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I
1. INTRODUCTION

The research described In this report, (Cf. previous Interim reports [1,

2,3]), is generally concerned with the analysis of stress in the vicinity of

cooling holes in turbojet engine blades with transpiration or film cooling.

A schematic diagram of a typical blade1 Is shown In Figure 1. Portions of

the cross-sections of two typical types of blades (taken midway between cool-
• 

ing holes) are shown in Figures 2 and 3. Possible cooling hole arrangements

in the vicinity of the leading edge of the blade are as indicated In the men-

tioned Figures. When such blades are in service the blade material is sub—

jected to a thermomechanical environment. The outer blade surfaces are in

contact2 with combustion gases , the inner surfaces are In contact with cooling

air, and spin of the turbine subjects the blade to a centrifugal field. Of

particular interest In the described research is the “vicinity” of a single

cooling hole (e.g. Figure 4) where thennomechanical stress concentrations of

present interest occur.

The method of analysis employed for investigati on of this problem is the

Boundary Integral Equation (BIE) method (cf. (4,5]). Under assumptions of

linear, homogeneous, isotropic, steady—state , therinoelastic material behavior,

analytical BIE relations applicable to an arbitrary portion of a blade are

written. Next, discretization assumptions are made leading to a discretized

version of the analytical relations in the form of simultaneous linear

algebraic equations. The unknowns in these equations, generally speaking, are

the desired quantities, e.g. stresses, at points of interest. Thus a mathe-

1 SpecIfic blade configurations and data supplied by General Electric (G.E.),
• Evendale, Ohio.

2 All data in this report , unless otherwise stated, refer to first stage tur-
bine blades subjected to the highest temperatures.

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . .•~~~.. • .  —---~~~~~~~~ - ————•-—- ~~~~~~~~~~~~~~~



2

matical model of the problem Is made under the indicated constitutive and

discretization assumptions. Our various computer programs are then used to

provide a numerical solution to this model problem.

Actual ly, in the course of the research a number of specifi c boundary

value problems for specifi c facsimiles of portions of blades are posed and

solved. Details, rationale, discussion, and specifi c resul ts for these

problems form the body of this report together with a discussion of the latest
• version of the BIE analysis capability created largely for and used In our

analyses.

The basic integrity of our working computer programs , i.e. the reliability

and accuracy to be expected wi thin the framework of the theory versus the

level of discretization needed for the numerical analysis , has largely been

established In [1,2,3]. In those references a number of representative “test”

problems were posed and solved for just this purpose. In the present report ,

however , emphasis is placed on modelling specific problems , the results from

whi ch are intended to give insight into mechanisms for causes of , and levels

of thennoelastic stress in an advanced design turbine blade. Accuracy of

results as a function of level of numerIcal analysis effort is not so much

the issue here as is the reality and relIability of the models themselves ,

• especially as regards syninetry assumptions, boundary conditions , and thermal

data input from the blade manufacturer. Discussion of these matters and others

is included in this report.

_ _• _ . • •  



2. THE BOUNDARY INTEGRAL EQUATION METHOD
- . - . FOR THERMOELASTIC PROBLEMS

F rL 2.1 BRIEF BACKGROUND

The BIE is becoming well established as a companion to, or in some cases ,
.

~~ - 
a viable alternative for more conventional methods of stress analysis, prin-

cipal and most familiar among which Is the Finite Element (FE) method. An

extensive background for the BIE or a lengthy a—priori justification for its

employment, advantages, etc. in problems of the present type is out of place

here. Rather we cal l attention to references [4,9,15,16] as fairly recent

Indicators of some of the features of the BIE, some aspects of Its analytical

foundations, and Its scope. References (1,2,3,5,13,14] record to a large

extent the progress and development of the BIE capability as used in the

present context Including the solution of a number of test problems some of

which were motivated by and are related to the present research.

2.2 FORMULATION

Consider an arbitrarily shaped solid body B in a thermomechanical environ-

ment which, as a consequence of conditions imposed on its surface S and poss-

ibly a body force distribution b1 per unit volume3, suffers a distribution of

temperature e, displ acement u1, and stress from a uniform reference state.

I -~ The stress, the displacement , and temperature fields throughout the body are

frequently of engineering interest.

The approach to such problems In classical thermoelasticity usually in-

volves two steps: (1) Solve a heat transfer problem first to obtain the

steady state e field based on well—posed thermal boundary conditions on S.

Standard Cartesian Tensor Analysis is used. Latin subscripts have the
range 1,2 or 1,2,3 accordIng as B occupies, respectively, a region of
two or three-dimensional space.

~ 
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(2) Then regard e,1 as a type of body force which, together with well-posed

-

~~ 
. mechanical boundary conditions, contri butes to the U

1 
and field in a

• • familiar way (e.g. [6] p. 77), and solve for u1 and/or aU.
The Boundary Integral Equation (BIE) method for such thermoelastic

- • problems recognizes the above two steps and begins wi th an integral formula

pertinent to the heat transfer problem in the form (cf. [4] p. 1):

c(p)e(p) = / [e’(Q)K(p ,Q) — e(Q)K’ (p,Q)]dS(Q). (1)
Js

In formula (1) the prime (‘) indicates the (outward) normal derivative of the

function, K is a two-point-dependent kernel function of differing form (see

Appendix) according as B pertains to a three—dimensional (E3) or two—dimen-

sional (E2) body, Q is a point c S, and p Is a point c B or S. If p c B,

c(p) — 4w or c(p) = 2w, respectively, according as the body B c E3 or B c E2.

If p e S, c(p) is a number dependent only upon the local geometry of S at p.

In practice c(p), p s S, is calculated as the integral of K’ over S. This is

apparent from setting 0 1 in formula (1). If S has a unique tangent at p,

c(p) 2w for B c E3 and c(p) = it for B c E2 as expected.

The significance of formula (1) is as follows. Let p c S and regard (1)

as a relation among 0 and 0’ on S pertaining to one and the same temperature

field throughout B. Now since only part of the pair (e ,o’) (e.g. e or 0’ but

not both) may be specified at any Q c S according to a well-posed, steady

state, heat transfer problem, formula (1) with p e S provides, in principle,

a means of obtaining that part of the pair (e,e’) not initially prescribed.

That is, we regard formula (1) with p € S as an integral equation to be solved

for the unprescribed parts of the pair (0 ,8’) on S. Once (0,0’) are completely

known everywhere on S, consider p c B in (1), and that formula yields 0 at any

point in the Interior of B in terms of the indicated integral over S of known

0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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quantities. Thus, assuming the above-descri bed process can be carried out,

and the method for doing so numerically will be indicated subsequently,

• Step (1) in classical thermoelasticity has been completed.

Step (2) is similar to Step (1) and involves the following formula

(cf. [5]) pertinent to the thermoelastic problem:

cij (P)ui(P) f ({ti(Q)—*(Q)n i(Q)}Ui~(P~
Q)_ u j (Q)T i j (P~

Q)]dS(Q)

