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In many experiments the major interest is not in the amount of

differonco caused by tho oxporimont , but the rank-order which results.

This is ospooiail.y truo when n successive measurements are made on the

same m subjocts , rhore tho subjects aro being oxposod to incroasing

amounts of work, sloop lose, etc. For such studios, the null hypothesis

is that thero Is no trend; tho usual alternative hypothesis is that the

moans aro a ntonotonic function of time.

The motivation for this paper comes mainly from A. R. Jonckhooro t ~
recent dovolopmont of a general non-parametric teat against ordorod

alternatives which can be usod to tost the hypothesis that a sot of

corrolatod moans has a predicted rank-ordor (1954a, ].954b). Jonckhooro

uses a statistic P (based on tho K ndall rank-order correlation, tan)

which is the sum of K~~~ Ws Pt values, computod botwoon the predicted

u.J\ rank—order and tho observed rank—order for each of tho m subjocts .

This paper will proposo an altornativo statistic J (based on

Spoarman’ ; rank—ordor correlation, rho) which can be shown to be more

poworful than P in some special cases. 3 is the sum of the Sj(d2)

values computed botvroon the obsorvod ranking of the n scoros for each

aubjoct and the hypothetical ranking of the n scoros; i.e.,
DISTRIBUTION STATEMENT A
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• The assumptions underlying such rank-order tests as the P and 3
a

procedures will be discussed in detail and/robust analog of J wiU be

proposed. Some experimental designs will be suggested for which these

trend tests are appropriate.

3 is related in a rather simple way to other non-parametric tests.

It has already- been noted that J is simply the 3pearinan rank-order

analog of P. Since Spearman’ a rho is more sensitive than Kendall’ S tati,

J is more sensitive, and sometimes more powerful, than P. (The relative

power of the two tests will be discussed in detail later.) On the other

hand, for small values of n, P can be approximated by the norma]. distri-

bution mach better than 3.

3 is exactly equivalent to the one-tail binoinfr i sign test , when

n = 2. So the J toot can be regarded as an oxtension of the sign test

to the c~tse whore n>2 .

The avorage rank—order correlation between tho in rankings and the

predicted re.nI:-ordor is given by

(2) X : 1_ m(n~~n)

K can be regarded as a apoctal caso of Xondall’ s ¶ oooffioionts* r is

a linoar funct ion of the average Spoarman rank-order intorcorrolation

of in rankings with ono another, whoroas K is the average correlation of

in rankings with a hypothetical rank-order.

If two assumptions oro mmdc , it can be aho~in that 3 i~ ~c~viin1~1y
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‘ Lubin 3

distributed for lar go values of in or n.

Assumption. 1* For any- subject, cli permutations of the n

socrea are equally likely.

Assumption 2: The rank —order for any subject is statistically

• independent of the rank-order for any other

subject .

Kendall (1948) has shown that Assumption 1 loads to a normal

distribution of Sj(d2) when n is large. Therefore when n is large ,

3 is normally distributed , since the sum of normally distributed

• var iables is itself normally distributed.

Assumption 2 loads to a normal distr ibution for 3 when in is large,

since , by- the well-known Central Limit Thoorom, a sum of in independent

random variables will tend to normality as in increases .

i. G. Kondail (1948) gives the moan of S1(d2) as

(3)

and the varianco as

(p3)
2
( i)

Sinco the moan of a sum is equal to the sum of the moans, the moon

of 3 is

(5)  I i :  ~(n3—n).

Sinco tho varianco of a sum of unoorro latod var~ablos is equal to

tho sum of tho variances it follows that tho vnricn$o of 3 is

• •L_ •~
_

~
_ 
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(6) ~.2 = 
mn2(n+l)2(n~l)

36

Tho value of Sj (d2) is always oven, so the interval between adjacent

v. lues of 3 is always two . Therefore tho correction for continuity is

Fron the above, it follows that fo~ large values of in and n,

(7)

no:’n~aily distributod , with a moan of zero and a standard doviation of

uii t~r, rihen the null hypothesis is true. Sinco the alternative hypothesis

is directional, only ncgati~o values of z need be tosted for significance;

the null hypothesis is acceptod automatically if z is positivo or zero.

