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Section 1
INTRODUCTION

Air vehicles of the future, whether they be CTOL or V/STOL air-
craft, will almost surely be control configured vehicles that make extensive
use of active control technology. Multiple means of producing primary forces
and moments on the vehicle for enhanced maneuverability will likely be common-
place. The technology to be used to conceptually design a multicontroller
feedback system to satisfy flying qualities and other control system design
criteria is an emerging technology. Almost always, the purpose of a feedback
flight control or stability augmentation system is to enhance the flying qual-
ities of the aircraft. To be most effective and responsive to the needs of
Naval Aviation, one major thrust of flight control system design criteria
should be toward the most efficient way to satisfy flying qualities require-
ments as defined by MIL-F-8785B(ASG) or MIL-F-83300, the only military CTOL
or V/STOL specifications.

The objective of the research described in this paper is to inves-
tigate multicontroller control system design techniques that will satisfy fly-

ing qualities requirements. Augmented systems which do not increase the order

of the closed loop system are desirable because they tend to avoid problems

associated with phase shift and apparent time delays, they are less complex and
easier to implement. The resulting dynamics of such augmented systems can be
readily interpreted in terms of the current specifications on conventional phu-
goid, short period, Dutch roll, roll and spiral vehicle dynamic modes and the
zeros of the transfer functions of substantial significance to the flight dyna-
mics situation as defined by MIL-F-8785B or MIL-F-83300.

What is needed then, is a multicontroller design method that uses
only passive feedback gains., The control system design of the near future
will wish to achieve objectives in addition to satisfying flying qualities,
such as bending moment and maneuver drag minimization or gust alleviation.

Only by using optimal control methods can the control system designer hope to




obtain a multicontroller design that not only achieves objectives such as min-
imum maneuver loads and acceptable flying qualities as defined by MIL-F-8785B,

but also does not, in general, increase the dynamic order of the system response.

A brief survey of the evolution of flight control design prac- |
tices over the past fifteen years shows the following trends:

1. Flight control systems require more sensors that measure
dynamic motions of the aircraft, resulting in an increased
number of feedback paths.

2., Filter or compensation networks as command augmentation
are introduced to modify pilot command inputs to the servos
that drive the aerodynamic surfaces.

3. Filters, compensation networks and washout networks are
being added in abundance to the flight control system.

4, "Inner loops'" in the form of feedback to surfaces not di-
rectly commanded by the pilot are being proposed. An exam-
ple would be a direct 1ift flap or spoiler programmed for
gust alleviation,

These developments taken individually may be justified for indi-

vidual airframes and flight tasks but the tendency is to build upon previous
designs by cascading resulting in increased complexity and a very high order

system,

The purpose of the research described in this report is to evolve
flight control system design methods that are compatible with flying qualities
specifications as they now exist and are potentially more systematic and power-
ful in the sense of achieving flight control objectives more quickly and more
effectively. Linear optimal control is one of the most rapid and potentially

most efficient methods of designing multi-input, multi-output systems.




Because the linear optimal control law inherently involves feedback through non-
energy storage gains only, the order of the closed-loop response is not in-
creased as compared to the open-loop response., Therefore, MIL-F-8785B can be
used directly to determine the effect of the optimal control system on the
resulting flying qualities of the aircraft. If flying qualities objectives

can be directly included in the performance index to be traded off or evaluated

along with active control objectives, then linear optimal control methods may
be developed into an attractive and powerful tool for the flight control sys-

{ tem designer.

Flying qualities requirements as presently specified by MIL-F-
8785B define, among other things, acceptable regions for poles and zeros of
transfer functions of specific response variables with respect to pilot com-
mand inputs. If linear optimal control is to be a viable design tool that
can lead directly to flight control configurations satisfying flying quali-
ties, then direct relationships connecting the performance index parameters
with the resulting closed-loop poles and transfer function zeros should be
available to the designer. This report directly addresses the problem of
performance index selection and the effect of this selection on the closed-

loop poles and transfer function zeros, the handling qualities parameters.

Linear optimal control methods have disadvantages. The feedback :
control law obtained by linear optimal methods in general requires feedback
from each state to each controller, resulting in a complexity that is never
necessary and never justifiable. Satisfactory flying qualities are defined
for a fairly broad range of closed-loop dynamics, so a simplified closed-loop
configuration seems always possible. Because a fully optimal feedback sys-
tem can be considered to be of a complexity comparable to some recent high
order flight control systems, a suboptimal system should yield a configuration
that is simpler, lower order and have significantly better flying qualities.

Organization of the Report

Section two of this report briefly outlines the linear optimal
control problem stressing the role played by transfer function and other

-
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zeros in the optimal control problem and the effect of transfer function zeros
on the closed-loop dynamic behavior of the optimal system. Section three
describes two methods that might be further developed to obtain relationships
between performance index parameters and zeros of closed-loop transfer func-
tions. Section 4 describes two potentially useful alternative design tech-
niques. Finally, design examples are given in Section 5 to illustrate the

principles developed in earlier sections of the report.
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Section 2
CHARACTERISTICS OF LINEAR OPTIMAL SYSTEMS

Linear optimal control, as generally applied to aircraft, involves

o the minimization of a quadratic form of scalar performance index

o0
2v=nin [ T + ' Ru)de (2-1)
u (]

subject to the constraint of the familiar linearized, small perturbation equa-

tions of aircraft motion

x = Fx + Gu (2=-2a)
y = Hx (2-2b)

where x is a vector whose components represent the state or motion variables

of the aircraft, u is a vector that represents the control input variables

such as aileron, rudder and elevator deflection and y is a vector whose compo-

nents usually represent either the measured quantities of the vehicle motion

or the vehicle motions that are to be minimized by the performance index se-

lection,

Many methods for solving this problem are in existence, but prob-

ably the most common and straightforward method is based upon a straightfor-

ward calculas of variations approach (Reference 3 ). A Lagrangian function

is defined as

L = %_‘ (<"HTQHx + u” Ru) + AT(-x + Fx + Gu) (2-3)

where A is a vector of Lagrange multipliers often called the adjoint state
vector or costate of the system. The resultant Euler-Lagrange equations that

must be satisfied to guarantee a minimum of the performance index are given

by

- £ <"—“->=o or HGHx + FTA +« A =0 (2-4a)



gb 4 JeLY e o B aGAeD (2-4b)
du dt an

a L]

a—;- - El% (g—;—'-) =0 or-x+Fx+Gu=0 (2-4c)

For a non-negative definite output weighting matrix Q and positive
definite weighting matrix R in the performance index of Equation (2-1), the
solution is guaranteed stable. These are necessary and sufficient conditions
for stability, but relaxation of these conditions need not yield an unstable
closed-loop system. From Equation (2-4b) the optimal control law is obtained

as

1 T

we <R G A (2-5)

It has been proven that A 1is a linear function of x,
i.e. A = Px. Substitution of A = Px into equations (2-4) and a little

algebra yields the familiar Riccati equation

0 =PF + FIp - PGR™1GTP + H'QH (2-6)

whose positive definite symmetric solution yields the optimal feedback con=-
trol law

u= -R"16Tpx (2-7)

Effect of Performance Index Selection on Closed-Loop Dynamical Behavior

The optimal regulator as defined by the feedback control law of
Equation (2-7) and the equations of motion (2-2) has an optimal response for
any excitation to the system, whether the excitation be initial condition on
the state, disturbance inputs or pilot command inputs. Without attempting
to downplay or relegate the disturbance inputs to a lesser role, it is the
command or pilot inputs that are most important to flying qualities.

|
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Optimal control is a "black box", input-output design technique. |
When designing an optimal system to be commanded by a pilot, a more obvious
method for definition of the equations of motion becomes

x=Fx +G(u + uc) (2-8) |

which will yield a feedback configuration as indicated below:
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The figure as indicated above suggests the classical servo prob-
lem of optimal control and one is tempted to define a performance index
e . T T
u = mlJ;n fo [(x -u) Qx -u) +u Ru]dt (2-9)

which would yield a gain matrix in the command part of the system shown in the

above figure. However, the regulator or feedback part of the system is unaf-
. fected by the command input, so the two parts, regulator or feedback and com-

mand or feedforward parts for aircraft probably should be designed completely

independently of each other. The feedforward part of the system will set

static flying qualities requirements such as stick force per ''g".

Minimization of an output or response variable has a very definite
meaning in the optimal context. Every weighted output or combination of
: state variables in the performance index will have a closed loop response that
approximates the response of a Butterworth filter as the weighting on the
outputs becomes large relative to the weighting on the control variables.

For aircraft control, it then becomes important to recognize or
define those motion variables or time histories that should tend to respond
as a Butterworth filter responds, which is a smooth and well-behaved response




with little overshoot (¥ = 0,707 for a second order system). For an aircraft

it is quite clear that this kind of response is not necessarily desirable for
some aircraft motion variables. To illustrate, consider, as shown in Figure 2-1,
the two performance indices, the resulting migration of the closed-loop poles

of the two-degree-of-freedom aircraft representation as the weighting on the
output variable becomes large with respect to the input, and the resulting re-
sponses of the aircraft to a pilot step command input,

As sketched in Figure 2-1, the use of performance index (1) will lead
to a response in angle of attack approaching that of a second order Butterworth
filter while the use of performance index ) will lead to a first order Butter-
worth filter response in pitch rate as the ratio q/r becomes large. There-
fore, a flight augmentation system designed on the basis of the first perfor-
mance index will enable the pilot to change the angle of attack of his air-
craft 1apidly and smoothly by a step stick input, allowing for enhanced air-
craft maneuverability. The second performance index will yield an aircraft
that maneuvers sluggishly but allows for rapid and precise pitch rate and
therefore attitude angle control.

The phenomena is easily explained on the basis 9f the differences
between the locations of the zeros of the u/i;(s) and the O/Je(s) transfer
functions. These transfer function zeros are fixed if feedback is provided
for only one control surface, in this case the elevator. These zeros act, in
the cases of Figure 2-1, as transmission zeros. For the performance index (2),
the transmission zero is at y“; for the performance index (1), the transmis-
sion zero is at oo (assuming zero Li ). Therefore, a performance index con-
taining positive value weighting measures of both «(t) and @(t) may have a
transmission zero anywhere on the negative real axis to the left of L, . But
because the transfer function zeros cannot be altered, the response of the
aircraft will be bounded by the two response sets shown in Figure 2-1 and fixed
with respect to each other. If feedback were provided for multiple inputs as
well as multiple outputs, the closed-loop transfer function zeros can be al-
tered and closed-loop dynamic behavior can be altered much more freely. There-

fore, before proceeding to the description of design methods to predict and
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to place the zeros of closed-loop transfer functions for optimal systems, a

general discussion of zeros of linear systems is presented first.

