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ABSTRACT

This research is concerned with binary sequences. Such
two-level voltage waveforms are used in some types of spread
spectrum systems. Of interest in this work is the effect
of shaping the normally rectangular pulses of the binary
sequence. An objective is to find and tabulate particular
sequences and specific shapes having desirable autocorrelation
functions and power spectra.

A direct and versatile method of shaping binary sequences
is presented. Photographs of sequences having triangular,
raised sine and ramp shapes are included in the report.
Photographs of the autocorrelation function and spectra of
selected shaped sequences are presented.

The computer programs used to search for sequences of
interest and used to calculate the autocorrelation function
and spectra of particular shaped sequences are described.

Shaped sequences having interesting spectra were dis-
covered. For example, some spectra have very small side
lobe levels; others have no discernible nulls in the spectra;
some spectra have nulls which are not simply related to

the sequence clock frequency (pulse rate).
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I. INTRODUCTION

The work reported here concerns shaping the voltage
pulses (bits) of binary sequences. An objective of the
study is to find binary sequences having spectra which,
by proper pulse shaping, can be made nearly uniform or
otherwise modified.

This report also includes the theory of pulse shaping,
the results of a computer investigation, the circuitry used
to generate desired pulse-shapes, and the time and frequency
descriptions (voltage and spectra photographs) of sequences

with pulses of various shapes.

A. PLAN OF THE RESEARCH

The two main areas of this research are a computer
investigation and the design and use of an experimental
system to generate binary sequences having shaped pulses
(bits) .

Three steps were followed in pursuing tﬁe objective of
identifying binary sequences and pulse shapes that have
nearly uniform power spectra.

(1) A computer search forbinary sequences of all lengths
through 20 bits to find those sequences which have spectra
of interest. Then, pulse shaping of the interesting
sequences was done, and the autocorrelation functions and

power spectra of these shaped sequences were determined.

14




(2) A digital computer was used to determine the auto-
correlation function and power spectra, of "shaped"
m-Sequences.

(3) Computer results were verified in the laboratory.

Some results of interest include:

(a) The discovery of particular pulse shapes and
sequences having spectra with small sidelobe levels.

(b) The realization of relatively simple circuitry
to obtain pulses of various shapes.

(c) The implementation of a computer program to generate
all binary sequences of any length. This program also
calculates the autocorrelation function of each sequence
(periodic or aperiodic) and provides a printout of those
autocorrelation functions which satisfy predetermined
criteria.

(d) The implementation of a computer program to shape
sequences, and calculate, print and plot their autocorrela-

tion functions and power spectra.

B. CONTENTS OF THIS REPORT

Chapter II provides the necessary background by defining
basic properties of binary sequences, voltage and power
spectra, autocorrelation function and m-sequences.

The theory, computer programs and results, and the
experimental system and results used to select, generate
and shape binary sequences are presented in Chapter III.

Recommendations and conclusions are contained in

Chapter 1IV.

15




II. BACKGROQUND

A. BINARY SEQUENCES

A binary sequence is a list of elements, each of which
can have one of two distinct values. These values are
usually represented either by +1 and -1, by 1 and 0 or by
+ and -.

For example, sequence A may be written:

The number of elements in a sequence is the length,
denoted here by L. In the above example, the length of
the sequence A is L = 4. The number of different possible
binary sequences of length L is 2L.

In electrical engineering, the binary sequence has a
voltage equivalent v(t), where, for example, 1 may be
represented by a voltage level = +V, and 0 by a voltage
level = -V (bipolar logic) where ¢ is the bit duration, as
shown in Fig. 1. (In unipolar logic either 1 or 0 is

represented by zero volts or "ground.")

16




v(t)

+V

2¢| 3¢ 4¢

™

FIGURE 1. VOLTAGE EQUIVALENT OF A BINARY SEQUENCE.

B. THE AMPLITUDE (VOLTAGE) SPECTRUM
Any function v(t) having certain mathematical properties*
has a Fourier transform V(f) defined by the expression:

+o
[ vi(t) e

- 00

V(£) -j2rft

dt = F[v(t)]

where, in this report, v(t) is a function of time and V(f)
is a function of frequency, with f having units which are
the inverse of t. If t corresponds to seconds, £ is in
Hertz.

The inverse transformof V(f) is
+
Flivie) = vie) = [ v eTI2TEE

df

*A function has a Fourier transform if it has a finite
number of maxima, minima, discontinuities and integrable
infinities, and does not have infinite energy, i.e.

400 2

J lvtey] dg is finite.

-0
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In general, the Fourier transform is a complex quantity:

e, (£)
V() = R(£f) + JI(f) = |V(f)]e

where R(f) is the real part and I(f) is the imaginary part

of the Fourier transform.

|V(£) | is called the amplitude spectrum of v(t) and is

given by:

vie)] = ARr%(5) +12(5)

which describes ﬁhe amplitude distribution of the signal
(voltage) with frequency.

A spectrum analyzer excited by v(t), displays typically,
|V(£) |, the amplitude spectrum of v(t).

ev(f) is the phase spectrum of v(t) and is given by:

I(f)]

Gv(f) = arctan[iT?T

When v(t) is a real signal, then V(f) is defined for
all -= < £ < +», and |V(£f)| is an even function, while
8,(f) is an odd function.

When v(t) is periodic, then the transform consists of

delta functions and the spectrum is discrete [Refs. Lr2vdla

i T



C. POWER SPECTRUM AND AUTOCORRELATION FUNCTION

l. For a signal v(t), which exists for all time,
we define the power spectral density function Gv(f) as a
real, even, non-negative function of frequency, which gives
the total average power P watts per ohm when integrated.

That is:

+
J G (f) af = watts

o
[

- Q0

The power spectrum Gv(f) provides a useful frequency
description of v(t) even when the equation for v(t) is not
known. It is a partial description though, because it gives
only the distribution of signal power with frequency; all
the phase information is lost.

2. The autocorrelation function va(r) of a signal

v(t) having a power spectrum, is defined as:

Ryplt) = vit) ViEt=1)
+T
= lim £% [ v(t)v(t-r1)dt
T -

which is the time average of the product of the signal
and itself delayed by Tt sec.

If v(t) is periodic with period T, the integrand above
is periodic, and the time average can be taken over a single
period:

19
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T
R, (1) = = [ vit) v(t-1) dt

vv
0
va(r) gives a measure of the similarity between the
signal at time t and at time T seconds earlier or later.
The degree of similarity depends on t.
The autocorrelation function va(r) and the power spectrum

Gv(f) of a signal v(t) are a Fourier transform pair; that

is,
va(r) L — Gv(f)

Consequently, va(t) may be known or found even when
the equation for v(t) is not known. Then, taking the
Fourier transform of va(t), gives the power spectrum
G, (f) of v(t).

When v(t) consists of samples of a continuous signal,
then the autocorrelation function is obtained as a sum

involving these sample values [Refs. 1;2].

D. MAXIMAL LENGTH SEQUENCES

l. Definition and Generation

Maximal length sequences (m-sequences) are defined
as the longest codes that can be generated by a given shift-
register or a delay element of a given length.

They are typically generated by modulo-two addition

from selected outputs of a shift-register as shown in Fig. 2a.

20
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The sequence length is L = 2R-1 bits, where n is the
number of stages in the shift register [Refs. 4 and 5].

In this work, the autocorrelation function and the
power spectra of these m-sequences are of interest.

2. Autocorrelation Function (ACF) of m-sequences

A plot of the ACF of m-sequences is shown in
Fig. 2, for the case where v(t) has value *V. In this
figure the m-sequence is generated by a shift-register of
4 stages with a corresponding sequence length of L = 24—1
= 15. The duration of each pulse or bit is denoted by ¢
and thus, the bit rate is 1l/¢ bits per second.

For € = 1 the value of this plot for zero displace-
ment or "slide" (t = 0) is equal to LV2 and decreases
linearly to a minimum constant value of -l/Vz, when the
displacement is greater than one bit.

The shape of the ACF of Fig. 2 is useful in applica-
tions requiring detection of a signal (binary sequence)
in the presence of noise. The large main lobe at T = 0 and
T = kT (k is an integer and T is the period of the sequence)
permits signal recognition by correlating receivers. The
absence of side lobes reduces the risk of false alarms.

Consequently, m-sequences are used in a variety of
applications including radar, sonar and spread spectrum
digital communications systems.

3. Power Spectrum

The power spectrum of an m-sequence is obtained by

taking the Fourier transform of its autocorrelation function.

21
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— 1 o0 io_to .

(a) Feedback shift register

0 0 OjJ1j0 O}J1 1}j0j1j0}J1 1 1 lt_
e

Repeats-
—
(b) Binary seguence v(t)
: LVZ-‘ - e -— o
RvVh)
U 2 3 4 S5 &6 .7 8 9 1011 12 13 Lo
_.53 e ’i; —
g T

(c) ACF of binaryv sequence

Fig. 2. GENERATION OF A 15-BIT m-SEQUENCE AND ITS
AUTOCORRELATION FUNCTION
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Because of the fixed triangular form of the ACF
of all m-sequences, the (533_5)2 spectrum shape is a property
of all m-sequences independent of their length L.

As shown in Fig. 3, the power spectrum of these
periodic m-sequences consists of discrete spectral lines

within the envelope E, where:

sin(fT) 2

E = =%

G, (f)

envelope = 2N ASd )
.‘o‘ Pown, - E 7TfT ]
e T~

11 ~

'/ [
’ 3 \\
e l f‘\ T
Seoe e
| T
e g e 1

Hj~

Figure 3. POWER SPECTRUM OF AN m-SEQUENCE

The zero crossings or nulls of the envelope, are
defined by the bit interval €. (In spread-spectrum appli-

cations, € is called the "chip" interval.)




