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that component llfelengths are continuous, independeny, and iden-~
tically distributed random variables. They obtained several equi-

valent expressions for the probability that a specified cut set

C0, say, falls first. These expressions were then used to derive

qualitative properties of this probability, such as monotonicity,

Schur-concavity , etc .

In this paper w~~ obtain.s~~xtensions of these results . Under the

same assumptions we study the probability that a specified cut set

say, fails, in the rth place , r = 1,2,.. .,k. This probabilit

is shown to retain most of the interesting qualitative features en— p.T~ - c .
Joyed In the special case r = 1. .We2 then assume that component

llfelengths are identically distributed within a cut set, but allow ~L

—them to vary among cut sets . Under this more general assumption wt -~
~Ij C

,.4e44v~e expressions for and obtain properties of the probability tha

C~ fails in the r~~ place.

This generalizatio~~of the model of El-Neweihi, Proschan, and
Sethuraman (1978) ,4aiso has applications In the study of’ re l iabi li t  ,

extinction of species , inventory depletion, urn sampling, among

others . ---- - -
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ARSTI~ CT

This paper is devoted to the study of the following model: A series-

parall el system consists of (k + 1) subsystems C0, C1, ..., C~ , also called

cut sets. Cut set C1 has n~ components arranged in parallel , i = 0, 1, .. . ,  k.

No two cut sets have a component in common. This model was introduced and

studied by El-NeweihI, Proschan, and Sethuraman (1978) under the assumption

that component lifelengths are continuous, independent, and identically H

distributed random variables. They obtained several equivalent expressions

for the probability that a specified cut set C0, 
say, fails first. These

expressions were then used to derive qualitative properties of this probability,

such as monotonicity, Schur-concavity, etc.

In this paper we obtain extensions of these results. Under the same

assumptions we study the probability that a specified cut set C0, 
say, fails

in the r~~ place, r = 1, 2, . . . ,  k. This probability is shown to retian

most of the interesting qualitative features enjoyed in the special case r = 1.

We then assume that component lifelengths are identically distributed within

a cut set, but allow them to vary among cut sets. Under this more general

assumption we derive expressions for and obtain properties of the probability

• . ththat C0 fails in the r— place.

This generalization of the model of El-Neweihi, Proschan, and Sethuraman

(1978), also has applications in the study of reliability, extinction of

species , inventory depiction , urn sampling, among others.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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1. INTRODLJCT ION AND SUMMARY.

This paper is devoted to the study of a simple model which has app l ications

in re l iabi l i ty  theory, ext inct ion of species , inventory depletion , and urn

sampling . The model was in troduced and studied by El-Neweihi , Proschan , and

Sethuraman ( 1978), (referred to as EPS throug hout) .  In thi s paper various

extensions of their results are obtained. We state the model in a reliability

context and use the language of reliability theory in the derivation of the

results.

Consider a system consisting of k + 1 subsystems, called cut sets, arranged

in series. The i~~- cut set, called C1, has n. components arranged in parallel ,

i = 0, 1, . . . ,  k. No two cut sets have a component in common . Such a system

is called a series-parallel system . (A series system functions if and only if

each component in it functions. A parallel system functions if and only if at

least one of its components functions.) When little is known about the life

distribution of the components of a series-parallel system , it is reasonable to

assume that after t components have failed, each of the rc ~n in g  components

are equally likely to fail. It is also further assumed that components fail t

one at a time. These assumptions are satisfied by considering the lifelengths

of the components to be exchangeable random variables, in particular, independent

and identically distributed random variables. Under these assumptions, EPS

study P(n0; n), the probability that cut set C0 fails first (causing the failure

of the system), where n = (n1, n~) represent the vector of sizes of cut

sets C1, . ..,  C~ . Several alternative expressions for P(n0; n) are obtained

and interesting qualitative features are derived .

- ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



In the present paper we study pr(~~; n), the probability that cut set C
0

fails in the r-~ - p1ace , r = 1 , 2, .. . ,  k, both under the same assumptions

described above and under ven ous relaxations of these assumptions as described

below . Note that P(n0, n) is now the special case corresponding to r = 1.

- . The organization of this paper is as follows. Section 2 contains the

notation used throughout the paper. Section 3 contains expressions for pr(n ; n) F
and various interesting qualitative features. In this section the component

lifelengths are assumed to be continuous independent and identically

distributed random variables. In Section 4 we still assume the component

lifelengths to be continuous and independent , however we now require them to

be identically distributed only within a cut set, but allow them to vary

among cut sets. Under this relaxation of the assumption , we obtain expressions

for pT(~0; n) and derive some of the interesting qualitative features that

n) possesses.

We now describe briefly but explicitly how the results of this paper have

applications in other practical areas.

a) Inventory depletion. A depot stocks ~k + 1) bran ds of a certain item.

Under appropriate interpretation of the assumptions, the probability that brand

0 is the r~~ to be depleted is 
pr(~~; ii)

b) Sampling from urns. An urn contains n~ balls  of color i , I = 0, 1, .. . ,  k .

Sails are removed at random one by one. The probability that color 0 is the r~-~-

color to be exhausted is again PT (n0; n).

It is clear that the model occurs in other contexts as well.

I

_________________ ___________
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~
‘ . NO lXt iON

We use the following n o t a t i o n  throughout . n denotes the total i~umber of

components in the series-parallel system S denotes a subset of (1. . . . , k},

possibly the empty subset.

Isi the cardin ality of S.

S’ ( 1: 1 1 ~ k, 1 4 S).
• ~ n. and n~ = 0 for S = $.

iEs

= (n 1. • . . . ni_ Is fl1 1 1 ,  . . . , fl~~)

(~
) 0 when h < 0.

3. EXPRFSS IONS FOR ANt) QIJM . [TAI l VF t ’Rorl~ Tr (~S 01 P 1
(n
0 
; n) .

In this sect ion we study pr(~~; n) . r = 1 . . . . , k • under the assumpt ion

that the iifelengths of the ii components are independent and i d e n t i c a l l y

d i s t r i bu t ed  w i t h  a commo n continuous d i s t r i bu t i on . Then the n! patterns of

component f a i l u res  are equal ly  l i k e l y .  Under the same assumption , El’S der ive

various expressions and recurrence relations for P1(n0; n) using different

techn iques . such as condition ing, augmentations , and order statistic theory .

In a similar fashion , we derive for PT(n0
; n~ several expressions and recurrence

re la t ions .  We g ive  only a sam p le of such results in Theorem 3.1 and Tlworem

3.2  below . We do concentr ate however on the expression de r ived  in Theorem 3.3

u s i n g  order s t a t i s t i c s  techn iques s ince  i t  is  compact and m a t h e m a t i c a l l y  more

tractable than the altern ative expressions. Note that the case r = k + I is

tr ivial (Pk 1 (n0, n) = ~ ~ and is therefore not discussed .

—— _- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~ —



S

For any series-parallel system with cut sets D1 , . .. ,  D~~~, let

fD1 
< . . .  < D~} denote the event that cut set fails first , 02 fails

thsecond, . . .,  and fails L—.

