’  exp -
~ — , ( X f l~’ ( 2 . 8 9 )

0
‘I

versus  ~
-t [Eq . ( 2 . 8~~) ) ,  w h i c h  is a m e a s u r e  of the beam densi ty and *

self—field s t r en q t h .  N o t e  f r o m  Fi gu i e  t~ that the effective beam

r ad ius  a inc reases monoton i ca ll y from a
0 
when t=0 , to infinity when

~=l , or equ iva len t ly 
~
U- b =~~ 

or ~~~~~~~~~ Moreover , fo r  ci ’-0 ( i . e . ,

~~~~~~~ ~~e~~’ 
a decreases from a=a

0 
whe n ~=0 , to ze ro when -~ tends

to minus  i n f i n i t y .  Equa t ion  ( 2 . 8 7 )  has been solv ed nume r ica l ly  f o r

various choices of - . This is illustrated i’~ Figures 7 and 8, wh er e

~ ( X ’ ) i s plo tted ve r sus  X ’  =r a0 (VI gure 7 )  , and t he  corresponding

normalized densi ty prDfile n~~(N’) r =exp [—~~(X’~~I is plotted versus

X ’ =r /a
0 

(ri~~ure S ) fo r seve ra l  v a l ues of ~~. 
‘~‘e emp h a s i z e f rom the

definition of a i n  Eq. ( 2 . 7 5 )  that the numerical analysis of Eq .

(2.8’) is valid only when the beam rotational parameter “b is in the

range 0- Note from Figure 7 that (X’) is a monotonic in-

creasi ng function of - ‘ for each value of -
~~. Moreove r , fo r s p e c i f i ed

X ’ , -. (X’) decreases as -~ inc reases , w ith (X’)=O in the limit where

~=l . We also note from Fi -~ure 8 that the c u r v e  for -=0 corresponds

to the gaussian density profile in Eq. ( 2 . 76~
In the region where the self-magnetic focussing force exceeds

the electrostatic repulsive force , i .e., K’— 0 , it is convenient to

analyze Eq. (2.67) with radial variable r normalized in units of the

Bennet t  p inch radius b derived for ( - ~~ 
-

~~~~~ )=0 [Eq . (2.83)1.0 b ~~D e f i n i n g
X” = r/b , ( 2 .90~0

3-,

—
-5—-U-— —-5-— - -- - -U- - — ---- ---5 —---- _ _ _ _ _ _ _

---5--- - -  -U— - U-~~U~~ -UU-~~~~ - - U- -- - - ~~~ —U-U- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~



___________________ —U--- - -- 
~~~~~~~~~~~~~~~~~~~~~ 

----_— - -  -5- -

NSWC/W OL TR 78- 182

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

o
‘4-
0
U)
aJ

I.-
0)
>0)

-
‘ 

— —
~~~~~

-

33

-— -- —~~~~~ - - ~~=~~~-- ~~~~~~~~~~~~~~~~~~~~~ 
---

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
- ----

~~~ -



— _-._— — -U—- ——-— — . __
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ -___ ___ -__ ~_ _ _  -U--- — —U——--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ __
~______ ~•___ __ - —

NSWC/WOL TR 78_182

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  a
I

C

‘.0‘.O

— 

~4 x t~9_0 ) 0
In
U

NI-
0)

I — >

01.
0~ 

Z

I.- ---
0—I.-
.IJ~~~

U
I.
3

0•’ .,-
L*.

a
0~ sq 0

0

* .0

~~~~~~~~~~~~~~~~~ _____  _______________  ~~~~~~~~~~~~~~~~~~~~~



-U--- ~~ 4 .__U-_ _____

NSWC/wOi TR 78-182

I 1.
I 0)
I 4)
I U
I
I
1 1.
I
I 0.

r-~ In
3

J I n

I.
U

C\Ja
.0

C%j

0
0)
1.
3

.~ I—

$

—

3
0

3 ~~~~U 3  2
—- t .0 r~~~..
~I-

U s.-
I.- .-.
“ - 3L J D

U.)
-V
p.J~~~— 0 )

1 . 0 )

I’-

oa4)
0 1 .