Usually, the value of the first zero of the envelope
E of the spectrum is called the bandwidth B of the m-sequence.
From Fig. 3, B = %. Consequently, as the sequenQ? chip
duration € is decreased (clock or chip rate increa%ed),
the bandwidth is increased [Ref. 4].

4. Use in Spread-Spectrum Systems .

These unique properties of the m-sequences (ACF and
Spectra) are used in Spread-Spectrum systems. In the trans-
mitter, a particular m-sequence is used for one binary data
bit, and its complement or another m-sequence is used for the
other binary data bit. This technique, allows the spreading
of the information spectrum, resulting in jam-resistance and
low-probability of intercept communicatioans. Sequence detec-
tion and recognition in the receiver is accomplished by using
matched filters or correlators, having gs an output the ACF
of the sequence [Ref. 4].

In this research, we examine methods based on m-sequence
pulse shaping which can change the power spectrum to some

desired form. The nulls of the (§£§_§)2 spectrum are related

to the sequence clock frequency, which provides casual.observers
information on the signal format. Of interest then, is inves-
tigation of pulse shapes which either eliminate or relocate

the nulls in the spectrum of the shaped sequences.

Of course, the original pulses can be shaped unpredic-
tably by filtering with a resulting change in the form of the ACF
(and spectra) which is used for signal detection. In this work,
we generate pulses having a desired particular shape before

transmission. We investigate here the properties (spectra

and ACF) of these pulses of known shape.
24
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III. SHAPING BINARY SEQUENCES

A. DEFINITION AND EXAMPLES

By "shaping" a binary sequence v(t) consisting of
rectangular pulses, we mean the substitution or change of
the sequence's original pulses with elements of different
shapé and energy but of the same peak amplitude and width.

Thus, a "shaped" sequence will maintain its original list
of elements with peak amplitudes having the same two dis-
tinct values but not piece-wise constant (not rectangular
pulses).

As an example, consider the sequence A = 1101 repre-
sented by rectangular pulses and then "shaped" using

triangular pulses as shown in Fig. 4.

B. THEORY

1. The ACF of Rectangular Pulse Sequences

As shown in Chapter II, Section C.2, the ACF of a

periodic, two-level voltage v(t) is defined as the integral:

)y ne
[ vit)v(t-T1)dt = #é [ v(t)v(t-1)dt
0 0

RW(T) =

1
i
where n is the number of pulses in one period of the sequence
and € is the pulse duration.

The way to find the ACF va(r) of a digital sequence

v(t) is to "slide" the sequence past itself to the right or

25




v(t)

+V

t

= (t)(a) rectangular pulse sequence
s

A
s R

(b) Triangular pulse sequence

Fig. 4. A BINARY SEQUENCE, BEFORE AND AFTER
SHAPING WITH TRIANGULAR WAVEFORM

left and at each position to form the product of the corres-
pdnding pulses or elements of the sequence with its shifted
replica. Then, the area of the product waveform is found,
and this corresponds to the ACF of the sequence at this
position.

It can be seen from the equation for RVV(T) and from

the above procedure, that when v(t) is a piecewise constant
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function, va(r) will be piecewise linear. The linear
segments terminate at multiples of €, the duration of one
bit. In Appendix A, a simple method of obtaining the
periodic ACF is presented.

2. The ACF of the Triangular Pulse Sequence

We present now the computer calculation of the ACF
of one triangular pulse (for simplicity).~ In Appendix A
we show that the ACF of a sequence of such pulses (bits)
can be obtained by the addition of the results for one
pulse. Fig. 5 is the resulting computer plot where the
peak amplitude is 10.0 and 20 sample points were used in
the calculation.
From the above result we conclude that the ACF of
a triangular pulse sequence is not piecewise linear anymore.
Consequently the spectrum of a triangular "shaped" pulse

sequence, does not have the (

552—5)2 form. 1In general, the

spectrum of any non-rectahgular shaped pulse sequence does
not have the (§i5—3‘-)2 form. Based on this conclusion, three
basic and known waveforms are initially chosen for "shaping":
(a) Triangular
(b) Raised sine

(c) Gaussian

C. COMPUTER SHAPING AND RESULTS

1l. ACF and Spectra of Shaped m-sequences

Appendix B contains the computer program by which
an m-sequence is extended and shaped (if so desired) and its

ACF and spectra calculated and plotted.
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Figs. 6 through 8 represent some of the computer
results of interest. Additional results and printouts are
presented in Appendix B.

From these figures we have the first encouraging
indications of the shaping effect, particularly from the
raised sine and triangle (the Gaussian shape didn't give
results of comparable interest).

We observe that the autocorrelation functions retain
their usable form by having a single definite maximum value
and small sidelobe levels. The power spectra show a high
energy concentration in the low frequencies with a corres-
ponding bandwidth increase and also a considerable decrease
of the sidelobe levels.

In the following computer plots some results of
interest are shown. Fig. 6a is a 7-bit m-sequence (rectangu-
lar). Figs. 6b and 6c show the ACF and power spectrum,
respectively, of the 7-bit m-sequence of Fig. 6a. Fig. 7
shows the results when the m-sequence of Fig. 6 has the
raised since shape. Fig. 8 shows the results when the
m-sequence of Fig. 6 has the raised triangle shape.

2. Investigation of Interesting Arbitrary Seguences

This computer search is motivated by the fact that
except for a few categories of sequences (i.e., m-sequences)
with interesting properties for specific applications, very
little is known of the properties of arbitrary sequences.

It is desirable to find sequences having spectra which will

differ significantly from the (5-5-}-’:—5)2 form. 1In the absence

29




hlio

*EONANOIS-W LIF-LZT AJIVHS YVINONVLOAY AHL °e9 -H1g

"HINI SL1INN 10-300°G6=31535-)
"HAINI S11INN cU+200 c=41835~

21( 0 doK] 90D hop 20) 0oy}

«4

?v>4

g10-

S00-

Q00

S00

o1a

30

e T —




*GONIN0IS-W LIF-LZT AdVHS UVINONVIOAN FHI JO JOV AHL °q9 *B1d

.qumm:z:mo+uoo.muu._¢um,.
"HINI SLINN 20+300° 2=31HI35-X

o 210 2 oig 800 200 700 200 o

._*g-l
000

—ak

200

00

s00

800

ato

@ ..m«

dﬂ.




! g ~3or 703 GE] 508 G Sor

X-SCALE=1.00E+G2 UNITS INCH.
Y-SCALE=S5.00E+Q1 UNITS INCH.

Fig. 6c. THE POWER SPECTRUM (LINEAR) OF THE RECTANGULAR
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Fig. 8c.

THE POWER SPECTRUM (LINEAR) OF THE TRIANGULAR
SHAPE 127-BIT m-SEQUENCE.
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of theory, we proceed to generate as many sequences as
possible, to examine their ACF and spectra, and then to
choose the interesting sequences for further shaping and study.

Because of the large number (2L) of different sequences
of length L, for even modest values of L it is necessary to
use a digital computer to search. Since the complement of a
sequence has the same ACF as the sequence and since half of
all possible sequences of fixed length are complements, we
calculate the ACF of only half of the possible different
sequences of length L. Even then, an extended search for the
2171} gequences of length L is finally limited to L = 20
due to computer time restrictions (30 minutes) using the
available IBM-360 computer.

Since the spectrum of interest is (ideally) the
rectangular one (uniform) the corresponding ACF will have

(Elg—f) form. Thus, to save time, we use the Fourier

transform pair shown in Fig. 9.

So, the search is directed towards finding sequences
having periodic ACF like the (522—5) form.

Consequently, a computer program is implemented

by which half of all sequences of every length are generated,

their periodic ACF calculated, and sufficient criteria are
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Fig. 9 THE FOURIER TRANSFORM PAIR
OF A UNIFORM SPECTRUM

provided for the selection and printout of those sequences
having ACF resembling the EEEEE function. From the resulting
printout, interesting sequences are shaped and their ACF

and spectra examined. This program is presented in Appendix
B along with some of the resulting printouts and plots of
selected sequences.

Figures 10 through 12 show some of the results of
interest, which correspond to one of the selected sequences
of length 19, namely: A = -1,-1,-1,-1,-1,1,-1,1,-1,-1,

Eely=l,=l,l,=1,;1,~=L,1

Table 1 contains some of the sequences having

properties of interest.

3. Extending the Length of a Sequence

To overcome the computer time limitation, the sub-

routine EXTEND was constructed to generate and examine longer

40
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TABLE I

REMARKS ON SELECTED

Elimination of Zero Crossings

Length 11

_l' -l’ "l' l, _l' -lr ll -ll

Length 12, Triangular Shape

=1, ‘lr,'l: -1, 1, ‘l, lr 'lr

Length 15, Triangular Shape

_ll"_ll -l’ -l’ ll -1’ l, -l’

Length 17, Raised Sine Shape

-1, ‘l, 'l, -1, ll -ll ‘ll ll

Length 19, Triangular Shape

-l, —l’ -1,
l, l’ -1’ 1

-l' l' "'l, l' -ll

False Zero Crossings
Length 14
ks =1, =k,
Length 16
=Ly =1, =1,

Length 18
-l, "1’ _l,
-l’ l' l

..1’

Length 19
=1, =1, =L,
l, 1, -l[ l

1' l, _l'

50

CODES
l’ -l' l
l' -l, l’ 1l
l’ -l' l' -1, -l' l,
l, -1’ lp -11 1’ -ll
l’ -l, l, _1, 1' -l,
1’ -1’ l, —1I ll 1
-l' 1' -1’ ll -l' -ll
"l' l, -l, l’ "ll ll
1' -11 l, “11 ll -ll

1

l' -l’

i, &

=1,

1




codes, from selected ones of length up to 20. 1In this way,
any code of interest of length L can be extended in a manner
which maintains the particular characteristics of the
sequerce and which results in sequences of length L2.
Subroutine EXTEND can be applied to the main program of
Appendix A-1 before shaping takes place.