The lrrgo sa iplo t~st in terms of K is

6 _ _ _

Z K - m(n3.~n) 
,/in(n 1J

Since it is a ono—tail test , only- positive values of z need be tasted for

si~riif1canco; tho null hypothesis is accoptod automatically if z 18

ncg~tivo or zero.

Tho distribution of 3 for small values of in and n tends to norma lity

r~uch moro slowly than doos that of P. The distribution of Sj (d2) is

r i~otrje but , as Kendall (1948) has pointod out, has tho unusual ~roporty

~h~t values closo to tho moan arc not necossarily r~oro frequent than

vr.luoc further from the moan. This gives the dis$.rib~’tion curve ~ p0011—

liar sav’]J.ko proi~ La • Since thoso rovorsals ocot~r mo’-tly near the moan,

the norual curve givos a bottc~ fit to tho tau t of the cumulative

~~~~~~~~~~~~ ~~• •• •~~~• •~J
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distribution than it does near the mean. Fortunately-, in tests of signi-

ficance, tie are mainly interested in the fit near the tails.

In general, 3 reflects these properties or Sj (d2) although the

reversals disappear rathe r quickly as in increases. Table 7 gives the

probability distr ibution for J where the nor mal curve gives a poor fit

to the tail of the distribution. Let us arbitrarily define the tail of

a distribution as that portion where the cumulative probability is less

than .100. The n, as a rough guide, we can say that when inn is greater

than 12, the maximum error in the distribution tail will be .004 or less.

The iaxiinum error near the mean, when mn>l2 , is .009 or less. Distribu—
• tlon tables are given in this article for all cases where the maxinun

tail error is .004 or greater, axcept “here zn= l  or n=2. r~hen n= 2,

3 is, of course, the binomial sign test; when m=l, 3 becomes equal to

• Sj(d2). Adequate tables for these cases can be found olsowhere (e.g.,

E. S. Pearson and H. 0. Hartley, 1954, pp. 186, 211 and 238).

To fix our ideas let us apply the 3 tost to a learning exanplo used

by Jonc thooro.

Insert Table 1 about hero

In Table 2, tho rank—ordor scores fo ’ tho values in Table 1 are

given. Tho null, hypothesis is that thoro ~..s no •trond • The ‘J. tori~ t ive

Insert Table 2 a~ ut hero

-~~ — —  ——-~~~~ ~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~ ~- • - -
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hypothesis is that tho number of errors decrease from the first loarning

trial to tho seventh.

Hero thoro are fivo subjoct a and sevon scores , so in : 5 and n = 7.

SInce en ~ 12, tho large samplo test will be used. Tho oxpoctod mean and

stanc~ard deviation arc

in(n3-n) : 280,

n(n4’l) Vm(n’~-i) 51.121.

The normal deviate is thoroforo

- 
J-ii.I- 1 

-z — — -2.oi~.0’

Thus the result is significant beyond the .01 confidonco lovol. If

z had boon positivo, tho null hypothesis would have boon accepted.

v:o can also calculate tho normal deviate for Jonckhocrc’s P test.

Tho moan of P is nn(n-1)/4; tho varianco is en(n-l)(2n+5)/72; and the

corroct±on for continuity is 1/2. (The sign of P is always opposite to

that of 3.)

In this case 3 is more powerful than P. As will ho shown lator ,

this is because of its groator sonsitivity.

i~Oti lot us apply tho 3 tost to a case whoro o and n arc srnall% In

Thblo 3 a fictitious cxatnplo is given wh3ro the number of soconc~u , of

alpha ]!~G wave froquoncy during a 60-second interval, has boon record ed

for oach subject during four successive d’~’s o~ r~!~ c.p ..c~~~. I~t Table 4,

tho rank—order values arc given. The null hypothosts is that thoro is

~~~~~ 
-,.-—-• —--~~~— ~~~~~••- -—-—- -•-•-- ~~~ 

_.__t~~~~ ~~—• •~~~~—•~
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Insert Tables 3 and 4 about bore

no trend . The alternative hypothesis is that EEG wavos of the alpha typo

appcar loss frequont ].y as sloop loss increases.

