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1. Introduction. SO e LR

Johnson (1978a) has given a survey of various problems which can arise
in testing for censoring of extreme values from univariate data. When data
are multivariate, there is a much richer variety of possible problems; some
possibilities are described in Johnson (1975). The present paper extends
these possibilities and indicates lines of attack on certain of the problems.
These are worked out in some detail for Farlie-Gumbel-Morgenstern bivariate
distributions,

We suppose that observed values on m characters xl,xz,... ,)gn are available
for each of r individuals. We wish to investigate whether these represent
a complete random sample, or are the remainder of such a sample (original
size n>r) after some form of censoring of extreme values has been applied.

As in Johnson (1978a), we will restrict attention to random sampling
from large populations in which the joint distribution of XyseoesXp is

- absolutely continuous, with joint probability density function (PDF)

fxl,‘.."“(xlaooopxm) = fx(z,) = flz.“m(xl,...,)sn) .

We will denote the (unordercd) observations on the i-th available individual

by

Z* - (Xii,...,x;‘u) (i’l.o-.’r) .

"Research sponsored by the Aimy Research Office under Grant DAAG29-77-C-003S.

{
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We also use the notation:

m
1) Pr[ji\gxgisxj)] = F,  m(XpseeesXy) (in particular Pr[x.‘i‘isx] = F; (x))

(ii) for the conditional PDF of X* ,...,X* given X* ,...,X{;

i as 1 t

g ; . ssin® | ) (in particular
8y...8g3by .0 aby Nyttt Ne oy,

and
(iii) for the order statistics corresponding to xgl,...,xgr
'le < ij LoleeS xjr .

We also will focus on the forms of censoring accorded special attention
in Johnson (1978a):

(i) from above (exclusion of Sy greatest values) or below (exclusion of So

least values), and

(ii) symmetrical -(exclusion of equal number of greatest and least values

(s0 = sr)).

We denote the hypothesis that the sy least and s, greatest values of an
original complete random sample of size n(-r+so*sr) have been excluded by
HSO’SI" so that

(1) corresponds to Ho,sror Hso,O (so,sr > 0)

(ii) corresponds to Hs’S (s >0 .

To indicate that the censoring is applied to the variable Xj we use the
symbo1 HJ)

So*Sr

2. Problems.

Problems which will be discussed in the present report include:

(a) Censoring is known to be possible on some one of a certain subset of
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m' variables, It is required to decide whether such censoring has occurred
(Sections 3 and 4). In Section 3 we show that if m' = 1, the univariate
techniques already developed can be used on the specified variable; they 4
provide the likelihood ratio test of the hypothesis of no censoring. In
Section 4 we discuss the related problem of indirect censoring: detecting
whether there has been censoring on X, when this variable is not observed
directly; only values of X,,...,X, are observed. (We take m = 2 for simpli-
city.) An Appendix sets out the application of the reuslts in a special
case. This constitutes the major part of this report. In fact, the text of
the report might even be regarded as an introduction to the Appendix.

(b) Censoring is known to have occured on some one of a certain subset
of variables. It is required to decide which is the censored variable

(Section 5).

(c) We also give an introduction to problems arising in connection with

chain censoring. This is censoring in a succession of stages. At the first

stage the (581)4»31(,1)) individuals with the s((,l) least and sp) greatest values
of Xl are removed; then those with the ssz) least and sl(.z) greatest values of
g X, among the remainder are removed, and so on. (Section 6 - again withm = 2,

for reasons of simplicity.)

3. Censoring Possible Only on One of m' (Observed) Specified Variables.

In the special case of (a), Section 2, with m' = 1 we suppose (without

loss of generality) that X; is the possibly censored variable.

