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1. INTRODUCTION

Differentially encoded phase-shift keyed (DPSK) binary signalling
is a commonly used technique in digital data transmission systems. There
are, of course, other modulation techniques that are more efficient than
the DPSK systems in terms of power and spectral occupancy; however, the
circuit simplicity and the accompanying cost-effectiveness of the DPSK
system often becomes the over-riding reason for its application in a

data communication system.

The choice of DPSK modulation is particularly appropriate when a
small, low-cost modulator is needed. A typical application might be a
buoy which has limited space and limited prime power for the communications
system. An expendable platform such as a buoy must, of course, be Tow-
cost. The data transmission from the buoy may involve a hard-limiting
satellite channel for the purpose of processing the data at a shore

facility.

Surprising as it may sound, however, a complete understanding of the
error behavior of DPSK system has been lacking. Much less understood is
the error performance mechanism of a DPSK system over the hard-limiting
satellite channel. The error behavior of DPSK system over a "linear
channel" has always been assessed on the basis of a most simplified fashion,
e.g. the probability of error for the binary DPSK system has always been
based on the expression Pe = % exp(-Hz),_where H2 is the carrier-to-noise

power ratio at the sampling instant.
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The demodulator configuration of a DPSK system requires a phase-
detector (multiplier) whose inputs are "direct" and "one-bit delayed" versions
of thesignal. In reality, the inputs of the phase-detector have different
signal power levels due to such effects as phase error, delay line
attenuation, and inter-symbol interference. Furthermore, the noises
between the two multiplier inputs are necessarily correlated due to the
band-limited nature of any real system. When these practical aspects are
considered, the error behavior of the DPSK system cannot be assessed only

on the basis of the error probability expression stated above.

The lack of adequate error behavior expressions for the DPSK
system under non-ideal conditions has been a consequence of the non-linear
nature of the DPSK demodulator. Thus, the noise behavior at the decision
time is not amenable to a relatively simple description such as coherent
PSK system. As a result, the analysis of DPSK system has always been
based on a most simplified ideal agsumption. In particular, the noise
correlation between the two phase-detector inputs has been totally ignored

in the idealized assumptions.

In this report we have treated the case of the DPSK system over a
hard-limiting satellite channel with power imbalance and correlated noise
at the phase detector (multiplier). A surprising result of our analysis
is that the error performance is independent of the noise correlation if
the a priori symbol probabilities are equal. As has been remarked

elsewhere [1], this is a departure from previous beliefs.
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2. ANALYSIS MODEL

The binary satellite communication system under consideration is shown

in Figure 1. Our main cbjective is to determine the error performance

of the system under the assumptions that (SNR)1 # (SNR)2 at the phase
detector input and the noises "l(t) and nz(t) are statistically dependent.
The condition (SNR)1 # (SNR)2 arises from a difference in signal powers
due, for example, to intersymbol interference or delay circuit phase
error. The noise correlation reflects the band-limited nature of a

practical system.

The original transmitted signals are defined as Sl(t) and Sz(t):

Sl(t) = /75: cos(wt - el) (1)
Sz(t) = /Eﬁg'cos[m(t -« T} = 0,]

' = /fF; cos(wt - 62) (2)
where the bit duration is T; the carrier frequency is assumed to be
selected such that wT = 27k, k integer; and Pu is the power received at
the satellite. The index i = 1 is associated with the present symbol and
j = 2 is associated with the previous symbol. Bandpass Gaussian noise
nu(t) is also present on the uplink with aﬁ = E{nﬁ(t)}. The uplink SNR

; s 24 2
is defined as Ru = Pu/ou.

At the receiver the signal is corrupted buth by passage through the
hard limiter and by additive noise on the downlink. The inputs to the
phase detector (multiplier) are:

uy (t) = s;(t) + n,(t) (3)
)
uz(t) sz(t/ + nz(t) (4)

where si(t), i=1, 2, are the signals as corrupted by passage through the
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limiter in the presence of uplink noise and ni(t), i=1, 2, are additive

downlink noise. We may write

sl(t) = /55; cos{wt + ol) (5)
sz(t) = ﬁﬂi;cos(wt + oz) (6)

where P1 and P2 are the carrier powers at the phase detector and the
signal phases ¢ and ¢, are identically distributed random variables with

the conditional density function (2], [3]

1 S } ;
—2—“' bk COS[k(G-ei)], 1=l)2$ la‘ei'iﬂ
k=0 .

0, |u—6i|>ﬂ

(7)

e u _k L e
where bk = Ek KT I'(-é- + 1) IF](—Z'-, k+1; 'Rd)‘.

RE is the signal to noise ratio at the input to the limiter,

{1,k=0
c:
k {2, k>0

and 1Fl(a;b;z) is the confluent hypergeometric function (Kummer's
function) of parameters a and b and argument z. The bandpass Gaussian

downlink noises are expressed in the form

hl(t) = Xl(t) cos wt + Yl(t) sin wt (8)
nz(t) = Xl(t—T) cos [w(t-T)] + Yl(t-T) sinfu(t-T)]
8 Xz(t) cos wt + Yz(t) sin wt (9)

and the noise correlation is defined by

Etny (t)n,(t)) = E{n (t)n, (t-T)) = ojp(n (10)

-
L L

Aty s

-l 2.
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where p(T) is the normalized correlation with T equal to the symbol

duration and the noise power is given by

2 8

o2 & tnd(e)) = ¥ = evi(e), i = 1, 2. (1)

The decision variable y(t) at time t is the output of the zonally

low-pass filtered version of

x(t) = ul(t) x u,y(t)

= [»’ZPl cos{wt - ¢1) + Xl(t) cos wt + Yl(t) sin wt)

X

[/2P2 cos(wt - ¢2) + Xz(t) cos ot + YZ(t) sin wt],

(12)
T.8.
y(t) = /PP, cos(¢-¢,) + N(t) (13)
where
N(E) = 3% (£)X,(2) + 3, ()Y, (t) + VP,/Z X (1) cos 4,
+

/92/2 Yl(t) sin ¢, * /P1/2 Xz(t) cos ¢ + /P1/2 Y2(t) sin ¢
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3. STATISTICS OF THE DECISION VARIABLE

The probability density function of the decision variable conditioned
i on the phase difference between the two inputs to the multiplier is a

special case of the general result obtained by Miller and Lee [4]:

' ! 2 .2
fylyiele) = % exp [-(n] + nd)]

‘d
2 o ][]-pth][H*pth
Ly 2wt [\ 7)) a1 L\7Z M ;'
= ln_
2 n 4y !
exp [- -_21___;] G, ], >0 i
od(]+p od('l-p ) i
S Y ST P |
o4(1-p) og(1-p")
where
2. 2 2
h3 = RET)) (h] + h2 + 2h]h2 cos ¢), !
r oIt 2 2
hy = 57-5) (h] + h2 - 2h]h2 cos ¢), '
hf = SNR at input number 1 of the multiplier,
hg = SNR at input number 2 of the multiplier,
$ =6y - ¢, = the difference in phase between the narrow-band
signals at the multiplier input,
p = noise correlation,
m A
n . mHn-j) x
and Gm(X) Jgo ( n )3-! .

The probability density function of ¢ can be obtained from
f¢(s|e],ez) - -£f¢](5+ule])f¢2(u|92)du (15)
where f, and f¢ are given by (7). The evaluation™ of (15) is straight-

" 2
forward but somewhat lengthy (see Appendix A), with the result being

¥ For an alternate approach not requiring explicit evaluation of (15), see
Appendix D.

7
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0, 'm<8561-62-2ﬂ
(‘2‘;‘?)2{[2n-|8-(9]-62)l]
E g bi{[?n-lﬁ;(e]-ez)l] COS[klﬁ'(B]-ez)l]
- é%sin[kle-(e]-ez)lj}

1)"+
-2 ; g {k sin[kIB-(e]-ez)IJ

-q sin[qlB-(e]-ez)l]}},

8,-0,-21<B56,~6,+2n

0, 6,-6,2m<B<w. (16)

An important aspect of the p.d.f. given in (16) is that f¢(8l91362) depends

only on the difference 61-6,5 which is the information-bearing parameter

in a DPSK system. We can thus write f¢(8’8],62) as f¢(6|6]—62). This 'F
density is shown in Figure 2.

The probability density function of the decision variable y

Skl e Lo

conditioned on the transmitted symbol (91'92) with downlink noise

|

correlation as a parameter can be found from b
l‘i

fylyseleg-6,) = [ £ (viole=s)f, (8]e;-e,)ds. (17) :

: 4

The result of (17) is :
|

|
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ol 23] &[]
(18)

Ud(]-p )

where

<
3
=]
1

exp[Y cosg][1+Z cosg]™[1-2Z coss]nf¢(8|e]—62)d8

(19)
with
2ph]h2
Balour.
1-p
and

) 2h]h2

Sl e
h]+h2
The transmitted symbol is "mark" or “"space" depending on the phase
difference [e]-ezl=0 or |8]-82|=n, respectively. Thus the following conditional
p.d.f.'s are obtained:
fy(yio|space) = f (yip|]|0;-0,]|=0) (20a)

and

fy(y;plmark) = fy(y;plle]-92|=n). (20b)

We evaluate (see Appendix B) the integral in (19) for both space (°I‘°2=°)
and mark (Iel~62|=n) by using the binomial theorem a4 an expansion for

powers of the cosine, with the results:

10

. e

i
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s-u(s)
® n 2
Vm.n(space) = % :i% :Z: ([s-u(s)§2u]/2)

* Mouau(s)-k{Y) * Touau(s)+k(Y)]

-(2) oF(-m,-s3n-541;-1) (21a)
and * - _S-v S) .
v (mark) =12, 3, 2, ([S—u(s)-Zu]/Z)
el k=0 5=0 =0
AN k bfcu+u(s
(—) (-1) Kutuls)
2 k
" Hapro(s)-k{Y) * Touhu(s)4k(Y)3
'(':) 2F](‘n"5;m‘5+] 3=1) (21b)
where
- 10, s even
u(s) = {1, s odd;
In(-) is the modified Bessel function of order n; and 2F](-,-;-;-) is the

Gauss hypergeometric function.
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4. CONDITIONAL ERROR PROBABILITIES

In order to determine the error probability, we must know the

threshold to which the decision variable y(t) is compared. In a binary
DPSK system the transmitted phase difference between consecutive symbols,
61-02, is either 0 or *n. The threshold should be set so that correct
decisions are made if noise is absent. In the absence of uplink noise

the limiter does not corrupt signal phase, i.e. ¢ = 8 and ¢, = 62. Then

in the absence of downlink noise the decision variable becomes

Y()| o noise = *PPz Cosley-¢p) = /PP, cos (e4-8,) (22)

and the information is contained in the sign of y(t). Thus the threshold
is set at zero.
From (20a) and (20b) one can obtain the conditional probabilities

of error from the expressions

and

To compute the error probabilities we need to define the downlink
signal to noise ratio Rg. In a DPSK system this is conveniently taken as

the SNR at the direct channel input to the multiplier. In our notation,

2
Rd = h1. (24)
Also, since we are considering the case of SNR imbalance at the multiplier

inputs, it is convenient to define an SNR difference measure by

2

A 'E';’_E“—'U? (25)

G RO i i ns B e el il

0
P(e;p|space) = Prob{y<0|e,-6,0} = f f,(yip]0;-0,=0) dy (23a)

P(e;p|mark) = Prob{y>0||e]-92|=n] =.£ fy(y;0||91‘32|=“) dy. (23b)
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5. ERROR PROBABILITY EXPRESSIONS

Carrying out the integrations indicated in (23a) and (23b) (see Appendix

C) and using the definitions in (24) and (25) to replace hf by Rg and hg
2.2

by A Rd we obtain the following rather formidable-appearing expressions
for the conditional error probabilities:

P(e;p,r|space) = "(1:2 ]
-p n=0 m=0 k=0 s=0 =0

mint [r (<) Sl
-([s-u(S)fzuj/z)(2?)2k(]+x )

[ ( )R(HA] [ (Hp g(lﬂz)]n

i ZOAR(ZI ZpXRdz
L2uto(s)-k 1_p2 * Touro(s)+k ]_02
2
¥ ZF]('"’];'n'm;TIE) oFp(-m,-s;in-s+1;-1)

. [.‘F] (5; K+1 ;-Rﬁ)]z (26a)

SR 12 TS R TR

|




1+4p 2Rd RO S S R

)k

°k°u+u(s)(°] m+n\{m
m!n!lri—;l’I o

2k s
. ([s-u(s)fzu]/Z)(':}‘) (—3‘2> E(}ﬁ) Rs(mz)]"‘

J+2

2
1 1140} 200024 1" 2pAR;
1 [3 (T-T‘; Rd(]“‘ ﬂ lZ’pw(s)—k( 2

1-p
ZpXRg
* Topro(s)\j 7
« SF {-m,1;-m-n; 2 Fi(-n,-s;m-s+1;-1)
2 ] L LY :T:-p 2 ] ’ ’ »

2
: []F](l“;;kﬂ;-nﬁ)] : (26b)

In writing (26a) and (26b), we have made use of the relation (2z)!=r(2z+1)=
222r(z+%)r(z+1)/J; to simplify the coefficients arising from bﬁ in (21a)
and (21b). For alternate ways of writing (26a) and (26b), see Appendix E.
Making use of the relation Ij(-z)=(-1)jlj(z), J an integer, and
making a change of notation in (26b) by replacing m by n and vice versa,
we observe the interesting symmeiry property
P(e;p,r|space)=P(e;-p,r|mark). (27)
The total unconditional error probability is the weighted sum of
(26a) and (26b) given by
P(e;p,x)=PsP(e;p,x|space)+PmP(e;p.x|mark) (28)

where P and P are the a priori probabilities of space ("0") and mark ("1").