0)
I.
3

.-
I

0 
l0 a 

U

I- a

-
~~

40

____ ______ ______ / 

-

• ~~~~~~~~~~~ ~~~~~~~~~~

i _~~~~~~~~~~
_

__
~~— ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~ ~~ L ).i -~ - 

-



5—-- --5- - - -5—--U---------- ~~~~~~~- - 
~~~~~~~~~~~~ 

- -

NSWC/WOL TR 78-182

Eq. (2.67) can be expressed in the equivalent form

~~ - 

~ x” ~ 
4)(X”)=8{n+exp [—l~)(X”))} , (2.91)

where

= - = 4wb b b )//K. (2.92)

The effective beam radius is calculated numerically from

2

= 2 f0dX” X”exp [— ~~(X”) ] - ( 2 . 9 3 )

bo

Figure 9 shows a plot of a2/b~ versus q for n>0 , i.e., for radially

confined equilibria with radial density profile decreasing monotoni-

cally as a function of X” . Evidently , a/b
0 
decreases monotonically

as a function of r~ from the value a/b =1 when n=0 (the familiar 
r

Bennett pinch radius). Figure 10 shows a plot of i~(X”) versus

X ” =r/b0 obtained numerically from Eq. (2.91) for various values of
n>0 (radially decreasing density profile), and r~ in the range 0— ri -- -l

(oscillatory density profile). The corresponding density profiles

are illustrated in Figure 11. The special case where n=0 in Figure

11 corresponds to the Bennett pinch equilibrium density profile in

Eq. (2.82). We note from Figure 11 that the beam density profile is

an osci l latory function of X” =r/b0 for ri in the range -l<n---0 , which

corresponds to cub in the range wb~
sw b~

sO or wCb <U cu b < w b [see Figure 4].

2.C Monoenergetic Beam in Beam Frame

As a third example of the uni form axial drift beam , we

consider the delta-function distribution

f~ = N~
S (H _ w bP e _ 8 bcP z

_ ~~~ -T) (2.94)

where N is the normalization constant. Substituting Eq. (2.94) intO

Eq. (2.8 ) , and making use of Eq. (2.19), we find

F(~ ) = (l_ ~ )
1/4 U (l-~ ) (2.95)

-
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where 0(X) is the Heaviside step function defined in Eq. (2.34).
The corresponding density profile of beam electrons is

- ~~l/2 -

0 ~~~~~~~~~~ 
Lor ~~~~~~~

nb (r) ~b 
S (2.96)
! 0 , for ~~~~

Similarly , the effective beam temperature T~~(r) is obtained as

T~~( r )  4T( l_ ~~) 0 ( l — ~L’) . ( 2 . 9 7 )

The governing equation for ~ is given by

1 3 3 - 
2~ bm 2r -

~
-p = T (w cb uib

_ w
b )

~b
mK l’2 k
2T ( l— tp ) / 

, for i~ -l ,
— (2.98)

0 , for  ~i>l ,

where K is defined in Eq. (2.23). Since the equilibrium properties

for the delta-function distribution is very similar to the previous
two examples, we present only the numerical solutions to Eq. (2.97),

skipping the possible analytic investigation of Eq. (2.97).
(a )  Equi l ib t ium Dominated by Applied Magnetic Forces

(Wb (cuCb
_w

b) >0]

We first obtain the numerical solution for the case

0 <Wb < W cb (2.99)

when the applied magnetic force (term proportional to Wcbwb) exceeds

the centrifuga l force (term proportional to u~~). Introducing the

dimensionless variable X’ defined in Eq. (2.86), Eq. (2.98) reduces
to

4~~(l-~ )
1’~
2
,~p<l ,1 3 , 3 — (2.100)X — — 

0 ,~o’l,

_ _ _ _ _  

L4
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w~~ei-~ -= ~~ ~ y.- -~ — ~) is defined i n  Eq .  ( 2 . 88 )  . Figure 12 is a p lo t

o .  , ( >~~‘ )  v or su s  X ’ =r / a  for  several  va lue s  of a~ The cor respondin~
- 

0 1/~n o r m a liz e d  density prof ile n
b (X’)/ñ b

= (l_ , (X’)) is plotted versus

X ’ =r/a0 in F i gu re 13 . We note f rom Fi gure 12 that the qualitative
fea ture of Fiqure 12 is very similar to those of Figure 7. We also

emphasize from Figures 12 and 13 that the curves for ~=0 correspond

to the  s c l f - t i e l d  f o r c e - f r e e  e iu i l i b r i u m  ( K = 0 ) .  A p lot  of n o r m a l i z ed

effective beam radius—squared defined by

2 ~ d X ’ X ’  [ l — ~ (x ’) I 
-

a~ 0

versus • is presented in Fi gure 14 for the -~-function distribution

f u n c t i o n .  Note  f r o m  Fi gure  14 t h a t  the  q u a l i t a t i v e  f e a t u r e  of

Fi gure  14 is very  s i m i l a r  to F igu r e  6 . We t h e r e f o r e  concl ude tha t 
4 ,

the equilibrium properties of electron beam , whose rotational U

freq uency 
~b 

is in the range 
~~~~~~~~~ 

are -jualitatively similar for

different distribution functions .