Since w
B = fxalciys L xa(gseeesknl %)) )
ﬁ ‘ and the last term is the samc whether Hgl) ¢ is valid or not, it follows that
» 0’°r <4 4
|




4
the likelihood ratio
(1) 1)
f . (xIH ) foa(x,1H )
£t So*5r 15 sulnit 45 S 5025 (2)
T roialt] x (1)

This shows that the likelihood ratio tests appropriate for univariate data,
described in Johnson (1978a) (sece also Johnson (1966, 1971, 1972)) can be
applied to Xp» ignoring the observed values of all the remaining variable-
XypeeesXpe (For m = 2, this result is given in Johnson (1978a).)

As in Johnson (1966, 1971, 1972), application of this result requires a
knowledge of the population distribution of X; (though not of X,,...,X)).
The methods (described in Johnson (1978a,b)) of utilizing partial knowledge
of the distribution of X, are, of course, also relevant here. In fact, in
this case we really do not have a multivariate, but only a univariate problem,

so far as detection of censoring is concerned.

4. Censoring Possible Only on One (Unobserved) Variable: Indirect Censoring.

A truly multivariate problem arises if we suppose that values of the
possibly censored variable (Xl) are not available, How should the (observed)
values of (XZi""’xmi) (i=1,...,r) be used to detect if there has been censor-
ing on xl? For simplicity, again, we consider the bivariate case (m = 2).

We first derive a likelihood ratio test. As we shall see, there appear to be
considerable technical difficulties in applying this test in many natural
situations. Therefore, we also suggest some other procedures which may
sometimes be applied more easily.

The available data consist of the r observed values of Xy, denoted by

X81,.00,X8 . Their joint PDE, if ué(‘)}sr is valid, is




s

)
(1)
fxg (§2| HSO ) sr)
(r+so+sr)! © @ g s T
~ T oo () DBy TN 18 0B 5y )1y ey
(3)
where E E min(xllﬁ"°.xlr); u = m(xll’oc.,xlr).
Since

£10603)81 (5 1%15) = £150x050%55) = £0%53)87 (%) 51%55)
we also have

©
fali s 0 )

(r+so+sr)! T © ® So s, T
= -ﬂ?ars—,-—{ nlfz(xzi)}f -e+[ {F(2)} "{1-F{w)} .nglz(xnlxn)dxn...dxlr.
=0 °r 1= -0 =0 1=
3")
In particular
THEO I
foa(x, |H 7)) = N £,(x,.) .
X§=200,00 0 L2
It follows that the likelihood ratio is
(1)
r 0 T
L= ‘(I) = r's TS T J’ '.'I {FI(E)} {I-Fl(u)}
fxg()galllo.o) S S S C R
T
* T e1p (% 1%ps)dxyg e oy
(r+so+sr) ! So sr
" Frore— BUF 04} 20-Fy 0,)) Il @

(remembering that xll = mm(xh,...,x’{r); xlr = max()(h,...,xfr)).
Calculation of L from the observed values X3 is usually quite difficult.
When this is done, determination of the distribution of L (even when the

null hypothesis, H(()l()) is valid) is likely to be even more difficult. In the
’

‘——mﬂ




i Appendix we use a Farlie-Gumbel-Morgenstern (see e.g. Johnson and Kotz (1975))
joint distribution for illustrative purposes. Calculation of L is not very
difficult in this special case, but even here, the distribution of L is not
easily derived. The conditional joint distribution of X11 and Xh_ can be

derived from
T u
Prie < X;q < Xp. < ulX3] = 121[{. glz(xllxgi)dxll (5)

but this expression is usually quite camplicated.

We note that the value of L (and so its distribution) is unchanged by any
monotonic increasing transformations of X} and X§. This means that we can
4 take, without loss of generality, each of the variables to have a standard
uniform distribution (fi(x) =1for 0 sx<1, i=1,2). However, the joint
£ PDF would then have to be that resulting from application of the appropriate
J transformations to the original joint PDF. The Appendix contains some
analyses appropriate to a bivariate Farlie-Gumbel-Morgenstern distribution

(e.g. Johnson and Kotz (1975)) which does have standard uniform marginal

distributions.,

A simpler criterion, suggested by the above analysis is

S S
Ly = {Fy(min E[X, [X5;1)) O{I-Fl(m?x EDX, X8} T . 6)

If E[X)| X,] is a imonotonic increasing function of X, then

s s
Ly = (Fy(EDX; min(x§), ..o X3 1)} O(1-F) (EIX, [max(X3, ... X8 )1} T
(7
If E[X)| X,] is a monotonic decreasing function of X5, then "min" and 'max"
in (7) are interchanged.

