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A detailed analytical and experimental study of the sensitivity of

Wave Digital Filters has been conducted. The results indicate that the

wave digital filter tends to achieve the same low sensitivity character-

istic as the analogue circuit from which it was derived. Other results

indicate relatively higher sensitivity to terminating resistance values

compared with internal element values, lower sensitivity for algori thms

derived from simple rather than multiple elements, and higher sensitivity

at the critical frequencies. Finally the rms error due to the quantiza-

tion in the number of bits in the multiplier coefficients has been

measured at approximately 3 ~ per bit for the many examples tested.
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I. INTROWCTION ~ND SCOPE

A. IRrROEXJCrION

Signal processing is necessary in diverse areas of science and engi-

neering, si~ h as canmunication, social sciences, biomedical , control ,

radar , acoustics , telen~ try, and intelligence and information gathering,

etc. In general this process can be done with analogue (continuous

time) , or digital (discrete tine , discrete amplitude) signals.

With the advent of LSI and VLSI , microprocessors , the need for effi-

cient dIgital signal processing algorithms becomes more and more impor-

tant. Much of the current literature is devoted to design of the linear

algorithms , under the title of digital filters . Important factors in

designing the digital algorithms are , time of the calculation , imple-

mentation, accuracy (error) , etc.

Although there is evidence that direct digital filter design is

possible f 1J , nearly all of the digital filter design algorithms use

the analogue to digital transformation techniques. It is interesting

to note that the rapid development of the digital signal processing is

partly because of the existence of the well established theory on the

analogue techniques and partly because of the abundance of the general

purpose digital computers .

The digital cai~uter and specially microprocessors, being physical

objects from space and economical point of view, can only acconm* date

for finite precision in the size of the digital filter multiplier co-

effic.ients. Thus the need for digita l filter algorithms with low sen-

( 
sitivity to digita l filter multi plier coefficients arises .

17
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Fettweis [2] in order to design a low sensitivity digital algorithm

has proposed an alternative digital filter design method, namely wave

digital filter , in which analogue LC circuit is transformed into dis-

crete algorithm using wave or scattering matrix parameters . This ap-

proach in design is different from the conventional design techniques ,

because we have a new set of variables which are referred to as “incident

and reflected wave parameters”.

Wave digital filter design is believed to be di fficult to understand ,

and is therefore generally avoided. But in reality this is not the case .

In fact , to design a wave digital filter one need not go into the details

of the algorithm development. One merely needs to know some basic facts

and then can use the final wave digital filter equations and tables in

order to design the required filter.

It is a well known fact that ana1ogt~ LC networks have very low sen-

sitivity to variation in LC component values . Upon this fact Fettweis

and others have argued that , since the wave digital multiplier coeffi-

cients are derived from the LC parameters of the parent circuits , they

should also have the same favorable low sensitivity characteristics to

nuiltiplier coefficients . Furthem~re it is also known that the digital

algorithms with low sensitivity to multiplier variations also exhibit

mininun round-off noise due to quantization after multiplication of these

multipliers with signals . As a result it is conjectured that the wave

digital filter will have minimun round-off noise properties when compared

with other digital filter algorithms. The purpose of this thesis is

to analyze and check this conjecture.

(

18
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B. SCOPE AND ORGANIZATION

In order to develop and study the wave digital filter , the research

in this thesis is divided into seven chapters. In Chapter II a brief

discussion of the general digital filter theory is given. The presenta-

tion contains only selected and necessary background required for wave

digital filter theory development in this thesis later on. Also in-

cluded in this chapter are A B C D matrix theory , and the concept of

the delay free feedback which plays an essential role in the wave digi-

tal filter theory development. Necessary sensitivity theory background used

in the sensitivity analysis of digital filter is discussed briefly in

Chapter III. The development of wave digital filter theory is done in

Chapter IV. This development is straightforward and genera]. in a sense

that only one algorithm is developed for both series and shunt element.

The effect of sampling in terval is also introduced for the fi rst time

into the wave digital filter algorithms . Four useful tables of wave

digital iterative algorithms for simple L and C elements in both series

and shunt configuration are also given. The delay free path which plays an

essential role in wave digital filter theory is emphasized throughout

this chapter. The studies of the sensitivity of the wave digital filter

to quantization in the nunber of bits of the multiplier coefficients is

done in Chapter V. To do these studies in a fairly general sense , three

different wave digital filter algorithms developed in Chapter IV are

used with two different conventional digital filters for the given

filter. A total of nine different filter types with different terininat-

ing source resistances were examined and compared with each other to

arrive at a general conclusion. Chapter VI presents a specialized in-

( depth study of the sensitivity of the simple wave digital filter
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algorithm. In this chapter sensitivity distribution along the filter

structure was examined in order to understand the sensitivity behavior

of the subsections of the wave digital filter on the overall sensitivity

of the wave digital filter. Chapter VII sl.mmarizes the new results and

proposes future research ideas related to the wave digital fi lter theory.

There are three appendices . ~Appendix 1 include s an example to show

the nearly exact equivalence between the wave digital filte r and the

conventional digital filter, both in the time domein and frequency domein

when infinite precision arithmetic is used. The rest of the appendices

include ten computer programs. The computer programs are used to derive

the results of the main text. It is important to note that in order to

facilitate the better understanding of the computer programs , explana-

tory remarks are made in the convent cards . These computer programs are

in FORTRAN IV and can be used on any standard general purpose digital

computer capable of dealing with FORTRAN IV scientific computer language.

Finally it is important to note that in this thesis for easy access,

the references are given at the end of each chapter , rather than

collectively at the end of the thesis.

(
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II. GENERAL BACKGROUND

A. INTRODUCTION

The main intent of this chapter is to briefly review general digital

filter theory in order to establish the background necessary for

the main subject of this thesis , i.e . wave digital filters. The design

of the conventional digital filter is a well established subject. Thus

it will be dealt very briefly. Also discussed in this chapter is

the A B C D parameter matrix theory, which will be used later on followed

by the concept of the delay-free feedback path or delay-free loop in the

digital two port network which are used in deriving the causal wave

digital filter algorithms in Chapter IV. z domain transform theory is

assumed as a background and is not discussed .

B. GENERAL REVIEW OF DIGITAL FILTER DESIGN

The design of electronic filters in the analogue domain is a well

established subject, which not only includes very sophisticated tech-

niques, but also has some very well established supporting computer pro—

grains as well. ~4ich of the development of the digital filter has been

directed towards the transfer of these results from the analogue domain -

to the digital domain.

In the nost general sense a digital filter is a linear, shift in-

variant discrete time system which is realized using finite precision

arithmetic. The design of the digital filters involves three basic

steps:

(1) the specification of the desired properties of the system
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(2) the approximation of these specifications using a causal dis-

crete time system

(3) the realization of the system using finite precision arithme-

tic

Note that these three steps are not independent of each other . In

this thesis we are mainly interested in step 2 and to some extent on

step 3.

C. METFRDDS OF DESIGNING THE DIGITAL FILTER

An important class of techniques for designing infinite impulse re-

sponse filters to be realized recursively is based on a transformation

of a continuous time filter. This class comprises at least three tech-

niques.

1. Iirp.ilse Invariance Method -

The impulse invariance method , also called standard z transforma-

tion (or standard z), is a technique in which the impulse response of

the derived digital filter is identical to the sampled impulse response

of the continuous time filter. If the impulse response of the filter is

h(t) then the sampled impulse response will be

h (t) = h ( t ). 5
T
(t) (2.1)

where 
~T
(t) is the sampling function and is defined by

1 t=nT
ó
T(t) 

= 

~o t~nT where n=O ,l,2,...

(
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*It can be shown that the Laplace transform of h (t) will be

H*(s) = h(s + 
~~~~~~~~~~~ 

(2 .2)

and the impulse invariance response of the filter will be

*
H(z) H (s)

z = eST (2.3)

from the relationship z = eST it is seen that the strips of width ~~ - in

the s plane map into the entire z plane as depicted in Figure 2.1, the

left half of s plane strip maps into the interior of the unit circle,

and the imaginary axis of the s plane maps onto the unit circle in such

a way that each segment of length is mapped once around unit circle.

( Thus, the mapping is not a one to one mapping, and hence it can easily

be shown that the impulse invariance response is only satisfactory if

H(s) is band limited . And as in nx st cases if H(s) is not sufficiently

band limited H(z) is an aliased version of H(s) . Therefore the tech-

nique is used for narrow band filter design or else H(s) is broken into

cascaded subsections of first order and second order sections with

guard filters in between, which. in some cases is a tedious job . Also

it is clear fr om equation (2.2) that due to the ~. nLzltiplier, the

digital filters derived using the impulse invariance method have a gain

approxii~~tely ~
- to that of continuous time filter , which should be taken

into account in the design.

2. Matched z Transform

This procedure is based on mapping the poles and zeros of the
( s1T 

~continuous time filter by the substitution of (s-s1) -~~ (l-e : ).
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This means that poles of 1-1(z) will be identical to those obtained by

impulse invariant method; however the zeros will not correspond.

3. Designs Based on Numerical Solution of Analogue Differential
Equations

a. Conventional Digital Filter Design
L En this method, the differential equatic- of the analogue

filter is approximated by a recursive equation, which is the standard

procedure in Numerical Analysis . There are three basic numerical inte-

gration techniques, namely,

(i) Euler forward integration

(ii) Euler backward integration

(iii) bilinear integration

All these techniques plus many others are described fully in the litera-

ture. And there is no need to go into details for all of these tech-

niques, but because of the importance of bilinear transformation we de-

scribe it briefly.

The approach. uses the algebraic transformation

s = — [ 

-z (2.4)
T l+z

to derive the system transfer function of the digital filter such that

HCz) = H(s)
-1

= 
2 

(
1~~ Z

) ( 2 . 5 )T l+z

This transformation has the effect of mapping the entire left half s

plane into the inside of the unit circle and entire right half of the

s plane into the outside of the unit circle as shown in Figure 2.. This

results in a nonlinear warping of the frequency scale according to the

relation
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,p 1—le
sp 1~~~

~i~gth~~y XiS 1 g ~fl.&iy a~ .5

_ _—

-1~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 1

Fig. 2.1. Mapping of f(s) into £(z) as per relationship z = e5T . Note
that the area between the stri ps ir/T and -ir/T map into the
entire z plane in such a way that the are a on the left half s
plane strip maps into the inside of the unit circle and the
area on the right half s plane stri p maps outside the unit
circle. The process is repeated infinitely many times thus
mapping or transfo~ mtion is not one to one .

s plat .

i~~1utaxy ~~~

— 
0 ~~~ sx~i ~~~~~~~~~~~~~~

1 ~~~~~~~~~~~~~~~

Fig. 2.2. Bilinear mapping of f(s) into f(z ) as per relationship s
2(z-1)/T(z+1) . Note that the transformation is a one to one
mapping.
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~~dt4 =  tan —~— (2.6)

where w is the critical frequency of analogue filter and 
~cd

15 the

critical frequenc y of the digital filter . Because of this warping of

the frequency scale this design technique is iTvst useful in obtaining

digital design of filters whose frequency response can be divided up

into a finite number of pass bands and stop bands in which the response

is essentially constant . Figure 2 .3  shows the frequenc y response of an

analogue filter and its approximate d digital frequency response using

bilinear transform techniques .

From Figure 2.3 it is obvious that if ~e require the critical fre-

quency of the digital filter to be say at 
~
2cdthen we have to frequency

scale the critical frequency of the analogue filter by a factor

( factor = 
T w . (2.7)

2 tan~~ 
c

Typical frequency selective analogue filters are Butter~iorth , CheI~5hev,

and Elliptic filters . Note that all these filters have closed form

analogue design fornulas and by the use of bilinear transformation we

can easily get approximate closed form digital filter algorithms .

A &itter~~rth filter is a menoton ic in the pass band and in the

stop band .

A Chebyshev filter has an equiripple characteristic in the pass

b~ id and iicnoton ic in the stop band , or vice versa.

An Elliptic filter is equiripple in both pass band and stop band.

Clearly these properties will be preserved when the filter is mapped to

a digital filter with the approximated bilinear transformation as shown
4 in Figure 2.3.
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Figure 2.3. Transformation of analogue filter H(s) into digita l filter
using bIlinear transform S = 2(z-l)/T(z+l) .
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b. Wave Digital Filter Design

This technique basically uses the bilinear transformation of the

analogue to digital design exactly the same as part a iii, but the

attempt is made only on LC filters having input and output terminating

resistances of R1 and P.2.

In this technique each reactive element in the analogue ladder

structure is transformed into a two port signal flow structure using the

bilinear transformation and wave flow techniques , and at the same time

matching the port one impedance of the derived two port structure to

the port two impedance of the previously derived element, thus

eliminating mismatch between the succeeding elements . The details of

this and its implementation are left for Chapter IV. Note that the

idea is a very basic one and can be applied on many varieties of conm~n

filters.

D. CHAIN OR A B C D MATRIX THEORY

The analysis of any passive linear network with several inputs and

outputs can be done in many ways. The most usual ones are signal flow

graph., system matrix equations , input/output algorithms , transform matrix

equations , etc . However , for systems of order higher than 2 , most of

the above analysis becomes tedious and prone to mistakes due to system

complexity . A most useful and convenient method of dealing with a com-

plex system is , whenever possible, to break the system into several sub-

systems and interrelate these subsystems by a chain matrix , thus allow-

ing each subsystem to be analyzed and investigated separately one at a

time, without even thinking about the rest of the system. To illustrate

the point consider the network N of Figure 2.4 with wave inputs a1 and

a2 and wave outputs b1 and b 2 . The relationship between port 2 and port

1 for this network can be written as
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Fig . 2.4. A general two port structu re with inputs a1 and a2 and
outputs b1 and b2, into and out of the system boundaries
respectively.
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Fig. 2.5. A general two port structure with inputs a1 and a , and
outputs b1 and b, into and out of the system boun~1aries
respectively. Nate that the system of Fig. 2.4 is
equivalent to the system of Fig. 2 .5 if the inputs
(a1 and a2) and outputs (b1 and b 2) are exactly the same .
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P21 B.~ Fail
= I I I I (2.8)

a2 L’ DJ Lb1J
Now if we can break network N into several subnetworks inside the dotted

line without touching the input and output ports, the resul t ing network

will be exactly the same as network N. Note that the networks N1 and N 2
resulting from network N do not necessarily have to have equal subsec-

tions as shown in Fig. 2.5. Note also how the consistency in the wave-

flow direction is maintained.

Thus from Fig. 2.4

b2 1 [A~ B
~1 [a~

I = I (2.9)
a2j C1 D1 [b1

-J

I 2 J
I I I I (2 .10)

Laz]
and

rb2l 1~2 B21 r~I = I I (2.11)
c2 D2j Lbi’

rb2l rA2 B~ ~ B~1 F~lI = I I  I I (2 .12)

[a2 C
2 

D

2J [~ 
D1 Lb

lJ

or rb2 J r~~+B2cl A2B1+B2D~J rail
I = I I I  I (2 .13)

a2j L~
c2~l02 C 2B1+D1D~ 

L~

’

ii
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Note that equations (2.8), (2.13) are identical. This simple example

clearly demonstrates how a system when made up of only two simple sub-

systems N1 and N2 which are easy to be analyzed each separately , when

coithined into the system N becomes a complex system, and very difficult

to get analyzed.

Note that in the first case it is a very easy job to analyze subele-

nents A1, ~~ 
C1 and D1 of system N1 or that of the system N2. while

clearly the analysis of the element A A1A2 + B2C1 etc. of the system

N will not be an easy job , and in most cases when the system is made up

of more than 2 subsystems it is a tedious if not an impossible task.

Thus equation (2.12) clearly demonstrates the fundamental property of

the chain matrix analysis.

l’thenever -two or more than two pairs are connected in cascade the chain

matrix of the composite network will be the product of the individual

chain matrices. Since in general matrix nultiplication is not comnutative,

it is important that the matrices be multiplied in the same order as the

circuits are cascaded. It can easily be sh~ n that if all the individual

matrices are reciprocal the composite two port will also be reciprocal.

E. CONCEPT OF DELAY FREE FEEDBACK PAIH, OR DELAY
FREE LOOP IN A TWO PORT NE11~1ORX

As mentioned in section II-D the relationship between port two and

port one of a subsection of a general causal system such as that of Fig.

2.5 can best be described by the equation (2.8) , i.e.

rb2’l r~ ~ rai1
I I I I I  I (2.14)

- La2 hJ [C~ r
~iJ L~’iJ

where b1, a1 are the output and input quantities at port one and b2 t ,
a2 ’ are the output and input quantities at port two. This equation can
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be rewritten in terms of input quantities in the following form

r r Ci l ) _ —
J b ~ J -~ ~i~ I

= (2.15)

[~2 Li;~i
ci a~

or we can write equation (2.15) in the simpler form of

Ibli i~
fi (z) f 2 (zj l rail

I = I H I (2.16)

[b2
’ 

~~~~~ 

f4 (z)j La2j

Note that for a causal digital system the values f1(z ) ,  f 2 (z) ,  f 3(z)

ami f4(z) are of the form

a + a z
f(z) = ° 1

_ i -
. 

- . (2.17)
i~~~b1z + ---~~~b .z 1 + --- b z~~

Note also that when written in terms of positive exponents of z, the

order of z in the ntznerator must be equal to or less than the order of the

denominator for causality. With this in mine the iterative equations

derived from equation (2.15) are

b1(n) = ct1a1(n) + 81a2’(n)-÷ weighted values of past inputs atport one and port two plus weighted
values of past outputs at nort one

(2.18)
and

b2
t (n)= ci a (n) + 8 a ‘(n) + weighted values of past inputs at2 1 2 2 port one and port two pius weighted

values of past outputs at port two
(2.19)

( Note that ~~ ~~ ~~~.
‘ 
~2 

are merely weighting constants, and equations

(2.18) and (2.19) are both causal and realizable .
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Now if the input a2 ’ (n) at the port two is a function of b2 ’ (n) of the

port two, i.e.

a2’ (n) = l(I
~2 ’ (n) + weighted values of past input and

output values at port two (2.20)

which is the case for most cascaded two port systems such as the one

shown in Fig . 2.5 the equations (2.18) and (2.19) further reduce to

b1 (n) = ci1a1 (n) + 81Kb1’ (n) + weighted value s of past
‘ inputs and outputs at

port one and port two (2.21)

and

b2 t ( n)= ci2a1(n) + B2Kb2
1 (n) + weighted values of past inputs

at port one and port two plus the
weighted values of past out-

- 
puts at port twQ (2.22)

Note that the iterative equation (2.22) is not causal since for the cal-

culation of b2
t (n) it requires b2

t (n) which is not possible. Thus for

the causalit y either K must be equal to zero or 82 must be equal to zero

which are two distinc t cases .

Case 1
By considering Fig. 2.5 it can be seen that a2

t , b2
’ are merely

the port one quant ities of the second stage . Thus if we are going to

consider the first stage only we cannot force K to be equal to zero .

Thus the only variable left is 82 and. by making 82 equal to zero we can

make equation (2.22) a valid equation. This condition is referred to

the case of no internal delay free path from a2’ to b2’ or no delay free

path in port two. Thus to implement this condition the order of the

ntmierator of the f~ziction f (z) ~~~çz~ must be at least one orde r lower
D1~~

)
than the denominator.
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Case 2

As it was noted in the Case 1 since a2 ’ , b 2 ’ are merely port one

quantities of the second stage . If we can make b1’ (n) of the second

stage to be independent of the a1
t (n) of the second stage and only

dependent on the past inputs and outputs of the port one of the second

stage , then we have actually managed to make a2 ’ (n) of the first stage

to be independent of b2
t (n) of the first stage . This can be done by

forcing a1 = 0 in the second stage. This condition is referred to

the case of no internal delay free path from a1 to b1 or no delay free

path in port one . Note that to implement this condition the order of
A1 ~~~~ Cz) -B1 (z) C1 (“z)

the numerator of the function f3 (z) = D1(z) must be at

least one order lower than that of the denominator .

F. SU~44ARY

In this chapter we have reviewed briefl y the ground work required

for the matched two port wave digital filter theory and design .

The contents of this chapter are used throug hout this thesis . No

particular mention of any referenc e has been made since ni,st of the

subjects discussed are well established and details can be found in most
digita l filter design handbooks or paper s . It is worthwhile to note

that the concept of delay free feedback path , thoug h important, in most

papers reviewed were merely stated without any proof. Thus in this

chapter an attempt was made to prove it in the most general sense.

(
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III. GENERAL DISCUSSION ON SENSITIVITY ThEORY
RELATED TO WAVE DIGITAL FILTERS

A. INTRODUCTION

The main intent of this chapter is to start with the low sensitivity

properties of the doubly terminated analogue LC structure and then extend

this property to the wave digital filter. Later on in the chapter we

explain briefly the development of wave digital filter theory . It is not

the intention to go into details, but merely to give an overview of pre-

vious works for which full development is available in the references.

Another objective of this chapter is to briefly discuss the different

wave digital filter structures and algorithms which are all called wave

digital filters, each structure having its own characteristics and limita-

tions. The newcomer to this field will be astonished by the many differ-

ent structures and algorithms which are present in the literature; all

of them are offered under the sane name of wave digital filter.

Later in this chapter a natural development of the wave digital

filter theory is traced from the initial conjecture of Fettweis up to

the present day state of the art.

B . DEFINITION OF SENSITIVITY

The term sensitivity of a certain filter structure has a broad mean-

ing, and the literature is full of different definitions for sensitivity

functions i~~eting a specified requirement. But in general all of the

definitions end up more or less to the following:
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As the filter element values or coefficients are varied about their

true value, the filter pole aid zero locations are shifted correspond-

ingly, causing a change in the magnitude and phase characteristic of the

filter. A mean shift in the characteristic can be computed on a point by

point basis and used as a figure of merit , but it may be meaningless

When determining whether or not the original filter specifications are

met. Therefore sensitivity must be interpreted in terms of several

factors to include such paran~ters as bandwidth, cut-off frequency,

ripple in the pass and stop band, etc. Several sensitivity functions

are most coir~~nly used. They are

(i) Q sensitivity and pole frequency sensitivity

(ii) Root sensitivity

(iii) Coefficient sensitivity

(iv) Frequency response sensitivity , etc.

Note that most of these sensitivity functions are meaningful and for

most cases there is a relationship between most of these sensitivity

functions with each other [12].

Since in this thesis we are mainly interested in the paraxr~ter or co-

efficient sensitivity, thus no discussion of the other sensitivity func-

tions will be made.

C. DEFINITION OF PARAMETER SENSITIVITY

For the function H(C,, C2,..., C1,..., Ca) ,  where H is a function

of multiparameter (C1, C2,..., C1,..., Ci), the parameter sensitivity

H of the system to any change of variables or elements C~ is defined in

several ways
C.

i) S = .
~~~~~

— • , logarithmic or (3.1)
i factorial sensitivity
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ii) S = -

~~~ 

, derivative sensitivity (3.2)

- .  3H 1 3Ff
iii) S = or S = -~~~ C~ , semi-logarithmic

1 sensitivity

and all of these sensitivity functions are discussed fully in the literature

[12], [13], [14], [15].

D. QUANTIZATIO N ERROR IN DIGITAL FILTERS AND ITS SENSITIVI TY EFFECT

Although tolerance problems which exist in the physical world in the

case of analogue filters, do not exist as such for digital filters, still

there is an interest in obtaining structures with low sensitivity to para-

meter variations. There are several reasons for this. The primary reason

is the fact that the structures with low sensitivity are less affected by

coefficient truncation. Thus element values or coefficients with

shorter word length are sufficient for meeting a given specification.

The second reason stated and proved by Fettweis [103 is that there exists

a relationship between sensitivity with respect to multiplier variation

and the round off noise at the output of a digital filter. Thus any

improvement in the sensitivity would resul t in a reduction in the corre-

sponding round-off noise at the output.

In order to compare the coefficient sensitivity of different digital

structures Ku and Ng [8] have used a root mean square error criteria in

the frequency response given by

= [~~1 ~~~ [W(~~)[t~H(W1) } 21½ (3.3)
i=0

Note that this criteria is in the frequency domain and is based on the
( deviation of the magnitude of the finite precision output from the ideal

or infinite precision output .
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Thus ~H(w~) is defined as

AH(~~) = IH(c~1) 
- H0 (~~) I  (3.4)

where H0 (~~) is the magnitude of the ideal output at frequen cy w~,and

H(w~) is the magnitude of the finite precision output at frequency w~,
and

W(w~) is the weight chosen to reflect the relative importance of error at

various frequencies,and N is the number of sample points in the frequency

domain .

Furthermore in order to equalize the effect of the various coeff i-

cients, floating point arithmetic is used rather than fixed point

arithmetic , during the process of rounding off of the coefficient to

the required number of the bits. Note that more details and iniplementa-

don of the idea are left for Chapter V where we investigate case studies

based on bit quantization error.

E. SENSITIVITY OF LC LADDER STPUCI1JRES

It is a well Iciown fact that the doubly terminated analogue LC

ladder structures are relatively insensitive to element value changes.

To prove this fact most researchers have used the theory of the total

conservation of input and output power quantities in a reactive lossless

network, the discussion of which is interesting but it not in the scope

of this thesis. A very good review is made in this respect by Renner

and Q.ipta [7] .

Thus , it is a reasonable assumption that the digital filter derived

directly from the topology of a resistively terminated analogue lossless

structure would have the same favorable sensitivity properties as its

analogue counterpart.

To show the low sensitivity of wave digital filters by the conven-

tional ii port scattering matrix network theory , Fettweis [10] defines the

39



instantaneous “pseudopower” transmitted through a wave port k with port

input resistance Rk by the means of the equation

k ) (3 5)

where is the total instantaneous pseudopower input through port k and

ak is the total input wave at port k and bk is the total reflected output

wave at port k. Similarly he defines steady state pseudopower by the

relationship

J Ak J
2 -

P = C  ) (3-6)
k Rk

where and Ak and Bk are the steady stat e value s of 
~k’ ak, bk, respec-

tively at an arb itra ry frequency “f” . In this way he then shows that for

all wave digital building blocks which are derived from the LC doubly

terminated ladder structures, the total stun of instantaneous pseudopower

absorbed by all ports is equal to zero, i.e.

E ~~~~~~~
k=l

where n is the total number of the ports of the wave digital subelement

or building block and is the instantaneous pseudopower at port k.

Similarl y he also proves that the total steady state pseudopower

absorbed by all building blocks of a terminated wave digital filter at an

arbitrary complex frequency “f’ is~ equal to zero, ike.

kzl
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where 
~k is the steady state pseudopower at an arbitrary complex frequency

f, and n is the total number of the ports of the wave digital building

block. The low sensitivity property then follows from the zero pseudopower

relationships. Although power has physical meaning in analog~~ circuits its

meaning in digital filter algorithms is nebulous.

F. PREVIOUS ~)RKS ON Th~ DEVELOP!vENT OF THE WAVE DIGITAL FILTERS
In the previous section we discussed the favorable low sensitivity to

parameter variation properties of LC ladder structures. It was this fact

that led Fettweis to propose the idea of wave digital filters in 1970 [3] ,

derived from the doubly resistive terminated LC ladder structures. Since

then numerous papers relating to the wave digital filters have been presented.

To understand the wave digital filters and the state of art, it is

necessary to summarize the state of evolution of the wave digital filters.

Partial credit of the development of the wave digital filters

can also be given to Richards [1], Kuroda, Ozaki and Ishil [2] and numerous

other researchers who contributed to the development and synthesis of the

strip line filters and also resistor-transmission line circuits .

The basic idea behind wave digital filter development from the beginning

was to keep the desired low sensitivity of lumped LC resistively terminated

filters in the already developed analogue domain and transfer it to digital

domain with very minor modifications.

Ideal strip line filter and transmission line circuits having inherent

LC structure is an ideal starting point. To avoid the loading effect of

one element of the LC strip line upon the succeeding and preceding elements ,

Ozaki and Ishii[2] introduced the idea of inserting unity element , or the

lossless transmission line acting as an ideal transformer (which was already

developed by Kuroda and known as Kuroda’s identity), between the stages as
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a lossless matching element.

In a more detailed paper Fettweis [4], in order to arrive at realiz-

able signal flow diagram, used wave quantities instead of the usual

current and voltage input quantities to the conventional filter. Actually

in using the wave quantities as input and output signal , Fettweis made

use of the already developed scattering parameter matrix theory of the n

port networks. In order to avoid the loading effect of one section upon

the other, and thus to eliminate the unwanted mismatch reflections between

sections, he employed unit element or impedance transformer, known as

Kuroda’s identity [21 .

Although with the introduction of the unity element a desirable re-

sult was achieved in realizing the LC filter structures, this introduc-

tion further increased the number of required operations (mainly multipli-

cations) over the conventional digital filter.

In order to avoid the unity element several attempts were made by

different researchers , Sedlmeyer and Fettweis [5) , Van Haften and Chirlain

[6], and others, to eliminate the need for unity elements or impedance

transformers between the cascading sections. One of the attempts was made

by Fettweis [5) and later on the method was renamed by Ku and Ng [8] as

the “new Fettweis method.” The new Fettweis method forced one of

the scattering multiplier coefficients in the three port network to be

equal to 1, thus a two port element was made from the three port element.

By starting at one port and progressing forward towards the other port,

~id by suitable choice of input impedance of the next section (i.e.

matching the output impedance of one section to the succeeding section),

the need for unity element or impedance trans foimer matching was

( eliminated.
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Van Haften and Chirla in [6] next came up with the idea of cascading the

wave digital three port section directly without the unity element but

taking into account the approximat e attenuation of one section upon the

next section, thus eliminating the need for unity element and extra

mitiplications associated with it. At the same time this introduced

errors associated with the calculation of the approximate attenuation of

one section upon the other.

S. Erfani and B. Peikari [9] and N. S. Swamy and K. S. Thyagara jan

[11] at the same time caine up with a new approach to eliminate the unity

element. This technique is the basis of the further investigation in this

thesis, and details are given in Chapter IV and other chapters.
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IV. GENERAL THEORY OF THE WAVE DIGITAL FILTER

A. INTRODIXT ION

The intent of this chapter is to derive the generalized algorithm

for a two port wave digital filter on a step by step basis using the

principles of the circuit theory , matrix algebra, and scattering matrix

wave theo ry.

The resulting algorithms are sunimarized in two tables in section E.

Also, two illustrative examples are given, example one being a simple

element, suitable for matched source ; and exaitiple two being a complex

element, suitable for a matched load.

It must be emphasized that the techniques used to derive the wave

digital algorithms in this chapter are more general than the previous

works, in the sense that only one algorithm is derived for both series

and shunt element. Also the effect of sampling time is introduced into

the algorithms .

B. DERIVATION OF THE GENERALIZED TRANSFER RATIO
FOR A ThO PORT WAVE DIGITAL FILTER ALGORITHM

Consider the two port network N1 of Figure 4.lb whose inputs are a1
and a2 and outputs are b1 and b2. In order to use the chain mat rix theo ry

developed earlier (Chapter II , Section B-D) we need to find port two

input and output waves a2,b2 in tenns of port one input and output waves

a1,b1 or vice versa.
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Rs Il 

B~ 

I
~

~~~
. v~ 

_
~~~~~ 

R 1 [ j R2 ~~~~
... 2 .~~~

RL RL

Network N1 —. —

Fig. 4.la.

a1 _ _ _ _ _ _ _ _ _ _ _ _  b
r’~’4v&’ ~~ • —

V5=a5 R5 ~ ~~~l [s] 
RL

T 1 Network N1 
a2 1

Fig. 4.lb .

Fig. 4.1. Two generalized representations of a two port network.
Fig . 4.la represen tation in. terms of voltage and current
quantities. Fig . 4.lb representati on in term s of scatte r-
ing matrix wave quantities. Note that R1 is the input
impedance of the network and R, is the output impedance
of the network . R5 is the source impedance and RL is the
load impedance.
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Thus considering the scattering matrix model of Figure 4. lb , we have

a1 R1 V1
= I (4.1)

b1 Li -R 1 I l

and

a2 ri R
2 J  [“2

= I I I (4.2)

b2 L1 ~R
2j LI 2

where R1 and R2 are port impedances off port one and port two respectively.

Note that a1,b1 
and a2,b2 are voltage waves. Now in order to find

in terms of a1,b1 we have the chain matrix of

V1 ( A  Bi [v2
= I I C4.3)

I i L’ Dj L12

Equations (4.1) and (4 .3) lead to

[ai 
- 

~~1 R
11 

A B V2

[b1 Li ~R
1j 

C D I~
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or rail rA +~c B + R ~ ] [ v T
I I = (4..4)

J b 1j 
A - R 1C B - R 1DJ [‘2j

But from eqUation (4.2)

or 

[::] = [: :~~ [:~½1 ra 2
I 1 I I (4.5)

~~~~ L ’~
Thus equations (4.4) and (4.5) lead to

a1 

i+
1c 

+ ~~~~~~
_  (B+R 1D) 

A+R
1C - ~~~~~~

_ (B+R 1D~ b2

= I (4. 6)
A-R C A-R C I

b1 
— 

2 + ~~~~~
_  (B-R1D) i

i - 
~~~~~

-_ (B-R1D)j a2

or 

Fall = 

~~~ 
(4. 7)

LblJ L~ 
Kj La~j

where
A+R1 C 1

= _____ + 
~~~~~

— (B+R1D) (4. 7a)
2 2

A+R1C 
~

2 - — (B+R 1D) (4. 7b)2R 2
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A-R~C
= 

2 + •iè— (B-R1D) (4 .7c)

A-R1C 1K = 
2 

- (B-R1D)

Thus from equation (4.7) we have

b1 = ~~ a1 + (K - ~ ) a2 (4.8)

b2 = a1 - a2 (4 .9)

and the appropriate wave flow diagram is drawn in Figure 4.2.

Note that

V = V  - I R  (4.10)1 5 i s

V2 = - I
2

R
L 

(4.11)

Thus equations (4.2) and (4.11) lead to

a2 = V2 +

b2 = V 2 - R 212

V2 = - IzR~

so that a2 = b2~ (4.12)

b2 = (4.13)

where

RL~~~
R2( 

~~~
RL + R 2 (4 .13a)
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—r I I 
b2 

I RL

~ 1 R2 ~~~ ~~~RL

____ _ _  K - ~~~~~ 
~~~~~

Network N1

Fig. 4.2. Wave flow diagram representing network N1 of Fig. 4.1.
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and also equations (4.1) and (4.10) lead to

a1 = V 1 + R 111

b1 = V1 - R111

V1 = V5 - 11R5

so that a1 ÷ Gb1 = (1 + 0) V5 (4.14)

where
R - R1 ~ (4~l5)

+

Where V is the input voltage. Thus from equations (4.13) and (4.14) we have

H( z) = 
(l+~) (l÷9 ) 

a1(~z)+eb 1(z) (4. 16)

Note that for 8 = 0, from equation (4 .15). , ~~ = R5.

V5 = a5 = a1

and

_____ 

b , (Z)
[1(z) = ~~ . 

a ç ~y 
(4.17)

For ~ = 0, from equation (4. 13a), R2 = RL and from equation (4.12) a2 = 0.

Thus fron equation (4.16)

b (z )
[1(z) (140) a5(z)+0b1(z) (4.18)

or
b (z )

[1(z) = 

2(1 \)
) a~~j 

(4.19)

a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — - - - - --.. ~~~~~~~~~~~~~~~~
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The general realization with the aid of equations (4.11), (4.14) and

(4.17) is shown in Figure 4.3.

C. REALIZATION OF TWO PORT WAVE DIGITAL STRLJC~IJRE

Theoretically LC passive structures such as ladder , lattice and most

of the other symnetrical structures can be reduced to a form of Figure 4.4

which is the “T” form with positive or negative element values. Note that

in A B C D matrix,the direction if 12 is in. the direction as shown in

Figure 4.4 arid 
~
, Z2 or Z3 can be positive or negutive capacitors, inductors

and/or tank circuits with positive or negative element values.

The A B C D matrix of Figure 4.4 as per equation (4.3) is found from

the equations

V1 = v2 + r
2
z
3 

+

- 12
)Z

2 
= V2 12:3

and the A B C D matrix is

V1 :i÷ z 3 +
~~i 

V2
= I (4. 20)

Il_ 
1 + 

~
.J 12

Thus

A 1 +  (4.20a)z 2
z Z

B = Z 1~~ z3~ 
13 (4.20b)z2

C = (4.20c)

D = 1+ —  (4.ZQd)Z2
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7

C

a5 + 
a1 b2

~~ 

~~ — 

Network N1 

~~~~
- b 2

____ = 

RL~R28 R1+R5 RL+R Z

Fig. 4.3. General realization of a two port network N with input
and output waves. Note that a5 is the input voltage wave .
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(

I E — — 1

~ 
l
,r b

~i 
zl 

- z3 ~~~~

4th T’r’2 

IT
2Port Z Port

one~~~~ 
_ 

I Two

L _ _ _ _ _ _ _ _ J

Fig. 4.4. A general two port ‘T’ network with canpiex elements
Z~~, Z2, Z3. Note that R 7 is the input impedance of Port 1,
aftd R 2 is the input iinpe~ance of Port 2.
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Note that for a single series element Z 1 as per Fi gure 4.5  and equation (4.20)

Z3 = 0

z2 =~~

rvil r 1 ~ rV21
L”] L0 1J L12J

and for a single shunt element Z2 as per Figure 4.6 
and equation (4 .20)

= 0

Z3 = 0

[V11 ...r’ olrV2 J
Ii 

— 

1 12

Now we can easily find the values of v , A , ~.i , ~ of equation (4.7).

Thus equations (4.7a) and (4.20) lead to

(R,~ + z )(R + z

~~~~~~~~~~~ 
1 2 3

= 
2 (4.21)

2R2

and equations (4.7b) and (4.2(1) lead to

(R1 + Z1)(R 2 - Z3)-R1~~ R2 - Z 1 - Z 3~
x 2 (4.22)

2R2
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_
~~~~~1LL z j  ~~ t ’z 

1 +

V1 —* I ~~~~~ V2

Port l ‘ Port 2
— 

— — — — — — _ J 
—

Fig. 4.5. A general two port with series element only.
Note that and are input impedances of
Port 1 and Port 2 respectively.

+ 
Ii r — — — T 

12
. p. ‘

4 I _
( I I

V1 —*- R1 1  ~~~~~~ 
V 2

Port 1~ 
t Port 2

I -  I
- L _ _ _ _ ~~~~~~~~—~~..L -

Fig. 4.6. A general two port with shunt element only.
Note that and are input impedances of
Port 1 and Port 2 respectively.
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equations (4.7c) and (4. 20) lead to

(-R1 
+ Z1) (R2 + Z3)

-R1~~~R 2~~ Z1 + Z3 +

= ZR 2 
(4. 23)

equations (4 .7d) and (4.20) lead to

(l~ - R1)(R 2 - Z3)
R1

+ R 2 - Z
1

+ Z 3~~
K = ZR2 

(4.24)

Thus the elements of Figure 4.2 will be

1~~ _______________
(!L~ + Z1)(R2 

+ 2 3) (4. 25)
g
1 +R 2 + Z1 + Z3~~

(-R1 + z1)(R 2 + z~
)

2 ( 4 2 6)
u ( R 1 + Z 1)(R 2 + Z 3)

R1 +R 2 + Z1 + Z 3 +

Xv ______________________________________

K - = ( R 1 + Z1)(R 2 - Z3) 
(4.27)

R1
+ R 2

+ Z
1

+ Z 3 + —

( R1 + Z1) (R2 - Z3)

A 
R
1
-R 2

+ Z
1
+ Z

3 -

- — = (4.28)
U ( R

1
+ Z )(R - Z )

-2

Note that for the single series element of Figure 4.S the equations (4.25),

(4 .26) , (4 . 27) , (4.28) reduce to
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= R1 + R2 
+ 11 

(4. 29)

~ 
-R1 + R 2 + Z 1

1.’ 
— 

R1 + R2 + (4 .30)

Av _ 2R1K - — —  
R1 + R 2 + Z 1 (4 .31)

A - 

R1 - R2 ~~~

— 

— 
+ R2 + (4 .32)

and for a single shunt element of Figure 4.6 the aforesaid equations will be

2G1
— = (4.33)
U G1 + G 2 + Y 2

= 
÷ ~~ : ~ (4.34)

K - 

2G2 
+ G2 

(4.35)

-Y + G  - G
~.t Y2~~~G1~~~G 2

where

1G1

and

1G2 =

Y2 ‘-2

. 
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D. DERIVATION OF GENERALIZED ALGORIThM WITH NO DELAY FREE PAIl-I IN
PORT ONE OR SIMILARLY WITH NO DELAY FREE PATH IN PORT TWO

The wave flow diagram of Figure 4.2 is not suitable to be used in

the chain matrix equation,since most probably it has delay free paths

between a1 to b1 and a2 to b2 which we have not analyzed as yet,and if so

it is not desirable. Thus by a careful choice of either R1 or

R
2 we can force the wave flow from either a1 

to b
1 to have no delay free

path, or from a2 to b2 to have no delay free path ; but not both of them

since we have only one variable to adjust , and that is either R1 or
I

R2.