+ [{*(Q)+ye(Q)}W’ ~~~~~ 
- ~~~~~~~~~~~~~~~~~~~~

+ k0 
~ 

n~(Q)W (P~Q)dS(Q). (2)

In formula (2) ~~~ T1~ and W are two-point—dependent kernel functions of

differing forms (see Appendix) according as B c E~ or B c E2, t1(Q) Is the

surface traction, r(p,Q) IQ— PI  n~(Q) are unit (outward) normal components,

~
j ,(Q) is the surface value of a function ~p defined throughout B such that the

mechanical body force, if any, is derivable from ~i according to

b1 4~ j with *,~j = k0, (3)

where k0 Is a constant, as is y (see Appendix). In formula (2) p may be c B

or S and the (‘) signifies normal derivative as before. If p e S, cjj (P) Is

a matrix of numbers determined in a manner similar to that for determining

c(p) in formula (1) (see e.g. [5], Eqs. (1), (14) , (15)). If p c B,

C1j (P)

The significance of formula (2) Is as fol lows. Let p e S and regard (2)

as a relation among U1 and t1 on S and the functions 0, 8’, q,, p’ also on S,

all of which pertain to one and the same thermoelastic stress state throughout
B. Now 0 and e’ are known on S following completion of step 1 as previously

described. (Note that setting p c B and solving for Interior 8 wi th formula 

--•~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4.

(1) is not required in using formula (2)). Variables q~ and ~p’ are regarded
as known boundary quantities obtainable from a potential for real mechanical

• body force. What is not known c~mpletely, of course , is the pair (u1,t1) on

S, since only part of the pair can be prescribed corresponding to well-posed

boundary conditions. For example, u1 may be prescribed O!I S (dis placement

type problem), or t1 may be prescribed on S (traction type problem), or parts

of each may be prescribed over portions of S (various kinds of mixed problems),

etc. Thus, the solution strategy via formula (2) wi th p € S is to solve the

integral equation for that part of the pair (ui,ti) not Initially prescribed.

Once (ui,ti) are completely known everywhere on S, consider p ~ B in (2) and

that formula yields ui at any point in the interior of B In terms of the

indicated integrals over S of known quantities. Finally, the stress components

at any p c B are given via formula (2) by first obtaining the displacement

gradient ulik at p c B. This is done simply by differentiating the kernel

function expressions with respect to Xk at p and evaluating the Indicated in-

tegrals of the differentiated kernel functions. Based on Hooke’s Law, the

stress field is given in terms of Uj~j according to

au = l—2u Um~m
tSij + lu[Uj ij  + uj~j] — (4)

wherein P c B. If on S is desired, it may be obtained directly in terms

of (0,u 1,t1 ) on S (actually 0,t1 and “In-surface” derivative(s) of u1 on S are
required) in a familiar fashion (see e.g. [7,8]). Thus for surface a~ there

is no need to refer to the interior p.

This completes the analytical formulation of the two-step thermoelastic

solution process via the BIE method.

2.3 NUMERICAL PROCEDURES

To implement the solution strategy outlined above, we first discretize the



____ 0 ~~~~~~~~~—- ~~~~~~~~~~~~~~~~ — -~~~~~~~ —~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~• •~~~~~ -~~~~~~~~~~ -

surface S of B, B e E3, into a total number m of surface elements of either

quadrilateral or triangular shape as shown in Figure 5(a) and locate eight or

six nodes, respectively, on each element. The cartesian coordinates x~ of

each node are specified, ~nd the cartesian coordinates of a non-nodal point

of an element are a5sumed to be given by (cf. [5,9])

‘~i (~ ) = ~~~~~ a = l ,2...,6 or 8 (5)

in which Ma(~) are second-order shape functions of Intrinsic coordinates

We use one set M~ for quadrilateral shapes and another set

for triangular shapes (see Appendix). Next, we assume that any of the functions

of Q alone in equations (1) and (2) varies over the elements according to

,(
~

) = 
~
ft (~~ ),~

t (6)

where $“ is the nodal value of the particular variable at issue and the shape

functions are identical to those used in equation (5). Based on the discre-

tizing assumptions, formu la ( 1 ) becomes

c(P~)0(P~) = e~~ f ~~~~~~~~~~~~~~

— - 8~~ M(~ )K ’(P ,Q(~ )) J (~ )d~ (7)
is TI

a

and formula (2) becomes

c1j(P~)u 1 (P~) — 

~‘~TS ~~~~~~~~~~~~~~~~~
- ur f5 ~~~~~~~~~~~~~~~~~ +

- T1
~~~~

f5 
~~ ~~~~~~~~~~~~~~ + k0 Z 1a ~~~~~~~~~~~~~~~~~

_______________________
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in which it Is assumed p P ~ S, and In which cz.~ t~ - ~~~ ‘F * + ye;
0 

and where the quantities •~ have the meaning “the value of ~ at local node a
on surface element Sa”• Note that a = 1,2,..., m and T) 1,2,..., n, where
n is the total number of nodes; suninatlon is implied on all repeated sub-

- 
. scripts; J(~) Is simply the ratio dS(Q)/d~, which more explicitly is

J(~ ) = I
~~ l 

X a21 (9)

where the components of the vectors in the cross product are given by

a
~j ~~ x~. (10)

Note that since a node always lies on at least two surface elements and

frequently more, •~ is the same quantity for several sets of val ues of a and

a. This little bookkeeping problem, when addressed, leads to viewing the sys-

tern of equations (7) and (8) in the following matrix forms, respectively:

~~~~~=~~~~~~‘ (11)

Au - B ~~= c T -~~r’ +E . (12)

In equation (11) the column matri ces e and e ’ are n elements long and
contain the elements e~, O

8, $ = 1 ,2,... n, which are, respectively, temp—

erature and normal derivative of temperature at global node number $. The

square matrices F and G are n x n in size and contain the Integral coefficients

(an d the c(P~) term) as indicated In equation (7).
In equation (12), the column matrices u and ~2 are 3n elements long and

contain the elements u~, ~~ 8 — 1,2,..., n, which are, respectively, displace-

ment and “au~nented” tracti on components at global number 8; ‘F and T’ are n
elements long and conta in T8, T18, i.e., the surface contribution of temperature
and body force potential and normal derivatives of these quantities, as in-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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dicated above, at the nodes. The square matrices A and B are 3n x 3n elements

in size and contain the integral coefficients of u and ~2 as indicated in

equation (8). Similar remarks hold for the n x 3n size matrices C and D.

The column E contains the 3n values of the last integral in equation (8) as

indicated.

The previously outlined solution strategy when referred to equations (11)

and (12) above amounts to the following: Discretize the surface S of B into a

number m of surface elements and form and store the matrices F and G. Specify

an appropriate combination of elements 0 and 0’ at the nodes corresponding to

a well-posed heat transfer problem. Perform the indicated matrix multipl i-

cations in (11) involving specified quantities and solve the system (11) for

the elements of 0, 0’ not previously specified. At this point, the boundary

set 8, 0’ are completely known.4

To begin Step (2), form and store the matrices A, B, C, D, E. Specify

the elements P and T’ which involve the now-known nodal values of the set

0, 0’ and also (assumed) known nodal values of the body force potential *
and its normal derivative 

~~~
‘. Next , perform the Indicated matrix multlpli-

cations to yield a single known vector on the right side of equation (12).

Then specify a sufficient number of elements u and t corresponding to a well—

posed elastostatics problem. Perform the remaining indicated matrix multi -
F 

• plicatlons in (12) involving known or specified quantities at this stage, and

solve the system (12) for the remaining unknowns. Now the set U, t is com-

• pletely known such that the full complement of surface quantities Ii , t , 0, 8 ’ ,

qi, ip ’ pertaining to the desired thermoelastic stress state in B Is available

at the nodes.

-

- - If desired, although not necessary for step two In the analysis, we
• - could take p £ B in formula (7) and generate the temperature $ at any

desired interior p.

~~_j. -~ -~ - 0~ —•_~~~~ -• ~~~~~~~~~~~~~~~~~~~~~~~~~~ —~ -- ~ - -~~~~~ —-— - — —--——-•——-—•-••-•.--• - -—~•——-— •~..-• •--—--- •—.~. --—••- - —~~~~ .-•-—----—--• —.---• - — —
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Putting p £ B ~‘ P,.~ in formula (8) now would yield u1(p) at any desired p.

ajj (P) would be obtained simi larly by first obtaining uj ij (P) from formula (8)

as previously indicated and then using Hooke’s Law (4). Boundary ajj are ob—

tam able in terms of 0, U, t as indicated earlier.

For B c E2, i.e. a plane problem, S is a curve or the un ion of severa l

curves , and most of the preceding remarks apply intact with the appropriate
reduction in dimension. Note that Sa is now an element of boundary curve with

nodes at each end and one (usually midway) between. There are now three shape

functions ~f’(~), a = 1,2,3, which have the form shown in the Appendix , and ~
is a single scalar variable. Matrices which were formerly 3n or 3n x 3n in

size are now 2n or 2n x 2n, respectively.
Having outlined the solution process for thermoelastic boundary value

problems via the BIE method above in some detail , It is apparent that success

with the method depends, in large part, on being able to obtain sufficiently

accurate values for the elements of the matrices A, B, C, D, E, F, G. Exam-

ination of equations (7) and (8) reveals that the mentioned matrix elements

are sums of integrals of the form

I Ma(~)r(P ,Q(~ )) J (~)d~ (13)
TIC )S

~
in which S

~ 
Is a square or equ i lateral triangle as shown in Figure 5(b) (or

the Interval -l to 1 of the straight line for B c E2), since a mapping to those

shapes is Inherent In the change of variables implied by the introduction of

the shape functions (5). r is any of the tensor, vecti~r, or scalar kernel
functions indicated In equations (7) and (8). The quantities c(P~)~ cjj(P

TI)

In equations (7) and (8) respectively prove also to be the sum of certain

integrals of the type (13) (see [5], Eqs. (14) and (15) for details). Thus,

It Is necessary to obtain a sufficiently accurate value for all I~~ by some

L .  ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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numerical integration scheme. For a given choice of surface discretization

(number m and arrangement of surface elements and number of nodes n), the man-

ner of obtaining values for 
~~ 

Is perhaps the most important issue in the

solution process. Total computer (CPU) time for a given problem Is largely

a function of how this is done.