Zeros

The basic small perturbation, linearized equations of motion of

an aircraft are usually described in the matrix-vector form

Ax = Bx + Cu (2-10)
or the state-space form

x = Fx + Gu (2-11)

1 1

where, of course, F = A""B and G = A" "C. After taking a single-sided Laplace

transform, equation (2-11) becomes

sx(s) = Fx(s) + Gu(s) + x(0) (2-12)
and solving for x(s) yields

x(s) = (Is-F)~} Gu(s) + (Is-F)~L x(o) (2-13)

The matrix (Is-F)-IG is called the transfer-function matrix,or more
accurately the matrix of transfer functions while the matrix (Is-»F)'1 de-~
scribes the output or state response to a vector of initial conditions x(to) =
Xy Consider the matrix of transfer functions

-1 adj |Is=F)G
(Is=F) °G = _'ll-st-%_ (2-14)

For a system whose state vector is of dimension n and an input
vector of dimension p, equation (2-14) defines a proper matrix of transfer
functions, each transfer function has a numerator polynomial of order less than
that of the denominator polynomial, The matrix adj [Is-F]G defines the zeros

10




of the transfer function matrix. Each polynomial entry of adjl}S-E]G defines
zeros of individual transfer functions, while the determinant I}S-é] defines
the denominator polynomial common to all transfer functions and is called the
characteristic polynomial., For a physical system such as an aircraft, the
roots of the characteristic polynomial are called the poles of the system. By
virtue of the fact that it can be flown, an aircraft may always be considered
to be completely controllable and observable in the classical sense.

Transmission Zeros

The matrix of transfer functions defined by Equation (2-14) can be

written as
e ==
Neg Nyp veee M
Mot . NG
e B~ o R - )
1
: ’
; : (2-15)
L an.......... and

The determinant of each non-singular minor of the matrix N(s) defines

zeros of the transfer function matrix that can be different from the zeros of

individual transfer functions or roots of each element of N(s). For instance,
a second minor of N(s) is given by

Ny (8)  Nyg(s) = Dis) L %) (2-16)
1,3
b AL L
where the notation Li’t is used to indicate that all rows except 2 and 4 have
’

been deleted (upper index) and all columns except 1 and 3 (lower index) have
been deleted. These zeros, originally called coupling zeros (References 4, 5)
play an important role in the feedback design of multicontroller systems just
as the zeros of transfer functions are important to single input control sys-

tem designs.,




The largest order non-singular minors of N(s), normally of dimension
pxp, define the transmission zeros of the multivariable system. A pxp minor
of N(s), called a pth minor, is defined as

p-1 any p rows
t(s) = {D(s)f L(s) (2-17)
1,2,0004p
A combination of the zeros of the (n-p)th order polynomials
any p rows
L(s) defined by Equation (2-8) are called transmission zeros of the sys-
1,2,...?

tem and are invariant with feedback. These transmission zeros define, in gen-
eral, the terminal or high feedback gain limiting locations of n-p closed-loop
poles and the zeros, including both transfer function zeros (first minors of

N(s)) and all other zeros as well (an to (p-l)th minors of N(s)).

Therefore, a system that has as many outputs as inputs, i.e.

x = Fx + Gu (2-18a)
y = Hx (2-18b)

where u is an input vector of dimension p and y is an output vector of dimen-
sion p, will have a square transfer function matrix N(s). The determinant of
N(s), |N(s)|, is given by

[NGs)| = H[Is - F] 'l g
X p‘l lgoooop
= {p(s)} - L(s) (2-19)
l,.o..p

and will be the only term defining the system transmission zeros. If G and H
are square and nonsingular, then L(s) is a constant and there are no finite
transmission zeros. In this case, poles and possibly some transfer function
zeros can be placed anywhere with feedback.

The transmission zeros of a single controller system are then the
zeros of the output of the system. If only one measurement of the system dyna-
mics is used for feedback, then the transmission zeros are the transfer func-
tion zeros of that measurement. If two or more outputs are used for feedback,
as

12




then the control law can be written as

k
2 4 A
u=k1y1+<r]-.->y2 -kly

and the transmission zeros are obtained from the numerator polynomial of trans-

fer function of the equivalent output

y,(s) + X2/k) v, (5)
u(s)

3.1’. (s) = (2-20)

Zeros, then, are as important to the design of a feedback control
system as the poles of the system. As an example of the effect of transmission
zeros on the closed loop poles and transfer function zeros of a multivariable
system, consider the two-input, three output system schematically shown in

‘éf/ ’era
S
Wy 2 e Yar
D ‘ D
9} o
Nz ﬂ
o Naz
£
22
ézk_‘

Fig. 2-2 GENERALIZED 2 INPUT, 3 OUTPUT SYSTEM

Figure 2-2 below,

From the figure, it can be seen that the feedback control law is

given by




so each of the outputs is fed back into both inputs. Using the rules of sig-

nal flow theory, the closed loop characteristic polynomial can be expressed as

O(s) = D(3) - k) Npy(s) - kyy Nynls) = kyy Ny (8) - kyy Hyp(s) - kg Nyy(s)
iy W (8] % Lhin B = o Koed Bo(s) + [y Koy = ke 220 85¢00)
23 N3z 11 X922 = kg Kpp) Lyp 11 X235 = X35 kyy) Lyp

+ (k,, k

23
22 K13 = Ky Kyg) Ly5(s) (2-22)

or, using the notation K:g to indicate the minor of the feedback gain matrix
that retains the a, b rows and ¢, d columns, Equation (2-22) can be written

Qls] = BE8) = Ky N30 = By Hopk8) = Kyp Rog(s) = By $1200 = Kyp gy (4]

12 .12 12 .13 12 .23
“kyg N3p(s) * Kpp Lio(8) + Kyg Lio(s) + Kyz Ly5(s) (2-23)

The transmission zeros for the closed loop poles are defined from

: 12" .12 12 .13 12 .23
the expression T(s) = Kl2 le(s) + Kl3 le(s) + K23 le(s) and the zeros

defined by Lig(s), Lig(s) and Lig(s) are called invariant zeros of the system
which cannot be changed by feedback.

A closed loop transfer function numerator polynomial, say N (s),

11
can be obtained by inspection also using signal flow methods =

12 13
NllclfS) = Nj (8) = kyy Li5(8) = kyg Ly5(s) (2-24)

which shows how the transfer function zeros vary as a function of the second
minors of the transfer function matrix and the feedback gains from other out-
puts to other inputs, in this case the feedback from outputs 2 and 3 to input 2.

14




Equation (2-24) can be expressed in the classical root locus form

to obtain the closed-loop zeros as

13

ety 12(5) kaz Ly3(s)
LR oy T S el e (2-25)

11 22 Ly5(s)

which shows thﬁt two separate but consecutive root locus plots, one involving

the parameter E——-and the other involving k22 are required to design for a

specific closed-loop trﬁnsfer function set of zeros. Equation (2-25) shows

that for a fixed ratio EZ§-the transmission zeros for the numerator polynomial

1162(5) are obtained erﬁ the roots of the polynomial k22 12(5) + k23 12(s) = 0.
Unfortunately, the expressions for the definition of closed-loop

zeros of transfer functions of linear systems designed using linear optimal

control methods are not obtainable as easily as indicated above, but progress

leading to these design aids has been made. This progress has been described

in the following section.

15




Lot o8 i 0 i e s 25 bl Sl

Section 3
OPTIMAL CONTROL SYSTEMS DESIGN PROCEDURES

3.1 GENERAL PROBLEM

The linear optimal control problem as given in Section 2 is summar-

ized here briefly.

Linear optimal control, as generally applied to aircraft, involves

the minimization of a quadratic form of scalar performance index

oo

Fw _;_ f (yTny + uTRu)dt (%=1}

o

Subject to the constraint of the familiar linearized, small perturbation equa-

tions of aircraft motion

x = Fx + Gu
it (3-2)
The performance index can be written in terms of states x as
oo
J = % f (xTQx + u'Ru)dt (3-2a)
o
T
where Q=H QyH
The solution to this problem is given by the Euler-Lagrange equations
x = Fx + Gu
p=-Fp-Q (3-3)
Ru + GTp =0
The adjoint or the costate is a linear function of x, i.e. ¥
p = Px. The optimal feedback control law is given by i
u = -R"16Tpx (3-4) §

and the matrix p is the positive semidefinite solution of the Riccati equa-

tion i |
16




PF + F'P - PGR™IGTP + HIQH = 0 (3-5)

After taking the sfﬁgle-sided Laplace transform of Equation (3-3),
the result is
sI-F r™16T x(s) x(0)
& (3-6)

-Q ~ST-BT p(s) -p(0) 1

The characteristic equation of the closed-loop set of Equations
(3-6) is given by the determinant expression
sI-F o

O(=s) O(s) = 3-7)
«Q ~sI-F'

The scalar expression that defines the locus of poles of the I
closed-loop system and its adjoint is given by the well known root square
locus expression as given in Section 2.

v nig fast - 1] o [t - F]-l G ‘ (3-8)

The feedback gain matrix K required to obtain the closed-loop dy-

namics is given by !
i
K = -R"1GTP 2
[

and the optimal closed-loop system becomes
x = (F =GK) x + Guc (3-9)

ue is the command input. ]

The characteristic equation of the optimal system is given by




|51 - F + oK | =0 (3-10)

and the closed-loop transfer functions are given by

adj [sI-F+GK] G u_(s)
L B PO I

= W(s) u_(s) (3-11)

From Equation (3-6) the optimal state and costate are given by

-1
X(s) sI-F er™ 16T x(0)
p(s) -Q ol -p(0)
sI-F er™16T x(0)
-Q -sI-F -p(0)
Os) A(-s) (3-12)

To get the closed-loop transfer functions from Equation (3-12), the
state and the costate have to be separated either through spectral factoriza-
tion or through the Riccati solution. Once the states and costates are separ-
ated, the problem then is to relate the closed-lobp transfer functions to the
performance index matrices. In this section, two sequential design procedures
will be described which determine pole-zero movements of the transfer functions
as the weighting matrix on the states is varied for a given weighting matrix
on the control.