14
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6. COMPUTATIONAL RESULTS

We have computed the total error probability for the case of equal
a priori symbol probabilities, i.e. Pm=Ps=1/2. In doing the computations,
the direct numerical computation of (26a) and (26b) proved to be quite
difficult due to the manner in which the multiple series converge and the
effects of finite word length in the computer. We found that numerical f
integration of (19) in conjunction with (18), (23a) and (23b) proved to
be a more computationally efficient scheme for obtaining numerical results,
and this was the procedure used in our computations. The program listing -

is contained in Appendix G.

o

WO O EETLY

Our numerical evaluations of the total error probability were performed
for several values of power imbalance* Az and noise correlation p. We have
observed the result that the computed total error probabilities are inde-

pendent of p for all values of AZ considered. However, the conditional

T - pgg—

error probabilities were dependent upon the noise correlation. When these F4
conditional error probabilities were added with equal weights (Pm=Ps=1/2),

the results coincided with the value of the error probability for p=0, as

.<_<~‘,<' .
ey N %

shown in Figure 3. A similar numerical result was obtained for a terrestrial

link [5] (see also Appendices H and I). As in the case of the terrestrial

____.‘..-

1ink, the mathematical complexity prevented analytical verification of this
result. It should be stated here that when one observes the conditional
probabilities of error as given by (26a) and (26b), it appears certain that
the total unconditional probability of error should depend on noise correlation
p. In fact, it has been remarked in the previous publications [6], [7] that

the error probability of a binary DPSK system depends upon the correlation

*The power imbalance can arise from intersymbol interference and other effects,
as discussed in Appendix F. 15
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16




J. S. LEE ASSOCIATES, INC.

if there is intersymbol interference (a case of SNR imbalance). The remarks,
it should be pointed out, were based on the observations of the equations

rather than on the proofs.

Figure 4 shows the total error probability versus uplink SNR Ri for
several values of AZ and Rg. For comparison, the case of infinite downlink

SNR (R§=w) is also plotted; this is identical to the terrestrial link with

no power imbalance (12=0 dB).

The curves shown in Figure 4 corresponding to 12=0 dB for each case
of Rg (downlink SNR) represent the ideal case of no power imbalance
at the phase detector input. Our curves for these special (ideal) cases

are identical to the results reported by Weinberg [8].

17
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7. CONCLUSIONS

In this report we have presented the error behavior of a binary DPSK i

i

system over a hard-limiting satellite channel under the influence of an
SNR imbalance at the phase detector (multiplier) inputs and noise correlation.
The graphically presented curves for error probability are applicable to

evaluation of system performance when the SNR imbalance at the phase detector i
{

is known.

Qur numerical results show that the performance of binary DPSK over
the hard-limiting satellite channel does not depend upon noise correlation
when the a priori symbol probabilities are equal, regardless of SNR
imbalance. The noise correlation has an effect only when the symbol

probabilities are unequal.

The mathematical complexity of the error rate expressions has, thus
far, prevented an analytical verification of the numerical results that
the noise correlation has no effect on performance when the symbol
probabilities are equal. The mathematical formulation for the error rate, rs
however, is possibly amenable to further investigation. Appendix E points
out a few first steps which may lead to further analytical investigation ﬂ:
of the error rate properties; however, the mathematical relations involved jf
are in an area of mathematics, e.g. generalized multiple hypergeometric ¥
functions, which is not yet fully developed. Further investigations may (4
be mathematically interesting, but the directions of such investigations ;

and the immediacy of practical results of such investigations are by no

means clearly evident at this time.




APPENDIX A
DERIVATION OF PROBABILITY DENSITY FUNCTION OF ¢ = ¢ - ¢

The pdf of ¢., i=1,2, is given by equation (7) of the main text.

We must evaluate ’j
f¢(ale],ez) =£f¢](B*clol)f¢2(al92)da. (A-1)

In view of the restricted range over which the f¢_'s are non-zero, (A-1)
i

must be treated as four separate cases (see Figure A-1). If -B+9]+n<62-ﬂ,

or e]—ez+2n<8. then there is no overlap of the two f¢_'s and f¢50. In the
i

second case, we have 62-ﬂ<-8+8]+n<82+n, which implies that

8+'n
fo(8le;.0,) = JZ f¢l(3+a]81)f¢2(ul02)uu. 8)-8,<Bs8) -8, *2r.

- £ (A-2)

In the third case, -8+61-n§ﬁ2+wi~8*61+ﬂ, which implies that

B,
& 2 i o
f¢(8h1 ,82) o " Bf¢l(8+nlel)f¢2(0|62)du’ 61 92 2“58581 82 -

A

1 (A-3)
In the fourth case -B+8]—u>62+ﬂ, or 8<8]—92-2n, there is no overlap and
f¢(s|e],ez) = 0.

Substituting (7) into (A-3) and (A-2), we find

f¢(8|°1'°2) = (il—“—) ZZ b b f cos[k(8+u~el)]cos[q(a-ez)]da,

-ﬂB

el—BZ-Znsssel—ez
(A-4)
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and

+n1-B
1
f¢(8|e],82) = G;ﬂ bkbq cos[k(8+u-e]ﬂcos@(a-ez)]da,
2"7[

=
1]

o
e
1l

o
@

where

K
R
L AT o
by = €4 % I‘(2“) 1F1<2’ k+1; Ru)'

Now consider the integral in (A-4):

6,tm

2
I =f cos[k(s+a-e])] cos[q(u-ez)] da. (A-6)

e]-n-e

We have three cases, determined by the parameters k and q. When k=q=0,
the integrand of (A-6) becomes equal to one, and we have

1 = 2n+p+0,-6;, k=q=0. - : (A-7)

The second case is k=q#0, for which we apply a trigonometric

identity to write (A-6) as

92+ﬂ 62+ﬂ 1
I = %/ cos(kB+kez-ke]) da + ]7/ cos(2ka+ks-ke]-k82) da. ‘
6,-7n-8 8y-7-8 P g

(A-8) E
Integrating (A-8) we obtain
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1
] = 5 cos(ks+k02—ko]) (Oz*ﬂ-ﬂ‘*n*ﬁ)
1 . .
+ 4K'B1"(2k02*2ku'k8—k0]-k02)- SIn(ZkG]-an-stiks-ke]-kez)]

i)
= 3 €os [ks*k(ez-e])] (Zn*B*GZ-B])

| .
+4R[51n(ka+k02-k0]) + g]n(k3+k02—k0])] (A-9a)

which can be written as
4 : o ,
I = 5 (2ueg+0,-0,) cos [kprk(e,-0,)1 + 5 sm[km(ez-n])],

k=q#0. (A-9b)
In the third case, we have k#q. Using a trigonometric identity,
(A-6) can be written as

8,.,tn
1 2

e]-“"s S]‘““B

(A-10)

Integrating (A-10) yields
A ey % . N
I = z(k-Q){S'"[kez q92+(k q)n+ke+q02 ke]]

- sin[ko]-qe]-(k-q)n-ks+qs+ke+q02-ke]])

1 2
+ 2(k+qj,{51n[k92+q92+(k+q)n+k8-k0]-q92]

- sin[ko,+q0,- (k+q)n-kB-qB+kB-k0,-q0,])
2 1 : B o :
* 2lk-q) {sin[(k-q)u+ k8+k(62-0])] sin[-(k q)“+q8+q(02 0])])

+ 2(J*a,{sin[(k+q)n4k8+k(62-0])] - sin[-(k+q)n-qB-q{e,-8,)])

0,tn
2
1 = 2_/ cog[(k_q)u+k8+q02-k01 Jda + %—/ COS[(lﬁq)u*’kB-kB]-qﬁz]du.
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which simplifies to

] = -2--(,};—(]7 {sin[(k-q)n+kB+k(6,-0,)] + sin[(k-q)n-q6-q(6,-0,)])

+ »2_(@ {sin[(k+q)mtkerk(e,-8,)] + sin[(k+q)wtqptq(e,-0,)]).

(A-11)
Making use of the identity sin(xty) = sin x cos y + cos x sin y, and

recognizing that cos (Kn) = (-1)K, (A-11) can be written as

p = &2} :—E sin[(%-q-)s + (’%—9)(9 -0 )] cos [( zq)e + (kgﬂ)(ez-e])]

e Sin [(k—;ﬂ)s + (k—;ﬂ)(ez-e‘)] cos [(»'»‘53)8 + ('532~q)(92-e] )]-

(A-12)

Noting that (_])k-q = (-l)k'q+2q = (-1)k+q and that 2sinxcosy =

sin(lgx) + sirle%?g, (A-12) can be written in the form
WD & i -
= kT.LqT {k sm[ks+k(ez—e])] -q sm[qs*rq(ez—e])]}. k#q. (A-13)
We now substitute (A-7), (A-9), and (A-13) into (A-4) to obtain,

replacing (92'9]) by -(6]-02),
1 2
fo(sle‘,ez) =(—2—;) [2"*8'(91'92)1

2 «— 2n+8-(0,-6,)
o i o) {[w._zli] cos[Kk8-K(s,-0,)]
k=1

+—23E sin[ks-k(o,- )]} 2‘ Zbe LZ)W

k=0 q=0
k#q

. {ksin[ke-k(e]—ez)] - qsin[qa-q(el-ez)]},

e]-ez-zusese]—ez. (A-14)

A-5
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In (A-14) the first term in square brackets accounts for the k=q=0 term ;

of (A-4), the single summation accounts for the main diagonal k=q, and
the double sum encompasses the remaining terms of (A-4).

We observe from (A-13) that for g#k, I(k=k0 : q=qo) = 1(k=qo,q=ko).

Thus the double sum in (A-14) can be reduced to one infinite sum and |
one finite sum: 3
&
s k"] bA
_1yk+q !

ZZZ bb, {4l tksin [ke-k(e,-6,)] -qsin [as-q(e;-8,)]).

k=1 q=0
Thus (A-14) becomes

1)2
f¢(8|e]sez) = (—27) [211""8-(9-"’62)] ‘
2 2m+p-(8,-96,) i

1

+ (ZT) Z bi i[————-z 1 2 ] cos[kB-k(e]-ez)]
k=1

i i

t 5 sm[ka-k(e]-ez)]z '

o k-1

2 k+q f

1 (-1) :

+ 2—“) bkbq k2 2 {k s1n[ke-k(e]-62)] i
k=1 a=0 5 i

- qsin[q8-q(e;-0,)]13,

e]-ez-znssse]-ez. (A-15) ;
From (A-5), we need to evaluate
6]+ﬂ-8
J = cos(ka+ks-ke]) cos (qa-qe,) da (A-16)
62-1'

which differs from (A-6) only in the limits of integration. Again

there are three cases to consider.
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If k=q=0

which yields
J =

If k=q#0

Using the ide
(A-19) as

1

Pt |

sy

.

