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~ Introduction. —~~

Johnson (1978a) has given a survey of various problems which can arise

in testing for censoring of extreme values from univariate data. When data

are iultivariate , there is a much richer variety of possible problems; sane

possibilities are described in Johnson (1975). The present paper extends

these possibilities and indicates lines of attack on certain of the problems.

These are worked ont in some detail for Farlie-Gumbel-Morgenstern bivariate

distributions.

We suppose that observed values on m characters X1,X2,...,X~ are available

for each of r individuals. We wish to investigate whether these represent

a complete random sample, or are the remainder of such a sample (original

size w’r) after sane form o censoring of extreme values has been applied.

As in Johnson (l978a), we will restrict attention to random sampling

fran large populations in which the joint distribution of X1,...,X~ is

absolutely continuou,, with joint probability density function (PDF)

We will denote the (unordered ) observations on the i-th available individual

by

X~ (Xt 1 ,...,X~1
) (i*l ,...,r)

WResearch sponsored by the Anny Research Office under Grant DA~~29-77-C-OO35.
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2

We also use the notation:

(i) Pr[n(X~I
1�x~)] = F12 m

(X
l~~

n • e
~~

X
Th
) (in particular Pr[X~1�x] = F~(x))

(ii) for the conditional PDF of X* ,... ,X~ given X~ ,...

•b b ~ ,...,x Ixb ,...,xb 
) (in particular

~~~~ ~~~~~~~~ ~ 
a1 a5 ~

g12(x11x2), g21(x2~x1))

and

(iii) for the order statistics corresponding to X~iP•••~
X
~
’r

X . � X .  c.. .� X.j l j 2

We also will focus on the forms of censoring accorded special attent ion

in Johnson (l978a):

Ci) from above (exclusion of Sr greatest values) or below (exclusion of

least values), and

(ii) syninetrical -(exclusion of equal number of greatest and least values

(5~

We denote the hypothesis that the s0 least and s~ greatest values of an

original caiçlete random sample of size n&r+ s0+sr ) have been excluded by

H 5 , so that
r
(i) corresponds to HO~sr

or H50, 0 (SOP Sr 
> 0)

(ii) corresponds to ~~~ (s ‘ 0)

To indicate that the censoring is applied to the variable we use the

symbol ~~~S0 Sr

2. Problems.

Problems which will be discussed in the present report include:

(a) Censoring is known to be possible on sane one of a certain subset of

b 

TIll ~~~~~~~~~~~~~~



3~~~~~~~~~~~~~~~
m’ variables. It is required to dec ide whether st h h  censoring has occurred

(Sections 3 and 4). In Section 3 we show that if m ’ = 1, the univariate

techniques already developed can be used on the specified variable; they

provide the likelihood ratio test of the hypothesis of no censoring. In

Section 4 we discuss the related problem of indirect censoring: detecting

whether there has been censoring on X1 when this variable is not observed

directly; only values of X2a•~•~
Xm are observed. (We take in 2 for simpli-

city.) An Appendix sets out the application of the reuslts in a special

case. This constitutes the major part of this report. In fact, the text of

the report might even be regarded as an introduction to the Appendix.

(b) Censoring is known to have occured on sane one of a certain subset

of variables. It is required to decide which is the censored variable

(Section 5).

(c) We also give an introduction to problems arising in connection with

chain censoring. This is censoring in a succession of stages. At the first

stage the (5~1L5 1ç~~) individuals with the least and greatest values

of X1 are removed; then those with the ~~
2) least and ~(2) greatest values of

X2 ai~ng the remainder are removed, and so on. (Section 6 - again with m 2,

for reasons of simplicity.)

3. Censoring Possible Only on One of in’ (Observed) Specified Variables.

In the special case of (a) , Section 2 , with in’ — 1 we suppose (without

loss of generality) that X1 is the possibly censored variable.

Since

= ~~~~~~~~~~~~~~~~~~~~~~~ (1)

and the last term is the same whether FIW5 is valid or not, it follows that50’ r 

. . :. . .~--.± I. ‘1 ~~~~~~~ :.: ‘
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the likelihood ratio

is equal to ~~~~~~~~~~ (2)

-
~ 0,0 ~ ~1 0,0

This shows that the likelihood ratio tests appropriate for univariate data,

described in Johnson (1978a) (see also Johnson (196b 1971, 1972)) can be

applied to X1, ignoring the observed values of all the remaining variable~
X2,...,X11. (For in = 2, this result is given in Johnson (1978a).)

As in Johnson (1966, 1971, 1972), application of this result requires a

knowledge of the population distribution of X1 (though not of X2,...Xm).

The methods (described in Johnson (l978a,b)) of utilizing partial knowledge

of the distribution of X1 are, of course , also relevant here. In fact, in

this case we really do not have a multivariate, but only a univariate problem,

so far as detection of censoring is concerned.

4. Censoring Possible Only on One (Unobserved) Variable: Indirect Censoring.

A truly imiltivariate problem arises if we suppose that values of the

possibly censored variable (X1) are not available. How should the (observed)

values of 
~~~~~~~~~ 