3.2 SEPARATION OF STATE AND COSTATE

The solution of the linear optimal control problem requires the
solution of Euler-Lagrange equations (Hamiltonian Equations) ’

x(t) F -aR™16T | [Mxct) x(t)
d - X (3-13) |
p() -Q -F p(t) p(t)

; |




Following the development given in Reference 7, Equation (3-13)
can be transformed into the diagonal form by the transformation

x T 7o A
P~ (3-14)
P T s, 23
where the matrix
L
T =
T T2

is a 2nx2n matrix of eigenvectors and can be found from

(st -D(]Ti =0 (3-15)

where s; 1s the i : eigenvalue of the optimal system and its adjoint and Ti is

Jthis .
the i~ eigenvector of the dynamic matrix } .

The solution in the transformed domain is given by

. 7l -LT
% Lo T2 : e B TRRRITE | B
3 T T -Q e T T
32 21 22 21 22| &
A 0 31
* (3-16)




The response can then be written

At
[ 5® e 0 7,0
N -17
At 547
F,(t) 0 ¢ 2,(0)
or
x(t) T T e o T % 0
11 12 11 12 x(0)
- (3-18)
(t) T T 0 ' 3 T 0
P 21 22 21 22 p(0)
Let the inverse of the transformation matrix be
1
Ty Ty e
= (3-19)
T T LR
then
x(t) T T a9 " x(0)
11 12
= (3'20)
AT
p(t) , MR, 0o e M N p (0)

from which x(t) can be obtained as

t At _At
x(t) =T eM-Kx(O)* ’I‘11 eA L p(0) + lee M x(0) + lee N p(0)

(3-21)

11

The optimal solution for x(t), which is stable, cannot contain
terms in e'At. Therefore, x(0) and p(0) must be related by the expression )

P0) = -N"1 M x(0) (3-22)

20 |




The optimal solution now is given by

x(t) = TueAt (K - LN"IM) x(0) (3-23)
From the identity
LT i T e R T Ty
T Ty M A Tan T2
iy (3-24)
“lo 1

the following relationships can be obtained

-1 o -1
xR K= =iiys byz
o} rl -1 7
R [P =Ty T Ta] Lo Ty T Tyo Ty )
(3-25)
Substituting these expressions for K, L, M, and N, the optimal solution is
given by
At . -1 -
x(t) Tue Tll x(0) (3-26)

The closed-loop transfer functions are given by

x(s) = T,, |sI -/(]-1 TIII G u_(s) (3-27)

11

Therefore, once the eigenvectors of the Hamiltonian system of
Equations (3-13) are determined, the feedback control law can be computed
directly. The solution of the Riccati equation is given by

- -1 3-28
P T21 T, ( )

21




and the feedback control law is given by

-1 T -1
u=-R"G T21 'I‘11 X (3-29)
Equation (3-27) shows that the closed-loop transfer functions are
directly related to the eigenvalues, eigenvectors and control matrix G of the
system. These eigenvalues and eigenvectors are a function of the weighting ma-

trices Q and R in the performance index, A functional relationship between Q,

R and the eigenvector matrix would be very useful in the selection of performance
:;f indices for multicontroller linear optimal control systems.

The first n columns of the matrix of eigenvectors

T T

|
11 12
|
———p—-
|
oo
are the eigenvectors corresponding to the left half plane eigenvalues and the
last n columns are the eigenvectors corresponding to the right half plane

eigenvalues. Let the 2nxl vector

(3-30)

where tl and tz are nxl vectors, represent the closed-loop eigenvectors of

the Hamiltonian matrix and let ¢ represent the closed-loop eigenvalue. It
follows that

F l =GR © G Y t
e —— - ~=-| = |--- (3-31)
| T

22




or

R
Ft, =GR~ Gt, = ut,
(3-32)
t -FTt = t
=%, 2 ® 5
Solving for t, we get
1
T
t2=[-,u.I-F]- Qt, (3-33)
Substituting for t, we get
-1 T e
{r-atc [~ 28] g }tl = pt, (3-34)

If from Equation (3-34), the optimal closed-loop eigenvectors can be determined
as a function of the weighting matrices of the performance index, then the
closed-loop transfer functions can be determined as a function of the weighting

matrices.

Another way of separating the states and costates is to find the ma-

trix P which relates states and costates.

In Reference 1, Whitbeck describes a conceptual solution to the lin-
ear optimal control problem without recourse to the steady-state Riccati equa-
tion

PF + PF' + Q- PGR™Y GT P = 0

The problem is that of finding the set of numbers which define the
adjoint or costate vector p at time zero. After taking the Laplace transform

of the Hamiltonian equations, the solution in the Laplace domain is given by

=3
x(s) s - F R~} 6T x(0) (3-35)
p(s) -Q -sI-F | |-p

or
x(s) x(0) (3-36)

= A(s)
p(s} -p(0)




where

A= (3-37)

and the nxn matrices A are obtained by inverting the 2nx2n matrix in Equation

(3-35) in the part1t1oned form and are given by

. ,1 s [s1- p]-l R [- a1 - FT]-I Q i-l [s1 - F]™
;= [st-Ftate 31 o[- s1- FT] q[s1- 7]t GR'IGTz !
[- a1 - FT]-l

> >
" ]

>
"

3 ;I*[ sI-FTI Q[‘*I l'ril
Lot FT]-I o[s1 - £ |
[-s1 - FT]’I Q [st - ¢ ot Gri-l B FT]-I

(3-38)

>
-~
1]
P At

[———

The solution to the Hamiltonian equations may also be written as g

x(s) B1 B2 x(0) X
1

A(s) A=) e : l
o

where Bi = Als) A(-s) Ai (3-40)
¥
and ';

B B
1 2
B = = adj [sI - }f-_]
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The elements of the matrix B are polynomials in s. Any component

of the state vector, say,for example, xl(sJ can be written as

X (s) =

b1 %,(0) + b, x,(0) + weus by x (0)
A(s) O(-s) !

¢ Prney P(0) *+ by 5 Pa(0) *+ ecel By, B(0)
A(s) A(-s)

(3-41)

where blj(s)’ j =1, 2,se.. 2n, Tepresent the elements in the first row of

the B matrix. If the optimal solution xl(s) is to represent a stable component
of the closed-loop state vector, then pI(O),....pn(O) must be such that A(-s)
cancels identically into the numerator of Equation (3-40). The numerator of

Equation (3-40) must equal zero for those values of s such that A(-s) = 0. The
values >f s which make A(-s) = 0 are the right half plane eigenvalues and

n linear equations in n unknowns are obtained relating x(0) to p(0) when s takes
on these values. By solving these linear equations p(0) may be expressed in
terms of x(0) as

p(0) = Px(0)

where P must be identically equal to the positive semi-definite solution
of the steady-state Riccati equation.

The n linear equations in n unknowns were obtained by evaluating
the numerator of one component of the state vector at the right half eigen-
values. The same set of equations can be obtained by evaluating the numerator
of each component of the state vector at a right half plane eigenvalue. The
state vector is given by

x(s) = B1 x(0) - B2 p(0) (3-42)




A ————————

The n linear equations relating the x(0) and p(0) may be obtained

by evaluating each row of the matrices Bl and 82 at a right half plane

eigenvalue. The matrix P is given by

i s 1, 2’ see N (3-43)

where s; are the right half plane eigenvalues.

The matrices B1 and B2 are functions of Q and R, The closed-loop transfer

functions are given by

x(s) = [B, - B,P] G u(s) (3-44)

An example is given to illustrate the concept involved. In the
example considered in Reference 1

03 0 0
F = Q =
|2 -3 {0 s
.
35 2 o
G = R™la (3-45)
B I

The Hamiltonian matrix, after taking the Laplace transform, becomes

Gl el S
o1 -H - 2 ‘%43 0 @ (3-46)
8 o - 2
0 =5 =1 =543
L - | 8

By inverting the matrix [SI -jHj , the first component of the

state vector xl(s) is obtained and the set of linear equations relating x(0)

26




and p(0) can be obtained by evaluating the numerators of xl(s) at the closed-
loop right half plane eigenvalues, s = 3 and s = 4 yielding the following set

of equations

(#]

-2 pl(O) 1

[STRY)]

-3 p2(0) 1

3
=3 A

(3-47)
-2 x2(0)

The same set of linear equations (3-47) can be obtained by substi-

tuting s = 3 in the numerator of xl(s) and s = 4 in the numerator of X2(s).

The adjoint of [sI- X]

adj [sI -3 =

is given by

53 - 275 + 6 s2 -3s + 72
-252+ 6s = 4 53 - 352+ 2s

10 -10s

10s -552

762 - 207 185 + 42
s+ 42 B - 8
-53+27s+6s -452-65-4
52+35*72 -53-352-25
-
(3-48)

Substitution of s = 3 in the first row of the matrix adj [sI -J(]
and s = 4 in the second row yields the same set of equations (3-47) and

pl(O) «25 -.125
PZ(O) -.125 «5625
3.3 SEQUENTIAL DESIGN PROCEDURES

A design procedure has been developed by Solheim (Reference 2) that
finds the elements of the weighting matrix of a performance index that corres-
pond to the given poles.

x1(0)
(3-49)

P x(0)
xz(O)

With a given control weighting matrix R, the procedure

enables the determination of a Q matrix so that the closed-loop system has

prescribed eigenvalues,

is moved at a time.

one pole changes.

The procedure is sequential so that only one pole
A performance index matrix Q is determined so that only

Each time a pole is moved, a performance index matrix Q

YT




!
¢

is determined that corresponds to the change in the pole location. Finally,

all the different weighting matrices are added together to yield one weight-

ing matrix that corresponds to prescribed closed-loop pole locations. The proce-
dure for pole placement with distinct real poles is described briefly below.