The delay free wave flow for the case of no delay free path from a1
to b1 for a three section filter is shown in Figure 4.7 and the delay

free wave flow for the case of no delay free path from a2 to b2 for the

sas~e section filter is shown in Figure 4.8.

Note that a close exam ination of Figure 4.7 and Figure 4.8 still

reveals a delay free feedback loop at the ten~inating points. Thus to

make the sections of practical value , ~ must be forced equal to zero for

Figure 4.7 implying that

- R
- 

+ 
- or L - (4.~~)

and for the Figure 4.8, 8 must be forced equal to zero implying that

- R
0 = 

Ri” + 
= 0 or R5 = Ri” (4.38)

Thus the updated and useful delay free wave flow diagrams would be as per

Figures 4.9 and 4.10. Note that in the first case we have to start at

load end and work our way through to the source end , and in the second
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case , i.e. Fi g. 4 .10 , we have to start at the source and work through to

the load end. Alternately we can start from both ends and progress

towards each other. Where they meet we have to introduce a transformer

or unit element such as Kuroda’s identity, but this is not really

recommended since it introduces further complications. This approach

is not desirable and is to be avo ided .

Now with the aid of formulas (4.25), (4.26), (4.27), (4.28),

we can cascade as many element s in a section as complex as Figure 4.4

or as simple as Figure 4.5 or Figure 4.6.
I

Note that the element values z1~ ~2 
and :

3 
must be in s domain,

and for digitization we use the bilinear transformation

2 (z-l) 4 95 T (z+l) (.3)

where T is the sampling period of the digital filter.

Example 4-1

Series L, no delay free path from a to b , the case of a simple
element 1 1

With reference to Figure 4.2, v/U must have no delay free path, and

the aim is to find R1 given R2 , the load end terminating resistance.

From equation (4 .30)

- 
Z1 - 

R
1 

+

U 
— 

+ R1 +

and
2 (z-1)

= sL = . L

2L ZLz . ( . T _ 4 R 2 - R 1) + (R2 - R 1 ~~~ )

-

~~ 
= (4.40)

z.(4~~+ R1 ÷ R2) + 
~~~l 

+ -
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V

for to be with no delay free path from equation (4.40)

which leads to R1 = R
2 

+ (4. 41)

L. Thus from equations (4 .29) , (4.30), (4.31), (4.32), (4.38), (4.39),(4.4l)

we have R
= where a = —a- (4.42)

U z~~a

2R
2

- Z1 + +

a (Z + 1)= (4 43
(z+a)

2R1 (4.44)

- z~l
z~a

x R
1

- R
2

+ Z
1 (4.45)

= z( 1-a)
z +~~

Thus the output equations for series L with no delay free path from a1 to b1
are

a- ].b1 = z~ a a1 + 
~~~~~

b = a + 
Z(l~5) a2 z~ a 1 z+a 2 (4.46)

or
= (~~1)z 1 

a + l+z 1 
a

1 + az 4 1 l+az~ - 2

b 2 = a + z ~~~~ a + 
(1-a) a~ (4.47)

1 + az4 ~ l+az4 -
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with
1

and the iterative equations, corresponding to (4.46), (4.47) are

b1(n) 
= (a-1)a1(n-l) 

4 a2 (n) 
+ a2 (n-l) — ab 1(n-1) (4.48 )

b2 (n) = aa1(n) + aa1(n-l) + ( 1-a)a 2 (n) - ab 2 (n-l) (4.49)

With zero initial conditions, i.e.

x1 = 0

= 0

x3 = 0

x4 = 0

The equations C4.48), (4.49) can be rewritten as

b1 = cs(x1 - x3 ) - x1 - x2 
+ a2 (4 .50)

b2 = a(a1 - a2 + x1 — x4) + a2 (4 .51)

and updated equations

= a1 (4 .52)

x2 = b1 (4 .53)

x3 = a2 (4 .54)

= b2 (4 .55)

Note that there is only two multiplications for each iteration.
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Example 4-2

An example of designing the composite series and shunt element with
no d~1ay free path on port two.

As an example of a composite series and shunt algorithm, let’s con-

sider the two element section of Fi g. 4 .11. The aim is to derive the

wave flow algorithm with no delay free path from a2 to b2. From equation

(4.28) we have

A R1 - R 2 +S L - (R1 + sL) R2 sC

~ 
+ R2 + sL + (R1 + 5L) R 2 sC

= 
R1 - + s(L - R1R2C) - 5

2 (R2LC)

R + R2 + s(L + R R2C) + g2(R2LC)1 1 
... 2 (z-l)
— 

~~

2A2z + B 2z ~ C

A1z 2 
+ B1z 

+ C1

2 
2R1R2C 4R

2
LC

where A2 = - + - T - 

T2

4R LC
= 2(R 1 - -

~ 
_____

2R1R2C 4R2LC
• C =~~~ - R  -

~~~~~~~~~~~
+ _ _ _ _  - _ _ _

2 ‘1. 2 T T T2

2L 2R1R2C 4R 2LC
A1 R1 + R 2 + - ~- +  T 

+ 

T2

4R2LC
B~ = 2(R1 ÷ R 2 - 

T2

2 2R1R2C 4R2LC
C1 =~~~

+R 2 ++- T 
+ 

T
2

with reference to Fig. 4.2 for no delay free path on port two , - 

ft 
must

have no delay free path , thus

A2 0
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~f ’I~~2 
I

R2~ .4..

I I 
_ _ _ _ _ _ _a I •

pcrt 1 — — — — — — — — port 2

Figure 4.11. Composite series and shunt element of example 4.2.
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This leads to

- _ _ _ _ _R2 
— 2R1C 

+ 
4LC 

(4.5 7)

~~~~~~~

Thus from equations (4.57) and (4. 28) we have

-1 ÷ -2
x ~ 2

Z

-1 
— -2 (4.58)

U l + ~~1z 
+ y 1z

where
2R1

2C 
+ ~~~~ + ~~ E.

T T2 T T3
= 2R1C 41i

(R1 +~~ -)(1 +
~~~~~~~

. _ + —
~
-)

22R1 C 2L 8L2C
T T ~~~~~~~

‘
~2 

(R1 +~~~)(1~~~~~~~~~~~
)

2 
~~~~2R~~C 8L

2
C

T T

(R1 +~~ )(l + — ~~~~~)

- 

2L 2R1C 4LC
(R1 

-
~~

_) (1 + + —

~~~~

and from eqi.mt ions (4.57) and (4.25) we have 
-—

(l+z~~) 2 
~~ 

-

(4. 59)

i + ~~~~ +

where

(
1 4LC
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r

and from equations (4. 57) and (4..27) we have

t A 
_________________K —

~~ ~. 

(4.60)
U l + B 1z + y 1z 2

where

and from e~~ations (4 .57) and (4 .26) we have

-B -

v ... 2 2 (4. 61)
U -l -2l~~~B1z 4 - ’ r1z

Thus the wave flow algorithms for the composite element with no delay

free path from a2 to b2 will be

B3 (l~z~~)2 B2z 1 +

• b 2 = a1 + a2 (4 .62)

1 + B1z~~ + y1z~
2 1 + + Ill

-82z 1 
- 

~2 
_ _ _ _ _ _ _ _ _ _ _ _ _ _b = a + a (4.63)

1 + 81z + y1z 1 + B1z y1z

or

b2 (n) = B3a1(n) + 2B 3a1(n-1) + 83a1(n-2) + B 2a2 (n-l) (4.64)

+ y2a2 (~-2) -B 1b2 (n-l) - y1b2 (n-2)
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V

b1 (n) = -B 2a1 (n-i) -y 2a1 (n) + B~a2 (n) + 284a2 (n-i) + 84a2 (n-2)

-B 1b1 (n-i) -y1b1 (n-2) (4. 65)

and the iterative equation corresponding to equations (4.62) , (4.63) with

initial conditions set to zero , i.e.

= 0 i=l ,8

will lead to the iterative equations of

b2 = B3 (a1 
+ + x2) + B2x3 

+ y
2
x

4 
- B1x7 - y1x8 (4. 66)

b1 = -y 2a1 - B2x1 + B4 (a2 + 2x3 + x4) - B1x5 - y1x6 (4. 67)

with updated equations of

x1 = a1
x_z = xl
x3 = a2
x4 = x3 (4. 68)

x5 = b1
x = x5

= b2
• • x8 = x 7

(
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Note that ther e are 12 multiplications with six coefficients , i .e. a ’s ,

B’ s , y ’ s. It is interestin g to note that since in this example we

originally had two element s , i .e. Series L , and shunt C with input im-

pedance R1. Thus we expect the a ’s , B ’ s , and y ’s to be functions of

L , and C only . This can be easily shown by identif ying two new var iables

a and B such that
2L
T

a-

1

— 1B 2 R C

T~~~~~~

Then

* L8 _ (B)R2 ~~& _ R f r~

8i 1 -  2 a+ 8(a+1)

= 8(1-a)
8z 1 - BC1+ct) 

p

1 - 2a +

83 = B

84 = i-cL

* LB
= -~~

- is n~ re general even for the case R1 R5=0 which makes ct=i and
l-c*-0 and if we use = R1 f~i, R2 becomes which is indefinite, while

is not indefinite.
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By inserting these new values into the iteration equations (4.66) and (4.67)

the number of multiplications reduces from 12 to 9 which is significant .

Thus the new iterative equations from (4.66), (4 .67) will be

b1 = a2-a1 -x1+2x3 
+ x4-x5 + ct (-a2-x4+2 (a1-x34-x5)) (4.69)

+ B (a1+x1-x5-x6) + aB (-a1+x1-x 5+x6)

b2 = x3’~x4 -x7+2a(x7-x4) + B(a1+2X1+X2-x3 X4-X 7-X8) (4.70)

+ aB (-x 3+x4 -x7+x8)

Note that the multiplication aB and 2a does not enter into the iteration

and they can be premultiplied before the starting of the iteration process.

Notation

For latter analysis in Chapter V we call these latter set of equations

i.e. equations (4.69) and (4 .70) as ”reduced parameter complex wave digital

algorithms”, and the original set, i.e. equations (4q 66) and (4.67) as

“complex wave digital algorithmslr.

Although theoretically it is always possible to find new variables

equal to the nt.unber of original L’s and C’ s, in practice it becomes a

tedious job for n~re than two variables, and it is not recommended .

E. TABULATI ON OF SIMPLE L AND C ELEME’~TS IN SERIES AND SHUNT

In a similar way as examples 1 and 2, the wave flow equations for

the singie. I... and C elements for both cases of series and shunt are

tabulated in Tables 4.la,b and 4.2a,b.

Note that Tables 4.la, 4db are for the case of no delay free path

from a1 to b1, and Tables 
4.2a, 4.2b are for the case of no delay free

path from a2 to b2.
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Table 4. la. Algorithms for simple L and C elements with no delay free
path from a1 to b1 with sampling time T.

Element Algorithm Remarks

b = 
~~~~~~ a + -

~
-

~
- a R R +1 z+a i z~~~~2 1 2 T

b = ~(z+l) a + z(l-~) a =

(1) 
— _~~~~~ 2 z+~ 1 z+c 2 R1

Series L

b1 =~~-~~a1 +— a 2

— 

b = a(z-l) a + 
z(l-~) — 

R2

:1) (2) 2 z-a 1 z-a a2 
—

Series C

- F I b1 = -
~~

--
~~ a1 + a2 C1 = C2 +

R, t .~ L 1 R
-I. ~ I 2I -t 

b — 
(z~-l) a + z(~-l) — 

R1 — 
G2

L. — ~.1 2 z-a 1 ~~ 
a2 - 

~~
— -

:1) (2)
Shunt I..

b1 = !a 1 + a2 C1 = C2 +

~~ T L~ — z~1 z(~-l) 
R1 C2

:1) 
— 

(2) 
b2 — ~~~~~~ a1 + 

~~~~~ 
a2 a = ç =

Shunt C

(
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Table 4.lb. Iterative algorithms for simple L and C elements with no
delay free path from a1 to b1 with sampling time T and
with initial conditions i.e. x

1
,x2,x3

,x4 
set to zero

Element Iterative Algorithm Remarks Updated Values

~~~~~~ b1 
= a

2
—x,
1
+x

2
+a(x

1
-x

3
) R

1 
= R 2 +

~~ 
b 2 

= a
2
+a(a

1
-a2

+x
1-x4

) a

(l~~~~~~ 2)
Series L

____ 

b1 = a2+x1-x2-a(x1-x3) R1 = R2 +

R1~ C 1R2 b2 = a2+a (a1-a2-x1+x4) a = x1 = a1

x a2 2
series C = b1

T x = bb1 -x1+a (a2+x1-x2+x3) G1 C2 + 4 2

Ri C
~

4 
~~ 

‘- b2 = a1-a2-x1+a(a2+x4) a ç

— .  b1 = x1~a (a2 -x1~x2 -x3) C1 C2 
+

I I ~~ b2 = a1-a2+x1+c(a2-x4) a = =

(1)~~ ~~~~2)
Shi.mt c

(

— -~~~~



Table 4.2a. Algorithms for simple L and C elements with no delay free
path from a2 to b2 with sampling time T

Element Algorithm Remarks

.~~~~riftt_..L b = z(1-a) a + 
a(z+l) a = R1 +

R ’ L “D z+a T
i i
___________ Rz+l a-l — 1

(1) (2) 2 - —-— a1 + 
Z+~~~2

Series L p

j~~ j = a
1 

+ 
a(z :~ 

a2 R2 
= R

1 
+

p
1

1 C 
z-1 (1-a) Rib2 = 
~~~~~~~~~ a1 + z-a a2 a =

Cl) — — — (2)
Series C

_ _ _ _ _ _ _ _ _  b = z(a 1) a + ~ .L a C2 = C1 + ~L.
Ri l ~~~~~ a(:zl) ~~~ :j 1 

2 ZL

I z -a z-a C2 R2(1) — 
~~2)

Shunt L

_ _ _ _ _ _  b z(a_ l) a +~~ 1a C = G
Z+C 1 Z~~~ T

Ri +c :~ b = c(z+l) a + 
(l -a) a = =

2 z~a 1 z~ a 2 C2 R,
(1) (2)

Shi.uit C

(
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Table 4.2b . iterative algorithms for simple L and C elements with no
delay free path from a2 to b2 with sampling time T añd’
with the initial conditions i.e. x1,x2,x3,x4 set to zero

Element Iterative Algorithm Remarks Updated Values 
1

~~~~~~ b1 
= a1

+a (a2
-a1

+x
2-x

3
) R

2 
= R1 

+

~~ L I R
R1 1R~ b, = a

1
-4-x
1-x2~

a(x
2
-x4) a =

(1) (2)

Series L

_L~T~ ’ b1 = a1+a (a2-a1-x2+x3) R2 R1 
+

l~~ b2 = a1-xi+x2-a(x2-x4) a 

:‘ :
(1) (~2) 2

Series C -X
3~~~~~ LPJ

1

T,—
~~

—-
~ 

b1 = a2-a1-x2+a (a1+x3) C2 = C1 + x4 = b2
I I. I C R

Ri ~‘L $R2 b 2 =-x2+a(a1-x 1+~r2+x4) a = ~~~— = ç—I 2
(l)’ ”1~2)

Shunt L

— 
b1 = a2-ai+x2

+a (a1-x3) C2 = C1 +

T ct ~~ 
b2 x2+a(a.~+x1-x2-x4) a = ~~~— = 

~~~—

(I) ’— —~~ 2)
Shunt C
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F. FURTHER INVESTIGATION OF TI-fE ALGORITI-1~~ WITH NO DELAY FREE PATH IN
PORT ONE, WITH THE ALQJRITI+IS WITH NO DELAY FREE PATH IN PORT ThO

A closer look to the two kinds of algorithms derived , i.e. algorithms

with no delay free path from a1 to b1 and the algorithms with no delay

free path from a2 to b2, will reveal that both algorithms would behave

very much like their equivalent LC structure matched to load or matched

to the source as per the reciprocity theorem. Note that this can also be

proven by writing the chain mat rix equations

;ll F M l 4]
I = I I I J For no delay free

b
1J Lv l K~

j  
La2i 

path from a1 to b
1

or fT~i f~ki ~~~

Lai L1
or 

r~ 
rK1 vi -

~rbi1
= f Wi th no delay free from a1 to b1

~~

So if we interchange a1 and a2, and also b1 and b2 we would get

[
~J ] [] 

With no delay free from a, to b 2

- 1  

_ _ _ _ _  
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Note tha t if we calculated the chain matrix for no delay free path from
( a 2 to b 2 i.e. the matrix

hi r2 
X 2~~b 2

kJ j~2 K~J a 2
’

Then the two matrices

and

~lJ ~~ 2 K
2J

would be identical, i.e.

— 
~
_h
l ~~ ~2

K
1

11
1 

-A 1 v1 
—

__________ 
K
1 

=

K
1U1

-X fJ 1 
K

2

ThUS 
~‘2 - X vK

1~ 1 11

V1
lvi 

- 

liii

Al
VP, =

~ 1V1 
-

K1
K.,-
‘. K

1~11

C. DESIGN EXAMPLE

As an application of the illustration of the techniques developed ,
(

a seventh order low pass Chebechev filter with the given specification in

30

— P.- - - . - _ _ _
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Appendix IA was designed and implemented in both time domain and fre-
quency domain. As a comparison the same filter was designed using the

conventional digital techniques. The computer program and output results

for both cases are also given in the same appendix. As can be seen, they

are completely identical in both time domain and frequency domain , thus

assuring the validi ty of the theory developed in this chapter.

Note that in this example the double precision arithmetic was used,

thus ensuring infinite precision for multiplier coefficients , to come ~~
with exactly the same answer.

H. SU~vtv1ARY

In this chapter we developed the generalized algorithm for a two port

wave digital filter step by step from the first principles of circuit

theory and backgro~md given in Chapters II and III. The generalized LC

system considered was an LC “T” Section . For a ~r section the procedure

would have followed in the same way with the exactly similar end results.

The delay free path does play an essential role in the algorithms.

Thus emphasis was given on this matter and whenever possible explanatory

delay free paths were illustrated in the diagrams. To make things as

clear as possible two worked examples are given, one with a simple

section with no delay free path at the terminating source port and

second example with a simple complex section with no delay free path

at the terminating load port. Then we investigated the relationship

between matched source algorithm with matched load algorithm of a given

system. Finally a practical design of a wave digital filter using the

already derived algorithms were implemented and the complete results

and computer program are given in the Appendix 1B,-E.

Note that no reference is given at th-~ end of this chapter . The

only relevant references would be references [9], [ii] of Chapter III.
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V. SENSITIVITY ANALYSIS OF THE I~LAVE DIGITAL FILTERS
DUE 10 TRUNCATION IN THE NUMBER OF BITS

A. I~~RODUCTION

The intent of this chapter is to investigate the behavior of wave

digital filters to quantization in the number of bits in the multiplier

coefficients . The wave digital filter has been credited in most of

the published literature as being minimum sensitive to multiplier co-

efficient variations, and thus conj ectured to be optimal in requiring

the fewest number of significant places to achieve a given specifica-

tion .

In this chapter, for a given analogue resistively terminated LC

filter, three differen t wave digital filter algorithms are computed,

and their behavior with respect to trt~cation in the number of bits

of the multiplier coefficients are investigated. The results are com-

pared with conventional digital filter design. It is important to note

that for all the algorithms under investigation the bilinear transfor-

mation is used to make the comparison meaningful.
In order to avoid any confusion in this chapter we use the term

“multiplier coefficient” for the coefficients of wave digital filter

algorithms and the term “polynomial coefficient” to denote the coeffi -

cients a6, a5,--- ,a0 and b6, b5, --- ,b0 of H(s) or 1-1(z), of a given

analogue or digital filter , respectively; where H(s) or 1-1(z) are of

the form

1H~s~ 7 6 S 4 3 2s +a5s +a5s +a 4s ~a3s 4-a 2s ~a1s+a 0

H( z) = 7 6 
K(z+ 1) 7 

3 2: +b6z +b 5z +b4 z +b 3z ~b 2 z +b1z+b 0
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It is also important at this stage to note that since wave digital

filter multipliers are derived directly from the original L’s and C’s,

they can be thought of as a modified or matched L or C elements . Since

wave digital multipliers are not derived from the polynomial coeffi-

cients of the transfer function of filter but from L’s and C’s of the

analogue circuit, it is meaningful to compare the effect of bit quanti-

zation error on wave digital filter multipliers with the effect of bit

quantization error on L’ s or C’s in a conventional digital filter

algorithm, and not to compare with the effect of bit quantization error

on the filter polynomial coefficients . Based upon this argunent , the

original filter L’s and C’s are quantized in the conventional digital

filter algorithms arid used for comparison purposes .

B. COMPARATIVE STUDY OF THE ERROR DUE TO Q~~NTIZAT ION IN
THE NUMBER OF BITS IN VARIOUS DIGITAL FILTER ALGORITH~~
Coefficient errors introduce perturbations in the zeros and poles

of the transfer functions , which in turn manifest themselves as errors

in the frequency response . In Chapter III Section B we defined general

sensitivity, and in Section C we discussed parameter sensitivity, and

in Section D sensitivity due to quantizat ion in the number of bits.

The comparison criteria we have used in this chapter is the root mean

square error criteria given in equation (3.3) and repeated here in

greater detail, i.e.

= 
~~~~~~~~~~~~~~~~~~ [W(~.)[~H(~.)J

2]~
i=O

where W(~1) is the frequency weighting function.

e~H(w~) is the difference in magnit~~e between infiniteprecision algorithm and the algorithm obtained
in using a finite number of floating bits in the
filter multiplier coefficients or component values.

N is the number of sampling points in the frequency domain.
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is the frequency associated with the sampling point i

It should be pointed out that in floating point calculations, the man-

tissa of the floating number in the binary system is truncated to the

specified length using sign magnitude representation. However the word

length requirements of sign and exponent are not counted, since they do

not enter into the calculations.

In total nine different normalized low pass seventh order filter

algorithms were chosen for investigation from the handbook of filter

synthesis [1]. These filters are

i) seventh order .5 ~ ripple Chebyshev low pass filter with R~~l, RL 1

ii) seventh order .1 ~ ripple Chebyshev low pass filter with R5=l , RL=l

iii) seventh order But-terworth low pass filter with R5=l, R,:l

iv) seventh order .5 db ripple Chebyshev low pass filter with R5=O , RL=l

v) seventh order .1 db ripple Chebyshev low pass filter with R5=O , R~~l

vi) seventh order Butterworth low pass filter with R5 0, RL 1

vii) seventh order .5 dl, ripple Chebyshev low pass filter with R
~
=lO , L:l

viii) seventh order .1 ~ ripple Chebyshev low pass filter with R5 10, R~~1

ix) seventh order Butterworth low pass filter with R5 l0, R~~1

Each filter was designed using five different algorithms .

a) wave digital filter with simple sections , matched to the

load (i.e. with no delay free path in port two)

b) wave digital filter with complex sections, matched to the

load (i.e. with no delay free path in port two)

c) wave digital filter with complex sections but with reduced

parameters and matched to the load (i.e. with no delay free

i,ath in port two

d) conventional direct digital filter of the form
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H(z) =
l+a1z~~ + a2z

2 
+ a3z

3 
+ a4z

4 
+ a5z

5 
+ a6z

6 
+ a7z

7

(e) conventional cascaded digital filter of the form

11(z) = 
K(l+z~~)

7

(1+~~z~~) (l+a2z~~ + 82 Z 2) (1+cL3z~~ + ~3z 2) (l+c~4z~~ + 84z 2)

Note that all the filters are low pass and have zeros at z = 1. Thus

there is no necessity for pole/zero pairing in order to optimize the

response of the cascaded conventional digital filter. Thus all these

examples are in a naturally optiim un arrangement.

Double precision arithmetic used throughout in order to get

practically the sane result for all five algorithms with infinite pre-

cision arithmetic for the coefficient or component values.

The root mean square error in the frequency response for various

filters under examination were found, and tabulated in Tables 5.1-9.

The corresponding graphs are drawn in Figs. 5.1-9. Note that in order

to avoid congestion the error graphs of conventional cascaded digital

filter are not drawn.

A sample computer program for each of the five algorithms used is

given in Appendix 2-A ,F.

C. STUDY OF THE RESULTS OBTAINED

The study of the graphs for all different algorithms clearly indi-

cate the following points:

(
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(1) The logari thm of rms error versus the nunber of bits for the

direct conventional digital algorithms Lollows a straight line Lor

all seventh orde r filters and they all pass close to the point of

error = 1 at bits = 0 with a slope of approximately 3 db per bit.

Also the rms erro r of the conventional direct digital filter is never

~~rse than the other filter algorith ms .

(2) For filters with source resistance = 1 and R5 = 0 , the nns

error graphs for the siii~le wave digital filters are exactly the sane

as that of direct conventional digital filter, with the sane slope.

For filters with R5 = 10, the rms error graph for the wave digital

filter is worse than the conventional direct digital filter. This error

behavior is very interesting and shows that wave digital filters do

have a higher sensitivity to filter terminating resistances.

(3) The rms error graph for the complex wave digital filter for

= 1 and = 0 is worse than that of simple wave digital filters,

with approximately the sane slope.

C4) The i-ms erro r graph for reduced parameter complex wave digital

filters with = 1 and = 0 in some cases is slightly worse than

that of complex wave digital filter , but with approximately the sane

Slope.

(5) The rins error performance for all wave digital filters with

= 10 is approximately the sane, after first four or five bits , and

the nns error graph tends to follow a straight line. Departure from

the straight line is m ore noticeable for the simple wave digital

filter than the complex wave digital filter or the reduced parameter

complex wave digital. filter for the first six or seven bits.
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(6) Although, ideally we expect the two conventional digital

filters (i.e. the direct and cascaded digital filters) to have the

same rms error, the factorization process used for the denominator

introduces some slight error in the pole locations, which in some

cases changes the ntis error value.

D. COMPARISON OF RESULTS WITH EACH OTHER AND WITH
THOSE PUBLISHED IN THE LITERATURE

The results obtained in this chapter and in Section C indicate

the following points when compared with each other and with results

published in literature:

(1) For all purposes the digital filter derived directly from

analogue doubly terminated LC structure is the least sensitive struc-

ture with respect to filter component values. This fact should not

be confused with the sensitivity of the digital filter to polynomial

coefficients. The foregoing also apply to band pass or band stop -

filters derived from analogue low pass LC realization.

(2) It is worthwhile to consider the structure of wave digital

filters compared with the structure of analogue LC doubly terminated

filters for cases under study (i.e. seventh order low-pass filters).

The total number resonances in the analogue LC filter shown in Fig.

5.l0,is ten. These are evenly distributed resonances and can be

compared with the total number of delay free feedback paths in the

wave digital filter, which for the case of simple wave digital filter

is eight as shown in Fig. 5.11. Note that the delay free feedbacks

are localized towards the source for wave digital filters with no delay

free path in port two. Also, as shown in Fig. 5.12, the total number

of delay free feedback paths for complex wave digital filters is five, again
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localized towards the source end. Had we designed the wave digital

filter with no delay free path in port one this localization would

have occurred towards the load end. Now with the above points in

mind we can establish the following:

(a) From the results of the large number of different filters

studied in this chapter, it is apparent that wave digital filters do

exhibit a high sensitivity to terminating resistances. For the case

of filters with low terminating source resistances (i.e. R5 0 and

R5=l) the i-ms error behavior of the wave digital filter is almost

identical to direct digital filter derived from the analogue LC struc-

ture, because of the localization of the delay free feedback paths

towards the low resistance termination. For the case of the filters

with high source resistance, the localization of the delay free feed-

back path occurs towards the high resistance termination; thus the rms

error, compared with that of the direct digital filter, is worse; this is due

to the localization of the delay free feedback in the high sensitivity

port of the filter. Had we designed the high resistive source

impedance filters with no delay free path in port one, (thus directing

the localization of the delay free feedback paths towards the load end)

we would have obtained a better performance.

(b) The ntis error performance of simple wave digital filters were

considerably better than complex wave digital filters for low source

resistances (i.e. R5 0, R5=l). Thus ntis error behavior can be explained

as follows because there are fewer delay free feedback paths for the

- complex wave digital filters. This feedback occurs in fewer sections

and the error performance gets worse. For high source resistance, i.e.

R5=l0, the ntis error performance for all wave digital filters after
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fifth or sixth bit becomes aln~ st identical . This can be explained

because of the high sensitivity of the wave digital filters to the

terminating high source resistance. Thus the localized delay free feed-

backs near the source increases the error performance for the simple

wave digital filter while for the complex wave digital filter, with
L fewer feedbacks, the sensitivity to high source impedance drops. There -

fore the two algorithms tend to give nearly the same ntis error per-

forrnance.

Cc) In some cases especially for lower source impedances the

ntis error performance of reduced complex wave digital filter is slightly

worse than that of complex wave digital filter. This is probably due

to the fact that , when the truncation process is done on a large number

of multipliers , the effect of truncation tends to be compensating, but

if the number of multipliers are reduced, this equalization is less

evident.

(3) From the above discussion we can conclude that the ultimate

ntis error performance of wave digital filters tends to that of the

directly digitized analogue resistively terminated LC filters. To achieve

this ultimate performance in designing the wave digital filter, we have

to use simple sections as much as possible, and also since terminating

resistances are the nK st important we must direct the delay free port of
wave digital filters towards the low resistance termination.

(4) If we wanted to make a band pass or band stop filter, which

has LC tank circuits, the comp~~x wave digital filter derived from

these LC sections would not give the same ntis error performance as that of the

original conventional digitized LC filter. ~vbreover the algorithms for

complex wave digital filters derived from LC tank circuits in the
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literature [21, [3] are of the reduced parameter type complex wave

digital filter , which furthern~ re have poorer error performance as

can be seen from the graphs in some cases.

In Chapter VII we discuss briefly how to design a simple wave

digital filter algorithm for a given band pass or band stop specifi-

cation. It is expected that these filters will have better error

performance than the complex wave digital filters given in the

literature [2] and [3].

(5) it is also interesting to note that , after familiarization with

wave digital filter theory , it is much easier to design a wave digital

filter derived from analogue LC filters than to design a direct con-

ventional digital filter both derived from the same analogue LC

filter. Thus the wave digital filter is a practical design technique.

Furthermore in order to reduce the rms error performance of wave

digital filters we can even make use of a combination of complex wave

digital and simple wave digital algorithn5. For example when we have

a high source impedance , we can make use of one or two complex sections

near the high resistance end, followed by several simple sections later

on.
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VI. DERIVATION OF PARTIAL SENSITIVI TY
F1~CTIOWS OF WAVE DIGITAL FILTE RS

A. INTRODU TION

The main intent of this chapter is to derive the sensitivity of

wave digital filter with the aid of partial differentiation of the

filter algorithm with respect to wave digital filter multiplier coeffi-

cients, i.e. ~~s and 4>. Having found these sensitivity functions the

sensitivity of wave digital filter with respect to the original filter

component values, i.e. L’s, C’s, R5, and RL were found.

Finally the behavior of these two sensitivity functions are investi-

gated and compared with each other in the frequency domain and with

the results obtained in Chapter V.

B. DERIVATION OF THE SENSITIVITY FUNC1’ION OF WAVE DIGITAL
FILTER DUE TO VARIATION IN MJLTIPLIER COEFFICIENTS

The general wave digital algorithm for the third order filter given

in Fig. 6. 2 , with no delay free path in port two, is of the form of

equation (6.1)

raii(z~ r 1 r 1 r 1 [b32
(
~1

I I = I c(ai, z)I I f 2 (
~z, z)I f 3 (

~3, z)l I I (6.1)

Lb11~ J L J L J - J [~b~~ (z)J

where f1, f 2, and f 3 are 2x2 matrices of the general form of

l+y l+y2z~~f(a z.) = 1 _ i -l1 1’ x3+63z 
________

1+-y4z~~
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Fi g. 6 . 1 .  A general t h f rd  order doubl y termina ted anal ogue low pass
LC f i l t e r .
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Fig. 62. The wave digital filter derived from the analogue LC filter of
Fig. 6.1 with no delay free path. on port two.
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where 
~~~

, B~~, y~ are functions of 01.
From Fig. 6.2 the transfer function of the filter in the ti~~ domain

as depicted in Chapter IV and also explained in Appendix lÀ with unity

impulse input will be

h (nT) = (i~) b32(nT) = h(o1, 02, ___ 4>) (6.2)

Thus the transfer function of the filter in the frequency domain will be

H(o1, 02~~~~4>) = b32 (nT)e~~~flT

and the sensitivity of the filter due to variations in c,~ in the fre-

quency domain is given by

___________ 
3b32(nT) e

**

~ju>~T

n=0

Note that from equation (6.1) , the matrices f 2, f 3 are not functions of

01. Thus the derivative of equation (6.1) with respect to will be *

0 1 7 — 

~b32(zT]
3f1(c51,z) I

= 

~ 1 
f2(o2,z) f3(a3,z) (6.3)

3b~~(z) 

— — — 
~b~~(Z)j

Note a11(z) is input and is independent of a
~ also .
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A closer look at equation (6.2) reveals that with unity iii~ulse input ,
the time domain sensitivity function of the filter with res pect to 0

1 
is

_______________ — 
~~~~~~~~ 3b32

3a
~ 

—

Thus to find the sensitivity function of the filter with respect to

all we have to do is write the complete iterative equations of the

filter from equation (6.1) and then differentiate them with respect to

Note that in doing so actually all the iterative equations derived

from matrices f2(ci2,z), f3(o3,z) will not be effected and the only

iterative equations being differentiated will be that of matrix

f1(a1, z). So in general we can find .
~~~~~~~~

, i.e. the sensitivity of the

wave digital filter with respect to all wave digital filter multiplier

coefficients For the special case of from equation (6.2) we have

3h(nT) 
— 1 

( T) + 
9b32

34> ~~~32
1
~ 4> 34>

and the filter sensitivity function with respect to 4> in the frequency

domain will be

____________ = 

,

~~~

_,, 
- 

b 32 (nT) 
+ (1+4>) 3b32 jWflT

3p 2 2 34>
n 0

The above procedure can best be illustrated with the aid of a simple

example.

Exan~ 1e 1

Given the third order wave digital filter of Fig. 6.2 which is

( derived from the doubly terminated LC filter of Fig. 6.1; it is required
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to find the sensitivity function of the filter with respect to o
~ 
in

the frequency domain. The wave digital filter is with no delay free

path in port two.

Procedure

The iterative equations of the wave digital filter of Fig. 6.2 in

the time domain with the aid of Table 4 .2b and with all initial condi-

tions set to zero are :

b12 (n) = a11(n)+a11(n-l)-a12 (n-l)+ o1(a12 (n-l)-b12 (n-l))

a21(n) = b12 (n)

b22 (n) = a,2(n-1)+o 2 (a21(n) +a21 (n-l)-a 22 (n-l)-b 22 (n-1))

a31(n) 
= b22(n)

b32 (n) = a31(n) +a31(n-l)-a32 (n-l)+a 3(a32 (n-1)-b32 (n-l)) 
(6.4)

a32 (n) = b
32

(n) . 4>
b31(n) = a31(n)

+o3(a32(n)-a31(n)~a32(n-l)-b31(n-l))

a22(n) = b31(n)

b21 (n) = a22 (n) -a21 (n) +a22 (n-i) 
~~
°2 

(a21 (n) -b21 (n-i))

a12(n) = b21(n)

b11(n) = a11(n) +o1(a12 (n) -a11(n) +a11(n-1)-b11(n-l))

Note that to find the transfer function of the filter in the time

domain, the input a11(n) will be

1.0 n=0

a11(n) =

0 n~0

- H
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and the iterative equations after partial differentiation with respect

to 0
1 

are

3b11(n) 
— 

3a12 (n—l) 
- + 

3a12 (n-l) 3b12 (n-l)
______ - - ________ + a (n-l)-b (n ) a ( - ________

3a (n) 3b (n)
301 

— ________

~~22 (n) 
— 

3a22 (n-l) 
+ 

3a21 (n) 
+ 

3a21(n-l) 3a22 (n-l) 3b22 (n-l)
301 

— 301 
02(30 

- 

30
1 

- ________

etc.

and in this way, we differentiate all the equations in equ~ition (6.4) with

respect to 01 up to

3a12 (n) 
— 

3b21 (n)
301 

— 

30
1

3b11 3a12 (n) 3a1~2(n-l) 3b11(n-l)
_______ = a12(n)-a11(n)+a12~~i)-b11(n-l)+a1(30 + _________ - _________

Thus the sensitivity function of the filter in the time domain from

equation 6.2 is

3h(nT) 
= ii.) 

3b32(nT)
2

and the sensitivity function of the filter in the frequency domain will

be
N

3H(~) 3h(nT) -j wnTe
n=0 1

(
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where T is the sampling interval , w is the frequency of input signal,

and N is chosen large enough for transients due to the impulse response

to decay .

C. DERIVATION OF SENSITIVITY FUNCTION OF WAVE DIGITAL FILTER IN THE
FREQUENCY DOMAIN WITH RESPECT TO ITS ORIGINAL COMPONENT VALUES,
I.E. L’s, C’s, R5, AND

As noted in Table 4.1 and 4.2 and mentioned in Appendix 1-A, there

exists a one to one relationship between the wave digital multiplier

coefficients , i.e. a ’s and the reflection coefficient 4> of the wave

digital filter , with the original filter component values, i.e. L’s,

C’s, R5, and RL. Thus in order to find the sensitivity of the wave

digital filter algorithm with respect to original filter component

values, the best way is to find the sensitivity of the wave digital

filter with respect to wave digital filter multiplier coefficients , i.e.

, etc. and from these, the sensitivity of the wave digital
1

filter with respect to original filter component values, i.e.
3H (L1,C1,L 3--- ,R ,RL) etc. can be found. This procedure can best be

1
illustrated with the aid of an example , the results of which will be

used later on to find the semi-logarithmic sensitivity (or percentage

sensitivity; or normalized sensitivi ty) of a seventh order

low pass resistively terminated wave digital LC filter with respect to

original components (i.e. L’ s, C’ s , R5 , and Later on these nor-

malized sensitivity functions will be compared with that of the

normalized sensitivity functions of the wave digital filter with respect

to wave digital filter multiplier coefficients (i.e. a ’s and 4>).

(
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Example 2

Given the sensitivity function s of the seventh order low pass wave
digital filter of Fig. 6.4, designed with no delay free path in port two

from the original LC structure of Fig. 6.3; it is required to find the

sensitivity function of the wave digital filter with respect to original

wave digital filter component values.

Procedure

Since the wave digital filter is of the type with no delay f ree

path in port two, from Table 4 .2 we have

a — = f(R ,L )  (6.6)1 it2 R1 + L 1 5 1

where R1 = R5.

Also at this stage it is import ant to note that L and C compo-

nents of the filter used in equation (6.6) and in the remainder of
~

the example are predivided or prenniltiplied by the factor tan .E~.,_ /

in order to take into account the effect of the s~~~1ing period

and also the critical frequency of the digital filter, where 
~cd ~

the critical frequency of the digital filter in rad/sec and is

the critical frequency of the analogue LC filter in rad/sec and T

is the sampling time in sec. This factor is obtained by the multi-
~cdTplication of the p rewarping factor , i.e. 2 tan —
~~--. /T w~ by the

sampling factor of the reactive components of the wave digital filter,
Q T

i.e. T/2. The factor tan 
~~~~~~~~ 

/w~ reduces to tan -f~ 
when the

critical frequency of the original analogue filter is normalized at

( = i ra d/sec.
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_ _ _  _ _  - _ _
,

~~~~~~~~~~~~~ 

‘
L

C2 C4 C6

Fig. 6.3. Seventh order low pass analogue double resistively
terminated LC filter.

a5 b 72
fr ~~~ 

- - - -
~ 

,

R1 ~ ~2 
- -. a5 R7 a7 4>

~~~

RL~~~RI L = R  _ _ _ _

~1 S

- Fig. 6.4. The wave digital filter derived from the seventh order
analogue LC filter of Fig. 6. 3 with no delay free path
on port two.

