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INTRODUCTION

Until about 1950’s, the statistical inference problems were

primarily formulated as problems of the estimation of parameters

and tests of hypotheses. Estimation problems, in general , are

decision problems with infinitely many actions whereas hypotheses

testi ng problems are two actions problems. For problems of comparing

k populations (k > 2) usually, more than 2 actions should be

considered. Thus it Is not quite realistic to treat them only

as hypotheses testing problems. The classic tests of homogeneity

were found to be Inadequate In two respects. First, the formulation

is not designed to answer many questions which are of real Interest

to the experimenter. Second, we almost always reject the null

hypothesis which says all the par~neters are equal if enough data

are collected. To eliminate the shortcomings, one should

formulate the problems as multiple decision problems. I4osteller

(1948), Paulson (1949), Bahadur (1950) and Bahadur and Robbins

(1950) were among the earlier researchers to do so, thus laying

the groundwork for the investigation of selection and ranking

procedures.

‘Indifference zone’ approach, proposed by Bechhofer (1954)

is one of the two basic formulations for ranking and selection )X 
~ :~fon D

problems. In this approach, a single population (or a fixed JSi~’L~
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size of populations) Is selected and Is guaranteed to be the one of

interest wi th probability ~* if the parameters lie outside some

subset, the zone of indifference. Another basic formulation, which

is due to Gupta (1956, 1963, 1965), is the ‘subset selection’ approach.

In thi s approach, one wishes to select a subset which contains the

population (or populations) of Interest with a minimum probability

P* over the whole parameter space. The size of the selected subset

depends on the outcome of the experiment and is not fixed in

advance. Using these two approaches , a large number of contributions

have been made. A complete bibliography can be found in a forthcom-

Ing monograph of Gupta and Panchapakesan (1979).

Bayes approach for selection and ranking problems has also

been considered. Recent contributions made in this framework are

Hsu (1 977) , Gupta and Hsu (1 978) ,  Niescke (1978) and KIm (1919).

Bayesian analysis is attractive if a prior distribution for the

unknown parameters can be specified exactly. However, it is

often that one can only have partial prior information. In this

case, the prior is restricted in some sub-class r of all prior

distributions . The r-minimax cri terion then requires the use of

decisions which minimize the maximum Bayes risk over r. Such a

principle has been used in multiple decision problems by Randles

and Holland (1971), Gup ta and Huang (1975, 1977) , Berger (1977),

• Miescke (1979 ) and Kim (1979). The first two chapters In this

thesis are related to r-minlmax rules .

There are situations where a statistical decision problem

occurs repeatedly and Independently. Then frequently, empirical

• 
- 

• -
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Bayes approach becomes appropriate for consideration. In this

approach , one assumes no prior information about the parameters

except for the existence of a prior distribution t. By use of

this empirical Bayes approach, one can then guarantee that the rules

one uses are almost as good as the Bayes rule with respect to r for

large samples. Empirical Bayes rules for multiple decision problems

have been derived by Deely (1965), Van Ryzln (1970), Huang (1975).

Van Ryzin and Susarla (1977) and Singh (1977).

Besides the comparison of k populations among themselves,

sometimes, in practice, one wishes to compare them with a control

population (or a standard population). There are many situations

where one wants to select populations better than a control . But

there are other cases where one is interes ted In  se lecting

populations close to a control . Contributions related to these

topics can be found in Chapter 20 of Gupta and Panchapakesan

(1979).

In this thesis, some results about the r-minimax rules and

empirica l Bayes rules have been obtained . In Chapter I, a problem

of selecting populations close to a control is considered . Under

the assumption that populations are normally distri buted, our goal

is to select the ‘good ’ populations . A ‘0-1 ’ type loss is

introduced. When the control parameter is known, we derive a

r-mlnimax rule. When it is unknown, a restricted r-minimax rule

L ~. is derived. We also find Bayes rules and minimax rules for the

unknown parameter case. A comparison among these three rules is

made. For r-minimax rules , we show some optimal properties and 

~~ ;~ .:i~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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some general distributions for which r-minimax rules can be found .

The problem of selecting the t-best populations is discussed

in Chapter II. It is shown that If the populations have PF2
densities, then the natural selection rule - which selects the

populations wi th the largest t sample values - is a r-minimax rule.

This resul t has also been extended to the case where the populations

are not necessarily independent. Also , by a simultaneous selection

of the t-best. population s for all 1 ~ t < k-1, a r-mlnimax rule

for the complete ranking of k populations Is derived.

Chapter Ill deals with a problem of selecting populations which

are ‘better ’ than a control. Under a linear loss, we der ive a
sequence of empirical Bayes rules for uniformly distributed

populations. When the priors are assumed to have bounded

supports, empirical Bayes rules are obtained for more general

distributions . Based on Monte Carlo studies, tables are computed

for the smalles t sample size required for the empirical Bayes rules

to be ‘clo se ’ to the true Bayes rules.

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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CHAPTER 1

r-MINIMAx PROCEDURE FOR SELECTING

POPULATIONS CLOSE TO A CONTROL

1.1 Introduction

Problems of selecting populations close to a control arise frequent-

• ly in inductrial production such as to match parts or to imi tate some

• popular goods in the market. This may be the first step for quality con-

trol , since after knowing the “good” populations , we may find ways to

improve production so that all products are “exactly” alike to a fairly

good degree Of precision. Thus the selection problem Is interesting and

challenging.

Many authors have considered the problem of comparing populations

• with a control under different types of formulations. Paulson (1952),

Bechhofer and Turnbull (1974) discussed problems of selecting the best

population if the best population is better than the control. Dunnett

(1955), Gupta and Sobel (1958) considered the problem of selecti ng a

subset containing all populations better than the control. Lehmann (1961),

Randles and Hollander (1971) dealt with the problem of selecting popula-

tions better than a control. Bhattacharyya (1956, 1958), Tong (1969),

Seeger (1972), Huang (1975), and Kim (1979) have considered partitioning

a set of populations with respect to a control. Non-parametric procedures

related to some aspect of the problem have been studied by Rizvi , Sobel

and Woodworth (1968), Purl and Purl (1969). However, very few papers

I L~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~—-. -
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have been devoted to the discussion of selecting populations close to a

control . A. K. SIngh (1977) considered this problem and derived Bayes

rules and empirical Bayes rules for Poisson, Geometric and Binomial

populations. Except In rare situations , information concerning the prior

distribution of a parameter is likely to be incomplete. Hence the use

of Bayes rules is hard to justify. The use of partial or incomplete

prior i nformation in statistical inference has led to the development of

the ‘so-called’ r-m inima x criterion , a term initially employed by Blum

and Rosenblatt (1967). The original idea of r—minimaxlty Is due to

Robbins (195l). To be more precise, although we may not know the prior

distribution completely we may have enough information to specify that

the prior Is a member of a subset I’ of the class of all priors.

r-m inimax criterion then requires one to use the decision rule which

minimizes the maximum expected risk over F. It Is interesting to note

that if F contains only a single prior, then the r—minima x rule is

just the Bayes rule for that prior. At the other extreme, when r con-

sists of all priors, the r-minimax rule reduces to the minimax rule. In

this chapter, we will consider the r-minima x decision rule for selecting

popula tions close to a control an d compare it with the Bayes rule an d the

r~i nIm a x ru le. In so doing, it will be shown how good these rules are.

In Section 1.2, definitions and notations used in this chapter are

introduced , and a decision-theoretic formulation Of the problem is given . F-

In Section 1.3 and Section 1.4, we derive a r-minimax decision rule

for both cases when the control parameter O~ Is known and when it is

unknown. It should be pointed out that Randles and Hollander (1971 )

considered a F-minimax procedure for selecting populations better than

I
..\ 
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a control. When &.~ is unknown; they applied the Hunt-Stein theorem to

prove the r-minimaxlty of their rules for the component problem. However,

the proof given by them does not justify that the r-minimax rule of the
• . component problem wi l l  give us a F-ininimax rule for the whole problem.

Miesche (1979) gave another technique which can be applied to our problem

to solve for the r-minima x rule when e~ is unknown; this is done In

Section 1.4.

In SectIon 1.5 some optimal properties of r-minimax rules are found.

In Section 1.6, we generalize the results of Section 1.3 and 1.4, and
derIve F-minimax rules for some more general distributions besides the -

•

normal. A F-minimax rule for selecting the populations with large

- 

• entropy is given as an example. In Section 1.7, under the assumption
that the prior distributions are N(aj, 81

2), we find the Bayes rules

and we also find the minimax rules. These rules and the r-minimax rules

found in Section 1.4 are compared in Section 1.8 in terms of the Bayes

r isk, the max imum risk over F and the overall maximum risk for all

possible choices of the prior distributions.

Numerical tables are given for selected values of variables for

comparison of these rules. Finally, in Section l.9,we g ive an exampl e
In which we apply the optimal selection rules. Conclusion about the

* robustness of each rule discussed In this chapter are also given in

Section 1.9.

1.2 Notation and formulation of the problem

Let U0, 
~1’~

•
~ ’

11k be (k+1) independent normal populations with

“~~~~~~“~~ 

~
0, el.....ok and coimnon known variance ~

2, respectively.

—
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~o 
is the control population, the other populations are defined as

good or bad by

Definition 1.2.1. Let A > 0, c > 0 be two given numbers, then 
*

• (1) Population !T~ is good 1ff 
~
o
~-e~( ~

(it) Population 111 Is bad 1ff I0~~
0
~1 ~ A 

+ C.

Note that we do not define fl.1 as good or bad if A < IO .~-0~I < A + c ,

which allows us to regard it as an indifference zone between good and

bad populations. Throughout this chapter, A and c will be assumed

given and fixed. We are interested In selecting as many as possible

good populations, and rejecting as many as possible the bad ones. We

formulate this problem in the framework of multiple decision theory.

Let

{o~ (O O.B1~
....0k) I —

~~~~ <o ~ < ~ f or  all I

if 00 is unknown
= parame ter space =

~~ ~ 1’ ”’~k~ 
( -

~~~~ 
< e~< ~ f o r  all  I =

If is known

Let 
~~~~ ~ ~ I Ie~-o~I ~ A), BB(i) = 

~ J 1o 1—o,, I ~~ A + ~~~~~.

Let X.~1, X 1~,..., X1,~ be the observations from 111 (0 ~ i < k). Since
= 

~~ 
is the sufficient statistic for O~ and are

independently normally distributed with means 0,.~, 0~,..., 0,. and
2 “ ‘

common known variance ( = 
~~~~

- ), so without loss of generality (wlog)

~~~~

~~~~~~~~~~~~~ ~~~~~~~ :~T~T1
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we can assume that there is only one observation X1 from each population

* 

1I
~
. Then

x1 ~~~~~~ I 
— ~~~ 

(x_e~)
2

• v~~~ O

and

(X Q X1,. ..,Xk) for 00 unknown

(X l,...,Xk) for 00 known.

The sample space X is defined as follows:

( ~ 
= (xo,x1,...,xk ) j  -

~~~ 
< x1 

.
~ for all i~O,1,...k}

if 00 Is unknown

(x1....,~~) -~~ < for all 1=1 ,...,k }

if 00 is known.

Let (X ,~) be the usual Lebesque-measurable space. Let

D (6 (
~~
,. * ,s~) I : X • (0,1] is a measurable function,

for a l l l~~~I� k } .

Then D is the set of all selection rules and 6
~
(x) is the probability

of selecting IL~ when we observe ~ 
=

Let L1 denote the loss incurred when we fall to select a good popula-

: tion and 1.2 the loss for each bad population selected. We define the

loss L(e,6) of using selection rule 4 when 0 is the true state

of parameter as follows:

_ _ _  - -~____
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Definition 1.2.2. L(Q,~(~ ) )  = Z L~

1
~ ~~~~~~~1=1

if 
~~~~~~~• where L(i)(0 6 (X)) = 12 61(x) if 0 E 9 8 ( i )

0 otherwi se .

(1.2.1)

Finally, we will assume that our partial information is that 111 has

probability A 1 to be good and probability A~ to be bad. Also, A1
and A are known to us with 0 � A .1. Aj & A~ + A~ ~ 1.

Definition 1.2.3. F = {r  I t is a prior distribution on e &

= A1, P
~I~ 8 ( 1)] = A~ , for all O�i~k}

(1.2.2)

One can see that r is the class of all possible prior distributions on

~ which sumarizes our information about 0O’6l’••
~
’0k• Let P denote

the Lebesque-Stieljes measure corresponding to r, then for any Lebesque-

measurable set A ce, PT(A] JA dt(O).

Definition 1.2.4. For all t E r and ~ E D, we define
r(t,6) E

~
(R(e,6)]

where 
~ 

is a random variable distributed as r(Q) and R(o,ó) =

IC 0,6(X)]. *

A ru le 4~ 
E D is said to be a r-minimax rule 1ff

sup r(T,6*) = inf sup r(r,’S).
iEF 4ED tEF

_ _ _ _ _ _ _ _ _ _ _  
~~~~~- • - * - - -
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Definition 1.2.5. For any 1 (1 ~ i ~ k), the I component

problem is to treat the above problem as if we only pay for the loss for

( • wrong decision about l1~. Hence, the i~~ - component problem is only

concerned with (e,{S1(x)}, ~~~~ Similarly, we will use

R~~ (o,61 ) = E
2

[ L~~~(Q,61(X)] and r~
1
~(r ,61

) = E1(R~
1
~(e,~1 ) ]  to

denote the risk of i~~ - component problem . We see tha t
k ,~~~ k ,~~~R(0 ,4) = ~ R’’ ’ (e ,&1) and r(r,~) = E r’’’(r,64). This suggests I ‘1=1 1=1 ththat in order to find the F-minimax rule, we may treat the I— -

component problem separately. In the next sec tion , a r-minimax rule
Is derived for the case when 00 is known.

* 
1.3 Derivation of a r-minimax rule when 00 is known

In this sectIon, 00 is treated as known. We consider the ~~ —

component problem first.

Lenina 1.3.1. Let ~S~(~ ) be an i~~ - component decision rule, if
= E6 . o +A(6 1(X)] =

and

~~ Jl) 
E(6~(~)] Eo1l.e0+A+€ (6i(~

)] = Ee1=o0_A_ e [61(
~
)]

(1.3.1)

then for

r0( 1) = (iE r~ P~[ej~eo+A] + P
~
[0j *0o

_A] = A 1

and P~(ej .eo+A+e] + PT[0$ =Oo
_
~

_e] *

we have
sup r~~ ( r ,61 ) r~~ (t0161 ) f o r  all E r0(i).
•tE F
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Proof: y PEr,

r~’~ ( r .6~) = 

~~~~ 
Ee(Li (l~

6j(X)] dtsQ)

+ 168( 1) EQ(12 6~(~)] dr(O)

- L1A 1 (inf E
Q(61(X ) ]) + L2A~( SUP EQ(61 (X)))

= 11A 1 - L1PT (0. = 80 + A] Eo*o ÷A(dj(X ) ]

- L1P1 [e1=o0~A) Eo * e _A [61 (x )]

~ I + L2P~ (0
~~

6o+A+c) Ee 9 + A + C (61(X)]

+ L2P~ [O j =60_A_ c) EB A c  (6~(~ )]

= Ie c(1) EQ [L1 (l-6 1(X )) ]  dt 0(e-) + 16 (1) E0(L261(x)] dt0(O)

— (1) ,- r

The following lemma has been widely used to solve for the r-min$max

rule. It is stated here without proof.

Lemma 1.3.2. (Randles and Hollander (1971))

If there exists a prior distribution T* E r such tha t the Bayes rule
r

() for the 1-~ - component problem wrt T* satisfies

- ---•—-- - ——---——-•-• - - - - — -
*

•~- - • -• •~~~~- 
~~~~~~~~~~~~~~

- 
-
. 

- - • 
• 

- -
~ - - - -- ,

~~~~~~ 
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~ 

r~
’
~ (r ,6;) r(11 (t* o;) for all i l ,2,...,k,

then 4~’ 
(6~,... ,6~) is a F-mlnjmax decision rule.

• Combining Lemma 1.3.1 and Lemma 1.3.2, we get the following

theorem:

Theorem 1.3.1. If for i l ,2 ...,k, 6~’(~ ) is a Bayes rule for the

- component problem wrt the same prior distribution T* E (
~ r0(i)

* 
1~land assume that satisfies (1.3.1 ), then = ~~~~~~~~~ is a

F-mininw x rule.

Proof: Since E r0(i) for all I, hence by Lemma 1.3.1,

(1.3.1) ~~ sup r
( i )  

(r,ô~) = r~
1
~ (T

*,6~) for all 1.

Then by Lemma 1.3.2,

6* (6~,...,&) is a r—minimax rule.

Remark: For Lenuna 1.1.2 and Theorem 1.3.1 to hold , we do not need

- . to assume that the populations are normally distributed. But to satisfy

condition (1.3.1), we will restrict ourselves to normal populations

from now on. Some results for general distributions wil l be discussed

In Section 1.6.

To verify (1.3.1), some tools which transfer the ~~notonicity of

functions on )C to the nonotonicity of function on o are needed. We

quote some definitions and theorems from Karlin (1968).
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Definition 1.3.1. X - f0(x) is Said to be TP~ (Totally Positive of
order n) 1ff for any < < < 0n’ ~1 < < < x Ip~, We
have

~ (:~:::~) . 
. f ( s ) 

[

m 

~
0m~~

l) •

for all I < m <  n.

DE finition 1.3.2. If )C - f0(x) is TP,,~ for all n 1,2,..., then
X is said to be IP (Totally Positive).

Lemma 1.3.3. If f0(x) a(8) b(x) e~~
0)8(

~), where a(o) > 0,
b(x) > 0, and u(O), 0(x) are increasing functions, then f0(x) is
TP.

Definition 1.3.3. For any real-valued function h, let S(h) denote
the number of sign changes of h; we define S(h) n 1ff there exist

< x2 < ... < x
~+1 such that either

(_1)J+1 h(x~) > 0 v j * 1,2,... ,n+l

or
(_ 1) J h(x~) > 0 b’ j = l ,2,...,n+l ,

but for any < < < the above two inequalities do not
hold.

- 

- .• -~~T~7Z-~~~~~~~ 
;

~ ~~~~~~~~~~~~~~~~~ —~-—~~~-
--
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Theorem 1.3.2. (Karlin) Variation DimInishing- Property

If X — f0(x) is TP~ and h is a piecewise-continuous function. Let

g (e) E0[h(X) ) ,  then
S(h) ~ n - 1 ~~ S( g) ~ S(h).

Furthermore, if S(g) S(h) n - 1, then g and h change signs in

the same order.

Coroflary 1.3.1. If h(x) I~ b](X) where I Is the indicator

function and X - f0(x) a(e) b(x) e~~
0)8(*) with ~(e), ~(x)

increasing in o, x, respectively, then if g(o) ~0(h( X) ) and
g(e0+o) = g(e0-e) for some e

~
, we have g is increasing for 0 < 00

and decreasing for 0 00.

Proof: X TP (by Lemma 1.3.3) ~~ X Is TP3.
Now, for 0 < c < l , let

h
~
(x) h(x) — c and g

~
(e) * g(e) - c,

then

E0(h
~

(X) ]  • g~(e).

Since S(h
~

) 2 ~ 3 - 1 , we get S(g
~
) ~ 2 (by Theorem 1.3 2)

V 0 c c c 1. Now, if g is not increasing for 0 < Oo, then there

exIs ts 01 
( 02 < 00 end > g(e2). Let

— °l and 0~ * 2e~ 
-

we get

9(01) g(e1 ) and g(e~) 9(02), but o~ < eç.
Now let

c0 ~ 
(g(e

~
) + 9(02)), then 0 < C

0 
< 1. 

—.—-----—. — I. . 
• .~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~
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f Co ~ ~~g(e~ ) +

Figure 1. Number of si gn changes of function g.

As we can see , S(g
~~

) ~ 2 > S(g
~0

) = 2. But then by Theorem 1.3.2 ,
should change sign in the same order as h

~ 
does, whlch Is not

true for and h
~
. This completes the proof.

Remark: For Corollary 1.3.1 to hold, we only need X to be TP3. But
since we wi ll consider the distributions which are mainly TP, so we
have this stronger assumption Included.

Corollary 1.3.2. Let X — N(0 ,a2). If
6(x) 1[-t +o0, t+00]

(X ) for some t > 0, and g(o) E0(6(x)],
then we have

g(o) Is increasing for 0 < 00 and

g( o) is decreasing for 0 > 00.

Proof: Let Z - N(0 ,a2), then Z - -Z.
Now,

= Pr(-t + $ � - Z ~~ t + e )

= P r (_ t + o � Z
~~~

t + o ]

- 0)

- ~~~~~~~~~ .- - — ~~~~~~~~~~ - - -  - - ~~~-

4 ~ 
~~~~~~~~~~~~~~~~~~~~ ‘~ -~~ -~-~~— ~~~~~ —_a..
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then by Corollary 1.3.1 , we proied g(0) is increasing for 0 
~
. 00 and

decreasing for 0 00. ThIs completes the proof.
• 1 ~

Note that Corollary 1.3.2. is important for us to Justify condition

(1.3.1). Now, we turn to the main theorem of this section .

Theorem 1.3.3. Let - N(0 1,o2 ) for I • l,2,... ,k be independent

random variable with ~2 known. If ~ (6 ,... ,6 )  where

• 6 (x1 ) 1~-~ + 00, eo + t~~ 
(x1)

and +t~, are determined by the equation

L2A ( ~( ~i’A~c 
~ 

t i-A-c

• L 1~ 1 (4’( •—
~

—-- ) +~~( ...L~ ) j  , (1 3 2)

then ~ is a r-minima x rule.

Proof: We define i~~~ to be the prior in F such that 01’02’ •~
•’0 k

are Independent and satisfy

P1.(0j .0 o _ A _ c ] . P
~*(O j a 0 0 + A + c ] • T

PT e(Oi • 00 - A] p
T*(~~i 

0
~ 

+ A) •

p,
~~
e1 5e

0 + A +
~~~~

* l  A 1 -A ; ,

for all i • l ,2 , . . . , k. Then i t is eas i ly seen that t~~~ E ~ r0( 1 ).
i—i

Now, let
k

fQ
(~) • 1 1 f

01
(x 1)

— - ,r~~~~~~~~~~~ i~~~ — - -  ~~~~~~—~~~~-- — — - r
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V 

where

• ~ ( 
xi-eI 

~~~
,

then we have

~~~ ( r * ,151 ) 
~ J,~ 

L~
0(Q,61(x)) fQ(~) dx dT

*(Q)

1101-O0kA JX 
Ll(1-6 i(~

)) f~~~) d~ dt*(Q)

+ 

JIO 1-001 �A+c JX 12 6~(~) f0(~~ d~ d~t*(Q)

J~ 
L~(l-6~(~)) E 1 (~) P *(e) d~QE(01 00—A } 

Q —

+ J L~(l.- 6~(~)) E f9(x) P
~*(8) 

dx
X

+ 

~ 
L261(x) E f0(~) P ~(e) dx

T - -

+ 

IX ~
26i P1~

(o) dx.