(b) ~ j~~ li b r i um Dom ina ted ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

In the reg ion where the self-magnetic focusing ~~~~~~~~~
exceeds the electrostatic repulsi\-e force (i.e., I<’-0) , it is con-

venient again to analyze Eq. (2.98) with radial variable r normalized

in units of the Bennett pinch radius b
0 

defined in Eq. (2.83).

~1aking use of Eq. ( 2.90), Eq. (2.98) can be expressed as

1/’( 8 ( 1_ ~ - )  ~~~~~~~
~~

-
~~

- 
~~

-
~~
-
~~- X ” -~-~~-~ - c ( X ” )  = 8fl + (2 .101)

- - -  - -  0

where n is d e f i n e d  in Eq. ( 2 . 9 2 ) .  F igure  15 shows a p lot of ç ( X ” )

versus X”=r/b
0 

obtained numerically f rom E -1. (2.101) for various

values of r I — O ( r adia l ly decreasing density p r o f i l e)  , i in the range
—0 .5---~~---0 , and n in the range —1- -- ’i-c --O .S (oscillatory density profile)

The corresponding density profiles are illustrated in Figure 16. We

note from Figure 15 that the value of c-(X ” ) becomes exactly un i ty  at
X” =1.4 for n=-0.5. Therefore , we have the central and successive
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coaxial annular beam densities for n in the range -0.5 <n > 0 (see

Figure 16 for ri in the range —0.5< n<O and the discussion following

the Eq. (2.55)). Figure 17 shows a plot of normalized effective beam

radius - squared defined by

= 2 rdX4IX .I[l~~~(X,,))
l/2

versus n for n>O , i.e., for complete radial confinement. 
H

In summerizing this section , we conclude the following . First,

the necessary and sufficient condition for radial confinement is

given by wb<thb<w~ 
for K>0 (the repulsive electrostatic forces exceeds

the focussing self-magnetic forces) and O<
~ b

<Wcb for K<0 (the self-

magnetic focussing force exceeds the repulsive electrostatic forces).

Second , for the sharp boundary equilibrium dominated by self-

magnetic focussing forces (K<0) , we have the multi-annular beam

equilibrium for the rotational parameter Wb corresponding to

0<;<[1-J 0(a01)]~~ for the distribution in Eq. (2.33) and correspond-

ing to 0<~ <0.5 for the 6—function distribution in Eq. (2.94) . Third ,

oscillatory electron beam equilibrium also exists for a relavent

rotational frequency 
~~~~~

• Fourth , in the rigid-rotor electron beam

with uniform axial drift , we also have found that the angular

velocity as well as the axial beam velocity is uniform over the beam

cross section [see Eqs. (2.11) and (2.12)]. Moreover , the effective

temperature of the electrons is isotropic [see Eq. (2.14)]. Finallj,

we point out that the analysis can be extended for any other

equilibrium distribution function . 

- - - ~~~~—-.: — — 
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~~. ST I F F  ELECTRON BEAM

In this sect ion , we invest iqate the es lu i  l i b r i  urn properties of
the  s t  i t t  electron beam t h a t  i~; c h a r a c t e r i z e d  by the  zero ax i a l
tempera t  tire. A l l  the e l e c t  ron s have t h e  ~;ame a x i a l  c anon i ca l
momen t um so t h a t  the  d i s t  r i b u t  i o n  fu n c t i o n  i s

~~ ~~~~l)~~tl ’ ~~~ 
= (;(1l_

~
s b1

~~
) ~\(P~~~ 0mt~0c) , ( Li)

where ~O
=(l_