Theorem 3.1. Let 1 � r � k. Then

n •n ...n
11 iT ifr r r+l k(3.1) P (n

0; ~~ = 

~ 
~~~~~~~~~ 

. .(n~+. ‘Tr

n n  .. .n0 it
2

(n ~~n ).. .(n + .. .+n )(n + .. .+n +n ) ‘
if ii it iT ii ii 01 2 1 r-l 1 r-J

where the summation is over all permutations it = (ir
a
, ..., iT~~ )  of (1 , 2, ..., k).

Proof. By Theorem 3.2 of El’S,

P(C < ... < C < C0 
< C < •. .  c C ) =

if
1 

1
~r l  ii

n • n ...n
it it it

(n0+ .. . +n ).. . (n0+. 
~~‘r~

n~ 2~~ 
.n~

+n )~. . .(n + . . .+n~ )(n + . ..+n +n
0) rit

1 
it

2 ~~ r-l 1 r-l

The expression for ~~T
(fl

0
; n) in (3.1) is obtained by summing the probabilities

of the disjoint events (C < ... < C~ < C0 < C < ... < C I over all
iT~ r- 1 r k

permutations it. Obvious adjustment in the expression in (3.1) for the

case r = 1 , r = 2 has to be made.

______________ 
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The ne ’xt theorem i l l u s t r a t e s  the use o( a c o n d i t i o n i n g  a rgument to

obtain recurrence re la t ions  for PT(n0. ~)

Theorem 3.2. Lot I ‘~ r ~ k .  Then

k n .
(3.2) pT

(~~
0

; fl)  — ~ l’
r (,~ 

~“ i ’ . . . , ni.1, f t .  — 1. n. 1. . • ~~ ‘

i=0

and
k ~~~

‘ ri
(3.3) l’

T( n) = Z ~ P~
’(~~~ n1).i=l

• Proof. Relation (3.21 is obtained by conditioning on the outcome at the first

componen t f ail ure . Thus,

pT
( n) P(C0 fails g) Z P(C0 fails r~~ fIrst component to fail comes

from C1). P(first component to fail comes from C
1
)

k n
I TP (n0.(n1 . ..., ni_ I , ni-I , n1 1 . .... nh)). Relation (.~.3) is simil arl y

obtained by conditioning on the outcome of’ the last component f a i lu r e .

We now obtain a compact and mathematically useful expression for rt (n
0: n)

using an order statistics approach .

Theorem 3.3. Let I � r ~ k . Then

1 ii n n — I
(3.4) ~r ( ) = J x S 11 ( 1 - x 1)n0x 

0 dx.
S:IS1”r- l 0 i~S’

l.et X.~ be the random variable representing the lifc l ength of component

In cut set i , J 1, • . ., n~, 1 0, 1 , . . ., k.  The X . .  ‘s are independent

and identically distributed with a comon continuous distributIon . Assume that

th is  common d i s t r i b u t i o n  is uniform on (0 , 1). D ef in Ing

-

. 

_____  
I
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max X. ., I 0, 1 , ..., k, we have pr(~0; a) 
= ~ P( max X~ < X~ < mm X~~.

‘ I �jSn. iJ s: f s I = r—i irS jcS’ ~

1 n — I
Now P(max Xt < < mm X~) = f P(max X~ < x)P(nin X~ > x)n

0
x 0 dx -

i€ S j € S ’  ~ 0 icS j cS ’  ~

i n  n. n - I
/ x S ~ (1 - x 3 ) i l o x dx .
0 jcS’

Relation (3.4) readily follows.

In the rest of this section , relation (3.4) provides the mos t ma thematically

tractable formula permitting us to obtain interesting properties of pT (~ 0 ; n)

The next lemma treats the case where all the cut sets C1, ..., Ck or all

but one of them have equal numbers of components.

Lemma 3.4. For r = 1, ..., k,

~ k n~ m(r  - 2 )
(3.5) pr(~~; rn , ..., m) = i~~r - ~ 

B( m — ,k r + 2)

and

k ~ 
“ 0 p + n

0
+ m (r - 2)

(3. 6) pr (~~ ; 
~ c : 2~ — B( 

in , k - r + 2) +

k ~ 
+ m (r - 1) p + + m (r - 1): 

~~~~ 

(B( — 

m 
,k - r + 1) — m 

) ,  k - r + 1)) ,

where B ( . ,  .) is the usual beta functions.

Proof. From Theorem 3.3 ,

1 n - Ir 1. ~ m(r-l) k-r+I 0 - -
P ( n 0 ; m , . . . , m ) = (  ) j x  ( l - x )  n0x d x =

~~ , y r 2 ~~~ .y ~~~T+2~y = 

~~ - 1
)B( ~

_
~~_J), k - r + 1),

by substituting y = x” . This establishes (3.5).