Now we may notice that

E f0(~~ P~*(o) E f (~) P ~(e)
V QE{0tm00—A } - 

- 

QE(o1—00+A1 ~ 
t

f80+A(x i) 
~~~~~

.

f (x) P (0) E f (
~ ) P

0 ~~{01•00+A+c} 
Q T-

2 ~00+A~~~i~ T

Any of the above four expressions is denoted by

Hence,

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  
F -I

• ~~~~~~ ~~~~—
—

~~~-
——•-- .--•• • •- --V —
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~t. 
~~~~~~~ 

+

F- . 

L1(1- 61(x)) “0 + ~
(
~1
) + 1261(x) 

~~~~
- f00

_A_t (x i)

+ L261 (x ) 
~~~~

- fO +A+~
(x I)) c(x l ,...,xi l~

xi+l,...,xk) dx

• lxii lI. ,Xi~lI* i+l,.~~
,X k ) (fo0~A (xi) + f00+A (xi)) ~~~~

- dx

+ J X {
_.?2J [f e0~A~c

(x 1) + fe + ~~~
(x j )] - ~5! [f e A (x i)~~e+A

(x i )]
~

• 61 (x)  • C( X
l~~
...

~
X j .ll X

i+l~~
...,X

k
) dx .

Thus, we find that the Bayes rule is given by

1 If L2A [ f 9 _A_ c (*i ) 
+ fe +A+c i 1Ll)~1~ ’e _A (x I)4f e 4~(x 1 ))0 0 0 0

[0 if L2A;(fO _A_C (x 1)+fO +A+C (x l)] >L1A I[fe_ A (x j)+f$,A (x j)).

(1.3.3)

Let
L2A~ (f0 -A-c~’~i~ 

+ f0 +A+c~~1~~
~ 1l~’i 

V00_A~~t
) + 

~90+A tX i)T

- __i
2~ (A+c )2[ 

— 
—1~.(x 1-0 )(A+c) .5(xj_0o)(A+c)]12A 1 e 2a e a +e°• 

~~~~ 
e 

~~~~A2 

[
~~~~~~~ 0O)tt 

e 
3
~

(X i e
o)&j

i - k  

~~~~~~~~ • -~~~-• - -V - -•. - • -  - - - -
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• ~?±! e 2~T (2A+c)c cosh[T (xi
_o
o)(A+c)JL1A 1 cosh[-4.(xI..eO)AJ 

—

Since cosh(y) • cosh(-y), we see that

h1(00+x 1) h1(O0~~1). (1.3.4)

Moreover, Cosh ax 
~~ b Sinh[(a~b) x]

Hence, for a b ‘ 0, _~~~~~ is decreasing for x < 0 and Increasingif x > 0. This shows tha t h1(~1) Is decreasing for X
1 < 0 0 andincreasing for x 1 > 

~0• Hence It follows that h1(x 1) I• / has two S0J~t1~n~, ~ t~ + 00. Then, from (1.3.3),
Ii if h(x )~~~l= 6(x~) I
L 0 If h(x1 ) I

11 if-t
• 1 

by (1.3.4)• 
V 

0 Otherwise
and t1’s SatIsfy (1.3.2).
Fina lly, let g(o 1) = EA [6~(x 1)], then from Corollary 1.3.2,I/i
g(01+o0) = 9(oo.e~) and g Is Increasing for 0~ c 00 and decreasingfor o.~ > e~. This proves that

inf g(00+A) a

~~eG ( I )  

•
and

sup g(et) 9(00+frtt) S 9(0o .6c),

• --
~~~~~~_ _ • ~~~ iI1~I~~~ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



______- 

21

i.e., condition (1.3.1) is satisfied. Now, Theorem 1.3.1. shows that

• (6 ,... ,6~) is a r-minimax decision rule. This completes the

proof.

Note that it may happen (1.3.2) does not have a solution for some
A i, A , A , c. In this case, the r-minima x rule implies that all popula-

tions are bad.

The solutions t 1 depend on A1 and A .~ only through their
ratio v1 A .1/ A (see (1.3.2)), hence 6~ is actually a r-minimax

V 
rule for I’ = (11 PT(8G( l ) )  I P1(a8(1)) = v1, for I •

1.4 Derivation of a restricted r-minlmax rule when 00 is unknown

In this section, 00 will be treated as an unknown parameter. As
mentioned in Section 1.2, s. X , and X will include one more component
and one observation is taken from J1~.

DefinItion 1.4.). Let Dl ç 0 be the class of rules such that the

decision rule depends only on and X1, I.e.,

~ ~ l’~”’
6k~ 

E 0 I 
~i 

= 61 (x 0,x1) V 1 � I ~ k).

(1.4.1)

We derive a F-minlmax rule in the class D
~
. The problem whether

our rule Is also r-minlmax in D when 00 is unknown is not solved.

Ferguson (1967, P. 90) gives two theorems to provide solutions for

• the minimax rule. Lemma 1.3.2. is similar to his Theorem 1 to solve for

a r-ininimax rule, and the following lemma (due to Mtescke) is similar

to Ferguson ’s Theorem 2.
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Len,na 1.4.1. (Miescke) If (~~ Erç 1 is a sequence of priors and
is a sequence of Bayes rules corresponding to for the

- component problem for all i = 1 ,2,... ,k, then • (6~ ,.. .
is a F-minimax rule iff

u r n  inf r~~~(t ,S~ ) > sup r
~~ (T ,6?) for all I =

‘~ “

(1.4.2)

Proof: Let 
~ 

(61~
...,6k) be any selection rule. Then

k
sup r (t,~ ) = sup ~ r(1’)(t,~~)1(1’ rEr i~l

k ~~ k ,~~~ sup z r’’’(t ~&~) ~ sup E r’’’(r ,5~ )r~~4 i=l n r~~)4 j=l n n

k ,~~ k
> u r n  inf E r’’’(t ~q E Jim inf r’’’(t~,6~’ )1=1 n n 

,~~ ,_

? sup z ~~~~~~~~ = sup r ( r , 6 °)TEl’ i=) TEl’
ThIs proves 60 is a r-mintma x rule.

p
To use the preceeding lemma, we need to find a sequence of priors

and their rules so that (1.4.2) holds . Now, each prior distribution
r on e~ Xe 1 x • ..  X

~~k 
can be specified by the marginal distribution

T0 on 
~o 

and the conditiona l distribution 
‘
~
‘
~~ 

°~~ 

~l X ... xe k0given 00 00. We will use T (T00~0 ) to denote such prior
0distributions. Let

(T~,w~~)
where

~~~~~ 

~~~
-
~ -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ 

- -
~~. ~~~—~~~~

- - V  —
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• (1) Tn is the marginal distribution on which Is assumed to
• be uniform over [-n,nJ.

( if )  Given 00 00, i.e., under ~ , 0l’•~
•’0 k are independent

0
and

P~ [0~ 
= 6~- A - 

~ leo) - P~ 0 [e~ 
1 + A + c~ 0~

] =
0 0

A
~~ 

[e~ = 0~ 
- A I oo] = P~•~ [o~ = 00 

+ A f 0 0] 
1

0

P
~ [ei 0

~~~~~
+
~~~i 0~

) 1 - A 1 - A .

We will also use the notation to denote the conditional marginal
0

distribution of a. under
1 0

Lenina 1.4.2. Let be defined as above, then under the loss function

as defined by (1.2.1), the Bayes rule in the class D1 wrt for the

- component problem is

1 1ff AfL2 J [f O +A+ (xi )+fO A (x l)]fO (x O)deO

61~ (x0~x1) 

~~ 0 

~ X111 J_~~ 00+ A i 0 0- A 1 e 0 O 0

(1.4.3)

where f0(x ) 
~ 
•( ~~ ).

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Proof: r
~~

(r
fl~
6i )=i [fi O O I A Ll (1

~
E( O O ) [6i (X ,X )fldw 1(O)

~Jle~-e0I >A+c L2E(e e )[6i (xo~
xi )1dW

1(ei)} dT~(e0) . -

= i iJ [2 l~ i (Xo~
xi fo+A (Xi) +

+ 
~~~~~ 

L 2 6 i (
~~,x j )[f e + A ~~(x j ) + 

~e0-A-c~ i)J} dln(00)dx j dx0

= rSJn~~ 
L1ff0 +A (X

i ) 
+ fO A (x i)]fe (xO) dlñ(00)dxidx0

+ 

ii6i (x
~
,xi) [~ J~

[f (x ) +

- 

A 1L1 
j
~n

60~~~~ 
+ fe A (x i )Jfe (x o)~~doo}dx dx

Hence, the Bayes rule is as shown in (1.4.3). r
Now we find the Bayes ri sk of ~~ wrt r,1 is

r( (Tn ,6?fl)=J~~~~~[l_ 6~fl
(x O,xi ))

A
~~hJ

fl
[fO+A (x i )+fO A (x i ))fO (x O)dT (OO)

+ 5~~(x0~x1) .
~
.
~

.
~

J’fl
fl

f f O +A+ (x i)ff O A (x i)]f (x O )dT (O )}dx dx

co A L  ~fl
= JJ0min[~41 J~ 

tf 00+A (X i) O0~A
(*i)]fO0

(
~
cO)dTn(0O) ‘ 

V

~~
.
~I [f (x )+f (x )]f (x )dT (e)} dx 1dx0 .
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If we consider the change of variables { X 1 = fly1 + y0
x0 ny1 -y 0

of the two outside integrals, then change e
~ 

= - for the
-

inside integral . Since = 2n and f9 (x) f0(x-o) ,

we get

‘1 x . L 1 n(y1+1)r’ ~~ n~
6 in) 

f 
f mm {—~- — f

—~~~ -
~~~ n(y1— 1)

• f0(~0-y0) d~0,

A ’L n(y +1)2 
‘n(y~-l )

[O (YO r)O A c ) O (YO nO )1 O&~O YO ) n O Yl YO

~ 1 x .L n(y.+l )
> f f min(—~ - j 1

-
~~~ -1 n(y1-l)

V x~L n(y .+l)
~~~ j )

[O (YO TIO ) O (YO flQ )]
O(O YO) O Y1 YOfly1- (1.4.4)

To find a lower bound of u r n  inf r(r
~
,6?n), we need to use

the following facts:

• (1) Fatou ’s Lesmia .

• (ii) ~ = ‘~ f0(x-z)f0(x-b)dx , where f0
(x ) = ~~-!_ e 2a

From (I), (ii) and (1.4.4), we get - •

co 
~ X L  2 y _ ~ 2y0+A

llm In? r 1

~~~~
(T

~~~
,6?~~~

) > f f min{—1—J- [f0( — )+f0( )],

- --V —-V

-V
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2y -è~-c Zy +~+c_Li (f0( 0 
~ + f0( 

0
2 )]}dy1dy0

2y +~~ X ’L, 2y~-e~-c 2y +~+c= f  ~~~~~~~~ “ ) + f (  ° )],_.L~ ff( “ + f (  °
-

~~~ 2/� 2/~ 
0 0

d(2y0)
X 1L y —A y +A A~ L y -A-c y +A+~f min{— ! [f0(—~—)+f0

(_Q_ .)),_ i  [f0( 
0 )+f0( — --—~fldy0.

(1.4.5)

Now, we are ready to prove the fol lowing theorem.

Theorem 1.4.1. If 00 is unkno wn , let L(e,s(x)), P and be as defined
in (1.2.1), (1.2.2) and (1.4.1), respectively, then the r-minimax
rule in D1 is given by

• (4), .. .
where 

(X j-X0
)+A+c (x 1 -x )-A-c

1 If L2A~[$( 
- )+ ,(— ° )J-

= < LJ X 1[,(~~
1 0~ 

~ 
+ 

(X
1

X
0

) A

0 
. (1.4.6)

Proof: Let V 1 = X 1-X0, then V1 ~ N (~1,a’2), where ,

~~ 
0
~
.eo and

= /�a. Let g(ri1) = E [4)(Y1)], then as was shown in the proof
of Theorem 1.3.3., 9 ( I ) j ) is increasing for n1 < 0 and decreasing
for > 0, and g(~1) = g (—r ~1), so

~~~~~~~~~~~~~~~~~~~~~~~~ V~~~ V - -  ~~~~~~~~~~~~~
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) ~~~ g(
~~) g(A+c ) = g( —A—c )

I!l i l A+ c
and

inf g(n ) = g ( A )  =

• ln 4I~~A ~

Now , ~~~ T = (T0,w0 ) E r ,
0

rM(T ,5 ?) f { J  L1 (1—E 0 — e [4)(x j _x 0 ))iw~ (°~ )
l0~~0~ l < A  1 0 0

+ 

~~ > A+C 20 1 00 h i 0 0 0
( 0(0)

< L~(l- inf E0 —e [6?(x~
_x
0)])f f dw~ (o . ) dt 0 (0 0 )

!e i _eo l < A  I 0 -
~~~ I0~~

0
~ i < A 0 1

+ 12 sup E0 -e [4)(xj _x 0 )] f  f dc4 (0.)dr0(00)(0i~
0
~ 1 > A+c 1 0 -

~~~ 
J0~ -O~~ > A+c 0 1

L2A 1(1- inf g(ri1 ))+L2A~ Sup g(r~)ni l ~~~~~~~ 

1 1n 1 1 > A ~ c

= L1x 1(l- ~~~~~~~~~~~~~~~~~~~~ + ~~~~~~ 
g(A +-c)+g(-A-c )

L1 x 1 L A
S

o —�-----(1—E
~[4)(Y1 

)]+1—E 
~~~~~ ~~~ 

.?.2.L(E [6?(V. )]+E

[
~
s ?Y 1 n)

o, L A  y A  y + A
f _7~_ (l_4 )(y j )) [$(_ ~t1__) +~(_i,_)] r

• I A~ 0 y -A- c y +A+c
+ ~

_?
~~

__ t5 1 (y 1 )($( ,~~~~~ )+( ic,1 )] -
~;~r dy1

• ~~~~~~~~~~~~~~~~~~~~ 
1 L2A~~,(~i

_
~
_c
)~$(

Yi+A+c )] ~,-)dy1

~~~~ :~~~- • _ _  _ _ _ _
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“~ I X •  y -A y #A I X ’ y -A-c y ~A+ c
= f min {~

I![f~
(__1_ _

~)+f~
(__14], 2 i[f(~ I )+f ( ~

-
~~~ 2~’7 ~~~~ ~~~~ 2v’~ 

U~~~~~~~~~~

l i , ii inf  r(t
~
,5?~

) by (1.4.5).
n~~ .

Hence, we have proved that sup r~
1) ( t 14)) < l~m~1nf r (T

fl
,6?fl ) ~or all

= 1 ,2.... ,k. By Lemma 1.4.1., we conclude 60 
— (6? ,.  . .,~~~) is a

r-rninlmax rule in D
~
. This completes the proof.

By the same reason as mentioned in the last paragraph of

Section 1.3, ~50 is also a r-minimax rule in for

r = ( t J P  l~ G (i)]/ P [e8( i )) = v1, for all  i =

where v1 \ 1/X ,~ for I = 0,1 ,... ,k.

1.5 Optima l properties of the r-rninimax rule

As mentioned In Section 1- .2,wlog we can reduce the sample

size to 1 for each population . If , in fact, we observe

from the r-mlnlrnax rul e remains the same wi th the substitution

of X .~ by R .~ri 
(R.~ = — 

~ X44). We now prove the followi ng theorem.1~ fl j=~

Theorem_1. 5.1. When is known ,

lirn inf E [6*(R )] 1
fl~~~’ -

and

u r n  sup E ( 6 i ( R i~)J= 0.
n—~=~ (0 —e ( ~\+c

The above theorem says that as n becomes sufficiently large, the

________ V 
—V -V -
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probability of selecting a good population approaches 1 uniformly,

and the probability of selecting a bad population goes to 0

uniformly.

• To prove Theorem 1.5.1, we need the following lemma.

Lemma 1.5.1. For any sample size n, the r-rninirnax rule ~ =

~~~~ . ,s~ ) can be written as

tS1r(X i~~~
) 1[..t.(n),tj(n )] (X in

_O
O)~

then

Jim t1(n) = A +

fl4co

Proof: From the proof of Theorem 1.3.3., we know t1 (n) is the

positive root of the equation

I A ’ 
- !L~..~(2A4~)c 

cosh[!!~.(A+~)x]

h~(x ) ~.Lt e 
2a 

cosh[!~ Ax) 
-1 - 0.

Now, consider

- 

-

f
~
(x) -~~~

--e - 1
1 i

e°

I A ’ 
- !L~. (2A+ c)c

g (x)=_ 1__ 1- e 2o e -1 .

2e°

Because for x ~ 0, we have

L 
— — 

—. -- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~-
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• ~~(A+ c)x ~~(A+c ) x - 
n (A+c )x

e~
’ e~ +e ° 

_ _ _ _ _ _ _ _

n ~~ n n 1 n—a- Ax -v- Ax - -1 Ax
2e ’ e° +e e°

so g~(x) ~ h,~(x) < f~(x ) for x > 0. Let r1(n) and s 1(n) be the

only positive roots of g~(x) = 0 and f~(x) 0, respectively, we

get

r1 (n)  t~(n) s1(n),

but

L A 1 I

and 

rj (n)  
--~~(2A+c)c- ~~~~~~ 

- A+ 
~

L i ’ L A ’
J!.~.(2A+c 

~~~~~~~~~~~~~~~~~~~~~~~~

s1 (n) 2a 1 i 
• A+ •

~
• - 

fit

2 C
a

hence,

u r n  r1(n) u im s1 (n) A+ for any L1, L2, X 1, A~, a, 6 ,c.

So , 1 -fm t1 (n) • ~~+ ~~ , which completes the proof .

Now we give the proof of Theorem 1.5.1.

Proof (of Theorem 1.5.1.):

Now , 
~in 

“ N(o 1, ~~~ For IO i~
0O I < ~~ , let

g(e1 ) • E0 (6t(Rj~)) 
• Pr(—t1 (n) 

~~. 
Ri~—e o t1(n)] :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _
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t (n)+e ~~0 4 —t 1 (n) +e ~~O 4
• • .( 1 0 

I)  — ,( 0 I)

a//u

If we recall that g(e1+e0) g (e0-e1), and g is decreasing for

then inf g(e1 ) = g (e0+A) = g(e0-A). Hence,
V 

(e~-O~( < A

inf E [ q (R .~)] = •(— ) - .( ).

IO ç001 .~ . A O j 1

So,

Jim inf E0 [ q (R 1~)) = ~~(o.)— ~~ (—ao ) = 1.
V 

~~~ I0~~
0o l < A  I

Similarly,

sup g(e1) = g(e0+A+c) = g(00-A—c) .
10 i 001 ~

Hence ,

t (n)-(~+c)u r n  sup E9 [q(~1~)] = lim(,( ~ )
n-’~ ~~~~~~ ~~8~c I n~~

—t4 (n)—(~+~)
• _4 1(

1

= •(-oo)-,(-oc ) = 0.

This completes the proof of Theorem 1.5.1.

Remark: If 0
~ 

Is unknown, Theorem 1.5.1. becomes

lim inf E [6?( R1~
-Ro~

)] = 1
• n-~. ~~~~~ 

< A 0 1 00

• and 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —--•--~~~~~~~-~~~~~~~~~~~~ --- — • - ,--
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lim SUP E0 a [6?(; -
~~~~~ 

)] • 0n-~ I6 i
_0
0l.~

A#c r o 
. 

H

The proof is similar to that of Theorem 1.5.1 and hence it Is omitted .

* *Theorem 1.5.2. Urn SUP r(i- ,6*) = 0, where 6* = (6~~,. ..  ‘6k~ 
is the rn4co -rEr -.

minimax rule we found in Theorem 1.3.3. with x 1 replaced by 
~~~~~~~~~

Proof: sup r(T,~*) ~ sup ~~~~~~~~ dTEF 1=1 ~~r

Now ,

sup r~~~(r ,~~) = SuPc ! 1~~ 0 ( < ~I1( 1 E 9 [6 c ~j fl
)] th(e j )

+ 1Ie j_e01~~+c
L2Eej

C 6 1 ’
~j:
)]dT(8j) 

* —< L~\ ( l  - inf E~ [61 (X 1 )]) + L2A~ sup E8 [61(X 1 ) ] ,1 

I 8
j ~~~00

l V ~~ A I t o 1-e0 1~A+c I

then
k ,~~~~ *Urn sup r( i- ,d* ) < 
~

‘ Jim sup r’1
~ (r ,61)

n-’~ tEl’ ill n-~ TEl’

< L1\ . ( l- l l rn inf E0 [ S ( ’
~1 )])— 1 n~~ 1e 1-0011A I

+ 12A 1 u r n  SUP E6 [cS~
’(~1 ) ]  0 .

~~~~~~~ le 1-e0I�~~ I

Again , when 80 is unknown, u r n  sup r(-r,60) 0 is also true.

Theorem 1.5.3. When e
~ 

is known, the r-minimax rule
= ~~~~~~~~ is a~nissib1e.
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Proof: Let ‘r~ be as defined in the proof of Theorem 1.3.3., then ,

any Bayes rule 6 = ( S 11. . . 1 6k
) of T * is of the form

1 if L2A i~~e0_A_ c~~i
)4f e0+A+c (x j )l

6~(x) = < L1 A~[f0 -A (x i )+fO .,.A (x i )]

v~(x) if =

0 if

However ,

{xjIL2X i(fe _ A_i (x i )+fo +A+c (x j)] = I l u i [fe A (x i )+fe+A (x i)]}

~ {t~, - ti } ‘

and

P[X 1 = + t1] 
= 0 since — 

N(0 1, c,
2)

This shows that the Bayes rule of r~ is unique up to equivalence .

It follows that all Bayes rules of r* are aónissible (Ferguson p. 60

[1967]). Particularly, 6* (with v1(x )  = 1) is admissible.

When 00 is unknown, the r-minimax rule 60 is also admissible.

To prove this , we need to consider the generalized Bayes rule.

DefinI tion 1.5.1. If i is a measure on 6, and if satisfies

inf f,~ 
I (O ,6(x))f(x(8)di(8) f~ 

L(O, 60(x ) ) f ( x ~8)dt(0) <

then is said to be a generalized Bayes rule for r.

Remark: ~ is a generalized Bayes rule can ’t guarantee r(r, 6o) < co •

Lemma 1.5.2. If lL(e ,a) I-c M for some constant M, then Is a generalized

Bayes rule-i for all4 f9 [R(0,6)-R(0.0 0)]dr(O ) > 0 .

- --

~

---- ~~~~~~~~~~~ - - - —  - - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --_
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Proof: For any 6,

- L(0 ,cS0(x ))] f( x J O)dc(8)d x > 0

But since L(0,6(x)) - L(O,60( x ) )  Is boun ded from below, by Fubini’ s

Theorem ,

f~Jx [L(e ,
~

) _ L ( e ,6o) ] f ( x I e )dxd T(e )  > 0 ,

i.e.,

f6 [R( o ,~s) - R( e ,60) )th (0)  > 0 .

Definition L5.2. A generalized Bayes rule wrt ‘r is unique up to

equivalence 1ff for any rule 6,

~~fR(o ,o)  - R(O,60)]d-r(O) 0

-> R(o,6) = R(e,60) , ~~ 
a.

Remark: Let 6~ be a unique generalized Bayes rule according to

definition 1.5.2., then if 6 is any other generalized Bayes rule for -r ,

we have R(0,6) = R(0,60) for all 0.

Lemma 1.5.3. If L(0,a) is bounded and if the generalized Bayes rule 6o
of -

~ is unique up to equivalence , then 6
~ 

is admissible.

Proof: let 6 be such that R(0,6) < R(e,60) then

f9[R(e
,6) - R(8,60)]dr(0) < 0 .

By Lemma 1.5.2 ,

f6 [R(e , t s )  - R(O ,60) )dt(0) • 0 .

Now by the uniqueness of 6
~i 

we get R(e,6) • R(e,60), which con~ letes

the proof.
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Theorem 1.5.4. When 0
~ 

is unknown, the r-minimax rule V

= ~~~~~~~~ is admissibl e in D1.

Proof: Let -r = (r0,w ) be the measu re on 6 such that T
0 

is Lebesque
0

measure on 9~, and with 00 given, 01)02,... ‘8k are independen t,
such that

xi
~ 

[e~ = eo+
~

.Jo o] = P [o~ = 00 A 100] 
=

00

P [ei = Oo+A+ClO o] = 

~w [e~ = e0 At I9
~
] =

0 80

P~ [ei = 00
+A+~- Ie~] 

= 1 - x~ - x~ ,

00

then for any 6 = (6 l,...,6k) E D.~

f9L(O,6(x))f(x le)dt(O)

= 

i~1 I ~
+ -~~!~ L2 âi (x Q,xi ) [f e +A+c(x i )+fo _ A c(x i)]fo (x o) do0

— 

•

. 

= 

1~l ~ ll [f o + A (x j )4f e A (X i ))f e (X O )dO O

k x -x +A+t x -x -A-c
+ 6 (x ,x )~

_.L.L[f~f-’ 
0 

~ 
+ ~ 

1 0 
~ 

-

1=1 1 0  
~~L2~’7 ’  0

— A x - x +A
—
1~

-L1[f0( 
1 0  

~ 
+ f0( 

1 0  )] } .

--
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Hence , if 6~(x 01x 1) is defined by (1.4.6), then

60 
(i S?, . . .  ,6~) is a generalized Bayes rule wrt T .  Now, if

- f~ 
R(e,6) - R(e,60)dt(e) = 0 ,

i.e.,

f~~
fL (e,6(x)) - L(O,60(X))]f(X (O)dt(O)dx = 0

- by Fubini ’ s Theorem, so
k 0 A x -x +A+c x -x -A-c

- ~ fJ
[iS~~x01x 1 -61 (X01x~)))~

t L2[f0( 
1 0 )+f( 1 0

V \ .  X - x +A x - x -A V

- —i- L~{f
0( ~~~ 

)+f0( ~~~ ))~dx1dx0 = 0 .

Hence,
x1 -x +M-c x -x -A-c

-i 1f L2 ~;[4~( - r ~ 
+ 

~ ,;7 0

x -x -AI L 1 x [~( ~~~~~~+~~~1 0 )]
I 6 1(x 0 1x.)~ a. e .

I :i~~
01

~~ 
~

I Again ,
I X t -xA+A+c X~-x,,-IX-cI. ((x ,x )(L A [q( ‘ U 

~ + •~ 
‘j )]

L

a a

- = L~~1 [4( i _
~

__
~ + •( ~ 0 c {x~—x0 + t~}“ 7 0  I

4
and

2 oP[X -X = + t : 1 = 0 , since ( )-N(( ) ,  (a )) - •a
- ‘V

— -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ r..~— ~
-
~~~