Another related criterion, generally more difficult to compute is




= e = iy

ot »SO S
Lj = B[Ry (Xy(gy) ) “(1-Fy (X)) 7] (8)

® ] 1 3 ®x ]
where Xl(z)’ xl(u) are independent with PDF's glz(xllxz(z)), glz(xllxz(u))
respectively and i = (2),(u) resepctively minimize and maximize
E[X, |X§;] with respect to i.
If E[Xllle is a monotonic increasing (decreasing) function of Xy, then
Xg(l) = min(max) (X’él,...,xgr)

X3y = max(min) (X§),...,X8) .

Se Identification of Censored Variable.

Suppose we know that some one of the m' variables xl’XZ’”")Sn' has been
censored (and that there has been no other form of censoring). We wish to
decide which one of these variables is the one in respect to which censoring
has occurred.
Using the argument in Section 3, the likelihood approach is straightforward,
if it can be assumed that (S()’Sr) censoring has been used with Sg»Sy known,
We take each of the m' variables in order and calculate the appropriate (univariate)
likelihood ratio criterion for that variable, We choose that variable for which
the likelihood ratio is greatest, This means that we choose X, if
{ So Sy Sp S,
Fn(p)} Y1-F (X, )} T = . TR 003 PRy 05,0 7]
pesey
(with some arbitrary rule for deciding ties - which, anyway, have zero probability
of occurrence).
We note that the same decision will be reached for all pairs of values
Sg» Sp for which so/sr = 0 has the same value. In particular, the same
decision will be reached for (i) censoring from above (6=0) with any S¢
(ii) = " below (b==) " " s,

(iii) symmetrical censoring(e=1) " u Sg =S




(Of course, the decisions for (i), (1i) and (iii) are not, in general,

identical, though they might be.)
By analogy with the results in .Johnson (1971), when the values of
Sg» Sy are unknown, we would choose )(h if
FpOpp) + 1-Fp(X) = omax[F,(59) + 1-F;050] .
3J=1,00a,m
Hasofer and Davis (1979) have considered a similar type of problem where
truncation, rather than censoring is applied to one of a number of .variables,

and it is desirced to identify which of the variables is being truncated.

6. Chain Censoring.

A further type of censoring of an essentially multivariate nature occurs
when two or more variables, in sequence, are used for censoring. For

example, from a sample of size n, with m variables X1 ,XZ,...,)gn measured on

each individual (i) the s{!) individuals with the least, and s'") with the

greatest values of X, are removed and then (ii) from the remainder the s(()z) 5

with the least, and sl(.z) with the greatest values of X, are removed, leaving

PN LS
T B R NPT PR Y SR I et W

a set of
r-= n~s(()1) - SSZ) - 51(_1) - s,f.z)

values.
Problems arising from this type of situation include:
1) Given that there has been chain censoring involving two specified | §
variables Xi and Xj, which variable has been used for the first censoring
operation? 5
2) Given that )(i is the first and Xj the second (if any), is there evi- |

dence that second stage censoring has in fact been applied?

3) Which variables have been used in censoring? (Given that just two

(or three or more) are uscd and possibly given an order of precedence such

that for any two specified variables it is known which would be used before :
the other, if both were uscd.) |




APPINDIX: Detection of Indircct Censoring in Farlie-Gumbel-Morgenstern

(FQM) Distributions.