3.3.1 Pole Placement

The system of equations (3-1) is transformed into the Jordan form

with the transformation x = Tj‘yielding the equation

G = Az 7 6u (3-50)

where A is assumed to be a diagonal matrix because the multiple eigenvalue (3-2a)
problem does not normally exist for a finite time in the aircraft control problem.,

The performance index (3-2a) can be expressed in terms of the trans-

formed state vector j—‘
0o

=1 of (; r Q'I‘}*u Ru) dt

- 1 f(‘ Q3 + ol R dt (3-51)
o

where 6 = T'r QT

The value of the performance index J is same as before. Selection of a Q matrix
will determine a Q matrix through the transformation matrix T keeping the value

of J the same under transformation.

The Hamiltonian set of equations are now given by

vl et N e (3-52)
P @ -Ajilp

o

where C =T ! gr™! T 1T and Tt is the inverse of the transpose.

The linear optimal control law is given by

it (3-53)

where P is the appropriate Riccati solution.
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The eigenvalues of H and }H are identical and are given by the characteristic
equation

|s1 -X| =0 (3-54)

using the expression as given (Reference 2):

I 0 s sI = A &
[sI -J('] = ”
G- 1 0 sI+A -Q[sI-A]cC
(3-54a)
The characteristic equation is obtained as
|s1 -3¢| = |st -A||s1 +A -G[s1-AT | s9)

If only one element of the matrix 6 is non-zero, namely qjj’ the
second determinant on the right-hand side of (3-55) becomes

s+ Al 0 ==—=-=-==- 0
0 Sef, = —=awle =g
= 1 I 2

sT+A -Q[s1-A] " c| = | :
I I
-q. :C, 4 X, =T .C.. =g..C.
4 l - = }‘J q)fl\ JJ qJJ J

"= X)'," S= A, $= A,

1 J J AJ

| |

| |

0 s+ A

n

(3-56)

The characteristic equation may then be written as

B e i=1 A3 ag) [<5+ A.‘i T s- AJ. cJ'J') 17:1(5 " 7‘1)]

3 4
iy [(s s Aj)(s = AJ) -qJJCJJ] 17:1 (s+ Ai) (s - Ai) "9
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where Ai are the open loop eigenvalues. The eigenvalues of the matrix Jare

sisr Ai 83,280, 2, vos B
(3-58)
e
s, = X427 + 5., C,,
j 1.7 %4 5
If the jth closed-loop eigenvalue sj is to be specified &sj can
be determined from the above equation
. e T
Q.. = —L—dl (3-59)
jJ C..
JJ
The optimal control law is given by
PR ol I e Py= KT x (3-60)

where K is the optimal feedback gain in the transformed domain and the P is the
solution of the Riccati equation

PA +AT+q-F1iarIcTtT5=0 (3-61)
In the optimal feedback system
xe [Fa GK] x (3-62)
where
K= kTt

One pole of the open-loop system has been shifted to a specified

location, Starting with the new system F_ = [F + GK] , a performance index Q

can be determined to shift the next pole.1 And in this sequential manner a
weighting matrix Q can be determined to shift each pole and these different
weighting matrices may be added together to get one weighting matrix which would
shift all the eigenvalues to their specified locations. The procedure described
here is applicable for systems with real distinct poles. If the system

has complex poles, then, as stated in Reference 2, the system of equations can

be transformed to the block diagonal form and some constraining equations have

to be satisfied to shift the complex poles.
30
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This sequential procedure for pole placement is extended to the de-
termination of the movement of the zeros at each stage as the matrix Q is varied.
Two sequential procedures, one computing the Riccati solution from a set of lin-
ear equations and the other computing the closed-loop eigenvectors, are pre-
sented in the following that determine the pole-zero movements as Q is varied

for a given R matrix.

3.3.2 Design Procedure 1

This procedure is based upon obtaining the Riccati solution from a
set of linear equations as described above. The procedure is applicable for
systems with real distinct poles. For systems with complex poles, as stated
above, some constraining equations have to be satisfied, To determine the
movement of the zeros, the inverse of the matrix [Slfja is required. From

Equation (3-54a), the inverse can be written as

r
sI-A o I 0
-~ -1
[s1-3] ~ =
0 s A-QLsI-AT e | | QE1-4 1
o A2
= | (3-63)
Aq A,

where the matrices Ai are given by

Ay o= At 1A csten <Q [s1ea]7t cf-l q [s1-A]7?

A, =-[1-A] c {sw\ g [s1-4]7? c}-

Ay = - {srm qls1-AJ7t cf-l qls1-A7"?

A, = {s1on -qs1-/J"! C}-l (3-64)
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The matrices Ai can be expressed in closed form in terms of the weight-

ing matrix elements. To get the matrices Ai in closed form, it is required
to get the inverse of the matrix {sI+A_-5[sI-AJ'1C } in closed form. The
inverse can be found from the technique given in Appendix A. With only the
b | Esj element in Q being non-zero.
tsl «/\_-6[51-/\.]'1c§
[ s¢al B0 e e 2 e 0 7]
0 S*tA, - - = - = — —— — = — 0
= ‘ 2
|
|
-q..C.l -q C2 _-s¢A ~q..C ol -q Cin
s-%. s = A S - A, - A
j j
| |
| '
i | |
0 = e S e e e e
L i
and
1 77t
fstvp = ot -nVie} =
S ==
1
TV, g A L i \
|
0 3 o C - [
| s+A2 |
| |
| !
| |
~( ~
CAP q,.Cip L CP a..c.n
(s + l)a (sohz)a 2 (s+ j‘la (sn\n)
S
f s"‘jﬂ
N
N
P
s#x
(3-65)
where
a= (s +A0(s = Ay = Ty (3-66)
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The matrices A1 and A2 are needed to get closed-loop transfer func-

tions and are now given by

€11 Ci2 e i L Cin

GG GAD () a(s-A) A (+A)

€ Cygrady) | Con

(5-72)(3+A1) a(s-A) (s=A) (s+A)

I
I
I
I

€, Coils=As) €

GG e waniill o wicTw)

(3-69)




.

-

cl.a..c.1 cl.c'i..(:.2 --0 C, gL --C
_zl_%l_J______ —2)1 ) J<e __2_%1_1;L______ '-'178"1"'f7
a(s=4,)(s+A)) a(s=2) (s*A,) a(s- 1)(5+A a(s-A ) (s+A
c, =
. PO o B g..C. . S sl *
€2;%i3%1 ZJngCJZ O 239469541 %1?11_11&___ ]
a(s=4,) (s+A) a(s=4)) (s+2,) a(s-Az)(5+Aj+1) a(s=14,)(s+A)
| |
| {
; )
|
- ‘ ~ ~ ~
aniijcjl anqjjcjz —~==0 Cn.q..c..+1 -= Cn'q"c'n
a(s-A ) (s+2;) a(s=2 ) (s+A,)) a(s- n)(=+Aj+l) a(s=A ) (s+A))

(3-70)

That part of the adjoint matrix required to get the closed-loop
transfer functions can be obtained by multiplying the matrices A1 and A_ by
A(s) OA(-s). The submatrices Bl and B, of the matrix adj [sI-A] are given by

By = O() O(-9) A

B n n 5 n
'y {Z; (s+A,) 721 L e €155 {71(5 A) iZ; (Bl = == =0
i#j i#l,j i#j i#1,j
n
o 0 a 7‘ (s+,\ 3 77 (s-x )- C, q 77' (s+7\ § N (s-,\i) ..... 0
: i=1 i=1 J i=] i=1
| i#j i#2,j i#j i#2,j
l
I
I
]
e A L SR g L (s+A) 7(9A)-----o
| I je1 i=1
: ! i#j i#j
| |
] I
P m e = s = - C, E 77 (s+3) 77(3-3)-& 77' (s+/\)
I i] i=] i=1 i=1
! i#j i#j,n i#j
I n
I T (S-Ai)
) i.l
L Vemm e c e s e s scnnnd o m == e s i#j,n
(3-71)
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, ] B, = O(s) O(-3) C; + O(8) A-9)

and
¢ A(s) &(-9)
;8 .77 (s-Ai)(sw\i) C,,2 77 (s-ﬂ) 7f (s+/\ y---- C .(s-ﬂ.)-- C a77 (s-A)
i=1 i=1 i=1 i=1
i#1,j i#1,j 1#2,3 i#l,j
. ﬂ’ (s-A ) ’7(s+) )
i=1 i=1 "
i#l,] i#j '71' (”Ai)
i=1
l#J >N 3

i

C;,a 77 (s-ﬂ ) 77 (s-M ) 2a 7)' (s=A, ) 7/" (s+4.)-- C. 7f(s-A )(s+ﬂ )=1C, aﬂ'(s A. )
(=AY i=i i=1 A i=1 i=1 i ”1 =1 jn i=1
s gy i#1,j i#j i#2,j i#j i#j
|
| 77' (s+2,)
| i=1
;1 I#Jo i ‘7
C 12 7 (s-ﬂ ) 77 (s+3 ) C aﬂ'(s-/\ ) 7 ’T (s-bA )= (s-}\ J c a 7}‘ (s-ﬂ ) |
i 1 i=1 2 ja1 i=1 (54-'\ ) |
i#n,j i#l,j i#j i#2,j 7 (s_,-‘ ) 77’ (;+A ) 1#J.n
L i=1l i=1
ifn,j  i#] = 1

(3-72)




C, O(s) B(=9)

n n
C ZV 5=A, A )---- C -A. 2’ A)--- A
CquJJ i1 (5-4,) (s+A,) 0 quJJ jj+l l=1(s )1_1 (s+4,)- IJQJJ Jnlsl(s i)
| 1#1.1 ifl,j  i#j,i+1 if1,j !
i
‘ '7?' (s+3;)
[ i=1
| l#ﬂoJ
|
) n |
C..q. c 'r(sA)7r(s+A)--o C..0..0.. . Wrls= )’r (s+4,)--- C C. 0.8, ﬂ(sA)
Al ¥ ie i=1 e CEY It R Ve !
A sy g i) ik idg,el T
I
| oﬂ' ($+A )
| i=1
[ i#j,n
I
I
! n
C s=A, 7[’ A, J= C -2, ’7 A Jeun & 4. .C.
nj933C $1.% ﬂ' ( )l_l(s* 0 G, n3+1;W;(= )1_1 (s+4;) nj%53%n 1_1(5 -A )A
E 1#3. i#l,] i#j,n i#j,j+1 i#j,n°C* N
(3-73)
The matrices B1 and B2 are functions of the performance index ma-
trices Q and R. The closed loop transfer functions are as given before:
x(s) = T(B,(s) - B,(s) P) Gu_(s
(s) = T(B,( ,(8) B) Gu_(s) s
A(s)
where P can be computed as follows:
~ -1 g :
s Ty My R

and sj is defined by Equation (3-66).