- -
~~~~~~ -~~- ~~~~~~~~~~~~ -V
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So,

61 (x 11 x0) 
= 6?(xj,x0) a.e.

• Then,

R(O,6) = R(O ,6°)

By lemma 1.5.3., 60 is aói,issible. This proves Theorem 1.5.4.

When is unknown , we have restricted the decision rules to the

cl ass D1. It is quite natural and reasonable for us to do this. However,

we may still like to know:

a. Is 60 = (6? ,6~) a F-rninimax decision rule in D rather

V 
than only in Di?

b. Is 60 admissible in D?

We leave these questions as open for further research.

1.6 Relaxing the assumption of normality

As was remarked in Section 1.3, the assumption of normality is some-

what restrictive to our problem. In this section , we will investigate
V - 

some more general distributions for which r-minlma x rules exist.

Theorem 1.6.1. Assume 00 is known, let

A i = {xi IA
~
L2(i~ +A+C(x i )+fO A (x i)) < A iLl ffe+A (x j)+fe .A (x i)]).

Let

g(81) = E 8 [I A (X 1 )] where X 1-f0 (x). If g(e1+00) g(oo~
oi) and

• g (e1) is decreasing for ‘ e~, then 6 (6 1,...,6k ) is a l’-minimax

rule where 61(x) = ‘A (x 1) for i=l ,...,k.— I

~~~~~~~~ ~~~~~ 
~TV~~

V

.- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
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Proof: Let r~ be defined as in the proof of Theorem 1.3.3., then the

Bayes rule ~~r the i
th_component problem wrt t~~ is gi ven by 6 1(x 1) =

I (xi ) for i=1 ,2,. ..,k.
1

Now, since g( e
~

+eo) = 9~
0o_ 8 j ) and g(0 1) is decreasing for Oi > e

~
, so

SUP q(0 1) = g(00+Mc) = g(80-A—c )

and

inf g ( 0 1 ) = g(004-A) = g(00—A )

i.e., 6~ satisfies (1.3.1). Hence by Theorem 1.3.1., 6 is a r-min-f max

rule.

The followi ng example applies Theorem 1.6.1. to select some

binomial populations with large entropy.

Definition 1.6.1. For a binomial distribution b(n ,p) , its entropy is

defined as

ip(p) - [p t np + ( l -p ) t n ( 1 - p ) ]  .

Note that ~
p(p) is associated with the uncertainty or randomness of that

population. The larger the ~(p), the stronqer the randomness.

Example 1.6.1.: Suppose 111’~
12”’’’~k 

are k independent binomial popu-

lations with - b(n ,p1). We def4ie

1T~ is positive 1ff ip(p1) > B + c

and 
~i 

is negative 1ff *(p1) < 8 .

I

L ~~~~~~~~~~~~~~~~~~ 

- - - 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ U
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Figu re 2. Graph of 4,(p).

Equivalently, we can say that

n.~ Is posit ive 1ff - 

~f < A

and fl1 Is negati ve 1ff f p1 - > A + c,

where q,(’i+ A)  8+c ’ and ‘~+A + c )  8.

It Is seen that 00 
= 

~! in this problem . Let r be given by (1.2.2) and
the loss given by (1.2.1) with 00 

= ~ and 01 
= p1, then

A1 
= {x1 112x1[p½ A  (xi)+p ½4.A+ (x j)] < L l A j[p½.,~A

(x i )+p~~A
(x i))}

where p0(x) = (~)0x(1_8)n_x , we find x1 € A 1ff

x n-x x n-xL2x1 L¼-A-e) 1(½+A+c) 1+(½+A+c) 1+(~-A-c ) ~ 
- I,,

x n-x - 

~~~ —

(‘i-A) (‘i+A) +(‘i-l-A) +(‘ i-A)

Al so, It is obvious that h(~~- x 1) = h(~~. V +  x1). After some messy compu-

tation, we get

x n-x -1 x n-x.-l
-
. - 

h(x 1+1)—h(x1) 
= C(’i- A—~ ) 1(’i+A+c) ~ (

~(‘i~~) 1(’i.~A) 1

2x +1-n i

2x 4+l-n
r , ’rA ½~A+c~ -l ‘}

‘i—A— c’ V ~ 

-V ~~~~~~~~~~~~~~~~~~ - - - - - - —  _ V•  
-~~~~~~~~~~~~~~~
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then

h(x 1+l) > h(x 1) 1ff x 1 >

h(x 1+ 1) h(x 1) 1ff X
i 

=

h(x~+l) < h(x 1) iff < . 

V

V Hence,

A1 
= {x i l h(xj) 1) = {x~ I - m1 -~~ x 1~~ + m1} , 

4
%

for some integer m1. It follows that -

g(p1 ) = E~ (I A (X i )] P[~ — m1 < < + m1] 
‘

-(,~ ) p1 (l- p1) if n is even) X j 
= -

\ n-l
V J -~- - + m 1

- p1 ‘c i-~,, ~ If n Is odd/ n+l X1
~~x1 - --a---
= g(l—p i) ,

i.e., g(’i+p1) 
= g(’i- p1). Since

(
fl
) p 1 ( l p )  ~ = (1~p1)

fl (
~~) e

X1~~~~~~
)

and en ( l~
_i—) -Is increasing in p1 , so by Corollary 1.3.1, g(p1) is-P1

decreasing for p1 > ‘i and increasing for p1 <

Now, by Theorem 1.6.1., 6 (6i,.. ‘6k~ 
with 61 (x 1 ) I (x 1)

Is a l’-mlnlmax rule.

i i
—S

- - - - — - - ---- V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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DefinItion 1,6.2, X f 0(x) is said to be a PF density (polya 
V

frequency) If f0(x ) f(x-6) is TP.

Theorem 1.6.2. (Karlin) If X -. f0(x) is a PF density and f(x)

then IX I is TP (hence 1P2) for o > 0.

Remark: The density of IX ! is [f 0(x)+ f0(-x)J I~0~~3 (x ) . so by Theorem

1.6.2 , we can assert that
• f(x-O ) # f(x+0 )

+ f(x+01J

Is increasing In x for x > 0 and 02 >

Theorem 1.6.3. If X1 has a PF density f0 (x) — f (x-0 1) and f (x) .f(-x),

then the assumptions of Theorem 1.6.1 are satisfied.

Proof: We need to show g(Oj+eo) g(eo-ei) and g is decreasing for

01 > O~. Let y1 x
~
-0

~
, then

L2A~ f(y1+A+c) + f(y1-A-c )
A1 - ~y1+e0~ r~

-
~; ffy1+A) + f i

V

(
~
y & )  

( 1)

Let
f(y 1+A+c) + f(y1-A-c)h(y1) f(y1+A) + f(y1-~)

then

f(x) f(-x) -
~~ 

h(y 1) h(-y1)

Also , from (1.6.1), h is Increasing in y1 for y1 > 0 ,

so A1 = (y1+o0~-t1 < y 1 c t1}. Then

to t
~A (X 1)) — P[-t 1+e0 < t1+e0) ,

- -
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where Z — f~ ~(x). Since Z — -Z, hence

g(0 +00) g(O~~0~) . 
V

Now , by the remark of Corollary 1.3.1., we get g is decreasing In 01
for -‘ (~~. This completes the proof.

~~~
Example 1.6.2.: If f~ (x )  y e for in l ,2,...,k

where C
1

S are known cons tan ts, then the I’—minimax rule Is
= 

~~l’” 
“
~k~ 

wi th
-c Ix -o -~-cJ -c ~x 

.
~~~~ 

+A4c t
j f  1 2 e 

x~ -0 -~~~~~ 
-c1 1 x 0 +AI

= ~ 
e e

Lo
H Proof: The result follows directly from Theorem 1.6.3.

1.7 Bayes rule and the minima x rule for selecting populations close
to a con trol

In Sect Ion 1.3 , we assumed that partial prior inforinations about ~
•i re known and that they are summari zed in the class I’. In this section , p

we will conside r two extreme cases, name ly, either complete Information
or no Information about ~i is known. Correspondingly, we are look ing

for the Bayes rule or minimax rule. The problem will be treated under

the assumption that is unknown.

V 

The following lemma may have been used by many people implicitly,

but it is worth stating it out explicitly.

Lemma 1.7.1. If (6 ,0,1) Is a decision problem and If for any 6ED ,
k ,~= (iS 1,...,iS

k
) and L(e ,6) — 

~ 
L’’ ’ (o ,6i) [i.e., the loss Is additive],

1=1

— ~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~ V V - V - 
V__

~~~~~_;=2~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ L V V _ ~~~~~V ~~~~~~~~ V- V _  V~~V-V~V-V-V -V~~_~~~~•V V V
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I.

V 
then for any prior distribution t on e, is a Bayes rule of -r -If 6?
Is a Bayes rule of -r for the 1th component problem.

k k
Proof: r(-r,6) 

~ 
r~

1
~(r ,61) > 

~ r~~ (t,6~) = r( r,60) .
i—i 1— 1 -

~

Let us assume 0~ r~(o) - N(cx1,$~) and 8,~’s are independent
(0cl<k), then since X1,0 1 — N(01,c~

2), we get

2 2 2 2
01jX 1 N 

~ 2 2 ‘ 2 2~ 
= N(a 1, b1) .a +~~~~ ~

V The Bayes rule of the 1th component problem is to minimize

+ L26i(x)f1o 0 1>~~ dr(eIx))m(x)dx ,

(1.7.1)
where

k k km(x) ~ ii f0 (x i )d-r j ( O i ) 11 ‘~~O (x 1 )dr 1 (~ 1) 11 m1(x 1)-. 1=0 1 1 0—co I j )

and
k
fl ‘p0 - (X 1)dr 1(ø 1) k ~0 (x 1 )d-r1(01) kdt(elx) 1 0  I 

m(x) = 

~~ 
m1(x1) 

II d-r1(01~x1)

Hence, (1.7.1) reduces to

L I J X I I O O ,<Ath( o I x) m (x) dx  +

- L1f 10 -0 I<Adr(oo lx o)dt( ol x1))61(x)~~ dt( e3 Ix~)m(x)dx .

,I$i

So the Bayes rul e is

B ~ 1 If L2Pt!e1-e0I>A+cIz~.x 1] < L1Pfle1—e0~<A Ix01x1)61(x0,x1)
[0
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But 81-00(x 0,x1 - N(a 1-a0, b~ + b~), thus we have

A+c+a -a -A- e+a -a
1 i f 12(1 $( ~ -

~
) + •( - 

~~ 1)]

Jb~+b~ ,/ b~+b~

j X0~X 1 A+a -a -A-Il -a
< L-~[e( 0 1) - •( 0 1) ]

jb~+b~ Jb~+b~

o

L
2
[l-~~(y1

+A’+c ’)+•(y
1
-A ’-c ’)] 

V

1 if h(y1) =  c l
= 

O(y1+A’)-4(y1-A ’) 
—

0 >

[1 
if (y1( ~~~~ 

[1 
if a1-a0I<t~ ~~~~~~ 

V

(1.7.2)

where

= 

a~-a~ A ’ A 
— 

, and c ’ _ _ _ _ _ _1 
Jb~+b~ Jbg+b~ J~+b~ 

V

- 

- The last equality holds because h(y1) h(-y1) and the fact that h(y1)

is increasing for y1 ‘ 0. We have

Theorem 1.7.1. Assume has Independent prior distribution

1=0,1,...,k, then the Bayes rule Is — (6~,...,4) with 6~ defined by

(1.7.2). 

L - ~~~~~~~~~~~~
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k
Proof: Is the Bayes rule for 1th component problem, since L ~ ~~~~1=1
Hence Lemma 1.7.1 asserts that 68 is a Bayes rule.

The followi ng lemma is essential when we search for min imax rules.

Leaina 1.7.2. If f0(x) = f(x-0) is PF., and f(x) = f(-x), then
t

f(y0) < f(x0) if  y0 > x0 > 0. Let F(t) = j (x)dx ~ then for t > 0

and 
~2 -

~~~ ~l 
> 0, we have

(i) F(-t-~1) + F(-t+~1) < F(-t-~~) + F(-t+~2)

(ii) F(t +F 1) - F(-t+~1) > F(t +~2 ) - F(—t+F 2) .

f0 (x )
Proof: (1) Let 00 y0-x0 > 0, then f ~~ 

is increasing in X .

But w h e n x = - 2 — ,
e 0

e,~T 
_ _ _ _H ~1 _____ = 10 0

V oT
f (x)

SO f0(x) > 1 for all x > -
~~~
- = 2 

0 
, hence

f0 (ye )

f0(y0) > 1 , i.e., f(y0-80) f(x 0) > f(y
0) .

V 

Now, r

- F(-t-F~2) = f (x) d x  = J f(x-t-F 2)dx0

~2~~1 t~~

~ I f (x—t-~1)dx = I f(x)dx = F(-t-E2)-F(-t-~1)
0 _t-~l

(Ii) Similar to (1).

I

V V - V

~ 

~~~~~ - --~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~#-~ ~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~ V~~~~ V _ -~~~~~~~~~



-‘--V — —V 
V - - 

V. 
-~~~~~~~~~~~~~~~~~ . - -- V —

46

Theorem 1.7.2. Let \1 a and kjEl_a. Also, let 6 (6l,...,ak),
where 6~(x 1-x ) I 

~ ~ 
1(x -x ) ,  be the corresponding r-mlnimax rule0 

~~~~~in D1. If a Is chosen so that

-t -A t.+A +€ -t +1~+~+ 
,(__ ~t.__) ] = I ~~ 

1 

~ — •~ ~ )) ,2 ~~~~~~~

(1.7.3)
then ~ is a minima x rule.

Proof: For t~ E

= L1 P[Jx i~
xo J > t 1~e0,e 1] V

-t 1-(o -e ) —t1#(o —e )L~ [
~ 

j 
~ ) + 

1 0

-t -i\
< L ~ [~( J ) ÷ ~

( L.) 3 ,— 

~‘ra

by Lemma 1.7.2(1). For 0 E9B(i)

t1-(01-~0) -t1— (e1—e0) p
= 12 [o(— 

~~ ‘7o 
~~ r

t +A+c -t +A+c
< L  ~~~~~~~~~~ ‘I
— 2

by Lemma 1.7.2(11). And for e9 a B(i)u er ( I )

R~’~ ~~~~ = C)

But in the proof of Theo rem 1.4.1, we have shown

-V — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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l im i n f r
~
1
~
(Tn,6?n) > Lla(l.EA(Sj(V l )] + L2(l_a)E A~~[âj(Y l)]

- t +A -t -A t +~~~+~~ -t +~~~+~~
~ ) + $ ( ~ ) ] + L ( 1 — a ) [ ~( 1 

) 4 ~( ~ )]1 ,‘7a ,‘2a 2 v 7 a
t +A+c -t -ti

= L [ ( 1 )+$( ~ )31 ffa

t +frft -t +A+c V

f fa

> SUP R~
1
~ (0,6~)

• Hence,
k

u r n  inf r(-r ,tS ) > 

~ u r n  inf r~ 1(-r ~~ )
~~~~~~~~~ 1=1 ~~ 

n n

k k ,~~~~

sup R~~~(0 ,tS 1) > sup ~_
i=l — — 

~~ 1=1 —

= sup R(e ,6)
0 - —

This proves 6 is a minimax rule. V

One may wonder the existence of such an a (0<a<l), so that (1.7.3)

holds. We will show that they do actually exist. We know t1 s are the

positive roots 0f the equation

L (1-a) - ~~~ (2A+c)c cosh(~~~ (A+c)x)
h ( x ) =  2 e - 1 = 0 .a L1a cosh(—2. Ax)
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ha ( x)

a= .l a— .5 a— .9

_ _ __ _ _

Figure 3. Graph of ha(x ) for a .1, .5 and .9.

One can see ha(x )  i s decreasing in a for fixed x, this implies t1 is
increasing in a. An d whe~ a -

~ 1 , we have t1 ~~- 
~~~, so

-t -A
_ _ _  ~ )}+

~~v7o

and
t +A+~ -t +A+c

L (o( 1 — ) — ~~( ~ )] -‘- L2 
,,~~~~~~ 2

On the other hand, when a + 0, ha
(x)_l is positive for all x, so there

exists some a0 such that t1 0, then

L [o( ~ ) + ‘i~( ~ )] = L [4’(—~——) + •(.L~~._)] = L

and
t +~~+~~ -t +~~+~

L2[o( )-o( ) ] - o .

It i s clear tha t

-t +A -t -~ t +fr~~~ -t +A+E
11 
[,( ~ ) + ,( I 

~ 
— L2[$( ) — ,( I

is continuous in a, hence there exists at (a0< at c 1) such tha t
(1.7.3) is true.
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In the next section , a* will be found for some selected values

-

. 

of A and c .  
~
1
~ 

= L2 
= 1).

1.8 Comparison amon g Bayes , r-minimax and minImax rules

When we face a dec ision problem, the prior information has a very
important influence on our choices of the optima l rules. In general ,

one would use the Bayes rule -If the prior distribution is known, use

the r-minimax rule for incomplete prior information , and use the minimax

rule when no prior information is available. The comparison of these

rules will give us some idea about how far our decision is from the

real optimal rule if the prior i nformation we have is Incorrect. In

other words, we are interested in the robustness of each rule.

In this section, we make a thorou Qh comparison among these rules
In terms of Bayes risk, the maximum risk over r, and the overall maximum
risk. Because the loss -Is assumed to be additive , the comparison is

made for the 1st component problem only. Sub-index I will be omitted

from the notation and 68(x) = I,- 
~ • ,(a1 a~), tS

G(X) 
= ‘r ~ ~L B’’B~ 

‘ ‘~ L G’ G~
and 6M (x) = 1(x 1-x 0) w i l l  mean Bayes rule, r-minimax rule, and

- 
~~~

the min imax rule, respectively. It is also understood that

dr8(00101) = dT0(00)dT1(91 ) , where ti(e i) - N(c*1,~~) is the prior and

a1 2 2 for 1=0 ,1. Al so, A 1 = P [Ie u _eoI < A),TB 
V

P [19 1— 00! > A + t], x = (x 0,x 1), and 0 = (O o, Ou )

will be used in this section. Now, the Bayes risk of the Bayes rule is

- •  V -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _
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r(r8,68)

= L1P[1a1-a0J > t 8, ~e 1-o0 J <

+ L2Pfla1-a0 I < t8, I0
~
_6
~I > A+c ] .

Since 
X~ 

N ~~ 
~
2 

+

ct
~~~~~

’ 
82

for I = 0,1, then

(a1 -a0~ 
- N (~1~~o\ (wg + +

‘ 
‘~~~~~~ 

+ + w~
J ‘

where = 2 —
~ 
, for I = 0,1. Let d = a1-a0 ,

a + 8.

u 2 = $ g + 8~, v2 a w ~~+ c4, and p  then

(
~

) = (:;:; ::: 
) 

- 

N (~~) 
~ 

ç .