Integrating (

J

n

, then (A-16) becomes

it
da, k=q=0 (A-17)
62-ﬂ

2n-8—(62 -e]), k=q=0. (A-18)

, then (A-16) becomes

+n-8
cos(ka+k8-ke]) cos(ka-kez) da. (A-19)

1
82‘"

ntity cosxcosy = % [cos(x+y) + cos(x-y)] we can write

+n-8 +n-8

1
cos[ka+k(e]-ez)] da + %/ cos[2ku+ks-kez-ke]] da.
-n ez_n
(A-20)

A-20),
% [gﬂ_g_(ez-e])] cos[ke+k(62-6])]

1

YK

{Sin[2k6]+2kn-2ka+k8-k62-ke]]
- Sin[2k92-2kn+k8-k62-k6]]}

2"-8-(62_61)
SR cos[ka+k(ez-e])]

+ i%-{sin[-ks-k(ez-e])] - sin[ka+k(ez-e])]} (A-21)
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which simplifies to

i) R
J = 5 [20-8+(6,-8,)] cos[ks-k(e]-ez)] - 5% s1n[k8-k(6]-62)], k=q#0.
(A-22)
If k#q, then (A-16) becomes

gy tn-8 1t7-8 .
/ cos[(k-q)a+k8+q62-ke]] du'*-;—-/ cos[(k+q)a+ks-ke]-qe2] da ¥
ez‘ﬂ 02-1!

| —

J =

(A-23)

which integrates to
J = T(il-qj {sin[ke]-qe]+(k—q)n-kB+QB+kB+q92-ke]]

- sin[kez-qez-(k-q)n+ks+qez-kel]}

+ E?i%aj-{sin[ke]+qe]+(k+q)n-k8-qs+k8-ke]-qez]

- Sin[k92+q62-(k+q)n+ka—ke]-q92])
- Jray (sinl(k-a)nsasva(0,-07)] - sinl-(k-q)rsksrk(o,0,)0)
+ 5T£;57 {Sin[(k+q)n-q8-q(62-8])] - Sin[-(k+q)n+k8+k(92-8])]} Pi
- Hk]Tq‘)‘ {sin[(k-q)n+qB+q(6,-6,)] + sin[(k-q)n-ks-k(e,-8,)])
+ —2—(7(]:(3 {sin[(k+q)n-q8-q(6,-0,)] + sin[(k+q)n-ks-k(e,-6,)])

= akcqy (cosl(k-a)n) sinas+ale,-0y)] - cos[(k-a)a) sinlks*k(op-07)])

+ ﬂ{—m {-cos[(k+q)n] sin[qs+q(e,-6,)] - cos[(k+q)n] sin[kp+k(e,-8,)])

(A-24)




J. S. LEE ASSOCIATES, INC.

which simplifies, recognizing cos.nm = -1)", to
k+q
. L : 5 y i
J = - (:T-qr {k sin [kp-k(e,-6,)] qsin[q8-q(6,-6,)]), k#q.  (A-25)

Putting (A-18), (A-22), and (A-25) into (A-5) yields

) 2
£,(8100.0,) = (5) (21~ [B-(6)-0,)])

+(;—“)22bi§[2n-[s-(:]-e2) ]] cosika-k{0,-4,1]

k=1

k-1
(z‘_k) sin[ks-k(el-ez)]i - (_,_]—“)2 ZZZ bybq
q=0

k=1

-1)k*a
; LZLT (k sin [ke-k(6,-8,)] -q sin [a8-q(0,-6,)]),
k™-q

e]-ezsese]-ez+2n (A-26)

where we have again used the symmetry property of the double summation
to introduce a finite upper limit on the inner summation.
In (A-15), we can rewrite the limits of applicability as
-2n58-(e]-92)50
and in (A-26) we can rewrite the limits of applicability as

2,

~__._,___.4

058—(6]-62)
Thus (A-15) and (A-26) apply to adjacent regions, depending upon
whether 8-(6]-92)<0 or 8-(01-02)>0, respectively. Letting ¢ = B—(e]-ez)
in (A-15) and (A-26), we can see that (A-15) is merely (A-26) with

v replaced by -v. Since (A-15) applies for v<0, -v=|v| over the range
of applicability. For v>0, |¢|=v and thus (A-15) and (A-26) can be

combined to give
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0, *°<B$6]-92-2ﬂ

(7;;)2 {[z,.- 18- (8,-0,)]

2n- |8~ (6,-6,)|
3 Z i%[ _?-L_?_,] cos[k|p-(0,-6,)|]

f(8|8],82) = - é%'sin [kls-(e]-ez)l]t

o k-1

k=1 q=0 -q
-qsin [QIB-(e,-ez)llf}.
81-82-2ﬂ58561-92+2ﬂ

0, 8-8,+2nsB<w.

(A-27)

A-10
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APPENDIX B
EVALUATION OF EQUATION (19)

We will evaluate (19) for two cases: lel-ezl = 0 ("space") and

lel-ezl = 7 ("mark"). First we treat the case of "space" being trans-

mitted.

B.1 "“SPACE" (lel—ezl =0)

We use the binomial theorem twice to write (19) of the main text

as m

2n - A |
vm.n = exp [Ycosg] f¢(8]0)[ (Im) zlcoszel[z (:)(-Z)rcosre]ds

Ly £=0 r=0 (8-1)

where we have taken into account the finite range over which f¢(s]0)

does not vanish. Interchanging the order of summation and integration,

which is clearly permissable due to the finite limits,
2n

m n
vm,n = Z Z (2) (:)(-1)"2£+r/exp[Ycoss] cost*T %(BIO)GB: {8-2)
=0 r=

-2%
Denoting the integral in (B-2) as wS(£+r), using (16) of the main text
for f (8]|0), and splitting the range of integration into two subintervals
for p:sitive and negative g to enable us to eliminate the absolute

value signs from the integrands, we_ have

0

2
wS(M) =f cosMBerSB(;l;) {(2n+s)'

=27

+Z bi [(—2"58) cos(kg) *-Z!Esin(ks)]

B-1

i i e e e ca Dt
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@ k-l
k+q
: ZZ Z bkbq (—'—%—)—2- [k sin(kg) - q sin(qe)]} ds
k=1 q=0 k' -q

2
+ cos"seycoss(ﬁ {(21:-8)

)cos(ks) - % sin(ks)]

o

+
8
o
=N
'/\'
~nN
=
Ny
™

-2 Z b b 17)'? [k sin(kg) - q s1n(q8)]}ds (B-3)
=1 q

k

where we have defined M=£+r for notational simplicity. If we make
the change of variable y=-8 in the first integral of (B-3) we find

that it equals the second integral. Interchanging the order of summation

; and integration, we have:

2 2n Sy
ﬁ W (M)= 2 (_1_) f 2 cosMs e’ COSByg __f ecosMaeYcosBde
S 2n 0 o

2n 2n
+ E bi [n[ cos kecosMB eYCOSBdB - %f B COS kecosMBeYcosBda
0 0

k=1

2n
- ?1?_[ sin kscosMseYcossde]
0

1 : COSB
-2 bkbq—T—‘z—‘[kf sinkgcos ge dg
k=1 90 k™-q 0

f sinqgcos Beycossda]}. (B-4)
0 -

etk
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In (B-4) we make the change of variable a=g-n and make use of the identities

]

(-I)Qcosqn
(-1) & inga

cos(Qu + Qn)

B-5
sin(Qa + Qn) } Q integer ( )

to write

- o

1 2 M 3 >
M) = M _-Y &
”S(") 5 2(’2_-,,) {2"('1) f cos ae” C05%q - fu(-l)McosMue Ycosudu

mn
-,[ (-1)McosMae-YeOS Oy,
-

n
+st ["[ ('l)kCOSku(-])MCOSMue-YCOSada
8 mn

k=1

n
1 -
-7 / a(-1)¥coska(-1)McosM e-YeOS 04,
-n

n ;
[ u(-l)kcosku(-l)McosMue'Ycosuda P.‘:

Le 1
;“ / (-1) smka( 1) Meos!ae Vcos(x ] l
l)__k+q[k f“(-1)kSinku(-l)MCOSMue-Ycosudu

E E N &

n

qf (-l)qsinq:;(-I)Mcosnue'YCOS“da]%. (B-6)
-

1
2

In (B-6) the second, fifth, seventh, eighth, and ninth integrals vanish because
the integrands are odd functions and the limits are symmetric about zero. Also,

we may write the integrals of even functions as twice the integrals over

[0,n]) to give

B-3
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2 .
W (M) = 4(—2—3'—) g {n/e Yeosa osM da +kzl: bi (-1)k
O =

-;— / e'Ycos"cosMucoskuda} : P (B-7)

0
Combining formulas for the even and odd powers of the cosine [9,1.320.5

and 1.320.7) we can expand the power of the cosine in terms of cosines

of multiple arguments:

M-v(M)

M
cosMC = _1';1_ Z “utu(M) QM-u(.’i)-Zu]/Z)COS{[Z““’(M)JC} (B-8)

- A

= 1’ u=0
Y {2, u>9

and

0, M even
v(M) =1, M odd .

Using the identity

COS Z COS = % [cos(z+z) + cos(z-z)] (B-9)
in connection with (B-8) allows us to write .(B-7) as
M-v(M
2 m
1 M -Ycosa 1 M
HS(M) = 4(‘2-;) (-1)" |n / e Z—M E € ([M-u(M)—Zu]/?) cos{[2u+u(M) Ja)da
0 u=0
M-u(M)

n 2
)k L e-YcosaL . A M
2 oM p+u (M) (LM-U(M)-Zu]/2
k=1 0 p=0

v Aehib ot
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'[% cos{[2u+uv(M)+kJa) + %- COS{[Zu'hJ(M)-k]o)] '*.u{ A (B-10)

Interchanging the order of summation and integration in (B-10), we

obtain
M-;(HZ
2
1 M) n M
wS(M)=4(g) 17w Z °“+u(M)([M-U(M)-2uJ/2)
u=0

[ e~ YC05a, 0t [2u+u(M) Ja) da
(¢}

M-u(M)
2 (ykx 1 ; M
+kzl bt Zo “u +u(M) <[M-U(M)-2u]/2)
= u=

n
-[%— [e-YcosuCOS{[2u+u(M)+k]a}da
0

+ %/e'Ycosacos{[Zum(M)-k]a]du]. (s-n).
0

A1l of the integrals remaining in (B-11) are of the form (10, 9.16.9]

m

/ e~ YC0Se hiNa da
0

Also noting that IN(TY)

'nIN(-Y). (B-12)

(-1)NIN(Y) for N integer, (B-11) becomes
M—uSMl
2

M
Z b +u(M) (CM-U(H)-Zu]R) 12u+u(M)”)

2 2
> 1 M) (M)
Mg = & () 1) ’—;ﬁ (1) ;
e

¢ 5

2 k ¢ n M

* bk(-l) 2 2M+1 L :u +u(M) ([M—u(M)-ZuJIZ)
k=1 p=0

g [‘-1>2m(m+k‘zu+u(n)+k‘Y’ % ('1’zm(")'k‘zm(n)-k“)]‘

(8-13)
B-5
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Since (—1)k = (-1)-k and (-1)2“ =1, (B-13) becomes

M-u(M)
2 2 (M)i
- 1 MYy n“(-1) M
U = & () () { g €y +u(M) ([M-U(M)—ZUJ/Z)IZH*'\J(M)(Y)
u=0
M-v (M)
- 2 v(M)
2 »°(-1)" i: M
" Z bk -ZMTZ cu +v(M) ([_M—U(M)-Zu ]/2)
k=1 u=0
g [Izpm(m)+k(") ' IZpﬂ)(M)_k(Y)]}‘ (8-14)

Noting that b0= 1, the single summation in (B-14) can be brought inside
the double summation by introducing the factor l/ck since for k=0 the

two modified Bessel functions are identical. Thus,

gt S 2

oy 1 2 M
W (M) = W Z Z ) b, ([M-U(M)—Zu]/Z)
k=0 u=0
[‘2u+u(r4)-k”) ] 12u+v(M)+k(Y)] : (B-15)

Putting (B-15) into (B-2) we arrive at the form

£+r-u(£+r}
; ., e 2
n n

o T e B D4 4 CLEYE TRaRRICE

£=0 r=0 k=0 w=0

2
. 2k Sut (L) ( £28 )
AT+l [e4r-u(L+r)-2u]/2
€k
’ [12u+v(£+r)-k“) 4 12p+u(£+r)+k“)] - (B-16)

B-6
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N PO

Noting that

GD= 0 if b<O or b>a, (B-17)

we can extend the limits of the summations over £, r, and yin (B-16)
to infinity. Then we can interchange the order of summations and use
Bailey's theorem [11,pp. 58-59] to replace the doubly infinite sums
over £ and r with one infinite sum and one finite sum. Thus, with

s = f+r and t=2¢, (B-16) becomes

't B T Dtagg @lore i s

k=0 =0 s=0

S

'[Izu sufs)-t¥) * 12u+u-(s)+k(Y)] Y (M-t L (sas)
I 0.

It can be shown [12,p. 17] that the finite sum over t in (B-18) is a

Gauss hypergeometric function with a negative numerator parameter,

S

Zo (2) (sft)('l)t = (3) Fy(emsmsn-ses-1). S
t=

Putting (B-19) into (B-18) and again using (B-17) to introduce finite

limits in the transformed summations, we have finally that

s-vu(s)
© n 2

2

1 S by €

Vm’n(space) =g E : } O: §0: ([s-U(S)-Zu]/Z) (%)S(-I)U(s) L _ptuig) z:u(s
k=0 s= M= ;.