Figures 1l3a through 13c show the results of sub-
routine EXTEND on the 7-bit m-sequence (without any shaping).

The results obtained were not particularly interesting for

the sequences considered.

D. EXPERIMENTAL INVESTIGATION

1. System Design

In this section the experimental system used to
verify the computer results is presented. With this tech-
nique, it is possible to generate a variety of pulse shapes.
Of particular interest are the raised sine, triangular and
ramp shaped pulses of the sequence. Included here are the
results (photographs of the ACF and spectra) of the
experimental effort. |

The block diagram of the experimental system is shown
in Fig. 14. A discussion of the circuitry is in Appendix C.

2. Waveforms

The photographs of Figure 15 show the results
obtained by the available pulse shapes with the 7-bit m-sequence.

Each photograph contains two traces; one trace shows
the rectangular pulse sequence and the other the shaped

pulse sequence.
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EXTENDED TO LENGTH L = 72 = 49,
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(a) Raised sine shape

(b) Raised triangular shape

(c) Raised ramp shape

Fig. 15. PHOTOGRAPHS OF THE 7-BIT m-SEQUENCE OF VARIOUS SHAPES.
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(d) Rectangular (50%)
shape

~v

(e) Rectangular (15%)
shape

Fig. 15. CONTINUED.
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The shapes shown are:

* Raised sine

* Raised triangle

* Raised ramp

* Rectangular (50% duty cycle)
* Rectangular (15% duty cycle)

3. Segquence Autocorrelation Functions

Fig. 2c indicates that the maximum value of the ACF
of a sequence is related to the number of pulses of the
sequence. Larger values of this maxima (main lobe) improve
the detection of the sequence.

Many ways of calculating or implementing the ACF of
a rectangular sequence are known. But for the case of a
"shaped" sequence there are no ways of predicting the exact
form of the ACF, since it is no longer piecewise linear.

A similarity though is expected in the relation between
main lobe and side-lobe levels.

In the computer search, the ACF of the examined
sequences were calculated and plotted, and these results
are confirmed in the laboratory.

It is clear that "shaping" a sequence of the same
voltage (for comparison) as the rectangular one will result
in a loss of the energy content of the pulses, causing a
decrease of the peak value of the corresponding ACF, which
reduces the detectability of the signal.

The actual shape, peak value and side lobe level

of shaped sequences are examined in this part of the
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project. Detailed descriptions of the operating conditions
are given in Appendix C.

The results are displayed on a HP 1220A oscilloscope,
and the pictures taken under the same scale are shown in
Figs. l16a through 1l6f.

In these pictures, the input is a 1 volt peak to
peak 7-bit m-sequence. The correlator setting is linear

display, sample increment 20 us and summations 128 x 1024.




(a) Rectangular shape;
peak is +1.65V,
minimum is =230 mV. £

(b) Raised sine shape;
peak is +0.80V,
minimum is =130 mV

(c) Raised triangular shape;
peak is +0.72 V,
minimum is =125 mV.

Fig. 16. PHOTOGRAPHS OF THE ACF OF THE 7-BIT m=SEQUENCE
OF VARIOUS SHAPES.
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(d) Raised ramp;
peak is +0.71 V,
minimum is -120 mV.

(e) Rectangular (50%),
peak is +1.1

minimum is -125 Vi

Fig. 16. CONTINUED
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(£) Rectangular (15%);
peak is +0.33 V,
minimum is =45 mV.

Fig. 16. CONTINUED

We observe the known relation between pulse-energy
content and ACF. We notice that the raised sine, triangle
and ramp shaped pulses have approximately the same shape
and peak values of their ACF.

In the limited duty cycle rectangular pulses, com-
paring the original sequence with the 50% and 15% duty cycle
shapes, we observe that the peak value is approximately
higher by 1.375 of the corresponding duty factor percentage.

A conclusion is that all the sequence shapes have
the same form of ACF: that is, a high positive peak value
at T = 0, and small negative or zero values for 1 # 0.
Therefore these shaped sequences are also usable in signal
detection applications.

4., Sequence Spectra

Figures 17 through 19 are a series of pictures of
spectra of m-sequences of various frequencies. Those were

taken from the SPECTRAL DYNAMICS SO-335 Spectrum Analyzer
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(a) Raised sine

(b) Raised triangle

Fig. 17. PHOTOGRAPHS (DETAIL) OF THE AVERAGED SPECTRA
(LINEAR DISPLAY) OF THE 127-BIT m-SEQUENCE.
(f = 10 kHz, 128 averages, 20 dB output gain)
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(a) Original rectangular
(100% duty cycle)

(b) Rectangular
(50% duty cycle)

(c) Rectangular
(15% duty cycle)

Fig. 18. PHOTOGRAPHS OF THE 127-BIT m=SEQUENCE (LOG. DISPLAY) ;
f = 5 kHz, 64 averages, 10 dB output gain.
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(d) Raised triangle

(e) Raised sine

(£) Ramp

Fig. 18. CONTINUED
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(a) Original rectangular
(100% duty cycle)

(b) Raised triangle

(c) Raised sine

Fig. 19. PHOTOGRAPHS OF SEQUENCE OF FIG. 18, BUT WITH
LINEAR DISPLAY.
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! with a window of 50 kHz. These results of Fig. 17 can be
compared with Figures 7c and 8c, which are the corresponding
computer results.

The important conclusion is that the laboratory

L results are in good agreement with the computer results.

We also observe that different pulse shapes give quite
different spectra.

Appendix C contains additional photographs.

In Figs. 20 through 24, photographs of the 7-bit
m-sequence of various shapes are shown (in log display)
along with their corresponding spectra.

Also, for reference, the time domain photographs of
the investigated sequence are presented (part a of the
figures) as well as the spectrum of the waveform used for
shaping the rectangular pulses (part b of the figures).
In parts c and d of these figures, the upper trace is the
spectrum of the shaped sequence.

In Fig. 20(b) we observe the 2.5 kHz fundamental
frequency of the raised sine pulse train. The low level
components are harmonics present at the output of the
function generator.

In Figs. 20(c) and 20(d) the spectra of the
shaped sequence is shown, in comparison with the (Ei%zi)z
spectrum of the original sequence for two different fre-
guencies of 5 kHz and 2.5 kHz.

The large concentration of energy at low frequencies

may be observed, due to the fundamental of the raised sine.
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a) The shaped sequence b) The frequency components
and the original. of the sinusoidal:
f = 2.5 kHz.

c) The spectra when d) The spectra when
f = 5 kHz. £ = 2.5 kHz.

Fig. 20. THE RAISED SINE SHAPE 7-BIT m-SEQUENCE.
Four averages, @ dB output gain,
window of 50 kHz.
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This results in a main lobe of bandwidth equal to twice
the clock rate, a first side lobe of reduced level, and
minor other side lobes.

In Fig. 21(b) we observe the fundamental frequency
of the triangle pulse train at 2.5 kHz, as well as the
harmonics separated by 5 kHz.

In Figs. 21(c) and 21(d) the spectrum of the shaped

seguence is shown in comparison with the ( spectrum

§iﬁ_§)2
X

of the unshaped sequence, under two different frequencies

of 5 kHz and 2.5 kHz.

The resulting spectrum is strongly influenced by
the frequency components of the raised triangle.

We observe that the bandwidth of all lobes of the
shaped seguence spectrum are double those of the
rectangular shape (original) sequence. Consequently all
nulls appear to correspond to twice the actual clock fre-
guency. Also, the side lobe level has been significantly
reduced.

In Fig. 22(b) we observe the fundamental frequency
of the ramp pulse train at 2.5 kHz and the harmonics separated
by 2.5 kHz. The nulls of the overall form of the spectrum
appear approximately every 7 kHz.

In Figures 22(c) and (d) the spectrum of the shaped
sequence is compared with the spectrum of the original
sequence for frequencies of 5 kHz and 2.5 kHz.

The resulting spectrum follows the general shape

of the spectrum of the periodic ramp (Fig. 22(b)). We again
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a) The shaped sequence and b) The frequency components
the original. of the raised triangle:
£ = 2.5 kHz.

-
% v:‘}r QQ PRAAE L0
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c) The spectra when d) The spectra when
f = 5 kHz. f = 2.5 kHz.

Fig. 21. THE RAISED TRIANGLE SHAPE 7-BIT m-SEQUENCE.
Four averages, 0 dB output, window of 50 kHz.
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a) The shaped sequence and b) The frequency components
the original of the raised ramp

b) The spectra when d) The spectra when
£ = 5 kHz. £ = 2.5 kHz.

Fig. 22. THE RAISED RAMP SHAPE 7-BIT m-SEQUENCE.
Four averages, 0 dB output, window of 50 kHz.
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observe a concentration of energy at low frequencies. The
bandwidth of both main lobe and side lobes has been equally
enlarged and the side lobe 1level has been significantly
reduced.

The nulls appear approximately 17 kHz apart, giving
an indication of a clock frequency much higher than the true
one.