Equations (3-66) and the
.th

numerator polynemials of (3-74) determine
pole and in general all the zeros as'a'is varied. The
= [F + GK],
where K is the feedback gain corresponding to Q, the procedure is repeated to

the movement of the j
Q matrix can be obtained from Q and starting with the new system Fl

determine the movement of other poles and zeros.
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In this manner the movement of all the poles and zeros can be determined as per-

formance index weighting matrices are varied. It is to be noted that if the
system one starts with is an optimal system, where the feedback gain, Ko’ is the

result of minimizing a performance index using a weighting matrix Q° and if some

of the poles and zeros in this optimal system are not at the desired locationms,

the present design method may be used to shift them to more desirable locations

and the performance index matrix Q and the gain matrix K are added to Qo and Ko

to get the total Q and K. This step by step design procedure for determining

the movement of poles and individual transfer function zeros is summarized in

the following steps:

1.

2.

3.

4.

Se

6.

The system of equations is transformed into Jordan form using

the transformation matrix T.

The matrices B1 and 82 which are submatrices of the matrix
> B
adj [sI-3€] are obtained. With only %5 being non-zero in the

matrix Q, the Riccati solution is determined.

Equation (3-66) along with B1 and B2 determine the movement

of one pole and,in general,all the zeros.

Witt 61 = {gﬁj%)}_Tiﬁe optimal feedback gain can be computed
as K==R "G T P in the transformed domain or after
transforming back into the original coordinates the feedback
gain can be computed as K = - R™1 ¢f T Brl,

The matrix Q in the original coordinates is obtained as
Q=17 Ql'r'l.

Starting now with the new system F1 = (F-GK), steps 1 through
4 are repeated to determine the movements of the next pole

and all the zeros, The final Q and K can be obtained by add-
ing the weighting matrices and the feedback gains at differ-

ent stages.




It is to be noted that after all the poles are shifted and
the zero movements determined, if some pole-zero locations are not
desirable, the present method can again be used to move around the
poles and zeros and the Q and K matrices can be added to previous
Q and K matrices to get the final result. An example will illus-
trate the ideas involved in the design procedure.

Example
0 1 0 1 0

F = 3 0 2 G =1 0

=12 -7 -6 0 1

and the performance index is given by

Co
J = -2]-‘- f (xTQx + uTRu)dt
0

T oty WOVOUR iy WO rs-ee |

1e The first step is to transform the system into Jordan or diagonal
form using the transformation

L)

X ='T}

)

where

-
[ S]
=3
[

]

—
[
w
oy B

e bk

The eigenvalues of F are Al = -1, Az = -2, AS = .3,

|

The transformed equations are given by

PR FT3+ Tl G

s PO e
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aw
-

= A -1 0 ol[a 7 1 [u
. 1]

o
o
o
]
w

o
H
—

and

R L e T
J = E-b/( Q}+u Ru)dt

The matrix C = T~} GR™Y 6T T°T, @ = T' QT and the matrix R was

S

and the matrix C is now given by

chosen to be

8 -6 5
e
| g S R
=37 23
o e
2. Let the matrix Q be
" 1
Q= | o0 0
0 0

with this 6 matrix only the first pole will be shifted and the
defining expression for shifting the first pole is given by

n '("c1 2 Al)(Acl *A) e 9y =0




or

(Ac + 1)(7(cl -1) - 8q11 =0

‘ 1
% 3. The matrix B1 is given by
[ 3, (5-2) (5-3) (+2) (s%5) (s-1) 0 g
| B (s) = | =63, (5=2) (5-3) (s+3) (s21-88) ;) (5-2) (-3 (5+3)
53, 1 (5=2) (s-3) (5+2) 0 (52-1-8611)
L (s-2) (5-3) (5+2) _

The matrix 32 is given by

Bz(s) = C1 A(s) O(-s) + C2 A(s) O(=s)

f where ‘
i 8(s+2) (s+3) (5-2) (s=3) §§I<s2-1-8a11)cs+z)(s+3)(s-3) ;%T(sz-l-sall)(s+z)
5 (s+3) (s=2)
CLO($)O(=s)= -6 (s+1) (5+3) (s-2) (s-3)  2H(s%-1-87, ) (5+3) (5-3) %1083 )
(s+3) (s-2)
5(s+1) (s+2) (s-2) (s-3) ,:%Z{sz-l-Bﬁll)(s+2)(s-3) 3§{52-1-sa11)
& (5*'2)(5'2)_J
B -483, 403,
3 2 rryi (s+2) (s+3) (s=3) rry) (s+2) (s+3) (s=2)
CZCKS)CK-S)= 0 36611 (s+3) (s=3) -30&11(5*3)(5-2)
;
0 -30511 (s+2) (s=3) 25ﬁ11 (s+2) (s=2)
b -

The matrices B1 and B2 are expressed as a function of 511 and the chosen R. The

pole-zero movements can be determined from A (s), Bl(s) and Bz(s) as ill is varied.

Suppose it is required to move the first pole from -1 to =-5. From
the defining expression for shifting of the first pole
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T

v rnens

all » _5l______. =3

Substitution of s = 5 in the first row, s = 2 in the second row and s = 3 in
the third of the matrices yields

1344 0
L
Is=s; in the £ rou] 0 0
0 0
—2688 67224483, ) .~ 225211 840 245..) + 6720«'111T
Sl 3 5 91 6
2 3
s=s. in the =160 % :d
> 0 —— (3-83,,) - 9003 0
1 o 7 11 11
115 ~ -
The Riccati solution‘s is given by
1
P= BZ'1 B, 2 0 0
s=s. in the 0 0 0
*
i row| O 0 0

The closed-loop transfer functions are given by

T[Bl(s) - B, (s) 13] %
TN A

Xx(s) = G uc(s)

where u. is the command input and Q(s) is the characteristic polynomial of
the optimal system,

The performance index matrix Q corresponding to the above trans-
fer functions is given by

41
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where

and the optimal gain matrix K corresponding to Q is given by

K=%T1!

where K is obtained from 3.

Thus far, a performance index matrix Q has been found to determine
the movement of one pole and all the zeros.

The same procedure can be used to determine the movement of other
poles and zeros starting with the new system matrix Fl = F = GK. The performance
index matrix Q and the gain matrix K can be added to the previous Q and K to
get the total Q and K,

3.3.3 Design Procedure 2

The eigenvectors of the optimal closed-loop system can be used to
determine the movement of the closed-loop zeros of the transfer functions.
The development given here is for systems with real distinct eigenvalues. The
system of equations (3-1) is transformed into Jordan form and the Hamiltonian

set of equations for the transformed system is as given before!




The optimal closed-loop system and the adjoint can again be trans-

formed into Jordan form with the transformation

F vll V12 27 }1
=N (3-75)

P Va1 Va2 || 22 &

where Vi j are nxn matrices and the first n columns of the matrix V correspond
to the eigenvectors of the left-half plane eigenvalues and the last n columns
correspond to the eigenvectors of the right-half plane eigenvalues. The

transformed equations are given by

}1 Ac 0 3/
: 5 (3-76)
22 ¢ A lLs-
where /\.c is a diagonal matrix of closed-loop eigenvalues,
s
The transfer functions -zf(?)’ can be written as
5 -1 -1
26 .oy, L Ay T e (3-77)
c A(s)
and the transfer functions qur% is given by
c
; -1 -1
S T
%Lé-) = TV, adj [s1 - A V) TG (3-78)
c o)

where A (s) is closed-loop characteristic polynomial of the optimal system and
T is the transformation matrix required to transform the system of equations

(3-1) into Jordan form.




The eigenvectors can be computed from the Hamiltmian matrix as

follows:

A -C
7 = A > (3-79)
-Q -A
where /\c is a closed-loop eigenvalue and # = [rn 1’21 o sl Vzm]T is an eigen-
vector. With only one element 611 of the matrix Q being non-zero,the first eigen-
vector 2~ can be obtained from the following set of equations

4= ackt § Kt "1t
0 B (3-80)
~ 1 7,
~Q i 2nl 2nl
where the eigenvalue '/\1 is changed to Ac .
1
The above equation can be written as
- c * W (8 T NS B O
G S S STl RN T ot 11 11
G- U asa ey Tt - Sl ™A 2
i
I
. il iy Sag W ~ree Ag a1 =Ac1 1
gy S e Ry 0 W s et . a4l Yh+ll
R R BT ko A== 0
0 c e = 0 O -A /A
2
L n_ L nl_‘ L_21'11_
(3-81)
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resulting in 2n linear equations in 2n unknowns of the elements of the eigen- §
o vector 2~ Each equation in the set of equations (3-81) can be written indivi-

dually as follows

. | = A "1 7 C11 %hern T %2 Ze2n ottt " Con Yo < Acl 1
A - V - V L V =
il G e T B R T M
'
[}
i
t
% %" Sa e T CnZ Gl vt Can Yon1 * Acl Y
S S B N By ™ Acl Gell
A T * Acl 21 (3-82)
1
-
1
|
e = A =
n 2nl c1 2nl
The last (n-1) equations can be written as
Ay v
(Acl * ) em Y
d = -
(Ac1 A 0 (3-83) ]

(Acl + An) V2n1 =0

i | 4s




since (Ac + Ai) #0 for i = 2, ... n, then to satisfy the set of equations (3=83)

zgl, j = n+2, ... 2n must be equal to zero. The element ”h+ can be ex-

11

pressed in terms of Dil as

2r = ..__j.l_l__ b
n+11 By * A, ) 8 (3-84)
=1

Substituting for 031, j = n+l, ... 2n in the first n equations in the set of

equations (3-82) results in the following set of n equations

A ». = A v

e e T 11

v a =
Aah Pl Wy ”cl a1 (3-85)
A+ A
1 c

The first equation in the set of equations (3-85) can be written as

[(Acl 3 Al)("cl *A) -] g0

The quantity multiplying 031

equal to zero. This fact can be seen from equation (3=57).