___________________  ~~~~~~ 
-
~~~~~~

. 
-

_ _ _ #  ~~~~~— ~~ ‘-
_ 

~~~-~~~~~~~ — ~~~~~~ —.- .



— - -- -- -~ 
~~~~~~ --—----~~ 

-
~~~~~~

- -
~~~~~~~~~~~~~~~

-
~~~~~~~~~

-

8

Also
I n n . n - Ir r r S j 0P (n0; p, in, . . ., m) = j  x II ( 1 - x )n x dx +

—k -i—— S : I S~=r - l ,pcS 0 j c S ’

• ~ x
”S II (1 - x 3 )n 0x 3 dx = : ~ I Xm (r 2) P(l - X

m
)
k r l

fl
0

X O th
S:~S~=r-i ,peS’O jES’ 0

+ 
~ : 1) ~ m (r-l)~ 1 - X

m
)
k r (l - xP)n0x~

0 ’dx.

Again by sub stituting x~
1 

= y, relation (3.6) is readily obtained.

Lemma 3.4 is useful in establishing bounds on l ’
T

(~ 0 ; n), as w i l l  be

illustrated later in this section .

We now make precise several intuitively obvious properties of p
r
(~~ ; n)

These properties can provide a theoretical basis for setting up suitable main-

tenance and inspection policies to guard against failure of “weaker” cut sets,

that is those having hi gher probabilities of failing early. In the inventory

context such properties provide a theoretical basis for reordering policies.

We first note that ~T
(fl

0
; n) is permutation invariant in (flp fl~~)~

For the special case r = 1, PT(n0; n) is strictly increasing in each of the

• arguments n 1, 
~~~~~~~ 

n~ for fixed n0, and strictly decreasing in no for fixed

~~~~ ~~ 
For 2 � r � k, no such general monotonicity property is valid ,

as can be easily i l l ustrated by examp les.

The next theorem establishes a homogeneity property of ~~~~~ i i) , which is,

after some reflection , intuitively clear.

Theorem 3.5. Let in be a positive integer and let miu = (mn 1, ..., mnk).