(
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Thus from equation (6.6)

(. G2 = a1G1 (6.7)

where

- 

G1 
= _

~~~~
._ , i = 1, 2 , 3 . . .

Also

G G
b 2 

= = 
G2 C2 

(6.8)

and

R3 = a2R2

Also from equation (6.7) and (6.8) we have

0
2 

= f(a1,C2) (6.9)

thus

3a G C  C R 12 1 2  — 2
0] (a1G1+C2)

2 (a1+R1C2)

In the same way

03 = ____  = 
~2R2+L 3 

= f(a2,L3) (6.11)

3a R L3 ... 23 
— (6. 1 2 )0

2 (a2R2+L 3) 2

1-,
*1.~~

,
~?‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~



G (6.13)
04 = G4~C4 a3G3+C4 

= 03, 4

304 
- 

G3C4 (6.14)
— 

(ci3G3+C4)
2

L. R5 a4R4 
— f L 

(6.15)
= R4 ’~L5 a4R4+L5 

— (04, ~~)

- 

R4L5 (6.16)
304 

- 

(a4R4+L 5) 2

= 

~:+~6 = ::+~6 = f(a 5, C6) (6.17)

= 

G5
C
6 (6.18)

~~~~~~~~ (05G5+C6) Z

= R~+L~ 
= 

~6R6+L 7 
= f(a6,L7) (6.19)

307 R6L7
= (6.20)6 (a6R5+L7)

- R - G a
RL +~~~~~ RL + G 707 ~~

‘ (6.21)

34> ~
2G7LL

= 
(RL+G707) 2 

(6.22)

Note that from equation (6.21) it can be seen that

4> = f(L1, C2, L3, C4, ---- , L7, RS ,RL)

(
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Note also that the transfer function H of the filter is a function of

( 0
~ , 0 ,, etc., i.e.

H f(o1, ~~~~~~~~ 4>) (6.23)

and also

H = f(L1, C2, L3,
___

,L 7, Rs,RL) (6.24)

Thus if we have ~~~~~
—
, we can derive from (6.23) by writing all0

1 s
partials of.~~— from equation (6.23), i.e.

3H 3H 3H 311 303

3H 304 3H 305 3H
+

~~~~~~~~~~~~~

S

~~~~~~~~~~~~~

+

~~~~~~~~~~~~~

• +

3H 307 31-! 34> 25
~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~ 

(6. )

= •~~~~ !i.+A !~L + A  •~~~~~~~_ + A . .~~~
L.A

1 

~~ 
2 302 3 303 4 304

+ A5 . -
~~~~

._ + A6
..~~

_ + A7 ~ 
+ A3
.~~— (6.26)

to find A1, A2, A3, etc. we have from equation C6.6) with R1 =

= (6.27)

and from equation (6.25) and the chain rule

~~
°

2 ~°2 3a~A2 = = ~~~~~— . ~~~~~ —
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Thus from equat ions (6.10) and (6. 27) we have

* 

A2 = 2 (6.28)
(01+CzR1)

and in the same way

R2L
A = = A2 — 2 (6 .29)

3 s (a 2R2~L 3)

G C
A4 = .

~~
- = A 3 s ~~~ -~~ (6 .30)

s (a3G3 C4)

R L
A5 = *!d. = A4 ~ 2 

(6 .31)

I
I

G C
A = 

6 = A  , 
5 6  (6 .32)

S 5 5  6

R L
A7 = .~~Z. = A6 

—~~
--

~~ 

+ 
~~- ( 6 .33)

s (a5 5 L7)

-2G~R~A8 = = A7 — 
2 

(6.34)
R5 (a 7G7+R~)

Thus from equations (6.26) to (6.34) we can find the sensitivity of the

wave digital filter with respect to . To find the sensitivity

of wave digital filter with respect to L1, i.e. ~~~~~
— from equation (6.24)

we can write
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31-I 3H 301 3H 302 3H 303 3H 304

+ . + 3a~ ~~~~~~ 

+ . (6.35)

3H 3H

- 

= B
1 

• + B2 
• + B3 

• + B
4 

~~~~~
—

+ B
5 

• .

~~~~~

_ 1. B
7 

• + B
8 

• .
~~~~

—. (6.36)

To find B1, B2, B3, etc. we have from equations (6.6), and (6 .36)

3a 
_ _ _ _

1 (p~+J~1)

and from equation (6 .35) and the Chain Rule

302 302 30i
= =

Thus from equations (6.10) and (6.37)

B
2 

= B
1 

• —~~ 
= 

2 
2 2 (6. 38)

(~1G1+C2) 
~~~~~ 

(a1+R1C1)

and in the same way

R2L
B 

3 = B  • (6.39)
02 2 3

G C( 34 B3 
~~ 2 

(6. 40)
(~3G3+C4)
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R L
B = 

5
= B  • (6.41)

04 4 5

G C
B6 

= 
~~~~~~~~ 

= B5 • ~ 6 
+ 2 

(6.42)
1 (a5G5 ~~)

R L
B = 7 = B  • 6 7  (6.43)

066 7

3 -2G R,~
B8 = —

~~~
- = B7 2 (6.44)

(07G7+RL)

Thus from equations (6.36) -to C6.441 we can find the sensitivity of the

wave digital filter with respect to L1.

To find the sensitivity of wave digital filter with respect to C2,

i.e . .
~~~~~~

- from equation (6.24) we can write
2

311 31-! 
301 3H 302 311 303 311 304

+ ~~~~~~~~ 
. .;

~
. + ~~~ 

S 

~~~~~~~~ 

+ 

~~7 ~~2 
+ • ~~~~~~~~ (6.45)

or

311 3H 311 311 3H 3H

~~~~~~

- _ D~~~~~+ D2’~~~~ 4 ~~~~~~~ ~~~~~~~ ~~~~~

+ D
6

• -
~~~~~

—
~~~~ D

7
.
~~~~~

— +  D
8

~~~~~~~
—

~ (6 . 4 6)

Note that the coefficient of the first term, i.e. = 0.

From equation (6.9)
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302 -G2 (6.47)= = 
(G 2÷C2) 2

and from equation (6.45) and the Chain Rule

303 — 

30
3 

30
2 (6.48)D3 - -~~~ -~~~~~~

Thus from equations (6.12) and (6.47)

R
2
L
3

(6.49)D
3

= D  • _ _ _ _ _ _

2 (o
2
R
2
+L

3
)
2

and in the same way

G C
4 (6 . 50)D4 = D  • _ _ _ _ _ _ _

~ (a3G3+C4) 2

R L 5 (6.51)D5 = D  • _ _ _ _ _ _ _

‘~ Ca4it4+j .~5) 2

G C6 (6.52)D6 D • _ _ _ _ _ _ _

~ (o5G5+C6) 2 -

R L 7 (6.53)D7 D • 
6

6 (a6R6+L 7) 2

~2G7RL (6.54)D8 = D  • _ _ _ _ _ _

~ (07G 7+RL) Z

Thus from equations (6.46) to (6. 54) we can find the sensitivity of the

wave digital filter with respect to C2.
To find the sensitivity of wave digital filter with respect to

L3, C4, L5, C6, 1i7 in the same way we have
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= ~~~~~~ + E4~~~— 
+ 
~~~~~ 

+ E6’~ç 
+ E7•~~•~ 

+ E81~~ 
(6.55)

and

31-I 3H 311 311 3H
= p

4
..~___ + p

5
. .

~~-_— + p
6
..
~

__ 
+ ~~~~~~~~ + p

8
. _ (6 .56)

311 3H 311 3H 3H
= Qs~~~ + + + (6.57)

3H 311 3H 31-I
— S55~~~~ + S71~~ I. 58”W (6. 58)

~~— = u 7 ~ — ÷ u 8.~~-- (6.59)

= v8~~— (6.60)

(
where

-R 
—

E3~~ ~ 2 (6.6l)
(R3+L 3)

G C4E4 = E3
. ~ 2 (6.62)

(a3G 3+C4)

R L
E 5 = ~ 

2 (6.63)
(a4R4+L 5)

G C
B

6 
= E5. ~ (6.64)

(a 5G 54C6)

R L
E7 ~ E6. 

6 ~ 2 (6.65)
(~6R6+L 7)

~
2G R LE8 E7

. ~ (6.66)

( (0
7

G
7

+R
L

)
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and
-G

p a
(G 5+C4) 2 (6.67)

R L
P = P ’

= 

R4+L 5) 2 (6.68)

= 

~~~~~~~~~~~~ 

(6.69)

6 (~~~~+ L ) 2 (6.70)

~2G7RL

and 

:: 

7 (a
7
G
7
+
~~~)

2 
(6. 71)

(R5+L 5) 2 (6.72)

G C
~~~ 5 6

‘<6 <5’ (a 5G5+C6) 2 (6.73)

R L
~~ 

... - 67
‘<7 ‘<6 (~ 5R6+L 7) 2 (6.74)

- 2G
Q =

and 

~ 

(07G7+RL) 2 (6 .75)

6 
(G6+C6) 2 (6.76)

R L
5 5 6 7

7 6 (~6~~+L 7) 2 (6. 77)

- 2G
s = s .

and _ :
7

07G7+
~~~~ 

(6.78)

(R 7+L 7) Z (6. 79)

-2G
U - U .

~ (a~~7+RL) 2 (6.80)
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and
2G.,c.,

V8 2 
(6.81)

(07G7+RL)

Thus we can find the sensitivity of wave digital filter with respect to

the original filter component values .

D. EXPERIMENTAL STUDY ON THE INTERNAL SENSITIVI TY
BEHAVIOR OF WAVE DIGITAL FILTERS

In order to analyze the internal sensitivity behavior of wave digital

filters with respect to the muLt iplier coefficients and compare them to

the sensitivity of wave digital filters with respect to the original

filter component -values, in total nine different seventh order low pass

filters were taken from the Handbook of Filter Synthesis [11 with source

resistances varying from 0 to 10 ohms. The sensitivity behavior of these

filters in the frequency domain with respect to both wave digital filter

multiplier coefficients and the original filter component values were

found using the procedures set in examples 1 and 2. These filters were

j) seventh order .5 db ripple low pass Chebyshev filter with R5=l.0

ii) seventh order .1 db ripple low- pass Chebyshev filter with R5=1 .0

iii) seventh order Butterw-orth low pass filter with R5=l.0

iv) seventh order .5 db ripple low- pass Chebyshev filter with P.~=l0.0

vi seventh order .1 ~ ripple low pass (lebyshev filter with R
5=lO.0

vi) seventh order Butterworth low pass filter with. R
5

=lO .0

vii) seventh order .5 db ripple low pass (lebyshev filter with R5=0 .0

viii) seventh order .1 db ripple low pass Chebyshev filter with R5=0 .0

ix) seventh order Butterworth low pass filter with = 0.0

Note that these filters are the sane filters investigated in the sensi-

tivity analysis of Chapter V. In order to make the comparison between
V the two sensitivi ty functions , i.e. sensitivi ty with respect to wave
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digital filter multiplier coefficients and sensitivity with respect to

wave digital filter original components n~ re meaningful, the semi-

logari thmic sensitivi ty function which is in fact normalized or percentage

change in sensitivity is used. These normalized sensitivity functions

are . and are plotted on the same graph in the frequency domain

in Figs. 6.3 to 6.11.

Note that there are nine variables for the seventh order filter in

terms of original componen-ts(i.e. L1, C 2, L 3, C4, L 5, C6, L 7, R5 , and

RL) while there are eight variables for the filter with no delay free

path in port two (i.e. a
~
, 02,~~

_0
7 and 4,), since the source reflection

coefficient, e is made equal to zero. Thus the curves of .~~~~~ _ • R~ are

plotted on a single graph. The remainder of eight variables are plotted

on the same coordinates, i.e. • L1 is plotted on the same coordinate
H 1 311 Has -

~~~~~ -. S and so on. Finally ~~~~— RL is plotted with • ~ on the

same coordinates. It is important to note that for the filters with
a 0, the normalized partial sensitivity *~~~~

_. o~ equals to zero since
1

01 0 when = R5 = 0. Also we note that for this special case

= 0 since in equation (6.26) all the coefficients of .~~~~~
._ are zero

1 1
with R1 

- it
5 

= 0. Thus for these reasons for when it5 = 0 we have

plotted only -
~~~~~

-- rather than and we also note that -
~~~~ —- is

1 1 iJ i

zero for all frequencies. -

E. ANALYSIS OF THE INTERNAL STBIJCrURE OF THE WAVE DIGITAL FILTERSIN FREQUENCY 1])MkIN USING FILTER PARTIAL SENSITIVITY FUNCTIONS
Although all the filters under investigation are seventh order low

pass, they were chosen to be as different from each other as possible,
in -type and sowce termination resistances. As mentioned earlier these

f filters are identical to those analyzed in Chapter V for sensitivity
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Normalized
magnitude
6.9898 a) seventh order .5 db

Chebyshev low pass filter
with R5 = l

1. 0 
_ _ _ _ _ _ _ _ _ _ _ _ _~~, freqi.ency radians/sec

Normalized
magnitude

- 4.7 134

f b) seventh order .1 db
Chebyshev low pass filter
with R 5 = l

/ ‘ V

4V7”

~

. 0 \

- 
:~~~.. ~~~. 

~~~~~~~~~~~~ 
_

~~~~~~~~~~~~~~ z’-_~~ 
-. . ~~- freqt~ncy radians/sec

~ Normalized
~ magnitude
1.171$

/ c) seventh order Butterworth
‘
I
. low pass filter with R = 1

/ ,

~~~

.

/
/ 

..  ..

~~ 
V 

~ frequency radians/sec
( - V

Fig. 6.5. The graphs of normalized sensitivity function it.. of
various simple wave digital filters.
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Normalized
magnitude
S.0949

I d) seventh order .
chebyshev low pass filter
wit h R5 lO

1.0
~ frequency radians/sec

- Normalized
magnitude

~~ 3 .2471  
-

e) seventh order .1 db
Chebyshev low pass filter
with it5 = 10

~ frequency radians/sec

Normalized
magnitude

~ .51658
f) seventh order Butterworth

low pass filter with
- 

.
. 

P. =10
S

- _____________________________ frequency radians/sec

Fig. 6 .5 .  Continued
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Non noni~ 1ized
magnitude

*g) seventh order .5 db -
c2iebyshev low pass filter

- withR5 = 0

__________________________ 
— frequei~ y radians/sec

Non normalized
~ magnitude

~: L.6646 *Ii) seventh order .1 ~~
- Chebyshev ~ow pass filter

1.0 ’

L ~~~~~~~~~~~~~~~~~~~~
-:- -  ~‘- frequency radians/sec

- Non normalized
magnitude

~~ L.3169
~~~~~~~~~~~~~~~ \ I i )  *seventh order But terworth

- ~~~~~~~~~~~~~~~~~~~~~~ 

low pass filter with P.5 = 0

1.0

- -
~~~ 

~~~

°... :.z-:~: :‘:  
~~~

- frequency radians/sec

Fig. 6 .5 .  Continued 
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Normalized
~ magnitude3

~ , ~6.0O39

I \ a) seventh order .5 db Chebyshev
11 low pass filter with R5 = 1

~~~~~~~~~~~~~~

y

J 

311 L
~~~~ tj~~~~l

- 

~~~~~~~~~~~~ frequency radians/sec

; Normalized
! magnitude b) seventh order .1 ~~ Chebvshev

~ 4.7l .. 4 low pass filter with it5 = 1

I
/

,
1 

+ + -
~~~~

-- S a
l

frequency radians/sec 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ __________________________

Normalized
~ magnitude c) seventh order Butterworth low

~~~~ - 1.1715 J •\t pass filter with it = 1

311
/ V 

— -~~— •L 1

++

~

. 0
1

1.0 ’ 
~~~ frequency radians/sec

Pr

• V...
_______ —

Fig. 6.6. The graphs of normalized sensitivity functions 3H/ 3L
1

.L
1 

and
ag/3a1

. ci.~ of variot~ simple wave digital filters.
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Normalized
V
maw

~~~~~
tu de

~.. 5.0949

d) seventh order .5 ~~ Uiebyshev
low pass filter with it5 = 10

1 0 
- ~~

- frequency radians/sec

~Norm~li~ed 
—

XflaWutUae e) seventh order .1 ~~ (iiebyshev
‘~ 3. 2471 low pass filter with = 10

•L3L
l

l

++ .
~~~~ — . a

- 

30i 1

( 
____ 

..-
~~ 

.. 
.
. 

~ frequency radians/sec
~ ~~~~~~~~ ~~ •.—...— . !,. ~~~~~ - -

Normalized~
~ magnitude f) ‘ seventh order Buttei-~orth low

96339 
.
.....

. 
- pass filter with P.5 = 10

3H— -~ — L 1
311

, 1.0 
frequency radians/sec

—S 
~~~~~~~~~~~ 

. . . . .• . . ,  
— 

Fig. 6.6. Continued
136

- 
~~~ V V ~~~~~~~~~~~ V~~~~~~ V~~~~~•-

_ _ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~ VV



Non normalized
K magnitude

5.105 
*

• .... • 
g) seventh order .5 db Chebyshev

low pass filter with R5=0 
.. 311 

.. -

L 1.0 •
~

~ frequency radians/sec
- .....—..—•..— . 

Non normalized
~ magnitude

~~ 4.7984

*h) seventh order .1 db Ch ebyshev
low pass filter with R5 0
311

++ .
~—do

1.0 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ frequency radians/sec
~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .. .~: 

Non normalized
magnitude *

,~ 3.7548  j) seventh order Butteiwort h low
S 

pass filter with R5 0
.
. 311 

do1

1.0

L~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~ frequency radians/sec

‘ ~~~~~
• . . -~~

_
_.1. __ ~~~~ 

(
FIg. 6.6. Continued *Por the special case of R =0 non normalized curves

are plotted. S

137

- 

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ — - - 3 ’  r~w - - ~~~ w.~~- ~~~~ - - _~~~~~



Normalized
~ magnitude 

-

8.9866 1
a) seventh order . S db Chebyshev

• j low pass filter with R5 1

I
2

• I 

.. j
~~~~

• 

~ frequency radians/sec
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~ Normalized
! magnitude

6.7301 fl b) seventh order .1 db Chebyshev
/ low pass filter with R5 1
I• I

3 2

3: 1.0 w- frequency radians/sec
________ ~~~~~~~~~~~~~~~~~~~~~ V -~~~~~~~ 

Normalized
magnitude c) seventh order Buttexworth low
2.5979 pass filter with R =1 

-
~~~ frequency radians/sec

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

~ 

—.—. i--— ~~2~

Fig. 6. 7. The graphs of noxmalized sensitivity function, .
~~~ .- C2aid~~— 

.

of various sinçle wave digital filters. 2 2
138

~ T~~ 
“—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

- 

~~~~~~~~~~~~~~~~~~~~~ V



-

~ Normalized
~ magnitude
‘ 8.1011 1

/ d) seventh Order .5 db Chebyshev

I low pass filter with R5 l0

311
•

-~ 

1 a 
- -~ -

~~~~ frequency radians/sec

Normalized
magnitude

~~~
‘ ;. 3659 e) seventh order . 1 db Chebyshev

/ low pass filter with R5 10

1 311

I —~~— .c 2

~~2 2

.. 1.0 •~•.
__ ~ frequency radians/sec

-

~ 

~~~~~~~~~~~~~~~~~~~ 

~ Normalized.magnitude
‘~ 1.6348 f) seventh order Butte rworth low

pass filter with R5 l0

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _  ~~~~~frequency radians/sec

Fig. 6.7. Continued

139

—

~~ 
w 

~~~~~~ — — —- — - -- 
- 

- V



- ; Normalized
magnitude

h 9.1216

g) seventh order . 5 db Chebyshev
low pass filter with R5 0

3M_.._ .
~
ç

s C
2

311
...

1.0 •.

~

--  
~~~

- frequency radians/sec
- . . . . ... ... . .

; Normalized
magnitude

~~. 6.6304 
fl h) seventh order .1 dh Chebyshev

/ low pass filter with R5 0

1 311 CJ

~~2 2 

1.0

~ 

frequency radians/sec 
~~~~~~~~ 

NormalIzed
magnitude

~ 3.076 3 ,.~~~, 
i) seventh orde r Butterworth low

I pass filter with R 0
/ 

S

/  \

.
.
. 

V ++ •

________________________  ~~~~~~~~~~~~~~~~~~ 

~ frequency radians /sec• s~ 
~~~~~~~~~~~ 11

Fig . 6.7. Continued
140

V - V — - V V •V.~ - ~~~~~~~~~~~~~ ~~~~~~ - - • ~~ ~~ ~~~~~~~~~~~~~~~~~~ - -

~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~ -~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 
V -- 

--



: Normalized
magnitude

~ 8.3091

I a) seventh order .5 fl Chebyshev
I low pass filter with

311 • L3

I V

) 303 3 

.

~~

•
-

.L
- 1.0 

V - - P frequen cy radi ans/sec
~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ . -  .

Normalized
b) seventh orde r .1 db Chebyshev

f low pass filter with R5 1

-~~- •L 

_ _ _

1 0 
— -  ~ frequency radians/sec 

~~~~~~~~. ~~~~~~~~~~~~~~ .
_____________________

Non~ lIzed
magnitude c) seventh order Butterworth low

‘~ 2.8373 pass filter with R5=l 

. 
.\

~-: 1.0 ____
~
••

~

__
~~~~~~ 

~~~~~~~~~~~~~~~~~ frequency radians/sec
~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ . _~~~~

,
~

_
~
—j -•. .. - . .

Fig. 6.8. The graphs of normalized sensitivity function , .
~~~-. ‘ L3and ~~~~~~

_ .

of various simple wave digital filters . 3 3

- 141

fr~ -
~~~~~~~~~~~~~~~ ~~~

.•_ -- -
~~~~~~~~~~~~~~ 

- -- 
-

- - -V



- Normalized
magnitude

~ 8.8461

I d) seventh order . 5 ~~ Chelyshev

I 
low pass filter with R5 l0

I 

. ~~~~~~~~~~~~~~~~~~~~~~ 

++~~~~~~~~~~~~~
S 

..::~~~~~~ :V: :V . , ,. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ frequency radians/sec

Normalized V

magnitude
‘~ 6.325 e) seventh order .1 db Chebyshev 

. 

1~~ pass filter with R5 10 

..... ..
....

. 

_ _ _ _ ________________________ V 
~~~

— frequency radians/sec
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ 

Normalized
magnitude f) seventh orde r Butte rworth low
2.1579 - 

pass f ilter with R5 10

S —~~~~~• L 3

• 
..
...... 

\ 

++ .

~~~~~

_  •

1. •.
.
.

1:0
________ _ _ _ _ _  ~~~ - frequency radians/sec

• 
.~~~_ .—‘.. p.,i~s

I - —
~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ -

~~ 
-

Fig. 6,8 .  Continued 
‘

142



Normalized
magnitude

~~‘~~~
‘ 8.0802

/ g) seventh order . 5 db Chebys1~ v

• j low pas s filter with R5=0

I’ 3M

1I~: \

1.0 • 
• . — ~~~

— frequency radians/sec
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ 

~~~~~ ~— 

Normalized
~ magnitude5. SS’76 j~ 

h) seventh order .1 db Chebvshev
~~~~~~~~~~~~~~~~~~~~~~~ low pass filter with R5 0

•

• ++~~!!_ . c j
30

3 
3

1.0

~~ -~~~~~~~~~~~~~~~~~~~~~
_s 

____  

frequency radians/sec
— 5—..— — ~~~~~~~~~~~~~~~~~~~~~~~~ • •5•~ V~~_~_ V 

~~~~~~~~~~~~~~~~ ~~~ _ _ _ _  

Normalized
,

~ magnitude i) seventh order Butterworth low
2.3009 pass filter with R5 0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~

.
•
.
.. 

P r f r equen~~ radians/sec
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— L. ~ — ——— —(
Fig. 6. 8. Continued.

143 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 

-

V ~~ rri.- -

— _ _  
_ _ _  ~~~~~~~~~ 

~~~~w~~”-- w~~~~~~~
---



Normalized
magnitude

~ 6.9535 1 
-

f a) seventh order .5 db Chebyshevt I low pass filter with R5 l
I 3MI 

1.0
____________________ ~ frequency radians/sec

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

~ Normalized
magnitude

~~‘ 5.2551 b) seventh order .1 db Chebyshev

/ low pass filter with R5 l

1 311

—~~-y! 
- ~~~~

- . C4

( 

1,0 •....~ --- 
______ frequency- radians/sec

4 , ~~~~~~~~~~~~~~l~~V V~V~~ VV ~~~~_ 
___

~~~ 
. . 

Normalized
magnitude c) seventh order Butter worth low

pass filter with R =1 ~4 

~~~~~~~~~~~~~~~~ 

I:: 

ralans/sec
• ~~~~~~~~~~~~~~~~~ ( ~~~~~~~~~~~~~~~~~~~~~~~~~

Fig. 6.9. The graphs of norm alized sensitivi ty function , .
~~~~— C and .~ !-. • a

of various simple wave digital filters. 4 ‘ °°4 4

144

~~~~~~~~~~~~~~~~~~~~~~~~~~ 1~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V V V~~~~~~~~~~ V t______ ~~~TT~TT~ - I



: Normalized
~ magnitude

~ 8.2732

J d) seventh order .5 ~~ Chebyshev
low pass filter with R5 l0

~~~~~~~~~~~~~

J a H

IF ’ 

..
.. 

~~~~~~~~~~~~~~~~~~~~ 

- 
- V~

V
~~~~V~~~~~~~ ~ frequency radians/sec

- 

~ Normalized
~ magnitude

~~~‘ 6 4782 e) seventh order .1 db Chebyshev

/ low pass filter with R5=l0• / — .~ -
4
- .C 4 

.... ...
.. 

~~~~~~~~~~~~~~~~~~~~~~~ 
~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~
- frequency radians/sec

- 
. ——•-S-..•.-— - - . - 

~ Normalized
magnitude
2 3426 

- f) seventh order Buttexworth low
pass filter with R5=l0

3H
— .5

~~~~ 

. C4
311++ T_~~

a4

V ~~• 
.
. 

l.~(T

__________  
_____  

frequency radians/sec
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Fig. 6.9. Continued.

145

~f f ”~~ ~~~~~~~~~



• Normalized
magnitude

P~ 6.1708

I g) seventh order .5 db Chebyshev

3H
• t  

_
~~ç

C4

low pass filter with R5=0

3M

-

•1.o
.— • *-~~

---—- 

~ frequency radians/sec 
~~~~~~~~~~~~~~ 

~ Normalized
7 magnitude

~~3.9604 f h) seventh order .1 dl, Chebyshev
low pass filter with R5 0

fr i
) .\

I
Fj : ~ frequency radians/sec

• Normalized
magnitude

~.L.2561
/ \ z) seventh order Buttexworth low

/~~~~~~~~~~~~~~~~~ 

. 
pass filter with R

5
0

• .\ 3M
- •

~\ V

.‘ 3M 

.~~~ • • .  ‘~~~~ frequen cy radi ans/sec

Fig. 6.9. Continued.

146

— WlPV~~~ ~~~~~~~
j _ .  

~~~
_ l~~~~~ 

- - V 
V V

-— - - -



Normalized.
magnitude

~~~ 4.8722

a) seventh order .5 db Cheby’shev
• / low pass filter with R5=lHf

~~ frequency radians/sec

Normalized
~ magnitude“— 3. 7313 b) seventh order .1 db Chebyshev

/ low pass filter with R5 l

J 
..•
:

.

~~~~~~~~~

~~ — frequency radians/sec

~ 

~~~~~~~~~~~~~~~~~ 

Normalized
magnitude c) seventh order &ttterworth low

~~‘ 1.6109 pass filter with 

••.
..
.. .

.
.

.

~~~~

..
•. .1.0

- ______  ~ frequency radians/sec
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

... .. 

Fig. 6.10. The graphs of normalized sensitivity function, ~~~~~~~ L 5 and .~J— •
of various simple wave digital filters. S 5

147

-~~~~ ~~~~ 

~~~~~~~~~~~~~ VV V V V  

~~~~~~ --- ~~~•



Normalized
~ magnitude

~~ 6.3296

d) seventh order ~~~~~~~~~~~~

- • 
~~

- frequency radians/sec

Normalized
magnitude

~ 5.3390
V 

e) seventh orde r .1 db chebyshev

~ .

~~~~~~~~~~~~~~~~~~~J  

....
...

•

~~: 

~~~~~~ 

filter with

- 
_ _ _ _ _ _ _ _ _ _ _ _ _ _  

~~
- frequency radians/sec

~ Normalizedmagnitude f) sev ~nth order Butterworth 1 

•• •...... . ..
••

••

~~
:\. 

ow

~ 
—

~~~~ requency radians/sec
•.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ u— ~~~~~~~~~~~~~~~~~~~~~~~~~ 

Fig. 6.10. Continued

V 148

_ _ _ _ _  ________________ - -



• 
V Normalized
magnitude

P~i 4.1887

g) seventh order .5 db Chebyshev
low pass filter with R5=0

311
—~~~~— • L

5

S 3M

i.0
~~- frequency radians/sec

Normalized
magnitude

~~~~ 2.4840
h) seventh order .1 db Chebyshev

• 

. low pass filter with R5 0

H
— .~~~— • L

5

. 

3M
( ...

... ..•. . 
++~~~~~~~~~‘ 0 ~~

1.(

frequency radians/sec
_________ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 

~ Normalizedmagnitude i) seventh order Butter worth low
~ 1.0888 •

~. pass filter with R5 0

• 
_______

__ frequency radians/sec
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

( 3! - - _4~~~~~~~~~~~~~ V~~. --

Fig . 6.10. Continued

149

~
p. - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~— -‘ 9’ ’~~~~ ir IJ’uUr —
1
~ ~~~~~~~ --



, Normalized
magn.itude
2.9224

I a) seventh order .5 db (~iebyshev
• low pass filter with R5=1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

:::
~~ frequen cy radians/sec 

Normalized
magnitude

~ 2.2756 1 b) seventh order .1 db Cheb yshev

/ low pass filter with R5 1 

...
...
....••
.1

~~~~~~~~ 

~~~~~~~~~~
• ° 6 

. 

p

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~ frequency radians/sec 
~~~~~~~~~~~~~~~~~ -~~~~~

, .

Normalized
magnitude c) seventh order But-terworth low 

•
..

•
.
.
• ? T ~~~~~

t hRs l 

-. - ~~~~~~~~~~~~ 

-
~~~~ frequency radians/sec

Fig. 6.11. The graphs of normalized sensitivity function, .
~~~
... . C6 and .~& . 0

6of various simp le wave digital filters . 6 06

150

--__ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —V

~~

- • 

T~~V SJ
~~~~~

l 1
~~~~~~~~j .

lJ_LV...~ - — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ w. - - . •- - -~~~~~~ V



L. ~ Normalized
magnitude
4.0037

d) seventh order .5 db Chebyshev

.... 

l~~ pass filter with R~~10

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

P frequency radians/sec

Normalized.
magnitude

~~ 3.4937 e) seventh order .1 db Chebyshev 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 

l~~~p~~s filter with R~=lO

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•.-•-•.-, . -

~•-•-~•
,•--. -

~~~ frequency radians /sec 
~~~~~~~~~~ ‘~~~—•. — 

~ Normalized
- . magnitude f) seventh order Butterworth low

R~~l0

1.0
_____  

~~
‘- frequency radians/sec

II ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -~-~~-~-~~---- ~~~~~~~~~~~~~~~~~~ 

Fig. 6.11. Continued

151

-~~ 
V • ~ - 

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ - - -— - _________



- Normalized
! magnitude

p. 2.1270 f .\ I
g) seventh order . 5 db Chebyshev

• ..•.\ low pass filter with R5 0

.
•
•
. .

.
• 

. 

~

;~ 
.
.

1.0 
,- frequency radians/sec 

.••—•••-S ~~~~~~

Normalized
magnitude

~~~° 1.5980 h) seventh order .1 ~~ Chebyshev

/ .
••
.\‘ 

low pass filter with. R5 0

• 3M
~~~~~~ C6

• .

~ frequency radians/sec
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~*~~~~~~~~~~~~~~- ‘  

~~~~~~~~

Normalized
magnitude

~ ‘ l.0S12 .• 1) seventh order Butte rwort h low
low pass filter with R5=0

3M
S • .

.

_ _ _ _ _ _ _  

. . 

++~~LL.~~~

requency ra ans/sec 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-!-~ 

Fig. 6.11. Continued

152 

~~~~~~~~~~~~~ . -

p; _________________________
— ~~~ p , 

V — 
- -•— - --- — 

~~~~~~~ 
1l j . _~~~~~~~~~~~~~!



* Normalized
~ magnitude

~ 1.2948

4 ,.~#‘ \ j

/’

\ [ a) seventh order .5 db Chebyshev
—‘

p. 

~‘ ••~v 
low- ~,ass filter with R5 1

• 
•..

... 
..

•
. .

.
. . ,

..•.•• • • ....

-

1.0

~ 

~~ frequency radians/sec

Normalized
magnitude

~ 1.1964 b) seventh order .1 db Chebyshev

V • _
~— _1 —••

~\%~J: 
~H 

filter with R~~1 

-
.
.

• 
. 

•
..•

..
. 

a 07

1.0 ~~~~~~~~~~~ 

V

quency ra ans/sec
— ~~~~~~~~~~~~~~~~~~~~~ •~.•__.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Norni~.1ized
magnitude c) seventh order But-terworth low
.90812 / pass filter with R 1

_ _ _-y .•

~

- -  - - 

.
.
.
. 

• 3M

- 

+ +-
~~
-__

~~~~ 0~~

1.0 
________________________

- 
- ~‘~~~~~~S~!V± 

~~~~~. frequency radians/sec
V - _______________________________________

~ 

Fig. 6.12. The graphs of normalized sensitivity funct ion, 3M 
• L and

of various simple wave digital filters .

153

V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- 
V—

•-------.- - .

- Normalized.; nugrutude
1.8060

d)

l•0~~~
•.

- .• ~~~~,, . ~~ freq~~ncy radians/sec

Normalized
magnitude

e) seventh order .1 dl ~~~~~~~~~~~~

• .

~~~~- frequency radians/se
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ V~V~ :• -

~ Normalized
~ magnitude• 

- 
f) seventh order Butterworth low

pass filter- with

1.0 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~

- frequency radians/sec
! 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Fig . 6.12. Continued

154 .

-‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ w ~~~ — — ~~ .. — —



; Normalized
~ magnitude
..~. 1.7932

/ ..~ lc~i pas s filter with R5 0

/ •
...•.

• . \• 3M L• I...
.. . . •

~~~~~V 

g) seventh order .5 db C~ ebyshev

[F

!: •
•
: 

~~~ 

++
~~~~~ 

0~~

- •. . -~ w-frequency radians /sec
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• Norn~lized.
magnitude

p~ 1.5998

/ low pass filter with R5 O

I •

. .

•

/  

‘V 

\~ 
h) seventh order .1 db (lebyshev

.

.

.

•

.

. 

l

•

• 

•

~~~~~~~~~~~~~~~~~~ 

++ ~~~~

~ 

~~~~~~~~~ 
~~~

.- frequency radians/sec
- 
‘~~~~~~~~~~~~~~~~~~~~~~~~~~~ S S S~~~~~~~~ - ~~~~~~~~~~ V~VV 

Normalized
magnitude

‘~ 1.0232 •
..... i) seventh order Butterworth low

pass filter with R5 O -

~~~~ frequen cy rad ians/sec

Fig. 6.12 . Continued

155

~ 
~~~~~~~~~~ 

•V~ V- :.- -Z: ~~~~ - V - 
V

p.- •-..
~ ~~~~~~~~~~~~ 

— W 

~~~~~~~~~~~~~~~~~~~~~~~~~~ - -  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~ ~~~~~~~~~~~~~~~~ — -.,



~ Normalized
magnitude

~ 1.06.O~~..

..•. ......
. 

.

• 
a) seventh order . 5 db Chebyshev

low pas s filter with

1.0
~~~

. _____ 
frequency radians/sec

Normalized
; magnitude

. 640 5 

. 
b) seventh order .1 ~~ ~~ebyth ev

with R5=l

1.0 - - -
~~~ fre ue’i radi________________________________________________ ec

~ 

Normalized -

magnitude
p. .64725 c) seventh order Butter worth low

- 
.- .

~~ 

~
./

,

/_h
\

~ 

pass filter with R5 l

3H

- 
~~~

— frequency radians/sec

Fig . 6.13 . The graphs of normalized sensitiv ity function, • R.Land 311 •

of various sLmple wave digital filters . W

156

‘ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ W~~~~V’.-~~~ — 

~~~~~
.. 

~~~~
— ________



Normalized
mag itude .... - .

15.163 -

• d) seventh order .5 db Chebyshev

~¼ 
low pass filter with R5 ’lO

3M
S — S

1.0

— ~~~~
— 

-~ a’— frequency radians/sec

V 
Normal i;ed
magnit~~e 

14. 381 e) seventh order .1 di, Chebys hev
low pass filter with R5=lO

3H

• 3H++ w •
~

1.0
: 

-~~~~~~~~~~~ : - ~~~~~~* ~~~~~~

- -.“ a’.- frequency radians/sec 

~ Norn~lized
magnitude f) seventh order &atte iworth low
14.341 

.... 
pass filter with R5=10

.
5

. all
•

3}l

• 

.

5

1.0
fr di

• ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 

~~
- equency ra ans/sec

Fig. 6.13. Continued

_

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- .

~~~

.-..... — —



Normalized
magnitude

~ .98405

/ / g) seventh order .5 db ~~ebyshev
( ‘ / S..... 

~

.. low pass filter with R5-0

f •  .\  . S 3H
• / .  .\ .. .

iii 

.

5 •

.

- 1:0 ~_ 
frequency radians/sec- 

~~~ ~~~~~~~~~~~~~~~~~~~~~~- -

~

..
—

~

••• .. ....... ~~~~~~~~~~~~~ .;. ~~:.: ~.:__._._

Normalized
magnitude

‘
~ 

•99734
c\ h) seventh order .1 di Chebyshev

I 3M

I I ~~~~~~~~~~~~~~
S R

L

I I 3M

/ \

V

f \ low pass filter with R5 0

• / 
V

S .

~~ 
-

. 

1. ~
•.. 