~~~)
4/2 is a cons ta n t , a n l  ~ is an arbitr ary t unction

de termi ned by the injection condition of th t~ e l e c t r o n  beam . The anc iula , -
velocity ot~ beam equilibria described by Eq. ( Li) is uniform over

th e beam cross sect ion . However , the  a x i a l  vel uci t y V
Zb (r) 01 the

e lectron beam f l u i d  e lement  is not u n i f o r m  anymore over the cross
section . Making use oIl Eqs . (l.~~) and (1 . 7) , and the approxima t ion
p~ +p~~~~m c 2

, we f i n d

p
— 

~b~ t’ ~~0
fl1C 

~ 
+ \ ( t ) T ~ (~~. 7 )

where the f u nc t i on  • - ( r )  is d e f i n e d  by

( r )  —
~~ 0 1 mc ’ —e ~~0 ( r )  ~ ~~

— “
~h~~~l) 2

~ ( r )  = 
T 

- — 
T 

r (~~~. l )

the mass scale ( r )  is def i ned by

~ 2 4  ~ s 2 ~.= (mc - 4 - r p )  = (m c #c L \
0mI~0

c4~~ A7 
( r ) 1  } (~~~ . 4 )

p
~ 

= p : (p c— ~ U, m s s
h r )  2 T1 = cons t  i s a measu re  ot  t he t r a n sv e r s c

• t h er m a l energy spre4-~d and ,1 — eT ~~/mc the  n on i- e l  a t  i V I St i c e l e c t  ron

cyc lo t ron f r e q u e n c y .  I n  oh t a i n i rq Eq . ( 1 . 2 , we have assumed t h a t

• A~~(r~~0)=0 - -~0 ( r - - O ) w i t h o u t  loss of sieneral i t v .  N o t e  t rom Eq. (1 .-fl

53
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that y2(r=0)=y 0, so that x (r=0)=0 in Eq. (3.3).

cubstituting Eq. (3.1) and (3.2) into Eq. (1.11) and defining

f0duG [y0mc
2+u-s- \ (r)T~ )F(X)= 2 , ( 3 . 5 )

f0 duc( ’y- 0mc +u)

we find the density profile of the beam electrons to be

n~~(r) = fI~~(-y-~ /-~0) F[x (r)], (3.6)

where 
~b 

is the beam electron density at r=0. It is also straight-

forward to show from Eqs. ( 1 .12) ,  (3 .1)  and ( 3 . 2 )  that the axial

mean momentum of a beam electron fluid element is approximate~ by

n
~~

( r ) V
~b

(r)=[8
Oc + ( e/y O

mc)A (r)]ñ
bF(x). (3.7)

The transverse temperature of the beam electrons is defined by

n~~( r )  T~~(r)= ½ fd
3p [ v

rpr
+ (v

O
_V

~b
) (p

0—<p 0
> ) ) f ~~, (3.8)

where v . and <p
a
> are defined in Eq. (2.13). Making use of the

2 2 4 2 2 ¾ y mc2, we can simplify Eq. (3.8)
approximation ‘y~mc = (m C +C p ) 2

as 

n~~(r)T~~(r) = 2~ y~mf0 duuG [y0mc
2+u+x (r)Ti). (3.9)

The axial temperature prof i le  is obtained by substi tut ing Eq. (3.1)

into Eq. (2.15) and we find

T~~(r )  = 0 . (3.10)

Due to the presence of the factor 6(P~
_y

0m8
0
c)in the equilibrium

distribution function , the electron motion in the axial direction is

cold and the effective axial temperature is zero.
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The equilibrium properties of the electron beam are determined

through Eqs. ( 1 . 9 ) ,  ( 1. 10) and ( 3 . 5 )  - (3.7). We now analyze these

equations for one specific choice of distribution fuction ~~~~~ in which

all electrons have the same energy in the laboratory frame . This will

orient the reader and illustrate the equilibrium properties of the stiff

electron beam.

As an example , we consider the d e l t a — f u n c t i o n  d i s t r ibu t ion

G (P_ wbPo ) = 6
~~~~~ b~~0 y 0mc 2 —T ~~) ,  ( 3.11)

where all the beam electrons have the same energy . Substituting Eq.

( 3.11) into Eqs. ( 3 . 5 )  and ( 3 . 6 ) , we f ind r
(1 , for ~~~~F ( \ )  1o , fo r \>1 , (3 . 1 2 )

and the electron densi ty p rof i l e

0 
‘
~z ( r )  ~ 1, for X(r)~~l,nb (r )  = (3 13)‘~o ~ 0 , f or X ( r ) > l .

For notational convenience in the subsequent analysis, we define the

collisionless skin depth 6 by

52 = (3.14)
pb

where £
~~b 

= 4
~~~b

e2/YOm is the beam electron plasma frequency squared.