To expand on this matter for B c E~, note first that two distinct cases

In the evaluation of 
~~ 

arise: (a) P,.~ ~ S~
, and (b) P11 e 5a In case (b) ,

note that since certain of the kernel functions are O(l/r2) and others at

least O(l/r), the integrands, while integrable, require special attention.

The first case, (a), is more straightforward. For integration over the

square we use a Gaussian quadrature formula with weight function 1.0 to obtain

= I F~(P ~~~~ ~ ~l ~ A ~~~ A~~”2~ Fa(P , X1~~ )12)) (14)
flC )S

~ 
P

where

(15)

and ~~~~~ A,~,
()t
2) are weight factors corresponding to the order A1, A2 chosen

for the quadrature formula [10]. For integration over the triangle we use a

special triangularly syninetric quadrature rule by Lyness [11], which symbol-

ically may be written In the same form as (14). In either case, accuracy Is
in principle a function of the order (size of A.1, A2) of the quadrature rule

but so also is the cost (CPU time), so that proper choice of the pair A1, A2
Is an important practical issue for a given Integration. After considerable

study and experimentation (details will be available In [12]) we have auto-

mated the choice of A1, A2 as a function primarily of the ratio of the dis-
tance of the point P11 to some characteristic size of the element S~. Second-

arily, we increase the order A .1, A2 for a rel at ively “distorted” element over
1.

L. I 
~~~~~ ----0•-•--— 
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and above the order otherwise called for by the “distance” criterion. Both

criteria are an attempt to choose A1, A2 just large enough for a given inte-

grand to give values of integrals, via formula (14) , with consistent error.
For case (b) , where P11 

c ~~ we first take account of the fact that

c(P
11) and c1~ (P

11
) are calcula ted in a manner (cf [5], Eqs. (14) and (15))

- 

- 

whIch analytically requires, for F of O(1/r2), that we evaluate

(M~~~~6 , J(~)d~ (16)

with = 1 whenever node a P
11
; otherwise, = 0. Thus, if we Imagine a

local polar coordinate system p,~ as shown In Figure (6) for typical locations

of P11
, we note that Ma

(~~~) is 0(p) for ci i~ P11 and that (M
U(~)_l) is of the same

order for a P1~. Thus since r(P11
,~) Is O(l/p

2) and d~ becomes pdpd4, the in—

tegrand in (16) Is no longer improper and may be evaluated using the same

types of quadrature rules previously indicated.

In case (b) , since P,~ occupies one of the nodes, the “distance” criteria

for choice of A1, A2 no longer has meaning and a threshold choice is made

according to a preselected accuracy requirement. Finally, as with the

P
11 ~ 

S~ case, we can increase the order A1, A2 for a relatively “distorted”
element if necessary.

For B c E2, for P11 ~ 
S
~
, a one-dimensional version of formula (14) is

used. Here, the choice of order of Integration (size of A) as a function of

the proximity of P1~ to S~, is less critical than In three dimens ions because of
the comparatively fewer total Integrations to be done. Hence, we presently

pick a threshold size for A (probably too high for most integrations) and

compute all P11 ~ 
S0 Integrals for constant A. Efficiency measures, neverthe-

less, could be Introduced as for three dimensions. Regarding the P11 
£ S0

case, note that Mci(~) - Is O(~) and since the kernel funct ions are at
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most 0(l/~) no transformation comparable to the polar coordinate transformation

is necessary In two dimensions. There is the problem, however, of one inte-
grand of 0(log ~

) which can be Integrated easily enough using a “log” weighted
Gauss or by removing the singularity (cf. [7], [13], [14]).

Based on the foregoing discussion , numerical va lues of al l elements of
the coefficient matrices A, B, etc. can be calculated automatically by a

digital computer upon specifying the cartesian coordinates of all the nodes

on the surface S of a body under investigation, the material parameters, and

the quadrature parameters A1, A2.
• All subsequent computations were performed on an IBM 370-165 dIgital

computer using single—precision ari thmetic. The program and all data for a

given problem (Step (1) or (2)) were retained in core. Note that only the

matrix of coeff icients of un knowns at the nodes need be formed an d stored In
a square array. The other elements of matrices of coefficients may be

Ininediately multiplied by other quantities as they are generated and stored

In column vectors. IndIvidual coefficient arrays need not be formed and

stored separately as implied earlier.

2.4 FOUR COMPUTER PROGRAMS

Based on the formulation in Section 2.2 using the discretization/numerical

procedures of Section 2.3, four separate computer programs have been created.

Two of the programs perform heat transfer analyses (Step 1) for problems in

two and three spatial dImensIons, respectively. The remaIning two programs

similarly perform thermoelastic analyses (Step 2). These four programs form

the working tools for the research to be described, and they have been devel-

oped, checked and exerclsed in various stages (cf. (1,2,3]) throughout the

course of AFOSR sponsorship of the present project. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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- 3. THE PRIMARY RESEARCH PROBLEM DEFINED

• 3.1 THE BLADE ENV IRONMENT

- 
When in service, the outer surface of a typical turbine blade (see

-
- Figure 1) is in contact with hot combustion gases with nominal temperatures
- 

of the order 2400°F. As indicated in Figures 2 and 3, the blade has hollow
- chambers through which cooling air, at a nominal temperature of 1400°F, is

pumped under pressure and spewed out through the cooling (“gill”) holes and

vent holes (cf. Figures 1 through 4). One effect of this air flow through

the hollow blade interior is to lower the average blade temperature. Further,

- a cooling film of air is provided over the blade surface in the vicinity of

the gill holes. This is of particular Importance at the leading edge of the

blade where temperatures are highest. The flow of air and hot gases and the

centrifugal field provide the thermomechanical environment for the blade

material. All flows and fields are assumed steady in the present analysis.

Clearly, from the above description, stress is induced in the blade

material as a consequence of (a) the nonuniform temperature distribution

H from place to place In the blade, (b) the centrifugal field on the blade ,

and (c) the gas (an d air) pressure and drag acting as surface loads or
- - tractions on the blade. Each 0f these causes of stress may be regarded
H separately and the effects superposed. However, according to engineering

- 

analysts at General Electric, cause of stress (c) leads to significant values

only near the throat (lower portions) of the blade and such values are known

- 

to be only a fraction of that expected due to cause of stress (b). Cause

of stress (a) , the nonuniformity of the temperature field is the least under-

-~ 
stood and forms the thrust of the present research.

The thermal stress problem is especially Interesting due to stress

~~~~~~~~~~~~~~~~~~~~~~~~~~ _
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raisIng character of the gill holes. These holes contribute to elevated

stress In the vicinity potentially In two ways: (1) the nominal thennal

stress field due to the gross blade temperature distribution is concentrated

near the hole surfaces due to the very geometrical presence of the holes,

and (11) the holes provide for localized additional variation of temperature

due to cooling effect of the air carried by the holes. As will be shown,

— the geometry effect (1) is far more important than (ii). Therefore for

purposes of the present research we consider first a fixed blade subjected

to zero traction and body force but subjected to a nonuniform temperature

~~0 - field to be described In some detail. Later we superpose, in appropriate

fashion, the effect due to the steady centrifugal field.

3.2 THE PRIMARY RESEARCH PROBLEM MODEL

We are most interested in the stress in the ininediate vicinity of a

single, typical gill hole. Our first model for the “vicinity” of such a

hole for a blade with a cross—section of the type in Figure 2 is as shown

In Figure 4. This is a thick irregular platelike body obtained by “cutting”

along the dotted lines of Figures 2 and 1. This body is bounded as indi-

cated In Figure 4 by portions of the circular “vertical” cooling chamber

surfaces, the three “vertical” cut surfaces, the “front vertical ” surface,

the “top horizontal” cut surface located midway between two typical gill

holes, the “bottom horizontal ” cut surface through a typical gill hole , and

finally by the “half” gill hole surface Itself. The angle of inclination ci

of the gill hole with the front surface is variable but for the specific

body of Figure 4 and our subsequent analysis of that particular body,

a=60°.

Of special Interest now in the body of Figure 4 Is the distribution of

- ~~- - - --  ~~ -- - — -~~~~~~~- —- ~~~~•~~~~~~~-- -  —~~~~~~~~~~~~~~ - - ——~~~~~~~~~~ -•-~~~~~~~~~~~~~~ • ~~~~~~~~~~p- —  

-
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normal stress along the edge AB of the gill hole. Of particular interest Is

the peak stress which occurs, as might be expected, at the “feather edge” of

the hole, point A.

To solve for the stress(es) of interest via the analysis method outlined

•1 in Section 2, it is necessary to first solve the heat conduction problem for

the boundary of the body. This requires a proper statement of well-posed

thermal boundary conditions on each surface of the body of Figure 4. Follow-

ing completion of this first step, 0 and 8’ (cf. Section 2.2) will be known

everywhere on all surfaces S. The second step which uses as input the now

known pair (o,e’) on S, requires a proper statement of well-posed mechanical

boundary conditions on each of the surfaces. Output from the second step

will include stresses along the edge AB and In particular at point A.