[rasrogarn - ‘zu+u(s>+k“>](2)zFl(-m»-s;n-s+1;-1) (3-20)

which is (21a) of the main text,
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B.2 "MARK" (|ej6,| = m)

Again we use the binomial theorem twice and interchange the order

of integration and summation to obtain, for "mark",
0,-8,+2n

m n
B m\/ n rf+r ] e, . .
KEO Eo (L)(r)(-l) Z exp[Ycoss cos B f¢\aHel-e2|=n)dB.
= r=

-2n

6,-6 ;
172 (B-21)

Equation (B-21) is identical to (B-2) except that lel‘- 62!= ™.
Denote the integral in (B-21) as wM(!.+r). Since lel—62]= m we have

two cases, namely 6,-6,= -m and 6,-6, = m, which occur with equal

probability. Therefore,

U
W,(L+r) = 1 exp [Ycosf_;, c05£+r8 f (B]o,-8,=- n)dg
M 2 Jy : ¢ [
-37

+ % exp[Ycosé] cosBrB f¢,(8l31-92=n)d8. (B-22)

-7

Using (16) of the.main text for ﬂ;,(elel- 62), lTetting M =2 +r, we

can write for the first integral in (B-22)

27
i 4.3 Ycosg M
Wy (M) -(“2?) / e b
-am

P — Y

(3n+8) + Z bi {3"%— cos [k(g+n)]

k=1
o k-1
L k+q
1 . [ b -1
+ 5 sin k(B-hr)]; + 2 L b
43 k=1 g0 kq k2_ q
2 n
" ik s‘inﬁ((aﬁra -q sin@(ah)]f}da +(-21;) / eVC0sB oM g
- =

i
I
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{ (v -8) +§ bzg(%g) cos [k(B*n)] - 2‘1,; si’nE((Bﬂ')]f

}
k+q
-2

_ -A_— (B+n - (Btn }}
£y 2y b R ¥ks1nﬁ( B+ ] q sm[q B+ )]

and for the second integral in (B-22)

p..o

(B-23)

B . S
PE T T S N

- - oy 2

2 = ’
wM(M) / YCOSBcosMﬁ {(n+s) + Z b:?(—’%ﬁ)cos [k(e-n)]w*%’z sinﬁ((a-n)]f

-n k=1
© k-

+2 o bkbq ~-%r)4k—t—q-2§ k sm[x(B 'n)] -q smE](B-n)]‘}

H

o«

3n
/ﬂ eYCOSBcosMB(3w-B) + Z b: {(2"_;2) COS[k(B—u)]

P g

.ik sin[k(e-nﬂ- q sin[q(s-n)“}ds. .

(B-24) I

If the change of variable y=-8 is made in (B-23) we find that

N';(M) = N;(M). Thus the equally weighted sum of the two integrals in

(B-22) equals the unweighted value of either integral

Using the form in (B-24) for NM(M). we make the change of

variable y=g-n. Since cos(y+n) =

- €OSy, we have
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0
2 = {
wM(M).—. (2};)/2 YCOSY( 1) cos y{(Znﬁ/ +El bz[(z“; cos (ky) +'2}l? sin(ky)]
k+q
+ 2 :g: 22% kbqii%l:-azw [k sin(ky) - q sin(qvﬂ} dy

2n

f 3 i,

+ %)/E-YCOSY( 1) cosM Y {(Zn-y) + Z bi[(Z"éY)cos(ky)-z—lF sin(ky)J 1
0 k=1 .

-2 Z Z bkbq%(?)*_—qz [k sin(ky) - q sin(qY)]} dy. (B-25) f

k=1 q=0

Comparing (B-25) with (B-3) we see that the only differences are a
multiplicative factor of (-1)M and a change of sign in the argument
of the exponential. This latter difference will lead to a change in

sign of the arguments of the modified Bessel functions, allowing us to

write the results of (B-25) by analogy to (B-15) as

M-u(M
M) & L ¢ M
e S 30 5, _ublM) 2 (m-u(n)-m/z) 5
2 k=0 =0 ek |
'[Iva(M)-k('Y) 1 I2p+\,(|'4)+|<("’)] . (B-26)

Since In(—x) = (-'I)nln(x), for n an integer,

M-ufM!
2[{M+u(M)) 2
Hy(M) = =) zmul Z—-:o uz;)( N U—(")- 2<[F~U(M) 2u]/2)

-k 3
: ["1) Louro(m)-k(¥) + (1) Izum(:.1)+k(”] : (e-27)
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Furthermore, since an even power of -1 is equal to 1, and (-1)'k

(-l)k, (B-27) becomes

M-ugM

ey + ) k
Wy(M) = S Z Z; " UL (-1) bk([w v(M)- 2u]/2)

[12u+u(r4)-k(” g 12u+u(M)+k(Y)] : (B-28)

Therefore, from (B-21) and (B-28) when a "mark" is transmitted

+r-u§£+r)
m n
= L
Vi, ” ()( )( e £+r+1 Z Z ‘E‘%""(ﬂ)
£=0 r=0 ue k
k L+r
- (-1) [£+r—u(£+r) 2u]/2)
'[12u+u(£+r)-k(y) + I2u+u(£+r)+k(y)] . (B-29)

We again use (B-17) to introduce infinite 1imits on the summations and
interchange the order of summations, summing first over k and u then
over £ and r. Then we apply Bailey's theorem to diagonalize the sums

over £ and r. Letting s=£+r and t=r, (B-29) becomes

§ = _12 @ ® s s (m)()( A1) (>(1)k u+v(sl 2
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The summation over t in (B-30) becomes a Gauss hypergeometric function

(12,p.17] as was shown in (B-19). Therefore,

4 ha K o€
([s-u(s?—Zu]/g) (E) (-1) by _g%iigl

' [‘zu+u(s)-k"’) : Izm(s)ﬂc‘”]
.(2) oF (-ns-s3m-s+1;-1) (B-31)

where we have interchanged the order of summations over s and u and

have again used (B-17) to introduce finite summation limits.

. WP

PR E.
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APPENDIX C

EVALUATION OF EQUATIONS (23a) AND (23b)

C.1 EVALUATION OF (23a)

Using (20a) of the main text in (23a) of the main text,
0

Y e m
hS + h 1_1-Q) 2 2)
P(e ;o |space) = /—12- exp [—-LTZ] K]'n—' vm,n [4 1+, (hl *hZ
. z : !
-

1-p n=0 m=0

(66 eo[p2] al o) o
oq(1-0) 0g{1-p")

(c-1)

where Vm " is not a function of y (see Appendix B) and the function

G:?(') is defined by

6" (x) Z(“*‘,;‘J)Jif- ; (c-2)

Interchanging the order of summation and integration in (C-1) we obtain

TR S
hs + h v -
m.n - 2. 9
Pleso|space) = e"p[‘ “‘*242 :§ :ETJT [% (1) (v} ”‘2)]
°d o 1 wo %

J1 () (2, .2\]"
[4 (1-0) (hl +h2)] Un,n (C-3) b
where 1
: |
pes 2 m 4 | 8
Un,n = f e*P[TJ“] Gn[‘ “2"1“?“] g (C-4) b
‘. 04(1-p) Od(l-o ) !
4

e S i e e b e




e

J. S. LEE ASSOCIATES, INC.

Using (C-2) in (C-4) and interchanging the order of summation and

integration,
0

+m- - . 4 3 J [ 2y ]
y” exp dy. (C-5)
Z;(n d Ldn -5 )] f " [Zo-e)

Making the substitution x=-y in (C-5) and using [9, eq. 3.381.4] we can
evaluate the integral in (C-5) to obtain

n

: J
< (159 2D ) (2
Uy = 059 42 09 68 - (c-6)
Equation (C-6) can be summed using [12,p.17] ard [10,eq. 15.4.1] to yield

Ya.n = (1?2) °§ e 2F1( ny1i-n-m; 11) . (C-7)

Substituting (C-7) into (C-3) and rearranging terms gives (26a) of the

main text.

C.2 EVALUATION OF (23b)
Using (20b) of the main text in (23b) of the main text,
2

P(e;p|mark) ./ exp[ 4 +h22]zzm m_']nT Vi,n [‘]T G- )(h$+h§)]m

10 n=0 m=0

'L%(%;ﬁ) (h$+'h§)]n o [og}fip)] G;[og(:fpz)] =

(c-8)

Interchanging the order of summation and integration in (C-8) we obtain

AT _2_ exp[ hd + h ]Z:Zn'm’ [_ ) (h$+ hg)]m

T G2) 6502 7w (c-9
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where

ol R B N C-10
{exp[d(]ﬂ))] " [OS(]-pz)J 2 ( )

Using (C-2) in (C-10) and interchanging the order of summation and

integration,

m
Ta.n =Z (m:,w) “]T [—‘(T::r f y exp[z(]%—)] dy. (C-11)

J=0
Using [9, eq. 3.381.4] to evaluate the integral in (C-11) we obtain

a8 2079 (5 e

Equation (C-12) can be summed in the same way that (C-6) was summed to

yield

Tm,n =(J%‘l) gs ("Tnn) 2F1 (—m,l;-m-n;%) e (C-13)

Substituting (C-13) into (C-9) and rearranging terms gives (26b) of the

main text.




J. S. LEE ASSOCIATES, INC.

APPENDIX D
ALTERNATE DERIVATION OF ERROR PROBABILITY EQUATIONS

This appendix presents an alternate derivation of the conditional
error probability expressions. For brevity, only the case of a "space"
being transmitted is considered.

The probability density function of the decision variable conditioned
on the phase difference between the two inputs to the multiplier is given
by (14) of the main text.

The phase difference ¢ is a random variable with some density func-
tion f¢(8). Thus the unconditional p.d.f. of the decision variable is

determined from

p(y) =ffy()';o|¢=8)f0(8)da. (p-1)

Our task, then, is to find f¢(8) so that (14) and (D-1) may be used to
find the pdf of y, which may then be integrated to determine the error

rate performance of the DPSK system.

PROBABILITY DENSITY FUNCTION OF PHASE DIFFERENCE ¢

The probability density function of ¢ can be obtained from the
p.d.f.'s of ¢ i=1,2:

f,(8) = :/f¢](8+a)f¢2(a)du. (0-2)

In reality, the functions f¢ and f¢ depend upon the transmitted signal
1 2

phases, 8, and 62’ respectively, and hence should be written as conditional
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densities f¢](u|0]) and f¢2(u|62). Then f¢(B) becomes f¢(B|e],62) and,
as expected, the result must be averaged over the a priori symbol
probabilities.

The phases % and ¢, are identically distributed random variables,

with density function [2], [3]

e 3
f¢i(°lei) = E;-g=3 bkcos[k(u—ei{], i=1,2, In-aiISﬂ (D-3)
where
Rk k k
x u k K, ; iee
by = e wrr(§+ l)1'71<2' k+1; -R2)

R2 = uplink signal to noise ratio (at input to
bandpass limiter)

1, k=0
€k ~ )2, k>0

and 1Fl(a;b;z) is the confluent hypergeometric function.

The p.d.f. of the decision variable conditioned on 6,6, is

then

ply) = f fy(y;plﬁa)f’(ele]-ez)da i

=f ffy(.)'ip|¢=8)f¢1(8+a]01)f¢2(0,92)dcd5. (D-4) l\l

The p.d.f. of ¢;» 1=1,2, is given by (D-3). We first

determine the limits of the integration:

filsky-ep) = [ 1, (s¥oley)ty, aley)de. (0-5)

D-2 , mm




P
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In view of the restricted range over which the f¢i's are non-zero, (D-5)
must be treated as four separate cases (see Figure D-1). 1If -B+al+,<ez-.,
or 6,-6,+2n<g, then there is no overlap of the two f¢i's and f4=0. 1In the
second case, we have 62-u<—e+el+n<ez+n, which implies that
8,+n-8
f¢(elel-ez) =fefﬂ f¢1(8*u|81)f¢2(u]82)da. 8)~8,<Bs8, ~8,+2n.
; (D-6)

In the third case, -B+el-u592+mi-8+el+n, which implies that

B8,+n
& 2
fo(8py-8,) = f f¢1(e+ulel)f¢2(ule2)du, 8)-8,-21<858) -6, .
Gl—n-B
(D-7)

In the fourth case ~B48,-m>6,%n, or 8(61‘82'2“’ there is no overlap and

f¢(a,e]—92) z 0.

Accordingly, the range of a and g over which the integration (D-4)

should be performed is as shown by the shaded area in Figure D-2:

6,+n 81-u+n
ply) =j; L f¢2(0|92)fy(yw,¢=B)f¢l(8+0'91)d8du. (D-8)

2‘17 l—u—’n

To calculate the error probability, consider the case where a space
is transmitted, i.e., there is no change of transmitted phase from one symbol
to the next, 61—92=0. Thus an error is made if the decision variable y<0, and

we have
0

P(e;p[space) =f ply)dy

u

0 By+m 91-n+u
] ] f¢l(°]°])f()’;p|¢=B)f¢1(8+ulel)d8dady.
~e Bz-n Bl—n-y

\D-9)




Gz-ﬂ -I It—‘8*91+ﬂ
—B+61-ﬂ 92+u
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FIGURE D-2 INTEGRATION RANGE OF a AND B

D-5
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Putting (14) of the main text into (D-9) we have, after some algebraic

manipulation,
2
h +h
A o2
P(e;p|space) = exp| - ZZ (h )]
o 1-p2_ n=0 m0 M a5 ) ez
In 0
| °[%G‘f‘§)<“f*“§’ f exp| Y — | 6f [~ | oy
: 1 “e (1 p) 04(1-p%)
; 82+n 8 -atn
f J YcosB[HZcosé’ [l Zcose]
‘G‘ﬂ
. fﬁ(“lﬁl)f"l(B*ulel)dBdo (D-10)
where
2oh.h
W
1-p
and ‘
5 2hsh,
h?+h§

Let us denote the double integral in (D-10) by Ig. Then
6, +n
s S s
I =f f¢l(°|el)l3(°)d° (D-11)
8y-m
where

61-u+ﬂ
]3(0) = j exp[Y cosa] [1+Zcoss]m[l-2coss]"f¢ (B+a|91)d8.
1
6

1“0°ﬂ

(D-12)

We can use the binomial theorem to write (D-12) as

ZE( X )( 129 (g4r) (D-13)

£=0 r=0
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where

61-u+n
V(M) =] e C°58cos”3f¢ (8+a]o,)ds
1
(¢]

(D-14)
and M = g+,
Substituting (D-3) into (D-14) we have
« 91-a+n
1
V(M) = 5~ z bkf e’ cosﬁcosMBcos[k(em-el)]de. (D-15)
k=0 ﬁl-a-ﬂ

Using [9, 1.320.5 and 1.320.7] we can expand the pcwer of the cosine in terms
of cosines of multiple arguments

M-v(M)
2
M) M
cos ¢ = ;ﬁ ’ cp+u(M) ([M-u(M)-Zu]/Z ) cos{[2u+u(M)]c} (D-16)
u=
where
€ = 1’ u=0
¥ 2, wo
and

- J0, q even
u(q) = {1, qodd .