Al. Relevant Properties of }M Distributions

Here we will illustrate calculations and use of the criteria introduced

in Section 4, using FGM population distributions with joint distribution
Pr{(Xfsx)) n (X§=x)] = x1x2{1+9(1-x1) (1-x,)} (Osxjsl; j=1,2; |6]<1). (A1)

J
This distribution has been chosen for analytical convenience. It is not

Each X* has a marginal standard uniform distribution (FJ- (xj) = xj (Osxjsl)).

claimed that the results will apply for other joint distributions, even after
transformation to make the marginals to be standard uniform. However, there
are some speculative analogics which might be drawn.

From (Al) it follows that the joint PDF is
f(xl,xz) =1+ 6(1-2x1)(1-2x2) (Osxjsl; 3=1,2) (A2)

and the conditional PDF's are

1206 1%5) = 1 + 0(1-2x,)(1-2x))  (0sxy51) } s
g21(x2|x1) =1+ 0(1-2x1)-(1-2x2) (0sx,<1)

Hence
Pr[!.éx‘l'sui xZ] = (u-w,)[1+0(]-2x2)(1-u-ﬂ.)] (0<s<u<l)

and so

T
Pr[2sX; <X, sulx,]) = (U-l)rjglll*e(l"zxzj)(1'u'9-)] .

A2, Derivation of L.

The conditional joint PDI of X1 and xh, is therefore




st sl i

10

-3 Pr[lsxllsx

<ulx(;
3%3u Ir L = r(r-1)(u-2)"" n {1~~9zzj (1-u-2)}

=1
-2a2 -7 I 2552551 I {1+6z, (1-u-2)? "
<30 27 ngj - :
(" Ed
where sz = 1-Zx2j.
From (4),
(r*so-ts )! Sy
L AR E[X 1(1 -X;) IX(Z)]
(resgs )! -3 Pr[l X11%3p _ulx(llJ
= =T J/ (1 u) dadu
tIsgTs T peren- ] 32du ]

(resp*s,)! 7 L 2. h,
;73613—1——-{r(1 1) Z J(r-2,50,5 ;6™ - 2 hgoJ(r,so,sr;h)( D8y, ot

(AS)

=:7'
N

where Y, = 1; Y, = Joeo)

Z* I'ZXE- (h’j=1,.oo ,r) ar‘d (with
J1Seees] J
1 h

*
2j 2j

i

€ a positive integer)

lu
J(8,Y,55¢) = [ I (u-2)8Y (1-u)® (1-u-2)€dedu

Zo( 1) (E)f (reu” = f vt (u-2) Baedg
1:

= Z (- 1) ( )B(y+itl,B+1)B(R+y+i+2,6+e-i+1) .
i=0

1f, also, B, y and § are positive integers

J(B,v,83¢) = 2 () BESE - S T 6isie)  (A6)

1-
where
€ 4 : >
G(y,85€) = ,Zo(-l)*-(‘{)(vn)“](sﬂ)[“ i (A7)
1-

and a[b] = a(a+l)...(a+b-1) is the b-th ascending factorial of a.




Formula (AS) can be written

r
L= hZOK(r,so,sr;h)Oth

with

K(r,54,5p3h) = (G(sgrs,3h) = h(h-1)G(sg, s 5h-2)}/ (resgrs +1) [P,

(If e <0, G(so,sr;e) can be defined arbitrarily.)

We note that

K(r,so,sr;O) = G(so,sr;O) =1

so the first term on the right hand side of (A8) is 1.

We also note that

G(s,03h) = htyy (s+1) = (-D)G(0,55h)

where
2] )

o) = 1 - oo et (D G

So, for censoring from below (sr = 0)

(resg#1) (PIK(r,5,,05) = hitoy(sg1) - vy _,(sg#1)} = (-1)"s )™

and for censoring from above (so = 0)

(res+1) [h]l((r,(),sr;h) = sx[.h] 3

For symmetrical censoring (50=sr=s) we have
0 if h is odd

G(s,s;h) =
[(k+1)lk'(s+1)“" if h=2k.

H Hence, for symmetrical censoring

0 if h is odd

(h) ok
(r+2s+1) " K(r,s,s;h) {(l«l)[k]s[k] if h= 2k.