Clearly, the analysis as outlined for the body of Figure 4 depends

heavily on a proper statement of the thermal and mechanical boundary condi-

tions on each surface. Hence the rationale for these boundary conditions

which in turn leads to the consideration of other problem models will now be

considered in some detail.

3.3 BOUNDARY CONDITIONS

The blade portion of the body In Figure 1 is not quite prismatic but It

is nearly so and the assumption of Identically shaped cross—sections taken

normal to the “vertical ” or z direction over a blade with Indefinite length

(z direction) is convenient and easily justifiable for present purposes.

Moreover, thermal conditions are assumed to be periodic functions of z with
— a perIod of one gill hole spacing such that the fields of interest, e.g.

stress, displacement, are also similarly periodic5. The described periodlclty

The centrifugal field Is assumed zero et. seq. until stated other-
wise.
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or “cyclic syivunetry” clearly demands the following: (a) the heat flux 0’

is zero on the horizontal cut surfaces of Figure 4, (b) each of these sur—

faces must remain plane under thermal load, and (c) the shear traction must

be zero on each of these surfaces.

Now from typical thermal data supplied by General Electric, It is p05-

sible to supply a non-zero value of 0’ over the vertical cut surfaces of

Figure 4. Unfortunately, the variation of such e with z, while probably

not great over the period, is unknown and we thus assume, in the absence of

better information, e’ to be independent of z on the mentioned surfaces.

For the remaining surfaces, i.e. the vertical part-cylindrical chambers,

the gill half-hole surface, and the front, gas/gas—air mix , contacting sur-

face, typical data for k, h
~ 

and in a convective boundary condition of

the type

(k/hc)0’ = (e0—e) (17)

were made available by General Electric. In Equation (17), k is the thermal-

conductivity, hc is a convective surface heat transfer coefficient and 00 is

a “contact—fluid” temperature. Numerical values for hc and over the

relevant surfaces were made available such that with the mentioned known

values of 0’ on the cut surfaces, it Is possible to pose and solve a heat

transfer problem for the body of Figure 4. Again, hc and eo are taken in-

dependent of z. Nevertheless, the presence of the gill holes yields 9 and

0’ which depend on z over the gas or air contacting surfaces as required.

With the thermal boundary data in hand it remains to consider the

mechanical boundary conditions on the surfaces of Figure 4. Now as men-

tioned earlier we may assume the gas or air contacting surfaces to be

- - traction free. Thus the gill half-hole surface, the vertical part-cylind—

L~_iii. - - - -- ~ — -- - -- ~~~~~ - - - —_ —---—-•---- ~ -- -- —•-- ~~~— •~ —~~--• — - -- - - - -—~ —~---~~~ -~~~-- - - - -_ ~~-—— —•_- -- -
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rical surfaces and the front surface have the simple condition t = 0.

- - On the lower cut horizontal surface we may state the syninetry condition as

- - t5 = 0 and = 0 where s and n refer to in plane and normal directions,

respectively. On the upper cut horizontal surface, the condition that it

remain plane and shear traction free Is helpful but not as inmiediately

ccmplete as the lower surface condition since the location of the plane re-

mains unknown. We will return to this boundary condition shortly.

The vertical cut surfaces of Figure 4 present the most interesting

consideration of boundary conditions. The tractions on these surfaces

clearly arise from the surrounding portions of the blade from which the

piece is cut. These tractions are non-zero to the extent that the thermal

field in the whole blade is non-linear in the cartesian coordinates. Thus

to obtain representative values for the tractIons t on these vertical cut

surfaces it Is necessary to consider gross blade behavior. We accomplish

this in the following way.

The thermal conditions as already noted are periodic In the variable z,

and under the prismatic assumptions, this periodic variability is strictly

a consequence of the presence of the gill holes. In their absence the ther—

mal field would be plane or Independent of z. The question arises then to

what extent do the gill holes alter the thermal tractions which would exist

on the vertical cut surfaces of Figure 4 In the absence of gill holes ass-

uming, of course, comparable overall temperature distributions in the blade

in the two cases? This question Is sensibly addressed as follows. Examine

the cross—section of Figure 2. Ignore the geometrical Influence of the

periodically arranged gill holes and perform a heat transfer (Step 1) and a

subsequent thermoelastic analysis (Step 2) on the cross—section of the blade

shown bounded externally by the airfoil shape and Internally by the circular

hLiA -- • . ~~~~~~~~~ • •~~••~~~~~~~~~~~~~~~~~~~~



~~~— -
~~~~~~~~~

-
~~~~~~

•-
~~
-

~~~~~~
—-_- •-

~~
- -

~~~~
-_--

~~ 

_ -.._-—-
~~~~ 

-Th.~_--.__•-______ -~~~~~ - - -~ —~~ _-~~~~~~~~~ - -

19

boundaries. For this plane (strain) analysis use actual thermal boundary

conditions for that portion of the blade in Figure 2 shown in Figure 7.

Typical numerical data for the boundary conditions are available from the

manufacturer. Use also the (in-plane) zero traction condition and calculate

the tractions on the three dotted lInes of Figure 2, which are the edges of

the three vertical cut surfaces 0f Figure 4. These computed thermal

tractions are clearly an approximation, nevertheless an excellent approxi-

mation we think, to the actual tractions existing on the vertical cut

surfaces of Figure 4. The difference between these two sets of tractions

would be due to the influence of the cooling holes on the gross thermo—

mechanical behavior of the blade which gave rise to the computed tractions

in the manner just indicated. We argue that the difference would be slight

especially on the plane midway between gill holes and the tractions computed

as indicated represent an excellent approximation to the “true” tractions.

The latter would be clearly unavailable without an incredibly complicated

three dimensional analysis of a body with the same cross-section as in

Figure 2 but at least several gill holes thick in which the holes, despite

their small size and probable influence on the variables at present issue,

would have to be modelled.

On the assumption that the tractions computed via the above described

planar analysis represent a valid set to be placed on the vertical cut

surfaces of Figure 4, It now remains to precisely state a boundary condition

for the top cut horizontal surface argued earlier to remain plane and shear

traction free..

Toward this end note first that the magnitude of normal traction

t~ (t5 0) acting in the out-of- plane z direction, under the plane

strain assumptions for the plane thennoelastic solution for the cross-section
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of Figure 7, is given by

t~ = v(a,~ + afl,) 
- csEO (18)

wherein and CYyy are the in—plane normal stresses available from the men-

tioned plane strain solution. Numerical values of t~ are thus available ,

in practice, at a selected array of points on the material occupied area A

of Figure 7.

We may now imagine a prismatic body of indefinite length with the cross-

section of Figure 7 (no gill holes) under the plane O(x,y) distribution , and

traction free on its lateral surfaces. On any cross-section (i.e. Figure 7)

t~ acts and the deformation in the body is plane. If we now calculate the

resultant axial force F on this body and the components of resultant couple

according to

F = I t~dA , C~ = ftzYdA~ 
C~ = - Lt~ (19)

and define tractions to and t1 respectively given by

to 
= —F/A (20)

= 
(xI,~ - yI~~)C~ + (xI

~~ 
- yI

~~
)C
~ (21)1 

‘xx’yy~~~xy

we may superpo~e to yield a resultant traction.

t~~= t 0 + t 1 + t ~ (22)

In the above, xy are coordinates relative to the centroid of the cross—section

of Figure 7, and 1
~, 

I~ ., ~~ are the area moments and product of inertia

of A relative to the xy coordinates . Clearly, the net force and couple

I ~~

~
j  k~•~~•. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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*associated with t are zero. Further, the prismatic body subjected to

e(x,y) and t~ only Is a representative model6 of a typical length of the

blade in a static thermoelastic state ignoring end effects, the gill holes,

and, of course, the centrifugal field.

It Is a relatively straightforward analytical exercise to now calculate

the displacement of one cross-section relative to another due to the to +

distribution acting on this bar. In particular we can find the displacement

of one cross-section one—half gill hole spacing away from another. Such a

cross-section, like all others, remains plane under to + t
1 

load. The posi-

tion of this plane , as well as others, is clearly a function of the gross

temperature field in the blade uninfluenced to any significant effect by the

actual presence of the gill holes which occupy only an insignificant portion

of the volume of the blade material . Note that conditions of syimnetry demand

that even in the presence of gill holes, cross—sections through gill holes

must remain plane. Clearly these planes, with or without gill holes, are al-

most identical . Thus we now have our boundary condition for the top surface

of the body of Figure 4, namely, a normal displacement u,~ ~ 0 which is identi-

cal with the mentioned analytically determined displacement ari~-ing from the
— 

tractions to and t1.