Using the identity

COS 2 ¢€OS ¢ = %[cos(z-*c) + cos(z-z)] (D-17)

in connection with (D-16) allows us to reduce the integral in (D-15) to the
form [13]
2nt¢
v eYCOSu

cosNa da = Zn]N(Y)
¢

(D-18)

where ¢ is an arbitrary angle.

b
A
i
|
b
t
t
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Lo

Substitution of (D-16), (D-17), and (D-18) into (D-15) yields, after

some algebraic manipulation,

V(M) =

2
Z cogk (a-6. )Je

b M
- 170k (M) k| [M-u(M)-2,)/2

ll

; [I?-v*v(m-k”’ P ’zu+u(m)+k‘”]

k> €k» and v(k) are as defined Previously.

(D-19)
where ‘b

Using (D-13), (D-19)
and (D-3) in (D-11) yields

24r- u§£+r[
n 2 :
= _l.. U+U(f.+r! (B39 L4y .
= Ay ZZ Z 22+r‘ (X )( 1) Z gtr-v(e+r)-2y :
p=0 k=0 2=0 r= w=0 : ? ¥
r4
8,1n '
: [lztf*v(“r)-km ; 2u+0(1+r)+k(Y) "pbk f cos [p(a-0,)] cos[ k(o-0,)] de. ;
9 f

(D-20) i

The integral in (D-20) is equal to 2n for p=k=0, n for p=k#0, and disappears
for p#k.
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Thus we have

Ltr-v( e+r
© m n 2 2
I:SZ = % Z Z Z mX )zlﬂ‘( )" k n+u+(:+r)
k=0 £=0 r=0 -o ck AT

.([f.ﬂ‘-u(:::)-z;;]/Z)[‘2u+u(l+r)-k(y) v ]2u+u(2+r)+k(y)] . (D-21)

Making use of the property of the binomial coefficients,

(g) =0 4f b<d or boa,

to extend the limits of the finite sums to infinity and then applying Bailey's
theorem [11,pp. 58-59] to the sums over 2 and r, we can write (D-21) as

S-u(s

= o 2
%2 2 Z ([s (s)- 2u]/2)( ) u+u G ]

k=0 s=0 u=

S

’[’zu+u(s)-k“)”zu+u(s)+k“)] tz% (E)ele ) (02", (0-22)

It can be shown [12Z p. 17] that the summation over t in (D-22) can be
expressed as a Gauss hypergeometric function with a negative numerator

parameter. Making use of this, we have

s-v(s)
2

S
=0 ([s-u(s)—Zu]/Z

M:

512

2
)(Ls bkcy‘*\)(sz (_])U(S)
k=0 s 2) “k

1]
o

'[Izm(s)-k“’”2u+u(s)+k‘”]

'(:)ZFI(-m.-s; n-s+l; -1) (D-23)

D-9

AR e n
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R Akt

where we have again used the properties of the binomial coefficients to
introduce finite summation limits and have used (-1)S = (-])"(S),
Letting I.IS denote the first integral in (D-10), from the definition

of the polynomial G:(x) we have

n Nz
3 - ¥ (re-dlligyd o A ? :
i AN 2y 14 )
1 j:{}( m )J! ) :d2(_1:2_) f_., exp og(l-p) y'dy. (D-24)

The integral in (D-24) may be evaluated by making the substitution x = -y and
using [9, eq. 3.381.4] to obtain

2 o . j
S _[1- o z = 2
5 B (72) b j=0 (n+:: J)(m) : e

Using [12], we can sum (D-25) to yield
S_(l-p) 2(ntm 4 . -
1= () () Fy(nats -nms £5). e

Substituting (D-23) and (D-26) into (D-10), and rearranging terms for
clarity, yields:

D-10
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: S-U‘Sz
‘ Il el al wl

ekeu-t-u(s)(—] )U(S) (n+m)
m

m!n! [ T(%—‘)]z
()([s-u(s) 2u]/2]X 1+A 1+p 2 (142 )]m

§ " ZpARZ ZDXRz
| a\1-p 2utu(s)-k ]_pi 2utu(s)+k 1-92
; e . g
. 2[:1 (—n.l,-n-m, l+p) ZFI('m"S‘ -s+1;-1)
: 2
k . . ime
| [lFl(f’ k+13; ‘Ru)] (p-27)

where

_)N, q=0
€9 )2, 90

q even
v(q) {1 q odd

and where we have defined the signal-to-noise ratio parameters

and

R'g = h? = direct channel SNR into the multiplier
and 2
2 _" .
i AT = -h—2- = power imbalance between multiplier inputs
1

22
and we have used the relation (2z)! = r(2z +1) = %_— r(z+ 1)I‘(z+1) to

n

D-11

-
2

PSR 1 2 TN T LT R R R T

RN 1 34 &
g

o
gl Y

- 0
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simplify the form arising from the coefficients (bk)z which occur in (D-21).

Equation (D-27) is identical to (26a) of the main text.
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APPENDIX E
i ALTERNATE FORMS FOR ERROR PROBABILITY EQUATION

The error probability equations (26a) and (26b) of the main text

may be written in several alternate forms. Although these alternate

forms do not appear to be any more computationally efficient, they are
presented here for the benefit of those readers who may wish to pursue

further the mathematical properties of the error behavior of a DPSK

i o k% T S

system. For brevity we present only the forms for a "space" being

transmitted; the forms for “mark" can easily be written by analogy.

First, we consider the inner-most summation of (26a):

s-u(s)
2

S s ([s-o(s?-Zn]/Z) [Izuh)(s)-k(v) + lzm(sm(v)] (E-1)

u=0

where Y = ZpXRSI(i-pZ). The expression in (E-1) may be summed as shown

below.

From [10, eq. 9.6.29] we find that

Iip)(z) & f% {Iv-p(z) A (g) lv-p+2(z) +(g) Iv—p+4(z) ¥ S

" (E-2)
+I“+p(z)}, o T A

where

P,y o df
lv (z) P Iv(z) 3

For »=0, lgo)(z) = Iv(z). Also, from [10, eq. 9.6.6)

1_,(2) = 1,(2) (€-3)

E-1
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where n is any integer. Since

(3) (%) (£-4)

we can use (E-3) to re-arrange (E-2). If p is even, we begin with the

term
\
p
(p/z)lv(z) (E-5a)
and proceed with terms of the form, using (E-3) and (E-4),
p
(p/2-j) [‘\,-23'(2) + Ivm(z)] (E-5b)

with all the terms of (E-2) being accounted for by the time we reach

j=p/2. 1If p is odd, then the first term is

P
([p-l]/Z) [Iv-l(z) * le(z)] (E-Ba)
and we proceed with terms of the form, again using (E-3) and (E-4),
i
([:p']'/Z]‘j)[IZj'l'l-o(z) i 12j+1+v‘2\] (E-Sb)

for j=1,2,...,(p-1)/2.

We now notice that (E-5b) and (E-6b) can be combined by use of the
function v(+) which we introduced in the main text. However, (E-6a) yields
twice the quantity of (E-5a) if we attempt to combine them through use
of the v(+) function. To circumvent this problem, we can double all the
other terms by introducing the Neumann factor ﬁj*u(p) which is 1 when p is

even and j=0 and is 2 otherwise. The entire result is then halved. Thus

p-v(p)
2

( 1 P
1$P)(a) - T ?_; €j+u(p)([p-u(P)-Zj]/Z)[Izj*u(p)-v(z) ”zm(p)w(z)]-
(E-7)
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Using (E-7) in (E-1), we find that

& 25*11£S)(v) . (E-8)

Putting (E-8) into (26a) of the main text, we have the alternate

expression

(s)
r’.‘k(-l)u S

P(e;p,)|space) = n(l:B) exp|-

n
e z sy ()(2)
+
1-p" ] 'n=0 m0 k=0 's=0 m!"q}(7r)] o
2k
R S m
u 2 YI1(10)021.20" [1 (140) .2, 2]"
'(2 ) (mz/ [4\1+p Ra(1+a )] [’4‘ \1=p7 Rq(1# j

2

2pAR
(s) d ( L : 2..)
Ik -;i:F?— 2F1 —n,l,-n-m,l+p

2
."‘ . 2Fl(-m.-s n-s+l; -1)[l 1(;.k+l;-R5>] (E-9)
?
l

for the error probability given that a “space" was transmitted.

Another formulation for the error probability may be written by

using the relationship [14]

| 2 exp(-RZ/2)r(n+1)2%" (le)‘ (nﬁ)
| Fl(m~2—.-n+2 -R,) = (Rz)" L\z/t La\z/|- (E-10)

u

Setting k/2 =

+
N -
v

the confluent hypergeometric function in (26a) of

the main text may be expressed as

k+1) k-1 2 2
X 2. exp(-R /2)r( ) r (R ) (E!) A
F 33k+15-R0) = ( )(k 1)/2 LI(k-])/2 7/t Teer)s2\2
u

(E-11)

Putting (E-11) into (26a) yields a second alternate formulation for the
error probability

E-3
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2
2R
| e &) d 2
P(e;p,x|space) = "Ru (16) exp[— ]—pz} exp[—Ru]
s-u(s)

- > wnfg '

+
[2 £1:6% .2 20" [1 (14 \.2 2"
e (1+p') Ry (14 )] [i (l-p )85 (1 )]

| 2oAR, 20AR
- |! -k 7 MY +(s)+k\ ™. 2
L 2utu(s)-k\ W 1o
R2 RZ 2
D2 k)
(k-1)72\ 2 (k+1)/2\ 2

. ZFI(-n,l;én-m; T%;-) zFl(-ms-S;n-s+1;-l). (E-12)

A third alternative form may be derived by using both (E-8) and
(E-11) in (26a) to yield

a? (372) o]- f’_‘ﬁz] o]
SRk e @y

n=0 m=0 k0 s=0 14

P(e;p,A|space)

2
[ 6235 o B ) 8 o] w(2)

' | %
| - x 2\72

= o ]

: | (k-1)72\2/ " (k) /2\2

. zFl(-n.l;-n-m; Tf'—p) 2F1(-m,-s;n-s+1;-l) g (E-13)

where we also have used (-1)5 = (-l)u(s)-

E-4
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An interesting fourth transformation arises from the use of Bailey's

theorem [11] to replace the infinite sums over n and m in (E-13) with

one infinite sum and one finite sum. Letting v=n and w=n+m we obtain from.

(E-13), after a little algebra,

2 fi-p 2 2R
P(e;p,xlspace) = nRu (TE) exp[}Ru] expl- —&

P — H

l-pz

@ @ w v 2

. a [0 OCE) [ 6% and]

2 2 2
: (Tt% e ( : 'i) [’(k-l)/z(Tu)‘ I(|<+1)/2(Tu

1-p

R St

L

o

2
o ZFI(-V'I -3 m) zFl(v-w,-s;v-sﬂ;-l)- (E-14)

The form in (E-14) begins to resemble summation formulas for generalized

T T R S (N

hypergeometric functions, for example [15] or [16]. This is an area of

mathematics which is not yet fully explored; hence the implications of

i 1

forms such as (E-14) cannot be fully stated at this time.

o

Other forms can be written by applying various transformation
formulas to the Gauss hypergeometric functions in (26a), (26b), (E-9),

(e-12), (E-13), and (E-14). Examples of applicable transformation can

be found, for example, in chapter 15 of [10]. It seems of little value,

though, to write out in full the multitude of forms thus derivable.

Sl " &
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% APPENDIX F
A FURTHER CONSIDERATION ON POWER IMBALANCE

The power imbalance between adjacent pulses arises due to such effects

as delay line attenuation, phase error, and intersymbol interference.

The power imbalance may also arise from sources other than the receiver
itself such as fading. The effect of delay line attenuation or fading
on power imbalance is straightforward and need not be mentioned. The
phase error can arise, for example, from an improper delay length

in the delay circuit of a phase detector. The intersymbol interference
is, however, a complicated problem resulting from the combined effects
of the delay circuit and the transfer function (filter characteristics)

of the system under consideration.

In this appendix we want to enhance our understanding of the ]

possible relationships between power imbalance, iﬁtersymbo] interference, f'

o

and phase error associated with non-ideal delay lines in the differential

phase detector.

bl B A

Hubbard [17] analyzed the effect of intersymbol interference on '
the probability of error (for the case of no noise correlation) under f
the assumption that the intersymbol interference comes only from adjacent
pulses, and showed that the probability of error is a function of power
imbalance (betweendirect and delayed channel) caused by intersymbol !

interference [17, eq. 14].