Figure 23(b) shows the frequency component of a
rectangular, 50% duty cycle pulse train. Here the funda-
mental frequency is at 2.5 kHz arc > harmonics occur at
5 kHz intervals. There are also minor even harmonic com-
ponents.

In Figs. 23(c) and 23(d) the spectrum of thg shaped
sequence is compared with the spectrum of the unshaped
sequence for frequencies of 5 kHz and 2.5 kHz.

The spectrum of this shaped sequence is a regular

sin x)2

==

spectrum with nulls at twice the actual clock fre-
quency and double the bandwidth of main and side lobes.

Fig. 24 shows results similar to those of Fig. 23.
The main difference appears to be the increase of lobe
bandwidths by a factor equal to the inverse of the duty cycle
of the shaping waveform (i.e., fg = 6.6) as well as the
indication of a clock frequency higher than the actual by
the same factor.

From the previous photographs of the spectra of

various shaped sequences, we conclude that shaped m-sequences
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a) The shaped sequence and b) The frequency components
the original of the 50% duty cycle
rectangular
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c) The spectra when d) The spectra when
£ = 5 kHz. f = 2.5 kHz.

Fig. 23. THE 50% DUTY CYCLE RECTANGULAR 7-BIT m-SEQUENCE.
Four averages, 0 dB output, window of 50 kHz.
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can have spectra with significant concentration of power
in the low-frequencies, with small side lobes (raised sine
shape), of irregular form (ramp), or with false indication
of clock frequency (triangle, rectangular 50% duty cycle

shapes) .

e
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a) The shaped sequence and b) The frequency components
the original of the 15% duty cycle
rectangular
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c) The spectra when d) The spectra when
f = 5 kHz. £f = 2.5 kHz.

Fig. 24. THE 15% DUTY CYCLE RECTANGULAR 7-BIT m=SEQUENCE.
Four averages, 0 dB output, window of 50 kHz.
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IV. CONCLUSIONS AND RECOMMENDATIONS

A. CONCLUSIONS

The study presented in this report had as an initial
objective the discovery of binary sequences having spectfa
which, by proper pulse shaping, could be made nearly uniform.

The two main areas of research were:

a. The investigation of the effect of pulse shaping on
m-sequences, and

b. The search of binary sequences of all lengths through
20 bits having spectra of interest.

Some of the interesting results of this study are:

1. The creation of a computer program to shape any
sequence, to plot the sequence, and to calculate
and plot the autocorrelation function and spectrum
of the sequence.

2. Realization of a system which can produce sequences
having various pulse shapes.

3. Discovery of sequences having interesting spectra.
For example: some shapes and sequences have spectra
with very small side lobe levels, or the spectra
have no discernable nulls. Some shaped sequences
have spectra with nulls not simply related to the
clock frequency. Also, some shaped sequences have

power concentrated at low frequencies.
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One interesting result is that the shaped m-sequences
have autocorrelation functions and spectra of such a form
that make them usable in particular radio systems (radar,

sonar, spread spectrum).

B. RECOMMENDATIONS

1. Additional waveshapes can be created. Using the
experimental equipment of this study, a more
extended search for spectra of interest can be
conducted.

2. Using the program presented in Appendix B, a further
computer investigation can be conducted for arbitrary
sequences longer than 20 bits.

3. The laboratory setup could be connected to a
microcomputer used to generate long sequences
that are not m-sequences. That source and a spectrum
analyzer may provide the ability to rapidly examine

spectra.
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APPPENDIX A

CALCULATION OF THE AUTOCORRELATION FUNCTION
(ACF) OF A BINARY SEQUENCE

The ACF war) of a voltage v(t) is an even function,
which has its maximum value (level of the main lobe) at
T = 0. Secondary maxima are the side lobe levels.

The shape of the ACF of a binary sequence v(t) with
rectangular pulses is easily obtained by letting V = 1
and ¢ = 1. "

For example, to form the ACF of the periodic sequence

A = +1, +1, -1, +1 or A

+ + - +

the sequence is written, and its delayed version is written

below.

For example, when t = 0, there is no delay and we have

+ + - +

+ + -+ ++ -+ ++ -+

++++ > 4

In each position, the corresponding elements are com-
pared. If the elements are alike, this is noted with a +.
Unlike elements are assigned a -. The number of like elements

less the number of unlike elements is the value of the ACF
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for this value of delay t. Here, all corresponding elements
are the same, and thus the ACF has value equal to 4.

Now, when T = 1, a shift is made as follows:

+ + -+

++ -+ ++ =+ + +

= - 0

By the same method we see that the value of the ACF
when T = 1 is 0.

Similarly, for t = 2, we have

+ + - 4+,
+ 4+ -+ + + -+

-+ -+ - 0

which gives 0 again.

The next position at t = 3 becomes

+ + -+

+ 4+ -+ 4+ + -+

b s RO

which gives 0.
Finally, the position t = 4 corresponds to the period

T of v(t) and so the value of the ACF is the same as the




|
-
4

value at the origin since R, (¥D) = vaw), k an
integer.

Since RVV&) is even, we need evaluate only the
"one-sided" ACF of the sequence A, which can be written

as:

RA(T) =5 4' 0, 0, 0, 4’ e e 0

We notice that the "one-sided" ACF can be completely
described by 5, or in general L+l points, where L is the
number of elements in one period of the sequence. The func-
tion RW}T) is obtained for all values of 1T by connecting with
a straight line the values obtained in the preceding dis-
cussion when 1 is 0, 1, 2, ..., L . This analysis leads
to the conclusion that it is possible to define a sequence
of L elements having a specified ACF, with a set of equations.
Consider a periodic sequence of.L elements Xy rXysXgpeee Xy
of unity amplitude and duration (V = #1, € = 1). The ACF
is computed by solving the following equations, which actually

form a system:

T=0 xi - xg + x§ oo +oxp =L
T=1 XyXp * X,%X; F XXy b ool XX, 3 = A
T =2 RyXp g ¥ XpXp +X3X) + oo0 4 XX 5 = B
T =3 RyXp o ¥ XpXp 1 +XgXp + oo XXy 3 =Y
T ; L-1 X1 X, +.x2x3 + X3X, e XX, =y
T = L xi + xg + x§ + ... F xi = L

N N2 T

i Lo s
B e T
> - - T ———— v e < - :




We notice that a system of L+l equations has been
formed. The left hand side corresponds to the sums of all
combinations by two of the sequence's elements (in this
case *1) and, the right hand side corresponds to integers
(L,a,B,Y ... y) with absolute values egual or less than L.

The last equation, which is the same as the first equation,
results from the periodicnature of the ACF of periodic sequences.
Unfortunately, this method has little value for two reasons:
First, a general solution for the system of equations is not
known. Second, the ACF does not uniquely define a sequence,
because the ACF is only a partial description of the
sequence. For example, all m-sequences of length L have the

same ACF, as ment.oned in Section II.D.2 of this report.
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APPENDIX B

COMPUTER PROGRAMS

l. Program to shape a sequence and then calculate and plot

its ACF and power spectrum. This is the main program on

page 86.

Using the technique discussed in Appendix A, the algorithm

for a FORTRAN computer program is constructed in the following

steps:

a. Provide the sequence for investigation as the data

deck for the program. In this particular search
the m-sequences examined are: -
(LY L=7 = L, 1,F,=-1,-1,1,-1.
(2) L

€3z =1,-%,~1,~1i,~1,~-1,1,1,1.,1,
1,-1,1,1,1,1,-1,-1,1,
I,:,-%,,-L,1,1,-1,-1,
=L, L L b L L =T, =L =1,
Eelo=Relolo=1l,1,=1,~1,
Ep~l,~1s~1,1,-1,-1,1,1,
-1,-1,1,~1,1,-1,1

(3) L

127 1,-1,-1,-1,-1,-1,~1,1,~1,-1,~1,-1,~1,

ade=E,=Llp=ls=l;1,=1,1,=1,=1,=1,1,1,
Loko=R =L lp=ls=dp=ly =Lyl ,1l,=1,~1L,1,
l,1,-%, 1,-1,1,-1,-1,1,1,1,1,1,-1,1,-1,
=Ea=La=L L. L, L,=L,=L,~L, Ly=1s=Ly L=,

-l'lylp-l'l,lp-l'l'-lpl,l"‘l,l'l'l’
l’11-1’-1’-111'l'-lyl,-lp-l’l'-’l,l'
-1'1'1,1,-1,-1'lpl,_lp-l’lp-l'l,-l’

-l’lplplpl'l'l'
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These data are punched in each card as 1. or -1,

starting from the first column of the card. The end of the

data i's denoted in the deck by one card punched with a 2.

To create longer sequences, the Subroutine EXTEND

is constructed. The procedure is to substitute for

each 1 of the data, the sequence itself and for each
-1 by the complement of the sequence.

For example, consider the sequence

A = 1, L, -1

7~ N\ \\\“
(L, L.~1) (I;E,=-1) (=1,=1,1)
which results in the longer sequence

Ay = 1,1,-1,1,1,-1,-1,-1,1.

Thus, if so desired (in the program, with the card:
CALL EXTEND (ISG,LS)), a sequence of length L can
be extended to length L2.

The subroutine EXTEND is presented on page 87.

The sequence's pulses are shaped individually with
the desired waveshape. Fach shape has a unity peak
amplitude and is described by its equation in
FORTRAN. This is done by constructing Subroutine
WAVE which is described on page 88.