Note that knowledge of the non—zero displacement ~~ computed as described,

on the. top surface of Figure 4 is a more meaningful boundary con2tion than a
*prescription of t . This Is of the utmost significance in the present analysis

*and is true for the following reason. While the t actually present over the

small part of the cross—section (top surface of Fig. 4) may be significant ly diff-

erent than that given by Equation (22), I.e. locallyaltered by the presenceofthe gill
6 Note that Figure 7 depIcts an -Incomplete blade cross—section. The “tall”

• portion is missing . A brief discussion of the effect 0f this on the analy—
sis Is given on page 27 paragraph 2.
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• 
hole, u~ is computed from to and t1 which in turn are based on the distribu-

tion of t~ over the entire area of Figure 7. Thus the u n used is substan-

tially the same with or without gill holes.

We now have a complete set of well-posed mechanical boundary conditions

for the thermoelastic body of Figure 4. Numerical results and further dis-

cussion of this “Primary Research Problem Model” are given in Section 4.

3.4 THE EFFECT OF THE CENTRIFUGAL FIELD

By comparison to the above consideration of boundary conditions , the

boundary conditions on the body of Figure 4 to take account of the cen-

trifugal field of the blade are fairly simple. Using the condition

= 0, t5 = 0 on the lower horizontal cut surface, t~ = a~, t5 = 0 on the

upper horizontal cut surface, with all other surfaces traction free, is

reasonable and consistent with the manufacturer’s practice. Isothermal

conditions are assumed and the presence of centrifugal “body” force over

the small volume itself may be sensibly neglected by comparison to which

approximates the centrifugal pull of the adjacent portion of the blade across

the surface on which acts. Again the distribution of normal stress along

the edge AB of the gill hole is the desired output from the solution of this

problem.

Note that the condition u,~ = 0 on the lower horizontal surface of

Figure 4 assumes that this surface is a plane of syninetry for the body plus

its reflection in that surface. This body according to the preceding state-

ments is loaded in simple uniform tension on Its upper and lower surfaces.

How well this approximates the actual state of stress due to the centrifugal

field is somewhat a function of the gill hole spacing vs. gill hole diameter.

Indeed , if the gill holes are sufficiently far apart the assumption of uni-

I ~L ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~
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form a~ midway between holes Is a good one. However, in the extreme, where

the holes are very close together, e.g. less than one hole diameter apart,

the above assumption is probably poor. In the latter case a better approxi-

mation would be to first recognize that the surfaces between holes while not

plane are simi larly deformed under centrifugal loading and It is perhaps not

too gross an assumption to take the portions of the surfaces involved, i.e.
• the top surface of Figure 4, its mirror image, and therefore also the bottom

horizontal surface of Figure 4 to be parallel planes. Thus, an alternative

boundary condition for the body of Figure 4 to simulate centrifugal loading

would be u~ = 0, t~ = 0 on the lower surface, u,.~ = u0, t5 = 0 on the upper

surface.

Numerical data for unit input values of and u~ , thereby using both

assumptions, are given and compared in Section 4. 

~~~~~~~~~~~~ • - -~~~~~~~~~
-•-
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4. SOLVED PROBLEMS FOR THE PRIMARY MODEL

4.1 THE PLANE PROBLEMS FOR FIGURE 2

According to the discussion of boundary conditions in Section 3.3 it is

necessary to first solve the heat conduction problem for the blade cross-sec-
- 

- tion of Figure 7. Values of hc and Go were given by G.E. on a scale drawing

from which we were able to state a thermal boundary condition of the type (17)
— 

for each part of the boundary shown In Figure 7. Note that the gill hole,

being below or above the cross—section of Figure 7, is not part of the bound-

ary for this analysis which is planar. Using the discretization depicted in

Figure 7 with m = 67 line segments and n = 134 nodes, our heat conduction

analysis yielded , for the specific boundary data used, the isotherms shown in

the figure. The depicted temperature distribution compares favorably with the

manufacturer’s temperatures obtained by other means.

Next, assuming in-plane tractions on the body of Figure 7 to be zero, we

calculate, through Step (2) of the analysis, the stress distributions across

the three surfaces, I.e. the three dotted lines in Figure 7. Results and

material properties are shown In Figure 8. Distribution of normal stress is

shown in detail. Directions of shear stresses, which are an order of magni-

tude smaller than the normal stresses, are indicated by a single arrow as

shown. Thus, the major effect of the thermal field in the blade cross-section

is to produce bending , via the three “thermal couples” shown in Figure 8 on

the piece of the blade indicated. While we have only sketchy stress data from

the manufacturer with which to compare, our results are believable when corn-

pared with the essential features of thermal stress in a hollow cylinder, cool

on the Interior and hot on the exterior. This problem was treated in some

detail in [2,5). Addi tional discussion of the cylinder problem, and how a

major stress inducing consequence of the temperature distribution In the 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - —  -- - --~~~~~~ •
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blade material is present in the cylinder problem will be given subsequently.

The distribution of stress shown In Figure 8, assumed to be uniform over

the length of the vertical cut surfaces of Figure 2, represents the needed

tractions on the mentioned surfaces, as discussed in Section 3.3. These

tractions represent the major mechanical Influence of the surrounding blade

material on the “piece ” in Figure 2 as required. The remaining Influence,

— 

i.e. the traction t~ is readily obtained. A plot of the tz distribution is

shown in Figure 9. Approximately 245 points were positioned over the area A

of Figure 2 at which Gxx~ 
a,yy~ and 0 were obtained from which t~ was computed

via Equation (18) . From this t~ distribution , F, ~~ and Cy from Equation (19)

were obtained. Based on a nominal constant reference temperature of 1800°F,

the computed t~ distributi on yielded the following values

F = —498.60 lb , C~ = 3.03 In-Ib , Cy = -45.19 in— lb (23)

Therefore t0 
= 9,082 lb/in2 from Equation (20). Further, A = .055 in2, I,~ =

2.77 x ~~~ 
j
~
4
~ 1yy = 7.96 x ~~ in

4 I,~, = 0.11 x ~~~ in
4. From these

numerical data the linear t1 distribution is now known via Equation (21). Thus

the plane displacement U~ U~0 
+ U~ 1 

of any cross-section of the type in

Figure 7 relatIve to any other is now obtainable as the simple deformation due

to the tractlons to + t1. In particular the displacement u~ of the “top”

surface of Figure 4 relative to the “bottom” surface is available and could

be used, as indi cated in Section 3.3 as our “top” surface boundary condition.

However, top surface boundary condition may be simplified further by

noting that the actual values of F, ~~ and Cy listed above are somewhat

arbitrary. Speci fically, it is clear that any change in the arbitrarily

chosen reference temperature of 1800°F would lead to a proportional change in

t0 or F. However, the corresponding constant part of the displacement Un~ 
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i.e. Uno) would be similarly changed and the arbitrariness compensated in the

superposition process. Similar remarks apply for t1, C~
, Cy~ and the linear

part of the displacement u~, i.e. u~1~ since, in principle , an arbitrary non—

constant but linearly varying reference temperature distribution could have
— 

been chosen. Indeed, there exists a lapriori unknown) linear reference

• temperature distribution for which F, C,~, and C~, would all be zero. For this

(non-arbitrary ) reference distribution, the condition u~ = 0 on the “top”
surface of Figure 4 would be the proper boundary condition. This linear

reference distribution may now be obtained as follows . Note fi rst that

t 5U -
~~~~