Hence ,
t - d  -t -d

r(r B,68
) = L 1P [(Z

1 ~~~ or 
~ 

) and (±.~ < < .~~j 
V

-t -d t -d -A-c-d A+€-d
+ L2PI( ~ ~ < and ( 

~ 
> or > 

~~~~~~~ 
))

-t +d A-d -t +d -A-d

~ 1 —j 1— - ; _ ~ ) — F ( —---.~_-— , — _ — _ ; _ p )

-t -d A-d -t —d -A-d
+F( , —~— - ; p ) - F (  

~ 
,—

~
---- ;

~
,))

- - - --V-V—V.
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t -d -A-c-d -t -d -A-c-d
+ L2(F(—~—— , ; p) -F( ~ u

t -d -A-c+d -t -d -A-c-Id
+ F(-1--— , -u--—-- ~ -i,) - F( ~ ‘ ~ ~~~~~~~

where

F(x0,y0; p) = P[Z 1 x0, Z2 < y0] .

Similarly, we can compute

r(-r,6G) = L2P[IX 1-x01 < t(~ Ie 1 —e0I~ A-Ic)

+ L1P[IX 1—X 01 > t6, l~1 -O~I~~A]

Now,
X1-X0~ a1-a0 a2+ g

~ + ~
2 + +

e1-e0) 
N 

~g + 
+ ~i1

dl r2 u2\l
‘N  2

dJ u u J j

where r2 202 + U2. Then
tG+d A-d -t +d -A-d

= L1[F( r a”) 

It
FId~~~

A1d
~~~ 

-P s )

+F ( 
~ ~~

—
~
-- ;  p ’)  - F( 

~

t -d -A-c+d 
~tr~d 

-A-c-Id
+ L2[F(--~-.— , —a ~ -o

’) - F( ~~ 
— 

~ -P s )

tG~d -A-c-d -t -d -A-c d
+ F(—~-.— ~ ~‘) — 

‘ ; °
‘
~~~~ ‘

where p 5 • . Since and have the same form except for the

constant tG and tM~ 
so when we replace tG by tM in the above formula,

‘~~ get r ( r B,6M).

-~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —

_____________ ~~~~2~~a ~~~~~~~~~~~~~~~~~~~~ 1~~~~~~ L ~~~~~~~t’ ~~~ ---- - - -
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The next thing we are going to compute Is

SUP r~~~(r ,6), for 
~ 

6B’ 6r and
T€F

V 

Now ,

= h IO 1
_O
0l~A

Ll tb O(6 T(2)

+ fI0 1
_o I>NtL2EO[6(X)]dT(o) . (1.8.1)

Lemma 1.8.1. V

su p rW(T ,6) = Li (u- inf - E [6(X)])x 1 + L2 sup E0f6(X)]A~1o 1-e01<.A ~ 
-. 01—00~)-A+c — 

-

Proof: -~ is trivial . To prove the other inequality , let us cons ider
two sequence 

~2n~n=l 
and 

~~~~ 
such that 0~ ~

6r (1) and 0~ E$B(l)I

an d E9 [6(X )]  -
~ inf E9[~5(X)] and E9_ [6 (X)]  sup E0f6 (X) )

V 

—~~ 181-001<A - 
- 

-n - 1o~—e0f1A+c — 
-

If we define -r~tI’ as P [o=e~] * A 1, P L O o~] 
= Ac ,

and 
~~19 

~~~~~~~ 
Ud8(l)J 

= l-A 1-x~. then we have

lim ~~~~ ,6) = L (1- inf E0[6(X)]A + L su p E [6(X)]An-,o-, 01-e0j<A — IO 1-o0I~.A+c -

Now , sup r~~~(t ,6) > r~~~(r n,6) for all n , and if we take lim , 
VTE l’

we get the result.

V 

- From the above lemma and the proof of Theorem 1.4.1, we get

sup r~
1
~ (r ,61.) = Lu~l

(l_E
A(t5c(Y ) ) )  + L2AIEA+c[6r(Y)]
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where ‘r x 1 -x0 - N(91-o0, 202). So,

sup r~
1
~(-r,6~) ‘ L1 A 1P[Ixi

_x
ol>tcIe u

_ o
o

u’A]

+ I2A c PEIX 1_X o f<t c l@ u _ 00 A+C}

-t -A -t +A t -A-c -t -A-cS G ) J + L A ~[$( 5 )~~~( (‘i1 1  ,“Eo 2 1

Hence we also get
( t,(A 

_____sup r 11 (1 6)  L1 A 1[O( ) + s~~( )) V

p”70

t -A-c -t -A-c
+12A1($(

M )_ o( M

- -A
- (A

1
+A
2
) Lu [o(~~~

_) + ~( M )j -

To find sup r~
1
~(r,c58) will need some more work. First note that

a1—a0)e 1,00 - N (U,C2), where

82 0 82 0 a ~
2

_ _ _ _ _  - 

B~ +c ~
2 + 

~~~~ 
- _ _ _ _ _

and
4 2 4 2

~2 )2 + 
(8O +~~~

2

Then let

g(p) — E0(68(X)] = Ep[_tB ~ a1-a0 ~ t0]

- tB U -t -p
- •(  C

____ 
_ _ _ _ _ _ _ _  

-V .--

- - 
—- - V — V- V- V .- - - —

~~~~~~~~~~~~~~~~ - - -~~ --‘-~~~~ • -—--~~- --—--- -.-—-- -
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t .I;j
- •(_i~~4 - ‘

~
‘
~ C

we find g(~i) — g(-.p) and g(u) is decreasing in ~~ by lemma 1.7.2(11).
Now let us consider the followi ng two cases.

2 82 ~2(a) If ~& ~~~ then 2 2 2 
0 
2 And if we let

81 + a

0
1 

- ± ~~~, we have ~~ 
÷ ~~~. So we get

inf E [6 CX)] = lim g(~) = 0. Also , when
j -IOr,

‘ f 0 f i 1” 0 } fl {9 110 i -eo I > A+c} 
~ 

4,.

A+c / ~~~

Figure 4. Graph of 
~~

= 0 on 0001 -plane.
Hence ,

ti, -tnsup E0[68(X)] = g(0) •(-~ ) - •( .2.) .
- 

-

By Lemma 1 .8.1.,

I’  t -t
sup r~~~(r ,68 ) 11X 1 + L2A1[.(-~

)_ ~ (-~.~!.)) . (1.8.2)
-r~I

i i
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- t
-L

~~~ 

i
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2 2 2 ~2 02 (a 1 -a0 )(b) If — = 8 , then Ii = 

82 + c~~ 
(ereo) + T~ ~,2

(1) If a1 > a0, then under e1-001<A , I~ I has its largest value

82A+a2(a1-a)~when 01 - 00’A. In this case, let p-, 2 2 , SO
8

t -u tb~~iiinf Ee[6B(x)j = •( ~ 1) - ~
( 

~I0 1-00I~A -. - C

If a1 < c*0, under 01-00 1<A , ~~ has its largest va lue if 0~-.0~= -A , then
t - I_I -t -u.,

inf Ee[6B(X)J = •( B 2) — ,( B 
C)

I01 —00L~A - C C

where 282A+a (a0-a1 )
U2 

8
2 + 02 V

So we get
tn-u,, ~tn_ Pnfnf E0[tS8 (X)]  = • ( D I J)  - •(

I) 
U)

• 1o 1—e0L<A - C C

where

A82+02 !a1_cz0 1 FMO

(ii) To find sup Ee[6B (X )] , let us note that p 0  1ff
Ie 1-o0I~A+c - 

—

~~ (a0-a1) 
= 01-00. Then

- : 
(1) If 2~.Ia0...ct1~>A+c , then {u 0)fl{ 101-00 1>A +c} ~ 4 , .

So, Ee[SB ( X)]  — ,(~!) - •(-_i)
Jo 1-e0L~A+c C C

L - - :-— -
~~~~
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(2) If ~-~-ia0—cs1I<A+c , then under (01-00(>A+c , lu l has the

$ (-A-c)+~ k1-a01
smalles t value when u91’ 

~~ 2 — 
‘ —

then
tn P ,

sup E0[69(X) ]  o( 
C 

- 
~~~

10 1— 001 >A+c — 
—

To sum up, If 8~ 8~ = 82, then

L1 A 1[e(~~~~~ ) + 

t8~~0 
+ L2[$(-~ ) -

if ~~fct0-cz1 I >A+c

(1), 6 ) z tB+MO 
_t
B
_U
0 tB

_M -t 8~usup r ~T , B L1A 1f$( 
C C 

)] + L2[~
(_

C ) — $ (  -i---)]

2
if ~ Ia0-a1 <A+c

At last, let~~* = { - r ! t  is a distribution one} ,  we want to compute

I sup r~
1
~(-r ,6 

~~
, sup r

~~~
(T ,6

~
) and sup r(1

~
(T ,6M) -

ltd * T~~ * -i T~~ * 1 - -

I
Lemma 1.8.2.

sup r~~ (,6) max[L1 (1— inf t0[6(X)]),L2 sup E0[6(X))]
tE~* 0

1
-0
0
1<A — f0 1-00~~A+

c_ -

Proof: From (1.8.1), -for al l  -rE8t

r~~~(T ,6) < L1 (l- iflf E9l6(X)])P(101-001.$A] 
S

.

+ 12 
sup E9(6(X)]P (Io 1-o0I~.A+c) 

- 
—

- I

_ _ _ _  ___ - • ___
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I
< max (L 1 (l- lnf E0[ 6 ( X ) J ) ,  12 sup E0[6(X) ] ) .

IO 1 -O0N~A — f 01-00J~A+c — 
V.

Now, let and be the same as in Lemma 1.8.1 , but we let in be
such that

P1 (o=e,~] = 1 if 1
1
(1—E

0 [6(X)J) > L2E~.f6(X))n - V - V  
—n - 

-.n -

and

P [o=o,] = 1 if L1(1-E0 [6(x)] ~~. 
L2E0~f6 x)J

then 

n - 

-Vfl -V 

V

r(1)(T~,6) = max(L 1 (1-E0 [6(X)]) L2Ee [6(X)J )

-
~~ max (11 (l- lnf E0[6(Xfl, 12 SUp E0[6( X ) ] )

- I0 1-o0 I~~+c -

This finishes the proof.

From Theorem 1.7.2, we get

-t -Asup r
~~

(T ,
~
sM) L 1[~

(— ) + •( N

t -A-c
= L

2{~
( - •(

• From Lemma 1.8.2., i t  Is obvious that

_____ 

-tr+ASUP r’ ‘ ( t ,6~~~) 
= max(L1[~(—~--__) + •( ~ ))

-
• 

0~~* ,,
~

-
0

t —A-c -t —A-c-: L2(~
( 

~~-~~
-) - •~ 

,
.

-~~~~

And If ‘ , then
tn

SUP r(i- ,s8)’m ax ( L ,, L,[o(-2-) - •(-_~-2.)) . (1.8.3)1 * C C

[ - 

IIVV~V~I~~- T IV_i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_ 
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If = = e2, then
-t +p - t -~i t -t

max (L 1(~( C ~ + •~ C ~~~~~ 
L2[~(-~—) - •(-.-~--) ) )

if 2~ 1a0-a1 1 >~~~~+~~

SUP r(r,6~) = 
+ +

* ~B
MO -~~-u0 ~ -u

max (L i[~
( C 

+ _ )), 
~~~~~~~~~~~~~~ n)

if ~~ 1a0-a1 1 < ~~~~~ •

Remark: All the risk computed -In this section are based on one sample

from each population. If we have n samples from each population , by
2 2

reducing to sufficient statistic, we only need to change a to ~~~
— , and

all the formulas will remain valid. The formulas are used to compute
— the following tables.

Illustration of the table:

(1) The control parameter 0~ Is assumed to have prior distribution as

N(0,1), and 01 is assumed to be distributed as N(ct ,132), where (c*,82)

are chosen as (1 ,1), (0,.5),(0,l) and (0 ,2) In the tables.
2

(2) 
~~~~~ 

are chosen as .2 in Table I and as .5 in Table II.

(3) A are chosen as .5, 1., and 1.5.

(4) For A= .5, c are chosen as .2 and .4.

For ~=l ., c are chosen as .3 and .8.

For A=l .5, c are chosen as .5 and 1.

(5) When (ct,i32), 
~~~~~~ ~ and c are fixed, A and A ’ are computed so that

-
~ el’. t8, t~. and 

~ 
are found, and r(-t 816), SUP r(r ,6), andB 

~-~r
SUp r(-r,6) for 6 = 6B’ ~

5
~~~
’ 

6M are computed.

~~~~~~~~~~ - - V  ___ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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They are arranged in the followi ng manner:

• sup r(-r,6 ) sup r(i- ,5
tEl’ B B

tB r(-r~,68) sup r(T ,6R) ~~P r(T, 6B) 1.0 sup r(T,6C) SUP r( ,6~) V

r(-t S ) SUP

t5 r(-r~,6~) sup r(-r ,6& sup r(r, 65 ) 
r(TB,SB) 

1.0 sup r(
~
r,SM)

r(-r R, SM) S~P r(-r ,SM)
V 

t,~ r(r~,6~) sup r(-r ,6& sup r(T ,SM) 
r(TB,SB) sup r(t,65) 

1.0

(6) All tabl es are computed under the assumption that L1 
=

To use the table:

(a) For the Bayes rule: For specified values of ~~~— , (a,$2 ), A and c ,
look for tB and the risks in the first row of each block.

(b) For the l’-minimax rule: For specified values of ~~~
—
, A , c, A and

A , look for t~-, and the risks in the second row of

each block.
2

(c) For the minima x rule: For specified values of ~~~
—, A and c , loo k

for the tM and the risks in the third row of each block.
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Tabl e 1.1 1. The -first column lists val ues of tR~ 
t5, and tM .

2. The second block of numbers are values of r(T8,~),
SUP r(t ,6) and sup r(t ,5) corresponding to 6

~~
B’6C andtEl’ Tt~* —

3. The entries in the third block are values of ratios of the •

risks in the second block (dividing each column by the
diagona l value).

a / fl = .2 , a, 8 =

c = .2, A = .2174 A’ = .6987

.5657 .1529 .5201 .5802 2.3924 1.2991
0. .2174 .2174 1.0 1.4216 2.2391
.6421 .1598 .4091 .4466 1.0450 1.8818

A = •5 c = .4, A = .2174 A ’ = .6177

.6820 .1193 .4440 .5661 2.0424 1.4642

0. .2174 .2174 1.0 1 .8224 2.5865

_______ 
.7261 .1260 .3229 .3866 1.0562 1.4851

c = .3, A a .4214 A’ = .4679

1.1499 .1224 .4775 .6709 1.3280 1.6509

1.0166 .1420 .3595 .4902 1.1593 1.2063
1 1503 .131 2 .3614 .4064 1.0711 1.0052

~~~= 1.0 c = .8, A .4214 A ’ .3097

1.4000 .0575 .2648 .5503 1.4065 2.0878

1.5542 .0609 .1883 .3488 1.0593 1.3232

_______ 
1.4001 .0649 .1927 .2636 1.1297 1.0235

.5, ~ 
a .5996 A ’ = .2567

1.7500 .0735 .3332 .6824 1.4156 1.9704

2.4287 .0999 .2354 .7511 1.3594 2.1687
1.7500 .0827 .2966 .3463 1.1253 1.2600

A = 1.5 
• l.O,A -‘ .5996 A’ = .151 1

2.0000 .0308 .1655 .5628 1.5135 2.6227
2.5514 .0390 .1093 .5324 1.2652 2.4808

- _______ 
2.0000 .0383 .161 1 .2146 1.2445 1.4733 

—- - V -~~~~~~~~~~ V V V~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
- -  ‘-  - - - - •  - • —

___________ ~ --a-- —--.--~~~ ~~~_  _~~ ___~~~ .iV__ ~~~~~~~~~~~~~~~~~~~~~~~ -~ — —-- --
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Table I (Continued) , Table 1.2

- 

- 

o2in .2, (cz,82) (0, .5)

c = .2, A • .3169 A ’ • .5676

.5731 .2056 .7466 1.0 2.3559 2.2391
0. .3169 .3169 1.0 1.5414 2.2391
.6421 .2097 .3950 .4466 1.0199 1.2465

c a 
~~ A = .3169 ~~

‘ .4624

.6861 .1539 .7043 1.0 2.4115 2.5865

.4766 .1931 .2921 .5760 1.2540 1.4899

_______ 
.7261 .1611 .3013 .3866 1.0464 1.0316

c = .3, A a .5858 A’ • .2885

1.1500 .1303 .8687 1.0 3.0719 2.4606
2.0944 .1798 .2828 .8955 1.3802 2.2034
1.1503 .1512 .3553 .4064 1.1608 1.2564

A a 
c .8, A = .5858 A ’ = .141 6

1.4000 .0508 .7268 1.0 6.0236 3.7939
2.1098 .0619 .1207 .6879 1.2167 2.6098

_______ 
1.4001 .0708 .1917 .2636 1.3920 1.5891

c • .5, A .7793 A ’ = .1025

1.7500 .0524 .8818 1.0 8,6338 2.8875
V 3 3731 .0889 .1021 .9850 1.6986 2.8443

• 1.7500 .0771 .3054 .3463 1.4732 2.9901
• 

-

- A • 1.5 c • 1.0, A • .7793 A ’ • .0412

2.0000 .0169 .8206 1.0 21.3210 4.6599

3.1757 .0264 .0385 .8573 1.5578 3.9951

_______ 
2.0000 .0351 .1761 .2146 2.0717 4.5754

________ - V -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
- -

~~~~~~~~~~~~
-
~~~~~~
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Table I (Continued) Table 1.3
• .2, (

~
, $2) (0,1)

• .2, A a .2763 A’ • .6206 
- 

-

.5657 .1902 .4090 .4721 1.4800 1.0570 V

0. .2763 .2763 1.0 1.4525 2.2391

.6421 .1905 .4006 .4466 1.0016 1.4496
A a 

L a  .~~, A = .2763 A ’ — .5245

.6820 .1459 .3237 .4454 1.1791 1.1520

.1873 .2297 .2745 .8281 1.5743 2.1419

_______ 
.7261 .1479 .3096 .3866 1.0132 1.1279

c • .3, A = .5205 A’ • .3580

1.1499 .1337 .3397 .5503 1.0190 1.3540
1.6494 .1461 .3333 .7097 1.0928 1.7463
1.1503 .1447 .3570 .4064 1.0818 1.0711

A = 1. c • .8, A • .5205 A’ .2031

1.4000 .0576 .1597 .4247 1.0341 1.6114
1.8706 .0619 .1,545 .5444 1.0743 2.0656

____ 
1.4001 .0690 .1907 .2636 1.1979 1.2347

________ 
c .5, A • .7112 A ’ • .1573

1.7500 .0647 .2104 .5628 1.3610 1.6252 F
2.9570 .1066 .1546 .9349 1.6478 2.6995
1.7500 .0804 .3008 .3463 1.2433 1.9453

A = 1.5 c a 1.0, A • .7112 A ’ • .0771

2.0 .0241 .0887 .4372 1.3378 2.0372
2.8887 .0344 .0663 .7306 1.4276 3.4045
2.0 .0367 .1692 .2146 1.5211 2.5505 

_  
—ii

— 
.- 

-V 

-I--- 
— — t~~~~ ,IV~~_f- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Tab le I ( Con ti nu ed ) , Table 1.4

- 

- 

,2,,,~ = .2 , (~~82) (0 , 2)

c a .2 , A = .2272 A ’ = .6861
— 

.5605 .1627 .7009 1.0 3.0855 2.239 1
0. .2272 .2272 1.0 1.3966 2.2391
.6421 .1638 .4079 .4466 1.0072 1.7954

A = 
c = .4, A = .2272 A ’ = .6033

.6791 .1271 .6989 1.0 3.0764 2.5865
0. .2272 .2272 1.0 1.7876 2.5865
.7261 .1286 .3211 .3866 1.0120 1.4134

c = .3, A = .4363 A ’ = .4529

1.1499 .1260 .8724 1.0 [ 2.4156 2.4606
V 

1.1044 .1350 .3612 .4349 1.0719 1 .0700
1.1503 .131 8 .3614 .4064 J 1.0459 1.0006

A = 1. c = .8, A = .4363 A’ = .2986

V 1.4000 .0588 .7317 1.0 3.9116 3.7939
1.5896 .0597 .1871 .3697 1.0138 1.4026

_______ 
1.4001 .0648 .1937 .2636 

- 
1.1017 1.0357

c = 5, A a .6135 A’ = .2482
V 1 

1.7500 .0725 .8614 LO 3.7480 2.8875
2.4739 .0982 .2298 .7732 1.3543 2.2326
1.7500 .0810 .2984 .3463 1.1174 1 .2985

A = 1.5 
= 1.0, ~ = .6135 A’ = .1489

2.0 .0304 .7624 1.0 7.0051 4.6599

2.5663 .0375 .1088 .5418 1.2320 2.5246

_______ 
2.0 

- 
.0376 .1636 .2146 j  1.2364 1.5034

~~. ~~~~ - - V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 11.1 1. The first column list values of tB~ 
t~. and tM.

2. The second block of numbers are values of r(TR,6),
sup r(T,S) and sup r(-r ,S) corresponding to S=SD,SC and S~ .
T r  T * U I i i  

V

3. The entries in the third block are values of ratios of the V

risks in the second block (dividing each column by the
diagonal value).

(1 / f l  = 5 (cx , 82) = (1 , 1)

c = .2 , A a .2174 ~~~
‘ = .6987 

V

.3275 .2104 .4242 .7625 1.9511 1.6022
0. .2174 .2174 1.0 1 .0334 2.1013
.8054 .2382 .4360 .4759 _ L132l 

— 
2.0051

-\ = 
c = .4, A = .2174 ~~~

‘ = .6177

.5571 .1848 .4761 .5985 2.1900 1.3432

0. .2174 .2174 1.0 1.1767 2.2444
.8615 .2038 .3721 .4456 1.1030 1.7115

= .3, A = .4214 A ’ = .4679

1.1441 .1951 .5559 .8143 1.4109 1 .8320
.9872 .2358 .3940 .5286 1.2084 1.1892

1.1771 .2199 .3953 .4445 1.1270 1.0031
A = 

C = .8, k = .4214 A~ = .3097

L390J .1148 .3597 .7869 1.4676 2.2599
1.8158 .1258 .2451 .5062 1.0958 1.4535
1.4117 .1404 .2546 .3482 1.2230 1.0385

C = .5, A = .5996 A .2567

1.7500 .1264 .3827 .8697 1.5118 2.1659
3.4468 .1864 .2532 .9260 1.4749 2.3062
1.7509 .1578 .3438 .4015 1.2491 1.3581 

* 
- 

V

a 
~ 5 

= 1.0, A = .5996 A = .1511

2.0000 .0674 .2222 .8413 1.5820 2.7259
3.3785 .0902 .1405 .8102 1.3382 2.6248
2.0003 .0972 .231 7 .3087 1.4427 1.6493

4
I

- -~~ V V V ~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~ ~~ • ~ -~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~
- -~~~
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Table II (Continued), Table 11.2

- i2/n = .5, (a 82) = (0, .5)

- a .2, A = .3169 A’ .5676

.4188 .2880 .6136 1.0 1.9363 2.1014
0. .3169 .3169 1.0 1.1002 2.1014
.8054 .2930 .4209 .4759 1.0171 1.3283

A = .5 
= .4, A = .3169 A ’ = .4624

.6014 .2386 .6372 1.0 2.0105 2.2444

V 0. .3169 .3169 1.0 1.3281 2.2444

.8615 .2443 .3472 .4456 1.0236 1.0957

C = .3, A = .5858 A’ = .2885

1.1469 .1968 .8594 1.0 2.9828 2.2499
3.5136 .2654 .2881 .9866 1.3485 2.2197
1.1771 .2522 .3886 .4447 1.2814 1.3487

A = 
C = .8, ~ = .5858 A’ = .1416

1.3991 .0928 .7249 1.0 5.2358 2.8717
3.1767 .1131 .1384 .9157 1.2183 2.6296

V 1.4117 j~~~1562 .2533 .3482 1.6834 1.8309

V ________ 

c = •5~ x = .7793 = .4990

- 1.7500 .0803 .8815 1.0 
-. 

8.6025 2.4904
5.8077 .1022 .1025 .9999 1.2727 2.4902
1.7509 .1579 .3541 .4015 1.9662 3.4554 V

A = 1.5 c = 1., ~ = .7793 A’ a .0412

2.0000 .0313 .8205 1.0 19.9395 3.2399
4.9393 .0398 .0412 .9926 1.2711 3.2161

V 
_______ 

2.0003 .0979 .2533 .3087 3.1252 6.1546

-• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~
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Tabl e II (Continued). Table 11. 3

o2/fl = .5, (~ ,a2) = (0, 1) 
V

r = .2 , A = .2763 A ’ = .6206

.3275 .2661 .3701 .6643 1.3393 1.3958
0. .2763 .2763 1.0 1.0382 2 .1014
.8054 .2728 .4268 .4759 1.0248 1.5447

A .5 
= .4, A = .2763 A ’ = .5245

.5571 .2296 .3541 .4594 1.2814 1.031 1
0. .2763 .2763 1.0 1.2034 2.2444

.8615 .2297 .3568 .4456 1. 0002 1.2913
= .3, A = .5205 A ’ = .3580

1.1441 .2113 .3613 .6601 1.0278 1.4851
2.4180 .2430 .3516 .8681 1.1500 1.9532
1.1771 .2412 .3904 .4445 1.1416 1.1106

A = 1. c = .8, A = .5205 A’ = .2031

V 
i_ 1.3980 .1121 .1967 .6167 1.0427 1.7711

2.5834 .1238 .1887 .7833 1.1044 2.2494
1 .4117 .1506 .2520 .3482 1.3437 1.3356

C = ~5, \ = .7112 A ’ = .1573

1.7500 1 .1066 .2081 .7340 1.3237 1.8280
4.7675 .151 7 .1572 .9972 1.4228 2.4834

1.7509 .1592 .3487 .4015 1.4929 2.2177
-
~~ 

= 1.5 
C = 1.0, A = .7112 A’ = .0771

2.0000 .0493 .1008 .6915 1.3244 2.2402
4.2218 .0659 .0761 .9574 1.3379 3.1020

L _ _ _ _ _ _  
2.0003 .0979 .2433 .3087 1.9879 3.1959

_ _ _ _ _ _ _  - ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 

V~ • _~~~~•~~~~~~~~
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Tabl e 11 (Continued) , T~b L ~ u.-s
• .5 , ( t ~~) • (0, 2) 1