~ frequency radians/sec
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

—~~~~~~~

~ Normalized
magnitude i) seventh order Butte r-worth low

~ .999 36 pass filter with R5 O

/ I \  3M• /

• / 
++

w
•
~~~

/ 

V 
_ _ _~i / — ~~ frequen cy ra dians/sec. 

j • • •~• •~~ j • •
~• -

U

Fig. 6.13. Continued

158

V ~~ - - ~~~~~ V~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ - V - - - - -



in the frequency domain. Thus it is expected that the product of the

sensitiv ity study of this chapter to conform to the bit

truncation study of the Chapter V. It is important to emphasize that

in this chapter only the internal sensitivity behavior of the simple

wave digital filters is cons idered .

Analysis of the normalized partial sensitivity function curves of

Figs. 6.5, 13 reveal the following.

1) Both sensitivity functions, i.e. sensitivity due to wave digital

filter multiplier coefficients and sensitivity due to the original wave

digital components peak at the critical frequency in all cases. This -‘

can be expected , since it is well known that the digital filters in

general exhibit high sensitivities around the critical frequency of the

filter. The critical frequency of the filters under investigation was V

1 radi an/ sec and this point has been marked by a vertical line on

all the sensitivity graphs in Figs. 6.5, 13.

2) In general the normalized sensitivity due to multiplier coeffi-

cients are smaller than sensitivity due to original filter components

for the first sections. Gradually this difference gets smaller and

for some few cases in the last section it reverses. This is reasonable

since it can be expected that earlier multiplier coefficients will have

lower sensitivity than the coefficients associated with the later sections.

3) At low frequencies, the normalized sensitivity of the wave 
V

digital filters due to multiplier coefficients are slightly larger than

the sensitivity of the filter to the original filter components. This

effect reverses in the mid and high frequencies. -

4) The sensitivity function of the wave digital filter with respect

to the source resistance increases with increasing source resistance,

as evident from Figs. 6.5, 13. -
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5) The sensitivi ty with respect to terminating load resistance and

reflection coefficient have exactly the same patte rn as evident from

equation (6.60). e~part from this fact it is important to note that both

sensitivity functions tend to follow the frequency characteristic of

the original filter. This can be seen from the graph 6.13 for the case

= 10. As decreases the fluctuations in the sensitivity curve in-

creases while following the same pattern. In fact for R5=0 these fluctua-

tions increase to such an extent that at some frequencies the sensitivity

becomes neglig ible . This phenomenon is also evident in the multiplier

coefficients of the last few sections of the wave digital filter but

to a lesser extent .

6) In general the sensitivity of the wave digital filter due to

variations in multiplier coefficients is lower than the sensitivity of

the wave digital filter with respect to the original component values.

7) Also it is worthwhile to note that the high sensitivities

observed for high source resistances in wave digital filters algorithms

with no delay free path in port two are in complete agreement with the

results obtained in Chapter V.
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VII. CONCLUSION

A. INTROIJJCTORY REI’4ARKS

It is important to note that in this thesis, whenever appropriate,

detailed conclusions and discussions of the results are made in the

chapters concerned. Thus it would be repetitious to state these con-

clusions again. However for completeness , the highlights of important

conclusions based on experimental results are summarized here . It is

also important to note that in the experimental studies of this thesis,

in order to achieve reliable and accurate results, a large number of

filters of different types with different termination source resistances

were studied, and the conclusions made on the basis of collective

results .

B. SLWARY OF THE ThIPORT.&NT BESULIS IN THE FREQUENCY
DOMAIN BEHAVIOR OF 11-s WAVE DIGITAL FILTER

1 - Digital filters, derived from doubly terminated LC analogue

filters using the bilinear transform, have the lowest sensitiv-

ity of frequency response for variation of the original L , C ,

and R?L parameters of the algorithms tested.

2 - Wave digital filters, derived from doubly terminated LC analogue

structures , if designed properly tend to achieve exactly the

same low sensitivity as that of the above conventional digital

filters .

3 - I~sigri of conventional digital filters from LC structures is

relatively a tedious job, while desi~iing the wave digital

filters from LC structures is relatively simple.

162

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
‘ 

~~~~~~~~ 

V ~~V - - 

- 
-



4 - Wave digital filters exhibit high sensitivity to termination

resistance values. Thus in the design of wave digital filters,

in order to achieve a desired performance, the delay free loop

should be chosen at the low impedance termination of the filter.

5 - Due to the internal structure of the wave digital filter com-

posed of sections with multiple LC resonant elements , these

filters exhibit higher sensitivity than the same filter made

~ of sections with simple elements.

6 - The sensitivities of the internal sections of the wave digit al

filter , both with respect to filter multiplier coefficients and

original filter RLC components, tend to peak sharply at the

critical frequency of the wave digital filter.

7 - The sensitivities of the internal sections of the wave digital

filter increases towards the load end.

3 - For the seventh order low pass wave digital filters studied,

the slope of the rms error due to quantization in the number of

bits of the multiplier coefficients versus the number of bits

is approximately 3 db per bit. Also , interestingly, the slope V

of the rms error of the conventional seventh order digital

filter is also approximately 3 db per bit.

C. Si~M4ARY OF NF.~ THEORETICAL EXTENSIONS
1D WAVE DIGITAL FILTER THEORY

1 - Earlier researchers [1] and [2] have stated as a typical example

that for the port two resistance of the wave digital section

designed for series L with no delay free path in port two,one

should use R2 = R1 + L. This formula does not take into account

the effect of sampling time. In the theory developed in this
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thesis , following a derivation parallel to the one given in [1]

and [2], the port two resistance for the said section is derived

as R2 = R,1 + . This result is n~re general than the previous

one , for which an inherent fixed sampling time of one second

must always be ass~.zned.

2 - In the theory developed in this thesis for the design of wave

digital subsections , only one algorithm is derived for a multiple

LC resonant section. This result is applicable for both series

or shunt elements. This new approach makes it possible to design

several alternate wave digital filter algorithms, for a given

analogue LC filter structure.

D. SUGGESTED FUTURE RESEARCH

1 - In the analysis of this thesis we have established that the

simple wave digital filter , due to its inherent ladder-like

structure, exhibits 1o~*r sensitivities to multiplier truncation

than the complex cascaded section wave digital filter. Thus the

need for the design of simple wave digital filters, even for

band pass or band stop applications , arises . In the literature

all the present algorithms for band pass or band stop wave

digital filters are of the complex cascaded multiple LC element

type. However it is possible to design simple wave digital

filter , even for band pas s or band stop applications using

simple sections , so as to reduce the sensitivity of the overall

structure. The technique basically is as developed in Chapter IV.

The suggested outline is as follows. The analogue band pass or

band stop LC filter derived from the low pass analogue LC filter

would have sections of the type shown in Fig. 7.1. The design
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S

R 1..... ~~R 2 R1-.- ~~R 2

‘V 
-e

L.
al two port network with two L and C b) two port network with parallel

elements in tile total series L and C in the total series
configuration configuration

I 
_ _ _ _

~

2 ~~~ 
L~~~~~~ C ~~~

c) two port network wIth. series d.) two port network with parallel
L rand C in the total parallel L and C in the total parallel
configuration configuration

Fig. 7.1. Total coithmnation of L and C in a two port network.
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of simple wave digital filte r for Fi gs. 7.la and 7.ld is no

problem and they can be separated into two port simple sections

as shown in Figs . 7.2a and 7.2d. Thus we have to discuss only

the cases of Figs . 7.lb and 7.lc. To design a simple wave

digital algorithm for Fig. 7.lb we must employ a three port

wave flow network. A general three port wave flow network is

shown in Fig. 7.3. Note that in this figure there is a feedback

path from all inputs to all outputs. Fig. 7. 2b reveals that in

order to design two simple wave digital sections we have to

employathree port signal flow graph. Either L or C of Fig. 7.2b

can be adapted into a three port structure. Consider element L

as the three port element. It can be shown that in order to

have a causal network, two of the three ports must have no delay-

free feedback path. We can make port-two and port-three of

Fig. 7.3 with no delay free feedback. In doing so we can find

R2 in terms of R1, R3 and L. Also we can find R3 in terms of

R1, R2 and L. Thus we have two equations and two unlmohns and

we can solve for R2 and R3 in terms of R1 and L. Now we can

cascade a two port network designed for the component C into

port three, and also cascade the succeeding sections into port

two. It must be emphasized that the two port network designed

for element C has no termination resistance on its second port ;

thus it is open circuited and its reflection coefficient in port

two will be equal to 1. To design a simple section wave

digital filter for Fig. 7.lc, we have to use a somewhat differ-

ent approach. With the concept of delay free feedback in mind

( and with reference to Fig. 7.4 , we can design a two port network
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a) two cascaded two ports b) three port element connected
to the two port element
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p— — -.- — —  

_ _ _ _ j

ci two series two ports in d) two cascaded two ports
shinit configuration

Fig. 7.2. Separation of the complex two port networks shown in
Fig. 7.1 into simple two or three port networks.
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Port 3

4 
_ _ _ _ _  

V

*

~~~ 
I>

Port 1. 

:1: 
~~~2 

Port 2

Fig. 7.3. A three port signal flow graph, with all possible cothinatioris
of delay free inputs and outputs . Note that the delay free
path in port two and port three are marked with ~~.

R ’=O

~~~~~~~~~~~~ 

R2 = R 1 + R3’

R3 ’

Fi g. 7.4. Simple section wave digita l filter signal flow graph of
the complex series, shunt network of Fig. 7.lc.
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for the element L such that there is no delay free feedback

from port two (input) to port one (output) for subeleinent L.

From this constraint, we can find R2’, with R1’ arbitrarily

made equal to zero. The signal flow graph for the element C

then is a normal two port signal flow graph with no delay free

path in port one. It is fairly obvious that port two of the

composite section will have a termination resistance of R2 =

+ R3’ where R3’ is the port two resistance of the element C.

2 - In the analysis of the internal structure of Chapter VI, we

found the sensitivities of the wave digital filter with respect

to the original component values, i.e. L ’s , C’s, R5, and RL.
It is interesting, for a given filter, to differentiate the

conventional digital filter transfer function with respect to

components L , C , R5, and and compare these sensitivities 
V

to those of the wave digital filter obtained in Chapter VI.

3 - The sensitivity functions of the wave digital filter with re-

spect to filter multiplier coefficients can be used to inple-

rent an adaptive wave digital filter, by feeding back a weighted

percentage of the sensitivities into the input as shown 
V

schematically in Fig. 7.5.  The adaptivity can be done using

any of the known optimization methods available in the

literature , name ly gradient optimizat ion techniques, Fletcher-

Powell optimization techniques, etc.
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impulse known referenceinput wave digit al 
__________

~~ filter

a1goritIm~
4’ to find the
/ . partial

adaptivi error sensitivities
_ _  

~ (3 ~ 
-

/ with respect

I
/ coefficients

3error

~~1

~error~~
1 ~°2 -~~~

_ _ _ _  I

-4

-~~~ V

~error-’~

Fig. 7.5. A schematic diagram for the proposed adaptive wave digital
fil ter.
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APPENDIX 1

A. DESIGN CF LOW PASS LC FILTER WITH TilE G1VE~ SPECIFICATION

1. Specification

It is requi red to design a .5 db low pass Chebechev filter with

load resistance RL 
= 50 ~ and source resistance = 100 ~2, with

critical frequency of 100 radian/sec.

2. i)ata I
From the Handbook of the Filter Synthesis by Zverev [11 for the

given specification, the normalized values of L and C for RL = 1 ~2,

making 
~ 

= 2.0 ~2 as per Figure A.1 are

R 2.0 ohms
S

L1 = .4799 henries

C2 = .3536 farads

L3 = 2 .2726 henries

C4 = .7512 farads

L5 3.5532 henries

C5 .9513 farads

L7 3.0640 henries

3. Design of Wave Digital Filter

Using this data the required wave digital filter with no delay

free path in port two was designed using the table 4.2b. The schematic

wave flow diagram of the wave digital filter is shown in Fig. A.2.

Note that from Figure A.2 and equation (4.17) the unity input impulse

response of the filter will be

(
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( L L_ L5 L7‘s ________ - ________  

L

__
~~~ 

~~1 ~ 4 ~ 5 
R~ *- —*~ R,~

Fig. A.l. Seventh order low pass analogue double resistively
terminated LC filter.

a5 
b 7,

~~IL ~~~~
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R1-.. ~~~~ V 

~ ~2 
R3...P~ a~ R7

-~ 4- J~~~~ ~~~~~
- -‘ *- - --4  ~~~

R
L~~~~

Rg
= = 

p
~ +

Fig. A. 2. Seventh order low pass .5 db ripple Chebyschev wave digital
filter designed with no delay free path on port two after the
seventh order low pass filter of Fig. A.l. Note that only
delay free signal paths are shown.
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V

c (nT) = h(nT) = (-
~?~

) b72(nT) (A.l)

where T is the sampling period of the filter. We also note that h(nT) is

also the transfer function of the filter in the time domain. Thus the

transfer function of the filter in the frequency domain will be

H(Jw) =E  h(nT)

or

H(Jw) = (
~~~) b72(nT)

.e~~~
T

= b72(nT).e~~’~
T 

(A.2)

where ~ is the reflection coefficient of the filter and N was chosen large

enough for transients to decay. Using these results the frequency trans-

fer function and also the impulse response of required filter was pro-

granined in the computer. Sampling period of .01 sec was used, thus

making the sampling frequency approximately six times the critical frequency ,

or three times the Nyquist frequency.

The appropriate computer programs for filter transfer function, and

also its impulse response are given at the end of this appendix together

with the computer output results which are listed in Tables A.l and A.2

with their corresponding graphs in Figs. A.4 and A.5.

( •
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4. Design of the Conventional Digital Filter for Comparison Purposes

The transfer function of the given filter of Fig . A.l is of the

form

V2(s)H(s) = 
~~~~~~~~~~~ 

(A.3)

It can be shown that H( s) is of the form

V(s) 1
H(s) = V (s) = 7 6 5 4 3 2 (A.4)

1 b7s +b6s +b5s +b4
s +b3s +b2s +b1sb0

where from the circuit analysis we find

b - 
L1C2L3C4L5C6L7

7

(A.5)
b6 = C2L3C4L5C6 (L1 

+ L7 ~~
)

b5 
= ~~~~~ [C2L3(C4L5 ÷C4L7+C6L7) + L 5C6L7 (C 2 + C4)]

+L3C4L5C5(C2R~ 
+

b4 = (L1+L7 ~~)[L5C6(C2+C4)÷C,L3(C4+C5)}+L3C4L5(C2 ~~ 
+ C6)

C4 
L C ÷ C L

b3 
= ~~.(L1+L3) (L5+L7)+(L3÷L) [C2C6R3 ÷ 1 2 6 7)

L L
+ C4R5(C2L3+L5C6)+ ~~ (C2+C5)

b2 = (C4+C6) (L 1+L3~L7 ~~)+C2[L1
+ ~~(L3+L5+L7)]+L5(C4 ~~ + C6)
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= ~~~~
- (L1~L3~L5÷L7) + Rs(Cz+C4+Co)

and
R

S
+ R

Lb0 = ~

The equation (A.4) can be rewritten in a more familiar form of

V (s) K
[-f(s) = V (s) 

= 7 6 5 4 3 2 (A.6)
1 s +a6s +a5s ÷a4s +a3s +a2s ~a1s~a0

where K1 
=
b7

b6a~~-~-

- 

b5a~~-~-

etc.

To find the filter scale factor we let s -
~ 0. This leads to the value

R
L

+ R
S which is the filter’s scale factor.

To find T(z) for the direct digital filter design, i.e. the

digital filter transfer function, we can use equation (A. 6) and the

bilinear transform equation (2.4) to get

T( z) = H( s)

2 1-z4s =
~~~~ 

( 
1~ 

(A.,)

1+ z

or for simplicity we can factor H(s) into one first order and three second

orde r sections as shown in equation (A.8)
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H(s) = 

(s 2+A1s+B1) (s 2+A2s+B 2) (s 2+A3s+B 3) (s+A 4) 
(A.8)

V
Note that in effect we are going to have one first order filter cascaded

with three second order cascaded filters . It is much easier to bilinear

transform the subsections one at a time rather than bilinear transform

the whole H(s) . Thus each second orde r section becomes

1
s2+A1s+B1 -lV 

- — 2 l-z
l+z

— K 1 + 2z~~ + z 2
— 

2 1 + a1~~
1÷ ~1z

where

K 1
2 

~ + + B1

4

a, = - 2
4. 

~~

~~2 
—~~.- + B

1

4
- ...,

~~

_ + B1

+ ÷ B1

and the first order section tr ansforms into

1
s + A 4

~ _ 2 l-zs - y ( 
~~l+z

1~~
•

— —~~ a V~~~~ ~~ —
V V V 

p



= K 1 + z’~
~

wher e
1 V

.

~

2

a4 +

Thus (A. 7) and (A.8) lead to

T( ) -. K (1+z 1)2 • 
(1+z~~)

2 (l+z~~)
2 

• 
l+z~~- 

(l+a1z~~
+~1z

1) (l+a2z + ~2z
2) (l+a 3z 4 8 3z 2 ) l+a4z

1

where

K =  K1 K 2 • K 3 • K4 • K 5

Note that T(z) is merely the transfer function of four cascaded first

order and second order sections as shown in Figure A.3. Thus the appro-

priate iterative equations are

V1(nT) = IW
~~
(nT) + 2XV

~~
(nT

~
T) ÷ KV

~~
(nT
~
2T) - a1V1(nT-T) 

- ~1V1(nT-2T)

V2(nT) = V1(nT) + 2V1(nT-T) 
+ V1(nT- ZT) - a2V2(nT-T) 

- 82V2(nT-2T)

V3(nT) = V2(nT) + ZV2(nT-T) 
+ V2(nT-2T) 

- a3V3(nT-T) 
- ~3V3(nT-2T)

V4(nT) = V3(nT) + V3(nT-T) 
- a4V0(nT-T) (A.9)

where T is the sampling time of the filter and with initial conditions
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2nd order 2nd order 2nd order 1st order
section sectiOn section section

Fig. A.3. Seventh order digitized and cascaded filter correspon ding to
seventh order analogue filter of Fig. A.1.
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set to zero , i.e.

V~~(I) = 0 I = -1,-2, J = 1,2 ,3

V~ (I) = 0

V0(-l) = 0

Also we note that for impulse response

1 for n=0

V1~(I) = V
~~

(nT) =

0 for n~0

Thus the unity input impulse response of the filter from equation (A.9)

will be V0 (nT) and we note that this is also the filter transfer function

in the time domain, i.e.

V0(nT) = h(nT)

Also the filter transfer function in the frequency domain can be found

from equation (A.2). Using these results the transfer function and also

unity impulse response of filter was pr ogramed in the computer and

computed using the same sampling frequency as that of the wave digital

filter of Section 3.

The simulation comput er programs are given at the end of this

appendix and their corresponding output s are given in Tables A.l, A.2

together with the results obtained for the same filter using wave digital

filter design for comparison purposes . Note that no graphs are given

for this simulation , since they were exactly the same as the wave digital

filter graphs .

( ‘
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33 C.2.J63 1.0 0 3  ~..0. 1l.94.CJ 03 0.1T0’~*0—U 3 ~~. io. 1600U0 .33 6. 1 45 8 ) 0— 0 3  • 4 . . - . , -, J . JJ3 . 1 3 2 0 6 0  03 0 . 8 2 4 5 1 . 2 — 0 3  1~~.1. . 4~ 4 _ J J
0.124000 03 O . L . ~ .24.3—.3 3 U . * . ’  ~~‘J ~~.iJ0.13.0*33 04 C . 6 v ~~3~ J — 3 4  

~~~~~ 
~~~~~~~~U. 2 98003 03 0 . 7 7 2 , . J — 0 4 P . ‘ .

U. 14.3 1(4) 03 C. -.~~t31..—Q’. 4~~~~t ’ ~~~V ’ ~~~~~~~U.A9h QUI)  43.3 C.~~o L 4 ( . 4 — 0 ’ . ~~~~~~~~~ ‘~~~~~Vj
o.15~ ’C*~ 03 0 . p 7 1 9 , 0 4 0 4

Table A.l. Computer frequency response output for both wave digital
filter and conventional cascaded digital filter .

181 ~~~ 
p~ c~ 1$ ~~~~~~~ QT.LALIT -’! PRA6flC4.~~I.J

FRU~~ 0OJ Y ~~i I~~ i3i~ TO DDC

- V~ —
~ ~~~~~~ ~ ,

~~~~~~~ + ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ,
_. 

~~~~
- •~~ ~~ 

~~~
- . - - _~~~~~ V - - V



Time Wave Digital Filter Conventiona l Digital Fi ltev

0.0 O . l 9 .b ~,0-0i
C. LoOG CL3— 0 t C . 2 4 u ~ 0U 02 C.2:..~~’ J— 2

(3.119t. ,J0 01
0. 30.)U )3 31 0.41 I Lj U J 1 0 .41  t L u . i — J  I

~~~~~~~~~~ .30 G . 1 4 3 t~~ ,J j O
0. ,0 .JUCJ— 01 * ) . L6~~~oJ 043 3.1.~ .1uJ 1.3
0.cCoCCO—O 1 0.2~,’.5..i) 00 

~~~~~~~~~ j * 3
06 c..1 c210 .~.0. (4 000J C OL 0 .2 L . ~4 ji ) .143 (J.~~ 1...... 0 0...0 . 1 9 54 e 4 ) 0 1  C. ~~~~~~~~~~~0. IOuO CO 30 0 . 5 8 V ~440 U I — U.~~ ..4..J— .IL

0.11300*3 30 — 0.1264~~ 30 — O . 1 2 4 3 ..3 ‘JOU . L ~ 43C~ J 00 0.1044o0 04) — 0 . 1~~44c , *340. 13000( 00 — C . 1 e 5 ~ ,o—01
4hI4OC C D 00 O .o41Ll0—~ 1 0.44
0.1500o0 00 0. 84 1 5 1 0 — 0 1  0 .84 I5 lJ— ~~L
3 .160* 30(3 00 0 .389290— 0 1
0.1 10UCO 00 —0. 259 790-0 1
0.880300 33 —C.  574950— 0 1 — 3 • 5 7 4 4 ,J— ~ L
0.193000 00 —0.355433—3 1 —0.3594~J—0 IU..4.0G.. 0 00 0 .14 14 20—01 0 . 1414 20—01
0.~~t 0430O 00 Q.491200 01 0.4 902o3—431
0.22UCC0 04) 0.428390-0 1 0.42o390—0 I
0.~~~QC C3 CO C.5803~D— 02
0 .2400CC 0*3 — 0 .2 8 707 3—3 1 —0.28 1O.,0—0 L
O . 2 S C C C O  00 — 0 .340 8 .30— 0 1  — C . . 4 0 8 3 3 — 0 1
O.~~100C0 00 — C. 11047 0 - 01  — 0 . 110410—010.2700(4 )  00 0 . 1 075 50— 0 1 0 .1675,3—0 1
0.~~€ 0C4. 0 CC 0 . 2 5 3 8 7 . 3 — 0 1  0 . 2 5 2813— 01
0.~~9u00o OU Q.8052.,..) 01 0 .105230—01
0. 36061*3 00 — 0. 1158.3 0— 0 1 — C . 1 1 5 8 o 0 — * 3 L
0.~~10C&. ~ (U — 6 . 2 0 6 0 4 0 — 0 1  —3 . 2368 *40— 0 1
3.320000 00 — 0. 100 240 —0 1 — 0 . 100 490—3 1
0 .3300CO 00 0. 876790-0 2 0. 8761~ 0—02
0.~ 4O0 U 3 JO C.1ó3 4 ~0— * 3 L  0 .883400—0 8
O.35000 u 00 0 .109643—3 1 0 .109640—O t
0.36th.C0 00 —0 . 55376 0— 02 —0. 553 75o— 0 2
0 .370 0 0 0  00 — 0 . 1 599 4 0— 3 1  — 0 . 1 59 9 4 0 — 0 1
0 .3€ J C C U  00 —0.1171~~0—3 1 — 0 . 1 1 7 1 60 — 0 1
0 . 3 5 o . .C0  00  Q. 249 0 u J— 04  0 . 248 9 9, 2 — 02
0 .4 000 06  00 0 .13 5 7 23— 0  1 0. 13 51 2 0—0 1
0.410CC.) 00 0.82168u—.)1 0.12161.3—01
0.4200 10 00 0.381* 20—33 0.381140_03
0.430000 00 —0. 13 8900—01 —0.10898..i—o t
0 .44 . 3 ( 8 0  CC — C . 1 Z 3 7 2 3— 0 1  — 0. 2 2 0 7 2 0 — 0 8
0 . 4530 CC  30 — 6 .2 897 70— 0 2  -0 . 28 9 7*0— 02

.30 0.8021*0—02 0.302150—02
0.41 UCC O 30 0.11~~883—0 I 0.11~~880—01
0.480000 00 0 .47 644 3—0 2 0 .4 164,0—02
0. 490 0C3 00 —0 .52 159* 3— 0 2 —0.52 15 8* 3— 02
0.50J000 uO — C .993 110—02 — 0.993 120— 0 2
0 .5 10 00 0  00 —0.58 631 0—0 2 — 0.580320—02
0. 52430C3 00 0.277643—02 0.277630—02
0.5,u600 00 0.828750—02 0.828740— 02
0. 5400(0 00 0.03032 0—0 2 0.430320—02
O. ’500 C0 00 —O. 8 L56~ 3—0.3 —0 .8155443— 03
ojoococ 00 —0.*58350—02
0.513CC,) 00 —0.625030-02 —0. 625033—02
0. 580000  00 — O . o 4 472 0—0 3  —0 .6 6 28 0 0—0 3
0.5900C0 00 0.496390—02 0.49*3.33—020.6(06(0 00 0.5661 50—0 2 0 .98613 *3— 02
0.410000 00 6 . 17 0763—02 0 .170 770—32
0. t2O C(U 00 —0. 3 509u 0 32 —6.35090 .2—02
0.63*3(13 04) — 0. 9~~653O—02 —0 .526530—02
0.6400C0 00 — 0 .23 8890 — 02 —0. 2389 00—43 2
O.tS0C CO 00 0 .225320—0 2
0.460000 00 0 . 4 59 6 6 0 — 3 2  0 .455680—3 2
0.670000 00 0.2 7777 0— 0 2 0 .27777 3—3 2
0.6€.JC CO 00 —C.120 L90— * 12 —0. 120 180—020.6900C0 00 —0. 38004.1—02 — 0 .38 004 3—3 2
0. 7CJCCi)  00 — 0 .293380— 02 —0. 29338o— 02
O.~ 130(0 00 0. 34 9 56 3 — 03  0 .34 9 5 1 3 — 0 30 .723000 00 0.304110—0 2 0.304160-02
0. 130 C80 00 0.290720-32 C. 290723—02
U. 74430 C 0 01) 0.31~~550—03 0 .3 1.3* 33—03
0. 750000 00 —0.231510—02 — 0 .23 1523—02
i3. 76,.CC0 00 —0.274190-02 — 0 .2 7 4 1 9 3 — 3 2
0. /70006 00 —0. 8008 20—03 —0. 800850 — 03
0 .180080 00 0 .104740—0 2 0.164740—02
0.790000 .20 0 .247770—02 0 .247770—02
0.8CJ OIO *30 0.112940—02 0 . l229 ,43—02
0.8100(3 00 —0.L0t 4 7 b..~-’3 2 — 0 . 10 5 7 60 — 02
*3.8200(0 00 —o. ~i ~ twJ 04 —0.215100—02
0.630000 00 —0 .1320 1* 3 -02 —0 .1320 10—0204) Q.5312~~) Q 3  0. 557173—03
0.8 50&. i.0 *30 Q. j 7 93~~ 0-iJ 4 0.119320 -020. 86043(0 00 O.13~~~~’~~’J2 0.13960(3—02
Q.b)..*4.(D 00 C. 15U7.~~~0j
O.o*0000 00 — 0 . L 4 . ~01U 43~ —0 .1 ’ .30o&-02
0. c90 C(D 00 — 0 . 1  .~~~ 1 1 . 1— 4 3 2 —0 . 138 113— 020.90000.) 00 —u. 10.,~~v0— 0 4  — 0 .8 6 3 5 20—03
0. ~.L 300*3 00 O.1~~l4 ’ ~

, .j U ~• 0.10834 *3—Ui4)0 U. 12~’(i~* 0 - * 34  0. 1~ S853 020.93o0.~C 3*3 O . 3 9 I 7 ~~~~J ’ 0.39 18 1.3-0 )
3 .940 (83  (30 ~~~ 1~

,r.,(.. U ) )  —0.  ?.~~6 4 3 1 0— 0 V)
0. ’iSOUC O ~1Q — 0 . 1  ~
*3.~,#,00CU 00 •~ ‘V I I— .. i
0.6 (4)008) 00 0. ~ ii ~~~~ -~i 4 0.48 14~iJ—03

Table A. 2. Coii~uter output for tn~i.Ity impulse response of both wave
digital filter and conwntional cascaded digital filter
in the tine don~in.
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Fig. A.4. �aph of the transfer fun.ction of the wave digital filter
with the given specification in Section 1.
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Fig. A.5. Graph of the unity in~ulse response of wave digital filter
with the given specification in Section I.
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B. Computer Program No. 1. Program for unity impulse response of the
wave digital filter w[th no delay free path on port two with the
given specification .

c **~~**~~ss ~4 4 VE C I G I T A L  FILT ER *************
C *4 $*  T1’4 E RESPO NCE ****

I t ~ P L I C 1 T  RE AL *8 I A — k 3 , O — Z )
0I$~~ hSION 0 , A T A t Z t O , 3 3

C
C *4 * * * * * *5 ’ * .50B CHESECHEV L aw — PA SS FI L T ER WI TH R5 2.0 **1’*****
C C C M P . J ~~~~NT V A L U~~ VS
C INO U C TA N C E  A 4 D  CA P A C I TA N C E  VAL U ES IN H EMRI ES ,A NC FAR A O S
C NCR’4A LUEO TO C R IT I C A L  FREQUENC Y OF I RA O/SEC A T  3 38 POINT
C W ITH RL=1.
C RS 2 .O CO

AL 1=2.42 7500
C ~ = . 7 4 7 0 0 0
4 L3 4 .36 ~5 00
C 4= • 8 3 7-it) 0
A L5 4  .483600

b ~~. 8 L3 700
AL 7=3.  40500 0
SL=1 .000
w R IT E  (6 27)

27 FOR -4 AT ( ~~X, ’ THE I.N SCALED COMPO NENT VAU.I ES AR E ’ ,/ / )V, 1 P L T E ( 6 , L 8 I  RL.,RS
W R L T E ( 6 , 2 2 )  A L J . , C 2  ,A L3 ,C4 ,AL. 5 , C 6 , A L 7
S P E C I F Y  THE CUT OFF FREQUENCY IN RAD/S EC .
O M GA C= L 0 O . 0 00

S~~~ PL1NG T I ME IS 1’
1 . O L D O  V

L~~~E0AN CE SCAL E FACTOR IS S IMP
51 M P=5C. 030

C TJ’ E EF FECT OF SA M PL I N G  TIME IS  SF REQ
C Fi~EQUEJ~CY S CA L I h 3  W I T H  PREW ARP IMG AS W ELL AS TAKING INTO ACO UNT

SF REQ =O TAN (OM ( A C*T/2 )
~~~ =RS *5 I~•iP
A L I . A L L ~~ $1 ‘~i P / S F R E Q
C~~~~ C 2 / (  S1MP~~ SFREQ )
A LJ=4L3*S j ’4
C’ . C 4 / (S I  MP 0 S F R E4 ~1
A L 5=AL5 * S IM P/SFR E~Co C6 /1  S LM P* SF R E O )
sUJ=4~.7*SLMP/S r RE Q
RL.~~~~L~~ S IMP
.R ITE(6 ,29)

29 FiJR.44T( SX , ’ THE SCA LE D CCMPONENT V A L L E S  AR E ,/ / 1
W F .~IT E( b ,22 i  A L I , C 2 ,A L 3 , C 4 , A L , , C 6 ,A L 7

22 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~L, ’L 5a ’ ,E12.5, 3X , ’ C6 ’ ,E12.5 ,3X , ’ L7 ,E1 2 .5 ,/ / )
W~~~ ’~~~(ó ,j 8~ RL,RS

18 Fc ~SMA i t 1 3 X , ’ RL=~~, E 12 . 5 , 5 X ,~~~S= , El 2 .5 , / / I
C FL L 1E~ SCALE FA CTOR FROM OA TA IS  CJ EI

CCE F (R~ i’RL i/RI
.~~L T E ( o , 3 7 i  COE F

37 FO°.1AT I~~X , ’Th E FILTER SCALE FACTOR IS....  , E 1 2 .5 , / / J
CA LCU LA T ING THE WAVE C L G ( T A ~ s~L L TE R M IL T IP L I EP C3 E FFIC IENT S 

R I a~ $- R4 R I+AL I
SL~~MAI~~RL /R2
ui~~ L .O00/R 2

~ 3=G2 4C2

R’ps R 3 $ AU

I ~at c~ p~~~c~~~ is ~~~~ .~u~aITY ~~~~~~~~~~~~~~~~~~~~~~~~

~oi~i P~uus~~ ~o LxDC
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SIOM A 3=R3 / R4 
-

~ 4 L .  CD0/R4
G~ =G4+C 4
S I . M A  4 =~~4 / G5
R~~ =j .  oOO/ G5

~b=1~54A L 5
S l i , MAS =R5 / Rô
GA =1 . CDO/ R6
G7=G6 *C6
SI GMA ~~ o,6 /~ 7
R 7=1. 8.001G7
R8=~~7.AL7
SIGMA 7=R 7 /R 8
Pi~~l~~~~~ L—F~d ) / 1 R L +R8)
W~. I’ t( 6 t 42 I

42 F0~ MNT L~~X ,  THE WA V E D I G I T A L  FILTER MI.J LTIPLI ER C C E F F L C I E N T S A R E . . . .
*1 , / /  J
WR ITE (6,101 SIG~’A1 ,SIGMA Z ,SIGM A 3 ,S IGMA4 ,SIGIA 5,SIG MAQ, S IGMA 7 ,PHI

10 F 0 S w A T ( / ,4 ~(, ’SI~~MAI z ’ , F 6 .4 ,4 X , I~~MA2= ’ , F6 . 4 ,4 X , ’S I~~MA 3= ’ ,F6 .4,4X ,
*‘$1~ M 44= ’ ,Fb.4 ,..X,’ S I G 5 ’ , .4,4X ,’SIGMA 6= ’,F~~.4,4X, ’~~jGMA7 ’,F6
* . 4 , - 4 X , ’PHI= ’ ,F6.4 1

C IN IT IAL  VALUES
C

INPUT IN T IME DOMA I N IS AS
AS = t. COO
OLTA T=0 .000
411 A 5*CCEF
Xi 1 0  • 000
XJ. .~=0 .000XI I 0.000
X 13=0.uDO
X L ’i=O .000
X23=Q . 000
X 24= ~ • COO
X33 =0 .0 00
X34= C. COOX 43=&) .000
X44 0.000
x !3=O.000
X54=O .000
X e 3=0 • 000
X 64 0. 000
X7 4 0 .000
X73=0. 000
A 74= 4~ .00 0
ITTERAT ION IN THE TIME OOMA &M

C ———— 
C

o c IOC 1=1 ca
S 12=AI L+ i Id— X 23+S IG MA I* (  ~(2~—X L 4 J
~~2 X33+S IG MA 2* L812 +X 14—X3 3— X 24 )
S.~~=S 22+ X 24— X43 ,SZ G~~~3* (X43~ X34 J

~~X 5.~+S IGMA4* (B~ 2+X 34— ~~~3—X44 I
ó5 2. & .2+X4 .,—X 6 3 +S IG MA5 * ( X~3—X 54 )
S = X +SI. ,f ’A6* (3 5~~ )~54— ~~7..~—X ô 4 J
~72= Eo~ +X6 4— X72 + S 1G MA7 * ~ .~‘12—X 74 i
u lS b ~ 2* P h A
5 ?~~=~~~~ 2 s 5 1 G M 4  7111.4 72— B t2+ ~~~2—X 7 3 1
á6~t 71— 8~~ +X73 + S l o ,M A 6 ’ ( 9 o 2 — X o 3 1
8 .i=5 4 2 + S I J ?~~ 5~~ t bc .. i— 5 4 2 4  ‘~t 3 — X 5 3 )

~ ~~— X’.3)e3 1=822.S 10 M A 3 * 1 e4 1 8 2 2 +X 43 X 4 3 )
B 21=b31—B 12+X 3~ +SI~,MA 2 ~~( B L 2—X 2 3 I
811=411+5 I A L * t 6 ~ L — A 1 1+X2~— X L .~I

C UP~ AT ED V ta. i.UE S 

X I I A L L
X 14 811

~j~tTi
?A TO 1~~

1P~ 
-~ ~OL
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X i4=B1~X 2 4 82 1
X~~4=B~~2
X 3=S 31
X~~.:B32
X 4 3 8 4 1
X44= 84 2
X 52=851
X 54= B 52
Xo3=8 6LX t4 a BtZ
X 12=412
X73= 871
X 74=8 72
FOP L~ PULS E RES PONCE .411 IS SET TO ZERO FOR THE N E X T  ITTERA lION
411 0.000 -
aR~ A NC1 N~ T~~E OUTPUT CATA
OA T A (  I ,1 i=O LTAT
OATA ( 1,2 1=5 7~*( 1.000+ PHI ) /2
C A TA 4  1 ,31=0 .000
0114 T=DLTA T+T V

100 C O N TIN U E
CC

wRITE (á ,5 41
54 F C RMA T L ’ I ’ I

W RI TE (6,551
55 FOR- I AT (20X , ‘TIME ’ ,21X , ’OLTPUT ‘13 1’ ,1C * ,’OU TPU T NO 2’)

WRI TE (6 ,201 ((OAT4(N ,M ) ,~~~L ,3),N i,S8)
CALL. GRAP HX (DATA,99, 4H T IME 9~*iAGNi TL ~.E20 FORMAT (~~0X,Ej2.~ ,iCX ,I~12.~ ,iOX ,E12 .5

C

~N C

- V

~~1S ~~~ ~~~~~~~~~~~~~~~~~~~ ~ O

C

-- 
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GRAPH X
SU E R C U T IN E  C R AP 1X  (OATA, N ,V L ND E P , VA RD E P )
IM P L IC I T  REAL*8 (A—H , C — L)
D I ME N S iON OATA (210,31,S(1211
C ATA  CCT/’ +h / ,ST A R/ ’* ’ / , 8LAN K / ’ 1/
WRI TE (6,300 ) V Lt ’ Oc P

~0O FJ R 4 A T ( L H . L , ‘ THE INOEPEI DEN T VAR i A B LE IS ‘ ,A4 )
W~~IT E(6,4 00 ) V A I D E P

400 FC~ ’4AT(1H ,’ TilE CEPE N CENI T VARIABLE IS ‘,A 41
WR IT E(6,500)

500 FC~ M AT t ’  ‘1
B I G ~ S1 0ATA (t 2)
S M .4L CA TA( L ,2
00 1. 1 2 ,N
IF(0AT .~.(L,~~~1.GT .BIGEST)BIGE ST=0ATA(I,2~
jF (3ATAU,21 .LT.SMALiSM ~.L=DAT A (L,2)

1 CONTINUE
DC1 F ( O A 1 A ( L , 3 ) . ~,T. B1G ESTiS1G ES T O A T A ( I , 3 J
I F ( O A T A ( 1 , 3 1 . L T . S M A L I S M A L O A T A ( 1 , 3 1

2 CCNT I(VJ E
iF (SMAL.G ~ .O• 00CJ SMAL=O .000
~R ITE (6,~~0U 1 S~1AL,S1G E ST

A:~4S~ 8 LG E3 T S 7~AL
00 3 1 1,62

3 e ( I ) = E L A N I c
DC 4 1 1 , N
OAT A ( 1,2 )  =( o A T A ( 1 , 2 ) — S M A L 1 * e L . o C O / e v L ~ S.L .Oo0
0 ATA ( L , 3 )= ( OA TA ( 1 , .~~1— SM# L )*oL.03O/5M LN5+1 .ODO
I NQEX :OATA( 1,21
J N C ~~X CAT4( 1,31

~~IB (J .W ~~X 1 S TAR
w~ I T E( b , 1 L ~0 )  D~~T A ( I ,  1 ) , ( 8 ( N M 1 ) , N N L=1,~~2)
St IN uEX I B LAt’.K
B t 4’10EX) BLA ~ A (

4 CCNI L~U E
200 FCRMA T (8X ,EL2 .5 ,5X ,’Q ’ ,I4X,’M ’ ,L 4X, ’QI ,12X ,E12.~~,/1 0X,61 (1H*) 1
100 FJ~.1AT ( 1X,F 8. 2, IX ,62A11R E T U R I ~E NO

V 
•
~

(
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*C. Com~uter Program No. 2. Program for transfer function of the havea]~itai firter with no delay free path on port two with the givenspecification .

C ~‘***‘~~~~* .~A V E  C I G IT A L  F i LTER ************ ~
C
C **** FREQUENCY R E S P O N C E  ****C
C

IMPL IC IT RE .4L*8 (A — H,O—l)
O I M E N S I G N  OATA (210 ,31
iJMPLEX* 16 112,WL ,Z

C
C ****~ ***~11*.5ce CHE8ECHEV LOw— ~~4SS FILTER W I T H  RS=2 .O ******a*
C C O M P D N E ~IT VA LUE S
C LN C J CT j ~NCE A NC C A D A C I T ~ ’.lCE VALU ES IN hE’ 1RIES, AND FARAD S
C NCPMALL ~ EO T O C R I T i C A L  FREQ UENCY OF I S A D / S E C  AT 3 CB POINT
C ~~~~~ 5 L 1  -C

RS 2. COO
AL 1= 2 • 42 750 C
C2= .7 47000
~ 3=4.365500C4 .847700

A L~~~4 .4886 0~C o .8 1470 0
4 17=3 .40~~QO0
SA. 1 .000
v~R ITE (6,271

7 FOPM~~T ( ~,X , ’THE U N S C A L E D  C0~.P3-~1ENT V A L U E S  A R E ’ ,//)
Wf ’ITE (o ,lBJ RL ,R S
WRI TE (A,22) 4LI,C2 ,AL3 ,C4,AL~i ,Có,A L1

C
C SPECiFY Th E  CUT OFF FREQUENCY IN RAC /SEC.

3M64C 100.000
C
C SA~’PL1M1 TI ME IS T

T= .UIC C
CC I M P E D A N C E  SCALE FACTO R IS S IMP

SL MP 50.000
C
C
C F R E Q U E N C Y  SCA L Ir’G WITH P R E W A R P IN G  AS W E L L  AS TA K I b G  INIC ACCUNT
C Ti~E EFFECT OF S4 MP LL NG TI’IE IS SFREQ

SFREQ=O TAN ( CMLIAC ”T/2 I
R S SS~~~ iMPALL = AL I * SLMP/S F REQC2 C 2 / (
AL i= A L J ”S IMP /SFREQ
C4~zC4/ ( S L M P ~ SFREQ)
A L 5=A L5~~SI M P/SF REQC6=Ca/ (S LM P * S FR E Q I
417 A 17*SL M P / S FRE Q
RL=R L *SIMP
WR ITE( 6 ,291

29 FO RM M T ( 5 X , ’ THE SCALED CCMPJNENT V A L U E S  ARE ’ ,//I
wSI TE (e,2~~i ALi,C~~,AL3, C4 ,AL~~,~~6 ,AL722 F CRMA ~~15 X , ’ L 1 = ’ ,E 1 Z .5 , ~~X , ’C2 ’ , Ei2.~~, ’ L3= ’ , E 1 2 . 5 ,3 X , ’C 4 ’ , E12 . 5 , 3X
I, ’ Lj ’ , c 1 2 . 5 , 3 X , ’C6 ’ ,E L 2 . 5 , 3 X , ’ L7 ’ ,E12 .5 ,/ / 1

- i4P L TE (e,181 RL,PS
18 F O R M A 1 ( 1 3 X , ’ PL= ’ , E1 2 . 5 ,5 X , ’ SS ’ , E 1 2 . 5 , / / 1

C
C F ILT ER S C A L E  FACTOR FROM DATA IS COEF

CC EF =( RS+Fc L I/  RI.
W R L T E ( 6 , 3 7 1  COE I~.~ 7 F C R M A T ( 3 X ,’TH~ FILTER SCALE FA C TOR Z5....’,E12 .S,/ /)

C
C CALC ULATIN G THE W A V E  C IG I TA L  F I L T ~~R M IL T IP L IE R  CC E F F I C IE N T S
C — — — — 
C

S 1=5 S
R~ =R 14ALi

- SIGMA X RI /R2
G~~~1.CC0/R 2 

-~~~

- -
2~~~- :~~ ,~4~ø~ - ’ 

V

*Graphx, subroutine is given in Computer Program No. 1.
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5321. CD0/G3
54=5 3sAL3
S L C -MA 3= 5 3/R4
,‘,=1. C00/R4

S I C M A 4 :C4 / 05
55 1. C00/35

Si~~MA 5=R 5/ R6
G 6 = L .  CI) 0/ 56
G7= G6 ‘Co
S I J M A t vO /G 7
R 1=1. C D0/G7
58=57 4A L7
SI G MA i=57/58
PII F=(RL—R 81 /(RL +R81

C
WRITE (6,421

42 FO~~M A T ( 5A ,’THE WA V E  D I G I T A L  F I L T E R  M U L T I P L I E R  C CE F F IC IE N T S  ARE....
*1

C
W R ITE(6 , 10) SIGMAI, SIGMA 2 ,SIGMA 3, S I G M A 4 , S 1 5 ? ” A S ,  SLGM AO, Sh , MA 7,PHI

10 F L R M A T ( / , 4 X , ’ S I~~MAj ’ ,Fo .4 ,4X , ’ S i A 2 ’ ,Fo .~~,4X , ’S I~,MA3 ’ , r c . 4 , 4 X ,
1 ’ S L G M A 4 = ’ ,F o . 4 , 4 X , ’ S I G M A ~,= ’ , .4 , ’,X , ’ S 1 u M A 6 = ’ ,F6 .4 ,4 ~~, ’ S I G M A 7 = ’ ,F6
2.4,4X ,’PHA~~’,Fe. 4,/)

C FS EOU ENCY RAN GE IS CHOSE N TO SE TW I C E  THE CR! T ICAL F RE Q L E t ~CY
C FL~E c~U EN CY L (’~C R E M E N T

0LiAW=O ~ GAC /50.00
C
C I N I T I A L  V A L U E S  IN FREQUENCY DOMAIN
C
C INPUT IN T IM E  DOMA iN iS AS

A 521. COO
w= 0 • 0 CO

C
C I ITERAT iON IN THE FRE QUENCY 0Q~$ A I N
C ———— —— — 

c 
CC 110 .1=1,98

C INITiAL . VA LUES ZN T IM E  O CM A I N
C

A1i =A S*CLJEF
il2=UC~~PLX ( G.COO,0.000)
TT=J.000
Xl  4= C • COO
~~~~~~~ .000
X24 0 .000
.*33 0.00 0
X3 4 0  .00)
X43 0 .000
A44 Q . COO
A ~~~~ .000
X54 0.000
A A 3 C • COO
Xo4=0 .000
A ,2 C.C0O
A 73= ~ .000X74 =O .000