Then -

(3 7) pr(~~; n) = pT(mn . inn), r = 1, ... , k.

~~~~~~~~~~~~~~~~~~~~~ ___________ ____________



Proof. From (3 .4 ) ,

1 mn mn . m n - ’r r r S i 0P (mn0, inn) = j x II (1 - x )mn0x ox
S:ISJ=r- 1 0 iES’

i n  n. n - i
-

~~ 
= f 

~
,, 

S 
~ (1 - >, ‘)n0y 

0 dy = pr (~~ ; n ) ,
S:ISI=r- l 0

wherein we have substituted y = xm.

Theorem 3.5 allows us to extend the domain of the function pr~~~; n) as 
- 

- -

follows:
I.

1 ( . E A . )  A .  A -1
- - P (A .~; A) = J x II (1 - x ) A0x dx for A 0 � 0, � 0, . . .,  � C

S:ISI=r-l 0 jES’ 
-

pr(A ; A) represents the probability that a cut set C0 fails in the r~-

place in a series-parallel system when all the A1
1 s are rational numbers. For

general A 1’s , P(A 0; A) would represent a limit of such probabilities. This

last conclusion follows in the same way that this result was established for

u) by EPS.

We now show that P’~(n 0; n) has a further special ordering property called

Schur-concavity . We first recall the concepts of majorization and Schur-functions.

Major ization (see Definition 3.6) is a partial ordering on Rk, k-dimensional

Euclidean space. A Schur function is a function that is monotone with respect

to this partial ordering. Many well-known inequalities arising in probability

and statistics are equivalent to saying that certain functions are Schur

functions. We now give definitions of najorization and Schur functions.

Definition 3.6. Given a vector x = (x
1

, . . . ,  xk ),  let x~ 11 � x~~21 
� ... > x

[k] 

- -

denote a decreasing rearrangement of x1, . . .,  xk .  A vector x is said to

majorize a vector x’ (in symbols, x ~ x’) if

~
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j I
~~ , j = 1, 2 , . .. ,  R — 1,

i=l ‘ ‘ 1=1

and
k k
i = 

~ 
‘C ’.

i=l 1=1

Note that x x’ and x’ x if and only if x ’ is a permutation of x.

A useful characterization of majori zat ion is given by 1-lardy , Littlewood ,

and Pdlya (1952), p. 47.

Lemma 3.7. x ~ x’ if and only if there exists a finite number, say t, of

vectors •,, (t) such t hat x = ~(2) ~ ~ ~(t) x ’ and such

that ~~~~~~~~ ~c’~’~ diff er in two coordinates only 1 = I, . . . ,  t - 1.

Definition 3.8. A function f: Rk 
-

~ R is said to be a Schur-convex

(Schur-concave) function if f(x) �(�) f(x’,) whenever x x’. Functions which

are either Schur-convex or Schur-concave are called Schur-functions. Note that

a Schur-function f is necessarily permutation invariant .

The following theroem shows that PT(n0; n) Is a Schur-concave function in

n for each n0, 
r = I , . . . ,  k. This property is then utilized to develop

bounds on P (n0; n) .

Theorem 3.8. Let I � r � k, and n0 be fixed . Then P1 (n0, n) is Schur-concave LI

Proof. By Lemma 3.7 and the fact that pr(~0; n) is permutation invariant , it

suffices to show that pr(~~; ~~ t)  ~ ~T ( f l ;  n), where n1 
> n2, n = n 1 

- I ,

• ~~~~~~~~~~~~~~~~~~~~~~~~ ..., k. Now

1 n’ ii ’
pr( f l ; f lt ) p r(fl ; fl) f [x

S l! (I - x i) -
S:ISI=r- l 0 jcS’ —

n n n - i
x S ~ - x ~)1n0x 

0 dx .
J( S~

L~. ~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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We complete  the proo f by showing that the q u a n t i t y  betwecn brackets inside the

integral  (ca l l  i t  h ( x ) )  is n o n — n e g a t i v e .  To See th i s  cons ider  the f o l l o w i n g

three exclusive and exhaustive cases:

(1) (1, 2) c S; in this  case h (x)  is obviously equal to zero .
it! n ’

(ii) (1 , 2) c S’ : in this  case h(x )  = x n (I - x ~)[(1 - x l ) ( l  - x 2) -

j 4 (1,2)

U ft ft t fl t ft ft
— (1 — x 1) (j  — x 2 ) J •  Now (1 — x l ) (1  — x 2) — (I — x 1) ( I  — x 2 ) =

n - i  ii
(x - 1)(x I - x ) � 0 , since 0 ~ x � 1 and n 1 - I � n 2 . This shows that h (x )  � 0.

(iii) I e S and 2 E S’ or I ~ S’ and 2 E S. we t reat on ly one case since the

other can be treated s imilar ly .  Now x~~ (l - x 2) - x I (l -- 

~fl
2) = x ’ - x 1 

� 0;

it fol lows that  h (x)  � 0.

r r • r . Ti
Thus P (n 0; n ’) > P (n 0; ii) ; that is P (n 0 ; ii) is Schur-concave.

The above theorem can be explained in tu i t ive ly  as fo l lows : when the -:

to tal  number of compon ents is fi xed , the mo re heterogeneous the s~~es of cut

sets C 1, . . .,  C~ , the more l ike ly  it is t o fi nd many “sma lLe r ” cut sets and

many “larger” cut sets. The smaller cut sets make it harder for C0 to f a i l  in

ththe r place for “small” r , and the la r ger cut sets make i t  harder for C0 to
th I,fa i l  in the r— place for large r. - -

-

Note that since a l imit of Schur-concave functions is Schur-concave , t .
one can eas i ly  verif y that Pr (A 0, A) is Sch ur-concave in A for f ixed

~0’ 
A0 � 0, A

1 
? 0, . . . ,  A~ ~ 0.

Fina l ly ,  the next lemma gives bounds for pr (11 ; n) us ing  the Schur-concave

property and Lemma 3.4.

k
Lemma 3.9. Let 