~~~~

— V —  

~~~~~~~~~~~~~~~~~~~ 

V V 

~~ - .6R6 1 
--

.2 161 .225 1 .3855 1.0 1 1.6970 ~.l014 H
0. .~ .‘I ’  .2272 1.0 1.0091 ~.It )I4
.8 54 .2417 ~~~~~~~ LO73~ 1.9131 1

• .5 4 \ • .2272 • .M)33 -~

.!~I37 .~ 01 1 .5377 1.0 ..~~~1 :.‘-i - i- i
0. - 221;’ .2272 1 .0 1 - l:-~~i~ -

‘ . ‘44-1

V - V V 
.8615 .~061 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V 

.0;~4 ~ - 6;~~~ 

V

— . - ~~. \ • .4363 ‘

. 
• 4~~

q

1.1409 .2058 .8343 1.0 p .1109 ~~ 49Q

1.1754 .2212 .3952 .4452 1.0744 1.0016

1.1771 .2210 .3952 .4445 J_ 1.0739 1 .0000 - •

• 
~- • .8. \ • .4363 \

. 
.4895

1.3968 .1205 .7177 1.0 :~.9617 ;‘.8717
1.8990 .1230 .2423 .5397 1.0205

_ _ _ _ _  
1.4 117 .140t) .2559 .3482 1.1686 1.056;~

* .5, \ • .6135 .‘48’

1.7459 .1269 .8574 1.0 3.4916 ~.4Q04
3.5599 .1833 .~456 .9406 1.4440 ;‘. 14:’~
1.7509 .1563 .3460 .4015 1.2312 1.4091

-\ • 1.5 • 1 \ • .6135 w .1489

2.0000 .0619 .7615 1 .0 5.4734 ~~~~~

3.4159 .0818 .139 1 .8201 1.2924 ;‘,t;57;’
2.0003 .0967 .2353 .3087 j  1.4249 1.6915

-- — - - T - ~~~ ~~~~
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1.9 An example and conclusion

After we study the tables computed in SectIon 1.8, some trends

can be found~
1. If (~2) a (~

)
~ then the Bayes rule performs very well in terms 

- 

- 
-

of sup r(i,is8 ) and sup r(-r,68) ;  this is because when ( 2) =

= 
f V 2  

1x 1 -x01 , hence Bayes rule has the same form as 1’-m inima x

rule and the minimax rule.

2. If � 1, the Bayes rule does not perform as we ll. This was

shown -in formula (1.8.2) and (1.8.3). One can also find that when
2 a

.5 , 
~~~ 

(s), A 1.5 , and C = 1,

sup r(-t- ,S8)
— 19 9395sup r(~- ,~ J 

-

Gt r

Th is means a large Increase In loss w i l l  occur If we need to consider

sup(r,~~) Instead of r(-r 8 ,S 8).
I tI ’

3. r-rntntma x rule Is robust in terms of sup r(1- ,
~~
) If A~ and

V 
I

- : .Ir’ close to each other. This is because sup r(-t ,c
~
) * niax (A ,B) ,

I

bu t sup 
~~~~~ 

x 1A + \j8 . Also from the tables , for all A and V.
V Kr

2 r(r~~s8).

4. Minima x rule In general performs fairly well.
5. r-minlma x rule is not necessarily better than the minimax rule

in terms of the Bayes risk. This means that when the decision depends

on full information, sometimes incomplete information is worse than no

in formation .

-j

- 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ .~~

— 
w - 

-- 
~~ 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~

: ~~~~~~~~~~~
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6. When c gets larger , all risks become smaller.

Example 1.9.1: A company has type 11~ machines to produce part P(p)

[p is the diamete r of P) and pJ f l0 N(00x10 2 in., lx10 4 sq. in.).

However , the same company also has type ~~ ~~ 
113 machines which produce

part Q(q) and qj11~ 
- N(01x10

2 In. , lxlO 4sq. in.). P and Q are matched

if jp-q (< .045 in .  Since ~~~~~~ 1.5 
V Pf~p-q~~4.5i ~I ~~~~~~~~ - - 

V 

-

4.5-(€J4-o~)< Z < 3> P[- -~ < Z < -i-- ) = .98, so we can define 11. as qood1 
:

for 110 1ff ~~~~ ~ 1.5. Similarly, we would like to define 11 as bad

for 110 1ff O~=0~ > 2.5. The company claims :

P[Ie1 -e0~ <1 .53 
= .78 , Pf~e1-e0~ > 2.53 = .04

Pfle2-e0~ < 1.5] = .71 , P[f e2—6 0~ > 2.5) .08
I

P(1e3-e01 < 1.5] = .61 , P[~e3-o0) > 2.5] a .15.

Now, the company has machines a0, a1, a2, a3 for sale , where a1Efl1, for

I = 0,1,2,3. If we are allowed to take 5 sample parts from each

mac hine, whi ch machines to produce part Q should we buy?

Solut ion: Let ‘X~, ~~ ~2’ 
X3 be the mean observation from a0, a1, a2, a3,

respectively. Then 
~~~~~ 

, A = 1.5 , c = 1.0, and if we decide to use

r-minimax rule, the tabl e 1.2 , 1.3 and 1.4 indicate

a1 is good for a0 if? < 3.1757

a2 is good for a0 1ff 1Y2-Y 0 t < 2.8887

V and a3 -Is good for a0 1ff iR~3-~0 l < 2.5663

I VV’ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.2! ~~~~~~~~~~~ ‘~*. ~~~~~~ ~~~~~~~~~ — — 
- —
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V

If we feel the claims made by the company may not be correct and
we would rather assume there Is no prior information , then we wil l
decide to use mlnimax decision rule. Then

a1 is good for a0 If? < 2.0 for all 1=1 ,2 ,3. - i V

I f from ano ther source , we know more informations such that
- N (c , 1), 01 

-
~ N (c , .5), 8~ — N(c , 1), and 0

3 
— N(c , 2), for some c ,

then we would like to use the Bayes rule. So

c4+ ~~(.5) c4- + ~,,(l)a1 is good for a0 if f I ‘ - 
~~ 2.0

2c + 5~~ c + 5 Y
7 - 

5 — 
-

a2 is good for a0 1ff i~2 - < 2.40

c + 1 0~~2 c + 5 X 0an d a3 Is good for a0 1ff - 
6 < 2.0.

If we suspect the definiteness of any prior Information , we may then
use the rule which Is most robust to the assumption of the prior distri-
bution . So from the table we use r-mlnimax rule on a1 , use Bayes rule
on a2, and use the minimax rule on a3.



-V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~
-

~~~~~~-- —~~~~~~~ --V —-VV.
~ 
- —

7 1

CHAPTER I I

1’-MINIMAX RULES FOR SELECTING

THE t-BEST POPULATIONS

2.1 Introduction

In this  chapter , we continue further inve sti gations of the V
_ H h j f l j , , ,d X

procedures . The problem considered here is to select the t-best popula-

tions out of k populations for some fixed t — k. Deverman and Gupta

(1969), Carro l l , Gupta and Huang (1975) have discussed this problem under

the subset selection approach. Carroll and Gupta (1977) also provided an

algorithm which can be used to compute the ranking probability

P{(X 1,... ,X
~~
) < t1+l 

,Xt ) ~- . . - ~
- (X t+1 .. . .,X~) l , where X . has

pdf f(x_ 0~) and 01 
a = < 0

~1+l ~~~~~ 
.. < ()~~.

For the problem of selecting e~cactly t population , Bahadur and Goodman

(1952) and Alam (1973) have shown some optima l pv~nperties of the natura l

selection pr6cedure. -

In Section 2.2, it is shown that if the populations have PF2 densities ,

then the natura l selection rule is a T’-minimax rule. This result is also

extended to the case when the populations are not required to be i ndepen-

dent but have some particular form . This is done in Section 2.4. In

Section 2.3, our goal is to rank the k populat ions through a siinu l tan-

eous selection of the t-best populations for all 1 ~ t ~ k - 1 . In order

that a r-mlnlma x rule can be obtained , we need to change the loss function

we used in Section 2.2 slig htly, so that an indifference zone is allowed .

f.

~~~~~~~~~~~~ ~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

L ~~~~~~~~~ ~~~~~~~ .t -
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The result obtained in this section justifies why we adopt midrank for

tied data . In the last section of this chapter , the result of Gupta and

Uuanq (1977) is generalized and it is shown that the 1 -minima x rule for

V -selecting the best population can be found even if the populations are

not i ndependent. We also prove a len~na which will help us to find the

1 -minimax rules for testing hypotheses about multinomial distributions

and niultivariate negative binomial distributi ons .

?. ‘ Sel ecting the t-best populations

Let 1l l~
... ‘11k be k independent populations with fl.~ associated

with distribution function F1(x) = F(x-~1), where o~ Is un known for al l

1 , 2, ... , k. Denote by 0[l] ~ 
0(2) ~ -- ~~ ~ 

0[k] the true (unknown)

ordering of the parameters . Let t < k, then we say that 11~ is among

the t-best populations if 
~ 
0(k t+1)~ 

We wish to select exactly t

Populations such that any of them Is among the t-best populations. The

problem will be formulated as follows :

let \ {x = (X
1~~ • ..,Xk) I —~ < x1 < for all I = 1 , 2, ..., kI and 

o~) I -
~~~ 

< < ~ ~~ afl I = 1 , 2, . .  , k}. Also let

K (1 ,2,... ,k} , T = (l ,2,...,t}. Let S = (si s : I K is 1 - 1

function and s(i) — s(j) if I < j}, then for each s ~ S,

- . *lIs(t)} wi ll denote a possible choice of the set of t-test

populations. It is clear that S contains 
~~ 

elemen ts, we will denote

them by 
~~ ~~

?‘
~~~

•
~~~
‘ 
SrI where r = (

~). In view of the defInitions given

above , we use the Borel LI-field for d and X, and the discrete a-field

for S. V

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

—V •V ~~~~~~~~ ~~~~~~~ -. .z..~. - -i —
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Definition 2.2.1. A measurable function -~ \ S [0,1 1 is a sele lio n
- ru le if for each x X, we have

~: ~(x,s) = 1 .
* s~S

It is understood that ~(x,s) Is the condition al probability of ~o Ie - tinq
V 

~ s(l)’ h hls(k)I 1 having observed x. For 1 1 k, let

S .1 {s ¼. S I ~.. s(T)}

S~2 (s ~_ S I I ~ s(T)} . 
-

then S11 (S12) is the collection of all subsets of size t which in-

‘1 cludes (does not inc l ude) 
~i - For each given 4, we have the follo winq

definition .

Definition 2.2.2. The k functions defined by

V - (x ) = 4~(x ,s) , I = 1 , 2,..., k, 
V

1 —  SES .
(2.2.1)

are the individ ual selection probabilities ; ~S~(x) is the conditional

probabi lity of including population 1l~ in the selected subset having

observed x. It follows that 51 (x )  satisfies:

(1) 0 ~ !51(x)  ~ 1 for all 1 ~ I ~ k , and all x.

- ( , - .? .~~)V 

k k
(II) 1 51 (x ) = Z ~: ~(x,s) = ~: ~: q~x ,s)V 1=1 1=1 s~S11 

- 

S¼.S i¼.s(T) -

= ~ t ~(x ,s) = t, for all x.
s~S (?.~‘.3 )

•~~~~~~~~~~~ V~~VV V- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Now, we have

Leniia 2.2.1. Given S(x) (Sl (x),...,~
Sk(x)) satisfying (2.2.2), (2.2.3),

there always exists at least one selection rule 4~ such that (2.2.1) holds. 
*

Proof: (2.2.1) defines a simultaneous linear equation

= 

~~~~~ 
- 

~i.(2.2.4) V

where
I

q(x)  = (q (x
~

si), 4 (X ,S2),..., ~~~~~~
A = (a 1~ ) is the matrix wi th

0 if i ~ s (T)
a.. for all i = 1,2,...,k.

Li  if i~~~s~(T)

It is understood that for x fixed, 6(x ) is just a vector in J~k and

(x) is just a vector in i. For simplicity , they will be denoted by

v (vl.v21...,vk) and u = (U 11U2 , . .. , U ) ,  respectively. Now, consider
k kV fv 1 ~ v . = t} r~ [0,1) , then V is a closed and bounded convex set.

* in 1

For v ~ V. wiog , we can le t V = (1
~

1,...,l1al,...,aL,O,...I0) where

� a jj > O .  If ~~~~ let c1 l _ a 1, c2 a~ and
= 

~ (c~ A r2 ), then V

v ~(1 ,. - - ,l ,a1+c ,a2-c,. - .,a2 m l +c,a2m_ c,O,... ,O) +

if t 2m,

and V

- - ~~V 

— 
~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~

V *~V~)~V - V VV V_ ~~ V V -
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~~~

=

+ ~-(1 ,...,1 ,a1
_c,a2-~-c Ia2m+l -V t Ia2m+9

_
~ 
,a2+3 +2l

~)

if = 2m + 3 -

Hence if ~ 0, v is not an extreme point of V. This shows th~ ox-
treme points of V are the permutations of (l ,1 ,...,l ,O,. . ., O)

(with t l’ s), and they are just the columns of A. Since points in V

can be expressed as a linear combination of its extreme points , this

proves that equation (2.2.4) has at least a solution which is also a

selection rule. V

V 

Lemma 2.2.1 does not exclude the possibility that more than one

selection rules may have the same individual selection probabilities. For

example , when k = 4, t = 2, let 
~l 

112 ~3 11 4 1  and if
- 1 selects (11 1,112) with probability

(112,113) with probability

(fl~,11~) with probability

selects (111,114) with probability

V L (n2,n3) wi th probability ~~
-

then •-~ ~ 
but they have the same individua l selection probab ilities.

is better than in the sense that 4~ has - chance to select

the true 2-best populations. However, is better than in the

sense tha t 
~2 

always selects one of the 2-best populations. At this
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stage, it is hard to judge which one of and is better than the —

other. For our convenience , we simply treat them as equivalent. Thus ,
we can consider decision rules in terms of the individua l selection

probabilities.

Let D = (6 ])...,6
k

) 0 < 6 1(x) < 1 for 1 < i ~ k, andk
x ~1(x ) = t}. For given c > 0 and s E S, let ~ = (0 E 9I mm 0.-(= 1 - S iE s(T) ~max 0.  +

~~ 
}. Then , e f LI ~s 3 0’ where 

~~ ~~ 
= 

~ \( U 9iV s(T) ~ sES S 
sES s 

V

Note that ®~~
fl ~~ = ~ if i $ j.

1

Definition 2.2 .3. For any $ t S. Let € [0,1] be given and

: A s I .  Then
H s~S

r = ~ is a prior distribution on ~ V~ fld

L 

di(0) = A s for all s € C }V 
-

— Definition 2.2.4. For any 0 E ‘~~ and ~ t D, the loss function L is

defined as
k

L(0,S(x)) = ~: y
— V stS i l

where V

0 for all j  if

L~~~( , c
~ (X )) L51 0-s (x))  for j t s(T), 0

LS2 6J (~) for j ~ s(T), 0

A similar loss function was considered by Gupta and Huang (1917). Let us
further assume that 11. has pdf f4(x) = f(x-~1) and let

k 1

II 11 (x.). Then , we have

V 

. 
- * V V V V ~~ VV V. V



- 

• V  — -- -

r ~ 
k 

~~r(T,~) = E IV k ~ L’5’(O,6.(x))f (x) dx dT (O)s€S P’s ~R j=l —

= z Z 1 + ~ 2 E0[ Z S ( x ) J  - I E 0[ >: ~~~. ( X ) i dV t ( O )4 S€S s j’~s(T) ~ — j~s(T) ~
1 - -- jts(T) ~

(2.2.5)

- Now, we can prove the following theorem:

- 

Theorem 2.2.1. If for all s E S, there exists a E 
~-c such that

sup E0[ ~ ~?(X)J = E0~ ( ~
- 

QEt~5 - j~S(T) ~ — S  j~S(T) ~

and

V 

inf E0[ ~ 60(X))  = E0~ [ Z ~? ( X) )  ,
- jES(T) ‘~ -s j~S(T) ~

where

¶ 1 if N~(x) < Ntti(x) 
V

- t2
- 60(x) = r (x) if N.(x) Nrt,(x), ~; r- (x) t - t1

V J —  
- 

~~~~— ~~~~ j =t~~l ~
V 

0 if N~(x)  > N[t] (x)

- 

V 

(2.2.6)
and 

N(1)(~ ) < ... < N 1;~~13 (x, = - - -  = 

~~~
) = • .= N~~~3 (x ) -

~ . - . - N[kI (x)
Is an ordered permutation of N~(x )~ j = 1 , 2, .. - ,  k , and 

V

~ I

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _

i-iL. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ---
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N~(x) M~2(~) - M~~~
1
(~~~~) where

~j2~& 
= 
s~S32 

1s2 As f (x), f’L1 ( x )  = 

~ 
L~~A~ fQ~ (

~
) -

The n , = (
~~ ,. - - ,6~) is a r-minimax rule.

Proof: let T
0 

be such that p [o = 0*] = A for all s E S,
V T0 —  -~S S

then for all ~S t D,

sup r(i ,6) � r(T0, ó) = 
~ J k E L~~~(O*,6.(x)) f ~(x ) dx

T t r  sES R j=l .S 
~ 

~s — —
= 

~ Ik 
( 

~ 
+ 

~ ) [L~~~(O*,6.(x)) A f~~(x)] dxj=l R s€S~1 stS32 
—S 3 — S 0

k
= 

~ J k M.1 (x) + N.(x) 6.(x) dx
-

~ Ik M.1 (x) + N.(x) 6~(x ) dx

=:: 
A : )~~k 

E L s (6~~; (x)) f0* (x) dx

= ~: A~{ ~ L51 + L 2Ee~
[ Z ( (X) )

sLS j € s(T) S —s j~s(T) ~

- L 1E0~
[ ~ 60(X)] }S 

~s j€ s(T)~~

~ I ~ L51+ L 2E [ ~z ó9(X)]
S€S €

~s j€s(T) 
S 

~~ j~s(T) 
‘~ —

- 151 E [ ~ 6?(X))dr(8)
~ j~s( T) ‘~ -

= r(i ,~S°) for all r E r .

- ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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So,

V.  sup r(-r,5) > sup r(-r,6°) -

V 
tEl’ -~~j ’ —

This proves that is a r-minimax rule.

Let us take 0~ = (01~
021...,ek), where

0
~ 

= 00-It if I €s(T) and 0.~ = 0
~ 

if I ~ s(T). 
(2.2.7)

The constant 
~0 

will be determined later. We would like to i nvestigate

N1 (x)  ~ N~(x) first. We find that

N
~

(x ) > N~(x)

if and only if

~~~~~~~~~~ 
X5f (x) 

~ 

(L~1+L~~) A5f~~(x) -

I f (L~~+L~~) A~ 
= c , where c is some constant , for all s ~

-. 5, then

V N.(x) N.(x) ~~~~~~> ~ ~ (-~- ) � E f ~(x)-~ — sES11\S~1 2s S€S
J~ \ S V 11 ~ S

~0 +~
(x 1 ) f0 4~~x~)

- 

- 

~~~~~~

> 

s
~
Sii\s~i ~€s(T)\{i) 

f0 (xQ)

fe +c(Xj) f0 ~~~~
> 0 11 0
- f00

(x~) sESjl’\Sil ~Es(T)\{j} 
f0

V(x~) -

-
. But for all s ~ S11\SJ1 . (s(T)\{i}) U(j} = s’(T) for some s’LS~1\S11 ;

- an d v ise versa. So we get 
~ ~ f (x• 0~,+c’ 9! ()~~ +~ ‘

11 U - ii V Y

S€S~1\SJ1 
2-tS(T)\{i} f

0
0
~~ Q) 

— 

StS~1\S 11 
Qts(T)\lj} f

~~
(x
~
)

-- - - - ~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~-
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Hence,

N. (x) ~ N.(x) iff g (x.) > g (x.) (2.2.8)1 - ~ 3 —  0 1

where f00+c
x

g (x) =

0

Now, g0 is increasing in x for any 00 if f (x) has monotone
0 0

likelihood ratio in x. Then ,

x 1 x~ ~~~~

- N
~

(x ) 
~ N~(x )  -

It is well known that if X1,... ,X~ are independent and the density

f~~(x) of X~ has MIR in x for all I = 1 ,.. .,k, then E0[6(X)] is

increasing (decreasing) in 0~ if 6(x) is increasing(decreasing) in x~.

(Lehmann( 195 c1) )

We can now state the main theorem of this section as follows :

Theorem 2.2 2. Let X 11 ..., Xk be independent random variables. Assume

that X .~ has pdf f0 (x) = f(x-01), which has MLR in x. Furthermore,

if for all s t S. (L 51 -i-L 2)A c, for some constant c , then

= 
~~~~~ .. ,

~~) is a Y-min imax rule , where

1 if x . > x [t].3
* t-tl t= if x . = x

- 
2 1 (2.2.9)

0 if ~~ <~~
[t]

- 
-

- 

— V. V ~~~~



—~ ~~~~~~~~~~~~~~~~~~~~~~~

H I

and

x~~ > ... > ~[t~+l] = = ~~~ = ~
[t
~
] 

~. ~[kJ is a n
ordered permutation of x

V 

Proof: Let 0~ be defined by (2.2.7), then (2.2.8) holds. Now , we let
= ~~~ then we have

~ 
( x .  ) ~ . .  -‘ g) (x~ 

) = . . . = g~ (x. ) =~~~ = g 1 (x 1 ) “ 9 ) (x1 ).0 i j 
~ tf+1 ~0 

1 t ~0 t~ ~O k V

Hence , N. (x)~ . . .~N1 (x)= .. .=N. (x)= . - .=N. (X~~~~-~~~ V V N 1 N).1 1 — t~+l 
1 t ‘t~ 

- 
k

Now , suppose that

- .<N [t +l](X)~ 
. . N [t] (x) .  - .=N {t ~(X)

.V .. .
~
N[k](x) ,

then 
V

tl~~~ti~~~t~~~t2 -

If in (2.2.6) we let

1 for j such that x. ~ x. x1

t — t i . V

r4(x) = for j  such that x1 x. x 1J — 

~ t~—t j  t~+l ~

0 for j such that x1 x. x~t~+l ‘~ t2

then 6~(x) reduces to 6 (x) as shown in (2.2.9).

Now, for any ~~t S , let I ~ s(T), consider

x = (xl....
~
x l l.x I.xI+l , ..,xk)

1

L
_____________ I

• - ~~ ~~~- V -- - - - - -V~~-
~~~~

--’- ~~~~~~ ~~~~~~~
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V and

whc ,p x .~ . x~ , then for all j *. s( T)

* . - * *~~(x ) ~~~~~~—* 5 ( ~~) ‘~ ~ 6~(x )
-‘ jLs(T) * j~s(T)

which shows that Y 6~(x)  i s decrea s i ng i n x 1 I f I 9 s ( T ) .
jLs(T) ‘~

Hence ~ ~S~(X) is increasing in x~ if i 9 s(T), becausej~Ls(T) 
‘I 

* 
‘ 

*
~
‘ - ~~(x) + ~: 6.(x) t. Similar ly, we can prove that ~jLs(T) ~ - j~is(T) 

—~ 
- 

j9s(T) ‘~ 
—

is decreasing in - x. for I t s(T) and ~ 6~(x) is increasing in1 j€s(T) ~~ 
—

x - for I ~.. s(T). It follows that E0[ ~ ~s~(X) )  Is an increasing1 

~ j9s(T) ~function of for I ~ s(T) and is a decreasing function of 0~ for

I L s(T). Hence

sup E~[ ~: o~( X) ]  = su p E0~[ ~
~— j~s( T ) ~ ~oo< Ø~..oc 

~s .j9s(T) ~

Now , 

x 1 xNI 1ff y
~ 
~ ~[t] where y1 x~ - 0

0

1ind the d i stri but ion of X~ - 00 does not depend on 00 any more. This

implies tha t £ I - , 1s~(X)] Is independent of the choice of 0 , SOI j~s(T) .3 V~ 0

* *sup E )[ ~: s .(x)] = E 1~[ ~: 6 (X)) - V
~‘ j~s (T) ‘~ ~s j~s(T )  ‘~ 

--

By the same argument ,

inf ‘
- s * (X) )  E0~

[ ~: 6~(X) )  -
V 

~L V V I  
~

- j~s( T) ~ — s j~~(T) ‘~

Hence , -~~~ is a 1 -minima x rule by Theorem 2.2.1.

~~~~~~~ _____
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Remarks:

1. We are considering l ocation parameters for continuous distribution ,

hence the probability of ties among x ’s is 0. This means that

the natural selection rule (select the populations associated with V

the largest t ordered statistics among X’s) is a l -rnini,i,ax

selection rule.
1

2. Assume X. ,...,X . are the observations from ri ., and X =  ~: X - -il in 1 1 fl j—1 13
Is a sufficient statistic for 01. In this case, 0. is still

a location parameter for and hence the r’-minimax rule will selec t

the populations associated with the t largest sample means. One such

example is when 11,~ 
- N (01,y 2), where ~2 is known .

3. The condition (L5i +L~2
)A
~ 

= c for all s ~ S holds if we let

1s1 L1, 1s2 
= L2 and A5 

= A for all s t. S, then 1 reduces to

= (TI dT (O) A for all s t S}. 1 A is a small class of prior

distributions. But it is interesting to note that the r-mi nima x rule 
V

~ is actually -independent of A. So if we let = U r~ , where
1I Is a arbitrary subset of the interva l ~ = [O ,-~-- 1, then ~ is  

V

(t)
a r-minimax rule for r = r1. - 

V

4. The loss function we used in this section (see Definition 2.2.4)

satisfies the monotonicity and invariance properties of Eaton ’s paper

(1967), and f0 (x) has the M-property (which is equivalent to MLR

if X’s are Inde penden t~ so from Ea ton ’s Theorem 4.1 , S* is a
.
. Bayes rule wrt -r for any -r ~~ 1’ { -

~ 
-r Is an exchangeable prior

distribution on ~
} . Then , 6~ is also a l’ -minimax rule for any

~~~~~
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5. It is easily seen that but ~~~ To see this , let k=2 , t=l ,

and let VU N((O
) (

l 

~)) Then , 19r - However , P [ 0 1
_ 8

2~c]

P[X~r], where X—N(O ,3), so T€ r~. In this sense,

our result is slightly stronger than Eaton ’s (1967).