(i=1,...,r) be used to detect if there has been censor-

ing on For simplicity, again, we consider the bivariate case (in 2).

We first derive a likelihood ratio test. As we shall see, there appear to be

considerable technical difficulties in applying this test in ninny natural

situations. Therefore, we also suggest some other procedures which may

sometimes be applied more easily.

The available data consist of the r observed values of X2, denoted by

~~~~~~~~~ Their joint Pill , if is valid, is50’ r

_  _ _  _ _
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‘H 0
~1y*(X )I

02 ~0’ r

(r+s+s)! ~ r

TIS
~:~
!S
~.
! .L ‘L ~~~~ 

°11-F1(u~ 
F~n

1
f 1 x1j g21 x2j~x1~~11x11*..dx1~

(3)

where 9. min(x11,...,x1r); u max(xii,...,xir).

Since

f1(x1~)g21(x2~Ix1~) f12(x11,x2~) = f2(x2~)g12(x1~Ix2~)

we also have

O’ r

(r+s +s)! r s s r

r!s~!s~.! 
{
~~1

f2(x?i)}~;:L 
(F1(R.)) °{l-F~u)) 

r
jng 12(x1j(x2j)dx11...dx1~.

(3’)

In particular

fx * 2 1I~~~
) = 11f 2 (x21)

It follows that the likelihood ratio is

H * 
(1)

~ (r+s~+s )! s0 5
L r r 

j  •••j {
~ (R~)} {l-F1(u)) r

f~ (
~~ 11g. ~

) “0 •  r

x f l g 17(x1j~X2j)dX11...dx1~

(r+s0+s )! 5 S

iTSO
!Sr~ 

E[(F1(X11)} °(l-Fi(Xi~
)} rIX~I (4)

(remembering that X11 — mi.n(X
~l,...

,X
~r
); Xir — max(X~1,...,X!r)).

Calculation of L from the observed values is usually quite difficult.

When this is done, detennin~ition of the distribution of L (even when the

nufl hypothesis, is valid) is likely to be even more difficult. In the

_ _ _ _  _ _ _ _ _ _ _ _ _  - . .~~

_ _ _  ~- - .- ~~~~- --~~~~~~~ - .~~~~~~ 
•~~~. .:. ~ ~~~~~~~~~~~~~~~ . -_ _ _



Appendix we usc a Farlie-Cimihe l -Morgenstern (Sec e.g. Jolmscn and Kotz (1975))

joint distribution for illustrative purposes. Calculation of L is not very

difficult in this special case, but even here, the distribution of L is not

easily derived. The conditional joint distribution of and X1r can be

derived from

Pr[R. � Xll < Xli. < ul~~] = n [f g (x~~x*)~~~] (5)

but this expression is usually quite cciiq licated.

We note that the value of L (and so its distribution) is unchanged by any

monotonic increasing transfonnations of X~ and X~. This means that we can

take, without loss of generality, each of the variables to have a standard

uniform distribution (f1(x) = 1 for 0 � x < 1, i = 1,2). However, the joint

PDF would then have to be that resulting from application of the appropriate

transformations to the orig inal joint PDF. The Appendix contains sane

analyses appropriate to a bivariate Farlie-Gtinbel-Morgenstern distribution

(e.g. Johnson and Kotz (1975)) which does have standard uniform marginal

distributions.

A simpler criterion, suggested by the above analysis is

— ~ 1(m~j~ E[X1 I X~~J ) } °{l..F1(max E[x11x;1n}
r 
. (6)

If E(XII X J  is a ~~notcnic increasing function of X2 then

• {Fl(E[XlImin (X~l,...,X~r)fl}
0(1_F

l(E[Xl(max(X~l,...,X~r)])}
sr.
(7)

If E(X1~ X2J Is a monotonic decreasing function of X2, then “m m ” and “max”

in (‘) ~ire Int.rc)wmged.

Mother related criterion , generally more difficult to compute is

-~~~~

‘S

I
—~~~~~~~ . —-~~~~~~~~~~ -— . - —.  .—  - - -  ~~~- ~~~~~ i~~_ ——-  . ~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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L~ — EE {Fl(X l(L) )}
O{1_F

l (Xl(U)))
r
l (8)

where X~(9.)~ X~(u) are independent with PDF’s g12(x1IX~(9.) )~ g12(x1I X~(~) )

respectively and i — (L) , (u) resepctively minimize and maximize

E(X1~X~1] with respect to i.

If E[X11X2] is a monotonic increasing (decreasing) function of X2, then

X~ (9.) — min(max) (X
~i~•••a

X
~r
)

X
~(u) 

— max(min) ~~~~~~~~~

5. Identification of Censored Variable.

Suppose we know that some one of the m’ variables Xl~
X2~• • •~

Xm~ 
has been

censored (and that there has been no other form of censoring). We wish to

decide which one of these variables is the one in respect to which censoring

has occurred.

4 Using the argtment in Section 3, the likelihood approach is straightforward,

if it can be assuned that (So~5r) censoring has been Used with SO~Sr known.

We take each of the m’ variables in order and calculate the appropriate (univariate)

likelihood ratio criterion for that variable, We choose that variable for which

the Ukeithood ratio is greatest . This means that we choose Xh if

{Fh (X
~~

)} °{l_ Fh (Xhr ) } r 
= 

j rl ~~~ 

[(F
i (Xj l

)} O{l_F j (Xjr )} r]

(with some arbitrary rule for deciding ties - which , anyway, have zero probability

of occurrence) .

We note that the same decision will be reached for all pairs of values

~~~~~ 
Sr 

for which SO/Sr 0 has the same value. In particular , the same

decision will be reached for (i) censoring from above (0—0) with any Sr
(ii) “ below (0 —) “ “

(iii) synunetrical censoring(O—l) ‘~ “ S~

— —  .-.— . ~_~,~~~~~~~~~•T •  ~~~~~~~~

-. — — — - ~~~~~~~~~~~~~~~~~~~ . r~- ~~~~~ t— . ~--~-- ... 2 •~~ . ~
- A 
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(Of course, the decisions 1j~ (1), (ii ) atid (iii) are not, in general ,

identical , though they might be.)