- 2. = 1.12 x l0 in. (24)

wherein to 
= 9,082 lb/in2, E = 24.3 x 106 lb/in2, and £ = 0.03 in is one-half

the gill hole spacing In the present design configuration. Secondly, since

~~ is an order of magnitude smaller than and Ifl,, and since C~ is

similarly small compared to C~, the bending implied by Equation (21) is nearly

synmietrical (i.e. the neutral surface of bending is inclined only 8.8° from

the y axis (Figure 7)). Thus with negligible error for present purposes

is approximately given by

t1 
~ 

-

~~~~~
_ = —5.68 x lO~ x lb/in

2 (25)

wherein Cy = —45.19 lb-in and ‘yy = 7.96 x lO~~ in
4. Therefore , u,~1 has the

form
t L  C &

U
1 

_
~-~=~~Z-~x = -7.01 x 10~ x in. (26)

yy

Now the desired reference temperature distribution has the form

OR a + b X + C y  (27) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where a, b, and c are constants . Since the unknown u1~ has the form

= c(a + bx + cy)L = (1.12 - 7.Olx) x lO~ In. (28)

in which x = 9.2 x 10
6/°F Is the coefficient of thermal expansion , it  is

clear that the choices

a = 40.6°F + 1800°F, b = -254.0°F/In, c = 0 (29)

gives the explicit form for the reference distribution. Subsequent analyses

for the primary research problem model of Figure 4, based on this particular

as the reference temperature distribution may use the simple top surface
boundary condition U

,~ 0. All arbitrariness with regard to reference

temperatures in subsequent calculations has thereby been removed.

There is one remaining di fficulty with the modelling and superposition

solution process under the present circumstances . Unfortunately, no the rmal

or other data compatible wi th the data for the portion of the blade cross-

section shown in Figure 7 were available for the “tall” portion not shown.

To have made a more representative model , t0 and t1 should be computed on the

basis of F, C,~, and C~, (obtained from t2) for the entire cross-section. How-

ever, modification of our present analysis, should data for the tail portion

of the blade become available , Is readily made. A new, perhaps more repre-

sentative, value for could easily be computed analytically leading to a

(possibly) new reference temperature distribution. We suspect alterations in

the following results would be slight.

Having obtained all the necessary data from the above described plane

analysis, we proceed now to the three-dimensional analysis for the primary

model (cf. Figure 4, discussion in Section 3.3).

4.2 HEAT CONDUCTION ANALYSIS

Figure 10 depicts the primary research problem model (cf. Figure 4) with 

-— - --
— - - --~~ --—--
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dimensions to scale and a partial view of the discretization pattern (ref.

Sec. 2.3) used for this part of the analysis. The number of surface elements

m = 69 and the number of nodes n 215. The circular cooling chambers have

diameters of 60.0 mils and 140.0 mils, respectively, the gill hole diameter

j Is 16.5 mils , and the length 2. (z direct-Ion) of the piece is 30.0 mlls, i.e.,

• one—half the gill hole spacing for this particular configuration. These

dimensions and discretization pattern are used for all subsequent thennoelas-

tic analyses of the primary research. problem model.

As discussed in the second paragraph of Section 3.3 we now input the data

supplied by G.E. to Equation (17) for each of the fluid contacting surfaces.

Part of these data were applicable to the previously performed planar analysis

for the cross-section of Figure 7, but now we have the gill hole and the length

£ to contend with and thus, of course, a three-dimensional problem. Despite

the presently necessary assumptions about 0’ not varying with. z, and similar

assumptions on h
~ 

and 0
~ 

in Equation (17) (ref. parag. 2 Sect. 3.3), a heat

conduction analysis for the body of Figure 10 under the state.d boundary

conditions leads to a smooth and believable three—dimensional variation of

temperature over the body. Since the subsequently relevant outcome of this

heat conduction analysis, i.e. 0 and 0’ at all the nodes on the surface of

the body are not of intrinsic interest, and difficult to display meaningfully,

these data are not shown. No data from General Electric with which to com-

pare any of our three—dimensional temperature variations were avail able, of

course, which Is consistent with z varying input data being unavailable from

G.E. as previously mentioned. Nevertheless, our solution in Its x,y variation

Is consistent with their data and our own plane solution previously described.

Further, the local thermal effect of the gill hole manifests itself real isti—

cally by cooling the piece of Figure 10 by amounts and In places that are con—
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.. sistent with reasonable expectations. Step (1) for the research problem model

is now completed.

• 4.3 THE FULL THERMOELASTIC PROBLEM

With the complete set (8,8’) known numerically at all the nodes for the

body of Figure 10, we begin Step (2) by supplying the mechanical boundary

conditions as follows . The tractions of Figure 8, assumed constant (with

respect to z) over the “vertical ” cut surface s of Figure 10, are input as

numerical values of normal and shear traction at appropriate nodes. Values

of traction at nodes on all fluid contacting surfaces are zero. Following

the adjustment in (o,o ’ )  to provide the specifi c reference temperature dis- 
—

tribution 8R (ref. Eqs. (27) — (29)), we use the condition ~ = 0, t~ = 0

at all nodes on the “top” horizontal surface. This condition is now

identi cal wi th that on the “bottom” surface of Figure 10.

Our thermoelastic soluti on based on the stated boundary condition yields

the thermoelastic stress field throughout the body of Figure 10. Of primary

interest is the normal stress distr ibution on the bottom surface , (cf. Figure

4) along the line AB , i.e. one edge of the hole. Point A is of special in-

terest, i.e. the “feather edge”. The stress distribution along this line and

along the “front edge” AC are shown in Figure Il. Further, the “hoop stress ”

distributi on , i.e. the stress at the surface of the hole in di rections tan-

gent to the hole , Is shown in Figure 12.

The stress at point A as shown is tensile , and our analysis predicts, as

probably expected , a high gradient of stress as point A is approached along

lines AB and AC. Compression is indicate d along most of the length AC whereas

tension is indi cated along the entire length AS7. Higher levels of tensile

7
~~hese results disagree wi th data reported for a related problem in [3),
Figure 7. An error was discovered wh i ch inval i dates that data in [3]. 
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stress at the inside (point B) end of the gill hole are indicated than at the

feather edge (point A). Further, the magnitude of compressive stress at C is

comparable to that of the tensile stress at A. These results require some

interpretation and discussion .

As an aid to interpretation of our numerical data, to help assess thei r
reliability , and to gain greater ins ight into the mechanism for the inducement
of stress in the body of Figure 10, we imagine the following separate problems
wh ich, when “added together” , yield the stress results depi cted in Figures 11
and 12.

Consider the body of Figure 10 at uniform temperature but loade d on its

“vertical” cut surface s with the tracti ons of Figure 8. The top is traction
free (unconstrained), and the bottc:n (et. seq.) is held plane by normal trac-

tions only, which , as before , are the quantities of interest. This problem,

as far as the body of interest is concerned , is isothermal , but the load is

a set of tractions which arise from the fact that the body is part of and ,

of course , acted upon by the surrounding b lade - the whole being in a thermal

environment. Stress di stributi ons along lines AB and AC for this problem

(called component problem (I), et. seq.) are shown in Figure 13, and the hoop

stress distribution is shown in Figure 14.

The peak tensile stress at point A for this loadi ng is about twice the

value shown In Figure 11. The way the tractions are applied (cf. Figure 8)

clearly Is consistent wi th hi gh tensile stress at A and , less Intui tively

perhaps , consistent with the hoop stress pattern. This means, of course , that

the other “components” of this problem , name ly, (ii) the actual 8 ~ 0 distribu-

tion over the body of Figure 10, and/or (iii) the constraint condition u~ = 0

at the top surface provide sufficient compression to reduce the tensile stress

at point A by 50% and otherwise yield the dominant compression alon g most of
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line AC , as shown in Figure 11. Further,these other “components ” must be

responsible for the high tension along the line AB.

To assess the separate roles of components (ii) and (iii), we consider

the body of Figure 10 with no applied tractions whatsoe ver exce pt for the

bottom wh ich has the same boundary condition as before. Here we put in the

8 ~ 0 distribution (referred to OR) and thus solve the component problem (ii)

to assess the i nfluence of the (non-linear) temperature distributi on on the

piece of Figure 10, remov ing the constraining infl uence of the surrounding

material . Here , we find that the levels of stress along lines AB , AC , and

the hoop stress distributi on are comparatively insignifi cant. Our solution

of this problem yields nominal (compressive) stresses of the order two to

three thousand pounds per square inch al onq line AC , for examp le , w i th an

increase to about ten thousand right at point A. The stress level along line

AB is simi larly low . Thus it seems clear that the constra int or methanical

effect (albeit arising from thermal conditions in the overall blade) of the

blade material on the piece of Figure 10 dominates in producing the stresses

of interest. That is , component problems (I) and (iii) dominate. More

specifi cally, the lateral tractions of Figure 8 lead to high tensile stress at

the feather edge (point A), which is reduced by the compression induce d by the

constra int (u~ = 0) on the top surface of Figure 10, and, to a lesser extent,

by the 8 ~ 0 distribution on the body itself. Further discussion of this and

related matters, and the assumptions on whi ch the vari ous described problems

are based will be made subsequently.

4.4 STRESS DUE TO THE CENTRIFUGA L FIELD

As mentioned in Section 3.4, we cons ider two models , i.e. two problems ,

each wi th a different top surface (Figure 10) boundary condition , to represent

• the centrifugal field.

_ _ _ _ _ _ _
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The first model assumes t~ = = 1 on the top surface of Figure 10 to

simulate the centrifugal field. With this model and the previously used

discretization pattern, our isothermal elastic analysis yields the stress

distributions along the edge of the gill hole AB and the front edge AC as

shown in Figure 15. The maximum tensile stress as shown In Figure 15 yields

a stress concentration amax/ao = 9.4. This figure is in satisfactory agree-

ment with the stress concentration of 8 for the related problem of a flat

plate with a 600 inclined hole in tension (discussed at length in [2]),

cons idering, of course , the more irregular shape of our body.

The second model assumes u~ = U
0 

= 1 on the top surface of Figure 10 to

simulate the centrifugal field. As noted in Section 3.4, this boundary con-

dition is probably better than the un i form for closely spaced gill holes .

The present spacing of 60 mils is typical , although we understand there ex ist

configurations of from cons iderably less than 60 mi ls spac ing up to 120 mil s

or greater for a gill hole diameter of 16.5 mils. Really , any spacing/di a-

meter rat io could be expected, and the two types of boundary conditions used

above probably provi de upper and lower bounds on the centrifugally induce d

stress-concentration for the presently used ratio of hole spacing to diameter.

The same is likely true for any other ratio.

Once again our isothermal elas tic analys is yields the “edge AB” and

“edge AC” distributions as shown in Figure 16. Here the displacement u0 
= I

is statically equivalent to an average applied tensile traction aavg. Based

on °avg’ a stress concentration at the feather edge of the hole (point A ,