in the above equation is identically

The expression

(s + Al)(s - Al) - C11 q11 =0




defines the movement of the first pole,‘lC . as‘!f11 is varied. Substitution
of,\c for s yields the expression k
1

( Ac1 Y Ac1 gl Ry S = 9 (3-4%)

The element ‘vil of the eigenvector can now be chosen arbitrarily. The ele-
ments 1’i1, i=2, oo n are given by

C
(A,

i Y1 4

1

The closed-loop eigenvalues Ac 5 1 =2, ... n are the same as the open-loop
eigenvalues Ai’ 1 =2, ces Ns  The eigenvector corresponding to the eigen-
value Ac can be computed from the following set of equations

2
& 7
r-”12

s
22

L

A T ©

0 0 -—-=-- 0 -C11

<

N

0~

=
+
—
N

b=
0
| 55




The set of equations (3-88) can be written individually as follows:

- w - cees = = et
AL 2= S0 Ferz ~ Ci2 Bheaz coe Ein Toma Ac2 12
- —~ = v = A v
’\'z %2 = €1 Fe12 = %22 Yhe2z cvoover Con Yon2 e, 22
¢
- > - - v = *
Ay T 7 Gy Tops 7 Gus Bonn wewmnns =G, Acz n2
a4 M % T ac2 Y12
o ’}z T2 ™ "cz Yhe22
]
1
! (3-89)
1
= An 2n2 - Acz 2n2

The elements ”iz' i = n+2, .... 2n should be equal to zero to

satisfy the set of equations (3-89). The element ¥ is given by

12

Y
n+12 -7‘——11—7‘— ViZ
) 1
Substitution of WB+12 in the first equation of the set of equations (3-89)
yields
q
11 =
6Bt S T Gl W
<, 1 2
or
- A A - a = -
[(”cz s Wi e qu] T (e39)
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1
1
1
¥
1
¥

Since 2c is the same as the open-loop eigenvalue ’12’ the quantity
multiplying 252 in eauation (3-90) cannot be equal to zero. Therefore, to sat-
isfy equation (3-90) 132 must equal zero. From the second equation of the set

of equation (3-89) it follows that

A= A v

and hence 052 can be arbitrary.

The elements of the eigenvector corresponding to the eigenvalue Ac are now

given by 2

z;Z =0, de= e s 2 1 2 (3-91)

In a very similar manner, the elements of the eigenvectors cor-

responding to the remaining eigenvalues can be obtained and are given by

v =0, 1 4] } il i 28
y&j = arbitrary value i=j =Ly wens OB (3-92)

Setting the elements of the eigenvector which are arbitrary to 1,

the eigenvector matrix V.. is given by

11
1 0 S M L e 0|
a, 1 [ S R U ST
Vi " a, 0 : (3-93)
] | ]
| | :
\ 1
] (] 1
| | y
a 0 1
n —
where
Cs @ :
> O I
a, = {23y vevy B (3-94)
\ (;\cl + Al)(Acl - Ai)
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From Appendix B, the inverse of V11

-1 _
11

TR
-az 1
-a 0

| |

| |

| |

] |

-an 0
1555

can be written as

The closed-loop transfer functionms, 52 (s), are now given by

where

and the open-loop eigenvalue 21 is changed to Ac

2(s)
ucisi
Gy =T
B 0
“1
0 A
|
|
|
I
0
L

Cc
et ol
¥ [sI -./\.c] Y B
L e i T
7

..... ol
e - e

T

cn

1 i

The inverse of the matrix [sI - /\.c] can be written as

[ n
T (s=4_)
i=1 b |
i#l

0

T = 0
n
(oA )e = e = = 0
i=1 i
i#2 i
~
Ly
(s=A. )
i=1 ;Ei
i#n

(3-95)

(3-96)

and ?\c = li’ i = 20000 Ne

(3-97)




where A(s) is the closed-loop characteristic polynomial of the optimal system.

Let the ith diagonal element of the matrix [sI -Ac]-l be denoted

by bi' The transfer functions can now be written as

En(bl = bp)

1 (7 T s R
a, 1
I
I
e ey L)
0O fhadialy o) 3 i
|
a |3 S
By
By Bym
o 1 g, b, = b
g o)
|
|
Lan L
The closed-loop transfer functions of
i
T °1
X(s) = m) az(bl - bz)
e o il

T
—

o

- —-—=—--0o.

Aaanreds s [ e SR 0
b2 -a, 1 (:
’ G
I W4
| |
| 1
i |
e bn -an 0= =1
_____ o 10
[
G =
: 3 (3-98)
!
|
|
b
l"—-l
the x states are given by
- e—a-= 0
0 —~== 0 | Tl us
bs (3-99)
- ——= == D

The a, are explicit functions of all and hence the coefficients of numerator
polynomials are an explicit function of "q'n.




Equation (3-86) along with the polynomials bi and the eigenvector
elements a; determine the movement of the first pole and all the zeros. The
performance index matrix Q and the corresponding gain matrix K can be obtained
from

22 T-T 6 T-l 3-100
K=ET-1 (3- )

where K is gain matrix corresponding to Q.

Starting now with the new system F, = F = GK, where K is the gain

1
matrix associated with the performance index matrix Q, the movement of other
poles and zeros can be determined. The procedure is summarized in the follow-

ing steps:

1. The system of equations is transformed into Jordan or diagonal
form using the transformation matrix Tl’

2, With only the Hil element of the matrix 6& being non-zero,
the matrix V11 is determined.

3. Equation (3-86) along with the matrix V.. determine the move-

11
ment of the first pole and, in general, all the zeros as 3
is varied. The coefficients of the numerator polynomials are

an explicit function of Eil'

4, The weighting matrix Q1 and the corresponding gain matrix K1
=] e -4 -1
3

are determined from Q; = T, Q; ’I‘l'1 and K, = K| T,

respectively.

S, Starting with the new system matrix, F1 =F - GKl’ steps 1
through 4 are repeated to determine the movements of other
poles and zeros and a new performance index matrix Q2 and

gain matrix KZ are obtained and added to the previous per-

formance index and gain matrices Q1 and Kl to get the total

i




Q= Q1 + Q2 and total K = Kl * K2 to move the open-loop poles
and zeros to the closed-loop locations determined by Q and K.
This procedure is repeated until all the poles and zeros are

moved and the performance index and the gain matrices at each
stage is added to the previous total to get total Q and K at

that stage.

It is to be noted that if, after all the poles and zeros are moved,
some of pole-zero locations are not desirable, this procedure can again be used
to move the poles and zeros to move desirable locations and the Q and K can be
added to previous Q and K to get the new Q and K.

In summary, the pole-zero movements are determined through the
closed-loop eigenvectors as the performance index matrix is varied. It is of
interest to note that in Ref. 6, performance index matrices are constructed
based on model design specifications, But the problem addressed there is the
characterization of performance index matrices in terms of asymptotic eigen-
values and eigenvectors,

A simple example will illustrate the ideas involved. The example
is the same one as given before.

Example

The F and G matrices are as given before

0 1 1 0
F = 3 0 G = 1 0
~12 -7 -6 0 1

1. With the transformation matrix

Ts= -1 -4 -3

The system is transformed into the Jordan or diagonal form
53




»l=10 -2 0 »nl* -5 -1 [“1]
35 o o -3iba 4 a3l ™
2. The weighting matrix on the control and states are
T 0
ke |}
0 T,
1
Q= 0 0
0 0
The matrix C = T~} GR™} 6T T°T is given by
A o R | - | 2
T T, r T, r, T,
C= -35 _ 1 5 . -20 _ 1
T, T, r, T, r, T,
. . =20 _ 1 s ,
T T T T T T
= 1 2 1 2 1 2__

The defining expression for shifting the first pole is given by

A, = Ay (Acl *AD =€y 9y =0

i |
2 49 1 a~

or A -] = <_ + —_) q =0
< T r, 11

3. The eigenvector matrix V_. is given by

11




e e 2T

. Saiga ] T
oo s 5B L e -

< 1 . - DA, * 2)
1 1
28 § %
—_— . q
L (rl r2> 11
3 A = XA+ 3)
b | %3
1 0 0
Yoo Sl ol 0
11
-a3 0 1

4. The closed-loop transfer functions are given by

b -1, -1 -1
x(s) =TV, [T -A_J Vv, T Guls)

where
-A 0 0
|
A= 0 «2 0
0 0 -3
(s+2) (s+3) 0
[s1 -./\.c]'1 - -%;3 0 (s-zbl)(s+3) 0
0 0 (s=A. ) (s+2)
1

where ((s) is the characteristic polynomial of the optimal system.
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s? + 55+ 6 0 0

2. LYg), {sPessre-(s-2 ) (503}
1

x(s) = = 3 s
82 | 7o, o D
1

(s- 7\c1) (s+3) 0

(-3_—8- + —:—_—) 94 {52+Ss+6- (s-?\cl) (s+2)} 0 (s~ Acl) (s+2)
1 2

(A, -1 (A, +3)

L TR 2

Carrying out the indicated multiplications, the x transfer functions can be
obtained as explicit functions of ﬁu, T and T,e The pole-zero movements can

be determined as E‘ll is varied for given r, and r,.

If it is desired to move the first pole from -1 to -5, the 6 and

R matrices are given by

3 0 0 T 3
Q= 0 0 0 , Rw
0 0 0 A

AR S
Y= fer 2 0
2 B
O O W e e il
7(s%+55+6) 0 R
= | <5(s2+8s+15) s°+8s+15 0 T"lg
+7(3s+9)
4(s2+75+10) 0 s%475+10
d -7 5+5) _

-1




The x transfer functions can be obtained by multiplying the above
matrix by T.

S. The weighting matrix Q can be computed from 6 as

i 2
243 135 27
2 2 2
R T S 135 75 15
e T g 2 2

27 15

w2 b :

L =

6. The new system matrix F. is computed as

1

Fl = F - GK

where K corresponds to the weighting matrix Q and the new system has poles at

>
n
[}
w
-
>
[}
L
N
-
>
"

-3

and the numerator polynomials are as given before.

Starting with the new system the same procedure is used to move
the other poles and zeros.