6. If U
1 has a scale parameter O~., then ~~~~~~~ I(0~~)(x) with

(L- 0. In this case, we might like to define

= ~~ (l-~- ) mir 0. ~ max and r= (nj dt(0) =A for all
its(T) 1 i9s(T) ~s 

—

stS, for some k€J } . If we use the transformation = fnX 1 , we

get Y 1~g(y-n 1 ), where g(y )  = e~
’f(e-~) an d = f~~~ 01, also

~ 1~i~ mm n. > (l÷~~) max n.}, where l+c~ = biT]— 
- Now, ~~~•- iLs(T) 1 i9 s(T) 1 — L  1

is a location parameter, therefore, to choose the t-largest n1 s

(hence the t-larges t O .’s), we will select those populations associa-

ted wi th the t-largest Y~.’s (hence the t-largest X i ’s). 
V

V in Section 2.4, we will see how Theorem 2.2.2 can be generalised if

X l , X2,...~
Xk are not assumed to be i ndependent.

‘.3 Complete ranking and simultaneous selection problems

Let U 1 ,H 2,. - - ‘
~~~k 

be the same populations as described in Section2.2

and [If-- • 0 [k] be the ordering or parameters. Let R:{ll l,fl2,...,fl
k

}

- (O ,l ,...,k-1l be a 1- 1 function aichas that R(111 ) = i-i 1ff O~ 
~~~

R(IL ) is called the rank of~.. When 0l’02’~~~ k are unknown , the ranking V

problem is to identify each population with its rank. A simu l taneous

selection problem is to dec i de the t-best populations f~ all l~ t~k-l at

the same time . - 

-

Defii ntio 
V?~~~~~ V •)V - For ranking problem, let A={ala=(a(l),...,a(k)Y isa pr’r.

mutation of ~0,1,.. ,k-l )~~. So when we take action a€A , we mean population

ii. has ~nnk a(j). Notice there are rk l actions in A, which we denote by

dl
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DefinitIon 2.3.2. A measurable function 6: X -* A is called a ranking

rule. A behavioria l ranking rule Is a measurable function ~ : XXAV [0,1)

such that ~(x ,.) is a probability measure on A. Then ,
r~~c~1 (x ) E S(x ,a~) a 9,(i) is called the rank of Il~ generated by 6.

— Q l

In the following, we would like to show the relation between the

ranking problem and the simultaneous selection problem . A change of notation

is necessary here. From now on, all the notations used -in Section 2.2 wil l

be added a sub-index t to specify that the selection is for the “t”

best populations. For example ,
k

Ot 
= = (61t ...,6kt)i 0 ~ 

61t (x) < 1 , E6
~t
(x) t}, for 1 t ~. k-i. 

V

Definition 2.3.3. A general selection rule is a matrix 
~ ~~~~~~ -

V where = (ôjj~
...)6kjY ~ D~ for all 1 ~ 

j ~ k - 1. For any x t X ,

~(x) = (6ij (x ) ] kX(k1 )~ where 61~(x) is the conditiona l probability of

selecting 111 as one of the i-best populations having observed x.

DefinitIon 2.3.4. Let ~ = (6..] be a general selection rule , then
k-i 13

~ 
o~. is called the rank of IT~ (i=l ,2,...,k) generated by s .

Now, we can prove the followi ng lenuiia to establish a relation between

~(x) and ~(x).

Lenina 2.3.1. Let ~S be a behavioria l ranking rule and 
V

• r ,~

cs~(x )  ~ 6(x,a
~
)ciR~

( i ) be the rank of rt ,~ generated by s , then there
I -  *. 

A k-l
exists a general selection rule 6 such that the rank ip1 (x )  ~ is~~(x )  V

— j=l

it-
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is the same as ct~(X) ,  for all 1 � i ~ k.

V!~~~~~~~f: Since x is fixed , we w i l l use for z1(x) to simplify -

notation. The same goes for 
~I’ 

s~ 
~~~~~ 

and 
~~. Let =

then 0 
~ ~ 1 and 1 8 = 1. Wiog, let a1 ~ A be such thatL 1  2.

a1 (i) = I - 1 for all 1 � I ~ k. Then , for all a2. 
t 4, a~ = P~a1,

where is some permutation matrix (2 ~ ~ r). Now consider-

V 

O 0 . . o  1

= 

( ~ ) kx (k-1) 

‘ 1k-l = 

(~~)k~1

then it is easy to check 
~l

1k l  = a1, hence 
~2.~l!k_ l 

= 
~~~~~ Now, we

define ~ = 
~ 8~P~o 1 , where P1 = 1kxk~ 

If we let P2. 
=

j and 
~~

= (6jjJk ( k 1)~ then we have

r k 
~~ 

r
V 0~~ 6 =  ~ p’2’ < 

~~~~8 
113 L 1  2. m=k—j+l im L=1 ~

and
r r - V• 1~(S ~ ~ 1~P ~ ~ 

l~~ 1~ô~ = (1 ,2,.. .,k-l).~
— — L 1  ~~* Lx — -

k
This proves 

~ 
= i hence ~ D, where ~ (o1j~

...U6kj)~
. It

follows that ~ -is a general selection rule by Definition 2.3.3. Finall y,

~~k-1 1 ’ ’ ~k~~ l
8L
~~

1!k-l 
=

= 

~~~~~ ~~~ 
lak U
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hence = c&~ for all 1 ~ I ~ k.

We can also prove that given a general selection rule 6, there
A r~~ V

exists a behaviorial ranking rule (S such that E 6(a~)a 0 = 61 .
V - £=l ~~~~~~~ - -

The proof is very similar to the proof of Lema 2.2.1. We consider that

V = {Si~~1 1 (S is a general selection rule}, then V is a closed ,

bounded convex set i n Rk Now, if s5 = [(Se], but are not all

0’s and l’ s, then 
~
1 k 1  is not an extreme point. It turns out that

the extreme points of V are 
~L~l1k-l 

= 

~2.’ 
so for all 

~
1k-l E V ,

= 

t~l
8
~~L~ 

Now, set ~(a 2.)= ~L’ 
thus completes the proof. V

From the above discussion , the rank of 11 -generated by behaviorial

ranking rule ~ or by general selection rule ~5 can be treated as

equivalent. In the fol lwoing , we will consider the ranking problem through

the general selection rule ~~, i.e., we would like to select the t-best

populations for 1 � t � k - 1 simultaneously and hence to rank the

populations in ~me order.

Let D = {6 I o is a general selection rule}. The notation

Lt(e,~
5t(x ))  an d rt(TI t5

~
) wil mean the same thing as L(O,tS(x)) and

r(-r,6) -in Section 2.2. Because t is a variable rather than a fixed 
V

V 
integer in this section, a sub-index t is added to make the notations

clear.
V An intuitive loss function for the simultaneous selection problem

k—l
is L(e ,(S(x)) = E I (0,5 (x)). Since the loss is additive , so by

—
~~~~ t=1 V

Leniiia 1.7.1 and Theorem 4.1 of Eaton (1967), s~ = 
~~~~~~~~~~~~ 

is

Bayes rule for any exchangeabl e pr ior distr ibut ion , where i s as

given in (2.2.9) for 1 ~ t � k - 1. Then

sup r(r,6*) ~ sup r(r,~) for all (S E
rEr tEF

~~~~~~~~~~~~~~~~~~~~~~~ -a— V V V A ~~S~~~~~V V_V ~VV ~~~S ___  _~~~%_ ~j_-~~~
V S VV • VVV~ —
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i.e.., ~ is a r-minimax rule for- F F .  However, when we use
2.(O,(S(x)) as our loss function, we find that there is no ind if ference
zone for 6; but for each t (1 ~ t ~ k - 1), 

~ 
has its own

indifference zone. If we feel we should not be penalized in the problem

of selecting the t-best populations (t fixed) when the t-best populations

are not distinguishable from the others, then neither should we be

penalized in the simultaneous selection problem If any two populations

are not distinguishable from each other. Thus , we need to have an

indifference zone for 5, which is done as follows : Let

C = {c( c is a permutation on (1,2,... ,k} 1,

and for c E C, let

= {910c( l ) > 0c (2) > > 0c( k ) and 0C(i) - 0c(i+l )

~ c for 1 � i ~ k - 1 },

then

~~j U 
~ 

= {eI rn-in 10 -0.) < c } serves as
c~C 1~i~j~k

an ind i fference zone. Now let C.~1 
= (ci i = c(j)}, then for all

c t C~ and 2 ~
® c~ 

0i = 6c(j) i.e., 0 is the j~th

largest parameter. Note that C U C~., for all 1 � I � k. For
j=l ~ k

1 ~. t ~ k, 1 � I ~ k, let G~ . U C4., B4,. = U C.4,
‘‘ ‘~~ ‘‘ j=t+i l.~

then for 0 and c t Git (B it  respectively), we have

is (is not) one of the t largest parameters. Now, we can define

the loss function as:

______________________ - ~~V V 5- V~~ ~V -V -~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~ - * -

-_ V . V V .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V ~~~~ .~~ V V .L*V V V  
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DefInition 2.3.5. For any 0 E s and 6 E D, let

k-i
L(8,6) = E 2. (o , s (x ) ) , V

—
~~~~ t=1

where

2t(e,45t(x)) = E 1(c) (o,6. (x))
i l  cE~C

and —

ç 0 ~f 0~~8c
V 

- L
~~~

(o, (Sj t (x))  = ~ L1(1- d ft ( x ) )  if c 
~ 

and 2 t
L. 12~it~~ 

if c € 8
it and 0 

~~4:

Let = (ti d-r(0) = A for all c € C} . We see that is an

indifference zone for 5(x). Now, we can prove Theorem 2.3.1 which will

be used to find a simultaneous r-minimax selection rule.

Theorem 2.3.1. If for all c € C, there exists a 0~ € s~ such that
k k

sup E ( ~ ~0, , (x)] = E ( E tS~ i (Xi)

~ ~~~ 
c~j ,t ~! j=t+l c~j) t -

- C 
- -  (2.3.1)

and
t t

inf E9( E ~O 
~t 

(X ) ]  = E ~1 E °‘~ ‘~ (x))
— j=~ 

c(j, — 

~ ~~~~ 
c~~, -

where
1 if Njt (x) < Nttjt(x )

I t2
rj t (x ) if Nft (x) = N

(~~]~~
(x )

~ 
wi th

0 if Nit (
~

) > N(t)t (x)

(2.3.2)

- - ~~~~~~~~~~~~~~~~~~ VV*~~~~~~~~~S~~~~~~
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and
Ntl)t~~~~~~

<N(t 1)t
(
~~ 

= ... = N(t]t (x) = ... =

where V

N. t (x) = L2 ~ f ~(x ) — L 1 E f *(x)1 c€ B. 2c ‘ cEG. Q
~ 

-.
it it

If is defined as P Ce = = A for aLL c € C then we have-to- . -~c
rt(-r 0,~

St) ~ 
r~(-r0,t5~ ) > r~(-r,6~) for all E and -r E

Proof: The proof is similar to that of Theorem 2.2.1 , so we only write

down the main steps and skip the details.

-

V 

r
~

(T O,(S~
) = Kt + ~ 

~~ 
J~ 

N~~(x ) t(x) dx

k 
~
.

~ ~t 
~~~~~~~~~ ,J k Nj t (x) (S

~ t
(X) dx

1=1 P — — —

= rt ( -t-0,St )

k o
= A Z (L 1t + L2 E9~

( Z 6c( )t (x)]cEC —c j=t+l ‘~ -

t o
- L~ E0~[E 6c(j)t (x))}— c j l

I- k

~ I 11t + 1
2 

E
0
[ ~ (S

O (x)]
cEC C~J, —

t
— I.~ E ( ~ (SO (n)) d (e)

I 

~ j=~ 
~~~~~ — 

.

. -
.

= r (1,450) for all E r

___ 
~~~~~~~~~~~~~~~~
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where

Kt = x E J L~ z f0~(x) dx .

1=1 X CEGIt ~

This completes the proof.

Now, for all c E C, we define = (o1,e2,...,ok) Ee as

0c(j) = 8
~~

- je for ail 1 ~ k. (2.3.3)

Aga in , ~ wi ll be determined later. We would like to examine

Njt(x) 
~ 
Njt(x). We find

Njt (x ) 
~ 
N.~ (x ) ~~~ z f9~(x) � E f0~

(x )
V cEG t .~c - cEG . t -c -

f ~(x) ~ f0~
(x) -

cEG t\G~t ~c 
- cEG

~t
\Gjt -c -

V 

Now, for all c E GIt\GIt, I = c(ii for some 1 ~ i ~ t and j c(ji

for some t + 1 � j ~ k. I f we let c~ be such that c~(L) c(~) if

9. J~ 
i~, 9. j ~ j ’, and c (ii = 3, c~(j~) = -I , then c E Gjt\G 1t. The

V 

correspondence c -’—*- c is 1 - 1 between GIt\G~t 
and GIt\ G It. So

if we let

fQ~
(~ ) - fe~ ~~ for all c E GIt\G~t~

we have

Njt(x ) ~ N t(x) ~~~ g Cx) � 0.• — cEG tN.Gjt 
C -

_  
VVV ~~~~~~ V V ~~~~ V-~~~~~~~~~ 

Vj V V . V V~~~~~~~~~~ V V V S V *
~~~~~~~~~~~~~~~~~~~~~~~
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Now,

= [ n 
-2 

(x 9.)) [f0 .
~~ 

(x. ) f ._~ x.)
— 2.~i ,L$j 0 C 

0
-i C i

— f0 ._ (x.) f0 -— (x 1 )] -J 0
3 C

If f0 (x) has MLR for all 1 ~ i ~ k, then we have
i-

~ x3 
— 

~ 0 for all c E G j V ~
s\G.

t ,

~~~~

— N~~(x) ~ 
N~~(x ) - (2.3.4)

Theorem 2.3.2. Let Xl,X2~
...,xk be independent random variables, where

X1 has pdf f0(x) 
= f(x —o

~
) which has MLR in x. Let

= = ~[t] = = x tt~1>

be an ordered permutation of x. If

1 if xj > x [t)

t—t — r ,
= if x. = x~.

tj (2 .3.5)
- t~

_ t_i. 1

0 if x j < x [t) ,

V 

then we have ~*(~ ) = 
~~~~~~~~~~~~~~~ 

IS a r-mlnimax simu l taneous selection 
. 

Irule in D for r = r
~
.

VS~
•

— VS --V_
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Proof: Let be defined by (2.3.3), then by (2.3.4) we see that

(2.3.5)can be considered as a special case of (2.3.2), as was shown in the

proof of Theorem 2.2.2. Al so , by an argument similar to that in the

proof of Theorem 2.2.2, we can prove that (2.3.1) holds for any choice of

e
~
. So by Theorem 2.3.1, we get

inf r (-r ,6 ) 
~ r (-r ,(S*) > sup r (r,(S*)

-
~ E~ ~ 0 ..t t 0 _t _.~~~,, t —t
~t 

U
t

for all l � t � k - l .  Hence,

k k
inf r(-r ,(S) = inf : r (-r ,6 ) > ~ inf r (t ,~*)
45ED 0 — (SED t 1  ~ 0 t t l  (S. ED t 0 t

—1. t

k 
*

E r (-r ~*) = r(-r ,6 )

Now,

sup r(r,6*) = sup z rt(-r,S~
) < z sup r- t (T

~~~
)

1 1  1=1 rEr
~

z r
~
(T0,~

5
~
) = r(r0,S*) ~ inf r(t0,Ô)

i 1  SED

~ r(t0,5) < sup r(-r,S)
— -r~ F~ V

for all ~ t D. So 5* Is a r-minlmax simul taneous selection rule for

r 3 r A .

Corollary 2.3.1. Let I c t0,~ -] and r = U r , then 5* is a
I ~~1 A —

r-minimax rule for I’ = r1. 

-V~-VVS V~~V V ~~~~~~~ -V~~-V ~~~~~~~~~ -
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Recall that our main purpose in doing the simultaneous selection is

to rank the populations. When there are no ties among x1 ’-s , i.e.

x. <x . < ... < x.
1

1 
12 1k

then the rank ~ (x) generated by ~*(~ ) is j - 1, and hence fl
—

has rank j - 1. If ties occur , wiog , let us assume that

> .- .  > xt +i = ..._x t +d >...>xt +1= - • -  = Xt+d >.
~~

>xt+ l =: . .

= Xtm+dm
> .

then

1 2 d1

1 2 d1
d1 d1 d1

s*( )  1:..!

1 2 d2
-

V

1 2 - -

L. kx (k-l).

V V - ~~~~~~~~~~~~~~~~~~~~ ~-V -V~~~~~ 
- 

V --
V 

V 

V 

V .~~~~~ LL1V
2 V

~~~~~~~~ 

— ~~~~~~~~~~~~
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So.
k-i 

*
*1(x) = E 6it (X)

— t=i —

k-I if t~ + d~ < I < t~~1+1 where t0=d0
z0

L ~~~ +k_l_ t~_d~ if t
3 

+ 1 1 t~ + d
3
.

is called midrank of x and this justifies why the midranks for

tied data should be used for rank test. For use of midranks for tied

data, see LePLeiann (1975).

2.4 r-minimax rules for hypothesis testing in a multi variate case.

We start with a result In Lelinann (1955), which we state as r~ lenmia

without a proof.

DefinitIon 2.4.1. When x = (x1.. ..,Xk). x
’= (x~~... ,x1~), we define

x ~ x 1ff xi ~ x~ for all 1 ~ i ~ k. A measurable set S is increas-

ing iff x E S and x ~ x implies x ~ S.

DefinitIon 2.4.2. A family of distribution {F0(x)}~~9 is said to have

stochastlcallj increasing property (SIP) 1ff when 0 � 0 and S is an

Increasing set, we have J~ 
dF0(x) � J~ 

dF0 .(x).

An example of SIP family is when F0(x) = F(x—O), i.e., 0 Is a location

parameter. The following leim~a is due to Lehmann (1955).

L~J ~~
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Lenina 2.4.1. Let fF0(x))~~8 be a family of distribution with SIP. If

6 Is a real-valued function such that 6(x) ~ 6( x )  for x ~ x , then
E0[~S (X)] ~ E6~[6(X)) for 0 ~

When 0 is a location parameter, the above lemma can be generalized to
Lema 2.4.2.

Lemma 2.4.2. Let CF(x-o)}0€9 be a class of distribution . If 6 is a

real-valued function such that 6(x + ta) ~ 6(x + sa) for t � S. then
so is E0~ ta ~ E0~ sa[6(~~]~ where a is an arbitrary vector

In ~k 
—

Proof: Let A be any non-singular matrix with a as Its first column.

Let = A 1X an d ~(x) = 6(Ax), then when X — f(x-~), we have
Y - c~(x-ri) where c = J det A J , f(x) f(Ax) and r~ = A 1?. Al so, we
let g(e) = E9[6(X)] and ~(r,) 

= E~(~(Y)]. Now,

+ te1 ) 
= 6(Ax + tAel ) = 6 (Ax + ta)

~ 6(Ax + sa) = ~(x +

for t � s, so ~ is increasing in its first component. Since 
~ 

is

the location parameter of V. this Implies ~ (y~ + te1 ) � + se1) if

t > s. But

g(o) = J6(x) f(~ - o) dx
= ~S(Ax) f(Ax - AA~~~) fdet A~ dx
= c J’~(x) ~(x - A~ e) dx
= ~ A:l8. 

— —

_________
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~fl
hence,

g(0 + ta) a 
~(A~~e + tA~~a) a 

~(A 1o + te1)

~ ~(A~
1o + Se1) g(e + sa) for all t

This completes the proof.

Remarks:

1. One may notice that If F0(x) F(x-0), then Lemma 2.4.1 is an

immedIate result of Lenina 2.4.2.

2. If both 6(x) and 9(0) are differentiable , then we have
k k
Z a~ ~~~~~~~ 

6(x) ~ 0 - ~~ a4 ~~~~~
— g(o) ~ 0 for any a.

1=1 1=1 . —

Example 2.4.1. Let the random variable X has pdf f(x-ø)

h(x) c(o) e~ ~ , where o E Is unknown. Al so let ~ be any

vector In Rk. We want to test

H0 : 80~~ c + c

• H1 : 8~o~~ c

Suppose we know the prior distribution of o is In the class

r a (ti P
~
(0 E H0] = A. E H1] - Al, where O~ x. x and

A + X ~~~1. If the loss Is defIned as:

a0 a1
H0 0 1.1

H1 12
(H0UH1)C 0 0

I ~~~~~~~~~~~~~~~~ . . -- .. . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
.—

~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
__

~~~
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where a0 means ‘H0 Is true ’ and a1 means ‘H1 ‘Is true’. To
determine the r-minlmax rule, we proceed as follows :

Solution: Let ~ 
a (8l.~~

..Bk). 9o — (C+CJj and a _____

Let Tfl E r be such that p fo — e~) — A , and P [0 e~] A .  Also ,
-u to _  -‘

let 0 {~5 J 6 is a measurable function on such that 6(x) E [0,1)].