Since thoro oro three aubjocts and four scores, mn : 12. From

Tablo 7 wo find that an observed valuo of S ~~ 12 (for in : 4 and in =

will occur with a probability of .045, so tho average Spoarman rank-ardor

coefficient of .60 is significant at the .05 level.

An en value of 12 is just within tho arbitrary borderline we have

drawn for ai•~a11 samples. How much orror would thoro be if thc normal

approximation wore used?

z : ~~‘~~4.1 -1.70

This z corresponds to a one-tail probability of .0446 as compared to the

exact probability of .045. Clear ly, the normal approximation is nearly

perfect hero .

Using Jonckhooro’s trond test,

P44mn(n-1) - 12-9.5 • 980Z 
,,/~~(n_l) ( 2n~-5)  2.550

Thus, using the P test in this case would have lod to the accoptanco

of tho null hypothesis. This oxamplo was deliberately conatructod to show

that a large difference can occur botv’oon the S test and tho P test.

(Later tic will construct an oxamplo whore P is more poworful than 3.)

— -‘
~~~~~~~~~~~~~~~~~~ • • ~~
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.Alternatjves to the J Test

•; The rank—order tests for trend seem to have no parametric analogs .

If we are willing to specify- the exact differences that theoretically

sho~~d exist between the n correlated means, Hotelling ’s T test (Hotelling,

1931) enables us to compute the likelihood that the observed set of it means

could be a sample from the theoretical universe. But this in general

places too great a burden upon the experimenter. Ordinarily, he can only

specify the direction in which the subject’s scores should move, not the

amounts , So there is no mu].tivariate normal statistic which is exactly

analogous to the S test . A series of t—tests could be used, but the signi-

ficance level would be hard to determine for any given sequence of results.

What might be called a quasi—parametric test of trend has been pro-

posed (personal communication) by N. I iantel of the National Institutes of

Health.

Lot Yjj be the score of the jth subject on the ~th treatment,

and

be the theoretical rank of the jth treatment.

Then; bi, the slope of Y on X~ can be calculated in the usual

loast-squ aros manner for tho jth subject . If the null

hypothesis is corroct , the avorago value of b is zor o;

if tho alternative hypothesis is correct , tho average

• is positive .

~:ho :i the eistributlon of obsorvod b’s is normal, a one-tail t tost

with (m—1)d.f is most powerful, otherwise a pormutation or sign tost can

- -- ‘- • - -• •— — __._p.-- -_ _ ••• •  ~ - - - -4 ——~• •- • -~~ --- —-~-•— ••—-.-•--— -~~---~ ———- • —a---—— -• ~ —- •~~-&--• ‘ -~~ - -—-——- --.-
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be used. The fundamental assumptions here are: (1) X is a positive linear

function of X, (2) the n scores for a subject are statistically independent

of the scores for any other subject.

Clearly, the first assumption is not absolutely necessary . If the

theoretical trend is any inonotonic function, Mantelt s test will be usef ul

because it allows us to compare the strength of trends. The non-parametrio

tests, 3 and I , are tests of ~~nsiatency rather than amount of change.

Suppose vre are trying to compare the effect of sloop loss on simple and

disjunctive roaction time. Both measures may give us a K value of unity,

and yet the increase in reaction time could be considerably greater for

one task.

Another alternative which preserves the metric is H. A. Fisher ’s

permutation test . Hero it is assumed that for any subject , his sot of n

observed scores are purely a ohanco arrangement and any other permutation

of the n observed scoros is equally liko],y. This is clearly Assumption 1

with the addition that the set of observed scores is an adequate repre-

sentation of the universe. In general Fishor ’s permutation procedure re-

qiircs tho computation of (nL)C sots of n correlated moans. The S and P

tests r-ia~r be viewed as permutation tests on rank—order transformations of

the raw scores.

Prosunably there arc other non-parar.-totric trend tests that could be

used i~ place of J or P. For example, the sot of n correlated moans

could be rcnk—ordorod and a Kendall tau or Spoarman rho computed. Essontially,

this is a rank—order trcnd teat “here m is always unity. As Jonckhooro

has pointed out , such a test would always be loss powerful than the 3’ and

• . • • 
~~~~~~

— •
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P tests which take account of the size of m.