Figure 16) is amax/aavg = 5.7. This figure is cons iderably lower than the

9.4 above, as is to be expected from the inherent difference in the type of

$ I i input (Cf. discussion [2] pg. 19).
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5. DISCUSSION

5.1 ADEQUACY OF DISCRETIZATION

The question of integrity of the numeri cal data presented in the previous

sections is largely a function (a) of the adequacy of the discretization used

for the various problem models and (b) the signifi cance and reliability of the

boundary condi tions , symetry assumptions , etc., and input thermal data. Both

of these issues are subject to some reexamination as follows .

The discre tizations used for the plane problems are more than adequate to

the task at hand. Our experience with such plane discretizations , and the out-

come of our experiments in this regard with the present problems , leaves little

doubt that the results of our plane analyses are as accurate as the knowledge

of input thermal data and stated boundary conditi ons would justify. The dis-

cretizations used for the three-dimensional problems admi ttedly could be finer,

to provide more resolution in the regions of highest stress gradients , for

example. However, finer three-dimensional discretizations come only at consid-

erable cost and effort (of. discussion s in [1,2,3]). Moieover, the work

[1,2,3] was heavily devoted to assessing the reliability of discretizations

comparably fine to those used here in connection wi th problems for which we

could judge accuracy directly. Indeed , those prob lems were chosen for their

essential similarity to the ones at hand. Further , those problems helped to

exercise and check all of the important thermal and mechanical loading effects

and geometrical features of the solved problems in Section 4. For example ,

the vari ous isothermal stress—concentration problems solved in [1,2], with

comparably fine or cruder discretizations , lend confidence to that part of the

stress of interest due to mechanical loading on the “top” surface of Figure 10.

Confidence in the temperature distributions and thermally induced stresses is

I ~~~~ •~~~- — ~~~~~~---- ~~~- -~~~----p —-  ——~~rn ~~~~-•-——----~~~~~-—
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similarly gained from the work reported in [2]. One ‘ loadi ng feature ” in the

present analysis, not tested in [1 ,2], is that of the body of Figure 10 loaded

essentially in bending by the “couples ” of Figure 8 leading to the results of

Figures 13 and 14. Thus , to lend the leve l of confidence in this part of the

analys is that we have in the other parts as a consequence of earl ier work, we

consider the problem described in the next section.

5.2 PLATE WITH STRAIGHT-THRU-HOLE IN BENDING

Fi gure 17 shows to scale one quarter of an elastic plate wi th dimensions

10 x 16 x 4. The radius of the hole is unity , and the discreti zation pattern

used to solve the problem to be posed is as indi cated in the figure. We load

this plate in simple l ateral bending by applying a linearly distributed bending

traction , the tensile part of which is as shown in Figure 18. The output for

this problem , the stress distribut ion (tensile part only) along the mid-surface

through the hole, is shown in the same figure. The stress con centration , de-

fined as the ratio of the peak stress at the hole to the nominal bending stress

from our solution, is 2.49. Th is compares favorably with an expec ted value

from the literature of 2.62. Thus with the discretization pattern shown , wh ich

is comparably f ine to that shown in Figure 10 for the research probl em, we are

able to achieve peak stress accuracy to within 5%.

Of course , the hole of Figure 10 is sharply inclined to the “front” sur-

face, which leads to higher stress gradients and places more demand on the dis-

cretization pattern than the straight-thru hole. Nevertheless , judging from

the predicted stress concentrations near stra i ght—thru holes under bending

and tens i on, the bending stress concentration is of the same order of magnitude

as the tensile one. Thus since we have already (of. [2]) tested a comparably

fine discretization for the inclined hole under tensile load we have reason

to bel ieve that peak stress data in Figurc-s 11 through 14 are as accurate as

- 
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the data in Figures 15 and 16. Even an accuracy estimate of perhaps 10%, or

a more pessimistic estimate of 20% to 25% accuracy , in our judgement, woul d

still render the mentioned data of value in prov idi ng ins ight into the general

picture of how stress is induced in the vicinity of the gill holes.

5. 3 SIGNIFICANCE OF BOUNDARY CONDITIONS

The question raised earlier of the signifi cance and reliability of the

assumpti ons of cycl i c symetry on the turbine blade , assumed to be prismatic

and indefinitely long, and the necessary conse quences of p lane surface s shoul d

now be reexamined in light of the results for - component problems (1), (ii),

and (iii) in Section 4.3.

Recall that the problems are (i) the “isothermal” body under the “lateral

coup les ” of Figure 8, (ii) the “free ” body subjected to only the 0 ~ 0 dis-

tribution , and the implied third problem (iii), which is the body of Figure 10

subjected to the top surface condition ui., = 0. In the three problems , we sub-

mit that the boundary conditi on u~ = 0 on the top surface for problem (iii) is

most quest ionable. Thi s in turn questions the val idity of the u1~ = 0 condi-

tion on the full thermoelas ti c problem as origi nally pose d and , therefore, the

validity of the data in Figures 11 and 12.

If the blade were very long (we assumed indefinitely long), the stated

boundary conditi on and thus the numeri cal data (Figures 11 and 12) would be

reasonably representative for gill holes away from the ends. On the other

hand , for a gill-hole near the end of the blade , the top surface boundary

condition more properly should be t = 0 as was used in component prob lem (1)

(Figures 13 and 14). Thus , ignoring the contribution of component problem

(ii), it appears that the tensile stress at the feather edge , point A , lies

somewhere between the two extremes. That is the 43,000 figure is probably

too -high for most gill holes , and the 19,400 figure is probably too low ,

—— _ ___ __ _-— —~~~
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especially for the holes nearer the free end. Of course, the lower gill holes

are subject to the larger stress-concentration due to the centrifugal field ,

so there is a compens ating effect , I.e. higher tensile stress due to the ther-

mal field where the centrifugal effect is smaller and vice-versa.

It is possible that if a finer picture of the thermal distribution over

the surfaces of Figure 10 were ava i lable from the manufacturer, especially as

regards the variati on with depth of the parameters h0 and 0~
, component pro-

blern (ii) could have made a more sign i ficant contribution to the stress fields

of interest. However, our basic finding that the stresses of component pro-

blem ( i ) , i.e. the stresses induced by the lateral traction distributi~n-

most important is consistent with the information available from an idealized

but essentially similar problem.

This idea li ze d problem cons ists of a thick c i rcular cylinder with cool

inner surface and hotter outer surface held in a configuration of plane strain.

This problem was discussed at length in [2] pg. 9 ff, and , upon reflection,

it exhibits many of the important characteristics of the primary research

problem. We have two cool i nner surfaces (circular cooling chambers) instead

of one , but the outer surface is hot in both cases. The transverse stress

in both cases (cf. [2], Table I and the present Figure 8) produces bending

on a portion of the cylinder as it does on our researc h body . Moreover , if

one cons iders only a piece of the ci rcular cylinder , e. g . a pi ece sub tend ing

an angle of say ¶/4 radians , and subjected to the lateral bending tractions

from the rest of the cylinde r contacting the piece , the inpiane stresses in-

duced by those tractions under isothermal conditions for the ~/4 pi ece are

ind istinguishable from those obtained if the actual temperature distribution

over the piece is included. This observation lends confidence to our conclu-

• -. sion that component problem (ii) is relatively insignifi cant. In short, the

4 
S.
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transverse stress of Figure 8 acting on the body of Figure 10 is essentially

• similar to that in the cylinde r problem. This is the stress that “is concen-

trated by” the gill hole and of primary interest. This observation is contrary

to our earlier expectations [1 ,2,3] that perhaps the local 0 field on the

piece of Figure 10 was at least equally important. Thus , the problem of a

c i rcular cylinder , cool inside and hot outside , w i th a hole dri lled from outer

to inner surface (at a vari able angle to the vertical direction ) would be an

excellent model for the important phenomena in the gill-hole-cooled turbine

bla de. This model is especially applicable , we judge , for the blade cross-

section of Figure 3. If this is so, the bending prob lem of the prev ious

sec tion has addi tional s ignifi cance in the fo ll owing sense. Imag ine the

applied couples to be tI”~rmal1y induced , since the p late is imagined cut from

the blade of Figure 3. ihen the isothermal analysis , previously argued to

be valid for the small piece , yields the stress concentration of about 2.5.

Var iat ions on thi s problem, i.e. a parameter study, coul d be performed ,

by varying the angle of inclination of the gill holes and , although less im-

portant perhaps , allowing the plate to have some curvature . These problems

- woul d clearly simulate the conditions in the vicinity of the gill holes de-

picted in Figure 3. Such a parameter study could be readily done with our

developed computing capability pendi ng the necessary thermal data for specific
- • blade configurations from the blade manufacturer.

A final reference to the cylinder problem is in order. This problem was

solved in [2] under plane-strain assumptions. If we imagine a superposed uni-

form tracti on t0, actiny on the ends of the cylinde r, sufficient to render the

cylinde r axial-force—free (or equivalently use a proper reference temperature

°R~
, we have an essentially similar situation to that of the primary research

body of Fi gure 10. Specif ically, a segment of the cylinder is under an axial
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*traction t which is tensile near the inner surface of the cylinder and corn-

pressive near the outer surface. This pattern is consistent with the data of
*

• Figure 11. Further, Figure 19 depicts the t distribution on the top surface

of the research body, and it will be noted that it ex hi bits the same essen tial
* *character as the cylinder t distributi on. Note in passing that the t dis-

tribution of Figure 19 is l ocally disturbed by the presence of the gill hole , -:

as anticipated in paragraph 3, page 21.

This reference to the cylinder problem clari fies somewhat the diffi culty

with the top surface boundary conditi on in the research problem , or, if pre-

ferred , the di fficulty with the contribution from component problem (iii).

If we imagine the blade to be (crudely but essentially) modelled by a hollow

unconctrained cylinder of finite length , the top surface boundary condition

used in (iii) represents conditiors near the midplane of a long cylinder.

Nearer the ends , or if the cylinder is shorter, e. g. only two o~ three outer

diameters long , the top surface condi ti on ~ = 0 leads to values of axial

tension on the inner surface and compression on the outer surface which are

higher than probably realized. It is therefore di fficult to judge the validity

of the contribution of component problem (iii) for a specific gill hole , de-

pending on its locati on relative to the ends , i.e. top end and throat, of the

bla de. Nevertheless , the nature of the contribution of this component to the

stress at point A is similar to the contribution of the centrifugal field ,

whereas the contribution s of component problems (I) and (ii) were comparatively

little understood. 