C
C L T T E R A T I O N  IN ThE T I M E  DOMA IN
C — 

00 ICC [ 1 ,50C
B 1~~A 11+ ~U—A 23 + S I G . l ~ j + ( )c~ 3—XL 4 )
B~ 2=X3i +S 1.~ 4 A 2 * ( ~3L~~+ X 1 4 — X 3 3 — X 2 4 J

~~~~~~~~~~~~~~~~~~~~~~~~~~~ )(4 3—X 3~~1
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
e52 S42+X ~~4 X 6 3 +S 1 G iM (X~~3 X ~~4I
S i

2 = X 7 ~~iS i ., ~A6~ (B~~2* X~~4— * 73—Xô ~~I5 7 8  .X~~4~~X 7 2 + S I 0 ~- 1 A 7 * (  ‘ 72—A 7 4 1
A7 2 b72~ PilL
87128 + $ L M A  7 ’ (A 7 2— t ~t2+ A 7 2 — X 1 3 b

- - -
V V’\~ ~~~~~

~~-~ :(
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V
3 A i = B 7 1 — S 5~ +X73 +S IG MA 6+ ( B52—X o 3 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I
b 3l B22+S1~~”~.3~~(B 4i—B22i X 4 .3— X 3~~)b21 5 3 i—8L 2  +X33 ‘S L ..,M~.2 ’ (S  12—x 2., )
B 1 1 A L 1 + S 1 ~.,t .lAL *tB21 ~~A 11+X23 — X &3 )C

C UPDA T ED VALUES
C — ——————— X li A l i

X 13 611
X 14=8 12L X~~~=E2 l
X24 ~ S22
X~ i= S3l
X 4 842
X4~~= 841
X44~B 42X 5 S 51.
Xs4 852
Xt i =B A L
A o 4 862
X 72 472
X 7~~=8 7 1
A 7 4 8 2
A1L=u. 000

W 4. =CC M PLX (0 .0 DO ,—WT I
Z =COE~’P 4W1 1H ~~H.1~4B72*L
T T =1 1 + T

100 CONTINUE
C

0 e = C O .~ES ( H 2 ) * t l .0 D O +P 1- L ) / 2
C AR R~. NG1NG ThE OLTPU T DATA

C A T A ( J , 1 ) =~4
0.~TA(  .J ,23 0B
DA TA ( .1,31=0.000
W= ~d +D L~ AU

11 0 CGN TIN UE
C

~R IT E(6,54154 FC~ r 4 A T ( ’ 1 ’ 1
~S IT E( ~ ,~~5)

55 F C R M A T ( ~ OX ,  ‘ F RE Q ’ ,2 lX , ’3 IJ TP UT NO 1’ ,lC X, ’OUTPU T NO 2 ’ I
~~ IT E( c , 2 O 1  ( ( O A T A ( N ,~~

) ,~~=L , 3 J , N=j ,98 1
~.A LA. GRA?~~X ( D~ TA,98 , 4I-~FREQ,5H M .~~N! T L O E I

20 FCR 14T (20X, Ei2.5 , LO X , E12.5 ,ijx, E1~~. 51
C

STOP
ENC
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/ D. Cmpiter Program*No. 3. Program for unity impulse response of theconventional cascaded digital filter with the given specification .

C *********TIME RESPO~1CE *~~~~.*******

C CC~HVENSION 4~. DiGI TAl. F iL.T~R OES1GP~
c 

IMPLICiT R L*8 (A -H ,O—Z i
~~~‘ENSION DAT A ( ~~L0,3)
C C M P L E X * 16 Z
DIMENSION A ( 8 1 , Z ( 7 )

c ********** .50B CHE BECHEV L3W— PA SS FILTER WITH PS=2 .0 ********C CC~ PCF’ENT VALUES
INOUCTA NC E AND CAPACITANCE VALUES IN 1-ENRIES ANC FARADS

C NC R4ALI Z EC TO CR IT iCAL FS EQU~ :’IC Y OF I RAD/S E~ A T  ~ 08 PCZ1~T
C W I T ~1 RLS L
C 

RS =2.000
.U. 1=2.42750 0
C 4 .7 4 7000
A L3 4 .369500
C 4 .  8.3 1700
A L5=4 .488600
C6 .8 13700
AL 7=3.40500 C
~L I .OA O
WRA T E(6 271

27 FU RMAT (~~X, ’THE UNSCAL ED CCMP0:~ENT VAL LE S A RE’ ,f/ l
~dRIT~~(6,18 1 RL, RS
IRIT E(6 ,22)  A L.1,C2 ,AL3,C4 ,AL5,C6,4 17
SPEC i FY T HE CUT OFF FREQUENCy IN RA O/S EC .
~ M~j AC =LOC. 000
SA ~’PL IN G T IME IS I
T .OI00

E IMPEO~ NCE S CAL E FAC’OR IS SL M P
SlMP =~~C. OD 0
FREQUENCY S C A L I N G  W I T H  P R E W A R P L ~~G IS SFREQ
SFRhQ=2* DTA N( OMtMC*T/2) /T
RS=RS*S IMP
A i..j Al.I.*SI ‘I F/SF REQ
C~~=C2/ (  SI MP*SF REQJ
Al.3=A L3*SIMP/ SF PEQ
C4~C1,/ (SI M P*SFRE0l
A~~ =A L 5*SIM P/SF REQ
Cb C6/ (S L MP* S FR EQ J
A 4..1 4L7* SIMP/ SF REQ
RL=~ L*SX MP
WR L T E ( 6 , 2 9 )

29 FO R 1 A T ( 5 X , ’ THE SCALED CCMPO M~ NT V 6L U ES AR E ’ ,I / J
vdR iT E(o,~~4~ AL i~C2 ,A L~ ,C4,AL 5,C6,4 L7

22 FCR MA T~ 5X , ’U=’ ,EL2.5 ,3X , ’C2= S ,Ej 2.5, ’L3= ’,EJ,2.5,3X ,IC4= $ ,E12.5,3x1, ‘Li* ‘ ,E 12. 5, 3X ,~~I2 . 5 , 3X , ’4. 7= ’ ,Ej2.5
~Rj T E(6 , i8 1  RL., RSLa FURI A TLLD X ,’ RL= ’ ,E12 .5,5X , ’R$= ’ ,EI~~.5,//J

C CA LCU LAT ION OF THE CJEFFICLE’ITS OF
C

H S 3 = K / S7+A6 s So+A5 *S5+A4 *S4+u 3 *S3+A ~~t S2+4 1*SL+4C )
C 

AAC = ( RL.+RSI/ RL
FILTER SCALE FACTOR FROM CAT A IS C O EF
CU EF AA O
W R l T E ( 6 ,~~7 l COEF

37 FUS’ IAT (~~X , ’ Te1~ FILTER SCALE FACTOR L5.... ’ ,E12.5,// )

441= (AL I+A L34A L5+4 L 7 1/RL+ RS* (C2+C4+C6l

*Graphx , subroutine is given in Computer Program No. 1.
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AA 2= (C4.C6 1 *(ALI.AL3+4L7 *RS/RLI.C2* (ALI+ (AL 3+ALS+AL7)*RS/RL I+AL5* (
*CCfC 4*RS/RL1
AA .~~(AL1+AL3l* (AL5+AL7)*C4/aL+(AL.3+AL ~~)*(C2*c6*Rs+(co*4L7+Cz*ALL)/*RLI+C 4*RS* (C2*AL3 +4L5*C6)+ALi*AL7* (C2iC .~e)/RLAA 4=( U.I+A~.7*RS/RLJ*LAL5* C6*LC2 sC4i+ALj*C2* (C4+C6J)+C4*AL5*AL3* (C6

*+C2*RS/RL I
Au~ =A&L* (C2*AL3* (C4* (AL5+AL71+C6*AL7 )4AL5*Cb*AL7* (C2+C4fl/RL+AL3*C
*4*AL5 *Có*LAL7 /RL+C2*R S)
A 46 C2*AL3*C4*4L5*Cà* (AL7*RS/RL +AL 1)
AA 1=( ALI*C2*4L3*C4*AL5*Cb*4L7 if  RL

C
4(11 1 .000
A (21 =AA6/44 7
A (i1 AA5/AA 7
4441 A44/AA7
A ( 51=AA3 /AA 7
A(oi~~~42/AA 7
A (71 =AAL /AA7
AL EIzAAO /A4 7

C 
CCEFL’COEF/AA7

16, 411
41 FC~ ’4LT (5X, ’THE COEF .OF H (S1=i~./(S7+A~~*S6+A5*S5+A4*S4+A 3*S3+A 2*52+

Lui*S1+AO1 ARE ’,/i
WRITE (6,40) A(2I,A(~~1,A (4i A ISI A (61,A (7) A(8)

40 FORMAT(5X, 6=’ ,ELZ.5,3X, ’~~5 ’ ,&L2.5,2X,’L4=’,EI2.5,3X,’A3= ’,EL2.5
I,3X, A2= ’,E L2.5j3X,’A1z ’,E12.5,3X,’A~)=’,EL2.5,/ )WR fl E(6,431 C3E~-I

c
”3 F~~~MAT(5X ,’ K ’  ,E12.5,//i

CALCULATIO 4 OF THE COEF. CF THE EQN .

C H(S1~ K/i~S2+AI*S+B1flS2+A2*S~ B2i (S2+A3*S+B3i S+e41
C
C

NDE~~~7CALL ZPOLR (A,NOEG,Z IER )
Pi=-2 .000*REAL (Z(IIS
F1=~.E4 L(Z (Lii**2.A1MAG (Z (11J**2
Pe.=—2.003*R E&L ( 1 (31
F2=~ EALL Z (3 ii**2+AIMAC(Z (31,J**2
P~~s~ 2.UO0IREAL(L(5))F.,=REAL(L (5))**~ s~A IMA G(Z( 511**2P4=—REAL(Z( 71)
PP=1. CD0/AA 1
WR ITC(o,42)

42 FCRMAi (5X ,’T~1.E COEF. CF ~ (SJ ARE.....I H (S3~ K/(S2+AL*5.B1)(S2+A~ *5t32I (S2+A3*$+B3I(S+84r’,//)
~IRLT E to 160i PL,FJ.,P2,FZ, P~ ,F31 P4,CQEF I60 FORMU TUX , ’A ia ’ ,~ 12.~~,1X , ’8L  ,t12.,,2X, ’A 2= ’ ,E12 .5,IX, ‘8 2 ’ ,E12.5L,~~X,’~ 3a’,EL2.,,1X, ‘B3= ’,E12.5,2A, ’A 42’,E12.5,3)t,’i<=’ ,E12.5,//1E CALCULATION OF THE COEF OF jl(ZJ ~dIT l- SAMPLING PERIOD CF T

C — t 7 — L —1 —2 — 1 —2 — I —2
C H(21 K*(1+L I /L1+44*Z 1(1+41*1 +81*1 1tI*4 2~ Z +82*Z 1( 1+A3 1 +83Z I
C
C

CO/T
FFzF *F
ö & z2.L30*(F i— FFII(FF+PI* F +FLJ
DA =L FF— Pt * F •f - i i / (F I~+P I*F*FI)
B2=~ .CUO~ (F 2— FF I /(FF +92 *F+F2 1
0~~~(FF~ P2*F+p-21 ,(~ F,P2*F.F2jo4=2 .OCC* (F 3—FF I /(FF,P3*F+F31

F-~P.~sF i+.1 /(FF+P3*~-+F33
~3 ..=~~P 4— E ) / (  P~,+FCCE~ 2sCCEFL/L (P4+Fi* (FF+F*PL,F1)* (FF+F*PZ+F2J$ (FF4F*P3+F3I)wP (TEl o,oo1

oo F k ~ T (~ X , TME COEF. t)F l~ *~~1 A .’1O Z~~ —2 IN QUAORATLRt FCRI’ ANO Id
LAi MULTLV L :k, FACTOR tç

~ P Z T ~ (6,uOl ó 1,O1,82,D2,B3, 3,~~4,CC~ F2
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Cc LNL IIIL VALUES

INPUT ZN TI ME DCMAIN IS UP
UP L.000
LF F U~*C0EF 2
A 1 0.  COO
X~ =~) .OCOX3 0. COO
A4=~~.QO0X5=O.000
X b C. COO
X7=O .000
OLTAT’O .ODO

C
C LITER Al ION IN THE TIME DOMAIN
C — —— — — — ———— —— —— ——— — 
C

00 100 11, 98
V1=UPP+x 1
V~ =V 1+X2
V~~ V2 +X3
Vs’~3+ )14
i( L U P  P— 84*V I
X2= 2*V1— B1*V 2 +X 5
X.~~2*V 2—8 2 *V3 +X 6
X4 2*Vi—93*V+X7
X5 V1—O1*V2
X8 V2— 02*V3
A 7 V3—03*V

FOR IMPULSE RESFONCE UPP IS SET TO ZERO FOR THE NExT ITTERAIICN
UPP Q .000

C
C ARRANGING THE OLTPUT DATA

0~~TA (i,jJ=OLT AT
OMTA(i ,21 V
DATA (I,33=O.000
Di.TAT=OLTAT +1

100 CCNTIhUE
C

WR IT E (6,54)
54 FORMAT ( ’ I’ l

WRITE I 6,55)
55 FCR~l4T(~ QX,’TiME’ ,2IX, ’)&.TPUI NO l’ ,ICX, OUIPUT NC 2’l

WRITELo,201 ((OATA (N,M),Msl ,33,N=1,98)
C4~LL CRA PHX (DATA, 98,~~HlIME,9HMAGNITUDE)

C
20 FC~MAT (2OX,EI2.5 ,LOX,E12.5 ,LUX, E12.5i

S TOP
END

-
~ ,‘~~~~ ‘— ti .—

( ~wi:~ ~~~~~~~~~ 
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E. Computer Program*No. 4. Program for transfer function of the con-
ventional cascaded digital filter with the given specification .

- -

C **** FR EQUENCY RESPONCE

CONNVENSI QNAL DiGITAL FILTER UtSLGN

C 
IMPLICIT REAL *8 (A-H,C—Z)
COMPLEX*16 .T ,Z,Y,H
D1M~ NSLCN OAIA (410,3)
JL~-IENSI3N A (a),~~(7i

C
C C C M P C f~ENT VALUESC **********.5Q3 CHEBECHE V LOW— PASS FILTER WITH PS=2.3 ********

IP~QUCTANCE ANC CAPACITANCE VALU ES IN I ENRIES ,ANC FARAOS
C NORMALIZE D TO CRITICAL FREQUE NC Y OF 1 RAD/SEC 41 3 08 PCINT
C WITH RL~ l
C

RSz 2 .000
A~.Iz2 .427500C~ z. 741c00A L34 .369500
C 4 =.8 3 7 700
AL. 5 4.488600
Co:. 813 700
AL 7 3• 405000
RLSI.CDO
WRLTE (6t27)27 FOR 4ATI~~X,’THE LNSCALEO CC~ PONENT VALU ES ARE’ ,f/)
~iR ITE( 6,I8I RL,RS
~IPLtE d6 ,221 A4.1,C2,AL3,C4,AL5,C6,AL7

C SPECIFY THE CUT OFF FREQUENCY IN RAD/SEC.
OMGAC =100.000

C
C SAMPL ING T IME IS T

Tz .OICO

E IMPECANCE SCALE FACTOR 15 SIMP
SAMP 5Q.000

C
C FREQU ENCY SCALING WITH PREWARPING IS SFSEQ

SFREC=2 *QT AN IO MGAC*T/ 21/1
R SS RS*SI MP
AL LZA LL *SI ’4P/SFREQ
C Z:C2/ISLM P*SFRI QJ
AL.3=AL3*S I~4c’/SFREQC~p C 4~~(SI MP*SFREQ 1
AL5xAL5*$I:4P/SF P~ QCt~:C6 fI S IMP*SFREQ )
A L7SAI.7*S1 MP/SF REQ
RL=RL*SIMP
WRIT E(ó,291

29 FORMAT (5X ‘THE SCALED COMPONENT VALUES ARE’ ,//l
~R ITEL 6,2~~) A l.1LCZ,4L3,C4,AL5ICÔ,Al.722 FCRMAT (5X, ’L1= ’,~~L2.5,jX. ’C2 ’,EL2.5, ’L3 ’,EI2.~~,2X,’C4 ’ ,El2.5,3X

L,’L5a ’,,.iZ.5,3X,’Coz’,E12.5 ,iX,’L7 ’,E12 .3,//1
.~R LTE4~~,18i ~L,RS18 FORMA TLIOX, ’ RLz ’,C12.5,5X ,’~.S’ ,EI2.5,//)

C CALCULATION OF 1HE COEFPICI CNTS OF 
—-— -——— —— -————— 

C H(S) K/(S7+A6*S6+A5*S5+A 4*S4+A~ *S3+A2*S2+Al*SI+A0)C
A~.C (PL+RS1 /RL

E F IL TER SCA L E FACTOR FROM DATA IS C3EF
CCEF:AA0
~RITEI*,~~71 COEFFLRI4AT (5X ,’T ME FIL~~ER SCA LE FACTOR 15....’,E12.5,//)

AA L I ALI+4L3+AL 5.4L7) /~ t.’-P.S*(C2+C4+C~~I

(
~ *Graphx, subroutine is given in Computer Program No. 1.
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AA 2 (C4+C6 1*( AL I+4L3+A LT*RS/RLI+C 2* (A L1*(4L3+AL S+AL7 ) *RS/R LI+A L5* I
*Co+C4* RS/RLJ
4A3 ( 4L1+Aa..33*( AL5+AL 71 *C4/RL+( AL3,ALSI*1C2*C6*PS+ (C6*4L7+C2*ALI 1/
*RL)+C4*RSs4C2*AL3+4L5*C6I+ALL*AL7* (C~ +C6)/R L4 4A4s (4L1+AL7*RS/RLI* (4L5*Cb* (C4+C44+AL3*C2*1C4+C6fl+C4*ALS*At,3*1C6

4A5= ,az *4 *4L3 *(C4*( ~L5+AL71+C 6*AL 1) sAl. 5*Co*Ai. 7* (C2+C411/R L+AL3*C
$4~ AL5~ Co* (AL7/RL+C2 *RSIAA6 C~~*AL3 *C4*AL5*C 6~~l AL 7*P.S/RL+A L 1)AA7 ( 4L1*02*AU *C4*A15s06*4L7)/ RL

C
AC 11=1.000
A (2) 4A6/MA7
A (Si:AA5/AA 7
A 141=AA4/ AA7
A (5) 443/j.A7
A L b i :A A 2/AA 7
A t 7Iz~ A1/ AA7
A (8 )  Z L A O / A A 7

C
CC EFI COEF/ AA7
WPI TEL 6 411

41 F O R M A T (~~X,’THE COEF .OF H(5):K/(57+At*S6+A5*$54A4*54+4.3*S3+A2*SZ+
IAL*SL 4AOJ ARE’ ,fI
~~ ITE(6 401 u(2) A(3I,4(4),..~(51 A (6i,A (71,A (81

40 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~1,.,X,’A2*’ ,E12.,,3X, ’Atz’,EI2.5,3X, ’AOs ’,E12 .5,/1
~.RITE (t,43i COE~~LFCRIAT(5x ,’K= ’,E14.5,//)

C CALCULATI3N CF THE CO EF. F Ti-IE EON.— — lI SA: K/(S2.~1*S+8iJtS2+A2*S,B2)(S2+A2$S+631 (S+B4)C
C

t~O~ Ga7Ci~LL ZPOLRIA,NDEG,Y,IERIP~~z— 2.~~)O*REA L( Yl  1)1
F1- aREA L (Y (1 ~j**~~i’gIMAG (Y (j1I**~
P~~s~ 2 .C)U*REAL(YL 3 ))
F2 RE ~L (V I 1i*~ 2+A P1 AG L V I  31)P~ :—2.OD0*REAL (Y(511=SEAL ( VI 5))-~$2.AI MAG IY ( 51 )**~P4=—RE~ L (YL7))PP I.CDG/AA7
wRITE (6,42)

42 F C R M A T I 5 X , ’THE COEF. CF H (SI ARE.....
1 H(SI K/(S2+AL *S+b 1i (S2+A2*S ,321 4 52 ,A3*S+e31(S+841’ ,//I

~‘4R ITE(b ,601 Pj ,FL, P~~iF2,P3t F.~,P4 ,C U EFI
60 rCRMAT (IX ,’AL ,ti2.~~,iX, 8i ’ ,EIZ.5,4X ,’A2 I ,E12.5,1X,’B~:’,E12.5L,2X,1A~= ,EL2.5,LX, 83= * ,EI2.5,ZX ,PA 4 ’,EI2.5,3X,’K= ’,EL2.5,//)

CALCULATL CN CF THE CCEF OF ~(Z i  W LT I-  SAMPLING PERIOD OF I
C ———————————————— — —— — — ————— — —  

— I 7 —L —1 -2 -1 —Z — 1 —2
C i-l(Z)aK* (1+Z I /(l,A 4*Z fl 1+A1~ L +81*2 iII+A 2 * Z +82~~fl (1+A3z +83 2
C
C

F 2.000/T
FFzF *f
~ 12 .  COC* C Pt—FFI/(FF+P1* F+FI I
D1:IFF~ PI*f+F1) /IFF +PI*F+F1)
8 22  .OCD*I FZ—FF 1/ (FF+P ~~-~’F.F~ 1
~)2 *IFF~ P2*l. +f2) IIFF+P2 *F+FZ J
b.~a .~.1C0*1 F.3—FF )/(FF+P~ *F.F3I0.3 zlFF—P.3*r sF31 ! (FF+P3*F+F3 1
B’, l P 4 — F ) / tP4.l~IC~~EF~~.COE F1/(( P4. F)* (FF+F*0 1+FLI* lFF+F*P2+ F2 1*(FF+F* P3+F3) 1
~~‘L1EIo c~~I66 ~~~ 4AI(~~X,’THE COEF. OF Z**—I AND Z~~ —2 IN CUACFATURE FCR M 4NC TOT

IAL 4ULTLYI~1G FACT3° K 4PE.. . ’,/i
~~ 1TE( 6,oO) 3L,~~~,S2 ,C2,e3,~.~a,84,CCEf2

(_
_ 

~~~~~~~~~~

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~.
~
p 

~~~~~~~~ 
p
~
.—

19 S

~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 

- 

~T I  - ___



4 c
C INPUT iN TiME DCMA IN IS UP

U P I  .OCO

C 
i~PP=UF*CCEF2

C FRE QUU~CY RANGE IS CHOSEN TO BE TWICE THE CR1 11 CAL FREQLENC Y
C FREOUEI~4CY INCRE MENT

OLflWzOMc,AC/50.C00

C INITIAL VALUE S IN FREQUENCY DOMAIN
C

L~b C.OCO

£TT~ R.~T.ICN IN THE FR EQU ENCY DOMA iN
C

DC LIC J:L,98

IN i T I A l .  VAL UE S IN TI ME DOMAIN
C

UP1 UPP
TT O. COO
H C C MP LX ( 0 .000, 0 .3 DO I
X lsQ. COO
A~~ O.OO0
X3 *0. 000
X4 0.COO
X 5z0 .000
x6=0. Coo
X1 Q. COO

ITTERATION IN THE TIME DOMAIN

DC ICC 1*1,500
# i J P i +X 1
V2 V1 +X2
V~~~V2+X 3
Va ~d3+X4
X Ia UFL—64*V l
X2a2*~ I—B J~~V2+X5X .~~2*V 2—B~~*V 3 +X6
X4 *2* V 3—8 3* V +X7
X5* V L-.OI*V2
A 6 =V~ — 02*V 3
X7 3V 3 —D3* V
UP 1* C • COO
W 1a~4*TT
WT*OC PPLX( 0.000 ,—WL i
ZZCDEXP C WI)
Hsl1+V*Z
11:11+1

100 CONTINUE
C 

OAaC3ABS (H)
C ARRAN G IN G THE OUTPUT DATA

DATA (J,1 laW
DATA C J,2)z)A
DA’~~(J,3 1 O.0O0

LID CONTIMJE
C 

~RITE 6 541
54 FO RIA T L I’)

WRLTE(6,55)
55 FGRMLT (2 0X , ’FREC’ ,2lX , ’QUTPUT NC L’ ,IOX,’CUTPUT NO 2’ I

~~~~~~~~~~~~ C (OAT ~ ( ~“,M),’~~1,j) ,N 1,58)
C4.l.4. ~,RAPHX (DAT A,9$ ,4HFREC,~,HMACNJ20 FuRMATI2OA ,E12 . 5 ,IGX,E12 .5 ,IDX,Ej 2 .~~)C
S TCP
EPIC

~~~~kGfl~~~~~~
1

(i ~~~~~
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APPENDIX 2
*A - Computer Program No. S. Program to calculate the nns error due to

truncation in the ntinber of bits of wave
digital filter multiplier coefficients.

**** FREQUENCY RESPONC E ~***
C R OOT MEAN SQUARE ERROR DUE TO TRUNCATION IN ?lC. CF BITS *****C FOR SIMPLE SECT ION WAVE DIGITAL FILTE R
C
C

IMPLICIT REAL *8 14—H O—Z)
D1MEN~ ION QATA (213,3S
DIMENSION DATA3 (210,33

C
C
C t********* .508 CHEBECHEV LOW—P ASS FILTER. WITH RS I.0 ********C COMDONENT VALUES

INDUCTANCE AND CAPACI?A~~ E VA LJ ES IN HENRIES,A M C FA RAOSNORMALIZED TO CR ITICA L F REQUENCy OF 1 RAD/SEC AT 3 DB PCINTWI TH RLa L

R S=1.000
A LIal .789600
C 2=1. 296100
A L3 2.71770 -
C4=1. 3848 00
ALSaZ.717700
C oaL .296100
AL7 1 .789600
R L al • COO
~SR I E(6,j8) RL,R$

1.8 FORMA !(LOX, ’ RL:’ F6.4,5X,’R5= ’,Fo.4,I)
WPITE (6,22) AL 1~~ 2,1L3,C 4,4L5,C6,AL722 FOR’lA (5X,’LI= l ,~~12.5,3X, C2*l ,EI2.5,1L3= I ,E12.5,3X,~ C4a I ,EL2.5,3XL, L5a ,E12.5,3X ,* Cb=~ ,E12.5,3X,’L7a1 ,E12.5,/flC

C FILT ER S CAL E FACT~~ IS C~ EF
COF F=(R L+RS) I RL
4~ (TE (6 ,3 7)  COEF

37 FORMA r(7X ,’THE FILTER SCALE FACTOR IS....’,E12.5,,f3
C
C SPEC IFY THE CUT OFF FR EQUENCY E N RA D/SEC.

UNGAC=1.000

SAMPL ING PERIOD IS Du Al
71.141:1.003

C
C FREQUENCY ScALING WITH PREWARPING AS WELL A S TAKING INTO AC OUP4T
C THE EFFECT OF SA MPLING TIME IS SCALE

3C A~ E = L.000/DTAN ( OMGAC*OLTATI2I
AL L ALI*SCALE
C2=C2*SCALE
A 13=4 L3*S ALE
C4= C4*S CAL E
A L5~A 15*SCALECbaCo*SCA
A L 7 A LT*S..A LE

C
C C’~LCULATIOM TO FIND THE TERMINA TING RESI STANC E CF EACH ELEMENT
C AND W 4VE DIGIT~ L FILTER MULTL~ LIE~ COEF FICiENTS
C WI T H NO DELAY FREE PATH CN PORT TWO
C  _______

RIaRS
R 2~~ 1sAL1
S I G I A A RI/R2
G2~ I.OOO/ R2
S LGMA2:G2/G3
R3s 1. COO/G3
R ~,aR 3+4 L3
S LGMA3 R3FR4
G 4:1 • 000/R4
G~ aG4 4C4
S 1~~4A4aG4/G5
R 5=L.000/G5
Rb a~ 5 .At.5
S LGMA5.R5/R6

*
Subroutine Graphx is given in Computer Program No. 1 of i ppendix 1.
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Go=L.oDO~R6
G laG o.C6
S IG’4A6 G6/G7
R 1*1 • CDO/G7
R BaR 7 +417
S I~ MA 7~ R7/R8Pii ls ( RL—R8 1 /1 RL+R8)

C
WRI T E16,42)

42 FORMAT I5X,’TiCE WAVE DIGITAL FILTER MU LTIPLIER COEFFICiENTS A R E . . . .
*• ,/~~)C
WP.ITE(6,1OI 5I~~MA 1 ,SIGMA2 ,SI~~M &3 ,SIGMA 4 ,SIGMA5 ,SIG ”A6 ,SIGMA 7,PHl

10 FOR~4ATl/, 4(,1SIGMA 1:1 ,F6.4,4X,’SIGMA2
t ,F6.4,4X,’SlGMA 3*’,F6.4~4X,1ISIGMA4* ,F6.4 ,4X, S S iGMA5 I,Fo,4, 4X, e S I c ~%4A6~.