Another way of viewing the power imbalance is to relate it to
phase error. The intersymbol interference is assumed to manifest

itself in the form of a perturbation in the phase of the signal at the

F-1

= e Sl C Goctn 4 il moial - oy B U g Bk
i IO i i S AT AR B AR 00 A B B SR R SN
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sampling instant. More precisely, the intersymbol interference
introduces a phase shift A¢ so that the phase change in a time slot is
¢+A¢ instead of ¢ (¢=0 for a "space" and ¢=n for a "mark"). The value of
A depends on the details of the signal waveform and the filter
characteristics of thesystem. The determination of the A¢'s (for a
particular system) which describe the intersymbol interference phenomena
in a complicated manner is a rather difficult problem, and even if it

is theoretically possible (see [18] for example), the actual measurement
of this quantity will be a formidable task. For this reason we will
establish an analytical background to replace A4 by an easily measurable
quantity, power (or equivalently SNR) imbalance AZ which is used as a
basic parameter throughout the report. By relating A¢ to Az, all the
possible degradation factors mentioned above (attenuation, fading, phase
error, and intersymbol interference) which otherwise appear to be

different attributes are merged into one quantity AZ. The statistics

of Az may then be experimentally determined for a particular system.

We now show the relation of A¢ to xz. To do this we note from
the definitions following (14) in the iain text that the parameters h§
and hg are all that we need in describing the error performance in terms
of power imbalance. For simplicity, consider the case of no noise

correlation (p=0). We may write then

- LI TR TR
h H3 2 Zh3 = hl + h2 + 2h1h2 cos¢ (F-la)
an
2 A AR 2
Hy * 2h4 = hy +h; - 2h1h2 CoSé. (F-1b)
F-2

N it G L ka & '
B R TR e, e I ——
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Let us define the average SNR (or equivalently average power)* R2 by**

W + e
R2 o 2
= == (F-2)
and a differential phase (or phase error) a¢ such that
2h,h
cosA¢ = 21 g (F-3)
h1+h2
Then (F-1) can be written
2h, h
(AR 2 2.2 172
H3 = h1 + h2 + (h1+h2) —5—5 C0S¢
h;+h
12
i 2 2
= 2R™ + 2R™ cosA¢ cosé (F-4a)
and
Hy = 2R% - 2R? coste coso. (F-ab)
Also, defining the power imbalance Az by
: 2
28 M
A= 7
M
we can write (F-3) as
cosdé = 2“2
1+
or
2 _ l-sinag
B 1+sina¢ (F-5)

*In binary communication systems, error performance of a correlation
receiver (optimum) depends only on the average signal energy E=(E0+El)/2
where EO and E1 are energy associated with bits "0" and "1" respectively
provided the level of noise spectral density is the same in two inputs
and the two input signals are uncorrelated [19, p. 163].
** This definition of R differs from that used in Appendix H of this
report.

F-3
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We note that (F-1) describes H. and H4 in terms of h1 and h2 (two

3
different input SNR's), while (F-4) describes the very same parameters
by R and A¢ {constant average power and differential phase error). We
may call the former a "power imbalance model" (sincehlfhz in general),
and the latter a "phase imbalance model." The important fact is that
the two models are equivalent under the constraints of (F-2) and (F-5).
A geometrical interpretation will be more instructive in grasping

physical understanding of the relationships between the parameters

involved.

Let us consider, for simplicity, the case that a "mark" is trans-

mitted; ¢=el-62=n. Then since cos¢=-1 and sin¢=0, we may write (F-1)

and (F-4) as
H3 = hl-h2 (F-6a)
Hy = hy+h, (F-6b)
and
) 22
Hy = \IR +R"-2R<R cosA¢ (F-7a)
o [
Hy -'V& +R"42R-R cosA¢ . (F-7b)

We now show that the geometry in Figure F-1 satisfies all the
relationships given by (F-6), (F-7), and also (F-2) and (F-5). Noting
that Eﬁéfﬁéhl, we have (F-6a), while (F-6b), (F-7a) and (F-7b)* are obvious

from the figure. Equation (F-2) follows from the fact that CD2=CP24+DP2= h§+h§;
and EEZ+K52=2552=KEZ=(2R)2. The validity of (F-5) can be shown as follows:

h2 DP 0
A = += = — = tangent of angle DCP = tan (45°-284/2).

1 P

* (F-7a) and (F-7b) are from the law of cosines.

F-4
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D
//
//
o 45°
P d
P
E =M et
\45“ \\\\B -~
\
\ b e

\ /'I4

\

\

\45° \
\
\ \
AP Agy2
A R___.,/G

OA=0C=0B=R
A_B=E-E=H3
B_C=H4
f:T==hl
BP=DP=h,

FIGURE F-1  GEOMETRICAL REPRESENTATION OF PARAMETERS H, AND H,
IN TERMS OF h; AND h, (POWER IMBALANCE MODEL), AND
R AND a¢ (PHASE IMBALANCE MODEL)
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Thus

2

s 24400 -
A%= tan(45°-a¢/2) = £iN (457-8¢/2) _ 1-cos(90"-a¢)

cos2(45°-2¢/2) 1+cos(90°-a¢)

_ 1l-sina¢ : (F-8)

T T+sina¢

Equation (F-8) or (F-5) is significant in that it bridges, under the
constraints of constant average power (F-2), the gap between the power
imbalance model and the phase imbalance model. The relationship
between A and A¢ as a function of the degree of imbalance can also be
shown from the figure. When point "P" is close to point "0", we can

see that h1= 2=R and A¢=0 which represents an ideal situation. As the

point "P" moves toward point "D" along the arc OPD, the value of A= hzlhl

decreases (power imbalance increases) and accordingly A¢ increases.
As "P" approaches "D", A becomes zero (large power imbalance) and A¢
becomes 90°. Thus we can see that change of A from 1 to 0 corresponds

to change of A¢ from 0° to 90°.
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APPENDIX G

COMPUTER PROGRAM LISTING
FOR
ERROR RATE PERFORMANCE
OF
; DPSK OVER HARD-LIMITING
? SATELLITE LINK
WITH
POWER IMBALANCE AND CORRELATED NOISE
AT THE PHASE DETECTOR

G-1
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FORTPAN ]V G LFIVEL Z) MAIN DATE = 78Cae 16755757
CoeoLUMPUTE PLE) FDR HARD LIMITER DPSK BY NUMERICAL INTVEGRATION
s cocl DJHENSION RUSQDB(16),RDSODP (3) ,FACI®3),RI%3),VI(53),V2(%3),
lolus(ill-F(!l).NDWK](]OC).uoul?(lﬂb).ou‘(!b.a-!).Ioull(lf.3.2)

€002 REAL®S REXP(51)421(51),22(51)

cced DLTA P1/3.1415926%/

0C04 CaLL FCTRL(FAC)

000s NOPNT=5) L

€006 NPTS2=28(NDPNT~1)

cgo? NZ=NOPN1-2

cooe DELB=2 ,¢P)1/FLOAT(NOPNT-])

€009 D3=DELB/3.

C...SET NUM=NUMEER DF TERNMS

0010 NUM=SO el o ot

co1l EFR=1E~4

o012 9000 READ(S,20),END=»9999 )RHO yRANDDE (NFD .NKU

0013 RAMD=10.9¢(RAMDDB/10.)

col4 SKAMD=SCORY(RaAMD)

0015 OPLAM=]1.+RAMD

0016 READ(5,302,END»99SR )(RDSCDR (IN) 4 IN=] ,NPD)

ce1? READ(5,302,END=9998) (RUSODP(IN), IN=] ,NRU)

€018 D0 10 JI=1,NRU

co19 " RUSQ=10.€S(RUSCOB(11)/10.)

€020 CALL DENSTUINDPNToNPTS2,DELE ,RUSQ.DENS WORK 1 ,NOPK2 ,KDDE )
coz21 1F (KDDE .EC.C)GOTD99¢

e6eT . . . .. WRITE(H,2C5) XpOE_ = A TR

0023 G070 10

€024 99¢  INDEX=] _ S s

0025 101  OPRHO=] .+RHD

0cze e OMRHOD=],-RHO _ o Syt

0027 OMR2=1.-RHOSRHD

0028 — o~ . RHD2=2./0PRHD T8
© 0029 CHLL ARRY(RHD2,8)

0C30 C2=0PRHOSDPRHD/OMFHO/OMRND L

0031 CALL ARRY(C2,V2)

0032 ‘ D0 11 JJ=1,N8D = 3 _

0033 RCSO0=10.9¢(RDSODB(JIJ)/10.)

CC34 __ __ _ A=RDSQeCPLAM/OMR2 _

0035 C1=.2590MRHOSRD SOCOPLAR/OPRHD

ceae . Y=2,8RHD® SRAMDERDSC /OVR2 )

o037 7=2.9SRAMD/0OPLAN

oc3e CALL ARRY(CI,V1)

€029 CALL COSFN(NDPNT.DELE,Y,2,REXP,2]1,22)

.- e CeedSUMMLTIONS _ R v Mo a B

€040 ; SUM=0,

€041 DD 20 K1=1,NUM

€042 KeK]l=1

€043 SUNL=0,

o4t DD 25 L1=1,K]

€045 Le=L1-1

Cose SUMJ=0.

PAGE 0001
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F
i FCRIRAN IV G LFVEL 21 HLIN DATE = 79038 16755757 PAGE 0002
' 0067 06 30 J1=1,11
©Oe8 J=21-1
049 3 SUMJ=SUPJISFAC(K=Je] )/FACIK=Le]) /FACIL=Je))OR(Je])
C...ARFAY DF FUNCTION TD EF INTECRATVED
€050 DO 40 N=1,NDPNT
€051 21ps1.,

_ €052 JFC.NDTo(Z1(N).FC.CIC.AND ¥ -L.EC.C))ZIP=7) (N)ee(K=-L)
0cs3 12p=1. i
co%e JF(.NOY.(Z2(N).EQ.CDC.AND .l .EC.C))Z2P=72(N)eoL
005 40 FIN)=REXP(NISZ1PSZ2FeLENS (K)

CeesSIMPSON®S RULE NUMERICAL INTEGRATION
cote SINT=D3€(F(1)*¢.eF(2)+F(3))
co57_ __ 1F(NOPNT.LE.4)GOTOR
oC* & S1=0. g
cos9 $2=F(2) : B P K n
0060 00 1 I=3,N2,2
coel S1=S1eF(]) e = O
oce2 S2=S2¢F (1+1)
o0e3 3 CONVINVE SRk, el e 9 Rl
coes SINT=D3%(F(1)42.85)44,¢52F (N)) R
c0es 3 CONT INUE )
coee TERML=V2(Le1)/FACIK=Le])/FAC(L *]1)€SUMJIE2 . ¢SINT
ccet SUML=SUNML +TERNL A e AT R R Y A Pl DO
0068 25 CONT INUE Ty
c0e9 : . YERMK=V1(kel}eSimL ja ity e
€070 SUM=SUMe TERMK
con : RATIO=TERMK/SUM =Sy IS/ Wi
4 1F(MOD (K] ,5) . NE.C)CCTDITS
4 _TVEMP=,5¢ (] .~PHO)CEXF (-A)OSY™ .
4 WRITE(6,203)K,RATIC, TEMP
€OT2 . 999 _ )IF(ABS(YEPMK) LE.ERFE2ESISUN))GCIN22
0073 20 CONTINUE
0074 WRITE (6,204 INUM e e e T L
cors 22 ANS®,58() ,~RND) SEXP (-A) eSUN S
0076 OUT(J1,JJ, INDEY )=aNS - : e e
0cT? IOUTTLI 433, INDEX) =K
0078 PR EUNERRUE
0079 1F (INDEX.€Q.2)COTC0) 2
coeo _JF(RHD.EQ.O.)GOYO)C W el M S
0081 INDEX=2 T
CoE2 RHD=~RHD ,
OCE3 G070 101
ooes 12 _ PHO=-RWO _ = e o e £ B
008 10 CONTINUF o
coees JF (RHONE .C.)CETDIC2
Ce.oSPECIAL CASE RMG=0.
Cen? D0 110 KDPY=1,hRU
cose OC 110 KOPlAx](NRD
00e9 JOUTTARDPY ,KOP) Ap2) =1LUTY (KOPY,KCPIA, 1)

cee0 OUT(KOPY,KOFJ4,2) =0LT (KOPY,KOP14,1)
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FOFIRZN IV G

00sl
€092
093
cess
0095
0096
0097

oo9e
099

0100

c1cl
0162
o103

0104
€105
€106
0107 _
olce

FOFTRAN IV C

€001
tco2
coce3
€o0¢
0005
0006
coevr
cocs

FOPIRAN IV C

ccel
€cc2
ccel
cood
€005
€008
0co7

LEVEL

2] FAIN

OAYEL = TJ<038

V6755757

11C DUVIXKOPY (KOPJA,3)=DUT(KOPY KDP JA,])
G070 103
102 DC 120 JAU=],NFU
DD 120 1AD=1,NRD
120 OUT(JAU,1AD¢3)=0.58(0UT(1AU,JAD.1)¢0UT(1AU.14D,2))
103 DO SO 3OD=1.NRD
WF)TE(6+206) RNO,RAMDDB RDSODR ( 100) ¢ (RUSQDB(10) o
S0UT(10,100:3),30UVV(10,10D,1),0UTLID,10D,2),10UTT(IG.I0D2Y,
$0UT(10,10043),10=1,NRU)
50 CONTINUE
GCT0 9000

C...PREMATURE EDF EX1V--WRIVE MESSGE, ST0P

9998 WRITE(6,2C7)
C.ooFORMAT STATEMENTS

c203
204
20%
206

207
301
302

- 9999._

LEVFL

10

LEVEL

10

FOFIRPAY IV © LFVEL

(449
ceez
ce3
€004
0005
€006
coo0?
ccos
coes
0010
0011
€012

10

FORMATUIXo*K=" 13,3%,'RAYIO0, TEMF P(E) =

*LIP2E1S.4)

FORMAT(® ERPDR TEST nOT SAVISFIED IN *,13,° TrPMS.*)

FORMAT(® ERRDR CODF =°,1¢)

FORMAT( /77" RHD =°,FS.2,5X,'LAMPDAGE2 = ¢ ,F5,2,° DB®,5X,
LORNSS2 = ¢, FS, 1, DB/ SNRIUPLINK) (DB)*,T25,*P(E/SPACE)®,140,
FOTERMSY s TS0 "PUE/MARK) * o TOS (" TERMS o T27,*PLE)*716(6X,0PFS 1,125,

PIPELY 4,141,103, T15C,1PELY.4,T606,13,175,1PE)11.4/))

FORMAT(®* INSUFFICIENT DATA ENTERED.®)
FORMAT(2FS.1,213)

FORMAT(16F5.1)

STOP.