The z-component of the vector potential A (r) is determined by sub—

stituting Eqs. (3. 7) and (3.12) into Eq. ( 1 .10) .  For )(�1 we have

~ ~~~~~~ A (r) - ~~~~ A (r )  = 4renb8O
(l_f

~
). (3.15)

On the other hand , for  )~~l , the vector potential A (r) is determined

55 
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from

~- -
~~~

-- r$_ A~~(r)= 0. (3.16)

We assume that r
~ 

is the beam confinement radius so that X(rc) =

The solution to the Eq. (3 .15)  and ( 3 . 1 6 ) ,  which  is continuous at

r = r
~ i has continuous first derivative at r = rc, and satisfies

( r = 0 )  = 0, is

2y
~
tnc 

~~ ~I0(r ~~~~~~~~~~~ 
O<r<r c,A 2 ( r )  = e 

____  ____

[10 ( r c
f l_ f

m/ ó )  + re/i—fm i
1

(r c/l~~
fm/ 6)

x I n ~~ - l ) , r>r ~~, (3. 17)

where I~~(x) is the modified Bessel function of the first kind of

order IL The corresponding self az imutha l  magnetic f ie ld  is given by

~y 0mc280(1_f m)
¾ 11

(r 11
~~ m

’6
~~’ 

O>r>r
~~
,

B0 (r )  = — l e6 r (3.18)

—~-i~ (rc
/l_ fm/6), r>rc.

Subst i tut ing Eq. (3 . 17 )  into Eq. (3.7) gives the mean axial velocity

profile

0 y (r) 
_ _

VZb (r) = ~
YQ 

80c 10
(r/l_f

m/6), (3.19)

where -~- 2 (r) is given by

= [ 1+y~~8~ ‘o (rVI_f m/6)
2

1 ½ (3.20)
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The electrostatic potential 
~ 

(r) is determined from

* 
1 Ii l~ -~ 1, \ (rY~l,~~- r r ~-~~0 

Cr) = 4
~~

e ( l_ f
e

) nb (i Z /Y O ) (
O \ ( r ) > l .  (3.21)

The exact solution to Eq. (3.21) is not tractable analytically ;
however, the asymptotic solution to Eq. (3.21) can be obtained in
various limits of practical interest , depending on the size of the
self—field influence.

3 Tenuous Beam

In circumstances where the beam density is so low that

N e 2 r 2
v b 1 ~ ci= 2 ~~~ ~~~~ 

< < L ~ (3.22)0 ~0mc

the modif ied Bessel funct ion  10 (x)  can be expanded according to
10 (x)  = l+x2/4, giving

= 1+r 2
~~~

( l_ f m )/4~~
2 ( 3 . 2 3)

The electrostatic potential in Eq. (3.21) can also be approximated

by

= 
~
e(l_f

e)nbr
2. (3.24)

Subs t i t u t ing  Eqs . ( 3 . 2 3 )  and ( 3 . 2 4 )  into Eq. (3.3), the

dimensionless function \(r) is given by

\(r) = ~~~~~~~~~ (w
~
_w
b) (wb

_ k
~~
)r2 (3.25)

where the laminar cold-fluid rotation frequencies w~ are

defined by

w
b ~ ~cb~~~O~ 

±ft b/yo)
2_K I V2} , (3.26)
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in which

K = ~~~~~~~ = 2
~~ b

[l_f
e
_8
0
2+fm~:] 

(3.27)

The necessary and su f f i c i en t  condition for a radially
confined equilibrium is given by

- + (3.28)

from Eq. (3.25). The radial confinement radius rc is derived
from X(r~)=l and given by