I,F6.4 ,4X, ‘SIGNAl: ,F6
2.4,4X, ‘PM1:’,F6.4,I)

C
C INP’JT IN T !ME DOMAIN IS AS

A Sal. 000
UP AS *COE F

C
C CALCULATION OF THE FREQU ENCY RESPONCE OF THE
C FIL TER W iTH DR4CTICALLY INFIN ITE PRECESIOM
C IN ORDER TO SET THE P EFFERENCE DAT A
C

CALL FILTER (UP ,S IG~ A L,SI G MA 2 ,S IGMA3 ,SIGMA4, S IGMA 5 ,SIGMA6, S LG MA7 , PH
*1 ,0AT A ,OM~AC,DLTAT1C~ DO 220 J 4 1 ,2 0

NOBTS:JJ
C
C CA LCULATI ON OF TH~ ERROR IN THE FREQUENC Y DOMAIN DUE
C rQ QUANTIZATIOM O~ THE WAVE DIGITAL FILTER PARAMETERS TO THE
C REQUI RED NO. OF BITS
C

CALL FLLERR (UP ,SIGMAI,SZGMA2,S1GMA3,SIGMA 4, SIGMA5,SIGMA6,SIGMA7,PH
*1 ,OATA, NOBTS ,ER,OMGAC ,DLTAT I

C
C DU’PU DATA SET UP

DATA 3 ( J4 ,1)~~JJ
OAT A31J.J,2)aER
DATA3 (JJ,3 1:0.000

C
CONT INUE

C PLOT OF THE R.M.S. ERROR DUE TO QUANTIZATIOM IN THE NO CF
BITS OP W AV E DiGITAL FILTER PARAMETERS VERSUS THE MO. CF BITS

WR ITE(6 ,54)
54 FO R MA T ( ’ I ’ )

WRITE 16,551
55 &C~RM 4T(2OX , ‘MO. OF SITS’ ,ISX, ‘MEAN SQUAR ERROR’ ,/)

WRrE(6,20) (IDAT A3 (N ,M) ,M 1, 3) ,N*1, Z C)
CALL GRAPHX (DATA3,ZO,4HMPIT ,4HMSERI

23 ~CR MAT (2OX ,EL2.5 ,LQX,E12.5 ,IOX,E12.5)
C

STOP
END

~
j
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F ILTER
SuBROUTINE FI LTE R(tJP,SIGMAZ ,SIGMA2 ,SIGMA3,S IGMA4 ,SIGMA5 ,SIGMA6 ,SIG

*M.A7,PIiI,DA TA,OM~ AC ,Dt.TAT)

C SUBROUTINE FZL~~ER TAKES THE VALUE OF ‘HE INPUT IN THE TIME
C DOMAI N AND PLOTS T HE- MAGNITUDE V ERS. FREQUENC Y CURVE
C OF THE WAV E OIGIT&L F ILTER
C

IMPLICIT R$ A L*8 (4— ~f , C— Z J
CGr’PLEX*16 H2,Wi,Z
~ 12€NS1 DN OATA (210,3) ,DT(210,3)

FRE QUENCY RANGE IS CHOSEN TO BE TWICE THE CRITICAL FREQUENC Y
C FRE QUENC Y INCRE MENT

DLW*OMGAC/50

C INITI AL VALUE S ZN THE FREQUENCY DOMAIN
W =0.000

C ITTEPAT ION IN THE FREQUENCY DOMAIN
C

00 110 Ja1, 98

INITIAL VALUES IN TIME D OMAiN
C 

H2:OC?.PLX(3.000,0.0001
TT Q. COO
1(11=0.3 03
X13 0. 000
X 14 0 .000
1(23:0 .000
X 2 ,0  .000
1(3 3aQ .000
X 34=0.000
A 43*0. 000
X 44:0 .000
A 53=0 • 000
A~ 4aO.0D O
X6 3 0 .000
1(64*0. 000
X l 2 0 .  000
A 73*0.000
X 74a0. 000
AILzUP

C
ITT ERAT I ON IN tHE TI’A E ~~ MA IN
DO 1.00 1:1,500
812:4 11+X 11—X23+S I 3 MAj * (  X23—X 141
822* X 33.SIOMA 2* (~~.L 2#X1 4—A 33 — X Z 4
932*822+X24_X43+S IGMA3* ( 1(43— 1(34
942aX53+SU MA4* (?32.X34—X53—X44
852 .B42+X44—X63+SIG MA5 *( X63—X 54
362*X73 ,SIGMA6* 1952 +X 54—X73 —X64
B72a~ t2+ Xe4~~X72# SI~~MA7* ( x 72—X 74
A72 872*PHI
B 71aRb2,SL 3 M47*(A 72—B6 2+X 72—1(73)
3ø La87L—852+X73+SI ~MA6 ~ (~ 52—X63 )
85 I*642 +S LGMA 5* C 86 I—842+X63--X 531
B ~,l=331—832 ,X53+SI . MA4* ( B32—X43)
~~~3j = R  22+S 13MA3* I 84 1—822* 1(43—1 (33 1
32 1sB3i_8i2+X33 PSIDM A2* ( 812—1 (23)
B IL:A L1+Si ’fA 1’ ( ’Z l—A l1 .X23—X 13)

UPDATED VALUES
Xtl .A 1L
X I3aBLI
1(14*812
X23a82
X24a82
X33a~ 31
1(34*832
X43a841
1(44:842
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1(53=851
1(54*852
X63a861
1(64*862
A 12 A72
1(73 8 71
1( 74=8 12
411:0 .000
WTaW*TT
W 1 OCMPLX( 0.000, WT )
Z=C 1EX~~t.U I
H 2*1 Z+B 72*
TT TT +DLTA

~IOo C OMTIN.JE
Q8=CD8BS(H2)*1 1.O~O+PHI )/2

A RRA NGIGNG THE OUTPUT DATA
OA T ~

( J,1)’W
04141 J,3):O.ODO

ARRANGING ThE DAT A FOR P LOT SUB ROUT INE
OT (J,1) OATA ( J,ti
DT (J,2) D4TA( J, 2)
OT(J,3) DAT A (J,3)

C
Wa W+DLW

1.10 CONTINJE

W R ITING ~ND PLOTING THE FREQUENCY RESPONCEWRITE (6,541
54 FCRMAT (’l’)

WR IT E (6, 55)
55 FCRMAT(ZOX, ’PREQ’,21X,’IUTPUT NO 1’ ,LOX, ’OJT PUT MO 2’)

WP ITE(6,20) ((DATA (M,Ml,~~~1,3J,NaL,98 )CALL GRAPHX (DT,98,4HFREO ,4HM#GM )
20 FOR.4A1(20X,E12.5 ,10X,E12.5 ,1OX,E12.51

C
RE1URN
ENO

(
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FILERR

SUBR O UTINE FILERR (UP , SIG MAI,SIGMA2,SIGMA3,510M44,51GM45,SIGMA6,SIG
* MA7 , PIl L , DAT A, NC BTS , ER , O~’GAC , DIr AT I

C
C SUBR OUTINE FILERR TAKES THE ROOT MEAN SQUARE VA LUE OF THE ERRCR
C BETWEEN UNT RJ NCATED AND TRUNCAT ED VALUE OF THE CUT PUT IN THE
C FR EQUENCY DO MAIN AND ALSO PLOTS THE FINITE PRECESION
C FREQUENCY RESPONCE
C

IMPLICIT REAL~ 8 (A—H ,DIMENSION OATA2 I 210, 3
I~—Z )

DIMENSION DATA (2 10 ,3 )
C

WR IT E(6 ,54 )
54 F O R M A T (  1’)

WP - ITE(6  21)
21 FORM A T ( I OX , ’THE IJM °UNCAT ED V A LUES A R E ’ )

WRJTEI6,1 O) ~IG MA1 ,~~IG MA2 ,~ IGM 43,51GMA4, 5JGMA c ,SIGM 4o,SIGMA7,pHI
10 FORi~~T(/,4X,.SIGM 41= ’ F6.4,4X,’5j(MA 2= ’,F6.4,4X,’SIG MA 3= ’ ,F6.4,4X,

*1SIGMA 4 I ,F6.4,4X ,’~~I&MA5 ’,F6.4,4X,~~SIGMA6.~~,F4.4,4X ,ISIGMA7.i.,F6
* . R ,4X , * PHIZ I  ,F6.4)

C
A S  IGMA 1
B:SIGMA2
CaS IGMA3
D=SIGMA4
E=SIGMA 5
PZ S I ~MA6
~~ S 1G MA 7
rC PHI

C
W R I T E ( 6 , 3 3 )  NOBTS

33 FO~~44T ( j0X , ’ MD OF BITS :1 ,12,/I
C
C PERFORMING THE TRUNCAT IO N PROCESS TO RE QUI RED NO. OF BITS ,
C ‘ P-lORIS’S IGMA1:TRUM C (A , P-IUBTS I

SI ~MA 2=TRUNC ( 8, NOBTS)
S 1G 143=TFU NC(C, NOBTS)
S IGMA 4:TRU NC ( D, NOBTS)
S IG4A 5:TRUNC(E, NOSTS)
$ IG~ A6zT RtJ NC(P,NOBTS )
~ lG MA7*T RUNC(G, P10815)
P HI=TRUNC UI,N06 IS)
WR IT E(6 , 22 3

22 FO RMAT (LOX, ’THE TRUNCA TED VALUES ARE ’)
WP LTE (6,i0) SIGMAI, SIGMAZ,SIGMA3 ,SIGMA4,SIGMA5 ,!IGMAÔ ,SIGMA7, pHI

C
C CALCULA TION OF THE,FREQ U ENCY RESPONCE WIT H WAV E DIGITAL
C PARAMETE RS OF FINI E PRE C ESI O N

CALL FIL ER (UP,$IG MA L,510 ’42 ,SIGMA3,S IGMA4 ,$ IGMA5,S IGM46 ,SIG MA7 , pH
*1 ,D4T42,OM3 AC ,DLTAT )

C
C CALC ULAT ION CF ROOT MEAN SQUARE ERROR

ER =0.000
00 213 KK I,98
ER=t R+(DAT A ( KK ,2 )— DATA Z ( KK ,2 11* * 2

2 13 C ONT INU E
ER=ER/98.000
E RaOSQR T ( ER)

C
SIGMAI: A
S IGMA2xB
S 1GM A 3SC
S IGMA4:0
SIGMA5 =E
S IG1A 6— P
S IGMA7 G
PH I H

C
RE~URN
END

-,

C
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TRUPIC

FUNCT ION TRUNC (VALUE ,NOBT$)

F UNCTION TRUNC CONVERTS THE VALUE INIC BI N OM IAL FL3ATLNG
C P1IIT 4~~1 THMATI C AND THEN TR UN ATE S THE VALUE IC ~HE DESIRED
C ‘40. OF P ITS A ND ‘lIEN CO NVE RT S BACK THE VAL UE I’ ITD DECIMAL

F I X ED PO INT A P I T H M A T Z C
C MAX . NO. OF ~ IT$(N 08IS) ~UST NOT EXCEED 30
C A ND THE ABSOL L’~ E VAL U E OF ‘VA LJ E’ MUST 9E LESS THAN 1.009
C A ’~Q THE ABSOLUTE VALUE OF ‘VALUE ’  MUST RE GREATE R THAN 1.00—15
C
C

IM PLIC IT RE AL~ B (A— H ,O—Z )
Dl~4 ENSI~ N MLtPL (3 0 1
DIM ENSIO N ML~~(3O)

A O~ B SC V~ LUE
JJ:3
II- (A.LE .1.OD—IS) TRUNC O.000
I r ( 4 . L E . 1 . 0 D — 1 5 )  RETU RN
0 c[~~~= VALuc/oADs (VALu E)
L F L A . E.1.000J 33 10 1
Fr~ A C I A
C =D. 000

C T hE MAGNITUDE OF A IS GREAT ER 111A M 1
C

CO TO 20
P-1 =A
B=N
PR AC 1*4—B
‘10 MT 20
J J L

2 CONTiNUE
4= N
IF(M.EC.O) GO TO 58
4 MI 2
MM = W— 2 * NLF(MM. EQ.0) GO TO 23
H3’IT:MONT + 1
ML T (P4CNT I= I
OC T 0 2

23 ‘IONT= ’4ONT # Z
NLT ( N CMT )=3
~O 10 2

88 CO NT INUE
Lf ( NOBT S.LEJIONT ) ~~ 68

4~~IT SaMOBTS—N0 P- 1T
CC ro 20

68 NP=4ON T—MO BTS* 1
C = 3.000
DC 16 I =NP , N ~~V
C=C*MLT (I )*2**(I*1)

Lb CCN ~~INU E
T~ L 4CzC”OSiGNRITJR N

20 CGN’ 1MUE
DC b I=1,N8ITS
~~ A CT =~~P -~CT*2IF (F~~

4CT.CE.1.ODO 1 GO TI 7
ML T P L( I ia O
IFIIJJ+MLI’L ( Ifl.E0.01 N~UTSst48IT S+ L
~,O TQ 6

7 CONTINUE
FR ACT =F~AC T—1 .000MLIPL (I) *1

6 CONT INUE
DO B Ia I,NBITS -

~~ ~~,

R M 4NT .RMANT +MLTPL (I)*2.ODO** (_I)
8 CCNTINUE

TRUNC .OSIGN* (C*RMANT)
RETURN
END

(
~
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*B - Cou~ uter Program No. 6. Program to calculate the rms error due
to tnzication in the number of bits of
complex wave digital filter multiplier
coefficients.

C **** FREQUEN CY RESPONCE ****C
C ROOT MEAN S Q UARE ERROR DUE TO TRUNCATION IN NO. CF BITS *****C FOR COMPLEX WAV E DIGI~~AL FILTER
C

IMPLICIT PFA L*8 ( A—li 0—i.)
DIME NSION )A 4(210,3i
0IP~~NS IUN DAT A 3 (2 10,3)

C **********~5Q9 CHEBECHEV LOW— PASS FILTER WITH PSZI..0 ********C COMPONENT VALUE S
C INDUC T ANCE AND CA °AC ITAM CE VA LUES IN HENRIES AND FA RADS
C HORMAL IZ ED TO CRITICAL FREQUENCY O F 1 RAD / S E~ AT 3 OB POINT
C W ITI RL=1

RS=t. 000
AL1a 1. 7896~~O
C2=1. .296100
A L3=2 .71 7700
C4z l.384800
AL5S2 .71 7700
C 6=1. 296100
4L7= 1 .789600
R L4 .000
W R ITE(6,j 81 RL,RS

18 FO~ ’4 AT ( j0X , ’ RLa~~.F6.4, 5X , ’RS ’,F6.4 ,/)
WRITE (6,221 ALL,C2,4L3,C4,4L5,Cb,AL7

22 FIDP IAT(5x ‘LL= ’,E12.5,3X C2a’,E1.2.5,f L3z’,E12.5,3X ,~ C4=~~,Ej2.5,3X1,’L5x 1 ,ELL5,3X,’Cb=’ ,E t ~~.5,3X, ’L7= ’,E12.5,//)

F ILT E~ SCALE FACTOR IS COEF
CCEF= (RL+ RSI/RL
WR ITE (6 37) COE F

37 FORMA T(JX ,ØTHE FILTER SCALE FACTOR IS....’,E12.5,/F)

SPECIFY THE CUT OFF FREQUENCY IN RAC/SEC.
OMGAC=I.000

C
C SA M°LING PERIOD IS OL TAT

~
)LTA ’~~1.0D0

C FRE QUENCY SCALI NG WITH PREWAR PING AS hELL AS TAKING INTC ACOUNT
C ‘liE EFFECT OF SAMPL ING TINE IS SCALE

SCA LE=1.DDO /DTAN(DMGAC*OLTAT/21
ALL=ALI*S ALE
C2=C2*S CAL E
A L 3 A  L3* SCALE
C4 C4* SCA LE
AL5 A L5 *SCALE
C 6aC 6*SCA LE
A L7=A L7*SCALE

C CALC ULATI ON TO FIND THE TERMINATING RESISTANCE CF EACH ELEMENT
C AMO COMPLEX WAV E DIGITA L FILTER MULTIPLIER COEFFICIENTS
C WI TH P-JQ DELAY FREE PAT H ON PORT T43

R1 RS
R2— ( R1*ALI) /(1.030+C2* (Rt+AU II
Rja(R2 +A~ 3)/( 1.030+ 4* (R2+AL3 ))
R..=(R3*A1.5)/ (l.000+C6*(R3+AL511
R 5 q  4+4L7
BETA II= (2*R 1.AL L.R1*R 1*C 2~AL1*ALL*C21/( (R1*AL1)* (1.0D0+R1*C2+&L1*C

*2 ) 1
G AMA LL P.1/( (Rt +ALL)* (1.000+RI*C2+ 4L1*C2))

CA .1Al2_ (~~1*R1*C 2_AL 1_AL t*AL 1.*C2)/((R1+AL1)*(1.OD0+R1*C2+AU*C2))
BETAI 3aI .300/(1. .000+R1’C2+AL 1*C21
S~~TA1 4:R1 ICR1+AL I)BE’l~2L= (2*~ 2+4L3sR2*R2*C4_AL3*AL3*C4)/((R24AL3)*(1.000+R2*C4+AL3*C*4 ) )
~ 4M~ 2 1a R2/ (( R2+AL3)*( 1.000+S2*C 4+4L3*C41)
.5ET422 .(R2* R2*C4+2*c2*A L3 1C4_4L3+AL3*AL 3*C4 )/ ( ( R2+AL3 I*( 1.000+R2*C

*Subroutine Graphx is given in Computer Program No. 1 of Appendix 1
and F~.u~ction TrInIc is given in Computer Program No. 5.

204

~1US ~AtJi~. 

---~~~~--—- - - - .

~~~~~~~~~~~~~~~~~~~ 1~~~~ S~~~~~~~~ L ~~~~F~~~~~~~~- ~~~~~~~~~~~~~~~~~~~~~
----~~~~~

- --- — -
~~~ ~~~~~~~



*4+413*C4))
GA MA 22 (R2* R2*C4_AL3_A L3*AL 3*C41/ C (R2 .AL3)’~

( i.0C0+~ 2~ C4+A L3~ C431

t BET3i23 1.000/( 1.000+R2*C4+AL.3*C4)
8ETA24 R2/(R2+AL3 )
BETA31Z(2*R3+AL5.R3*R 3*C6_4L5*A L5*C61/((R3+AL5)*(1.000+R 3*C6+AL5*C
*611

CA MA3 I R3/( ( R3+4L5 ) * ( L .O DO .R3*C6+4 15*C6))
SETA 32 (R3*R3*C61.2*R3*AL5*C6_AL5+ 4L.5*415*C6)/( (R3+AL5I*(1.0 00+R3*C

*o+AL 5 ~C6 ) )
GAMA 32 (R3*R3*C6_4L5_4L5*4L5*C6 i/((R3+*L5)*(1.000+R 3*C6+4L5*C6))
BETA 33 1. 00 0/C 1.000-PR3*C 6+4L5*C6)
9ET4342R3/1R3+AL5 )
SIGM 4LZR4/R 5
PHI (RL—S5) IC RL+R5)

C
- WRITE (6142142 FORN A T(,X ,’ THE COMPLE X WA VE DIG ITAL FILTER MULTI DLIER COEFFICIENTS

* ARE...’ ,F/ )
C

W R IT E(6,68 1 BETAI1,GAMA I1,B ET41 2 ,GAMAIZ L BETAI 3 ,BETA L4
88 FO RlAT ( 1X,~~BETA L1= l ,E12.5,1X ,~~GA M A 1l= .,~ j2.5, 1X ,~ BETA12 ’1

E 12.5, 1X
*,IGAMA12= ’,E12.S,1X, ’BETA 13= I ,EI2.5,1x,lB j~~A 1 4=I ,E12.5,//b’IRLIE (6,89) 8ET421, W4A21,BET~ 22,GA MA22,BET&23,3E 42489 FCR :MAT (Lx, l 8ET421=P ,EL2.5,lX, 1

~~a 1A2L=l ,E12.5,lX ,~ ~TA22=
1
j
E12.5#1X

*,~~GAMA22=
V ,E12.5,1X,lRET 423=I ,EI2.5,LX,IBt 4j4 S , 2.5,/I

4RPE (ó,90) BET A3I, (4MA31, PE1A32,04MA32,3E7A33,BE 34
90 FJS’4A1(LX,’ BET),31=~ ,E12.5,IX,~ G44A 31=~ ,E12.5,1X ,s !tTA32= ’,E12.5,LX

*,‘G~ 4%32 ’ E12.5,IX, ’BETA33= ’,E L2.5,Lx,t3 !I434=$ ,E12.5,/F)
WRITE (6 ,913 SIGM4L, DHI

91 FQRMAT (5X,’SI,M4t= ’,EL2.5,5X, t PHI=l ,~~~ .5,F,)C
C INPUT IN TIME DOMAIN IS AS

A 51 . 000
U PA S  *COEF

C
C CALCULATION CF THE FREQUENCY RESPONCE CF THE
C FILTER WITH PRACT ICALLY INFINITE PRECESI3N
C IN ORDER TO SET 11E REFFERENC E DATA
C

CALL FILT ER (U
~~,3ETA11 A GA ’4Aj 1  SETA1 2 ,GA MA I2, BETA 13, R ETA1 4 ,BETA 2 I .1GA

*ML21,BE 422,G4M422 3E;A23,BEf AZ4,3ETA3L,GAM A3I,PET432,GAMA3Z,BEIA3
*3, BETA 34, SIGM4I,Plif ,DATA,QMGAC ,DLTAT)

C
DC 220 JJ=1,20
NOBTS JJ
CALCULATI ON OF THE ERROR U’! TIlE FREQU ENCY DOMA IN DUE

C TI QUANTIZ~ITIOM CF THE WAVE DIGITAL FILTER PA~ A ME’TERS TO THE
C ~EOUIRED ND. OF BITSC

CALL FILERR (UP ,BETA11,~ AMA 11,3ETAL2,GAMAL2,BETA1 3,BETA1 4,BETA21,GA
*MA21 ,3ETA22,GAM 422,BE’A23,~~ET424,BET431,~ 44431,BET432,GAM432,BETA3*3,eETA34,SICM41,pMj,3ATA ,~ OBT5,ER,3MGAC,3LT 4T)C

C 3~JTp~~ DAT A SET U°
DATA3 (JJ,11 .JJ
OA TA3 (JJ,2IzER
34T43 (JJ ,31 0.000

C
CONT INUE

C PLOT OF THE R.M.S. ERRO R DUE T’3 QIJAMTI ZATIDN IN THE NO CF
C BITS OF ~44V E DIGITAL FILTER PARAMETERS VERSUS THE NO. OF BITS
C

MR ITE( 6,54)
54 FDRMAT (’1’1

WRI T E (6,55)
55 t-ORIA T(20X,’NO. OF BITS’ ,ISX, ’MEAN SQUAR ERROR’ ,F)

9RLT E(6,201 ((DATA3 (N,M ),Aa1,31,N*1,20)
CALL GRAPHX (DA TA3,20,4HNBIT ,4HMSERI

20 FOR’IAT (ZOX,ELZ.5 ,IOX,E12.5 ,1OX,E12.5~
STOP
END

C
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F ILTER
SLBR O UTINE FILT ER( UP,BE~ A11. GA M AL L BETAL 2 GA M AI2 BETA I3 BETA 14 BET

1 ETA 22,3 AMA 2Z , REf 423 , BEf A~ 4,8E!A3I ,GA~ A3 L ,BE~ A32 ,GAIIA3Z
* ,BETA33,8ErA34,SIGM4I., PH!, DAT A,’OM CA C ,DL.TAT)

SU5~1UT INE FILTER TAKES THE V A L UE OF TIlE INPUT IN TIlE TIME
C DOMAI N AND PLOTS THE MAGN ITUDE VE°S. FREQUENCY CURV E
C JF THE COMP LE X ~A~E D iGITAL FILTER
C 

IMPLICIT REAL*e (A—H,C )— Z 1
COMPLEX*16 H2,W 1 1. -
D1~’ENS 13N DA’~A (2I3,3) ,OT( 210,3)

F~~EQU ENC Y RANGE IS CHOSEN TO BE TWICE THE CRITICAL FREQUENCY
C FREQUEN CY INC~~EME’4T

DLTAW OMGAC /50.00

INITIA L VALUES IN THE FR EQU ENCY DOMAiN
W=O. ODO

C ITTE QAT ION IN THE FREQUENCY DOMAIN

30 1.10 J=1,98

iNITIAL VALUcS IN TIME DOMAIN
C 

H2=DC MPLX (0.000,O.ODO)
TT O.000
X i  1=0.000
X12 0.000
X13=0.000
Xl. 4.0. CD 0
X15=O .000
Xl 6* 0. 000
X 17= 0 .000
Xl 8 =0 .300
X 21 = 0 • 000
X 2 2 0. 000
X 2 3 0 .300
X24—O. 000
X25 a 0 .ODO
X26 0.0 00
X27a0.000
X28 0.000
X3 1 0.000
X .,2=0.000
X..~,3=O .000X34=O. 000
X3f 0.CDO
X3ba0 .000
X3 7*0. 000
X.38=0 .000
X4 1 0.000
X4 2*0.000
X4 3 0 .000
X44~0.000
Al. 1U P
ITTERATIO N IN THE T IME DOMAIN

C ———— 
DC 100 1*1,500
812=8ET413*(A 11e2*X 11+X12)+BETAI2*X 13+GAMAI2*X I4 BETA II*X17_ GAMAIL
A 2L~ 8L2
B 22.8ET423* (A2L-s 2*X21,X22 )+BETAZ2*X23 ,GAMA22 *X24 . BETA2I *X27_GAMA2I

43 1 822
332zB~~tA33* (A31-i.2*X31 +X32 )+8E-r43z*X33PGaM432*X34-sE7A3l*X37~ GANA3z

441a832
B 42A  41+X41~~X42+SI3M41* (X42~ X44 1
44 21 B42*DHI
34 1=A4 1+SIGM41* ( A42—A41 +X42—X43 )

t~~~~~~~A34* (A3 2 +2 *X33+X34 )_ BET432*X 3F G4 M432*A 3 1—BETA 3 1*X35_GAMR3l

I
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a. x36
C

UPDATED VALUE S

422—831.
B 2 1=BETA24*( A 22+2*X23+X24 )—BETA 22*X2l_GAM4 22 *~2 1._BETA2I*X25 GAMA2 X

412*821
alL=a~ fA14* ( A 12+2*X 13+X14) BETA 12*XLj_ 3A MA 1Z*A1 L_ BE- rAlI*X 15— GAMA1 1

**X 16
C UP DATED EQUATI ONS

X L2 XL I
* 11 A 11
XI4 XI3
X 13—4 12
X16 X15
X lSz B t
Xl 5* Xl
X 17 812
X22 X
*2114
X24 X23
X231A22
X26 X25
*25*82
*28 X 2
X ~7 B22
X3 2*X31.
X 3 laA 31
X3 4.X33
X331 432
*3 6 X  35
X 3 5= B 3 1.
X38 X 3 7
X3 7=832
X 41 A 41.
X 42 A  42
X 43 B41.
*44=842
A 1110 .000
W T W* TT
W IaOC MPLX ( 0.000,—bIT)
Z=CDEXP (WI)
H 2 *142 +842 * zTT =TT +OLTAT

C
100 CONTINUE

DB CDA8SI H2)*(1.030+PHI)/2

C ARRANGIGNG THE CUTDUT DATA
D A T A C  J, l ) W
DA IA (J,21*DB
OATA ( .1,31 0.000

E ARRANGING ~ HE DA~ A FOR PLOT SUBROUTINE
DT(J,l1 =04141 .1,1)
DT(J ,2 1=DATA (  1,2
DT (J ,3)SOATA (J,3

W W+D LI A W
110 C ONTINUE

C
C WRIT ING AND PLOTING THE FREQUENCY RESP0MCE

WRI E(6 ,541
54 FOR ’44 T ( ’ l ’ )

WQITE (6 55)
55 Fc 4 A T L~~OX ,’FRE0’ ,2 1X , ”~’JTD .JT NO 1’ ,IOX, ’OUTPUT NO 2’)

WPITE (6,20) ((DATA (N,M),M*1,33.,NsL,98)
CALL. GRAPHX (QT , 9$ ,4HFREQ , 4HMAuN)

20 FOSMAT (20X,E12.5 ,LOX,E 12.5 ,LOX,E12.51 -

R ETURN
END

,~~

C
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FILERR
SUBROUTiNE F1LERP(U0 ,BE~ A l l  GAMAII  BE’412 GAMA 12 ,~~ETA l3 BETAI4 ,8E1
**21,G AMA21,BETA221G4MA22,BEfA23,8EfA24,8E~ A31,GAMA 31,8Ef 432,G4MA32
*,BETA33,8E1A34,SL,M4),DifI ,OATA ,NOBTS,ER,OMGAC ,DLTAT )

SUBROUTINE FILERR TAKES THE ROOT MEAN SQUARE VALUE OF THE ERROR
C BET-IEEN UNTRUNCATED AND TRUNCATED VALUE OF THE CUT PUT IN THE
C FRE 3UENCY DO?$AIN AND ALSC PL3T~ THE FINITE P°ECESION
C FREQUENC Y RESPONCE
C 

IMPLICiT R EA L *8 (A—H, O--Z )
0IM ~ NSIOF4 DATA 2 (Z10 , 3 )
DIMENS ION D A TA (2 J . O ,3 )
WRITE (6,541

54 PORMAT(’1’1
W R I T E (6 , 2 1 )

21 FORMAT ( IOX ‘THE UNTRUNCATED VAL UES ARE ’ )
WPITE (6,$SS BETAII,GAMA II,BETAI2,GAMAI2,B ETA L3,BE TA I4

88 FORMAT (lx ,I aETALI= ’,E12.5,lx, ’GAMA1I= ’,E12.5,1X ,’RETAX2= ’ E12.5,IX
*, ‘GAMAI2= ’ E12.5 IX ‘BET~.l3.’,E12.5,1.X 1BETA 1 4= ’ Et2.5,//S
~IRLT E (6,89~ BET Ali, ~AM A2L,BET422,GAMA2~ ,RETA Z3,8~ TA2 4

89 FDR4AT (1X , BETA21 1 ,E12.5,IX, IGAMA21 ’,E12.5,1X,’BETA22*’,E12.5,LX
E12. 5, lx, 1BE TA2.~z ‘,E L~. 5, iX, ‘B ETA j 4= ’ ,El2.5

WRITE(6 ,90) BET A 31,GAMA3~~,BET A32,~,AM A3Z,BETA33,EET434
90 FOR1AT (LX,’BETA 3I= ’,E12.5,IX,’G4M431 ’,E12.5 LX, ’RETA32—’ E12.5,1X

*,IGA M432= 1,E12.5,IX,1BET 4331I1 ,E12.5,1~~,’BETA~~4 ’ ,E12.5,//fW RI’ E(6 , 9 1)  SIuM4 1,PHI
FOR 4AT (5X ,’SIGM 41.=’,E12.5,5X,’PHI~~’,E12.5,l/)

AA I BETA 11
A A2.GAMALI. -
AA3 B €1412
AA 4 GA M AI2
445 8E1413
AA6 BET 414
861*8 ETA2 1
8R2*GAMA2I
863 8 El 422
5F 4=G4M422
885=a ETA23
BB6*BETA24
CC 1*8 €1431
CC2 GAMA31
CC 3 BETA3Z -

CC 4=G AMA 3;~CC5 BETA33 
-

CC6*6ET434
001* 5 IGM41
H PH!

C
WR ITE(6,33) I’IOBTS

33 FORMA ICLOX, ’ ‘90 OF BITS = 1 ,12,/)

E PERFORMING THE TRUNCATION PROCESS 10 REQUIRED ~O. OF BITS ,C ‘ NCBTS ’8E141 I TRUNC( 441 ,MDBTS)
GAM~U 1*IRUIMC( 4A 2, NOBTS )
BE1AL 2~~ RUNC ( 443,90815)
GAMA L2ZTRUNC( 444,NOBTS)
B ETA 13 TRUMC (A A 5,NO ST 5)
BETAI 4.TRLJMC (AA6,’9OBTSJ 

-

BETA2IzTRUNC ( B81,NOBTSI
GAMA2L ZTRUMC (8B2, NOBTS)
BET422 TRUNC ( 883,NOBTSI
GA’IA 22 TRUNC (B 4,N)BTSI
BET 423 rP.UNC ( B65,IOBTS )
BETA 2 4 TRUNC ( BFb ,NOBTS)
3E1A31 *t~ J ~1 C ( C C  1,93815)
~,AM431*TR UNC(CC2 ,N39TS)
BE1’A32—TRUNC (0C3,NOBTSI
GA ’432*IRUMC(CC4,NOBTS) ~_~S ~~SETA33aTRUSN C (CC5,NoaTS)
BE1A34 1P.UMC (CC6,NOBTSI

S
c
~ ~:P~
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(I
SIG44ISTRUNC (3D 1,NOBTS)
PHIsTRU’9ClIl,’lDBTS )
W ° ITE (6,221

22 FORAAT (10X, ’THE QUNCATEO VA UES ARE’ )
MRITE(o,B81 BE~~A lL , MA11,8E~ A [2,lAMAl2,BETAL 3,BET414
WR I1E(~~,39) BE 421,jA’421,8ET422,,4MA22,BETAZ3,pE1424
MR ITE(6,90) BEIA3L,c~A MA3l.,BETA32,GAMA32,BETA33,8ETA34WRLTE(6,91) ~IGM41,DHI

CALCULAT ION OF THE FREQUENCY RESPONCE WITH WAVE DIGI TAL
C PARAMETERS OF FINITE PRECES IOt’1

CA LL FZLTER (UP,BETAI1 LGA MALI,3ET412,64M412,BETAI3 8ETAI4,8ETA21 GA*MA2l . ,eET 42z ,GAM A2 2 ,EE ,A23 ,9E T A2 4 ,B€ TA31 ,GAMA 3 1,sE +4 3z ,GAMA32,aEj ~A3
*3,8ET434,SIGM4’ ,PHI,QA A2,Ot4GAC,DLT AT J

C CALCULATION OF ROOT ‘l EAN SQUARE ERROREP *3~ COO00 413 KK I,98
ERa E R+ ( OA T ACI ( K,2)— DA IA2 ( KIc ,21  1**2

213 CON T INU E
ER— ER /98.00 0
E~ =)SQRT(ER )C 
8E1411 441
~ A M A1 LaAA2
BETA 12aAA3
GA r ~A 12=AA4
8 ETA 13=445
3ET4 14 A46
BET A34*CC6
BET&2 1=851
GAM421 882
BETA22 883
GAMA 22 8B4
BE~ A2 3—B8 5
SETA2 4 886
BETA33—CC5
GA~ A32*C 4
BE 143 2—CC3
GA MA 3 1—C C 2
B€’431 CC 1
S 1G14 1—OOt

RE TUR N
ENO

4 - - -
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*C - Conputer Pro_gram No. 7. Program to calculate the rms error due to
truncation in the number of bits of reduced
parameter complex wave digital filtert multiplier coefficients.

C **** FREQuE~iCY RES pONC E **.*- C
ROOT MEAN SQUARE ERROR DUE TO TRUNCATION IN NO. CF BITS *****FOR REDUCED PARAMETER COMPLEX W A V E DIGITAL FILT ER

C
C

IMPLICIT DEAL.*8 (4—H ~3—~~)DLM çN S ZQ N  )ATA(213 3
DI’4~NS I3N DATA3 (2L6,~~)

C **********,5DB C5IEBECHEV LOW—PASS FILTER WITH PS-l.Q ********C0M~ONE’-IT VALUESINDUC TANCE AND CAPACITANC E VAL~JES IN HENRIES AND FARADS
C NO RMALIZED TO CRITICAL FREQUENCY OF 1 RA0/SE~ 41 3 08 POI NTC WITH RLSL
C - -

P5=1.000 -

A LI*1e789600
C 2—1. 296100
A L3ZZ .717700 - -

C 4=1. 384800
A L 5*2 • 71770 0
C 6 1  .2961 00
A&. 7= 1. 789600
RL’1,~.0D0WRI,E (6,183 RL,RS

18 FOR MAT I LOX,’ RL= ’ ,F6.4,5x,’RSa’,F6.4,~~)MR ITE (5, 221 ALI,C2,4L3,C 4,AL5,C6,4L7
22 FORMA i(5X,lL1= 1 ,EtZ.5,3X,C2.11 ,E1Z.5,lL3= 1,E12.5,3X,~ C4a

I ,El.2.5,3X

E FILTER SCAL E FACTOR IS COEF
COEF=(~~L+RS) /RLWR ITE(6,37) OEF

37 FORM AT I7X ,’THE FILTER SCALE FACTOR IS....’,E12.5,/~~)C
C SPEC IFY THE CUT OFF FREQUENCY IN RAD/SEC.

ONG AC 1.000
C
C SAMPL ING PERIOD IS DLTAT

DL TAT*1..000
C
C FREQUENCY SCAL ING W IT h PREWAR ~~iNG AS WELL AS TAKING INTO ACOUNT
C THE EFFECT OF SAMPLING Ti ME IS SCALE

SCALE — 1 .ODO/DTAN (OM GAC *DLTAT /2)
4L1*AL I*SCALE
C2*CZ*SCALE
A L3ZA L3*S ALE
C’, C4~ SCALE
ALSaA L5*SCALE
C6aC6*SCALE
AL7 AL7*SCALE -

CALCULATIO N TO FIN D THE TER’lINATU9G RESIST&NC~ CF EACH ELEMENT
C AND REDUCED PAR AMETER COMPLEX W A V E O1G ITAL FLIER COEFFICIENTS
C W ITH NO DELAY FREE PATH ON PORT TWO
C ———— ———— —— ——— ———— — —    — 

R i  S
ALFU AL1/ (R1+AL1J
BETAI 1 .000/(L.000,Rt$C2+ALL*C21
R 22AL 1* BETA 1/A LFAL
ALFA 2 4L3/ C R2+AL3)
~~~~~~~~~~~~~~~ .003+R2*C4 +AL3*C4)
P .3 AL 3*8 ETA 2/4LF42
ALFA 3 ALS/ CR3 +4L5)
8E143 1.003/(L .000.R3 *Cb +ALS*C6)
P 4stL5*~ ETA 3/ALFA3R 5=R4,4L7
SIGM4L R4/R5 -

PH !a ( R L — R 5 ) / ( R L . +R5) -

WRIIEj .6 421
42 F0RMA ,(~~X ,’THE REDUCED PARAM E TER COMPLEX WAVE DIGI TAL FILTER COEFF

*Subroutine Graphx is given in Computer Program No. 1 Appendix 1
and Pwiction Tr.~ic is given in Computer Program No. 5.
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(
* IC IENTS ARE... ’ ,// )

C
WRITE (6,88) ALFAL,8E141,ALFA2,8E742,ALFA3,BETA3

88 F~~~’44T (LX,’ AL FA 1= ’,ElZ.S,IX,’BE TAI z’,E12.5,LX ,I ALFA2 — ‘,E12.5,IXz , ’ B ETA Z = ‘ ,E12.5, 1X , ’ALF A 3 ‘ , E i 2 .5 , LX , ’ 9 E T 4 3  ‘ ,E l 2. 5, / /j
WRITE(62911 SIGN4I ,PHI

91 FOR ,AT(,X,’SIGM 41*’,E12.5,5X,’PHI* ’,E12.5,//)

INPUT IN TIME DCMAI N IS AS
4S 1.000
U P-AS *COEF
CALCUL’SI!IOM OF THE FREQUENCY RESPONCE OP THE

C FILTE R W I H  PRAC TiCALLY PFZ’~,IITE DRECESIONC IN OROER TO SET THE REFFERENCE DATA
C

CML &. FIL’ER ‘UP, ALFA 1, $ETA 1,AL FA2 ,BETA2 ,ALFA3,8 E143, SIGM4 I ,PHI ,DATA
*, ONGAC ,DLTAT)

C -

00 223 JJ 1 ,20
NOSTSSJJ -

C CALCULAT ION OF THE E°ROQ IN THE FREQUENC Y DOMAIN DUE
TO ~UANT IZATI 3 N OF THE W A VE DIGITAL FILTER PARA METERS TO THE

C R EQ(J LRED NO. OF BITS
C

CALL FILERR(UP~ ALFAl,BETAL ,ALFA2,BET A2 ,ALFA3,BETA3,SIGM41,PHI,0ATA
*,N03T5,ER,OMGA . .OLTAT)

OUTPUT DAT A SET UP
DATA 3(JJ ,  L )aJJ
DAT A3 (JJ ,2 ) ER
OAT A 3IJJ,31*O.000 -

~22O CONT INUE

PLOT OF THE R.M.S. ERROR DUE TO OUA NTIZATIDN IN THE NO OF
C B iTS OF WAVE DIGITAL FILTER PARAM ETERS VERSUS THE NO. OF BITS
C

WR ZTE(6.541
54 FORMATI’I’)

11€ (6 ,551
55 F-~R4A? (2OX, sNr1 . OF BITS’ ,15X,’MEAN SQUAR ERROR ’,!)