END

21 FCIRL

SUPROUTINE FCTRL(X)
DIMENSIDN X(53)
X(1)=1.

X(2)=1.

00 10 J=3,53

X =XI-1)8J-1)
RETURN _ 3
£ND

21 APPY

SUEROUTINE ARRY(C1,V])
DIMENSION vI(53)
vi(1)=1.

00 10 122,53
vi(l)=vi(1-1)=C)
RETURN

END

2) COSEN

DAYF = 75038

DATt = FeC3e

DATE = 79C38

SUTROUTINT COSENINUPRT ,DELR Y, Z,FEXP,21,22)

REAL®8 PEXP(NDPNT )o21(NOPNT) 72 (NOPNT ) PETAOCPETA,IM]

00 10 s ,NOPNY
IPi=g-1

ALTA-DELBEIN]
DCPETA=DCOS (BEVA)
REXP(1)=DEXP(YCDCRETS)
Z1(1)=1.00¢29DCBETA
72(1)+1.00-7¢DCRETA
CONTINUE

RETURN

END

G-4

16755757

1675%7%7

16755/57

FAGE 0003

P2GE 0001
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P2GE 0001




J. S. LEE ASSOCIATES, INC.

FORTRAN ]V G LEVEL

ccel
ooc2
€ee3
coCe
ccoes
ccoe
0007
CO0&

cocs
colo
0011
ocl12
0013
0014
001
Cc0le
0C17
cele
0019
ceac
0021
022
€023
0024
002¢
0026
©027
oo2e

0029
0030
0031
cc32
0033
0034

003% _

0036
0037
0038
0039
€040

0041 _

0042
0043
Co4s
0045
0046
0047
o048

FOFTRAN IV G

0049
©0%0
ceel
0es2

co%3
. 0054

0052
co56
0057
cos5e
0ose
€060
ccel
0062
©oe3
(2]
o0¢ "
0068
€0t
0068
0069
co70
0071
0072
€073
0074
007%
0076

co77 . .

0078
0079
ooeo

T

21 rENSY DAYE = 79038 16755757 PACE 000]
SURROUTVINE DENSTINCPRT NPTS2,DFLPFT,RUSQ,PENS, SNNF KDNF )

LIMENSION SNNINPTS2) t(NPTS2)DENSINOPNTY

DAYA PI/3.1415526%/INDP1/6.2031P%3072/,1PSO/3% . ¢TR&1T¢ 1/

XUDE =0
RU=SORY (RUSC)
RUSON=-RUSQ
PPe2.9RVL

CE=0.886226926

C CENERRTE VABRLE OF B (M)

8s¢

a6

C GENERATE VABLE OF SINIMSEETA)

701

60C

630

_ SUMK=0,

LEVIL

PU1)=PBIGROONEF 1(.%5 42 . RUSCN)
NPIS3AaNPYE2-)

DC 850 IB=3,NPTS3,:2

Fel8
PE=PBSRUSC/(FE(F-1.))
Ge=GROFS ¢

PUIB)=PROGRCONEF] (FT.%,Fo], ,RUSON)
CUNT INUE

PE=2.

GE=1.

DC 860 1R=2,NPTS2,2

Fx18

PE=PRORUSC/(Fe(F=1.))

CE=GRSF¢,S B
B(1B)=PPeGPCONEF] (F€.5,F¢ ). ,RUSON)
CONTINVE
DU 700 1BETA=1,NOPNT
YEMI=1BEVA-) R e
PETA=DELBETS1BNM]

P=TINDPI-BETA

SEE APPENDIX I
FOR LISTING
OF FUNCTION
SUBPROGRAM ONEF1.

DO 701 _ISU=1,NPTS2
FelsU
SKN(ISU)=SIN(FeRETA)
SUNM=0.
COEF=TWDPI-BETA_
DC 600 M=1,100

{ L] e e e
BETAM=FMePETA
TERM=8 (M) €8 (M) ¢ .5¢ (COFFECOS(BETAM)-SNN(M) /FM)
SUM=SUM*TERM
1F(ABSCTERM).LE - 1E=2€ABS(SUN))GCOTD630
CONT INUE

WRETECGRZY e i i
FORMAT(® FIPST SUF DID NDV CONVERGE.®)
KODE=1BETA

RETURN

PePaSUN

PHIN=1,

DC %00 ¥=1,100

21 DENST DATE = 79038 16745757 F2GE D002

Frem
PRINZ-PPIN
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RETURN __
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1IF(PLT.IE=-TIPa0.

CONTINUE
RE TURN
END
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APPENDIX H | 4

ERROR BEHAVIOR OF A BINARY DPSK SYSTEM '3
DUE TO INTERSYMBOL INTERFERENCE AND
CORRELATED NOISE*

| It is well known that the classical result of the error probability

\ for differentially coherent detection of binary PSK applies only to o]
the ideal situation where the received symbol signal energy from pulse

to pulse is assumed equal and the noises at the sampling instants

uncorrelated. The purpose of this appendix is to show the error behavior

of a differential phase shift-keying (DPSK) system under practical

assumptions where the signal powers at sampling instants between the
adjacent pulses are unequal and the noises correlated. Error performance
is presented graphically for different levels of power imbalance. A
significant result observed is that the probability of error is indepen-
dent of noise correlation for all degrees of intersymbol interference
(power imbalance). This result (based on our computations) is clearly

a departure from the previous beliefs.

ANALYSIS MODEL

The binary DPSK system under consideration is depicted in Figure
H-1. The primary objectives of this appendix are the considerations of
the error performance calculations under the assumptions where (SNR)lf (SNR)2
and the noises nl(t) and nz(t) are statistically dependent (see Figure H-1).
The situation where (SNR)1 is different from (SNR)2 is brought about by

unequal signal powers at the phase detector of the DPSK demodulator, due to

* This appendix is based largely on [5] with a change in the definition
of the S:R parameter. Minor typographical errors in [5] have also been
corrected,

H-1
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such phenomena as intersymbol interference, phase errors in the delay circuit
and/or delay circuit attenuation. Thus, the error performance analysis based
on the unequal signal powers over two consecutive symbol signal pulses would
constitute an upper bound of error probability in the presence of intersymbol
interference. The noise correlation is a practical assumption since the
noise is necessarily bandlimited in practice.

In Figure H-1, the two inputs at the phase detector (multiplier),
ul(t) and uz(t), represent the noisy received waveforms for two consecutive
source symbols:

u (t) = s,(t) + n,(t) (H-1)

up(t) = S,(t) + ny(t) (H-2)
where Si(t), i=1,2, are the bandpass information carrying signals; and
"i(t)’ i=1,2, bandpass noises. Assume that the "present" and the "preceding"
source symbols are identified with carrier phases el‘and 6,5 respectively.

Then we may write

Sl(t) = /Z_ﬁ'cos (ut - °1) (H-3)
S,(t) = /fﬁgcos[m(t-T) - 6,]

V2P, cos (ut - 6,) (H-4)
where the carrier frequency is assumed to be chosen such that oT = 2nk,
k integer, and P1 and P2 are the carrier powers at the phase detector. We
shall be primarily concerned with the case where P1 # PZ'
The bandpass Gaussian noises are -expressed in the forms:
nl(t)=xl(t)c05ut + Yl(t)sinut (H-5)
ny(t) = X (t-T) cos [w(t-T))+ Y, (t-T) sin [w(t-T))

X5(t) cos wt + Y,(t) sinwt (H-6)
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and the noise correlation is defined by

E(ny (t)ny(t)) = Efn,(t)n (t-T)} = op(T) (H-7)
where p(T) is the normalized correlation with T equal to symbol duration,
and the noise power is given by

of & etnd(1)) = E0X5(1)) = E0YE()); i=1,2. (H-8)

The decision variable Y(t) at time t is the output of the zonally
low pass filtered version of

X(t) = ul(t) X uz(t)

=[/2~PTcos (wt - el) + Xl(t) cos wt + Yl(t) sinuwt]
» [/755cos(mt - 82) + Xz(t)COSwt + Yz(t)sinut]. (H-9)

Since 6y - 6, is either 0 or +r in a binary DPSK system, the
binary decision is based on the comparison of the decision variable Y(t)
with "zero" threshold, for, when noises are assumed to be absent at the
input, the decision variable is given by

Y(t) = Jﬁlecos(el -9 (H=10)

3

DECISION VARIABLE STATISTICS

The problem of obtaining the probability density function (pdf)
of the Towpass filter output for the system model that fits our situation,
depicted in Figure H-1, was solved by Miller and Lee [4] in great generality.
Our need here is a special case of the problem treated in [4) . From

{4, eq.(25)) we have the pdf for the decision variables y(t) as follows:

1 2.2 1 21" 1 [1 2"
f(Y"DlGl-GZ) = ;—2- EXD[~(H3+H4)]§J 2.:6 FIIT[-Z—(I_“)HB] hT[?'(l*p)H4]

- ¥ T 7 T
exp|—-2L—| 6" | -4 . ¥30

’ - - - - (H‘l‘.)

P

it ad
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where
28 3 gt 4 i
Hy = 5 1+ [hl + hy + 2h)h, cos (e1 92)] (H-12a)
24 1 2 2
H4 = 21 [hl + h2 - 2h1h2 cos (91 - 62)] (H-12b)
6"(z) & {'j min-k ) 26 (H-12c)
m C n k!

k=0

and where
nZ & S (SNR).; i=1,2 (H-12d)
i 02 7 ) 1 2

and Pi, oz, p=p(T), are the signal power, noise power and noise correlation,
respectively, as defined earlier.

If we assume that the reference phase 6, is 0, then 8y is either
0 or w, depending upon whether the symbol following the reference symbol is
0 (space) or 1 (mark), so that 8, - 8, = 0 or 8 - 8, = . The conditional
pdf's are thus obtained as follows:

flyse|space) = f(yip|6;-6,=0) (H-13a)

f(ysp|mark) = f(y;p|e,-6,=7). (H-13b)

CONDITIONAL ERROR PROBABILITIES

From (H-13a) and (H-13b) one can obtain the conditional probabilities

of error from the.expressions 0

P(e;p|space) = Probiy<0|e,-6,=0) =/ flyip|e,-6,=0)dy (H-14a)

and w
P(e;p|mark) = Prob{y>0lel-ez=n) =f f(y;pl91-82=n)dy. (H-13b),
0 :

Carrying out the integrations indicated by (H-14a) and (H-14b) using the

density functions given in (H-11), one obtains the following results:
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and

P(esp|mark) = 132 exp ['“1—2 (h2 + h3 + thlhz)]

m m k
[ Ge) - v T Gz « o (29 s

It is interesting to observe a "symmetry" property of

P(e;p|space) = P(e;-p|mark). (H-16)

ERROR PROBABILITY EXPRESSIONS

To compute the error rates using the equations (H-15a) and (H-15b), we
need to define an important variable. In a DPSK system, a single symbol
decision is made using two symbols. Since we are considering a situation
where each symbol signal energy is not equal (due to intersymbol interference,
for example), it is appropriate to define the signal-to-noise power ratio

per pulse (or symbol) as follows:

2 _ 2 (H-17)

R® = hy = direct channel SNR.

vhen nf y hg (a classical case), there is no difference between this defini-

wn and the conventional SNR definition per symbol.