By analogy with the results in Johnson (1971) , when the values of

~~~~ 
5r are unknown, we would choose X~ if

Fh(Xhl) + 

~h~~hr~ 
= max 

, 
[F

3 0~ 0 + l—F~ (Xjr )l
j=l,. ..

Hasofer and Davis (1979) have considered a similar type of problem where

truncation, rather than censoring is applied to one of a nunber of .variables ,

and it is desired to identify which of the variables is being truncated.

6. Cha in Censoring.

A further type of censoring of an essentially nvltivariate nature occurs

when two or more variables , in sequence, are used for censoring. For

example, from a sample of si ze n, with in variables Xl~X2~•••~Xm 
measured on

each individual (i) the ~ 1) individuals with the least , and ~ 1) with the

greatest values of X1 are removed and then (ii) from the remainder the ~~2) 
s

with the least, and $2) with the greatest values of X2 are removed, leaving

a set of

r = n-s~~ - S~~
2

~ S~~
1

~ -~ ~(2)

values.

Problems arising from this type of situation include :

1) Giveii that there has been chain censoring involving two specified

variables X~ and ~~ which variable has been used for the first censoring

operation?

2) Given that X~ is the first and X~ the second (if any), is there evi-

dence that second stage censoring has in fact been applied?

3) Which variables have been used in censoring? (~3iven that just two

(or three or more) are used and possibly given an order of precedence st~h

that for any two specified variables it is known which would be used before

the other , if both were used.)

I 
~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 
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APPENDIX: Detection of Indirect Censoring in Far~ ie-Gimibel-Morgenstern

(FG~1) Distributions.

Al. Relevant Properties of Rl’I Distributions

Here we will, illustrate calculations and use of the criteria introduced

in Section 4, using FG4 population distributions with joint distribution

Pr [ (X~�x1) n (X~�x)] = x1x 2 {l+0(l-x 1) (l-x2) } (O<x~�l; j— l ,2; I ok l ) .  (Al)

Each has a marginal standard uniform distribution (F~(x~) x) (0�x
3

�l)).

This distribution has been chosen for analytical convenience. It is not

claimed that the results wi l l  apply for other joint distributions, even after

transformation to make the marg inals to be standard uniform. However, there

are some speculative analogies which might be drawn.

From (Al) it follows that the joint PDF is

f(x1,x2) - 1 + 0( 1-2x 1)(l-2x 2) (Osx~~l; j 1 ,2) (AZ )

and the conditional PDF’s arc

g12(x11x2) = 1 + O (l-2x2)’(l-2x1) (0�x1~l) 1
~~~~ . (A3)

g21(x2$x1) = 1 + O(l -2x 1) .(l- 2x2) (O�x 2 cl) J
Hence

Pr(t~X~~uI x2 J (u-~ ) [l+O( l- 2x., ) (l-u-~.) I (O�L~u�l)

and so

P1•[t�Xi1SXir�U1X21 = (U_Z) r ll [l+e(l-2x2~)(l-u-L)]

A2. Derivation of L.

The conditional joint PDF of X11 and Xir is therefore

4
1

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _-— -—— —-~ ~- ,
,
.—.- --
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__________________ = r(r-l) (u~~~~
2 n {l+oz

2~ 
(1-u-L)}

~ 11 {l+ez Zh
(l_ u_ L ’

~~ ~3 hj~j , j ’
(I’

,,

where z2~ = l—2x2..

Fran (4),

(r+s0+s~
)! 

~0L = r!s~ !sr ! ELX 11
(l_ Xir ) Ix * ]

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ dR.du

(r+s +s )~ r r h h
r!s0 !s~ ! {r( r_ 1)~~~J( r_ 2 ,so, sr ;h) 0~

lYh 
- 

J0 o r  ~
2)u 

~
‘
h+2~

(AS)
h

where = l; 
~h ~~~~~~~ II Z~ . ; Z~ . = 1-2X~ . (h ,j= l,...,r) and (with

i=l

c a positive integer)