~~~ ~k 
be positive numbers, N U . ,  n~ min(n

1
. •

~~~~~~~
‘

s = ~~~, and p N - (k - l )n t . Then

~

-

~

- -

~

-

~ 

-
~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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We complete the proof by showing that the quantity between brackets inside the

integral (call it h(x)) is non-negative. To see this consider the following

three exclusive and exhaustive cases:

(1) (1 , 2) c S; in this case h(x) is obviously equal to zero.
n1~ n! ii ’ n ’

(ii) (1, 2) c S’: in this case h(x) = x II (1 - x ~)[(1 - x 1)(l - x 2) -
jcS’

j 4(1,2)
n n n ’ n ’ n n

(1 — x l) ( l — x 2)]~ Now (1 — x 1) ( 1 — x 2) — (1 — x l)( 1 — x 2) =
n1-I “2(x - 1) (x  - x ) � 0, since 0 � x � 1 and n1 

- 1 � n2. This shows that h(x) � 0.

(iii) 1 E S and 2 ~ 5’ or 1 € S’ and 2 € S, we treat only one case since the
- ‘ii “2 “1 n1-l n1

other can be treated similarly. Now x (1 - x ) - x (1 - x ) = x - x � 0;

it follows that h(x) � 0.

Thus pr(~0; 
~~ t)  > pr(~~; i-i); that is pr~~~; n) is Schur-concave.

The above theorem can be explained intuitively as follows: when the

total number of components is fixed , the more heterogeneous the sizes of cut

sets C1, . . .,  C~, the more likely it is to find many “smaller” cut sets and

many “larger” cut sets. The smaller cut sets make it harder for C0 to fail in

the ~
th 

place for “small” r, and the larger cut sets make it harder for C0 to - 
—

fail in the r~~ place for “large” r.

Note that since a limit of Schur-concave functions is Schur-concave ,

one can easily verify that Pr(A A) is Schur-concave in  A for fixed

A0, A0 � 0, A 1 � 0, . . .,  A~ � 0~

Fin al ly,  the next lemma gives bounds for ~T
(~

0
; ii) using the Schur-concave

property and Lemma 3.4.

k
Lemma 3.9. Let n1, . 

~ 
be positive numbers , N = ~ n .. , n~ min( n

1
, • 

~~~
N i=I

s = ~~
-, and p = N - (k - l )n *. Then

r -



k - i “ P + n~~(r —

(3.8) 
~r - 2~ ut~ 

~~~ ,,* , k - r + 2) +

- it y~ + n*(r — 1) p + n0 + n*(r — 1)

: ~~) 
---~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ k - r + 1) - B(--~- -----~-—~-- - -~--—----— —-— --—, k — r .1))

K 
n
0

+ s(r - 1)

~ ~~~~~~~~ & ~ 

- 

~~ 

(,. — 1 )Ll( j — -————, K — r + 2)

Proof. It is easy to see that (p . ~~~~~~ . .  .,  n~) ~ (n 1 , . n~) ~ (s , ..., s).
— k - L—

Relation (3.8) now follows from the Schur-c~ncavity of 
~~~~~ n) and Lemma 3.4.

4. FURTIILUI I1XTI~NS1ONS AND GFNL~RALIZ AT 1ONS .

In this section we drop the assumption of a common dis tr ib ut ion for a l l

the component tifelengths. We assume the distribution to be the same within

a cut set , but possibly different, among cut sets. In natty s i t u a t i o n s  t h i s  may

be a more realistic assumption; however it makes the model m a t h e m a t i c a l l y  more

complex . Throughout t-his section let X .., j 1 , . . . ,  i i . ,  be the lifelengths of

the components in cut set C~ with common continuous distribut ion F..

a 0, 1 , . . . ,  k. Let all the X1~ ’s be independent. Finall y, let ~r(~0, F0; n , F)

denote the probability that cut set C0 fails r-~-~-, r = 1 , . . . ,  K + 1 , where

• F (F1, • . . ,  F). We derive an expression for ~r( F0, ii , F) in the following

theorem , but we only study in detail the special case r = I.