(A8)

(A9)

(A10)

(A11)

(A12)

(A13)

(Al14)

(A15)
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Summarizing, we have the following expressions for the likelihood ratios:-

[h]
1+ 1) ————TETB (A16)
zl( r+so+1) 3
7 s[h] '

1+ ) —L oy (A17) ‘
h=1(r+s_+1) h

(k] (k] 8
" " symmetrical censoring: L=1+ ) -(k—"ll——(m-ﬂzkY (A18)
k<r/2 (r+2s+1)

In each case large valucs of the statistic are to bhe regarded as signifi-

For detecting censoring from beclow: L

" ”" ”"” " above . L

cant of censoring of the relevant type. Some numerical values for calculating

the coefficients of eth in (A16)-(A18) are shown in Table 1.

A3. Maments of L.

From the general theory of testing hypotheses, we have

EILJHS )] = 1 (5"

Under Hsl%, the Zg’s arc mutually independent and each is distributed
uniformly over the interval (-1,i) so, for all 6
if q is odd
l:[(z*)qlﬂ(l) > (A19)
(q+1) if q is even .

It follows that for any h, h' (# h)

Y |H(1)] = 0 = Bly,Y,, 1§}
¢ (A20)

and
var( IH§1D) = ey = P
Hence when using the statistics (A16), (Al7) testing for censoring from

below or above (s; ='s, s =0 or s, =0, s = s)




13
r J[h]
var(LIKS'D) = {”‘—‘TBT} G oHP (A21)

h=1 (r+s+1)

while when testing for symmetrical censoring (50=Sr=s)

g2y 2k

oy (K1, [K] 2
y {(k 1) } (Zk)('g ) . {(A22)

var(LIH(gl%) =
L ke<r/2 (r+2s+1)
Approximate significance limits for L may be obtained by supposing the
(1)

distribution under H0 0 is approximately normal,

A4, Altemative Tests.
Since

1
(1-2x1) {1+ 925(1*2)(1) }dx1

E[Zflzg] E[l-zxitlzg]

tAo—' S—

023 (A23)

it follows that

EIXgIX5) = (1 - J001-2x9)]
= %— = %- 6(1-2)(5‘) (A24)

Hence, the simplified test statistic, L;, defined in (6 ) is, for our FGM

distribution and with 6 > 0
1,1 0 1 °r
Ly = {5+ 580%-1} {5 - g2, - D} T . (A25)

We note that if So (sr) = 0 (and 6 > 0), the critical region becomes
simply x2r<(x21>)x, with an appropriate value for the constant K. This

would, of course, be the appropriate likelihood ratio test of the null hypo-

thesis, with the alternative that X, itself has been subjected to censoring
from above (below).
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In the case of symmetric censoring (so-sr-s), the critical region

(for all s > 0) is of form

{7+ § 02X, -DHy - § 02X~ D} > K (A26) 13
or equivalently ;
§ 09Xy (X)) + 3 0G5 - § )Xy + T > K, (A26)°

This can be compared with the critical regions

X1 (l'er) (for symnctrical censoring)
)(2l + (I'XZr) (for general censoring - see Johnson (1971))

for likelihood ratio tests of ngzg :
)

The values in Table 1 suggest that useful tests might be constructed by
taking as test statistics the first terms only in the summations in

(A16)-(A18). This would lead to critical regions (which do not depend on 6).

For censoring from below: Y, <C (A27)
L, 4 "  above: Yl >C - (A28)
" symmetrical censoring: Y,>C. (A29)

4 a7 = §T -2X%. 27 i
Since Y; zj-lz" i=1 (1 XZJ)' (A27) and (A28) are equivalent to

2j
r
jglxgj > C' (A27)"
T
jzlxgj <C (A28)"'

respectively. (The signs of the incqualities would be reversed if 6 < 0.)