For 6 ~ 0, 6(x) is the probability of saying H0 is true having

observed x x. Now,

r(r
~

,t5) = f 11 6
~~~ 

f(x-~0) + L2A 6(x) f(x-01)dx ,

so the Bayes rule wrt Is

1(L1 Af(x-00)�12A f(x-01 )] 
(
~

)

But

n.2 L2A ’c(01)L1,~f(x-o0) � L2A f(x-01) ~~ x $  ~ 
Lit 

~~ c~Q0)

Since (x + t0)~ � (x + sB)~~ If t ~ s, so 6o(X + tO) ~ 60(x +

hence by Lemma 2.4.2,

If t ~ s

Now, let e ( H0, then e vo + ur where rr 0. SInce
c+

~~ c + ~ ~~> V ~ , hence
- ..

E0[60(X)] 
~ 

E0 +ur[60(X)] .

But

Eo +ur(6o(X)] 
= Pt (X o0 ur)~~ ~ k~ - - ur~~]

P(X~ ~ k0 
- where -

— E  (6 (X)) ,
• 

~O °-

k_. ~~~~~~~~~~~~~~~~~~~~~~~ • ~~.. — ~~~~~~~~ ~~~~ ~
-.r 

~~~~~~~~~~~~~~~~~~~~~~ - .—_—
~~.. ~~~~~~ L~~~~~~— —•~~~
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so we have proved that

inf E0(6~
(X )] - E

• Similarly.

sup E0(6,~(X )] = EA (60(X))
-

Then we have for al l ~ € r

r(T,~~) = JH L1 (1-E 9[60(X)) dt(0) + 
JHl

L2EO[6O(~
)] dr(0)

~ AL1(1-E0 [60
(X) )) + A~12E~ (60(X) )

a r(t 0,tS0)

Hence Is a r-m~nImax rule.

• We have now displayed many examples for deriving the r-mlnimax rules
• (in Chapter 1: r-mlnlmax rules for selecting populations close to a control ;

in Section 2.2 and 2.3 of this chapter: r-mlnlmax rules to select the t-best

populations). One might have noticed that the common setting of the
• F-m irilmax problems we have considered is that we have a partition on t~)

such that ~ ( ) U d , where serves as an Indifference zone, and1 0
r is defined as the class of prior distributions which put some known mass

• on each e~ (1~i~r). Then we will do the routine job of choosing a t r•
In general , 1

~ 
is a degenerate prior distribution which puts all the mass

on the boundary of •.~ . If we can prove that is also the leas t favorable
• 

• distribution in r for its Bayes rule 8o, then is a r-m’Inimax rule.

• 
-



~~~~~~ —---~ —— —
~..— —.

~-— —
~~
-
~~
- — —-‘-.-- 

~~~
—

100

All the problems that we have considered so far are under the assumption

tha t afl populations are independent, but this condition can be relaxed in

certain problems . Let us look at the following example first:

Example 2.4.2. Let ~ 
- Nk(0,~

) where E = (1-p) ‘k +p ~k~k’ ~
known and ~~ 

> . Let 
~ 

( ~i t~~)(% where ~~~~. 
= {8~ 0 ~max 0.+e}i 1  k — j~t1 J

(ti dt(0) = )~~} , with A~ � 0 and E A1 ~ 1 being given .

Define

0 j f 0~~~~
L(0,6(x)) =

L.(l-61 (x))+t. Z 6 (x) If 0 t t~1 — 1j,1j j~~ I

k
where 5 ~ D = {6 f E 64(x) 1 and 64(x) ,> 0)— 1=1 ‘~~~~~~ 

I

We want to determine the r-minsmax rule.

This problem is known as the selection of the best population and It

was considered by Gupta and Huang (1977), for p=  0. When X1
1 s are

equi-correlated , we let 0’ = (€ b , . .  .,00+c,. .. , €b) for 1 s I _< k. Also,

let TO be the prior distribution such that P~ [0 = 04]  = A1, then the
0 0 0 0 -

‘

Bayes rule wrt ~S ~
6l’’’~’

6k~ 
where

1 if f0~(x) (L 1+t1)~1 
> max f~~(L~+~~)AJ

= ‘
~~~ rj(~) = 

.

• ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •• • _____
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Now, let - (0’I~], then

0 - [l+(~-i)~~{1-pJ 
for 1 ~ I ~ k

- 
~ +(k:~)p)(l p) for I ~

then

f0~
(x) (L 1+t1 )A 1 > f~~(~ ) (L~+t~)A~

• 
(1 +t )A

< >  f~~(xf 
> (L.~+t

’
~1A~ 

- C j j
—J —

< >  (a~~ o~~) (x j~xj) > Lit

- x~> 
~~~~~~~~~~ Lit .

• 1 We see that 6?(x) is Increasing in x1 and is decreasing In Xj  for

.1 ‘ 1; also , 6?(x) is independent of the choice of o
~
. Hence we get

inf E (6~(X ) ) - E o o 0 o~(6?(~ h,
I..., ~~~ —

which proves that

r(r,6°) - E I (t 1IL 1) (14 (6~(X)]) dt(0) ~— i_ 1 J e,i — -
hence Is a r-minimax rule.

_____ ____ —_________ — —
~~~~~~~
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The above example can be generalized to a moregeneral theorem which

we state as follows :

Theorem 2.4.1. Let X has pdf as f(x-~). If the ratio

f(~ -ce .)
r1~ (x ) = 

f ( )

is an increasing function of x~ and is a decreasing function of Xj .

keeping the other components fixed , then the problem of selecting the best

population has a r-minimax rule = (6?,. . .  ,6~ ), where

( 1 if rtj(~~~ ~~ 
for all J ~

= r (x) if r (x) 2 c~ for all j j
~ ~ and ‘= ‘ holds fori some j~~ 

Q.

( 0 if r~j(~)< c~ for some i

Proof: Use the same argument as in Example 2.4.1 except the monotonicity

of r~~(x) Is now guaranteed by the assumption instead of computation.

Remarks:
k

1. The monotonicity of r14(x) is satisfied if f(x-~) = a g(x.-o1)J —  1
and g(x- 0) has MIR in x.

2. If V 1,Y2,,. . .V~ ,Z are (k+l) independent random variables and

V. - g(y-01) 
= c(e1 )h(y)e

°
~~~

’
~, where p(y) is a strictly increasing

function of y for 1 ~ I � k, and Z is an arbitrary random variable

with pdf as Q(z). Now, if X1 V 1 + 1, then letting X a(XlI....Xk)

p

— -~- — ~~~~~~~~~~~~~~~ 
—•.

~
—. 

~~~~~~~~~ .1~~-— —
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we have
,~ k

X - f(x-O) - I n g(x1-z-e~)q(z) dz— .- — J _4,o iai

end

f(x-ce1)
- _________

- 

et~~
xi)i 

~~ 
~~~~~~~~~~~~~~~~ 

q(z)  dz j

~
cP(xj) ii g(x -z) C(Z+C] q(z) dz

-
~~~ 1-1 

c(z)

= e X i

Hence , the assumption of Theorem 2.3.1 H satisfied, and the

r-mlnlmax rule is

( 1 If p(x1 ) max p(x 4) + t,t c1.
• jpfj J C

4(x) * ri (x)

• Naturally, Example 2.4.1 is a special case in which V 1 - N(o11 1-p)

and Z N(O ,p). •

3. In Theorem 2.2.2, we assumed that X1’s are Independent, because

by independence, we can prove

x 1~x f 0~(x) ~ f0~(x ) (2 .4.1)
sES11\S11 —s — s~S11\S11 s

•— —. — JC. ~~~~~ rua ~~~~~~~~~~~~~ ~~~~~~ .~~~ -~-- — U
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~~~> N1 (x) ~ N1(x)

If X ’ s are not independent but X1 - + Z with V 1 and Z as

defined in remark 2, one finds that when we choose 00 - 0,

~~ p(x1) k
f ~(x) = e iEs(T) ~ g(x ~Z)[c~~~~)

t q(z) dzcz)

• Hence (2.4.1) holds , and Theorem 2.2.2 is , therefore, still true.

As the last part of this section, we would like to search for the

• r-minimax rules for some hypothesis testing problems when X has a

multivariate density f
0(x), but ~ Is not a location parameter.

Lemma 2.4.3. Let X = (Xl~
...,Xk) has pdf f0(x). If the marginal

distribution of (X2 . . . ,X~) has pdf g(0 ,0)(x2 . . ..x~) and
X 1~ X2~

...,Xk — h (6)(x 1 1 x2....,xk), where n(~
) i s an increas ing

• function of 01 and h (x 1 1 x2,...,xk) has MLR in x1. Then if 6(x)

is an increasing function of x1, we have that E0(6(X)] is an

increasing function of 01.

Proof: Let ~ = (ol.o2....~
ok), r= (oj.e2....~k) with 01 ~

then n(e) ~ n(ei, so

I 
E (0)(6(X)I X2,.. ..Xk) ~ E (0~)f 6 (x) I  X2 , .. ., x k )

for all x2~~ • ~Xk Now,

_ _ _ _ _ _ _ _ _ _ _  

—
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E (6(X )] — E (EN ~(6 (x )j  X2,. . .$ O2,...~ k ‘_ ‘

> E (E , .~(6(XH X21...,Xk)]/

= E0.(tS(X)]
— I

• Examples of f (x) satisfying Lemma 2.4.3 are:

1. Multinomial distribution MN (n,O):

( H  xJ)(n- H X j )! ~ 1Zl 1)(

” 
0~~~ i~1

x 1

1=1 1 1=1 (2.4.2)

= F ~ 4 x~~ ~~ 
- 

O~ ~~~~i=l~~~

L x1 !(n- x.)! \ 1- E o~ I \ 1- E 0~ /1—1 1 \ 1—2 ‘‘ \ 1=1 ‘‘

[

~~~~~

X 1!:

~~~

X 1
I 

k x

i( 
- 

k )f l~~~~
i]

We find that T1(o) — 
k which is increasing in °1’ and

1- 1: 0
* i=2~~

Ic
X1~ X2,...,X~ - b(n - E x1, r~(0)) which has the MLR, and the margina l

1—2 —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ — • •. • • ,~~~~~~~~~~~ • --
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Idistribution of (X2,.. . ,X~) — MN(n,(e2,. .. ,e~)), so that
Lemma 2.4.3 applies for this distribution. Furthermore, by

the symmetry of the density of multinomlal distribution , we get
If 6(x) is increasing (decreasing ) in x1 , then E0

(6(X) ) is
increasing (decreasing) in O .~ for any 1 ~ I ~ k.

2. Multivariate negative binomial distribution MNB(n,~):

(n+ ~ x~-l)! k x / k \-(n+ z X j )

• f (x ) = 

~ °i 
+ 

~~ ~ j i— l
— (n-l)! rt (xi) 1— 

‘lb 

i—i

k (2.4.3) •

• r (n+ E x. -l)! / \ x1• _ I  i=1~~~ / 01 \- I I k IL n~ x.-l)! x1 ! \
\
l+ 0.)i=1 ~ 1=2 1

k• / 01 \-(n+ Lx .) 1) 1=1 1

\ l+~~~o~ J J

• ~ 

(n+ 
i=2 ~ ~ ( +

. 

~ ~ 
\~-(n+~~ x.) 1L (n- l)! 

i=2 ~ 

1=2 1 1=2 J
01

We find r~(e) 
= k which is increasing in 0l~— l + z e

1=2
k

• • 
X1~ X2,...,Xk 

— NB(n + ~ x1, n(o)), and• 1— 2

(X 2....,Xk)~ — MNB(n, (02.... .Ok)i, so the same result for multinoniial :
distribution also holds for multivariate negative binomial dIstributl~i.

I
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3. Multivariate normal distribution

Let

E (c~~ ~ e (o~
\
\ and X = (x 1 ~

~~~21 2:22) ~
O2). 

- 

\,~2J
’

then

— Nk_l 2.E22) and X1~ X~ — N(e1+E~1E~2(X 2-92),

- E~1E2~E22)

So Lemma 2.4.3 holds . But in the multivariate normal case, since

~ is a location parameter, Lemma 2.4.2 is stronger than Lemma

2.4.3.

Example 2.4.3. Let X1,X2,...X be lid MN (n,e) wi th pdf as in- -  ~m - Ic
(2.4.2). Let ~ = ColD < O~ for 1 � i ~ Ic and ~ 0. < 1).

— 1=1 1
We want to test

t
H0

: Z 0 . � a + c
• j=l ‘~

t
H1 : ~ 0. ~ ai—i ~

where t E {1 ,2,...,k} and 0 < a  < a  + c<1 . If both r and the loss

are the same as in Example 2.4.1, we can proceed as follows to get a

F-mlnimax rule.

L •
~:• . • •,—-________  ~

—- ---- •
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Solution : Let

- , a+c a+c 1-a-c l -a—c2o — 

‘ ‘ ‘ ‘ k+1-t ‘ ~~~~ ‘ k+1-t

and

a 1-a 1-a— I~ ... • k+l—t ~ ~~
• •  

~ k+1 —t

Let E r be such that p [o = eo] = A and P to = =TO- . - TO -  -

• then the Bayes rule wrt t~ ~~

60(X) = 1EL Af (x) ~ I x’f (x)]

Now,

L1Af (x) ~ L2x f (x)

___ ( !. 1-a-c )XJ > L~~ ~ ~~~~~~

t Ln t—.T + flLfl1
~~ E x >

j=l ~ 
- tn + 

~‘~l-;-c

Then, 60(x) = I Cx) Is IncreasIng In x
1 

for all 1 ~ i ~ t.[ E x4~c ].1=1 •‘

Hence, E0[60(X)] is Increasing in B for all 1 
~ 
j ~ t. Now, since

t — I
~ x4 — b(n, 2: 0 ), E0(60(X)] depends only on B . So we get

j=l i—i — 
— J—l

inf E0(6 CX)] E0 (6 (X )]0 -O 0-— V
j
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and
sup E0(60(X )) = E0 t60(X)]
OEH1 - 

- -1

It follows that r(r,60) ~ r(t0,60) for all t € r. If we considern m
2: x1 as the sufficient statistic for O and 2: x1—MN(mn,Q), we get the1•1~ — 1—1~r-mlnmax rule

= I m t (x 1,...,x ) ,
[ E  E x 14~c ] 

— —m
~ mn

where - (x jl~
...,xjk ) for all 1 ~ I ~ m.

Example 2.4.4. Let 
~1’~~~’~m 

- MNB(n,O) with density mass as in

(2.4.3), e = {e~ 0 < 0 1 for al l 1 ~ I ~ k}. We want to find

r-minimax rule to test

t
H : E 0 ~ a + c

• j=l

t• H1
: 2: O

1~~ a ,
J—l

where a > 0 and t €(l,2,...,k}. r and the loss, aga in , are the

same as In Example 2.4.1.

• , a+c alt l+a+c l+a+cSolut,on. Let — -

~~~~

— • • •  —r ‘ k-t ‘ “ ‘  k-t

and
a a 1+a 1+aO~~a (~~, ~~~~~~~~~~~~~~~~~~~~~~~~~ 

... ~~~~~~
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then we find

• f (x) / t r2o - 

- ( 1+a+c ‘\ (a+c)(l+a)
f9 (x) 

- 

l+a ) ~— i L a(l+a+c~ j
-

Hence, if t is such that P (0 = o ] = A and P (0 = e 3 — A’ ,

the Bayes rule of is

12A’ 
_ _ _

t ~~ L A  + f l~~~ fl i~a~1 -if 

~1 ((a+c)(1+a) 
b1~

a(1+a+c)

• L o
t t

Since 2: x. - NB(n, 2: 04), so everything Is the same as in Example
j l ‘~ J l  II m

2.4.3. i.e., sup r(t,6~) = r(r~,6,.j. If we consider I x. as the
tEf U “ “m 1=1 ~sufficient statistic for 0 and 2: x4 - MNB(mn,0), we get the

— 1=1 —’
1-m inimax rule

6 (x ,.. .,X ) = ~ m t (x ,..., x ) ,0 _ i  —m [2: Zx 14~~ b ~ 
—1

1=1 J=l “ 
mn

where x1 = (x ll ,...,xjk) for all 1 ~ I ~ m.

1.~ 1

II
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CHAPTER III

EMPIRICAL BAYES RULES FOR SELECTING

GOOD POPULATIONS

3.1. Introduction

• We assume that G is an unknown prior distribution on ~~~, and de-

• note the minimum Bayes risk In a decision problem by r(G). Robbins, In

his pioneering papers (1955. 1964). proposed sequences of decision rules,

based on data from n independent repetItions of the same decision

problem , whose (n+l)st stage Bayes risk converges to r(G) as n -,

Such sequences of rules are called empirical Bayes rules. Empirical

Bayes rules have been derived for multiple decision problems by Deely

(1965), Van Ryrin (1970), Huang (1975), Van RyzIn and Susaria (1977),
and Slngh (1977). However, the forms of densities of the populations

that these authors considered are either c(e)h(x)eOX , for continuous

case or c(o) h(x )o ’~, for discrete case , and the loss functions are
either squared error or merely max B —0,~ type. Fox (1978) dIscussed

l~,j<k ~

some estimation problem under squared error loss, in which empirical

Bayes rule was derived for the first time for uniform distributions.

Barr and RlzvI (1966), and McDonald (1974) also considered selection

problems related to uniform distribution by the subset selection

approach. It Is Interesting to note that uniform density Is a good

approximation to the central portion of normal density. We consider one

ii
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I

industrial example. One often wishes to keep the resistance in a

circuit constant. If the resistance is normally distributed, then re-

sistors with resistance in IS tolerance interva l about the mean are

selected as “high quality ”. In this case, the uniform distribution can

be used as a model for these high quality resistors. In Section 3.2,

empirical Bayes rules are found for selecting populations better than

a known control when the populations are uniformly distributed. In

SectIon 3.3, the same problem is considered except that the control

parameter is unknown. In SectIon 3.4, we derive the empirical Bayes

rules for populations wi th densities of the form p1 (x)c 1(01)I,0 ~ ~
(x).

‘ ‘ I’
Rate of convergence is also discussed in this section. Finally, Monte

Carlo studies are carr ied out for the prior distribution
2

G(o) 2 !~. h o ~(o) . The smallest sample size N is determined to
c

guarantee that the relative error Is less than c.

3.2. Known control parameter

Assume that we have k populations 
~l’

112’~
•
~’

11k• n1 .— U(0,o1)

and 01 is unknown for 1 1 c Ic. Let 00 he a known control para-

meter, we define:

DefinitIon 3.2.1. Population 711 is good 1ff 01 00. and population

fl1 is bad 1ff o
~ 

< 0
~
.

Let A (il0~ 001 and B • 11I0~ °
~~~‘ 

then A(B) Is the set of

Indices of good (bad) populations. Our goal is to select good popu-

latlons and reject bad ones. We formulate the problem In the empirical

Bayes framework as follows :
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(1) Let 6 —  
~t 

(8) ,~~.
Ok)I8i ~ 0 for all 1 < I ~~k} be the

parameter space.

(2) Let 4. (SIS C {1,2,’~~,k}} be the action space. When we take

act ion S, we say 
~‘i 

Is good If I € S and is bad if

i g S.

(3) Let I: t~ x 4 +(O,a) be the loss function. We define

L(e ,S) 11 Y (e
~—e~) + 12 ~ (~ —of).IEA\S i€~iiS 

0

(4) Let ~(~) = n G 1 (o 1 ) be an unknown prior distribution on *~,

where G1 (e 1) has a continuous pdf ~~~~~
(5) Let (o111 Y11),. ,(o~~,y~~) be pairs of random variables

from Il
l and = eli U(0,o11

) for all 1 < I < Ic and
1 < j  < n. Let - 

~ ij’ ”’~kj~’ 
then denotes the

previous j-th observations from

• (6) Let X 1 be the present observation from n~, for all 1 < 1 < Ic.

Let 4.— (x - (xl,••• ,Xk)lx j ‘ 0 for all 1 < 1 ~ Ic). Also, let

L— (X 1,...,Xk) and f~(~) a 
~ ~ç

1 I(Q0) (x 1). Since the loss

function is bounded from below and we are interested in the Bayes

rule, we can restrict our attention to the non-randomized rules.
We have

• (7) 0 — f 6 f 6 :  ~L÷4 Is a measurable function). 0 Is the collection of

decision rules. Let

r(9) — lnf r(~,6) • r(Q,6*), (3.2.1)
• 6€D

- - • •~~- _ _  •- 
• •

~~~~~~~~~~~~
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then 6* is the Bayes rule wrt the prior distribution ~~ , and

r(~) is the minimum Bayes risk.

Definition 3.2.2. A sequence of decision rules 
~~~~~~~~~~~~~~~~~~~~

Is said to be asymptotically optimal (a.o.) or empIrical Bayes (e.B.)

relative to G, If

rn(~
,6n) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-+ r(~) (3.2.2)

as n -‘ ~~ . The expected value In (3.2.2) Is taken wrt ,...,~~~~~.

Remark: For simplicity, 6fl(L,Ll,
....~~

) will be denoted as

from now on.

Let m1(x) be the marginal pdf of X1 and 111(x) be the marginal

distri bution of X1. Then, we have r
m1 (x ) - f’ ~ dG~(e 1) for all x > 0, and

M1(x) = J I G 1(o)dt

= i:c: ~~
- dtdG1(e) + i:i: ~ dtdG1 (e)

= xm1 (x ) + G1 (x) .

Hence,

G1(x) — 141 (x) — xm1(x). (3.2.3)

I
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Wi th the help of thi s formula, we are able to get a sequence of a.o.

decision rules. As the first step, we would like to find r(~) and
• . the associated Bayes rule. To get the Bayes rule easily, we will change

the form of the loss function to the following:

L(e,S) - 
J~~

2
~
°o-°i o,e0~

(°i~ 
-

+ 
1~ 1

Ll (e i
_0
0)I(00,.,)

(e 1) (3.2.4)

It Is easy to see that the second sum of (3.2.4) does not depend on the

action S. Hence, to find the Bayes rule, we can omit the second sum

and consider only the first sum in (3.2.4) as our loss function. Then,

r(~~6) a f i [f L2(e0-e1)f0Wd~.(~)

- I Ll (o j_eo)fL(~)d~(t)]dL.

So, If 4*(x) - S~ is the Bayes rule, then we find that I e S jf

I(O,e0)t)(xj,.m)
2
~~
0 1

~
0i ~(O~) ~ ~ L

i
(0

i
-0
o)~~ ~~~~~~~~

Hence, I ES* jf

(1) x1 > e 0, or
- 

-‘  (ii) Xj 00 and

I . ’ 
00• I 1200 ~ dG1(e 1) 

- 12(G
1
(:0)-G

1
(x

1
)) :•

c L i (l—G i (oo)) — 1100 f ~~ dG1(~ 1
). (3 .2 .5)
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The condition In (ii) is equivalent to 141 (x 1) < c 1(00), where

H 00
Hj(x i ) - 1200 1 ~! dG1 (o 1) + 12G1 (x 1), and

c1 (e0) = L2G1 (e0) + L1(l-G 1 (e0)) - 1100 ~1 dG1 (e 1).