1/22T1
r =[ 

~~~
_ - 

— ] (3.29)
yflm(wb wb) ~~b ~~

Equation (3.29) indicates that the beam radius r
~ 

increases when
the beam temperature T~ increases. Moreove r , in the event that
wb is closely tuned to either or w , the two laminar cold—
fluid rotation frequencies , the beam radius rc becomes very
large . It is worthwhile to note the difference between the
radial confinement condition in the previous section and that in

this section . For the electron beam with uniform axial drift

described in Section 2, the necessary and sufficient condition for H
a radially confined equilibrium dominated by the self-magnetic
force ( K < O )  is given by O < W b <W cb and we have oscillatory H
equilibria for K<0 and rotational frequency wb in the range

~cb
<Wb<

~b 
or Wb<(I)

b< O. However, the sti f f  monoenergetic electron
beam is radially con f ined even if  K<0 and the rotational
frequency wb is in the range Wcb<Wb <Wb or wb<wb <O. The reason
for this di f ference is simply that the current source
n~~

(r ) V
~ b (r)  in Eq. ( 3 . 7 )  for the vector potential A (r )  has one

more additional term , which is proportional to A
~
(r) in the right-

hand side of Eq. (3.7). This term ensures that the vector

58 
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potential A (r) in Eq. (3.15) increases monotonically by increasing

r. On the other hand , in the electron beam with uniform axial

drift , the current source n
~, (r)V~b 

in Eq. (2.10) doesn ’t include

the term proportional to A~~( r ) ,  and thereby leads to an
oscillatory equi librium for K<0 and for 

~cb~~b
<
~~ 

or 
~~~~~~~ 

-

3.B Space-Charge Neutralized Beam

As a second example of finding an analytic expression of the

dimensionless funct ion X ( r )  in Eq. ( 3 .3 ) f o r  a monoenergetic beam ,
we consider the space—charge neutralized beam , i.e.,

= 1, (3.30)

which ensures the elimination of the electrostatic potential in

Eq.(3.3). Therefore , in order to have a radially confined

equilibrium , it is required that 2
T~ 1 ~~b

(
~~~Cb

_
~~~b) r

_____  
2 ~0m~~ 

2 c
2

~ g ( r  ) = 1 + 2 
(3 .31 )

C l w b 2

for r -
~
r
~
, where rc 

is the radial confinement radius satisfying

i N ) / y  = g ( r 2 ) .  He re -
~ 

(r) is defined in Eq. ( 3 . 4 ) .  We can
find from Eq. (3.31) that the function g (r ) is a monotonically -

increasing or decreasing function of r2 accordingly as

2 2 ,,
T1 Wb/YO 

mc < 5 b cb W
b~~

Since the whole analysis  in this  paper is valid only when
(w br/c)2 - - < 1  [see Eq. ( 1 . 3 ) ] ,  Eq. (3 .31 )  is also valid only when

(w b r/c) 2 
<~~- 1 . Note from Eq. (3. 31) that in case

“~b c b ~~ b~ 
— T~ w~ /~ me2 , we always have a radially confined

equilibrium even without the self—p inching forces (i.e.,
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Even for the case 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , 

a r a d i a l l y  con—
fined equilibrium can exist , provided there is a reasonable s e l f -
magne t i c  p i n c h i n g force .  Howeve r , findin g the exact r

~ 
requires the

n u m e r i c a l  a n a l y s i s  of Eq.  ( 3 . 3 1 ) .
3 . C  E q u i l i b r i u m  w i t h  = 0.

The e q u i l i b r i u m  properties of electron beams with --~~=0 and descril~~d

by Eq. (3.11) have been investiqated in the previous literature .3 Thus ,
we repeat here some of the arguments made in  p revious  s tu d i e s . 3 In the
case of 

~
‘h °’ the dimensionless function on \(r) can be simp lified to

- 
I 

h (r)—i 1mc2—e~ (r) - -

~

r = T

The density pro:ile iS ~~iV 0 f l  by

= [1 
~~~~~~~~~~~~~~~~~~~~~~~~ 

r~~r ,

( 1 + 
~ 0 mc ~~ h ’  r - - i - ( 3 . 3 3

Subs t i tu t i ng Eq.  ( 3 . 33) in to Eq. ( 1 . 9 )  q i ves
I-

e4~0
(r)

1 -
~ 

1 (1~~~ flh [l1 ’~ mc~
5-

~
1 0 — r ~~r~~,

~~ 

-f--- r,~— ~0
( r )  = 0 

( 3 . 3 4 )
0 , r- r -

C

The solution to Eq. (3.34) is

~ me 2 T T 0ft’ 1 f
0
/~~) 1 ]  , ~~~~~~~

-
~~ (r)=— ~------ -— -—--— - ( 3 . 3 5 )

e [I0 (r~
b l _ f

0 ~~~~~~~~~ ~~~~ I~ (r
~~

i
~~~~~f 0 /~