H-6
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Define, further, an SNR difference measure by

s
2 hZ (SNR)Z .

2E =5
SNR
1 1

=

In terms of R2 and 12, the conditional error probabilities of (H-15a)

and (H-15b) are given by

L ]
a[™M]s
o
™M
o
!
cN
sln
P N
3| 3
v

=]

N
S i

-
53

=
S
A
]
+
3_/

5

=

and

2
P(e;p;a|mark) = l%g-exp [——3—5 (& + x2+ pr)]

m n m+
[%(m)"’] [% (14)2] (ﬁ)k(nz) i

The total unconditional probability of error is the weighted sum of 'y

(H-19a) and (H-19b) given by

P(esp;) = PcP(espsn|space) + PyP(e;p;2|mark)

where PS and Py are the a priori probabilities of space (0) and mark (1).

(H-18)

(H-19a)

(H-19b) 'q

(H-20)
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ERROR BEHAVIOR UNDER SPECIAL CONDITIONS

If A2=1 ijs substituted into (H-19a) and (H-19b), we obtain

P(e;p|space) = l%g exp(-Rz) (H-21a)
P(e;p|mark) = l%E-exp(-Rz) (H-21b)
and the unconditional error probability of (H-20) becomes
Plesp) = l[l + (P, - P.) e‘Rz (H-22)
P ] M S P .

This is the identical result given by Lee and Miller [7]. The significance
of the result given by (H-22) is that the probability of error depends on

noise correlation p only if a priori probabilities are unequal. When

PS = PM = %-, (H-22) reduces to the classical error rate expression of
. L F
P(e) 7€ .
Now, let us assume that mark and space are equi-probable:
PM = PS = %u When one observes the conditional probabilities of error as

given in (H-19a) and (H-19b), it appears certain that the total unconditional
probability of error given in (H-20) still depends upon noise correlation p.
In fact, it has been remarked in the previous publications [6], [7] that
the error probability of a binary DPSK system depends on the correlation
if there is intersymbol interference and that, in the absence of inter-
symbol interference, the error probability is independent of the noise cor-
relation provided tﬁat PM = PS = %u
We have computed the probability of error expression (H-20) with
=P = l-for various values of 22 (different degrees of intersymbol

M S &
interference) and p. We have observed the surprising results that the com-"

P

puted probabilities are independent of noise correlation p for all values
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of xz considered! The conditional probabilities, however, were dependent
upon noise correlations. When these conditional error probabilities were
added with equal weighting (PM Wi %). the result converged to the
values of error probability for the case p=0. To show the error mechanism,
we have plotted in Figures H-2 and H-3 some-specific cases of conditional
error probabilities. Figure H-4 shows the error probabilities of a

. DPSK system for AZ = 0 dB (no intersymbol interference), -1 dB, -2 dB, and
| -3 dB. Note that AZ = 0 dB corresponds to the ideal classical case. OQur

results indicate that the probability of error for a binary DPSK system

depends on noise correlation p only when the message symbol probabilities
are unequal. Whenever the prior probabilities are equal the error rate
is independent of noise correlation whether or not there is intersymbol
interference. As stated earlier, this is a departure from the previous

beliefs. It must be stressed, however, our findings are based on the

computational results. The mathematical compiexities of the error rate

expressions did not lend themselves to an analytical verification of b

i i s

the computational results observed.

ALTERNATE FORMS FOR THE ERROR RATE EXPRESSIONS

The error rate expression in (H-19a) and (H-19b) may be written in

several alternate forms. First, we can use the relation

+m-k
(“m ) 8 0, Kksn (H-23)

to replace the finite upper limit of the summation over k in (H-19a)

and {H-19b) by infinity. If we then let £= n-k in (H-19a) we obtain

H-9
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1 RZ 2
1 P(esp.2|space) = =52 exp |- —— (142" 2p1)
I l-p
r

| 3T e (2 ()aw T

m=0 k=0 £=0

2 L4k k
. [RS f1p)(,_ z] (2) 3
[4 (—ﬁl_p)(l 2) 1) - (H-24)
A similar form can also be obtained from (H-19b) for the case of a

mark being transmitted; for brevity we will not go into the details of

that case in the following discussions.

Interchanging the order of summations over k and £ in (H-24),

the- summation over k is recognized as a confluent hypergeometric

function:

2 2
& i 3 . RT (1-2) :
2" nih [1: es ¥ T s (R-25a)
k

Applying Kummer's transformation [10, eq. 13.1.27] to (H-25a), we obtain

2 e""[Rz—z Mz]l‘l [eseets- 'R?Z‘ (H)Z] ' e
k

1-p 1-p

We next interchange the order of the summations over ¢ and m and

recognize the summation over m as a confluent hypergeometric function:

.
£ o o]
m

Applying Kummer's transformation [10, 13.1.27] to (H-26a) we find that

(H-26a) can also be written as a Laguerre polynomial [10, 13,6.9]:

2 2
2 := exp [54_(-};—2)(1+x)2] L, [- 54— (-}5?‘;-)(1+x)2] (H-26b)
m
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Using (H-25b) and (H-26b) in (H-24) we find the alternate form

2 © 2 2
P(esp,2|space) = 1—53 exp[— 3; (1+A)2]E 21—![54— Gf—z)(l-x)z]sz [—RTG;-%)(M)Z]

£=0

2
. lrl[z;ul; - %— (i::) ] ¥ (H-27a)

Similarly for mark we can derive the form

2 L 2
Pleso,a[mark) = 122 exp [ k (m)z]z: 31,-[34- (};—g)(l-x)"’] L,[RT (}%g)(m)?]

2=0

2
cpeye o B (1-%)
. lrl[z,ul, = 1% ] . (H-27b)

The forms (H-27a) and (H-27b) are more computationally efficient than
(H-19a) and (H-19b) and are the forms implemented in the computer program

listing contained in Appendix I.

Returning to (H-24), we can write another alternate form for the
error rate expressions. Using the relation [2, eq. A.1.44c]
n! = (1)n (H-28)
where (z)n is Pochhammer's symbol (10, eq. 6.1.22] the triple summation
in (H-24) can be recognized as a confluent hypergeometric function of three
variables [16; eq. 2.13] and we find that
RZ

1- 2 3
P(e;p,)|space) = T" exp[— 1-92 (142°- pr)] 3¢|(_. )(l,l,l;l,l,l;xs,Ys,Zs)

(H-29a)
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where -
£ 1-p
A>T (lw)(lﬂ)
¥ Rz(l-x .
s 2(1-p x
anq

2
= R 1+ e
e (1-p)“""

Similarly we can derive the other case

14p B o (3)
P(e;p,\|mark) = 5 expl- —> (1+2%+2p2) 3%F (1,1,1;1,1,1:% .y ,2 )
1-p

(H-29b)
where
: Bi(li& (142)? ¢
m 4\l-p 7 =
5;
y wifee g
m 2(14p) ° \q
v
and 2 }j
= R{1-p}(y.
Zm 4 (l )(1 A)

The forms (H-29a) and (H-29b) are more compact than other notations,

but their full analytical importance is unknown at this time since the

R gy
P P S

mathematical properties of these functions have not been fully explored.

CONCLUSTONS

In this appendix we have presented the error behaviors of a binary |

DPSK system under influences of intersymbol interference and ndise correla-

tions. The graphically presented error probability curves are applicable

to system performance evaluations when SNR imbalance at the phase detector

H-15
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is known. Our results show that in a DPSK system, the error probability
does not depend on noise correlation when the symbol probabilities

are equi-probable regardless whether there is intersymbol interference

or not. The noise correlation affects the error probability only when

the message symbol probabilities are unequal.
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APPENDIX I

COMPUTER PROGRAM LISTING
FOR
ERROR RATE PERFORMANCE
OF
DPSK OVER A TERRESTRIAL LINK
WITH
POWER IMBALANCE AND CORRELATED NOISE
AT THE PHASE DETECTOR
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FORTRAN IV G LEVEL 21 MAIN DATE

« 19040 08753758
0001 IMPLICIY REALSBIA-HIL,D-2)
0002 DIMENSION RSOLISING)
0003 1000 READ(S,1,FND=9000) RHO,LSQDB,NRSQ
0004 1 FORMAT(2F 5.1 ,13)
0005 READ(S,2001) IRSQUISIINP) I AP=] (NRSQ)
0006 2001 FORMAT §16FS.1)
0007 WREITES542)RHO,LSODB
0008 2 FORMAT 1/77° RNO=*,F5.1,5X,*LANBDA®® 2% \£5,1,* DB*/
60 Ree2 1DB)*oT23,°PLE)"sT40 "PLEINARK)*,T 60, *PIE)SPACEN")
0009 LSO=1D19* {LSQDB/1D1)
0010 LAMBDA=DSQRTILSQ)
0011 OPRHD=1 DO ¢ RHO
0012 OMRHO=100-RHO
0013 OPOOM= UPRHO/OMRHO
0014 OMOOP=0DMRHO/OPRHO
0015 OPL=1.D0¢L ANBDA
0016 OPL2=0PL®0PL ’
0017 UML=1.D0~LAMBDA
oole ONL2=0MLeQML
0019 DO 900 JRS=1,NRSQ
0020 RSQDB=RSQLISUIRS)
0021 RSQ=1D1#® (RSQDB/ 1011}
0022 XARG=-0,25C0*RSQ*0PL2
0023 TP =.25D0% ONCOP®OML2*RSQ
0024 y TN=.25D0°0POOM®O ML 20 RSQ
0025 LP=~,25D00#RSQ*0POONM®OPL2
0026 LN=~,25D0®RSQ*ONOCP*OPL2
o027 FP=-,5D0%R SQ®OML 2/0PRHO
0028 FN==.5D0®RSQ®OML2/ OCMRHO
0029 KX=DEXPi XARG)
0030 CALL DOSUMITPLP+FP,SP)
0031 PEP=.5D0*XX®(0PRHO*SP
0032 CALL DOSUMETN LN FN, SN
0033 PEN=.5009 X X$OMRHO® SN
0034 PE=.5D0O® (PEP+PEN)
0035 WRITE(6.3IRSQOB,PEPEP JPEN
0036 3  FORNAT(3X.F4.1,720¢1PD10.3+740,1P010.3,T60.1P010.3}
0037 S00 CONTINUE
0038 GOTa 1000
0039 9000 STOP
0040 END
FORTRAN 1V G LEVEL 21 DOSUM DATE = 79040 08/53/58
0001 SUBROUTINE DOSUM(T,ARGL (ARGF . SUNL
0002 IMPLICIT REAL®8(A-H,L,0-2)
C M=0 TERM
0003 SUM=1D0
0004 COEF=1D0
0005 TERM=1D0
0006 MSTOP=5D)1®DABS(T)
0007 IFINSTOP.LTY.102)MSTOP=102
0008 DU 100 M=} ,MSTQP
0009 FA=H
0010 FMP 2FMNe1DO
0011 COEF=COEF*(T/FN)
0012 OTERN=TERN
0013 LOR=LAGERR N, ARGL)
0014 OF D=ONEF 1 ( FM FMP |, ARGF )
0015 TERM=COEF®*LGR*GFO
Qo016 SUN=SUMe TE BN
o017 1FIDABS(TERM).GT .DABS(QTERN) 1GOTOL00
o018 IFLDABS (TERM) LT .OABS(SUM)*1D~6)G0T0200
Q019 100 CONTINUE
0020 WRITE(6,1)MSTOP
0021 1 FURMAT(® THE SUM DID NCY CCNVERGE, MSTOP=*,110)
0022 sYop
0023 200  RETURN
0024 END

PAGEL 0001

PAGE 0001
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FORTRAN IV G LEVEL 21 LAGERR CATE = 79040 08753/58
0001 REAL FUNCTION LAGERR®B(N,X)
0002 INPLICIT REAL®B(A-H,0-2)
0003 1FIN)Y 1,2
0004 ) ! LAGERR=]DO
0005 RE TURN
0006 2 $=100
0007 IF(X)3,4,3
0008 3 T=1D00
0009 DO 100 M=1,N
oaQl0 AsM
0011 T=Te (N-N¢1D0)/ (A®A)

0012 T=Tex

0013 T==-T
0014 S=SaT
0015 100  CONTINUE
0016 4 LAGERR=S
0017 RETURN
o018 END

FORTRAN IV G LEVEL 21 CNEF1 DATE = 79040 08753758
0001 _  REAL FUNCTION ONEF1*8(A,B,2)
0002 IMPLICIT REAL®*8(A-H, 0-2)
0003 T=100
0004 S=100
0005 AM1=A-1D0
0006 BM1=8-1D0
0007 DO 100 I=1,100
0008 C=1
0009 T=T22/C
oo10 TeTo((AM1¢C)/ (BM1+C))

0011 S=SeT
0012 IFIDABS(T/S).LT.10-8) GOTO200
0013 100 CONTINUVE
0014 WRITE(6,1)4,B,2
0015 1 FORMAT (¢ 1F11*9D15.8+% 4" yD15.8+%'4D15.,8,") NCT EVALLATEC TC 10%e-

#8 ACCURACY')

0016 200 ONEFl=S
0017 RE TURN
o018 END

I-3
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