On the null hypothesis ll(()l()) (no censoring) the ij’s are mutually
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independent standard wniform variables, ‘Therefore, even for r as small
as 5, the distribution of their sum is closely approximated by a normal
distribution with expected value %— r and variance 1-%- r (e.g. Johnson and
Kotz (1972, p. 64)). So we obtain an approximate significance level a

by taking

C'=3rendy in (A2

c' = % r-a /g in (A28)'

where o(lu) =1 -a.
From (A20) .

s[yzlugf())] = 0; var(Y2|u(()}?,) = 5 T(r-1). (A30)

Assuming Y2 has an approximatcly normal distribution under H(()}%, we obtain

an approximate significance level a for the test for symmetrical censoring

(A29) by taking

The moments of the Yh’s under HS)S. may be evaluated by the following
0’"r
steps:-

(i) find the conditional expected value, given X}, and

(ii) find the expected vaiue of (i) when the joint distribution of the
1(.'1"5 is that of the (s(')*l) -th, (56+2) =thyseey (56+r)-th order statistics
among (r+56+s;) variables, each with PDF fl(x).

For (i) we use the result:

1

! : E[(zg)‘ﬂx;] = (j) (1-2x)'1 {1402 (1-2x) }dx

| { 8(q+2) 124 if q is odd (A31)
(qﬂ_)'1 if q is even (cf (A23))

where Zf =] - ZX[.




For (ii) we use the result (for ordered variables)

P i [qi]
n (s'+h Z q.-qi) . (A32) '
[EIQ1] i=1 j=1 J :
(r+s(')+s,:,+l)

1

El ","m lHgy) 511 =

In fact, in view of (A31), and since, conditionally on H. the ZZ*'s are

mutually independent, we need only the special case q; * 1 for all i,

p
E[ ﬂ xlh 'H(l S'] {illl(Sb+hi*i-1)}/(r§s("+s;‘+l) [P] : (A33)

We find

E[Y |H(1)s,] o )j E(1-2X4. |n(1)s.1
J—

ehi E[1-2X, |H{ ”S.]

sh+h

=1 -
ol 2h§1r355?§;+11 .

r(s'-so)
i 3(resgesTeN) e (A34)
In particular
1 <
E[YIIH( ) = - Hr_:%ﬂ' 0 = -E[YIIH(]‘) (A35)
Next,
. 2
Y, 2<2 zZJ 550 and n[zgjzgj.lx; .] z;Jz:J, ‘
So i<y’

B[Yzlﬂgz)s-] ezJ{ JZ,' i[1- z(x* +X§ .) + 4X‘{foJ.IH - s.]

<

el aliely . 1) 1) ’
g 01 - 2] L KXy IHpir) + 41 T EDG Xy IHG ) 1] '3
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4

'9' 9 [(2) E m Z E (ZS ool o +sl+s'+1)1z]

E L, (S5 (sp#h*+D)]

Performing the summations (see, e.g. David and Johnson (1954, pp. 239-40)) we
obtain

r(r-1){ (sb-s;.) 24—5 +sl’. 2

ElY, H(D ] - T ¢ (A36)
0°°r 18(r+sj+s +1)
We can use (A30) together with
Efza|x8) = L (for a11 x*.) (A37)
2;'y" 3 1j
to calculate the variance of Y (= ZJ i 2J) under Hgg)s;‘. We have

J-

1 r(r-l){(so-s ) +s) +s } 2

= T + 0
3 9(r+sh+st+l) el

and so, using (A28)

r(r-l){(so-s') +s +s } rz(s(')-sx',)2

T+ 7] 2} 82
9(r+s[')+s!'.+1) 9(r+s'+s'+1) |

oy

var (Y1 |H§3),s,) =
T

1 r{(r-l)(r+s()*s 1)(5'*5') - (2r+so+s'*1)(s'-s ) o2
= -i T 4+ . .
: 9(r+sh+s'+l) (r*s'+s'+2)
For censoring from below (s(')=s, s",=0) or above (5680, sr-s) this gives
var(Yllﬂgl())) = vax'(YIIH(l)),= 1, rs{(r-1) (r+s+1) (2r+s+1)s} 02
; S 9(r+s+1)4(res+2)
. 1 rs{r(r-s) - (s+)2} 2 (A39) -