Ve have several times previously noted that the 3 teat seems in

some cases to be more powerful than the P test. This results from the

fact that Spoarrian’s Sj(d2) is usually a more sensitive moasuro of rank-

order correlation than Kendall’s P. For example, take the rank—orders

1342 , 1423, 2314, 3124, and 2143. All of these have the same Kendall P

value, 4. If we compute Spoarman’s Cj (d2), thon four of those rank—orders

end up with the same value, 6; but the rank-order 2143 has an S~ (d2) of

4 (indicating a Spoarman rho of .60 compared with .40 for the other rank—

orders) . It is those discriminations which cause the sawtooth profile

for the distribution of rho.

Tho relation between Speerman’ s rho and Kendallt a tau is rather

complex. Then n = 2 or 3, they arc identical (except for a linear trans-

formation) . :hon n : 4, tau is a singlo-valuod function of rho, but rho

is not a sin~lo-va1ued function of tau. Theroforo, when n = 4, rho is

more po~arful than tau. ~~i:.~i ri is greater than 4, it is still true that

• thore are many more possiblo values of rho than tan, but tan is no longer

a ainglo -valued function of rho. There are some relatively infrequent

occasions when there are several values of tau for each value of rho. So,

although rho will be more powerful than tau for most non-null universes

than can be constructed , it is not uniformly more powerful. (I am

• grateful to I.~. P . &chut zonbergor of tho ilassachusotta Instituto of

Tochnology- for his help in t-iorkin~ out this rolation.)

This means that it is possiblo to construct a non—null univorso

• whore P will be rnoro powerful than 3. For example, when n = 5, tako a

L • —~~ --—~~~
-
~~~
—

~~
— —- — ~

-
~——— —-  - -

~~~~~ 
--
~~~
- -

~~
- -

~~-
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population whore the rank—order is always 23451. The Spoorman rho equals

zero, whereas the same rank-order gives a val~c of .20 for Kcndallt s tan,

Clearly, S will never be significant no matter how large m becomes whereas

P will be ai~nificant at the 5 percent level for in ~ 13.

t is of some interest to ascertain whether a statistic such as

s(a~), where q is even, might prove more powerful than either 5(d2) or P.

It turns out that S(d~) gives results equivalent to S(d 2) for it 2, 3,

4, and 5, but does introduce additional discrimination for n > 5 .  The addi-

tional discrimination seems to be slight and this apprc~ch has not been

pursued further~7

In general then, there is no exact parametric analog for the 3 test ,

and J ‘iii usually (hut not always ) be more powerful than P .

Appropr iateness of the J Teat

Under vthat circumstances should the 3’ test be applied? To answer

this question, lot us re—examine tho trio basic assumptions and consider

what alternative hypotheses vie want to test .

(1) For any aubjoct , all permutations of the n scores aro

equally likely.

(2) The rank—ordor for any subject is statistically independent

of the rank-order for any other subject.

~ssumption 2 need not trouble us. ruth the exception of such

obvious cases as siblings, or matched groups, one subject’s rank—ordor can

always be expected to bo indepondont of any other subject’s rank—ordor if

the null hypothesis is truo and the n treatments have no offoot .

But Assumption 1, though simply statod, raises a considorabic number

— 
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of difficulties, t)ac same ones that arise in using analysia-of-varianco

for a successive moasuromont dosign. Those difficultios are of t~o sorts ,

experimental and statistical.

Experimental difficulties occur if there is any systematic result of

the measurement itself (such as a practice effect). (E.g., if there is

learning or fatigue, then even whon the a troatmont6 do not differ, there

will be a trend in the data.) From the oxperimontal dosign point of view,

it is clear that somehow tho “carry—over ” offoct of learning, fatigue,
• etc., must be dealt with before the effect of tho troatmonts can bo

a~sossed. Two common designs for accomplishing this are tho IIp1ateauI~

proced ure and tho use of matched controls.

The first procedure involvos testing the subject until his scores

level off and a stoady state is reached . There arc several objections

to this: (1) considerable time is required, (2) many plateaus can bo

oi-~countcrod in the learning curve of one subject and it is difficult

if not impossible to state when the ultimate level has boon reachod ,

(3)  sometimes it Is oxactly the effect of the treatments on the speed

of learning that ro wish to ascertain.

The “matchod control” design uses control subjocts, paired with

oach ~xporimontal subject , who oxperionco all of the n succossive measure-

monta without the treatments. A difforence score , Dj  = Ej —Cj , can then

be ccmp’~ted for each pair on the jth measurement • Tho oxpoctod value of

• this difference score will bo constant if tho troatmonts have no effect

on tho scerca of tho experimental subject .

A major disadvantage of this dosign is that it assumes the control

• • •~~~~~~~~~~ •• ~~~~~~~~~~~~~ _ • _—
~~~~~~ ~~