J(8,y ,~~~) = ~~~~~~~~~~~~~~~~~~~~~~~

~ c 1) i (C)f (l-u)~~~~~ f
U
~Y+i (u~~) 8d~~g

i— O 0 0

C
= ~ (-l)’(’j)B(~+i+l,~3+1)B(I3+i+i+2,6+e-i+l)i—0

If, also, B, y and 6 are positive integers

J(B,y,6;c) = 
J0

(_1) ’(~) ‘~~2~~i~
11 

~~~~~~~ 
G(y, 6;c) (A6)

where

= ~ (_1) I:(c)(.1,+1)E11 (6+1)Ic i 1 (Al)
i—O

and a~
t
~ - a(a+l)...(a+b-1) is the b-th ascending factorial of a.



Forniila (AS) can be written

L = ~ K(r,so,sr;h)O
hlYhh-0

with

lC(r,so,sr;h) = {G(so,sr;h) - h(h _ 1)G(s o, sr ;h_2) }/ (r+s o+sr+l) [hl . CAY)

(If c < 0, G(so,sr;E) can be defined arbitrarily.)

We note that

K(r,so,sr;O) = G(s0,s1.;0) = 1

so the first term on the right hand side of (A8) is 1.

We also note that

G(s ,O;h) — h!*11(s+l) = (_ l) hG(0 ,s;h) (AlO)

where
h1 - + ... ‘ ( 1)  ~ j ’r- . (All)

So, for censoring from below 
~~ 

0)

(r+s0+l)~~~lC(r ,s0,0;h) = h! {ij
~h (so+l) - ‘~

‘h-21~O 
— (_ 1) h$~h) (A12)

and for censoring fran above (s0 0)

(r+sr+l)~~
1K(r ,0 ,sr ;I1) = 5[h] 

• (A13)

For synmietrical censoring 
~~~~~ 

we have

fo if h is odd
G(s,s;h) — Iki [ki (A14)

~,(k+1) (s+1) if h 2k

Hence, for synmEtrical censoring

f o  if h is odd
(r+2s+l)~

’1K(r,s,s;h) rj~j (k] (AlS)
t (k+l)’ s if I~ = 2k.