The resulting "shaped" m~sequence is then plotted
using Subroutine DRAWP which is provided by the

computer center.
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The periodic ACF of the "shaped" sequence is then

calculated. By the point-to-point multiplication of

predetermined sample points per pulse, the subroutine

PANOS is constructed, based on the preceding ACF

analysis, and is described on page 89 .

The resulting points are numerically printed out

and a plot of the ACF is provided by subroutine

DRAWP

The power spectrum of the "shaped" sequence is then

calculated and plotted as follows:

(1) Compute the Fourier transform H(f) of the
Periodic ACF R(t), using FFT.

N-1

H(f) = ) R(T)e—jZNfT/i.
i=0

(2) Change the sign of the imaginary part of H(f)
to obtain H* (f).

(3) Compute and normalize the product H(f) -H* (f)
to obtain the power spectrum S(f):

1

S(£) = §F -+ H(E) - HA(£)

(4) Print out the resulting points.
(5) Plot the power spectrum using subroutine DRAWP.
This procedure is accomplished by constructing the

subroutine XFM, which is described on page 90 .
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y
The main body of the program is shown on page
86.
In the above process the computer time appears to be
a limitation. 1In the longer sequences, the number of samples
" per pulse has to be reduced from the original 20 samples to

10 samples so that the total process can be completed in
less than 30 minutes of computer time.

The complete computer printout and plots for the
unshaped 7-bit m-sequence is shown in Figures 25 through 26.
The printout and plots for the same m-sequence shaped
with the triangular function is shown in Figures 27 through

28.

The printout for the 7-bit m-sequence of Fig. 25 when
extended is shown in Fig. 29 and the corresponding plots of
the extended sequence when shaped with the raised-sine are

shown in Figure 30.
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SUBRCULTINE WAVE (WyoLW,I1SG,LS,NS)
CIMENSICN W(Ll),ISG(1)
TkE FOLLJhINb CARD DEFTNES THE W#AVEFORM

WFiX)=1.
Lw=L SxNS
WRITE (64+410) LSHyNS,L W

1C FURMAT (32T11Q0)
CJ 100 I=1elh

1CO wWlI)=wF(FLCAT(I)/MNS)=RISG(L+(T-1)/NS)

RETURN
END

NCTES

WF(X) DEFINES THE SHAPING WAVEFTIRM
wE{x)=1l. CCRRESPINDS 7O RECTANGULAR

WF(X)=(le=SIN(L.57J786+C. 283185*X))*.5
1C RAISE

(
L
WE(X)=1l.*EXF (- 2 16*X,5 16)-2. 53)**2)
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é vele)ye2*(le~AMID(Xs1le)))



(Wwolh£CHFERICC)

FANCS

c

LERCLTIN

$

w
O
O<
TE .
- nIx
- O
+ =
— ow
x a0
- %]
- wz=
— xQ
| [o 48
— -
—_ w g
4 v) -
| w = (- !
- w (B8] © i
+ — U
—t -+ —t<y
~ — [ 4S) !
k4 ~ i }
3 (= aQ
7 g Q ~— i
Pt | 3. S0
U~ ~ agu
Xz > = (& ) o
= . - <3t -
= - - ) — ww
s ~na L] ol -t S D
-t + 23490 " —~ ) <
" — e N ~N~N H sv) t 4 i
—- | O~ —— =4 (62
R r=rt — nHnO 2 (& ]
DDA Il e + O 0DI~Z oo {
NN 2~ SOUIODANE P48 i
ANAQD' Y~ JD INAD N I =~D Uy~ ]
F LI~ N L2 2~ry) 1 20 {
Juaud QO XUJO D IJ2QIZ it oW
- QYL DIV IV ] w e 1
e | a
[ 1 ] 9 2D I —w ¥ 3
£33 S} 32 Z\1 wva .
-t N 0 1

’v



(ByNPTS,LS)

SLERCLTINE XFV

o~
-«
A
()
-
-—
<
o
o
™
~
X
z
—
-
~
Qo
o
® ]
0y
—
X -~
L}
—
O =
OV e
o9
Ve X
~—— — = |
Zam
3a~
gIX O
O~
LIRS B Yo 8
-y U\
DO~~~
NOO s
QOO ~r-wi
N M~y &

OO ~r~re=t &)
P Y~
NDOOYOUD—
—ONQOT et
NNG o~uUi
~en e )=
N D om0\
IO X et
——D U~
D WO )y~ ~=id)
| ad 80 hod -
ol & QN ULV
xX VO
T AZaczsr-
* (S8 IR 1E9 )
A
(VI JUNTV, B & &5 o]
Dt L >>n
R S I Wi N FELe L i |
—as2ood
ZUg— 2
L IV SLWP L3S ERN AN LS &

[BERS §

2
-

URIER TRANSFCRM AX

GAMNSNPTS,IWK)

=
'-

THE F

CLLCULATE

(A,
TS8/7¢
FChkNM THE CCMNJLGATE ACJX CF AX

(s AS S

(S
e e

s
<S4
aa
v

[ § S
e
<1
4 a
O

Le )
-l -
"
—0

"
~lh)
O
D
— <

(1S ]
<

=)
(= |

TFE F«SPECTRUM

CALCLLAT

ACJIX(T))I/FLCAT(NPTS)

A
*

FelPZCTRLM

PEER TEE

—
~4
&=
Q. -~
Z n
- -
L\ (s 4
" -
"~ jos }
L -
-~ -
el -
e -—
e L & |
QAUY ~—
2 0
a'vN Q.
sl 2
- L <
— > >
~> X
> 4 -
~ o
o A o
~ e 0
on Z
Dda =~
WD ey
X ) a
Qq et S
Lw=liaq
L~ Ao
< =Z£L04L
nuyr<an 4 4
=X D

Loee L IO
oz
< S oo

o
L}

2
«“)

90

R e ek g N BTN PSRN A i

)
- Vb‘




—~a.

70

ITTED.,
91

TRUE

rielsidinielelsisielalpliplslalololelololsiolslolnlalisislelolslalalolslolslslslololslsle lélololalals Iale I
SO DAHIVDIDIDHODOAODODOOHADODOSHDVOVOIDDODODHORODINDIDIOVDDIDIIDD
QZDDROMNDIDITONDAHDDDDNIDDDNDOMNIDDCOMODDINODODDHODNIOINDODIDIODDD

'S DIDODDIVNDNAHOIMNDIDVDAINDINDODDHONODOMIINDDUDINOIDHDOIDIDODUODDODDDOD
QOO DOCNLOONHNOLDINWIDVLVINDDADDIDOIDINIDIIVDDIADDIVITININUONUNOOD
Wh- 0 ® 0 & o 0 0 5 o ¢ 0 0 0 g 09 00 % 5 00 0% 0 000000000 000 0000000 0040
WLATSNFLCTONI ONDODODDI7,00000C D000 MVO 200020 QVONVNDMIODNOODD0D0V0LVNOD:
O -d M= O 1A T YT 4 | ot e ot g ot ) ot el ) = e d Pl ] ] el ] ) S ) T ] ] " ) P ] ] 7l ) gl o ] ] P ) e ™ ) " ]

W N BRI N U O R SN RN A R AR A R ORI RN B A R RL

LI

~lQ.00200

FAS
CCKFk

9 0 0 0 0 0 o % g ® 0 0 0 0 00 0 g % g 0 0 9 ® g 0 0 a0 0 eV oot g oo LIPS )
NOFNITDCO-NMNETNOTOTDaNNOT AOND DN FINCNTON Iedng.
e g et S = Y AN N NN AN NN MM A N 3 3 T

Ue
l.

fs 4
UL el e e e el e g
a (N} |

THE PRINTOUT OF THE COMPUTER PROGRAM #1 FOR

THE UNSHAPED 7-BIT m-SEQUENCE.

GRAPH
AUTC

EUTRERNITT. - VSR

Fig. 25.




QOO0 DOIVOHDIDIDO
2ANONODDHHOODIDD
MNDDHITHOODHVOOOD
€ISV DIV IC

e 0 o0 ¢ 0 0 % g 0 0 0 *

09

-1C. CuUuuv
e JUYU

3
&)

— ] et 4 | ~ NN O

LI |

.
o)
w
_l|
| -

OO YPOARSNRDND ~A NN DNND W ed MM et D et O NN OO
ANODAS DD 0 AN AIYIYI PO TOL DOy DNy
ONETDNNNINMNNA et AOMAD OO NND =N DNNFDNDD

NI TN DVDINSN D ONOMMARD ANS=COOM® MDD

TS TAVU YO DONUV IS VIS INTS =1 AN D= QU N YUYy
Ul @ 6 0 0 5 0 0 0 ¢ 0 0 g ¢ 00 00 4 00 4500 00¢ 4 4045 000°
WARNOOANS—MIINOC 3= g0 D DD ~=DO0DOQHCL00

(s Bke ¢ Lo ¥ o TV P

CRAPE FAS

@ © 0 0 ® 0 g 0 0 00 0% g 0% 8 9 08 g g0 Cae0s

NAFNONDORNHI~NANAL AOTMOO DN FIAN~T
el e el e e e ) et NN P O NI N N

i o

HAS BEEN PLCTTED.

CONTINUED

Pig. 25,

92

B S ——

e e o




90|

JONINOIS-W LIg-,L FAVHS YVINONVIOAY FAHL °©97 *Bra

"HONT SLINA T0-300° " S=34 1435 =)
"HONI SLINN T0+300°1=37183S-X

010~

S00-

100

000

Sop hoo €0 200

+ 4

L00

RPN, e .