WRI~~E(ó,20) t (DATA3 (N,
M),M~ L,3j,N t,20I

CALL GRA PHX(CATA3,20,4HNBIT ,4HMSER)
20 FORMAT (20X ,EL2.5 ,IOX,E12.5 ,IOX,E12.5)

C
STOP
END -

j~o%

(
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FILTE R

SUBRO~JrIP9E FILT ER (‘JO, ALF4l,BETAL,ALFA2,8ETA2,ALFA3,BETA3,SLG~ 41.pH* 1 ,DATA ,OMGAC,DLTAT )

C SURROUTINE FIL1E~ TA KES THE VALLE OF THE INPUT IN THE TIME
C DOMAIN AND PLOTS THE MAGN ITUDE VERS. FREQUENCY CURVE
C OF THE REDJCED PARAMETER COMPLE X WAVE DIGITAL FILTER
C 

iM PLICIT REAL*8 (A—H,O—Z )
COM3LEX*1 6 H2,W1 Z
DIMENSiON )4TA (2~D,3) ,DT(210,3)

FRE QUENCY RAN GE IS CHOSEN TO BE TWICE THE CRITICAL FREQUENC Y
C FREQU ENCY INCREMENT

OLTAW OIG4C /50.D0

IN ITIAL VALUE S IN THE FREQUENCY DOMAIN
W 1O.000
P P E MU LT !PL ZCAT I ONS
GA 1=2*4 IF Al
GA MA Z*2*ALFA2
t,AMA3 Z*A LF A3
THETA IaALFA 1*BETA L
THET A 2=ALF A 2*8E142
Th E A3~.ALFA3* BE1A3
ITT ERAIZON I’l THE FREQUENC Y DOMAiN

C 
00 110 JaI,98
INITIAL VAL UES ZN TIME DOMAIN

C 
H2 tOCMPLX(O.000,O.300 1
TT=0. 000
X 110.000
X 12 0.ODO
X1 3 0.000
X 1410 .ODO
X 15 0 .  000
X 16 0.000
X 17=0 .000
X 1310 • 000
X 21 0.000
X~~2=O .000
X 2 3* 0. 000
A 241 0.000
X 2 5*O.000
X2 6=0. 000
X21 0.00O
X28=O .000
X 3 1—0 . 000
X 3220.000
X 33*0 • 000
X34s0. 000
X~~5=O.0DO
X36=Q . 000
X37a0.000
X38s0.000
X 4 1 0  • aDO
X42=O.000
X43*O.000
X44a0 .000
All—U P

ITTERATION IN THE TIME DOMAIN

DO 100 1—1,500 
—

B 12 X 13+X14—X1 7+G4’lA 1*( X 17—X14) .BETA1*IAIL*2*X1 1+X12—X13 X14—X17—X
*L 81.T hETAI* (X18_X 13_X I7+X 141

42L 8 12
B~~2=X23+X24—X27+GAM42* (X27~X24) .BETA2*(A2l+4*X21,X22—X23 X24—X27—X

*2$J,T  HETA2~ L X2$~~X23 — X27 iX 24 1
431*822

~ 
(
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B32=X 33+ X34 — X37+G AM A 3a(X37 — X34 )# BET A 3* (A 3 1 i .2 *X 3 1+X32 —X33 —X34 —X37 —X
*33 1+THETA 3*(X38—X33— X31+X34)
£4 laB 32
842—A 41 +X41—X42+SI M4 1*( X 4 2— X44 )
A42 842 *PH I
841 A41+SIGM41* (A42—A41+X42—X43 3
A 32a8 41
B3 1=A32—A 31—X 31+2 *X33 .X34-X35+ALF43* (2* (A31~~X33+X35)—A32—X34) +BETA*3*(4314.X31.X35_X36)+THErA3* (X31 _431..X35.X3SJ
A ~2= B 3132 1zA22 _A2 1_X 21 +2*~C 23+X24—X 25+ALF4 2*f  2*C A 2 1—x23+X25 1— A 22— X24 )  +BETA

*2* (A21+X21~ X25_X26)4.THETA2* (X21_A2L_X25fX26)
A 12 821
b 11*A 12—A L1—X 1L+2*X 13+X 1’ , .~X 15+A LFA 1* (2 * tA l1 .X 13+X 15)— A L2—X 14 1+BETA
*l*(.~1L+Xj1_ X15_ XI5)+THETA 1*( X11—AIj—X15*X16)

E UPDATED EQUATIONS
Xl 2 X11
X Ll= A 11
X 14 X 13
X 1 3 A  12
X 16 X 15
X iS =811
Xl 8 X  17
X 17 812
X22 X21
X 21*421
X 24=X23
X 23 A22
X2 6 X25
X~~5=821X2 8 X27
X 27* B 22
X 32 X31
X31aA31
X34 1X33
X33 4 32
X 3 6 X  35
X35—B 31
X 38= X 37
X 3 7 832
X41*A41
X4 2 A 42
X43 B4
X 44a8 4

C 
41 1*0.000
w r t4* TT
W i — DC MPLX( 0.000,— WI)
Z — C O E X P (W L 1
H 2 tC2+842*
IT —TI -‘OLT A

100 CONTI NUE
DB=CDABS ( H2)*( l..000.PHT)/2

ARRANG IGN G THE OUTPUT DATA
OAT 4 (J,L1—W
~1ATA ( J,21a3B
DATA(J ,3)=O.000

C ARQANG1NG THE DATA FOR PLOT SUBROUTINE
13=DA TA ( J, 1)

DT(J,2) DA iA(J,2
0’ (J,31*OATA (J,3

wzw .O 114W
C’t° 

CONTI NUE

C WRITING AND PLaTING THE FREQUENCY RESPONCE
W RL T E (6,541

54 FO R M A T ( ’ I ’
UP LTE(6,55

55 FO RM 4T (2OX ,1FRE0~ ,2LX,
.ruJT#UT NO I’ ,IOX, ’OUTPUT NO 2’)

wRITE (a,201 C ( DATA C N, MI, M 1,31,IN.1,981
C ALL G~ APMX (DT,58,4HFREQ 4HMAGN )FCRMAT (20X,Ej2.5 ,LOX,ELL5 ,LOX,E12.5)

RETURN( END

213
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FILERR

SU8~ROUT [NE FZLE RR (UP,ALFAI,BETAL ,ALFA2,8E142,ALFA 3,BETA3,SIGM4I, pH
*1, D5TA ,~4O BTS, ER ,OMG A C ,OLTAT )

C
C SUBR O UTINE FILE RR T A KES THE ROOT MEAN SQUARE VALU E OF THE ERRORB ETWEE N UNTRUNCA T ED A ND T RUNCAT ED VALUE 3F THE OUT PUT IN THE

FREQUENCY DOMAIN AND ALSO PLOTS THE FINITE PRECESION
C FREOUEMCY ~.ESPONCEC

IMPLICIT PEAL *8 (A—H ,O—Z)
0IMEN~ ION 04T42(2l0,31
DI~ Er ~S ION )A T A (2 i 3 , 3)

C
WRITE (6,54)

54 FOPMAT( ’l’)
WRITE (6,211

21 FORMAT(lOx,’ThE UNTRUNCATED VALUES ARE ’)
W~~I’~~(6,88) ALFal ,~~ETA1 , ALFA 2,RETA 2 ,ALFA 3,BETA388 FORMA T (LX, ’ ALFA1= ’,El2.5,IX, ’SETAL ‘,Ei2.5,IX,’ALFA2 — ‘,E12.5,1x
*,‘BE A2 *‘,E12.5,1X, ’A LFA 3 =‘,E12.5,IX,’BETA3 ‘,E12.5,I/)
WR ITE (6,911 SIGM4L, DHI

91 FOR IAT(5X,’SIGM A L ’  ,E12.5,5X,’PlCI= ’,E 12•5,//)
C

AA L—AL FA L
442= B ETA 1
4A3=ALFA2
AA4 BETA2
AA 5 A LFA3
AA6 — BETA3
001—S LGM4L
H- PH I
WRITE (6,331 MORTS

33 FORM4T (LOX, ’ NO OF BITS =‘,IZ,/I
1~

PERFO~ MING THE TRUNCATION PROCESS TO RWUIPED NO. OF BITS ,
C ‘ NOBTS’

ALFAi=T RUNC (AA I,IOBTSI
BET A 1 T P UNC(4A2 ,NQ’~15)
AL FA 2= RUNC(4A3 ,NDBT$1
BETA2=TSUNC (A44,NOBTS)
AL F.~3 = r RJM C (AA 5 ,NO8”S I
BETA3=TRUNC (446 ,NOBTS)
S 1G44I*T~ JNCfDDl,N3BTS)PHI= TRUNC (H,NOBTS)
WP. ITE(6,22)

2 FORMAT( iOX, ’THE 1RJNCATED VALUE S ARE’)
WRI T E(O, 88)  ALFA1,8E’~Al,ALFA2,BETA2,ALFA 3,BETA3WRITE (6,911 SIGM4I,DHI

CALCULATION OF THE FREQU ENCY RESPONCE WITH WAV E DIGITAL
C PARAM ETERS OF FIMIT~ PR ECES ION

CALL F1LTER (IJP ,ALFAL,B ETAI,ALFA2,BETA2,ALF&3,BETA3,SIGM4L,pHI,DATA
*2,OMGAC,DLTAT )

C
C CALCULATZOM OF ROO T M EAN SQUARE ERROR

ER —0. 000
0-0 2 13 (I(—1, 98
ER aER ,(DATA ( K K ,2)_ OATA 2 ( K K,2 1) * *2

213 CONTINUE
ERaE° /98.000
ER—OSCRT (ER )

C
A LFALzA4l
B ETA L AA2
AL F42a 443
Bt TA2 -AA4
A L F43 AA5
8ET43 A46
SIGM41*001
PHI H 

frP
)

C RETURN
END

214
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*D - Computer Program No. 8. Program to calculate the rms error due to
tnnication in the number of bits of the
BLC components of the conventional direct
digital filter.

C **** FREQUENCY RESPONCE ****
ROOT ME AN SQUARE ERROR DUE 1-3 TRuNCAT ION IN NO. OF BITS

C FOR CONVENT iONAL DIDECT DiGITAL FILTER DESIGN

IMPL ICIT ~EA L*8 (A— -i ,O—Z )
DIMENSION DATA(210,3)
DiMENSION DATA3 (2i0,3)

C ********** .5D8 CHEBECHEV LOW—P ASS FILTER WITH R$ 1.Q ********C COM’ONENT VALUES
C LNOJC ANCE AN.D CAPACITANCE VALU ES IN I~EMRIES, A’lD FARADS
C NOR:4ALIZED TO CRITICAL FRE QUENCY OF 1 RAD/SEC AT 3 08 POINT
C WI T H RL=1

R S I .  000
AL1*i .78960 0
C 2=1. 296100
4L2 2.717700
C 4 1  .384800
413*2 .71 7700
C 6= 1 • 29 6100
4L7*i .789600
R1 1.000

C FALT ER SCAL E FACTOR IS COEF
CO EF=( RL4 SSJ FRI
WP ITF(6 37) CO EF

37 FCR’4A L~ X,’ ’HE FIL ER SCALE FACTOR LS....’,E12.5,//1
WRIIE(6 21)

27 FO R~~.T(~ X,~~THE UNSC A LED f
~1MPCNENT VALLES AR E ’ , F/ )

WRJTE(6,22) ALI,C2, AL3,C4,4L5,C6,4L7
22 FtJ RAA T ( 5X,~~L1= ,E12.5,3X,’C2.=’ ,E12.5,’L3=’ ,E]2.5,3X,’C4 ’ ,E12.5,3X1,’ 15= ’ ,E12 .SL3XP ‘C 5= ‘,E12.5, 3X, ‘17= • ,E 12.5, / I )

WRITE(6,281 KS,RL
28 FQR MAT(20A, ‘R5 ’,E12.5,5X ,’RL ’ ,E12.5,I/)

C SPECIFY THE CUT OFF FREQUENC Y IN RA0ISEC.
QMGAC=j .000

C
C SAMPLING TIME 15 1

I= 1.0 00
C FRE QUENCY SCALI NG WITH PREWARPING IS SFREQ

S FPEQ=2*0T4~4(-3’4GAC*Tf21/TALL -ALL/S FREQ
C 2C 2/SFREQ
AL3 A L3/SFR EQ
C 4C4 /SFREQ
AL 5— 4L5/SFREQ
C6=C6 /SFREQ
AL 1*4 L7/SFREQ
WR ITE (6,29)

29 FORMAT (5X ,’THE SCALED COMPONENT VALUES AR E ’ ,~~/)WRITE (6,223 ALL,C2 ,AL3,C4 ,4L5,C6,ALT

INPUT IN T IME DCMA IM IS UP
UP 1 • 000
CAI.CU LATION OF THE FPEOU E’CY RESPONCE OF THE

C FILTE R Wi ll PRAC ’ICALLY I P~FINITE DRECESIONC IN OR DER TO SET THE ~ EFFER ENCE DATA

CALL F!LTER(UP ,RS,A Ll,C2.A 13 ,C4 ,A L5,C6,AL7 ,RL,C MGAC ,DATA ,1)

DC 220 JJ — L, 20
N 031$ —J .1

~~~~~~~~~~~~ T?~M
T
~~ ~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ REQUI RED NO.

f *
SUbroutine Graphx is given in Computer Program No. 1 of Appendix 1

and Thmction Tn~ic is given in Computer Program No. 5.
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C 3F8ITS

CALL FILE RR (UP ,RS,ALL,C2,AL3,C4,AL5,C6,ALT,RL,C”4GAC,D4TA,NOBTS,ER
*,T)

OUTPUT DATA SET UP
OATA 3 (JJ, L) JJ
DAT A3 (JJ,21*ER
34 143 ( 14 ,3) 0. 000

220 CONT INUE

‘LO’ OF THE R.M.S. ERROR DUE TO OUAN TIZAT ION IN THE NO Of
C BITS CF FILTER COMPONENT VALUES VERSUS THE NO. OF BITS
C

WRI’E (6,54)
54 FCRMAT (41 1

W R I T E ( 6  55)
55 FOR MAT (~ OX , ’MO . OF BITS’ ,LSX, ’MEA N SQU4R ERROR ’,

WRITE (6 20i ((DATA3 (N, M),~~ L,3) N=1,20)
~~ LL ~R~~PHX (OATA3,2O,4H N~~lT ,4dM~ER)F0 2)X ,E12.5 ,LOX,E12 .5 ,LOX,E12.5)

STOP
END

(
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FILTER

SUBROUT INE FILTER(UP ,RS,~~~1,C2,AL3 ,C4,4L5,C6,A17,RL,OMGAC,0ATA,T )

SUBROUr INE FILTE R TAt ( ES THE VALUE OF THE iNPUT IN THE TIME
C DOMAi N AND PL OTS THE MAGN ITUDE VE~5 FREQUENCY CURV E
C OF THE CONVENTIONAL DIRECT DIGITAL ~1LTE R
C

IM PLICiT RE. tL*9 (A—H,O—Z1
COMOLEX*16 WT,l,Y,H
DIMENS ION DA IA (210,3) ,0T(2 10 ,3)
DiNENSION A(8),Y(7)

C
C CALCULA’ ION ‘OF COEFFICIENTS OF THE E~ U4TIONC
C H(SJ I(/(S7+A6*S6+45*S5+44*54sA3*S3#42sS2+&i*Si+AO)
C
C

AA 0=(RL+RS)/RL
AAL (ALI +4L3+AL5+AL7I/QL +PS*(C2.C4+C6)
A 42 (C4+C~3I *(AL i+AL3+AL7*RS/RL )tC2*(AL1+(4L3 +ALS+AL7 )*RS/RL)+AL5* (*Cc,C4*RS/RL
4A3= (4t1+AL3I* (AL5+AL7 )*C4/RL -*(AL3.AL51*(C2*C6*P$+ (C6*41 7+C2*At1)/

* R L) +C 4*~ S*( C 2*5L3+AL5*C6)4 .4Ljs 4L7~ (C24 r6 )/ g L
AA 4= (ALL+4L7*RSFRLI* (A15 *C6*(:2+c41+A13*c2*(C4+C6)).C4*AL5*4L3*(C6

*+~~~*~ S/P LIAt 5=AL1* (C2~ &L 3* (C4* (AL5+AL7)s.C á*4L7).4L5*C6*AL1* (C2+C4))/RL+AL3*C*4*415 *C6*( A L7/RL+C2*RS )
4A6 C2*4L3*C4*4L5*C6* ALT*RS/RL+AL11
A47( ALL*C 2*4L3*C4*AL5*C 6*AL?)/RL
4(11—1.300
A (2)aAA 6/AA7 -

4t3)=A45/ AA7
4 (4 1 =A4 4 /AA7
A ( 5)=4A3/A47
4(61*442/447
A l 71 A41 /A A7
4(8)— 4AO/AA7
COEFI aA (8 )
WRITE (6,41)

41 FOR-NAT(SX ,’TH E CDEF.3F H(S)sà(/157+A6*S6.A5*55+A4*S4+43*S3+A2*524
lA1*c 1 ,AO1 AR E’ ,/ )
WRITE( 6,40) A(2),A (3),A( 4),A(5),A(6),4(7),A18)

40 FDRM AT (5X,’A6= ’,E12.5,3X ,’A5= ’,~HLZ.5,3X, ’A 4= ’,EL2.5,3X, ’A3 ’,El2.5
t,3X,1A2= I ,E12.5,3X,’AL= 1 ,EjZ.5,3X,’AO= ’,E3.2.5,FI
W~~ITE(6,43) OEFI

43 FCRMAT (5X ,’K= ’,ElZ.S,//)
C
C

CALCULATION OF THE CO EF. OF THE EON .

C 7 7 6 5 4 3 2 1.
C H(Z)aK*(1+Z)/(Z+A6Z +452 +A4Z •43Z +42Z +A1Z +40)
C

FJ= 2 .000/I
F2=f1 *FI.
P 3=F2*F 1
F4=F3*F1
F 5=F4*F1
FbzF5*F 1
F7=Fo*F1
At FA7 F7+F6*A ( f l + F5 *A (3 ) +F4*4L 4 ) +F3*A (5 ) + F2*A ( b) + F 1*A (7 ) +A (8 )
ALF A 6=_ 7*F7_5*F b*4 (2 )_ 3* F5*A (3)_ F 4*A 1 4 ) + F 3*A ( 5) + 3* F 2*A (6 ) + 5* F 1*A ( 7

*) +7*A (8 )
ALFA 5 21*F7+9*F6*A (2)+F5*A(31-.3*F4*A (41’-3*F3*4(5 )+F2*A (61+9*F1*A ( 7

*1 +21*4( 8)
ALFA4 _3 5* F7_ 5* f 6 *A (2 ) +5* F5*A (3 1+3* F4*A (4 )_ 3* F3*A (5 1_ 5* F2 *A (61+5 * F

*1*4 (7 1*35*4 (8 )
ALF A 3=35*F7_5*F 6*4(2)_5*F5*A(3)+3*F 4*A14)+3*F3*A (5)_5*F2*A (61_5*F l

**A (73 +35*A(8)
AL FA2 _21*F 7+9*F6*A(2i_F5*A (31_3*F4*A (4)*3*F3*A (5)+F2*A (6I_9*F1*A (
*71+21 *4(8)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
*+7*4( 3)
AL FAO _F7+F6*A(2)_F5*A (3)+F4*4(41_F3*A ( 53+F 2*4(6).4L*A(73*A (8)

C
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AL FA6 A LFA6 ,AL F A7
4L F45 #LFA5/4 LFA7
4L F44—A LFA4/ A LFA1
ALFA 3 ALF A3/ALF47
ALFA 2=ALF A2/ALFA7
A L F A i ’4LF A~ ,AL F4?ALFAO ALFAO/ALFAT
CC)EF 2=COEF1 /ALFA?
W R I T E ( 6  381

38 FOR”AT (~~X,’THE COEFFICIENTS OF H(Z)—K (i+Z17/ (27+A6 Z6+A5Z5+44Z4+A
*3Zj+A~ Z~~

pAL Z+4Q) ARE ’ I/I)
WPA’E (6,40 ) ALFA 6,ALFA~ ,ALFA 4,ALFA3,ALFA2,4LF4I,ALFA0
WF~1TE(6,43) COE F2
UPP UP*C OEF2

FP EOU ENCY RANGE IS CHOSEN TO BE TWICE THE RI TICAL FREQUENC Y
C FREQUENCY INCREMENT

OLW OMGAC/50

INITIAL VALUES IN THE F~ EOUENCY DOMAIN
W*0. 000
A lTERATION IN THE FREQU ENCY DOMAIN

C ———— ——— 
00 113 4= 1,98C

C INITI AL. VALUE S IN TIME OCMAIN
C

U PI UPP
TT—3 . 000
H=DCM°I.X( 0.000,0.000)
X 1=0.0
X2—0. 0
X 3*3 • 0
X4-0 ..0
X5—0.C
X6=0. 0
X7—0 .O

ITTER AT IOM IN THE TIME DOMAIN
C

00 b C  1=1,500
V ‘JR I +X 1
X 1 7*UPL—AL FA6*V+X 2
X 2 2  1~ UP 1—ALFA 5*V+X3X.~~35~UP1 —A LFA4 *V+X4X4 35*UP1-~ALFA3 *V+X5X !2i*UD1~ &LF42*V+X6X6 7*UP 1—AL FA1 *V+)(7
X7—UP I —ALFAO *V
UP 1*0 .000
WI =W * ’T
wT= CMPLX ( 0.000,—WI)
Z*C3EXP( WI)
H H +V*
TI—TI +

C
lOG CONTI NUE

3A—C048S( $1

4RPAN G IGNG THE ~‘UT~ UT OATA
OA TAIJ ,  1) 1d
OA TA (  J,2 1—0*OAT A ( J,31 0.000
ARRAN GING THE Q414 FOR ~L31 S4BROUTINE07(3,11—04141 4,1
DT I J , 2 ) a OA T & (J , 2
DT (J,3 )aOATA(J,3

C
W ZW + D LU

110 C GNTINUE

(
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WR IT ING AND PLDTIM~ 
THE FRE QUEN CY RESPONCE

WP IIE(6,54)
54 FG PMA T (’ l’ )

W F IT E(6 ,55)
55 FGPMAT (ZOX, ’FREQ’ ,ZLX ,’OUi PUT NO 1I ,1OX, ’OUTP LJI MO 2’)

WR ITE (6,20) ((OATA (N M1, M 1,3),N*1,98)
CALL GR 4PHX t DT ,98,4 RE0,4HM~~!~~

20 FO RMA T (Z OX , E12.5 ,iOx ,E12.5 ,LOX ,E12.5)

R ETURN
END

~~~~~~~~~~~~ 

• ~~~~~~~~~~~~ 
-

a ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ - - 
______

- 

—, 

Tw_w1
~
+
~
I
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~



FILER R

SUBROUTINE FILERR.(UP ,RS,A L L,C2,A L,3 ,C4 ,415 ,C6,AL7,RL ,QMGAC ,DATA,NO

t *BTS,ER ,T)

C SUBROUT IN E FILERR TAKES THE ROOT MEAN SQUARE VALUE OF THE ERROR
C BETWEEN UNT RUNCATED AND TRUNC ATED VALUE OF THE OUT PUT IN THE
C FREQUENC Y DOMAiN AND ALSO PLOTS Tr4 E FiNITE PRECESION FREQUENCY

RESPO MCE
I MPLICIT RE AL~ 8 (A—H 0—Z I
DIMENSION D4T A2 (2L0 ,~~)
DI MENSiON DATA (210,3)

C 
wPpE (6,54)

54 FCRMAT (~ 11)
W R ITE( 6,21)

21 FO RMA ILOX, THE UNT’UNCAT ED VALUES ARE’,!)
WPITEI6,22) 8L1,C2,AL3,C4 ,AL5,C6,4L7

22 FORMA T (5X, ’LL= ’,E].~ .5,3X ,’C 2— ’ ,E12.5,3X, ’L3z’ ,E12.5,3X, ’C4— ’ ,E12.5
* ,3X, 115=’,E12 .5,3X , ’C6= ’,E12.5, 3x ,S17a 1,E 12.5,//l
WP ITEjb,28) R5,RI.
FOR9A (~ QX,’P~S= ’,E1Z.5,5X,’RL—’ ,E12.5,//)

A —R S
B ALL
C =C2
D A L  3
E C4
F A L5
G C  6
H-A17
P RL
WP ITE(6 33) NOBIS
F~~R TdOX ,’ NO OF BITS =‘,I2,/)

C PERFORMING THE TRUNCATION PROCESS T~ REQUIRED NO. OF BiTS p
C ‘ MOaTS’

RS*TRUNC (RS ,NOBTSJ
ALL T RU NC (ALL,MOBTS)
C2= RU~C (C2 ,NOBTS I
A L3zTR U~C (4 L3 ,MORTS)
C4:~RUNC (C4 ,MOBTS)A L5—T. UNC ( A L5 ,PICBT$ I
C6=TPUNC (C6 ,NO8TS )
AL7 TRU NC (AL7 ,NCBTS)
RL TRUNC ( RI ,NQB TS)
W R I T E ( o  25)

25 FORMA T(IOX,’THE TRUNCATED VALUE S A R E’ )
W~.ITE (6 ,22J AL 1,C2,4L3,C4,4L5,C6,417
WRIT E(o,28) RS,RL

C CMLCULATIO”l OF ‘THE FREQUENCY RE SPONCE WITH COMPLONENTS OF
C FIN ITE PR EC ESION

CALL FILIER (UP ,R$,AL1,C2,4L3,C4,4L5,Cb,AL7,RL,OM GAC,DATA2,T)

2 CALCULA~ LOM OF ROOT MEAN SQUA RE ERROR
ER aU. 000
00 ~13 KK 1,98
ER=EP+ (DATA (KK,2)—OATA2 (KK,zl )**2

213 CONTINUE
ER— ER198.OO
ER—OSCRT (ER

C
R S A
41.1*8
C 2 C
AL3 O -
C 4E
A L5.F
C b G
*L.7 H
R L P
RETURN
END

(
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*E - Computer Program No. 9. Program to calculate the rms error due to
tr~.nication in the number of bits of the
RLC components of the conventional cascaded
digital filter.

2 **** FR EQUENCY RESPONCE ****
C ROOT ME AN SQUAR E ERROR DUE TO TRUNC ATION IN MO. OF BITS

FOR CCNV ENT IOMAL CASC ADED DIGITAL F LITER

C 
IMPLICIT REAL*8 (A—H O—Z)
DIME NS ION )ATA (21D,3~0IM~N$LON DATA 3(210,3)

C ********** .509 CHEBECHEV LOW -PA SS FILTER WI TH P5=1.0 ********C COM’ONEMT VALUESC If’~OtJCTANC E AND CAP ACITANCE VA UES IN HENRIES, A’IC F4RADS
C NOP;4ALIZED TO CPITI A L FREQUENCY OF I PAD/SEC AT 3 08 POINT
C W ITH RL-I
C

P S—I . 000
gLl—1.789600 -
C ~—1. 296100A L 3 2  .717700
C4 1. 384800
AL 5 2  • 71773 0
C61. 29 61 DO
A 17—1.78960 0
RL=L .000

FILTER SCAL E FACTOR IS COEF
COE F— ( R L+ RS ) / RL
4RLIE(6,37) COEF

37 F3R’447(7X,’THE FILTER SCALE FACTOR jS....’,E12.5,//)
W~~IT!(6 27)2 7 FOP MAT (~ X , 1 THE IJNSCALE O COM~ONEMT VALUES ARE ’,//)WR ITE(6,22) ALL C2,A 13,C4 AL5 ,C6 ,A L7

22 FOpMAT (5X,~~L1z I ,~~j2.5,3X ,
t
~~2=1 ,Ej2.5,*L3

1 ,EI2.5,3X ,1C 4s’,El2.5,3X
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~WR ITE ( 6, 2 8)  RS,RL

28 FuP-’IAT(23X, ’R S ’ ,E12.5 ,5X, ’RL ’ ,E12.5,//)

C SPEC IFY THE CUT OFF FREQUENC Y IN PAD/SEC.
OMGAC —1.000

C
C SAMPL ING T IME IS 1

T 1.000
C
C FR E3UENCY SCALING WITH PREWARP ING IS SFREQ

S F RE Qz2*DT ANI DMGAC* T~ 2)/TA Li 4L 1/SFREQ
C~~=C2/SFREQ
At3-A1.3/SFREQ
C4=C4/SFPEQ
4L5 415/S FR EQ
C6zC6/ SFRE Q
A L7 A L7/SF~ E0

29 PO~$fl~~~~
? THE SCALED COMPONENT VALU ES AR E’ , // l

MR. ITE(6,21) AL I,CZ,AL3 ,C4 ,4L.5,C6,A L7

2 INPUT IN TI ME DOMAIN IS UP
UP—I • 000
CALCULATI ON OF THE FREQUENCY RESPONCE OF THE

C FILTER WITH ORACT ICA LLY INFINITE PRECESION

2 AM ORCER TO SET THE P EFFER ENCE DATA 0

CALL FILTER (UP ,RS,ALI,C2,AL3,C 4,4L5,C6,4L7,RL,CMGAC,DATA,I)

00 22C JJ—1 ,20
NOBTS—JJ

2 CALCULATI ON OF THE ERROR IN THE FREQUENCY DOMAIN DUE
C TO QLJ ANTIZATIOM OF THE FILTER COMPONENT VA LUES TO THE REQUIRED NO.

C *Subroutine Graphx is given in Computer Program No. 1 of Appendix 1
and Frunct ion Trunc is given in the Computer Program No. 5.
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C OF BITS -

CALL FILE RR (UP ,RS,ALI,C2 ,A13,C4,*L5,C6,AL7,RL,CMGAC,DAT A ,MO8TS,ER

2 O UTPUT DATA SET UP
0A~ 43 (JJ. LI JJ
3ATA 3 (JJ ,2)  — ER
DATA3 (-J J ,3)=O.ODO

~2zO C ONTINUE
2 PL OT OF T HE p ,M ,5• ERROR DUE TO QU.ANTIZ&TIOM IN THE NO OF
C BITS CF FILTE R COMPONENT VALU ES VERSUS THE NO. OF BITS
C 

WRITE (6,54
54 FORMAT(’l’

UR ITE(6,55)
55 FQRMAT (23X,’NO. OF BIT SI ,15X,’MEAM SQI.JAR ERROR ’,F3

WPITE (6 20) ((DATA3 (N,~~) 1M=j,3) M1,20)CALL GRAPHX (0AT 43,2O,4H’~1R1T, 4HM~ ER)
20 FORMA (ZOX,E12.5 ,10X,E12.5 ,LOX,E12.5)

C
S TOP
E ND

(

‘ 

~
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Fill ER
SUBROUTINE FILIER (UP ,RS ,ALI,C2 ,AL3,C4,AL5,C6,A17 ,RL,CMGAC, OATA,T )

C
2 SU PROJT IME FILT ER TAK ES ~ HE VALUE OF THE INPUT IN THE TIME

DO MAI N AND PLOTS THE MAGNITUDE VESS. FREQUENCY CURV E
C OF THE COW EAIT IIN41. CA SC AD ED DIGITA L FiLTE R
C

IMOLICI1’ RE AL*8 (A’-if,O—Z)
CJMPLEX*16 WT,Z,Y,H
D1NENS I ON DATA(213 31,01(210,31
DINENSIIN &(8),Y(7~2 CALCULATI ON OF COEFFICIENTS OF IPE EQJAT ION