9(r+s+1) (r+s+2)

1
%
|

s * e
i ot Bl itandc: v 5 v iR it o » ke R A A
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Note that as s + » (with r fixed)
E[YIIH(I)] + - 3 ro; var(YIIH(l)) + r(l 1 2) . .
Evaluation of variance of Yz, expected values of Yh (h > 2) and higher
moments and product-moments of all Y’s, under H(l)s, requires evaluation
S0*5r
of quantities
r~p+l
= = o0 (1)
(T, (r,5,53)°)T, ?: z E[fllz Hg 51
|
r- +1 T |
| f Z’.”lfl(l Xy, )IHms.] |
| u ’“*1 1)
E 5(2) Eh(nxm Mo s:)
! hl ece 11 ooo<1u c.l |
‘ rptl T |
' ? = Z)U{(r*s'ﬂ'*l)[u]} g cee E !
i u=0 hy<eoe<
1 P 4
p-u+l
» z ) " (gbo-h - 1) (A40) "
ll<...<]lP=1

(The term corresponding to u = 0 is 1. The final multiple sum of products
can be expressed as a polynomial in sj and r with coefficients calculated from

tables like those in David and Johnson (1954, pp. 239-240).) For example

(1)
RALN

2 r-lrz H(l)
Eltjglzzj)(z;jg 352850) Moy o]

i
| r-Z r-l1r

= x 7K L WA
| £l ;( J; (285+2550)25,2%50 * §< Jz<3z 23,295+23 "|n s.1
= + Z §
501 4 Ely st * §< R Vi Vi) ber : gj
— % o(r-1)T; + é- 931'3 (A41) .




and

mﬁmukd

r-l T r-2r-lr
2.42 11a(1)
aéra
2 XEIZijzJ gy st 22 Z,j,,
r-3r-2r-1r .ot -
PR R L LR
1 r-lr 26Z r-2r-1r AR T
9 §< ;'1 v o §< J',JZHB[ZIJ 1J" 1j lJ" 137°1j
664 r-3r-2r-1r T Y H
i _BT § < J2'< ;n<§'"E[zl:’21J 1]" 1]""
2 4
-T‘rl +Z.g7(r-2)‘r2¢£g7'[‘4.

E (Z* z* RYAFNYA AR za lH ]
[ ZJ" 2] 2] .. S;.

g50HG
Aﬂnyl

sd

S' S']
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(A42)




TABLE T. Values of (r+s;s.+1) (Mk(r,s,5 ;h)

So Sp h= 1 2 3 4 5 6
| R 1 ”22“ 6 24 120 720
¢ 2 2 6 24 120 720 5040
1 1 0 2 0 24 0 720
¢ 3 3 12 60 360 2520 20160
¥ 2 1 4 12 72 360 2880
0 4 4 20 120 840 6720 60480
L3 2 8 36 216 1440 11520
iz 12 0 4 0 72 0 2880

P PP

Note: (1) To obtain the coefficient of Oth in the formula for L (see (16))

these numbers must be divided by (r+sO+sr+1) [h]. Thus for r = 5, s = 1,

S¢ = 2 we have

1 4.2 12 72 4
1+ Y + o OV, + %06%3 5 oY, *Tﬁﬁ'e%

L

4

1+ 0.1116Y, + 0.044492Y2 + 0.012193\(3 + 0.006068

(ii) Values of sy and s can be interchanged by multiplying entries
by (-1

(iii) A convenient formula for computation is (with S > so)

,,,1) (1] (Sr-so) [h-2i)
G(soosruh) = h! E\/Z 17 (h-21)! i
[i]
In particular, G(s,s+1;h) = f h/Z’:i'QT— , whence
[k} »
(r+2s+2) “']K(r s,s+1;h) = t\!-(5—+'1(—%——— = (k+1) (h k](s¢'1) (k]
with {T(h 1) if h is odd
z'h if h iy cven .

Y+ o.oozsseSYS
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