Theorem 4. 1. let 1 < r ~ k + I .  Then

r .(4.1) P (n0, F~~ !‘‘ !) —

f t  TI (F.(x ))~~ ] ( fl 11 — (F~~(x) )~~~Jd(F0
(x ) ) °.

S:~S (=r- 1 0 ieS jS’

_ _ _

- --—- _~~~ — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
~~~~~~~~~

- -
~~~~~~~~ ~~~~~~~~ 
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Proof. Again , as in the proof of Theorem 3.3, let Xk = max X.., i = 0, ... , k.
~ l�j<n . 13

Then ~~~~~ F0; a~ 
F) = P(inax X~ < X~ < n u n X*). The independence of

S:ISI=r-l i€S j€S’ ~
the X~ ’S and a standard conditioning argument yields (4.1). I~

In particular for r = 1, (4.1) takes the form

n. n
(4.2) P1 (n0, ~~

0
, n, .!) = f TI [1 - (F

~
(x) ) ‘]d(F (x)) 0

0 i=1

We now utilize (4.2) to express certain intuitively obvious properties (

of P¼n0, F0; n , F) in a precise form. As before, such properties are useful as

a theoretical basis for setting up maintenance policies for this more realistic
- - 

model.

We first note that for fixed n0, F0, P’(n0, F0; n , F) remains unchanged if

the same permutation is applied to n and F. Next it is intuitively obvious that

P1 (n0, F0; n, F) must posses certain monotonici ty properties in its arguments.

Before we express these properties in the next theorem, we state

Definition 4.2. A distribution function F is said to precede a distribution

function G (in symbols F � G) if F(x) � C(x) for all x € R.

Notice that the above definition gives a partial order on the space F of

all distribution functions, which is often referred to as F (or the random

variable having distribution F) stochastically larger than G (or the random

variab le having distribution G).

We are now ready to state and prove Theorem 4.3 (a).

(a) For each F0, n, F, P’(n0, F0; n, F) is decreasing in n0.

(b) For each n0, F0, -F , P
1 (n0, F0; n , F) is increasing in each of the arguments

‘el’ “‘ “k~

______________ 

_________ 

p
‘

~

- - - ---

~

- - -
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(c) For each n0, n, F, P

’(n0, F0; n, F) is increasing in F0.

Cd) For each n0, F0, n, P
1(n0, F0; n, F) is decreasing in each of the

arguments F1, ..., F~, where monotonicity in F is taken with respect to the

partial ordering �.

Proof. The proofs of parts (b) and Cd) are immediate from equation (4.2).

To prove (a) and Cc) we use an alternative expression for (4.2), namely

n n.
(4.3) P1(n0, F0; n , F) = f(F0

(x)) 0d[1 - Ii (1 - (F
1(x) ) ‘)l

- 0 i=1

Again the proofs of (a) and Cc) are now immediate from (4.3).

• To state and prove the remaining theorem in this section which shows that

P1(n0, F0, n, F) has a further special ordering property, we recall the concept

of a function decreasing in transposition.’ First we give the following definition.

Definition 4.3. Let A (A 1, ..., Ak), A 1 � A2 ~ ... � A~, and x =  (x1, ,
~),

be two vectors in Rk, the -k-dimensional Euclidean space. A function

g: R.K 
x RK 

-
~~ R is said to be decreasing in transposition CDT) ~f (i) ~~~ ~

)
is unchanged when the same permutation is applied to A and to x, and

(i i) g (A , x) � g(A, x’) whenever x’ and x differ in two coordinates only, say

i and J ,  Ci - j ) (x1 
- x

3
) � 0, and = x

3
, xJ = x1. (See Hol lander , Proschan

and Sethuraman (1977) for a study of DI functions and their applications to

ranking probl ems.)