S00

Ji0

R¢><

93

b




oue 003 0oy 00y 006

aui

1 Re (%)
\

e

I { |
| /
Fo /
| |
| |
|
. \ ,
e e
e /
, ‘ |
o /

\ .:

\ f

‘x\ /
: /
| \ /
{ \ /
‘: \ |
\ \ / =
0 301 302 oy 704 L af SRR of
| /
'% {
| | |
X-SCALE=1.QCE+Q1 UNLTS [INCH.
Y-SCALE=L.00E+*0] UNITS INCH. it
Fig. 26b. THE ACF OF THE RECTANGULAR SHAPE 7-BIT

m=-SEQUENCE.
‘94

S




*dAONANDOIS-w LI~/ IJVYHS YVINONVLOFAY HHIL J0 WNULOIJS ¥IMOd FHL

SLINN 10+300°2=31025-)

SEOD

0€0

S0

020

"HINI

*09z °bt1a

"HONI SLINN 00+300°S=37HJS-X

Sio0

010

S00

000

(594

Q00

200

hoo

900

800

€&

95
Ty il Bl 7 AYI T T IRE GO TN

.




/ AD=AO73 964 NAVAL POSTGRADUATE SCHOOL MONTEREY CA F/6 17/2.1
TECHNIQUES AND BENEFITS OF SHAPING THE PULSES OF BINARY SEQUENC==ETC (U)
MAR 79 P ¢ MAVRAGANIS




S—

A R

R

o

= el
[

"m 1] £ I

— L&

22 flas e

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A




96

O NSRS FANNONNS O~ PN DO DN QMO et O 010 O =4 (N0 el ey a2 le ) Mo
ﬂﬂ&?&élﬂl933022779772292277977229ZZ?7977%%%22N1%H72%WU&”
.950365653131633983019163893361916339936191653983610163
CENC10 DT O W et~ ot D) =400 T 70 et B ef F =4 0 el QO F D) et (0 4 T =t OO ek (0 F U0 el OO ol ¢ oot D) ek 0O F* 00 4 W) 4\ =t O =4
M”J..Dl?u/w.l.a.5857.5814241.6:”753142416:_75814241857:.814241857581
t LK) O e 0 0 0 00 g 9 0 0 0 0 0 0 00 g 0 00600 g0 90060 4504000 . . @
EA64&48301233322111223332211122333221112233322h1hLL3L3L&
o i L U L L L T T T T T T T T O I T I I I I I |

TRVE
1o

Tu
THE PRINTOUT OF THE COMPUTER PROGRAM #1 FOR THE

TRIANGULAR SHAPE 7-BIT m—=SEQUENCE

ol = ol el ) gt =4

PERIJD=

Fig. 27.




NTODE DOV~ FU
ISP NN DN D g™ |
DPNDAN 4D MO DDVDOD
DFW At ~ DU W O™ ¢
T AT et DUNRSO DN T T O Uiy |
0 4 006 0046000000 44
ey SN N O Nt OMNM D O |
P TP s r e RN ~CyN

56.
58
£9.
60 .
6l
€2.
63.
€.
€De
86 o
ol
68.
63,

24 o
55«

]
)
o
1
’

It DN —HANC E MO NONS 4 F O = 00 POy

| HANOQUVIR AN P IS SN F NP ON~ AN G ~OADD
MD35489?636892107550400011UMOMWOOWWW

T AFN=ENPANCINSO~N—4-4DODVOOIDDIODAVODDID
CINNONLVEDITFO00EF—DOV00DONDHVOOOOVOHADIAND
ﬁ:ﬁh.nuu. ..m ﬂhm ® 4 0 0 00 4 0 504008 44904066400,

o QM) (Nt o [=la1® 1
9221118 (=lelelolulele/alNls Jolololelsfe1S lols Tole]

L2

q

"

IS0 0 000000 00 060 ¢ 59° 000 % 500008060440 000
A ANATOBNDAD~ANMEN IO TO~NNFNONOND ~N S
M ol o4 e e = e e N O T N ONL N N N g N () 019 (1) €1
& ]

GRAPH TITLED

POWER SPECTRUV

HAS BEEN PLOTTED.

CONTINUED.

Fig. 27.

97

i e TR WO T SN e
¢




L0 90!

*IONINOIS-w LId-L FIVYHS UVINONVIVL JTHL

‘egz *bra

"HaNI GLINA 10-300°S=3 35~k
"HINI SLINA 10+300°1=31005~X

100

00

w4

010~

S00-

000

S00

10

98




030 |

02s

020

01s

010

0us

000

i

01 902 003 o4 i /\/M W% >

X-SCALE=1.00E+0! UNITS INCH.
Y-SCALE=5.00E+00 UNITS INCH.

Fig. 28b.

AP T A AN B Py, e, A e s

THE ACF OF THE TRIANGULAR SHAPE 7-BIT m-SEQUENCE.

99




Fig.

2hay(s)

02S

020

015

010

00s

000

I

000 00s 010 015 020

X-SCALE=5.00E+00 UNITS INCH.
 Y-SCALE=5.00E+00 UNITS INCH.

28c, THE POWER SPECTRUM (LINEAR) OF THE TRIANGULAR
SHAPE 7-BIT m-SEQUENCE.

100




PERIOD= TRUE TRUE

PRHEREREE RRRERRE e
=

|
[
[

Fig. 29. THE PRINTOUT OF THE COMPUTER PROGRAM #1
FOR THE EXTENDED 7-BIT m~SEQUENCE.

101

i e



900

‘@ONANOIS-w LIF-,. dIANILXT AJIYHS FINIS QASIVY IFHL °©0f *Bt1a

"HINI SLINN T0-300°S=310H05~1)
"HINI SLINN 20+300°1=37T035-X

gto-

S00-

S00 hbg €0d Al 1he 004

000

S00

010

)y

102

I N T

-

A v,

[

—1

L Rl ey




*FONINOIS-W LId-L QEAANILXI TJVHS ANIS QISIVY FHL J0 JOV IHL °qo€ °*BTa
: "HINI SLING 10+300°5=34WI5~L
"HINT SLINM 20+300°1=310H35-X

S00~

000

S00

gio

SI10

T‘g My k

103

B e R

'”"iR:'“""!ﬁb@ﬂ"i5ﬂh4iNlhaniavu-u—-u-suuwn-sgpuv-

-

B i b e




o010

008

006

ooy

002

000

4Gu(5)

N

000 00s Q1o a1s

X-SCALE=S5.00E+01 UNITS INCH.
T-5CALE=2.00E+01 UNITS INCH.

Fig. 30c.

THE POWER SPECTRUM (LINEAR) OF THE RAISED SINE
SHAPE EXTENDED 7-BIT m=SEQUENCE.

104




2. Program to search for interesting arbitrary sequences.

a. The algorithm for a FORTRAN computer program by
which interesting non m-sequences are examined, is
constructed in the following steps.

(1) Generate the first Z(L-l) sequences of length n.
This is accomplished by counting in binary from

Otozr"-l

and thus generating the first half
binary numbers of length L. The resulting
sequences are represented with 1 and -1.

(2) The periodic ACF of each generated sequence is
calculated using subroutine PANOS (as described
in Appendix A.l). 1In fact, a small modification
is made in this subroutine, which gives the
option of calculating the ACF's of any number
of sequences as they are generated.

(3) After the calculation of the periodic ACP of each

generated sequence is completed, sufficient

control points are provided, so that ACF's not

sin x

= form are filtered out. The

similar to the
remaining are compared for similarity with the
the previous ones and ﬁhe same (which repeat)
ACF's are also filtered. Finally, the interesting
ACF's are printed out, as well as the sequences
from which they originate.

(4) At the end of the program appears the statement

CALCULATION COMPLETED. A printout without that
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statement will indicate that the computation

is interrupted and unfinished, having exceeded

the available computer time.

The computer program is shown on pages 108

and 109.

The resulting printout of interesting ACF's

of sequences of length 8 is shown in Fig. 31.

The above results as well as the corresponding

sequences are shown in Fig. 32.
The resulting sequences with interesting ACF's for
every length L are then examined. A decisicn is
made for the usefulness of each individually and
finally, the sequences of interest are punched and
processed according to the already discussed computer
procedure for the main linear sequences.

Their spectrum is then examined, and pulse
shaping takes place to investigate possible improve-
ment.

Unfortunately, the required extremely large
computation time appears to be the main factor for
not approaching the desired form. Due to the geometry
of the §i§—§ curve, it is understoocd that much more
than 20 points of ACF (onesided) [sequences of length
L'= 20] are required to form a curve approaching the

si
-—%%—5 form.
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It is suggested that a project using the already
constructed programs could be used, for a more
extended search.

In the following figures, the plots of two
interesting sequences of length 20 are shown.

Figs. 33 through 34 show the unshaped and shaped
with raised-sine plots of sequence 20B.

Figs. 35 through 36 show the unshaped and

shaped with raised-sine plots of sequence 20X.
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THE PRINTOUT OF PROGRAM #2 FOR SEQUENCES OF
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(ACF's and corresponding sequences).
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33c. THE POWER SPECTRUM OF THE RECTANGULAR SHAPE
SEQUENCE 20B.
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APPENDIX C

EXPERIMENTAL SYSTEM

1. In this appendix, we present the experimental system’
used to verify the computer results. With this technique,
it is possible to generate a variety of pulse shapes. Of
particular interest are the raised-sine, triangular and
ramp shaped elements of the sequence.

Included here are the results (photographs of the ACF's
and spectra) of the experimental effort. The block diagram
of the system is shown as Fig. 14 in Section III.D of this
report.