2 Ps (S) K /(S7+A6* S6 +4 5 *S5+44*S4+A 3*S3+A2*S2+ 4 1*S1+A O)
C
C

A AO (R L +RSJ/R 1
AAI s (AL1 *AL3+~ L5+AL7) /RL+RC* (C2 +C4+C61
~~~=cc .,÷:61s(AL l+4L3+ AL7sp~ ,aL

).c~*(ALI,(AL3+ALs+AL7tsRs/RL)+Al5*c*C~ +C4 a RS/RL )
AA3= (~~L 1÷AL3 )* (A L 5+A L7)*C4/R L+(A L3+A L5)* (C2*C6* RS+(C6*4 L7,C2*AL L)/

*R.L )~ C 4*SS *(C2*4L3+AL 5*Cb )+A LL*aL7* (  C2+C bI/ RL
4A4a(ALI+417*RS/RLI* (AL5*C6*1C2 +C41+AL3*C2*(C4+C6 ))+C4*AL5*AL3*(C6

*+r 2*P SRI )
AA 5=AL I* ( C2 *A L3* (C4* ( A L5+4 L7)+0 6*AL7 )+AL 5*C 6*AL 7a (C2+C4))/R L+A L3*C

*4*A L 5~PC6* IAL7 /R L+C2~~R5)
A~~b C  2*~L3*C4*A ~~~~~~~~~~~~~~~~~~~~~~~~AMT ( ALI*C2 *AL3 *C4*AL5*C6*AL?)/RL
A( 1) 1.000-
A (2) 4A6/447
A ( 3)—AA5/AA7
4(4) 444/AA 7
A ( 5 ) - ’~A3 /AA 7 -

4 4 6 )  =A A 2FAA 7
& (  1) — A A L /AA  ~4(3) A AO~ AA 7
CCJEFI 4(~~1IIE(6~4I)

41 FORMA (~ X ,~ THE COEF.OF HISI K/ (S7+A 1*S6+A 2*55+A 3*54+A4*53+A5*$2+
iA t*S1+A7) ARE ’,!)
WRI E (6,40) 4(2) 4(3),~,(4l,4(5),A (6),A(7) ,A(8)

40 FOP ’4AT ( 5X , ’A1 = ’ ,~ 12 .5,3X , ’A2” ’ ,E12.5,3X, ’&3 ’,E12.5,3X, ’A4a ’,E12.5
I, 3X, ‘~ 5 ’  ,E 12. 5,3X,’A 6 ’  ,E12. 5,3X,’ A7=’ ,EL2.5,/)
WRL”E (6,43 1 COEFI,

C
C

2 CALCULA TION OF THE COE F. OF THE EON.
H(S)— K/(S2 +A1*S+BlI (S2+42*S+82)(S2+A3*S+83)(S+B41

2
43 FCR4AT (5X,’K*’,E12.5,/F)

MD EG 7
C
C SU8j WUT LM E ZPOLR GIVES THE ROOTS OF THE ~‘DLYNO MIAL OF DEGREE ‘P4’

CAL l. ZPOLR ( A,’IOEG,Y ,IERI
P L=~ 2.ODO*SE&L ( Y ( 1 ) )
F1=REML(Y ( 1J1* *2+AI ’~AG (Y ( 1)1**2
R~~z~2.’i)O*REAL4 Y(31 IF2_RE~ LLY (~~))* 2+LIMAG (Y (3)I**2
p3=~~ .O~O* REAL (V (~)F3—P E AL (Y( 51 )**2+AIMAG (Y(53 )**2
P4*—R EAL I Y (7  I I
PP—i. 000/AA 7

C-~EF. ‘IF H(S) ARE.....4 2 FOP’ I AT (
1
w~ ITE(o,aO) PL,F1,P2,F2,°3,F3,P4,COEF I
CALCULA TION OF ~~~~~~ C 3EF OF HILl WITH SA MPLING PERIOD OF 1

C 1 7 — t  — 1 —2 — 1 —2 —1
C H(l) K’II,Z I /(i,AI Z ) ( 1+A2*Z •82*Z 1(1.A3~ Z •83*Z 1( 1.A4Z
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6
C
0 FORMAT( 1X ,’A 1= ’,E12.5,IX, ‘~~1’ ,El2.5 ,2x, ’& 2.’,E.12.5,iX ‘82.’,E12.5

1,2X, 14 3a ’ ,E12.5,1X, ’ B32 1 ,E12.S,2X , ’A4 uI,,E12.5 ,3X ,’K ,h2.5,/ /)
F— 2 .00011
F F —F * F
B A—2.000”(Fl—FF I/(FF+PI*F+F11
DIz( FF—P 1*F+FII/(FF+O l*F+P1)
82 2. 000*(F2—FFI/(FF+P2*F+F21
cl4~ (FF~ D2*F+F2) /(FF+P2*F+F2)83-2 .DDO*( F3—FF i/(FF.P3*F.F3)
03s 1 FF—P3* F+F31 / (FF.P3*F4F3)
B4= ( P4 — F ) / (  P4+F )
COEF2=COEFL/ ((P4+F)*(FF+F*P1+F1)*(FF+F*D24F2)*(FF 4F$P3+F3))
WRITE (6 661

66 FflR’ lAT (~ X , ’THE C~)EF. OF Z**— L AND Z**— 2 IN QUADRATI.~ E FOR M AND TOT
LA&. MULILVANG FACTOR K ARE...’,/liIR ITE(6,60) BL,O1,82,D2,B3,03,34,COEF2

C 
UPP=UP*CQEF2

C F~~EO U EMCY ~AMGE IS CHOSE N TO BE TWICE THE CRI’?ICAL FRECUENC Y
C FRE QUENCY LMCRE’4ENT

DLW=QMGAC /50

2 INIrIAL VALUES IN THE FREQUENCY DOMAIN
W—O .000

2 ITTERA1’ION IN THE FR EQU ENCY DOMAIN
C

DO 113 ,1 1,98
C
C iNITIAL VAL UES IN TI ME DOMAIN

UP12UFP
TT O. 000
H—DCMPLX (0.000,3.300)
Xl 0.0
X2 0. 0
X3 0.0 -

X40 • 0x5*O. C
X6s 0. 0
X7 0.0

ITTERAT ION IN THE TIME DOMAIN

DO IOC 1—1,500
V i—UP liXi
V2*VL .X2
V ,zV2+X3
V V3+X4
X I tJ P1—84*V1
~ 2 2*V 1—B L*V2+ X5
X 3a2*V2—82*V3 +X6
X42 * V3—83 * Vi X7
X 5=V l—01*V 2
X6 — V 2—D2*V3
X 7 V3—03*V
UP 1-0.000
Wi aU*T1
WI—DC MPLX ( 0.000,—WI )
Z CJEX P 1 WI I
H H+ V*
IT -TI +

100 CCNT[NUE -
DA CDABS ( H)

2 ARRA P4GIGNG THE CUT~ UT DATA
0*144 J, Ilaw
DAT4(J,2 )*OA
0*1*4 J,3 1 0.000

2 ARRANGING THE DAT A FOR PLOT SUB ROUTiNE

I

5’,
—a



CI (J ,1)—Oi T Al J, 1)
.) l (J ,2 )aOA’rA (  J ,2)
QT (J ,  3 1= DAT A (J ,  3)

W—W+DLW
110 CONT INUE

2 W RITING AND PLOTING THE FREQUENCY RESPONCE
W R I~

’ E 46.54)
54 FORMATI’I’I

W R ITE(6 553
55 FORiA1’i~~)X,1FR EQ’,21X, ’O’JTPUT ~1rl 1’ ,lOX,’OUTPUT NO 2’)

WRITE (6,ZQI ( ( L ~A T A ( N , M) ,Ml,31,NaL ,981
CALL G~~ PHX (DT,98,4PlF~~EQ,4HMAG’1)20 FUR~4A ’ (2OX , E12.5 ,IQX ,E12.5 ,IOX , E12.51

R E”UR N
E NO

~ U
t -
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F ILERR

( $UBROIJTINE FILERR (UP ,RS,ALL.C2,AL3,C4,AL5,C6,AL7,RL,QMGAC,DATA ,NO
*BTS, ER,T1

C $URSOUTIME FILERR TAKES THE ROO T MEAN SQUARE VA LUE OF THE ERROR
C BETWEEN UNT RUNCATED AND TRU~1CAT ED VALUE OF THE OUT PUT IN THE
C FRE QUENCY OOMAUs AND ALS O PLOTS THE FINIT E PRECESION FREQUENCY
C RESPONCE
C 

IMPLICIT RE AL*8 (A—H 0—Z i
DIMENSION DAT82(210,~~)DI~’E’~l5ION DATA(213,3)

C 
WRITE(6,54)

54 F O R M A T ( 1 l ’ I
W D ITE ( 6 , 2 11

21 F1~M8T (l0X,’THE UNTRUNCA ’TEO VALUES ARE’,!)
WRITE (6,221 AL1,C2,AL3,C4,AL5, C6, AL?

22 FclRM4T( 5X,’Lj=’,E12.5,3X,’C2~ ’,E12.5,3X,’L3= ’,E12.5,3X,’C4~ ’,El2.5

WRI’TE(6,28) RS,RL
28 FORMA T (20X, ’RSs’,El2.5,5X,’RL— ’,E12.5,//)

A R S
84L 1
C— C2
0 AL3
E-C4
F—A L5
0—C 6
H 4L7
P R L
WRITE~ 6,33) NOBTSFOR ’4A (IOX, ’ NO OF BITS a’,12,!)

C PERFORMING THE TRLP4CATION PROCESS TO RE QUIRED P40. OF BITS ,
C •

RS—TRUNC( RS,MOBTS)
AL 1—TRUNC ( AL1,NOBTS)
C2~—T RUNC (C2 ,N3BTSJ
4 L3— IRUNC(* 13 NC8TS)
C4 T RUNC(C4 ,MI3BTS )
4L 5 T  R1J~ C (AL5,NOBTS)
Co—TR IJNC(C6 ,N3BTSI
A L7 T R U NC (A L7, ’IOBTS)
~~zTRUI~C( RL ,MOB TSI
MR ITE ( 6,25)

25 FOP.’A A T ( lOX , ST HE T RJ NCATEO VA LUES A R E ’ )
WRITE(6,22) ALI,C2,AL3,C4,AL5,C6,AL7
WR ITE(6,28) RS,RL

2 CALCULATIO N OF THE FREQUENCY RESPONCE WITH COMPLONENTS OF
C FINITE P°E ESION

C~ LL FXLTER (’J° ,RS,ALL,t2,AL3,C 4, AL 5,C6,AL7,RL, CMGAC ,DATAZ,T)

CA LCULAT ION OF ROOT MEAN SQUARE ERROR
EP—0.000
00 213 K K 1 , 9 8
ER ER+(041A (KK,21—DATA2 (KK,2) I**2

213 CON’ INUE
E R—!R/9~. 000ER—OS OR (ER)

AL LaB
C 2 C
AL3 0
C 4 E
AL S FC t*G
*17— H
R L P
R ETURN

END
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APPENDIX 3
*A. Computer Program No. 10. Program to calculate the sensitivity func-

tion of the seventh order low pass wave digital filter with respect
to both wave digital filter multiplier coefficients and the original
filter component values.

C
2 ~~~~~~~~~~~~~~~~~~~~~ FREQUEN: Y DOMAIN ************2 ******* SENSITIVITY FUNCTION OF THE FILTER ************2 WITH RESPECT TO LlS AN D C’S ,RS,AMD QL
C AND ALSO W I T h  RESPECT TO WAVE DIGITAL PARA M ETERS
C ON THE SAME GRAPH FOR COMPAR1 S);~ PURPOSE SC -

C
C
C 

IMPLICIT REAL*8 (A—H,O—ZJ
C 

DIMENS ION DATAO(2l0,3)
OI MENSL 3N DAT AL (210,31
DIMENSIO N D~~TA2 (21O,3)O~ MENSL~~1 04T 4 3 ( 2 10 ,3 )
D IMENSI!3N O A T A 4 ( Z I O ,3
D IMENSION D’~T A 5 ( 2IO,3
DI W ENSION DA~~A6 (213,3)
DIMENSION )

~~TA? (2 I0 ,3)  -
DIMENSION OAT A8(2jO,3)

C 
C~~MPLgx* 1o H1,r12,H3,H4,H5,H6,117,H8CONPLcX*i6 1L,T2,T3,T4,TS,T6,TT,18,IQ
C CMPLEX* 16 W1,l,H

C
2 ********** .5DB CIIEBECHEV LOW—P ASS FILTER WITH P5=1.0 ********RS=1. ODO

ALI*1 .78960 C
C2 1. 296100
A I 3 2. 71. 7 10 0
C41 .3848 Cc)
AL5SZ.71 7700
C6=L.296100
AL7 1 .739600
RL L.000 -

2 FILT ER SCALE FACT OR FROM DATA IS cOEF
C O EF— LRL+RS ) RI

37 FCRMA7r~X , ’THE FILTER SCALE FACTOR I5....’ , E 12 . 5 , l /)
C 

wRr~~(6 19) ALI,C2,AL3 ,C4,AL5 ,C6,AL119 FORPIAT(4X ,’ SEP Ll= ’,F~~.4,ZX,’SHT C 2 ’ ,F8.4,2X, ’SER L 3 ’,F8.4,2X,’
*5HT C 4*’,F$.4,2X,’SER L 5 ’ ,F8.4.2X,’SHT C6 ’ ,F8.4,2X ,’SER L 7 ’ ,F8.
*4, !)

WR ITE(6 ,l81 RL,PS
18 FO RMAT ( IOX ,’ R L— ’,F8.4,5X, ’ RS~~~,F8.4,/ J

2 SPECIFY THE CUT OFF F REQUENCY ZN RA D/SEC.
OH GAC=l .000
SA MPLIN G PERIOD iS Ch AT
OLT4T I.00 0

2 SCALE TO NORMALIZE THE ELEMENT VALU ES ,#S #IELL ~S TAK ING INTO
C ACC1UNT THE EFFECT OF SA IPLING TI ME AND FREQUENCY SCALE

SCALE-I .000 /OTANIOMG.AC*DL TAIl 2)
AL1 AL1* S~ A LE
C2 C2*SCALE ~AL3 *AL3*SCALE
C 4*C4*SCALE
AL 5=AL5~S~~ LE -

C62 C6 *SCAL E
AL ’1ZAL7iSCALE

2 CALCULAT ICN TO F193 THE T ERMINATING RES ISTANC E CF EACH EL EM ENT
C AMO WAVE DIGITA L FILTER MULTI PLIER COEFFICIENTS k-i

C W ITH rsO DELAY FREE ~ 4TH ON °ORT T’iIO ~

•_ _ _ _ _ _ _ _ _

* . . .Sthroutine Graphyx is given in Computer Program No. 1, ~ppendix 1. ~
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R1=RS
R2=’U+ALI
SIG’4A 1 R1R2
0 2 L  .CDOIR2
G 3~~ 2 iC 2
S IG’4A 2 G21G3
R3 ~1 .0001G3
R4 R3+AL 3
S IGMA 3-R3/R4
G4-1. 000 /R4
0 ~~ 04 +C 4
S IGMA4— 04/05
R 5 1 .  COO/OS
R 6=R 5+415
S IGMA5= P5/R6
06=1. ODO/R6
G7 G6-+C6
S IGMA6aG6/G7
R7 1.000/GI
R8 R7.AL7
~1 GMA1=R7/R8PHI.(R L—R 8) / ( P- L+P8)
~4 RIT E(b,42 )

42 FORMAT(5X ,’Th E %~AVE 3IGI~~AL FILTER MJ LTIDLIER CCEFFICIENTS A°E....
*1 ,1 / )

Wfi IT E(6 ,1O) S IG M A I , S IG MA 2 ,S I G MA 3 ,S I G M A 4 ,S IG M A S ,S I G MA 6 ,S IG MA 7,PHZ
10 FORMAT(/,4X ,tSI L,M41= t ,F6.4,4X,ISi,MAZ= ~~,F6.4,4X,’SIGMA3 ’,F6.4,4X,

*l5IGM 4 = l ,F6.4,4X, lSIGMA 5= 1 ,F6.4,4X,1
~~I!MA 6

1 ,F6.4,4X, SZGMA7Z’,F6

C 
*.4,4x ,’PHI= ’,F6.4)

C
2 IMPULSE INPUT IC THE FILT ER WIT H MAGM IT’JDE OF A 5 1

AS*1.CDO
UP AS*COEF

C FREQUENCY RANGE IS CHOSE N TO BE TWICE THE CRITICAL FREQUEP~CY
C FREQU ENCY INC~ E’4E’4T

0174 W—OMGA C /50.DO

2 PREMULTIPLICATICN OF
C COEFFICIENTS OF ~4RTIAL DIFFRENTI ATION OF SIG MA ’S AND PHI

2 W iTH RESPECT TO L’S AND C’S ,R$,AMD RL

A1 4L1!(R 1+?~L 1) $~~~42 zA 1*C2*RL/ (SI GMAL+R1*C23**2
A 3=A2*Rz*~ L3/(SIGr1A2+Rz+AL31**2A 4 A 3*G3*C4/l SIGMA3*G3’iC4)**2
A 5=A 4*R4* i~L5/(S 10M44*R4+4L5 )**2A 6*45*G5*C 6/t SIGMAS*G5+C6)**2
A711A6*R6*417/(S IGMA6*R6+A173*$2
A 8 —2*4 7*07*RL/ I 5I~ MA7*G7 +RLj **2C
81 -R1/ (R1+AL1) sia
8 2a— R 1*R1~ C2/ (  I SIGHAI+R 1 *~~ 1* (R1+ALLI )*~ 2
B.~=B 2 * Q 2 * 6 L 3/ ( S  IG’4A2~ R 2+AL3)~~~2
B4*~33*G3*C4 / (  SLG ’A ~ *03+C4)S*2B 5~ 34* R4*A L5 / (  SIGM~ 4~ i~4+AI5)**2
8o=95*G5*rb/ (SIG”45*G5.C6)**2 N
87—B6*R6* 41.71(5 IGMA6~~R&+AL7 )**288*— 2*8 7*G7*RL/ ( £I~~MA7*G7+RLi ** 2

C 
02 i— G2/ (G2- iC2)**2 -

03a02*R 2*A L3/(  SIG’442*Q2+ 4 L3)**2
D4~ D~ *G3*C4,(5i3M43*G3+C4)**2D5D 4*R4*ttL.5/ISIGMA4*R4+ A L5)**2
DosO5*G5*C b/(SIGMA5*~~5+C6)**2 -
D7_Db *R6*AL7/(SI .~-4ô*c6+AL73**2D8.—2 *O 7*(~i7*P.L!(SL~~M47*G7+RLi**2

C
E3~—R3/(R3.AL3)

$t2
E4aE3*03*C41( Sli~M43*G3+C4)**2

~ui
t’• >•i

(
• 

-
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E 5=E 4*R4*AL 5/I SIGM~ 4*R4÷AL5j**2E6 E5*G5* Cb/ (S !u TM A 5 * G 5÷C 6 ) ** 2
E7=E6*R6*4L7/ Ic IGMAÔ *P& i417)**2

C 
P4a~G4/(G4+C4)**2D 5 D 4*R 4*AL5/( SIGMA4iR4÷415)**2
P6=P5*05*C& / (3L0M45*~;5+Co)**2P 7~~ 6*R6~~ L7/( 

SIGcl A~~~pô+AL7)**2P 8 —2*P7*G?*RL/ (SI~ MA7*G 7÷RL)**2
C 

Q5 —R5/(R5+AL5)**~Qe=Q5*G5*~ 6/( SIGMA 5*05ir 6)*~ 2
07-06 *R6*-~L7/ (S IGMA6 *P6+AL7)*+2• Q8 -2*Q7~u7~ RL/ (SIG MA7~~ 7,RL1 *~~~C 
S6 —G6!(G6+C6)**2
~ 7—5 6*R6~AL7/( SIGMA 6*R6+AL7I**2
~8a~ 2*S7*G7’~~L/ (3IG 1A 7 -~ 7+RLl**2C
U7=— R 1/IR 7+4 173 **2
U8=—2*U7*G7*PL/(S IGMA7*07+RL) **2

C 
V8 2*07*SIGMA7I (RL+07*SIGMA7I ~~~2 I P4111 AL VALUES IN FREQUENCY DOMAIN

C ————— ————————— ——— W=o.O CO -

2 ITTER AT IOM IN THE FREQUENCY DOMA IN
C ************* ** *,‘*** * ***************

DO IIC J=1 ,S8

INITIAL VAL IJC-S IN THE TIME DOMAIN
C 

Cit—UP
C 

11=0.000
H* DCMPLX (O.000,0 .300 I
H1=OC MPLX(0.000,0. 000)

-‘ H2 DC~ PLX (O.OO0,C.0OO )}43 DCt’PLX (O.OUO 70.000)
H4=DC MDLXI 0. CDO,O. 000)
115=OCMPLX 1) .000,0 .000)
N6 0C ~PLX( 0.000,0.000 )H7=DC 4PLX ( 0.000,0.000)
H8 OCMPLX (0 .000,0.3001

C 
Y11=O.000
Y13=0 .000
Y 14 O. 000
Y 23=0 .000
Y24=O. 000
Y 33= 0 • COO
Y34=O.000
Y43—0. 000
Y44 0.000
Y53=0 .000
Y 54—0 • 000
Yb 3=0 .ODO
Yb 4—0 .000
Y 7 2 0.00 0
Y7 30 .000
Y14—0. 000

C

OX I 13—O . 000
DX 114=0.000
0X 123 -0.000
DX 12 ‘i—C. 00 0
DX L130 .000
DXI 34~ 0 • 000

I c
2~’9 
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0X143 0.000
0X 144 0.G0 0

4 OX l53 0.003
DX I 54~’0. COO
DX 163=0.000
DX164 20. 000
DX172 0.000
DX 173 =0 .0 00
Dx174C. COO

C 
0X211 0.000
DX 213=0.000
DX 214= C • 000
0X223=0 .000
0X224 C. COO
DX 233=0.000
0X234 0.000
0X 243 0.QO 0
0X244 0.0 00
0X253 :C.000
0X254 0. 000
02 63=0 .ODO
0 X264 0. 000
DX 272=0.000
0X273 :0.000
0X274 0. 000

C 
0X311 0.000
DX 313=0 • 000
DX314 0 .000
0X 323aO. 000
DX 324=0 .000
0X333 =0.000
0X33A 0. 000
0X343 0 .000
0X344 0. 000
0X353 0.000
0X3540 .000
DX363 0.000
0X364 0 .000
0X 372 :0.000
0 X373 0. 000
OX 374=0.000

C 
0X411 0.000
0X413 0 .000
DX4I4 C. 000
0X423 0.ODi)
0X424=O .000
0X433 0.000
0X434 0.000
0X443 :0.000
0X444 0. 000
OX 453 0 000
O X454 0. 000
3X463 0.00 0
DX464 0 .0 00
O X4 12 0. 000
DX 473 =0 .000
DX4 74 (’ 000

C 
DX511 0.000
0X5 13 =0 .0 00
0X514 0.000
OX 5.~3 0  .000
0X524 0.000
DX 533= C. 01) 0
0X534=O .000
O X 543 =0. 00 0
DX 54~~ 0 .000
0X553 :0.000
0X 554 0.000
0X 5b3 0 .0 00
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4 DX 564 0.000
0X57 2a0.000
OX 573 0. 00 0
0X574 0.000

OX 6 LI=O.000
0X6L3=O .ODO
DX6 14- 0. 000
DX623 0.000
0X624 :0.000
0X633=O.000
DX 634:0.000
OX643 :0.000
DX644=O. 00 0
0X6 53=0.0 00
D X654a0. 000
OXoo3=0 .000
0X664 0.000
0X672 0.000
OX673 0 .0 DO
DX 674 0 .00 0

C
DX 711:0.000
0X7L 3 =0.000
DX 314 = C. 00 0
OX 723 =0.0 00
DX 3242 C • 000
OX 733 0. 000
DX 734 :0 .000
0 X 143 =0. 00 0
DX744a0.ODG
OX 75 3 =0 .000
DX 154=0. 000
OX 763 0.000
DX764=O . 0DO~DX 172 C. 00 0
DX773=O.0 00
DX174=C. COO

C
0X811=0.000
DX 813=0 • 000
0X814=0.000
0X823 :0.000
DX824=Q. 000
DX 833=0.000
0X834=C. 000
DX 843= 0. 00 0
0X844=0.000
O X 853= C. 00 0
DX854=O.000
0X863 =0.0~00X864=C. COO
DX8T 2=0 .0 00
0X273 :C.000

C 
0X874=0.000

ITTERATION IN THE TI ME DOMAIN
- C

DO IOC 1=1 ,480

012=C11.Y11—Y2 3-iSIGMA1* (Y23— Y 14)
022zY33+SL MA2*(D124Y14—Y33—Y241
O~ 2=D2~ +Y2s,—Y43+SI3~’A3 * ( ‘!43-Y34)042 Y53+S10~’A4~~(D32~~Y34—Y53 YS4)
O52=O 42+Y44—Y63+SIGMA~ + (v~ 3—Y54
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
O122 062# Y64— Y72 +S IG M#7 * (  Y7 2—Y ?4 )
C72=0 12*PHI
O?L= 062+S l~~~A7 * ( C72 —D 6 2 +Y 72 Y 73)

• Dtl 071—O5~~+Y73 +SIGM 6*(D52~Y (i3)05 1= 042+SIGM4 5*1061—0 ‘i2+Yt3 Y53) 4.
041 D51—032$Y53 +SLG~ A4* (D32—Y43)
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• D31=022+SIGMA3* (041 —022#Y43—Y333
4 021=O,3 1_0 12÷Y33 +S IG MA2 * ( O 12—Y 23)

C 
Di1=CLI+S h,t$A L*(D2j_ Cl1+y23_Y 13)

2 DIFFRENTIATION i~I1H RES PECT 13 SIGMA 1

C
0R112—Y23—Y 14—0X123+SIGMA1.* (0XL23—DXLL4)
DB122=OX13 3+SIG~ &a* (oP112+oxL14—oxL33—0x124
O8132:DB12~~+OX124~ 0xI43+SjGMA3* (OxL43_OX134)08 142=OX153+SIGM~ 4*( O~ 132+OxL 34—3X 133—0X144)
O 815 2=O814~ .~x 144—Ox 163+S IG~ 45* (DX 163—OX 154)08162=0 X173+SIGM&S*(08152+0x154_0x173_0x164)
OBL7 ZxQR 16~ + O X A6 4—O X j  72* SIG’~A 1* (OXI 12—0X174)04172 =08172*PHI
08 I71=O8162+SIG?’A7~~DA172—D 5162+Ox172—DXL7 3 1
0E 161=0817i—D9152+0X 1 13+S 1GM46*( 08 152— JX 163)
0Bt5I:OB142+$IG~~A5*(081â 1—05192+OX 163—0X153 )
O 8L41=DBIS 1—OB 132+0 Xl 53+ 5!GHA4* (03 132—OX 1431
D8131=DB122+S1GM43* (0~ 141~ 03j22+OxI43_Dx133)DBL21 D813L~ 09lL2s0X133,StG 2~~(C 3tL2_ C~ 123)
D6 t = i — ij+Y —Y13 +S_GMAj=(33j2j+~~Xj23—3Xj13) 

08212—DX223+SI GMAI * (0X223—0X214)
D92~ 2=OX233-iSIGMA2~

. D8212+OXZi4--DX233—OX224)+O12+Yt4—Y33—Y24
DE232 =OB222+OX224_DX243+SIG~1 A3* L OX243_CX2341
3B242=0X253+SIGHA4*(03232+0x234_0X253_0X244)
0R 252 =08242+0X 244_ 0X 26 3÷S IG MA 5* (0X 263_ DX254 )
.)626 2=DX27 3+SIGM~.6*( 08252 - i0X 254—3X273— 0X264 )
03212=08262+ 3 X2~ 4—O X2 72÷S IGMA7~~(DX2 72—OX 274 )
0427 2=08272 *PH~08 2 71=0 S262 +SIG M47* (0A272— D3262 +0X 2 72—0 x27 3 3
0826 L=iB271—~~~252 +D )c273+ ST G M .~ô~~(3E ,Z52 —D X2 6 3 )
03251:08242+SI()”&5*(09261—03242+0X263—Cx2531
DB241=3B 251~ D82 32 +0 x25 3+S IGM .A4~~(O B23Z ~ Gx 243 )
082fl=D8222+S1GM *1D5241—05222 -i0X243—0X233)
D8221:0823 1—082 l2+DX233+~ 1G?142*( 082 12—0X223 )+012—Y23D8ZLLaSIGM & t*(38221+O X223—0X2131

OLFFRENIIATICN hiTh RESPECT TO SZGMA3

C 
08312z—0X323+SI GMAI* (0X323—0X314)
08322=0X333 +SIG’112*(0331.2+0X3 14—0X333—0 X324)
3B332:0B322+OX32~,~~QX343+SLtj~iA3*(0X343—0X334 )+Y42—Y34DB242=OX353+SIGM44*(DB332.OX3 34~ OX353~OX344)O3352=08~42+0X34’,—Ox363+S IG•t&5*(3X363—)X354)OP 362=0 X3 73+SLP~46 i IoB3 52 iox 354*0X 373~ 0X364)
03 (2=09362+0 X~iã4—OXi72*SIG~IA7~ (D~ 312—OX374)04372 :38373 *PHL
08 37 1=38 362 +SIG M47*( DA372—0 9362-i0X37 2—0X373
De3oi=O837 L— D~ 3 52+0x373+S IGMA6 * ( 0935 2 —0 X 363 )
O835 l=Os342 +S10~ A5* ( DB3~~l_ D33:,2 .ox363_ Ox3 53I
39341=083 51—03 322+0 X3 53+ S I0 -44 4 * (3 83 ,2—3 X343 1
0833 1 =09322 +5 IGM~3*( D9341—08322+•JX34 j’-0X333)+041—022+ Y43—’f33D832 1:093~~L—0B 3 12 ,OX33 3 + GMA2~~(QS 3 L 2—CX 3 2 3 )
3B311=S IGfrA 1* (08321+DXi23—0X313)

C
C DIFFRENT IATLON ~Z1H RESPECT TO S LGMA 4
C —--— —---- 
C 

084L2— DX423 iS IGMAL * ( DX42 3—0X4 14)
oR422=oX4~3+sIGM4a~’( 094l2+0x414—0X433—0X4240843220B422+0X424—0X443+SIGIAi* (0X443—0X434)
3B442:O X4S3kSI~,MA4* 08432+OX434—0X453—0X444 1 *C32+Y34—Y53—Y44
D9452 DB442+0X444—OX .ó3+StGi~~5~~(3X463—0 X 4 54 3
3846 2 0X473+ S I0~’A6* I 08452 +0X454— 0X473—0X 464 )
384 72=08462+0 X 464— ) X4 72+ ST GMA7 * ( OX 472 —O X 4 7~,)04472z06472 *PHL

( -
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D8471=08462 +S IG M&7t( 0A4 72—08 4 62 + 0X 472—0X 4 7 3 )
OB4ø I 0R47 I—DS452 +OX 4 7 34 SIO MA ~~ (0345 2—0X4 63 3
38451:08 442 +5 IGM~~~~( D84b 1—0844 2+0X4 63— O X453 )
3B44 1 D B45 L~~03432 ,DX453 +SIG~ A4* ( O343 2—OX4 43 )+032~ Y43
OR 43 1=08 422+310 943* 10944 1—08422 +0X443 —0X433 I
D9421 08431_08412.0X433+S IGMA2*(08412—0X423)
3B411:SIGM 4I*(D8421+DX423—0X4L3 1

2 DIFFRENTIATIOM WITH R ESDECI TO SIGMA S
C —— — —————— — — ———  — — —— — ——— — ——  
C 

OB5t2—— DX52 3+S1GM~ 1~~( 0X523—3X514)08522 :0X53 3 +~ L(,~ 42~~
( 085 12+0X514—0X533—0X524)

D8532=D8522÷0X524~DX543#SIGMA3* (0X543—0X534)365 DX55j ÷$IG~~ 4~ ( 09 5~ 2+D X534—0 X5 53—0 X54438 552=0354?+0 x544 -0x563÷.c IGM AS * ( CX 56 3—0x 554 ) .v63—y54
OR 562 0X573 +5IS MA Ô* ( 33 552+0 X5 54—0 X5 ? 3— 0X56 4 )
095 12=J8b6~ +QX 5o4 — DX572 +S IG M~~7*( 3X5 12— 3X574 )
aA 572 =o ~3572 *p HI
JR5 7i=OB5o2.SIGMA7~~( 345 72’-08562÷0X572—0X573 )0850 t:03571~~O~ 552+DX573+SIG~ 4~ *(  38 5 5~— )x 56 3 )
D8 55L=08~ 42÷SfGMA5* (D956L_03542÷OX563_OX553)+C6 1_C42+Y63_Y53
08541 39551—D9532+0X553+S1G444*( 085 32—0X543 )
D8531=08522+S tGM~3*( 08541 —03522 +0X543—CX5331DS52LO ’53L— 5l2+-DX5 33÷SIG~4A2*(095I2—DX523)085 1. ] S  IGMAI*( 08521 +0X 523— DX5 13 )

2 OIFFR ENTIA IION WITH RESPECT TO SIGMA6
C —————————————— ————— 
C 

08612 —0X623+Sl ~M4l*1 0X623—0X614)08622 =CX63.~+S IGMA2* ( 08412+0X614—3 X633—0X624)
08t3~~ 08b22+0 X~ 24—OX643+SIGiA3* (0X643—DX634 J
O8ó42=OX653+SP 4t~4*( 03632+0 X634—3X653—0X644)08652 =08642 +0X644— 0X 663+S IG-I~ 5*1 0X6 6 3— 0 X654 )
DB6o 2-OX 613+SIGM~6~~(OB 652+OX654—DX673—CX664i+O52+Y54—Y73—Y6 4
J9672=O8o62+0X661.~D X6 72+ $1014 7* 10X 67 2—0 X67 4 )
JAb? 2 ‘08672 *PH I
0e 671:09662+ S ICMA 7* ( D4672_ 0 B662+0X6 72—0X673 )
oeool=0967i—08652+0x673÷SIG’446*(08652—)x663).O 52—Y 63
0365 1:06642 +5 10 45* ( OBbol—03644 +0X66 3— -0X6 53
08641 08651—08632+0 X653+ 510M44a (03622—OX643)
06631 &B622 +S IGMA3* (38641_08ó22+DXb4i_0X633)
DB62 1=0863l~ OBbl2 .DX633+cIG~.I42* (UR6L2—JX623)CB6IA =S IGM A j * (  06621+0 X623—0 X6 13)

2 OIFFRE.NTIAT ION ~.LTh RESPECT TO S IGMA7
C — —— — — ——— — ———— —— ————————  
C 

D8712a— DX723+SI GMA1~ ( DX7~ 3—0X7 14)
3974 2 0X733 +S IG1t~2*( 09712÷0X7 14—0X 733— 0X 724 )
08732 =08722 +0X724— OX74 3 +5 IGM~3 *1 DX743—0X734
OS 742s0X753+SL Mi~i4* I D8732+0X734—0h7 53—DX744)ae75z*as742+ox744—Ox763+cIGMA5*(3x7a3~ ox754308 762=DX773+S1G~~Ab* (08752 +CX75~ —OX 7 73—0X7641
087?2=0976 2+O X 764— -) X l  72+ SIC ‘447* (OX ? 12—3 X7 74 ) +Y72—y74
04172 *39773 *PH I

171 *D8762+SIGV47*(DA?72~ D81b2 +0X772~~CX773 1 +C72—C62+Y72~ Y73
DBTh1=O877l~ D8152.)X773+SIGU~~~(-iB752—)?(753 )0875 1 ‘08742 +S LGMA5 * I D97~ I —O~74 2 +OX 7o3—0X 7 53 3
DR 741:05751—03 732÷0X753+3 [GMA. * (097 32—3X743 )
0813L=0B722.SIOMA3* (0P741—08722+0X743—0X133)
0672L aO873t~~O8TL2+0X733+SLGM42*1087L2—CX7231DR1i1*SIGMA 1~~(DB721+OX?23—DX7L3)2 DIFFRENTIATLON w I r H  RESPECT To PHI

2
0B8L2=_Ox 8~ 3.SLCMAl*ICX .~23_oXa141DB 822:Ox833+SIGM .~2’ ( DB~31•’.÷OX8 1 4 — 0 X 0 3 3 — 3 X 8 2 4 )  ~ -

De832:O8822 +DX8Z4—DX843+SIG~~ 3* (0Xd43—0X834)08 842 OX853+SL~ ~A4*(D89j2*QX034~ DX853~ 0Xd441 ~38852 09842+~ X844—)X863+SIG4A5* (0X863 )X854)

C:
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0 862 0X813 +S t G M A 6~ ( D~l852+OX854—DX8?3—0X864)0b872 zO3~~ 2.Ox8b 4—DX872+SIGM A7* (CX372—DX874)OAa?Zz)3872*PHI+072
0887 1 088c2 +3 LG M~ 7*(0~ 872 0’38o2+0X872—0X873
OS8o I=O 71—33352÷3X373÷~~I&4A (35352—0X863
09 85L~~ 3 842*S1

S~~5* ( D98~ 1—03342+0X863—0X853)De84i=DE851~~DB332+3X~ 53+SIGF4~~~~I0BS32~0X843)D8831 D8822+S!0M43* (0!9 !,1~~DB822+0X843~ OX833J
D9821 0883 1—03612+) X633+ SIGMA2* (088 12— 0X8 23)
08811:5 IGMAI *( osdzl.0x823—oxa 13)

C UPDATED VALUES F3R NEXT ITTERATION — —2
Y 11—C 11
V 13=01
V 14 01
Y23 021
Y 24 zO 22
Y33*D 31
Y34 032 -
Y43 041
Y 44 —O 42
Y 53=051
Y54 -0 52
Y63*061
Y 64*062
Y7 2—C72
V 73—0 11

c 
Y74=D72

DX 113—08 111
OX 114=08112
DX 123=38121
0X124=08122
0X 133=08 131
O X 134 0BL 32
DX 143=08 141
0X 144z D8142
0X153=DB 1.51
DX 154 09152
DXIb3 :05161
DX 164*08 162
DXI 72 =OAI 72
0X173— D8 171
DX 174=08 172

C
0X213—0 821L
DX 214=09212
0X223—08221
O X224*O8 222
DX233=08231
OX 234 =08232
0X2 43—08 24 1
OX 244=082 42
O X253 =08251
DX254=09252
DX 263 : 0826 1
0X264 08262
OX 272 0A272
OXZ?3*08271
0X 274—082 72

C
0X3L3 083L1
0X314=03312
DX 32-3:08321
0X324 :08322
DX333:0B331
OX 334 08332
0X343:08341 4.
0X344 09342
0X353 D835I
0X354 08 352 -

Q’) •4’
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0X363—09 36 1
OX 3o4=D8362
DX3?2:DA372
DX 3? 3=083 71
0X374= 08372
3X4 13:08411.
OX 4L4 DB41
DX 42 3 a0942
DX 42 4—08 422
0433—08431
3 X434 0B432
DX 443—09441
O X444 :08442
DX ~,53z0B45I
0X454 08452
DX 463 ‘08461
0X464 D8462
OX47 2 =0447 2
0X473’0847l

C 
DX4 14 08472
DX 513=08 5 11
0X514=08512
DX 523 0B52 1
OX 524=09 522
DX533=C853L
DX 53408 532
DX 543=09541
DX 544—08542
OX 5 53 08 551
DX 554*08552
DX563 :08561
0X564—D8 562
0X572 =0A572
0X573 08571
DX 57 4 0 9  57 2

C
3 X61 3=08611
0X6 14=D8612
0X6 23’D6621( 0X624 0B622

• 0X633=0863 1
0X634’08632
O X643*D 964 1
DX 644 0B642
0X653=D8651
0X654=08652
DXbo 3=0866 1

• 0X 664 0866 2
DX 672 =04 6 72
0X673 :08671
0X674 09672
OX T 13 097 11
JX7I 4=09712
0X723=09721
DX 724 = 09722
OX 733 *39 731
DX 73 4=09 732
3X743 =09741
DX 144=09742
DX 153 =087 5 1.
DX 754=08752
OX 763:08 761
0X75 4 08762
OX 17 2’04772
OX 773*09 771
DX1?4 ‘08772

0X8 1 3*08 811
0X 814 ‘08812
DX 823 08821
DX 824 08822

C
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0x833— 0683 1
DX 834’08832
0X843 08841
0X 844’0384 2
0X853 09 851
0 854 0 852
0X863 ‘09861
O X864 08862
OX 872 0A 872
0X873’08871
DX 874 08 872

I— C11 0.ODO

WT zW*TT
W1 —JC I’PLX(0.000 ,—WT 3
Z=CDEXP (W1)
HL HL +DBL72*Z
H2*12+D8272 *~H 3 r 1  3+3937 2*1
K4=H4+09472 *~
H5*15+08572*Z
H6=’16+DR 672 *Z
r~7*ri7+0 B772 *1
H 65r4 8+08872* Z
H=H+072*Z

C UPDAT ING THE TIME IMCREMENT
TT=TT+OLT4T

100 CONTINUE
C

H1=H1*( 1 .00 O+PHI)I2
è~2=H2*( 1.OO0+PHZ)/2
H3 H3*(L.CD 0+PHL)/2
h4 H44(1.(~O0+PHI)/2H5zH5*( 1.. 000.PHIi/2
Hb~~I6~ ( 1. 030+PHI)/2).7—117*(I. .000+PH L 3~ 2H8L18*( 1.03 0+PHII/2+H I2

2 ARRANG ING T HE OUTDU’ DA’ A IN FREOUEMCV DOMAIN

C
DATA O (J, 1 )=W
041411 J,l ) W
DATA2IJ, 1)*U
DATA 3 (J,1 ).W
04 1441 4, Ii sW
OATA5 (J, L)’W
DA T A b ( J , L ) *W
DA TA
04148 ( J , I I W

2 AP~~8NGING THE NORMALIZED OUTPUT DER1~~
ATI VES WIll’ RESPECT TO

2 S IGMA’S ,ANO PH!

OA f lO (J ,2 )  C. 000
OATA1(J,23 CD49S (H1 )*SIGMAI
IF RS.LE.L .00—15 1 041411 J,21 ’COABS (Hl)

C IF RS= 0 THEN SIGMAL =O THUS FOR THIS CASE ONLY ~‘ON NORMAL IZED
C V AL~JES FOR DERLVVI VES 4D.E CALCULATED AND PLOTED

0A 142(J ,2 ) CD4351N2 ) ‘~‘S IGMA2
OA~ A3( J, 2) COABS (H3I *S!GMA3
0A144(J,2 l CDMSS (H41*SIGM A4
041451 J,2)=COABSIHS) * SIG MA5
04146 (4,2 ) CDABSIH6 )*SLG’4 46
DATA7(J,21 =COAÔSOI7J*510M47
OATA8 (J,2) CDAR5N8)*Ot.SSIPHI)

2
T0:A1*H1*A2*H2+A3~H3+A4*H4+A5*H 5÷46*H6+A 

7~H 7+4 8*H8T1z31*H1+52 *H2+S3*H3+B4* i14+95 5~~ 6*H6*S?* H 7+E8 *H8

C
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12 i32*H2+D3*H3+D6*H4+D5*H5+O6~ H6+O7*ti1+O8*H813—E3*N3+f 4*N4+E5*H5+E~~ H~ +E7*H7+E3*H3t4’°4*H4+°5 *H5+ ~‘6*H6+P7*H7+P8*H8T5 05*H54 (~6*H6+C7*H7 +C6*H8T6—S6~H6t $7 *H 7+ 58*)18
T7—U7 *H7+U8 *H8
T8 V8*H8

ARRANGING THE NORMAL iZED OUTPu T DER IVAT IVES WIT S- RESPECT TO
C L’S,C’S,RS,ANO RI.. -

C NOT E THAT F~’R T~~E CASE OF PSao ‘iON NORMALI ZED VAL UES ARE
C ARRAN GED FOR SECTION ONE ONLY
C OAT AO (Jt3 )=COABS ( 3 )*RS

IF (RS.Lc.1.OD—15 ) DA AO( J,3)=CDABS (T0 J
04141(4.3 =COA8S (’L)~~AL 1
IF (RS .LE.I. .00—15) DA A 1(J,3 ) =CDAB S ( 111
0AT42 (J,3)=CDA3S1T2)~~C204T43 (J,31=COA3S (T3)*AL3
O A A 4(J,3)=COABS(141*C4 -

DATA 5 ( J ,3 1=CDA6-S (T5 ) *4 L5
DAIA6 (J,3)=COA8S (T6)*C6
QATA7(J,33=COABS (T7j*AL7
DATA 81J,3) COABS (T8)~~RL

2 UPDATING THE FREQUENCY INCREMENT
W=W+DLTAW

110 CONTINUE
C
C
C 

WRITE(6,54)
54 FORMATI’!’)

IF(RS.GT.1.QD—15) GO TO 555
WRr E(6 50) -

50 FORP4AT(35X ‘NON NORMALIZED VALUES’,//)
WPLTE (o,49~49 FORMAT (2OX, ’FRE Q’,40X ,’D(C/P)/D (RS)’,//j

t GO TO 666
555 CONTINU E

WRITE (6 48)
48 FOR 4AT (~~OX,’FREQ’,4OX, ‘(O(O/PJ/D (RS))*RS’ ,//)666 CONTINUE

WRITE (6,2i)) l(DATAOIN,M 3 ,M=j,33 ,N=L ,981
CALL GRAP l~~(DAT AO,98,4HFREQ,4HMAG.)

WRITE (6 54) -
IF(RS .Gf.i .OD—15) GO TO 333
W RITE (6,501
UP ITE (6,51)

51 FORMAT (23X, •F8 EC3I ,15X,’D (O/PIID(SIGMA1)~~~,9X,1D( OIP)ID(RL)1 ,,I)GO IC) 444 -333 CONT INUE
W RITE (6 553

55 FO~ MAT (~~OX,’FREC’ ,L1X,’(D(O /P)/C(SjCM4l3)*S IGMAj’ ,4X, ’(O(Q/P)/O (L1

444 CONT INUE
WRIIE (6- ,201 (lO4TAj(N, M ),M=1,33 ,~1=I,98)CALL GRAPHX (OA1AL,98,4HFR EO ,4HMAG.)

UP ITE( 6,54)
WP ITE (6,54)

56 FORMA T (2 0X, ’FREQ’ ,IlX, ’ ( D1O/ P I /0(S IG~ A2 ) ) *S IG MA2 ’ ,4X ,’ ( C ( O/ P 3 I O ( L 2
* ) 3 * C2’ ,/I)
W R I1E~6,2O) l (OATA2 (N,M),v5li33,Mat,cE)CALL (,RAPHX (0A142,98,4HFREQ,4MMAG.)

C 
W 9L 8(6,541 

-

WRI TE (6,57)
57 FORIAT (20X,’FREQ’,!IX, ’(O (O/P)/D(SI GMA 3J)*SI GMA3 t ,4X,’(D(L, P)/D(L3

* 3 ) *L3 ’ ,// )R I IE(6 ,20) 1 ( 0A 1 4 3 1 M , M) ,M L ,3 )  , N 1 , 9 8 )

t 

-

‘-
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t
CALL GRAPHX (04743 , 98,4 H FR EQ,4HMAG.1

C
WRITE (6,54)
WR ITE (

58 F0RMAT?~~~~~’FREQ1 ,L1X, ’(D (OfP1fD(SIG M44))*S10MA4’,4X,’tD (OIP)/O (L4
*3 3*~4’ ~// )
WR ITE(6,20 ) ((D4 41 M,M) ,M t,3),N 1,98)
CALl. G RAP Hx ( DAT A4,98 ,4HFREQ,4HM40.1

C
UP 118(6 ,543
WR1181 6 ,59)

59 FORMA I( 20X, ’FREC’ , LLX , ’ L D ( O/ P ) / O ( Sh,M45f l*S IGMA5’,4X ,’ ( 0 ( C / P) / D ( L5
•1 J’L5’ ,/I)
WRITE(6,201 ((0A’r45(r.i,M),M=1,3),N=1,g$)
CALL GRAPHX (D4T45,98,4~-fFREQ,4HMAG. )C
WRITEI 6,543
UP ITEI4 60)

60 FORM A rI~ oX ,~~FR EQ. ,1Lx ,I( D( O , p ) / O ($ Z G M A 6 ) ) * S I G MA 6 ’ ,4X, u 1 D ( O / P 1 f O ( L 6
*J ) * C 6 1 ,/I) - -

WR ITEIb,23 ) ( ( O 4 T A 6 U ~l , 1) , M:I ,3) ,t’ 4 = 1, 5 E )
CALL, GRAPHX (OAT Ae,ga,4HFREQ, 4r(M 40.3

C
WP I1EI6,54) -
WR ITE (6 ,61)

6 1 FORMAT ( 2OX ,’FaE0’ ,11X, ’ t D( O / P 3 / O ( S I G M 4 f l 1 * S I Gf r A 7 ’ ,4X, ’ ( D(C/ ~~3/C( L1
*fl*17 ‘, / / I

W R I1’E(6,20) 1(0A’47 (N,M) ,M=),3) ,M 1. ,083
CALL GRA PHXIDATA7,98,4HFREQ,4HMAG. )

C
WRITE (6,541 -WR 118 

‘FR E~ ’ L.L X ‘ l D I O / P i / O I P H I )  3 *4351 P H i ) ’  4X ‘ ( D ( O / P ) /D (RL)62 FOR’4A

WR IT E(6,ZJi ((OATAB (N, ’4) ,M= L, 3) ,N* 1,9E)
( CALL GRAPIIX DAT Aa,98,4HFREO,4HMAG .3

C
C
20 FORMA ~~(2OX ,E1Z.5 , L O X , E L 2 . 5  ,LOX ,EL2.5)

C
STOP
E NO
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