We now extend the above definition .

Definition 4.4. Let X be a partially ordered set and be its Cartesian

product of order k.  Let A = (A 1, ... , Ak), A 1 
� A

2 
... � A~, be a vector

in M~ c R.K . Let C: MR 
x X

R 
-

~ R such that (j) g(A , x) is-unchanged when the

same permutation is applied to A and to x , and

~~ ~~~~~~~~~~~ - -—~~~~~~~~~~~~ ~~~~~~~~~~ -~~~~~~ -—~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



15

(ii) g(A, x) � g (A , x’) whenever x’ and x differ in two coordinates only, say

i and j ,  i < j ,  x1 � x . ,  Xl = x~ , and xj = x~~. The function g is then said

to be decreasing in transposition.

Before we state and prove Theorem 4.7 we give the following definition and

lemma .

Definition 4.5. A function $(A, x) on R2 is totally~positive of order 2 (TP2)

if (a) 4,(A , x) � 0, and (b) A1 < A2, x1 
< x2 imply that •(A 1

, x1)~
(A 2, x2) �

•(A 1, x2)~
(A 2, x1).

For instance , see Karlin (1968), Chap. 1. It can be easily verified that

a2
$(x , y) is TP2 if and only if ~~~~~~~ 

(log •(x, y)) � 0 (provided the partial

derivative exists) . Also note that the domain of the definition of $ need not

be al l  of R2.

The following lemma establishes the fact that a certain function is TP 2,

this fact is needed in the proof of Theorem 4.7.

Lemma 4.6. Lot f (x , y )  = 1 - x~ , 0 � x � 1, y > 0. Then f(x, y) is TP2.

2
Proof. We prov e the l enuina by showing that (log( 1 - x~

’)] � 0. This in turn p

is easily established by simple algebra and using the well-known inequality

a - 1 - log a � 0 0 � a � 1.

We are now ready to state and prove the following theorem .

Theorem 4.7. For each n0, F0, P 1(n 0, F0; n F) is decreasing in transposition .

Proof. As noted previously P 1(n0, F0; n , F) remains unchanged when the same

permutation is applied to n and F . Now let n1 ~ n2 � ~ ~k and let

F , F’ be two vectors of distribution functions (F , F’ € Fk) which differ  only in

_______________ ~~~~ .—~~~--- — —.-.--—-- --— ~~~~ ~ ‘—. ~‘ 
~~

.
— ,- , ~~~ , 

~~~~~ - ~
- . 

~~
., _
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two c o o r d in at ~’s i and j say • ~ 

j , F. S F~ • Fj  a • and I ’ F . .

Equation (4 .2)  we have ,

F’ (n0. F0, n, F) — P~ (n0, F0, ~ =

~~
‘ K n n . i i .

f t  ~~ (I — 

~~~~~~~ 
t)1((1 — (F 1( x ) )  1(1 — (j : (X)  3)

o t=i
t 4 i ,j

- (I - (F. (x) )~~ ) (1 - F. (x ) ) i j d ( F0 ( x )) °.

The proof of the theorem will be completed when we show that
n Ti . ft . f t .

h ( x ) = [I — (F 1 ( x) )  1
f lt  - (F.(x)) 3 1 — t i  — ( F . ( x )  ~i I L - (~: ( ~) )  

~J ~ 0. Rut

this  fol lows from Lemma - l . t ~ and the fact that n. c fl~ and F.(x) ~ F.(x) for all x. -
~~~

The above theorem expresses in a precise form the f o l L o w i n g  in t u i t  ively

obv i ou s idea: I t is eas ier  for Co to fail first when the s m a l l e r  s ize  cut - -

sets have componen t s with St ochast I cat i y larger  I i  fel engths .

i

ll 

.-

11
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