S)  
~n ~~~-l1 ~~~~~

F rom Eq . ( 3 . 3 5 ) ,  the r ad i a l  e l e ct  n c  f i e l d E~~(r)=-~~-~0~~~r

can be expressed as

60
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i me 2 ( 1 — f  ) ~ 
I
~ 
(r~ 1—~ e~

-
~ 

(b- r<r ,
0 0

~~ ~~
~~ 

I1
(r
~~

i
~~~
T/

~~
), 

~~~~~

The addi t ional  e q u i l i b r i u m  proper t ies  are obta ined  f rom Eq.  ( 3 . 3 2 )

by substi tu ting Eqs .  ( 3 . 4 ), ( 1 .17 ) and ( 3 . 3 5 )  i n t o  Eq.  ( 3 . 3 2 ) .

However , this is not straightforward and requires some n u m e r i c a l

calculation.

We conclude this section by deriving some general proper ties.

First the perpendicular temperature of beam electrons define.i in Eq.

( 3 . 9 )  can be exp res sed as

T ? ( r~ - T~~[1 - \ ( n ) 1  ( 3 . 3 7 )

It is also straightfo rward to calculate the  total current carried

by the electron beam for the equilib rium distribution function

def ined  in Eq. ( 3 . 1 1) .  M a k i n g  use of Eqs.  ( 3 .13 ) and ( 3 .19), we

ca n express the magni tude  of the total  beam c u r r e n t  as

r r
I=2~ efO

c dr rn~~(r)V
O
b (r)= (mc

3/e) c m

r , - 1—f r IT— f
l7ooo ~ o -

~ 
C m c m ] amperes (3.38’

when use has been made of mc3/e = 17000 in u n i t s  of amperes.

Evident l y ,  I i n Eq. ( 3 . 3 8 )  is sen s i t ive  to the value of 
~~~~~ - -

The a nal ysis  in t h i s  section can also be extended to a d i f f u s e

electron beam equilibrium described by the equilibrium distribution
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func t ion

C ( H_ uJ
b

P .~~
) = exp { - (H_uJ

bP 
- 

~0mc2)/ T~~} . (3.39)

The r e su l t i ng  equat ions  are aga in  two coupled second order -

differential equations. However , an analysis of these equations
can also be ca r r ied  out in a r e l a t i ve ly  s t ra i g h t f o rward manner .  

- -
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4. CONCLUSIONS

I n th i s  pape r , we have inv est igated the equil ibrium properties
of a r ig id- ro tor  relat i~~is t ic  intense electron beam described by
th e e q u i l i b r i u m  d i s t r i b u t i o n  f u n c t i o n  of the  form

= fb
(H_

b
P

t~
P
z) which ensures a rigid-rotor

equ i l i b r ium wi th the angular  frequency w
b
. The theoretical analysis

of relativistic electron beams has been carried out , neglecting the

atomic process and discrete particle interaction s (i.e., binary

collisio n s) ,  because the col lec t ive  pro cesses are assumed to
domi nate  on the time and length scale of in teres t .  The positive ions 

-

have been assumed to be immobile , providing partial space-charge

neu t r a l i z a t i on.
Various equilibirum properties were calculated in Section 2 ,

for a relativistic electron beam with uniform axial drift velocity .

A second order differential equation (2.20) has been obtained for the

dimension less func t ion  ~- ( r )  wh i ch gover n s the eq ui l i b r ium proper t ies
of the electron beam. We have investigated this differential

equation analytically and numerically for several specific examples

of the electron d i s t r i b u t i o n  func t ion , thereby f i n d i n g  the necessary and
su f f i c i e n t  condition for  a r ad ia lly  confined equilibrium . One of

the important features for rigid-rotor electron beam with uniform

axial drift is that an oscillatory equilibrium exists for the

rotational frequency in the range w b~-w b
<w
~ 

or wb~
-w b

U-O. Moreover,

the effective temperature profi le is isotropic for this distribution

function .

In Section 3 , the equi l ibr ium properties were calculated for a
stiff electron beam , in which all the beam electrons have the same

axial canonical momentum , thereby leading to a zero axial

temperature. Particularly , the monoenergetic electron beam

properties have been analytically investigated in detail. The

expression for total current carried by the monoenergetic electron

beam was derive d in terms of the beam intensity. However , the

governing equations for a stiff electron beam are two coupled
• second order differential equations, and the analysis of these
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equations is considerably more complicated than that of an electron
beam with uniform axial drift.
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