The technique involves formation of the product of the
desired sequence and synchronized available waveshapes using
an Analog Voltage Multiplier (AVM). Then, the resulting
"shaped" sequence ACF and power spectra are obtained using

a commercial correlator and spectrum analyzer.

2. The Waveforms Generator.

In this'project the IEC F-54A Function Generator pro-
vides the waveforms used to shape the sequences.

This unit provides the following pulse shapes over a
frequency range from 0.005 Hz to 11 MHz:

* Sine wave

» Squére wave

* Triangular wave

* Ramp (15/85 duty cycle) wave
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! * Fixed pulse (15% duty cycle)
* Rectangular pulse with continuously variable duty
cycle (100 nsec. minimum pulse width).

* Sweep sawtooth waveforms.

The function generator's SYNC-OUT connection is used as
clock for the sequence generator. This clock provides the
required synchronization.

Through the DC OFFSET control the bipolar functions
become unipolar which is a required input to the AVM. The

voltage level is accordingly adjusted by the amplitude

control.
I s( P10S)
4m AOVJ -

Fig. 37

THE D.C. OFFSET EFFECT AT THE OUTPUT
OF THE FUNCTION GENERATOR

The SYNC-OUT connection of the function generator
provides a bipolar pulse train, the amplitude of which
(t1 volts) is insufficient as clock for the TTL feed-back
shift registers of the sequence generator. Figure 38 shows

the circuitry of the transistor amplifier used to obtain

T
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Fig.. 38. THE CLOCK AMPLIFIER
CIRCUIT DIAGRAM

a unipolar pulse train of 0-5 volts suitable for TTL logic.

Fig. 39 shows a photograph of both input and output

of the amplifier.

input

output

Fig. 39: PHOTOGRAPH. OF THE iINPUT
AND OUTPUT OF THE CLOCK AMPLIFIER
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3. m-Sequence Generator

The m-sequence generator in Fig. 14 is clocked by the
amplified SYNC-OUT connection of the function generator and
consists of a variable length shift-register and a modulo-
two adder, using TTL logic.

a. Operation

m= sequences are generated by selectively summing
the outputs of Shift-Register positions and using this sum
as the shift-register's input. A shift register m-~sequence
generator of length 3 is shown in 40a. Each time a clock pulse
occurs, the outputs of register positions 1 and 2 are
modulo-two summed and fedback to the input of register posi-
tion 3.

Figure 40b shows the state of the shift register
flip-flops for successive clock pulses; after 23—1 = 7 pulses
the sequence repeats itself. It should be noted that the
shift-register takes on all possible states except the "000"
state (terminal state).

b. Circuit Description

The m—-sequence. generator consists of one plug-in
circuit board (DD-1 Digi-Designer) whichAprovides the
necessary power supply (5 volts and ground) for the operation
of the gates, two shift registers (74164), one quad 2-input
XOR Gate (7486) and the necessary circuitry.

Component layout for the PN Generator is shown in
Fig. 41. The 5 volts clock pulses are provided by the IEC

function generator through the transistor amplifier.




CLOCK >

INPUT

1 > OUTPUT

S

(a) Shift Register Circuit

CLOCK PULSE REGISTER STATE
¢ 1 T 1T 3
2 TS O
3 o 0 1
4 t o ©
5 e % 0
6 T & 9
7 T % @
8 Tt 1

(b) Shift Register State Transition

Bit)

rs

o TSR AmE SEE Tay Bne R e e

c) Output m—sequence.

Fig. 40. GENERATION OF AN m-SEQUENCE.
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The m-sequence generator is wired to provide a
variable length shift-register of 16 bits maximum, generating

16_) = 65,535.

thus many linear sequences of length up to L = 2
In Tables II and III the feedback connections for
linear m¥sequences are shown.
The generated.m-sequences have an amplitude level
of 5 volts and are unipolar. Since for the multiplication by
the AVM, bipolar level is required, a negative DC offset is
provided, with the use of a DC source of -2 volts. Thus,
a voltage divider is formed and Fig. 42 shows the circuitry
used as well as the calculated output Vo for input Vl’
If Fig. 43 a photograph of the corresponding input
and output of the negative DC offset is shown.

Thus, the required bipolar m-sequence input to the

AVM is obtained.
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TABLE II. ILLUSTRATED SHIFT-REGISTER CONNECTIONS OF
2 THROUGH 16 STAGES

SHIFT REGISTER

N pores
BXAUSIVE = i ,, )
OR GATE <
e LBNGTH-) -
< a9 LENGD - 511
l g’il?l ﬂﬂﬂﬂﬂﬂﬂjﬂ
nel  LENGIN T n-l0 - LENGTH + 23

mELE UNGTH - 200

[glﬁ_ [gx[s[.[sr T

nei2 UNGTH « 4095
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“ v"‘ﬁ :um:w ; [:g; e
' AH'!olsloﬁl-{-[-lﬂk{wﬁ-l (e
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TABLE III. SHIFT REGISTER CONNECTIONS FOR

m-SEQUENCES GENERATION .

Number
of Code

Stages Length Maximal Taps

2 [2, 1]

3= 7 3, 1]

K1 15 [4,1]

§* 31 [5, 21105 4,3,211(5,4,2,1]

6 63 [6,11(6,5, 2,11 (6,5, 3, 2]

7* 127 (7, 1117, 31 (7, 3,2, 11(7, 4, 3, 2]
[7.6,4,21(7,6,3,1]1[7,6., 5, 2]
(7,6,5.4,2,1]1(7,5,4,3,2,1]

8 255 [8,4,3,2](8,6,5,3][8,6, S, 2]

(8, S, 3, |][8 6.5 1]1(8,7,6,1)]
(8,7,6,5 2,1][8,6,4,3,2,1]

9 S11 [9,4109,6,4, 3]1(9,8,5,4][9, 8,4, 1]
9,5.3,2]1(9,8,6,5] 109, 8,7, 2]
9.6,5,4,2,11[9 .7,6,4.3. 1]
9.8,7,6,5, 3]

10 1023 {10, 3] (10, 8, 3. 21 (10, 4, 3, 1] (10, 8, 5, 1]
(10, 8, S, 4] (10, 9, 4, 1] [10, 8, 4, 3]
(10, 5, 3, 2] (10, §, 2, 1] [10, 9, 4, 2]

11 2047 i1, 8,5, 2)(11,7,3,2][11,5, 3, 5]

13

14

(11,10,3,2][11,6,5, 1] (11,5, 3,1]
[11,9,4,1][11,8,6, 2] (11,9, 8, 3]

4095 (12,6,4.1]1(12,9,3.2][12, 11, 10, 5, 2, 1]
(12,11,6,4,2,1](12,11,9,7,6, 5]
(12.11,9.5.3,11[12. 11, 9.8, 7, 4]
(12,11,9,7.6,5](12,9.8,3,2,1]
(12,10, 9, 8. 6, 2]

8191 [13,4,3,1](13,10,9,7, 5, 4]
(13,11,8,7.4,1](13,12,8,7,6, 5]
{13,9,8,7,5,11[13, 12,6, 5, 4, 3)
(13,12,11,9,5,3}[13,12,11, 5,2, 1]
(13,12,9,8,4,2][13,8,7,4,3,2]

16, 383 (14,12, 2,1] (14, 13, 4, 2] [14, 13, 11, 9]
(14, 10, 6, 1] (14, 11, 6, 1] [14, 12, 11,1}
14,6, 4,2][14,11,9,6, 5, 2]

(Continued)
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TABLE III. CONTINUED

.
s i
Number
L of Code
Stages Length E Maximal Taps

[14,13.6,5, 3,11 [14, 13,12, 8,4, 1)
[14,8.7, 6, 4, 2] (14, 10, 6, 5, 4, 1]
(14, 13,12, 7, 6. 3] [14, 13. 11, 10, 8, 3]

15 32, 767 (15,13, 10. 9] [15. 13, 10, 1] 15, 14, 9, 2]
(15, 11 [15.9, 4. 1] [15, 12. 3, 1] [15, 10, 5, 4]
[15.10, 5, 4.3. 2] [15, 11, 7, 6, 2, 1]
(15,7.6,3,2, 1115, 10,9, 8, 5, 3]
(15.12.5,4,3,2][15, 10,9, 7, 5, 3]
(15, 13, 12, 10] [15. 13, 10, 2] [15, 12, 9, 1]
(15, 14, 12, 2] [15, 13,9, 6] [15, 7, 4, 1]
(15, 41 (15, 13, 7, 4]

16 65, 535 [16, 12, 3, 1] [16, 12, 9, 6] [16, 9, 4, 3]
[16, 12, 7, 2] [16, 10, 7, 6] [16, 15, 7, 2
[16, 9, S, 2] [16, 13, 9, 6] [16, 15, 4, 2]
{16, 15, 9, 4]

17* 131, 071 - (17,31 (17, 3,2, 11 (17, 7. 4, 3]
(17,16, 3, 11 (17, 12, 6, 3, 2, 1]
(17,8,7, 6,4, 3117, 11, 8, 6, 4, 2]
(17,9. 8,6, 4, 1] [17, 16, 14, 10, 3, 2]
(17,12, 11,8, 5, 2]

18 . 262,143 (18, 71 (18, 10, 7, 5] [18, 13, 11,9, 8, 7, 6, 3]
(18,17, 16, 15, 10, 9, 8, 7]
[18,15,12, 11,9, 8 6]