,t_,. - -~ - — ..—.— — . - . 
~~~~~

- - .  -- -
~~~

.- - 

— —  -~~~~~ —~~~~~~ -~~~~ — ~~~~~~~~~~~~~ —. —- . —~~~ ~~~~ -— — ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
rn

~~~~~~~~~~ — - — ~~~~~~ _________________
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S~mmiarizing, we have the following expressions for the likelihood ratios:-

[h]
For detecting censor ing from below : L = ]

~ + ~ (_ l,)T 0 0h~ (A16)
h l (r+s0+l)~~

r 5(h]
above: L 1 + r 

[h]~~
’
~
’h (A17)

h=l(r+sr+l)

1k+P [kj [ki 21r (A~18)
syninetrical censoring: L = 1 + --

~~ 
‘ 

7zj~~
p 
~~2kk<r/2 (r+2s+l)

In each case large values of the statistic are to he regarded as signifi-

cant of censoring of the relevant type. Sane nunerical values for calculating

the coefficients of 0”Yh in (A16)-(Al8) are shown in Table 1.

P3. Manents of L.

From the general theory of test ing hypotheses, we have

E [LJH~~i~
] = 1 (5) ’

Under H~
1
~J~ the Z~’s are mutually independent and each is distributed

uniformly over the interval (-1 ,1) so, for all 0

~ 1 () if q is odd
= 

-1 ~A19)
~(q+i) if q is even •

It follows that for any h, h’ (i’ h)

E[YhIH~
1
~
] = 0 = I1[Yl~

Yh,IH~
’
~,1

and
var (Yh IH~~,) 

= E[Y~ H~J~~I = (~~) 
(.~ )

h 
=

Hence when using the statistics (Alo), (P17) testing for censoring fran

below or above = S~ Sr 0 or 
~ü 

Oj
~ 
S
r 

= s)

4

- --
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var(LIH~~) {
S~~~’ }

2
(r)(1 02)h (AZ1)

h=l (r+s+l)

while when testing for synmietrical censoring (SO Sr
SS)

var(LlH~~~) = y {k k ) ~~~5~~l
}
2

(2~)(4 82) 2k 
• (A22)

k�r/2 (r+2s+l)

Approxinate significance l imits for 14 may be obtained by st~ posing the

distribution under ~~~ is approximately normal.

A4. Alternative Tests.

Since

I
EEZ~IZ~1 = E [l-2XtIZ~J = f (l-2x~)[1 + 0Z~(l-2x1) }dx10

= -~~~ eZ~ (A23)

it follows that

E[X!IX~1 = .
~.[l - ~~(l -2X ~)]

= - -
~~
. e(l-ZX~) (A24)

Hence, the simplifi ed test statistic, L1, defined in (6) is, for our FQ~1

distribution and with o > 0

= + ~~
. e(2X,1-fl} 

(J
{~ - 4u(2X2r_ fh r  • (~\~5)

We note that if s0 (Sr) = 0 (and 0 > 0) ,  the critical region becomes

simply X2~
<(X2i>)X, with an appropriate value for the constant IC. This

would, of course, be the appropriate likelihood ratio test of the null, hypo-

thesis, with the alternative that X2 itself has been subjected to censoring

from above (below).

—
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in the case of syninet ri~. ~~‘i oruig (i~p=S~~5~~) p  the criti cal region

(for all s > 0) is of form

+ ~~
. o(2X2~-l)J{~

. - 