T ey

|
|
I
i
i
|
|



Section 4
ALTERNATIVE DESIGN TECHNIQUES

In this section two alternative design techniques are presented for
pole-zero placement, In the first design technique to be presented, the pole-
zero movements are determined as a function of the Riccati solution P and the
weighting matrix R on the control rather than as a function of Q, the weighting
matrix on the states, In the second design technique to be presented, the dif-
ferential behavior of the zeros and poles are determined under perturbations
in Q and R, This analysis linearizes the dependence of the coefficients of
the numerator and denominator polynomials of the transfer functions on the per-
turbations in the weighting matrices Q and R. This analysis could be used as
a basis for iterative and computational techniques to study the behavior of

zeros and poles as a function of Q and R.
4,1 OPTIMAL CONTROL DESIGN IN TERMS OF P AND R

The concern here is to generate state feedback matrices that result

from a performance index without solving the algebraic Riccati equation involved.

In other words, given the familiar optimal control problem

x = Fx + Gu, Y = Hx
oo

1 T T
J = i-g[(x Qx + u Ru)dt

it is required to generate all the possible state feedback matrices K defining
the optimal control, It is hoped to be able to find such feedback matrices
without having to solve the algebraic Riccati equation

T I AT

PF+FPa-PGR"GP+Q =0

for P, where P is needed to find the gain matrix

K=« R glp,
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It is shown here that, for stable F, if P is positive semidefinite, then so is

Qc

Some of the facts used to establish the positive semidefiniteness

of Q given positive semidefinite P and positive definite R are given in the

following remarks:

1.

2.

3.

6.

If Q is a sum of two matrices Q1 and Qz, where Q1 and Q, are
positive definite, then Q is also positive definite. If both
Q1 and Q2 are positive semidefinite, then so is Q.

If L is a real matrix, then LTL is positive semidefinite.

Given any positive definite matrix Q1 and stable F, there
exists a symmetric, positive definite matrix P, if and only if,
it is the unique solution of the set of Eﬁ%:ll linear equa-
tions

FIP + PF = - Q (4-1)

From remark 3 it follows that if F has eigenvalues in the °
left half plane, then for any positive definite P there exists
a unique positive definite matrix Ql'

From the continuity of the eigenvalues of a matrix as a func-

tion of its entries, if P of equation (4-1) is positive semidefinite,
then so is Ql‘

The matrix PGR™IG'P can be expressed as MM’ where M = PGR™1/2
and R™1/2
of R. By letting LmF'= Qz, where from remark 2 Qz is positive

is the inverse of the positive definite square root

semidefinite, the Riccati equation -an now be written using
equation (4-1) as

Q +Q, =Q (4-2)
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From remarks 1 through 6, it follows that given positive definite
matrices P and R and the F matrix with eigenvalues in the left half plane,
the matrix Q in the Riccati equation is positive definite. If P is positive
semidefinite, so is Q.

The closed-loop transfer function matrix becomes
of T
W(s) =H Js1- [F- o Gp]} G (4-3)
where
y(s) = W(s) u_(s)
and u. is the command input.

The closed-loop transfer functions are expressed in terms of R and
P and it is guaranteed that the positive semidefinite P could result only
from a positive semidefinite Q and hence the feedback gain matrix K could re-

sult only from a performance index and hence optimal.
4,2 DIFFERENTIAL BEHAVIOR OF ZEROS AND POLES

The first order changes in the individual transfer function zeros
and system poles under perturbations in the performance index matrices Q and R
are determined, The perturbations in the state feedback matrix K under per=-
turbations in Q and R are also determined. Firstly, the effect of perturbing
Q on K is considered.

Perturbation in Q

The perturbation, dP, in the Riccati solution P is determined when
Q is perturbed by dQ. From the Riccati equation, it follows that

ap[F-crlc p] « [F-prM 6" ] ap = - aq (4=1)

7
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Also from the equation defining the gain matrix K the perturba-

tion dK in K is given by

From equation (4-4) it follows that

ap[F+ak] + [FT+x"6"] ap=-ag

T
dpP Fk + FK dP = - dQ

Fk = F + GK

and then dK is found from equation (4-5).

Perturbation in R

The first order approximation of [R + c:lR:I-1 is given by

(R« dR]'l T

From equation (4-9) and the equation defining K it follows that

|3 R
dPF, + F, dP = - K dR K

Total Perturbation of K

The total perturbation of K as a function of dQ and dR is then
determined by

dPF +F dP=-dQ-K dRK (4-11)
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which is a linear expression in dP, and then dK is obtained as

ak = - R [T ap + ar K] (4-12)

This is an explicit expression of dK as a linear combination of
dQ and dR. Equations (4-11) and (4-12) could be used as the basis of iterative
computational algorithm to both solve the Riccati equation and find the feed-
back matrix K. In addition, it gives an insight into the behavior of K as a

function of Q and R.

Effect of Perturbation on Poles and Zeros

Let
W(s) = H [sI - Fk]'l G (4-13)
be the transfer function matrix of the system under state feedback where

Fk = F + GK

The perturbation transfer function matrix

W(s) + dw(s) = H [sI - (F_+ GaK) G (4-14)

H adj [sI - (F + deﬂ
[T - 7y + GaK)

Since only the first order perturbations are of interest, it is clear from
equation (14) that the coefficients of all the polynomials in W(s) are per-
turbed linearly by the different entries of dK.

A study of the differential behavior of K as a function of Q and
R has been presented. This study leads to linear explicit expressions of dK
and also shows the behavior of individual transfer function zeros and system
poles as a result of perturbation in Q and R.
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Section S5
CONTROL SYSTEMS DESIGN

i In this section a control systems design is presented using the
ﬂ.l X-22A V/STOL airplane as the model. The first design procedure presented in
Section 3 is used for the control systems design.

5.1 MATHEMATICAL MODEL

The small perturbation longitudinal linearized equations of motion
can be represented in a general form as

x = Fx + Gu (1)
with
Au
Ow 6?
= s
X = =
Aq §
Y *
Au=u-u°, Aw=w~w0, Aq=q-q°andA0= 9-0°whereu°,wo,q° i
and 00 are reference values and
j u - velocity along body x-axis (ft/sec)
: w - velocity along body z-axis (ft/sec) i
q - body axis pitch rate (deg/sec, rad/sec) h
© - pitch attitude (deg, rad) l
§, = 1input which is designed to produce a pitching moment
5t5 - input which produces thrust ]
|

The F and G matrices at an airspeed of 65 knots are given below:




[ -.18 -.03 9,57 -31.87
. =o55 109.43 2,78
P= & .01 -.0177 - .09 0
0 0 1 0
[ -.356 .52
i 0 =l
.33 .021
0 0

The open-loop transfer functions with respect to both the inputs are given in
Table 5-1. The longitudinal dynamics of the X-22A at an airspeed of 65 knots
are typical of unaugmented VTOL aircraft in this flight regime. The short
period dynamics are characterized by lightly damped complex roots while the
phugoid, which is normally oscillatory and stable in high speed flight has
degenerated into a real pair, one of which is unstable. Because of this un-
stable root, the unaugmented X-22A would not meet the level requirement of
the specification MIL-F-83300 for longitudinal dynamic response.

An augmentation concept which has produced satisfactory pilot
ratings under instrument flight conditions in the X-22A is attitude command
augmentation. This augmentation system emp{oys pitch rate and attitude feed-
back to the pitciing moment controller to augment the frequency and damping
of the short period roots and to stabilize the aperiodic roots. To achieve
the desired objectives the first design procedure described in Section 3 was
used.

The first step is to transform the equations of motion of the
X=22A into diagonal form. With the transformation
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4 3

Poles
Real Imaginary
-.389 1.426
-.389 -1.426

138
-01806

Transfer Functions

u

’3
es

2
(7]

k| s+ .82s” + 2.19s

TABLE 5-1
OPEN-LOOP TRANSFER FUNCTION CHARACTERISTICS

CHARACTERISTIC EQUATION
+ .0735s ~ .0544

Real

.48
4.36
4.36

.099
.099

£

«263

ZEROS OF TRANSFER FUNCTIONS
Zeros

Imaginary

3.86
-3.86

.231
o 0231




TABLE 5-1 (CONT'D)

Zeros

Transfer Functions Real

-51- 0
x 21,17
-1.56

'1.17
-1056




X = Tl‘}

where
Ou 22,758 «12.709 -195.55 273.48 ;&
X = Aw 32.998 -95,562 107.05 -154.64 A
Dq 1.3363 .28934 .26646 -,02582 ;3
A"} -.04901 -.9241 1.93 .143 Zh

the system of equation (1) is transformed into the block diagonal form

[ 7 - .3887 1.426 0 o |
75 -1.426 - .3887 0 0 &
L) S 0 138 T -
}3 . St
oS I 0 0 -.181
(2)
where
.216 .012
X =l
Gy = T, G= | .097 .012
.05 .006
.021 .0055

The performance index to be minimized is
1o T
Je -2-5[(2 Q3+ u' Rwat
In the first step the two complex poles, corresponding to the
short period mode, are moved to more desirable locations. The short period

natural frequency and the damping ratio were specified to be

w, =2% .5 rad/sec
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The weighting matrix on the control was chosen for convenience to be
2 0
k=10 .7

A different choice of R would result in a different Q matrix to achieve the

design objectives.

The matrix 6; was selected so that the closed-loop short period
natural frequency and the damping ratio would be in the desired range. The

4 .
matrix Q1 was determined to be

25.173 0 0 0
61 = 0 25.173 0 0
0 0 0 0
0 0 0 0

and the short period characteristics are given by

1.59
.443

[H)
5sp
S

P

The matrix Q1 of the performance index

o0
el T T
J = 3 Jr(x Q1 X + u Ru)dt

[~}

is given by

The gain matrix K1 corresponding to Ql’ the matrix Ql’ the closed-loop matrix
F1 =F - GK1 and the transfer function characteristics are given in Table 5-2.