19* 524,287 (19, 5,2, 11 (19, 13, 8, 5, 4, 3]
(19,12, 10,9, 7, 3] [19, 17, 15, 14, 13, 12, 6, 1]
(19, 17, 15, 14, 13,9, 8,4, 2, 1]
(19, 16, 13, 11, 19,9, 4, 1] [19, 9, 8, 7, 6, 3]
(19, 16, 15,13, 12,9, 5,4, 2, 1]
(19, 18, 15, 14, 11, 10, 8, S, 3, 2]
(19, 18, 17, 16,12, 7,6, S, 3, 1]

20 1, 048, 575 [20, 3] (20,9, S, 3] 20, 19, 4, 3]
{20, 11, 8, 6, 3, 2] [20, 17, 14, 10, 7, 4, 3, 2]
21 2, 097, 151 [21, 2] [21, 14, 7, 2] [21, 13, §, 2]

(21,14,7,6,3,2](21,8,7,4,3,2)
(21, 10,6, 4,3,2](21,15,10,9,5, 4, 3,2]
(21,14,12,7, 6, 4, 3, 2] [21, 20, 19, 18, 5, 4, 3, 2]

(Continued)
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TABLE III. CONTINUED

Number
of Code
Stages Length Maximal Taps
22 4, 194, 303 [22, 1] (22, 9, 5, 1] (22, 20, 18, 16, 6, 4, 2, 1]
[22, 19, 16, 13,10, 7, 4, 1] [22, 17,9, 7, 2, 1]
[22,17,13,12,8,7,2,1]1[22,14,13,12,7,3, 2, 1]
23 8, 388, 607 [23, 51123, 17, 11, 5] (23, §, 4, 1]
[23, 12, 5, 4] [23, 21, 7, 5] [23, 16, 13, 6, 5, 3]
[23, 11, 10, 7, 6, 5] {23, 15, 10, 9, 7, 5, 4, 3]
(23,17, 11,9, 8, 5, 4, 11 [23, 18, 16, 13,11, 8, §, 2]
24 16, 777, 215 [24, 7, 2] [24, 4, 3, 1]
[24, 22, 20, 18, 16, 14, 11,9, 8, 7, §, 4]
[24, 21, 19, 18, 17, 16, 15, 14, 13, 10, 9, §, 4, 1]
25 33, 554, 431 (25, 3] (25, 3, 21] [25, 20, S, 3] [25, 12, 4, 3]
[25, 17, 10, 3, 2, 1] {25, 23, 21, 19,9, 7, §, 3]
{25, 18, 12, 11, 6, 5, 4] [25, 20, 16, 11, §, 3, 2, 1]
[25,12,11,8,7,6, 4, 3]
26 67, 108, 863 {26, 6, 2, 1] [26, 22, 21, 16, 12, 11, 10, 8, 5, 4, 3, 1]
27 134, 217, 727 [27, 5, 2, 1] [27, 18, 11, 10, 9, §, 4, 3]
28 268, 435, 455 28, 3] (28, 13, 11, 9, 5, 3] [28, 22, 11, 10, 4, 3]
(28, 24, 20, 16, 12, 8, 4, 3, 2, 1]
29 536, 870, 911 [29, 2} [29, 20, 11, 2] (29, 13, 7, 2]
{29, 21, 5, 2] [29, 26, 5, 2] {29, 19, 16, 6, 3, 2]
[29, 18, 14, 6, 3, 2]
30 1,073, 74, 1, 823 {30, 23, 2, 1] [30, 6, 4, 1]
[30, 24, 20, 16, 14, 13, 11,7, 2, 1]
31* 2, 147, 483, 647 {31, 29, 21, 17] [31, 28, 19, 15] (31, 3]
31, 3, 2, 1] {31, 13, 8, 3] (31, 21, 12, 3, 2, 1]
(31, 20, 18, 7, §, 3] {31, 30, 29, 25] [31, 28, 24, 10}
[31, 20, 15, §, 4, 3] [31, 16, 8, 4, 3, 2]
32 4, 294, 967, 295 [32,22,2,1](32, 7,5, 3, 2, 1]
(32, 28, 19, 18, 16, 14, 11, 10, 9, 6, §, 1]
33 8, 589, 934, 591 [33, 13] (33, 22, 13, 11] [33, 26, 14, 10]
: (33, 6, 4, 1] [33, 22, 16, 13, 11, 8]
61* 2, 305, 843, 009, (61, s, 2, 1]
213, 693, 951
89* 618, 970, 019, 642,  [89, 6, §, 3]

690, 137, 449, 562,
112

e I T — NP
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= 1.4 Volts p-p

= *0.7 Volts

Fig. 42. THE NEGATIVE D.C. OFFSET CIRCUIT DIAGRAM.

T

Pig. 43. ‘
P.C. OFFSET

INPUPT AND OUTPUT OF THE NEGATIVE




4. The AVM (Analog Voltage Multiplier)

Finally for the "shaping"” of the generated sequences
the principle of multiplication is used by which the
sequence or code under examination is multiplied by the
desired "shape" or function waveform , as already discussed.

For this purpose an AVM is used (Analog Devices Model
4293) .

One input to the AVM is a unipolar "shaping" waveform,
with variable amplitude and DC offset level. Fig. 44 shows

photographs of the available shapes.

’ -~

—_—

+7V

(a) Triangle

ov

(b) Raised-sine

Fig. 44. PHOTOGRAPHS OF THE WAVESHAPES AT THE AVM INPUT.
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Fig. 44.

CONTINUED
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(d) Rectangular
(50% duty cycle)

(e) Rectangular
(15% duty cycle)

T



The other AVM input is the bipolar sequence of constant

amplitude level (* 0.7 volts) shown in Fig. 45.

~+0.7V

~0.7V

Fig. 45. PHOTOGRAPH OF THE 7-BIT m-SEQUENCE
AT THE INPUT OF THE AVM

The resulting operation of the AVM is an Analog Amplitude
Multiplication of the 2 inputs. The two traces of the photo-
graph in Fig. 46 indicate the 2 waveforms are in phase at

the input of the AVM.

+V

Fig. 46. PHOTOGRAPH OF THE m-SEQUENCE AND THE
SHAPING WAVEFORMS AT THE INPUT OF
THE AVM
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The vertical scale is adjusted to demonstrate the
synchronized condition.

Figures 47(a) and 47 (b) show possible irregular results
at the output of the AVM caused by improper adjustment of
amplitude (Fig. 47a) or DC offset (Fig. 47b) of the waveform

generator.

(b)

Fig. 47. PHOTOGRAPHS OF POSS:BLE UNDESIRED OUTPUTS
OF THE AVM

A final adfustment with respect to DC amplitude control
knob and DC offset control of the desired waveform is
required to obtain the highes£ undistorted amplitude.

This provides the waveforms Shown in Fig. 15b of Section
III.D.2.

The output after final adjustment has an undistorted
amplitude of t+ 0.5 volts obtained as follows:

a) waveform level: +7 volts

b) se2quence level: +0.7 or -0.7 volts

¢) multiplier characteristic: 7x*0.7/10 = 0.5 volts.
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(a) AVM inputs

(b) AVM output and
one input

\C) AVM output and the

Fig. 48. COMPARISON OF INPUTS AND OUTPUTS OF THE AVM
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A comparison between the 2 inputs and between either the
sequence, or the waveform with the resulting "shaped"
sequence can be made by observing Figures 48(a), (b) and

(c) under the same scale.

5. Spectrum Analysis

In this section additional photographs of the resulting
spectra are presented. The spectra were obtained using a
Spectral Dynamics SD-335 Spectrum Analyzer. .

In Figures 49 (a) through (f) the spectra of the 127-bit-
m-sequence are shown under various shapes and with a clock
requency of 2.5 kHz. The display of the spectrum analyzer
is logarithmic and the window is 50 kHz wide. In Figures
50(a) through (f) the spectra of the sequence of Fig. 49
are shown, but with clock frequency of 10 kHz. 1In Figures
51(a) through (c) the spectra of arbitrary sequences (not
m-sequences) are shown with the original, triangular and
raised-sine shapes. The clock frequency is 5 kHz, and
the display is logarithmic. 1In Figures 52(a) through (c)
the spectra of the sequence of Fig. 51 are shown but with

linear display.
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Fig. 49.

(a) Rectangular
(100% duty cycle)

(b) Rectangular
(50% duty cycle)

{c) Rectangular
(15% duty cycle)

THE AVERAGED SPECTRA OF THE 127-BIT m-SEQUENCE.
Log~display, £ = 2.5 kHz, 64 averages, 10 dB
output gain, 50 kHz window.
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Pig. 49.

Ld

CONTINUED
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(d) Triangle

(e) Raised Sine

(f) Ramp

B e e




(a) Rectangular

(b) 50% Duty Cycle

(c) 15% Duty Cycle

Fig. 50. THE AVERAGED SPECTRAL OF THE 127-BIT m-SEQUENCE.
Log display, £ = 10 kHz, 64 averages, 10 dB output

gain, 50 kHz window.
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Fig. 50.

CONTINUED
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(d) Triangle

(e) Raised sine

(£) Ramp.
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(a) Rectangular

(b) Triangle

(c) Raised sine

Fig. 51. THE AVERAGED SPECTRA OF AN ARBITRARY SEQUENCE.

Log display, £ = 5 kHz, 64 averages, 10 dB output
gain, window 50 kHz.
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Fig. 52.

(a) Rectangular

(b) Triangle

(c) Raised sine

THE AVERAGED SPECTRA OF AN ARBITRARY SEQUENCE.
Linear display, f = 5 kHz, 64 averages,
10 dB output gain, window 50 kHz.
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