~ e(2X2,- ~ 1 > K (P26)

or equivalently

~ 
O2X21(l-X2~.) + ~~~ 0(~ - 

~~ 0) (X 21 + > K’. (P26)’

This can be compared with the critical regions

X2i (l
~X2r) (for syninetrical censoring)

X21 + (l~X2~.) (for genera l censoring - see Johnson (1971))

for likelihood ratio tests of II~~

The values in Table 1 suggest that useful tests might be constructed by

taking as test statistics the first terms only in the suninations in

(A16)-(A18). This would lead to critical regions (which do not depend on 8).

For censoring from be low: < C (P27)

“ above: > C . (P28)

syimnetricai censoring: > c .

Since Y1 ~~~~~ = ~~~1
(l.2X~~)~ (A27) and (A28) are equivalent to

~ X~. C’ (A27)’
j—l ~

~ X~. < C’ tA28)’
j =l J

respectively. (The signs of the inequalities would be reversed if 0 < 0.)

(~ t the null hypothesis Il~~ (no censoring) the ‘s are nvtually

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~ ~J:Ili .. J
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independent standard ~u* I form var jab ks. ‘IIwrc fore, cv~’n for r as smell

as 5, the distribution of their sun is closely approximated by a normal

distribution with expected value r and variance r (e.g. Johnson and

Kotz (1972, p. 64)). So we obtain an approximate significance level ~

by taking

c’ ~~r + Aa/~I~ 
in (P27)’

C1 =~~~r - A ~v’~~ in (A28)’

where 0(A ) — 1 - ct.

Fran (A20)

E[Y2IH(~~ i = 0; var(Y2III(~~) 
= ~~~r(r-l). (A30)

Assuning ‘
~2 

has an approximately normal distribution under H~
1
~1, we obtain

an approximate significance level ~ for the test for synmEtrical censoring

(A29) by taking 
______

C — A  /i(r-l)
z Y  18

The moments of the Yb’s under ~~~~~ may be evaluated by the following
O’ r

steps:-

(i) find the conditional expected value, given ~~~~, and

(ii) find the expected value of (i) when the joint distribution of the

is that of the (s~+1) -th , (s6+2)-th ,..., (s6+r)-th order statistics

anong (r+s~+s .) variables , each with PDF f1(x).

For (i) we use the result:

1
— J (l-2x)’4(l+0Z~(l-2x))dX0

= J 0(q+2)
1Z~ if q is Odd (A31)

~ (q+i) 4 if q is even (cf (A23) )

where Z !— 1 _ Z X ! .

‘I

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ J
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For (ii) we use the result (for ordered variables)

~‘ 
q. (1) 1 p 1

E [
•

TL
1
X1~• IH56,5

,J = 
[~Pq.] 

f l ( s6+h i + ~~q~-q~) . (A32)

(r+s~+s,~+l)

In fact , in view of (A31), and since, conditionally on ~~~~, the Z 2*~s are

niitually independent , we need only the special case q1 1 for all i ,

We find . 

{ l l ( s~+h1+i-1) }/(r+s~,+s~.+l)~~’ (A33)

E(Y1IH~P5,] — .