Thus far, the two complex poles have been moved to more desirable
locations and the zero movement determined. It is to be noted from Table 5-2

that the open-loop unstable pole has been shifted to its mirror image in the

left half plane. This is the property of optimal control design. The stable

open-loop pole has remained at the same location. The zeros of the transfer
68




TABLE 5-2

Fl’ Q1 and K1 MATRICES AND THE CORRESPONDING

TRANSFER FUNCTIONS

[ -.184 ~:037 10.51 -30
F) = -.201  -.551 109.5 2
-.006 -.011 - .99 -
- 0 1 0
| -.0131 - .021 2.72
17 [5.2x107 843 x 107 Lo
[ .0006 .001 .009
Q = .001 .00197 - .0198
-.0091  -.0198 12.97
| 003 .0058 -1.62
TRANSFER FUNCTION CHARACTERISTICS
Characteristic Equation
st + 1.725% + 2.085% + .836s + .063
Poles
Real Imaginary _—
] -.702 1.42 .443
3 -.702 -1.42
1 -.138
} -.181
; Zeros of Transfer Functions
7 Zeros
Transfer Function Real
& - .484
g:; 4.34
4,34
L -.0996
Ses -.0996
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.93
.88
<93

2.81 |
.092

.003

.0058
-.162

.21

Imaginary

3.88
-3.88

$231
- 231




L S

TABLE 5-2 (CONT'D)

Zeros
Transfer Function Real Imaginary
= :
es

.576




S e

1
A

function of the pitch attitude to pitch control commands are affected by

feedback from the second input, the thrust control command. It is seen from
Table 5-2 that the elements of the second row of the feedback gain matrix
corresponding to the feedback from the second input are small and have not
moved the zeros of 9/6‘e significantly from their open-loop values.
s
In the next step one of the real poles, A = -,13805, is moved
close to one of the zeros of 0/&; transfer function. To do this, the new

system of equations B

; = Fl x + Gu
is transformed into block diagonal form again with the transformation ;
X = TZ 3
where
=20.92 7.89 237.28 1018.7
Tz = =55.55 7122 -108.9 - 576.05
- .88 -.824 «297 -.0962
a5 §22 “l5 -.215 .532
The transformed equations are given by
73 -1.421  =,702 0 0 be
Al K * 6, <
X3 0 0 -.13805 0 Si
0 0 0 -.1806 .
| 4] e o :
where :
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2324 -.012
-.155 -.014

Gy = -.184 na 82
.039 .0051

The weighting matrix R is the same as chosen before. The matrix 62 was

selected as

Q, =
18.51

o O o o
o O o o
o © o o

so that the pole at -.13805 was moved to -.5762., The weighting matrix Q2

corresponding to the x states is given by

e = -1
Lo

The final closed-loop dynamic matrix Fc = (F1 - GKZ) where K2 is the gain

matrix corresponding to the weighting matrix QZ’ the final weighting matrix

Q = Q1 + Qz, the final gain matrix K and the transfer function characteris-

tics are given in Table 5-3.

It is to be noted that with sufficiently high feedback gains, one
of the real poles and one of the zeros of 0/6t transfer function are driven into
close proximity to one of the zeros of the 0/6e transfer function so that the
aperiodic pair is close to the zeros of 0/6e afid 0/6t transfer functions and the
attitude response to pitch control commands is essentially second order.

The advantages of an attitude command augmentation system, com-
pared to a simpler concept such as rate command augmentation, are
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TABLE 5-3

F.» Q and K MATRICES AND THE CORRESPONDING
TRANSFER FUNCTIONS
I . 191 - .048 10.95 -29.28 |
F, = -.201 - .552 109.53 3.03
L0011 -1.57 x 10”4 -1.42 - 2,52
. 0 1 0 ]
[ -.034 = 053 4,02 7.63
A Leomz - oo .102 .246 |
.002 .0033 - .096 - .321 ]
Q= .0033 .0053 = LI = 45 "
-.096 - .16 18.5 18.9
.321 5 18.9 76.41 |
TRANSFER FUNCTION CHARACTERISTICS
Characteristic Polynomial
s + 2,168° + 3.688° + 2,055 + 261
Poles
Real Imaginary S W
-y 702 1.42 442 1.59 ?
- 702 =1 .42 :
2,181
'0576
Zeros of Transfer Functions
Zeros
Transfer Function Real Imaginary
u
; b .486
es
4,33 3.89
4,33 -3.89 |
W E
b et - .1 0232 |
bes

s 01 - 0232




TABLE 5-3 (CONT'D)

: Zeros
i Transfer Function Real Imagina_x_'z
3 :;L- 0
3 } es
A | ~e 577
-0165
3?— -.577
ee -.165
-é%- -.606 612
¢ -.606 - 812
—-— -.246
k .416 1.56
.416 -1.56
+ o
t e 58
wud
0
T - 058
t
=2 -2
i
§
¢
¥
£ )
é? 74 B




(1) The pilot can estimate the magnitude of commanded attitude
changes by the magnitude of his applied stick force or dis-

placement.

(2) If unattended (stick force relaxed) the vehicle will return
to the trim attitude.

(3) Rate feedback alone cannot stabilize an unstable aperiodic

root,

The pole-zero locations of the 9/6e and O/cSt transfer functions
at different stages in the design process are sRown in Figure 5-1. Figure
S-1(a) shows the open-loop pole-zero locations., Figure 5-1(b) shows the pole-
zero locations after the pair of complex poles corresponding to the short per-
iod roots are moved to more desirable locations. The use of the optimal con-
trol design procedure also moves the unstable pole to its mirror image in the
left-half plane. The numerator zeros of 9/6e have moved very little from
their open-loop locations with the initial fegdback. Figure 5-1(c) shows the
final pole-zero locations and the two real poles approximately cancel the zeros
of the 0/5e and 9/6t transfer functions. Thus, the attitude response to pitch
control comfands is essentially second order dominated by the modified short
period mode. The responses of pitch attitude and pitch rate to pitch control
step command are shown in Figure 5~2. The time history illustrates the second

order nature of attitude response.

The design example presented in this section has demonstrated the
wefulness of the step by step approach formulated in Section 3 to practical
ntrol systems design. The second design procedure discussed in Section 3

ssed on the eigenvector approach) is considered to be more promising
# wuse of increased tractability of the modified system by the control sys-

#¢ . ygner, Additional study is required before it can be used in a systema-

ractical control systems design.




-1.5 -1.0 -.8 -.6 -.4 -.2 o
- -.5
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X T-1.5

(a) open-loop

X £ 1.8 X | s

+ 1.0 - 1.0
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.0 8 =86 =4 -2 b sl =2
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(b) after the short period (c) final pole-zero locations

roots are moved

Fig. 5-1 POLE-ZERO LOCATIONS OF 9/6;5 AND 9/6; TRANSFER FUNCTIONS
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Section 6
SUMMARY AND RECOMMENDATIONS

Application of linear optimal control has developed several con-
trol system design procedures that can be used to design a multicontroller
feedback system to satisfy flying qualities and other control systems design
criteria. Specifically, two design procedures were given in Section 3 to de-
termine the pole-zero movement as the performance matrix is varied. The pro-
cedures given were step-by-step procedures where at each stage a pole was moved
and the zero movements determined. The performance index weighting matrices
constructed at each stage to move the poles and zeros were added to get a final
performance index weighting matrix that moves the open-loop poles arnd zeros to
more desirable locations. The procedure can be used in as many steps as are
required. The design procedure based on the eigenvector approach is the more
promising of the two procedures presented in Section 3 since the closed-loop
eigenvectors are computed at each stage to determine the zero movements and
give better insight into the design process at each stage. In Section 4, two
alternative design techniques were presented. The first technique was based
on design in terms of the Riccati solution and the weighting matrix on the
control rather than on the states and control. It was shown that design in
ternms of the Riccati solution and the control weighting matrix giaranteed that
the feedback gain matrix result was optimal. In the second technique, the first
order changes in transfer function poles and zeros were determined under pertur-
bations in the performance index matrices. This could be used to develop an

iterative design procedure for pole-zero placement.

In Section 5 the first design procedure developed in Section 3
was applied to a control system design using the X-22A V/STOL airplane as the
model, The design was carried out in two stages to achieve attitude command

augmentation. The example illustrated the ideas involved in the design proce-

dure.




This study has shown the usefulness of the design procedures, based
on the step-by-step approach, to practical control systems design. The pole-

zero movements are determined directly at each step as the performance index

matrix elements are varied. Further work is required to develop these design
procedures into a viable control systems design tool, and to examine problems
| in optimal control systems design which have not been addressed in this study.

The following recommendations for further work are therefore in order:

e The design procedure based on the eigenvector approach is con-
sidered to be more promising because of increased tractabil-
ity of the modified system at every stage of the design pro-
cess. Further work is required to develop the eigenvector
approach into a more systematic procedure by using it to

design practical control systems.

e The design techniques given in Section 4 need further develop-

ment for use in control systems design.

e The effect of proximity of the transfer function zeros to the
transmission zeros needs investiagtion. Since the transmis-
sion zeros are invariant under feedback, high feedback gains
may be required to move a transfer function zero away from a

transmission zero if required.

|

e Optimal control design technique requires full state feedback. }
In many practical situations, not all the states are avail-

able for feedback. Further work is required to determine the |

conditions under which optimal control design technique can -

be used with partial state feedback.

® An important practical problem in control systems design is
the failure of a feedback path due to a sensor failure. The
effect of this failure on the stability and transfer function
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characteristics of the closed-loop multicontroller system
needs to be investigated to examine the possibility of de-

signing optimal control systems that remain stable under a

wide class of failure modes.
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APPENDIX A
INVERSION OF A MATRIX OF A PARTICULAR FORM

It is required to invert a matrix A of the following form:

[

P—-—--O O ©

—

(S

]

The inverse of the matrix can be found as the solution of a set
of linear equations as

G

The solution for X4 from the above set of equations is given by




|
a-X. * axX. +axX * icives (B8:7D.) X. P e @ X =Y.
(J J) ] w'n 7

171 272 33 J

=g -a
1 n

1
L) +b_
(a;+b;) by, (a;+b,)




APPENDIX B
INVERSION OF A MATRIX OF A PARTICULAR FORM

The inversion of the following matrix is required:

— —_—

1
a
a

I
l
|
a
n

=

The inverse can be obtained as the solution of the set of linear

equations
4

2

¥
I
|
I
|
o

n

L~ -

The solution is given by

o TR f
az x1+

Xz’




The inverse of A can be written as

p—
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