~~~~~— -- ~~~ - ---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —--~~ - -- —- -~~~~- ———-~~- -- -
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6. SOME FINAL REMARKS

We think it is appropriate to close this investigati on by briefly stating

what, in our view , are the more important contributions arising from it and by

sumarizing what we think to be of questionable validity and why. In additi on ,

- • I a few remarks will be made regarding suggestions for improving reported data

throuç h furth~r researc h.

Wi thin the continuum theory of linear , homogeneous , isotropic , steady-

state (classical) thermoelasticity , this research effort has produced four

separate computer programs capable of performing reliable numeri cal analyses

for a wide variety of plane and three-dimensional problems governed by the

theory. This computing capability is quite contemporary, competitive , and in

some cases better , we judge, than alternative n.jmerical methods for problems

of thermoelasticity. Indeed , the amount of interest in the BIE method in gen-

eral , and our specifi c programs in parti cular , shown by the academic and in-

dustrial coninunities here and abroad is , perhaps , w itness to that fact. The

ex istence , therefore, of the four programs , moti vated by and created largely

for the solution of the primary researc h problem , is probably the most import-

ant outcome of this investigation .

We should emphasize that these programs may be used effectively for a

broad class of problems in elasticity , wi th or wi thout thermal effects -or body

force. Clearly the data and problem descriptions for the present work were

quite specific. However, the programs may be used for analysis using data for

other problem descr iptions and thermomechan ical conf igurations , as needed, in

whatever discipline classical heat conduction and/or (thermo) elasticity prob-

lems occur.

Regarding our “soluti on” of the primary research problem and the described

related problems , we feel that there is sufficient uncertainty that the turbine

~ .Li — - ~-- - - - -
~~~~~~~~~~~~ 

- - á s  -



~1
40

blade material is modelled accurately by classical thennoelasticity to relate

all of our results to “real ity” only wi th prudent reservation. That point

being taken , it is important to recognize that output data is no more reliable

than input data and herein is the source of some uncertainty regarding some

of our results. Specifically, we were prepared to enter thermal data (e.g.

in Eq. (17)) with considerable detail , but the availability of such data from

the blade manufacturer was fairly crude. This was less true regarding the x,y

variation of such data as input into our pl ane analyses but sufficiently true

for our three-dimensional , non— isothermal analyses to cause concern about the

meaning of the output data beyond its being representative , certainly in the

“ball park” , and reasonably self consistent whenever self consistency checks

were available and made. On the other hand , our isothermal soluti ons , e.g.

the centrifugal field results (Figures 15 and 16), we judge to be excellent ,

granting, of course , whatever uncertainties accrue to the two input load

models (boundary conditions) used. Further, component problem ( i ) , le ad ing

to the results of Figures 13 and 14, are , we judge, similarly good despite

the dependence of the shown results on thermal data. This is true since the

thermal data at issue for problem (I) is exclusively plane and given by the

manufacturer in probably sufficient detai l for the purpose at hand. Added to

the thermal data uncertainty for component problems (ii) and (iii), and hence

for the full thermoelastic problem (the “sum” of problems (I), (ii), and (iii)),

is the uncertainty previously discussed at length regarding the horizontal

surface (Figure 10) boundary conditions.

Despite the above-mentioned difficulties wi th certain of the data , our

analysis , broken down as described , gave us , and hopefu l ly will give the read-

er , valuable insight into the relative roles played by the vari ous components

of the thermal field and the centri fugal field in producing stress at the

~~~ — - -~~ -~~ - —— ~~~ - — - —- ,~~~~~~~ -. - —~~~~ •— • •—~~~ -~~‘ •- - —- -~~~~~~~~~~— - ——-—-
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feather edge of a gill hole.

By way of further research , a renewed attack on the primary research pro-

blem model could be profitably undertaken with the availability of more de-

tailed input thermal data. To obtain such data for a more detailed descrip-

tion of the parameters h
~ 

and 80 would require fluid-flow/heat-transfer re-

search beyond the scope of the present investigation . A perhaps better set

of mechanical boundary condi tions than those used for Figure 10 could be

obtained from a three-dimensional thermoelastic analysis of the enti re blade

minus , of course , the individual gill holes. Here again, however, the axial

variation of temperature would have to be provided from the manufacturer. A

fixed throat portion of the blade with the other end free would perhaps pro-

vide realistic mechanical boundary conditions for such a model . From a sol-

ution for this overall model , it would be poss ibl e to determine a poss ibly

better “top-surface” boundary condition for the model of Figure 10 plus bet-

ter tractions on the vertical surfaces there with some axial (z) variation.

Finally , the broader questions concerning the thermoelastic model it-

self , e.g. the questi ons of ine lastic effects, low-cycle fatigue , crack pro-

pagation, temperature-dependent material properties, are all relevant to the

descr ibed phys ical turbine blade configuration and should be addressed as

-feasible in future investi gations.
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APPENDIX -

Fundamental Kernel Functions

1) B~~~E
3

K 1/r, K’ — 
~~~~~ 

(1/r)

— 8ir~E(l-v) (~) E(3_4v) a 1~ + r~1r~j ]

Tjj 8w(1—v~ ~~ ~~ i~~ij ’ (l—2v) r~1r~~} + r~jnj - r~jnj]

W (1—2v)(1+v)
8nE(1-v) r

Ii) B e £2 (plane strain)

K -logr, K’ = -
~~~~~~~ logr

= 
4irE(l v) [(3-4v ) logr - r~jr~j] 

—

- (
~ l ogr + (l~~~) 

r~1rij} + (1ogr),1n~ - (1ogr) ,~n1)

w =~~~;~~)~~~)r2 oog r_ l )

Material Parameters

E Is Young ’s Modulus, v is Poisson ’s Ratio

Is the Laplaclan of the Body Force Potential
a Ea/(1-2v), a Is the coefficient of Thermal Expansion 
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Figure 1. SchematIc Drawing of Typical Turbine Blade 
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