~~ ~~~~~~~~~~~~~~~~ 

-

s 0 ) E[l- 2X lhlH~~~S
,]

h’l •0 ’ r

r s ’+h
= .~O[r - 

2 ! + ?+ ir+il

- 
r(s~-s~) 

(AM )3(r+sk~+s~+IJ

In particular

‘

I 

E[Y1IH~~~] = - 3(r+s+1J 0 - _E [Yi IHcY~1 . (A35)

Next,

— ~~~~~~~~~ and ~~~~~~~~~~~~~~~~~ 
— ~~

. 02Z~~Z~~,

So 
E[Y 2~H~~~5IJ - 

~~82 
,UE l- 2 (X t~+X~~~) + 4Xtj Xt~~IH~~~ ,J

— ~.9 2 [(~) - 2
~~~,EEX lh+Xlh,IH~~ s ,J + 4

~~~,E[X lhXlh, IH~~~S ]]

Lii :1::ii 1i.~~~:i:.~~i~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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x , (s~+h) (sb+h’+l) 1 .

Performing the strinations (see, e.g. David and Johnson (1954, pp. 239-40)) we

obtain

r(r-l){(sb-sp2+sb+s
~
} 2E(Y2(H~,~5,J = — 

[2J (A36)
r l8(r+sb+s~

+l)

We can use (A30) together with

E[Z~~IX~1 ’ ~ ~~ - (for all X~3
) (A37)

to calculate the variance of Y1 (= ~~~~~
. Z~.) under ~~~~~~ We have) 3 SOp~r

= 
~ 1~[Z~~JEI~~ 51] + 2E[Y2~Hq~5,]r j— l 3 

~~ r 
S0, r

= 4 r + 

r(r-1) {(s~_s~.) 2;s~+s~~ ~2
9(r+s~+s +l)

and so, using (A28)

( ) r(r-l)((s’-s’)2+s’+s’} r2(s’—s’)2
var 11 , r + , 

- —
~~

- 0
0’ r 9(r +sb+s .+l) L

~
I 9 (r+ s~+s .+l)

— 4 r + 
t { ( r -1)(r + s~+s .+l) ( s~+s .) - (2r+s~+s.+l)(s~_sp

2) 
82

9(r+sb+s~.+l) 2 (r+s ’+s ’+Z)
(A38)

For censoring from below (s~~s, s~-0) or above (s~’0, ~~~ 
this gives

var(Y1IH~
1
~) var(Y1IH~~ ) -= 4 r + rs{(r-l)(r+s+l)-(2r+s+l)s} o2

9(r+s+l) (r+s+2)

— 4 r + rs~r(r -s~ - (s+l) 2} 
~2 , (A39)

9(r +s+l) (r+s+2)

L ~~~~~~~~ ~~~~~~~ ___________ - 
. -

-. ~~~~~~~~~~~~~~~~~ 
.
~ --. ~~~~~~~~~~~~~~~~~ ~~~~~~~~
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Note that as s ~ ~ (with r fixed)

EEY1IH~’~I -. - 4 rO; var(Y1~H~~ ) 
-. 4 r(i- 4 o~ .

Evaluation of variance of Y2, expected values of 
~h (h > 2) and higher

mciu~nts and product-moments of all Y’s, tmder HIPS, requires evalua
tion

SO~~r
of quantities

r - l  r p
(T (r ,s6,s )L)T — ~ E[ 11 Z~. IH~~~~11p p 

~l
< ”<

~ 
i— l •1i 0’ r

r-p+l r p
— ... ~ E[ TI (l

~
ZX1h )I~~P51]

h1
( ...<h~ i 1  i 0’ r

r- +l r p-u+l u
— ... ~ (...2)U ~ ... Er TI X~~ i’-’~P5,i

‘I h1<...<h~ u 0  i1<•~ • <1u a—i i 0’ r

P r i  r-p+]. r
— )~ 

(_Z)U{(r+s~+s~+l)tUi)~
l ) ...

u—tI

fi (s~+h1 ‘ct-i) 
(A40)

ll
< • s • <I 1p=l

(The term corresponding to u = 0 is 1. The final multiple sun of products

can be expressed as a polynomial in and r with coefficients calculated fran

tables like those in I)avid and Johnson (1954, pp. 239-240).) For exançle

EEY1Y2IH~P ,i

— E[( 
~ 

Z~ )(~ ~i—i j j  ~~~ 0’ r

r-i r r-2 r-l r
a f~( ~ ~ ~~~~~~~~~~~~~ + 3 

~ ~~~

— 0 ~ •
~~~ E(Z!j+Zt~i IH ~~ 5sI + 