Since H1 (x 1) is decreasing In for x1 < 00, so (1) and (Ii)

reduce to x 1 > e0-b1 where b1 > 0 and satisfies H1(b1 ) = c1 (e0).
This shows that for any 

~~~, Gupta type rules are Bayes rules. Now,
s ince ~ Is unknown, the Bayes rule is not obtainable. To find a.o.
rules , we need to es timate ~~ . In view of (3.2.3), we need to estimate
N1 and m1.

• Let be a sequence of lid random variables with a coninon

distribution function K(y). We also assume that K’(y) — k(y) exists
a.e.. Let

n
K~(y) = 

~~
- 

1~1
I(_ ,.,,~](Y 1) (3.2.6)

and

kn(y) - {k~(y+h)—K~(y)). (3.2.7)

Then, K~(y) -‘- K(y) uniformly in y with probabIlity 1 (Gllvenko-

CantellI Theorem) as n ~~ . The following lenuna guarantees the

convergence of k~(y) to k(y).
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Leema 3.2.1. (Parzen (1962))

(1) If h • h(n) in (3.2.7) satisfies lim h(n) 0, then
n-’~

u r n  E(k~(y)] • k(y) for any continuous point y of k(.).

• (ii) If In addition to (1), h(n) also satisfies lim nh(n) =

then l iii EIk~(y)-k(~)I 2 - 0 for any continuous point y of

k( ).

Remarks:

1. In our problem m1(y) • f’ ~ - dG1(e), hence m1 (y) is continuous

at all y. So, (1) and (Ii) in Le.,~a 3.2.1 hold for all y.

2. By Chebysher’s Inequality and (11), we have

E~k (y)-k(y)1
2

• lim P(fk~(y)—k(~)I c] < u r n  2 —
fl9~ fl4~ c

Hence, if h 0 and nh ÷ 0, it Is shown that k~(y) -
~ k(y)

In (p).

Now, we state a theorem which provides a sufficient condition for
(6n(&~~~u 

to be empirical Bayes. Let

— H1 (x 1) — Ci(00) (3.2.8) •

and

i - c
S0(& — (iIx 1 < 00 and 

~6 (x 1) 
(01.

[L 
- ___: ~~-~~~~~~~~~~~~~~~ _-- - -- •~ • •~~- - •
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Now, for any 1 (1 ~ I < Ic ) ,  let 
~ 

(x 1) = A1 (x 1,Y11,...,Y1 ) forn
all n • 1,2,..., be a sequence of measurable real—valued functions,

we define

(iIx 1 00 and 
~‘l ,n~~1

’
~ 
<0) (3.2.9)

and

= {ifx 1 ~~~~ LiSn(& (3.2.10)

Then we claim

Theorem 3.2.1. If for 1 < I < k f’ e1dG1 (o 1 ) < and

~i n~’~O ~G 
(X j ) in (p) for almost all x1 < 00. Then

defined by (3.2.10) is empirical Bayes.

• Proof: For all S Ei, let

= {x E .&.~x1 00 if I € S and x1 00 if I f SI.

Now, for any A. € J~~, 6*(A) S ~ S0(~). Hence, for A E t5,

- 
it6~~( 1R~<0~ 

2~~o ~
) 
~~ JJ

1h~10 Lu (o i~
eQ)ft

(
~~

d
~
W]+ Z

(&~
G (x i )u mj(xj). 

‘

j#i

Similarly, for A € we have

~~ 
-

~~~~~~~~~~~~

-

~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~~~~~ ~~~~~~~ :~~~~
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- i~
[_ J e o

Ll (e i
_e
o)fL

(&d
~
(
~
)]+

iES
Z(j~Gi

(x 1)j
n
i 
mj(xj)

— Hence, If

1 1 61,~(x 1) 
-

~~ ~G1~~i~ 
in (p), then

0 <

k

~ 1
~G 

(x 1)—a1 ~(x1)I II m (x )
IES~(& I ‘ j—l

j ,f I
k

- 

~ )~ (x~) ii m (x ) (3.2.11)
iES

~(& ~~
5
~
(& ‘~~ 

Ic
+ I IA 1 fl

(x j)_A G (x~)I it m (x )
1ES0(A) ‘ I j—1

1,11
Ic k

2€ ~ ii m4(x4)
1—1 i— i ~

1,11

• with probability near 1 for all n > N. Note that (3.2.11) is non-

positive by the definition of S
~(&. Now, we have proved that

) f~$~)d~(~) 
-. L(t,~c*(~.) ) f ( ~)d~(~)

In (p), for almost all L• By Corollary 1 of Robbins (1964). we
conclude that (6

~(x,L1
,...,X,7)} .1 Is empirical Bayes. Thus

completes the proof.

-I
- 4

_ _ _ _ _- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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We have reduced the problem of finding the empirical Bayes rules

to the problem of finding a consistent estimator of A
6 (x 1) In (p).
I

If we recall that

m1 (x 1 ) = J ~L dG1 (e 1) and G1 (x) = M1(x)—xm 1 (x) ,

Then from (3.2.8) we get

AG1
(x l ) = L2m1 (x j)(80_xi ) + 12(Mi(x i)_Mj (o o)) + L1 [M1 (e0)-l].

Hence, if we define

= L2m1 ~(x 1 )(o 1—x1 ) + L2[Mi,n~~j
)Mi ,fl(0o)3

+ 11EM1~~(e0)—l), (3.2.12)

where

• M1,~(x) = 
~~~~~~~~~ 

‘(o~~]~~ij~ 
(3.2.13)

and

m1~~(x) = 
~(x+h)-M1 ~(x)] = 

~~~~ ~~~~~~~~~~~~~ 
(3.2.14)

• then by Lenina 3.2.1,

~~~~ 
(x.) -~ ~~ . (x. ) in (p),n 1 1

for all x. Thus, the sequence of rules 
~~~~ which is defined

by (3.2.10), with A 1~~(x1) defined t~y (3.2.12), is empirical Bayes.

A
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3.3. o~ unknown

In this section, is a control population which is distributed

as U(0,00) with 00 unknown. Let 
~Ol’~

•
~ ’~On be the past data

collected from ii~, and let X0 be the present observation from iI
~
.

Based on this further informati on, we w ill search for empi rical Bayes
rules for selecting populations better than the control. Note that

now 
~~~

= (eo,ol,...,ek), x=  (XO.X l , •
~

• ,Xk) and G(~) = n G1 (o 1 ).

When the same loss function is used, the Bayes rule 6* now becomes:
I ~ 6~(xJ if

12 1~ ~~‘(o,e0Jn(x1,oo)~~ 
(o0-o1 )dG1 (o 1 )dG0(e0)

ILi I~0 °0’(eO,”)fl(x1,’°)°i (e 1-o0)dG1 (e 1 )dG0(e0).

Hence, I € o*(A) ~

(i) x > x  and A 1 (x ,x.) < 0, where

A
~0,G1

(xo,xj) = (L1
_L
2)
[J’° m1 (o0)dG0(e0)+f m1~(e j)dGj(e 1 ))

- L1fl—G 1 (x 1 )]m0(x0)+m1 (x~)[L2+(L1—L2)G0(x 1 )—L 1G0(x0)].
(3.3.1)

(i-f ) x -c x and A2 (x ,x ) < 0, where -



- 
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A~~6 (x0,x1 ) - (Li
_L
?)(1 mj(eo)dGQ(eo)+r n~(e1)dG (e1)]x0 *0

-

(3.3.2)

When L1 - 12 - 1, the Bayes rule Is greatly simplified. Then we
have I ~ S*(~) jf

AGQ,G (X0,X1) m0(x0)(l—G1(x1)]— 1(x1)(1~~~(~~)) >0.

Now, a consistent estimator of a6 G (X0,X i ) Is obtained by
0’ I

A 1 ,n(*i .X0) - n o ~~~~t ~~~ 
)).in1 ,~

(x i )t~~o,~(*o))

where m13~(x) is defined by (3.2.13) and (3.2.14), and
G1 (x) N (x) — xm (x) for all 0 < i c 

~~ , LetIn i,n i,n —

— (1l~ ~~~~~~ >01, then
‘

are empiri cal Bayes by Theorem 3.3.2.

liThe: 11 I
f 12, we need to find consistent estimators of

‘a 
m1(e0)d60(e0) and f’ m0(e1)d61(e1).

The next theorem provides us with such estimators.

irheorem 3.3.1. Let M1,~ (x ) and m1,~(x) be defined by (3.2.13) and
(3.2.14), respectIvely, for all 1 1 1k. If h 0, h -~- 0, and
nh2 as n -, ~ , and If

- -.
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f o1dG~(e1) < for all 011 < k , then
-

. 
- xm1 ,n (x)dmü n (x) f°’ m1(x)dG0(x) in (p)

for any a ’O .

Proof: f xm~ (x) dm (x)
a

~~ 
r 
j~l t~l i: XI (x ,x+h](Y ij)dI[Y0 _h ,Y ) (x)

Y~~~J~l 
l (UJL~

Vjt). where

= (Y 0L *h)I (a ,c.) (Y
Ot

_h) I (Y 0
_h , Y ) (Y

ij ) ,  and

= Y0~
I(a ,~)(Y OL)I( Y y + h)(Y ij).

Now, s ince Y0~ M0(x) and Y1~ M1(x) for all 1 
~ i. £ <

we have

E f xm (x)c~n (x)
a ,n ,n

1 x+h
= I X 

~ 
j’ dMi(y) ~~

. (m0(x+h)-ni0(x)]cjx. Also, because

x+h x+h

~ 
dM1(y) - 

~~~ L I 

-
~
. dG 1 (o)dy

x+h<~-J dy J’° ~-dG 1(o) <
~~~~~

- (1-G (x)) (3.3.3)

so,

_ _ _ _  _ _ _ _ _ _ _  
:~i~ :T~r~== - : - _

~~-;:~ —~~~~~.
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x+h x+h
x~ .J m11(y) ~-[m0(x+h)-m~(x)]I 1~ J ~-dG0(e),

hence by LOCI, we get

u r n  E J~ 
xm1 ,~(x)dn~~~(x) j’

~ 
xrn (x)m~(x)dx

= - 

~~ 
m~(x)dG~(x). (3.3.4)

Now ,

Var f’ xm?(x)dm~(x = Var —~r -4 I(Uj~
_V
j~
)

= 114 {~~ Var(Uj~
_V
~~
)+
~~ t1~L2 

Cov(U
~5

_V
~~ .U~,~—V~5 )

+ 

~~ ~ 
Cov(Uj~~

_V
j~~

.Uj1
_V
~~~
))

= —�~
1;r Var (U11-V 17 ) + 

~ 
Cov(U 11—V 111 1112.y12) j

+ ~~ Cov(u11 _V 11,U21_V21), (3.3.5)

but Var(LJ11-V 11 ) I E[(LJ 11-V 11)
2] = E(U~1 ) + E(V~1), and

~~~ E(lJ~1) = ~
2 

~ dN1(y)dN0(x+h)

I 
~~ 

~
2 
~ 

[l_G
i(x))i ~ ~~~~

~~~~~~~~~~~~~~~~~
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Ii (1-61(x)]dx

If’ edG1 (e) , by (3.3.3)
0

so ~- E(U~1) is bounded for all h. Simi l arly, we can prove that

~~E(V~1) <
~~~~ 

edG0(e), hence

~j- 
Var(U11-V11) 1 2 J odG0(o). (3.3.6)

Meanwhi le,

COV(U 11—V 11,U12—V 12 ) — Cov(U11,U12) + Cov(V11,V 12)

- Cov(U11,V 12) — Cov(V11,U12),

• and

I~ - Cov(U11,U12)~ 5. -3 (E(U11,U12)+E(U11)E(U 12)} I 2( l-M1(a)).

Similarly, we can prove that 2(1_l11(a)) Is also an upper bound for

I~-~ Cov( V 11 ,v12)I, I~~ Cov(U11 ,V12)I and 
~~~~

- Cov(V11 .tJ12 ) I .  Hence

,-3 Cov(U 11—V 111U12—V 12 )I 8(1—11 (a)) . (3.3.7)

Finally, I-3 Cov(U11-V 11,U21—V 21)I ~ 
8(l—M 1(a)). (3.3.8)

Hence, from (3.3.5) we get

Var f’ xm1,~(x)dm0,~(x) 0

I___ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _  

-a
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if nh2 -, and h 0 by (3.3.6), (3.3.7) and (3.3.8). The fact
that the variance goes to 0 and the expected value converges to

- 

- 

~ 
m1 (x) dG1~(x) as shown in (3.3.4) implies that

I J ~~i,n~~~~~,n
(x) -.- - m1(x)d60(x) I,~ ~~

by Chebyshev’s Inequality . This finishes the proof.

Recall that the Bayes rule is

= (i~x1 > X O and 46 (x0,x ) <0}
L {ijx 1 < X() and AG G (*O*1) 5.01

9(x ) U S ~~~),

where 4 6 (x~~x )  and ~ G (*0,Xi) are defined by (3.3.1) and0’i 0’ l

• (3.3.2) respectively. Now, Theorem 3.2.1 has a similar version for
O~ unknown.

-
• Theorem 3.3.2. Assume that f” sdG1(o) c for all 0 ~ I Ic. If

for all 1 < I < k, a~,~(x0 x1) 
-~~ 4~ 

(x0~x1) in (p) for x L
and 4 (x0,x 1) -

~~ G (x0,x ) in (p) for *1 -c x0. Then If we letIn 1’O

I 6
~(A) 

(iIx~ and a~~ (x0.x1) (0)

I U and 4,n(*o~*t ) 10)

- 
~~

(A) U S
~ (A) ,

~~~~~M
— — ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~



- ———--S S~~S~~S•-S-—.

127

we have {6
~
(&}_i is empirical Bayes.

Proof: .5

I L(t,6*(A))f
L(~.

)d
~(L) 

k k
• • 

~~~~ G ,G0~ 
o$x I)j l  

mj (xj ) + 

~ (
~~

A
~1IGQ

(xo.x1)
J
ll
1 
mj(xj)

j Ifi jIfi

and

• ~~~~~~~~~~~~~~~~

k Ic
- 

~ 4 ,G (X0,X i
) ~ m,~(x3 ) + I ,G (*01*1) ii mj(xj).

n jIfi n jIfi

Now, followIng the same method as In the proof of Theorem 3.2.1, we can
show

k Ic
G (x 11x0) it m (x ) -‘ a~ (x~,x ) it m (x )

1’ 0 j—1 ‘~ 

~~~~~ 
iGo 0 jal i i

n’$~’ j Ifi j Ifi

in (p) for t — 1,2. Hence by Lenmia 3.2.2, (6
~

(A)} ,1 is empirical

Bayes. This completes the proof.

Now, let

a~~~(x .x0) — (12
_L
l)ti Xml n (X)de0 n (x) - •

‘
•Si + i*~~ n(*) i n (* i[1~~in (*i~~

mo n~*o)

+ mI,fl(xl)(L2+(L1_L2)GO f l (xl)_LlGO f l (xO)] (3.3.10) 

——— -
~~~ - - ~~~~- -_______________
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and

= ~~~~~~~~~~~~~~~~~~~~~~

+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— mfJ f l(X0)(Ll+(L2
_l

l )Gl~~(XO
)_L

26l~~(Xl)], (3.3.11)

then by Theorem 3.3.1, the conditions of Theorem 3.3.2 are satisfied.
Hence, (3.3.9), (3.3.10) and (3.3.11) define a sequence of empirical

Bayes rules.

3.4. GeneralIzation and simulation

Let p1(x) be a positive continuously differentiable function
which is defined over (0,.) for all 1 

~~ . 
1 

~~. 
Ic. Also let

c1 (o)~ = I : p1(x)dx for 0 > 0, then f1 (xfe) = P1 (x)c 1 (e)I(00)(x)

is a density function. In this section, we assume that population

f~(xJe~) for al l 1 
~~ . ~ ~~. 

k. Under the formulation of Section 3.2,

we wish to find the empirical Bayes rules for these more general

densIty functions. For simplicity , we assume that L-~ 12 1 and

that 0 Is known. Also, we assume that 6 C e) has a continuous0 1 
4

density 9j(O) with a bounded support (0,a], and Is known for

all l < I < k. Now,

m1 (x) — f’ f1(xIe)d61(e) — p (x) 
f

-f
c1 (e)~~1(e). 

_ 

-

- - S  — - -S .-  -~~ -~~~ -— - -5-  -~~~~~-- -_ -  .--•-- _- _ -- -S ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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If we follow the same discussion as in Section 3.2, we can show that

the Bayes rule ~~ * is: I t 6*(& iff

(i ) x
~~

> o
~
, or

a1
(ii) *1 < 00 and 00 f c (x)dG1(x) 5.f xc 1(x)dG 1 (x) .

xl XI
Hence, we find I t. 6*(& iff x1 ~ e0-d1 where d1 satisfies

‘d 
(00-x)c1 (x) dG1(x) = 0. Let du n  = dj~~(Y 1•p ••~~Y1~) be a con-

sistent estimation of d1, then = {ilx~ > o0-d1~~} defines a

sequence of empi rical Bayes rules, and these are (weak) admissible In

the sense that ~~~~~~~~~~~~ Is an admissible rule for the non-

empirical problem for all 
~~~~ 

and n (see HouwelIngen (1976),

Meeden (1972)). However, to f ind such a sequence t d1~~)_1 is very

di fficult, -hence in view of Theorem 3.2.1, the more practical way to

find the empirical Bayes rules Is to estimate

f xc (x)dG 1(x).
x

Leema 3.4.1. Let p1(x) and G (x) be defined as above. If

m1 Cx) -Is defined by (3.2.14) with h + 0, nh -‘ ~ , then we have

/~i xp~(x) f l  rUI
2 m1 (x)dx - I dm1 (x) -‘ I xc 1 (x)dG1 (x)

J X p (x) ~ •1*1 
PI~*I 1fl 1

*1

in (p).

Proof: Since
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a
1 a

~~~~~~ _ f 
~~~J-~~[mj(x+h)-m1(x))dx 

.

5L., j- fr~- dm1(x) by LOCT ,

but

Var
f~~~~~~~ ~“ ,~

(x) = Var{~~
. 
JL 

(U~_v~) .  
~~ re

j - p (%~~~J 1f x a )(~ij~~)’ 
and

= pi(
l_)_ 

~[xa ]~~ij)’ 
hence

Var f ~~~ 
(bfli,n(X) = 

~ 2 Var(U1—V1) ~~ . -~y EOJ1—V1)2

= 

~ 1x1+h ~ T)~ p ( ; hJ~~~~j (x) + 

~~~~

. ‘::~ T~~ i 
(x)

1 
x+h 

2

d x  2 2 * 2I 

~ ~~~~~~~~~ 
p~(~J) + ~~~~~~~~~~ 

- 
I

~~O if nh -I...

We see that

1:1 
jjdm1~~(X) +j

1 

~j~~j
-dm (x) In (i).

Similarly,

- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
III~~~~~.._ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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G1 xp (x) a1 xp ’(x)f in1 ~(x)dx 
-

~~ f ~ m1(x)dx in
• ~i ~1~~~

) ‘ X
i 

p1(x)

Since
a1 in (x)

L, :dt
~~~~

t(*) - IXI 
- x~~~ tp1(xJ~

I xp (x ) I

!Xj p~(x) 
m1(x)dx L, p1(x) 

dm1 (x) ,

the proof is completed.

Mow, let
a a

q~~(x 1) - 
~O~ t f l~~ l + J ~~~~~~~~~~~ 

dmj,,~(x) — 2 m1~~(x)dx

(3.4.1)

then

- ( IJx > 0o}~
(iIX j < °0 and A Tn (Xi ) < O

defines a sequence of empirical Bayes rules.

Empirical Bayes rules are useful only if we can control the rate of

convergence. Johns and Van Ryzln (1971 , 1972), Houwellngen (1973, 1976),

Van Ryzln and Susarl a (1977), and GIlliland and Hannan (1977) have de-

• rived theoretical upper bounds for rn(~
,6
~

) - r(~) under very general

assumptions. Applying Leimna 3 of Van Ryzin and Susarla (1977) , we get

___________________ 5 
_____________ - 

- 
- _______________________
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I -

lenina 3.4.2. Let A6 (x ) — J~ 
(o0-t)c1(t)dG1 (t)I(0 )(x). then

o < rn(~~~
) - r(~) = 

i~l 1H1 
Gi ~~~~~~~~~~ 

< 0]dx

+ I lA G (X)Pi (X)IP[Ai n ~~
) ~~. 

O)dx},

where A~~~(x) and are defined by (3.4.1) and (3.4.2),

respectively, and H1 = (x ix 00 and a6 (x) > 0) and
I

112 {x~x < 0~ and A G (x) < 0). Now, let 0(
~
tn) denote a quantity

-I
O(a )

such that 0< u r n  n 
< ~ , Then s ince Ia6 (x)p 1(x)~ < N 1 for some

n— = a~

constant M1, so

rn(
~

,s
~

) - r(~) I 1Z1 
MIff P(a 1*~ (x) < 0)dx

1

+ f P(A1~~(x) > O)dxl.
2

Therefore, if for al l x > 0 and n -I.

PEIA I
*

fl
(x)_A G (x)I ~ ) A 6 (x)~) - 0(an),

I I
then

= 0(u~).

Now, by the inequality

Ver(6~* (x) ]
P(fa (x)-a6 (x)J 1~ (x)I) < 

* 
- 2,n -

~ (IaG1
(x)l—I¼

1
(x)4Ai,~(x)I]

- -  .- _ -~~~~~~~~~~~~~~ ~~~ 
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we get that If Var[a
~~n(x) ) — O(a~) for all x > 0, t~~n

~~~~~~~~~~ - 0(ci~).

In the last part of this chapter , we let X 1 ‘ U(0,e1) for

I — 0,1. 00 Is treated as unknown. Assume that

a ?.~. I,o~~~
(e) for I - 0,1 and L~ - 12 

= 1. By Monte Carlo
— 

studies , we determine the smallest sampl e size N such that

Relative error - r~) ~~- 
c

for N-4 
~ 

m 
~ 

N. The values of N corresponding to selected c and
1 1

c are shown in Table 111.1 for h - n~~, Table 111.2 for h = n 5
—1

and Table 111.3 for h - n 
~~~, where h is used to defi ne (3.2.14).

I
.

- -~~~~~~~~~~~~~~~~~~ ---. .----- - - -  - ~~~~~~ -—~~~~~~~~~~~~~~~ --~~~~~ - • -  - - - • • - -~~~
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TABLE III

Lists of values of the smallest N such that

r(~,) 
.s. c for N-4 

~ 
m 
~ 

N, where the

density of priors is g1 (e) — 
!~ 

1(O,c)~°~ 
for

I a 0,1.
1

h n

.25 .20 .15 .10 .05 .01

9 10 15 25 41 —

-
~~ 11 12 13 14 29 —

1 15 21 25 27 86 —

2 45 60 80 122 187 —

3 61 172 174 360 —

Note: ~~~ means that N > 400 (Monte Carlo study was curtailed

because of limited resources).

— ~—~~~~—-  J~ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~
— --- - ——
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f

TABLE 111

(continued )
11• - I

.25 .20 

h n  

.10 .05 .01

11 13 15 21 27 —

-
~~~ 10 13 15 21 48 —

1 13 19 20 21 46

2 26 27 52 151 
- 

262 — 
I

3 51 88 134 232 304 —

TA8LE III

(continued )
1 r

h - n 6

_.25 .20 .15 .10 .05 .01

9 10 15 25 41 — 

-

11 12 13 14 29 —

1 11 15 20 27 97 — 
-

2 19 31 59 60 212 —

3 51 61 136 171 302 —

S

Note: “— “ means that N > 400 (Monte Carlo study was curtailed

because of limited resources). I 

. • .  
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v -i> Our goal Is to select those populations which are sufficiently close to the
control. —4 zero-one type loss function is defined. Bayes rules, r-minl.ax -

rules and n~inimax rules are derived and compared. For r-ainimax rules, some
optimal p~~perties are shown; also some general distributions irs given for
whic Inimix rules can be found.

_
~ Chapter II deals with the problem of selecting the t-best populations. It

Is shown that if the populations have Pólyi Frequency Type II densities, t
the natural selection rule is a r-mlnimax rule. This result has also -

~~~~~~~~

extended to the case where the populations are not necessarily 1 t.
Also, by a simultaneous selection of the t-best populations for ~ t ~~. k-I,
a r-mlnimax rule for complete ranking of th enived.
r -minimax rules for some problems— ng hypotheses related to aultinoinial
and mult vi binomial distributions are also derived.

In Chapter III, a problem of selecting populations better than a control -- - -

is considered.,~~ en the populations are uniformly distributed, ~~irica1 Bayes
selection rule are derived for a linear loss function for both the known
control pars e and the unknown control parameter cases . When the priors are ~~ -

assumed to have did supports, empirical Bayes rules are derived for more
general distribution Monte Carlo studies are carried out which determine
the minimum sample si es needed to guarantee that the empirical Bayes rules
are close to the true Bayes rule in terms of the Bayes risk. - 
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