~~3r~ ~~~~~~~~~~~~~~~~~~~~~~

— ~~ 0(r-l)T1 
+ 

~~
. 0113 

(A41)

_ _ _ _ _ _ _ _  

_
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and

E(Y2 IH~~ , jSO~~r

r-1 r r-2 r-l r
— 

~ I ,ELZ~~Z~~, I H ~~~511 + 2 ~

r-3 r-2 r-1 r
+ 6 ~ ~ ~~~~~~~~~~~~~~~~~j < 3 ’< 3”<) ” 3 3 3 0’ r

r-l r 2 r-2 r-l r (1)
— + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4 r-3 r-2 r-l r
+ T I ~~

, ~~~~~~~~~~~~~~~~~~~~~~~~~~

— 
T(~~~) + ~~~~~~~ (r-2)T2 + ~~~~ 14 . 

(A42) 

~~~~-~~~~~——~~~~-~~~
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TABLE I. Values of (r+su+sr+l)
[hl lc(r,sOsr;h)

s0 s~. h 1 2 3  4 5 6

0 1 1 2 6 24 120 720

0 2 2 6 24 120 720 5040

1 1 0 2 0 24 0 720

0 3 3 U 60 360 2520 20160

1 2 1 4 12 72 360 2880

0 4 4 20 120 840 6720 60480

1 3 2 8 36 216 1440 11520

2 2  0 4 0 72 0 2880
- — -ta t~~~~~~ s = ~~~~~~~~ -

Note: (1) To obtain the coefficien t of in the formula for L (see (li))

these nunbers must be divided by (r4sü+s~
+l)”

~
. Thus for r = 5, S0 = 1,

s5 2w e have

L = 1 + ~8Y1 
+ -

~~~~
- 02Y2 

+ 

~~~~~~~

. 

~
3
~3 

+ 
72 

+ 
l~~ 4O ~

5
~S

= i + 0.llleY1 + 0.04448~Y2 + 0.0l2l03Y3 + 0.0060684Y4 + O.0023385Y5

(ii) Values of s0 and s1. can be interchanged by nultiplying entries
by (-l)~’.

I (iii) A convenient formula for computation is (with 5r > 
~~

~‘J (s -s0) Ui2 1]
G(so,sr;h) hI~~ -~ • ___________

In particular, G(s,s+1;h) = h! ~~~~~~~~~~ , whence

÷1 [ki [h-k] [k](r+2s+2)1’1K(r,s,s+l;h) = hI- (~—~-~ — =  (k+l) (s+l)

with (4(h-1) if h is odd
k — 1 it7 h if Ii i~, cvcn . 

—

_ _ _ _
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