- •~~~~• • •-•- -•-



I Lub~n 13

will have the same shape of learning (or fatigue) curve that the experi-

mental subject would have had . If the matching is poor , considerable

error variance can be introduced via this assumption. However , such

errors will not bias the trend test in the population.

It is customary to use what are called ubalancedfl designs. Thus,

if there are two treatments A and B, Group 1 would receive the treat-

ments in the order .~B; Group 2 would have the order BA. In general, the

experimental design and assumptions are those of the Latin square . In

particular, it is assumed that there is no interaction between treat-

ments and order . Suppose, however, that undor Treatment A, scores are

dopressod initially, but learning procoods much moro swiftly and a

• higher ultimate level is reached than under Treatment B • Then if a

groat many tr ials arc given for oaoh treatment, Troatmont A wiU be

judged to be suporior , By shortening tho number of trials, tho advan-

tago for A can be wiped out, and oven rovorsod. Clearly, any intoraction

between treatinont and order can load to bias. And the very oxistonco of

offoot s such as learning, boredom, fatigue, etc., makos it unsafe to

a~isume that there will be no intoraction betwoen such offocts and the

• treatment .

Still anothor design difficulty arisca if any of tho troatmonts

has residual offoct; e.g., some drugs have a physiological offoct that

lc-sts for days and sometimes viooks, Ono usual method is to allow suffi—

ciont t ime to elapse between troatinonta so that the residual offocts

havo boon oliminatod. A- ~~~~ if the residual effects cannot be olimi—

n~tod , balancod dosigna arc of doubtful valuo. In gonoral, psychological
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experiments cannot moot tho roquiromonts that the troatmont effects be

constant rogardloas of order and that the rosidual effects bo zero.

Unless the troatinonts are the practice offccts of the succoss~vo

measurements thomsolvos (as in Jonckhcoro ’a cxainplo), “matched control”

dosign is strongly recommended for use whonovor succossive measurements

arc involved.

Unfortunately, this still does not dispose of Assumption 2.

Clearly, Assumption 2 involves statistical restrictions on tho raw scoro

distributions. For oxamplo, if one distribution is rectangular and tho

othor is skorod , Assumption 2 does not hold . ~!hat conditions must be

placed on the n-variato distribution of raw scoros such that , when the

n troatmonts have no offoct , the aasur.~ption that “all permutations tie

equally likely” holds truo?

Lohmann and St$n (1949) mention a particular kind of n-variate

symmetry in which tho univariato distributions of the n measurements

arc idontical, the bivc.riato distributions of any two treatment vari-

ables are idontical, the trivariato distributions of any throc treatment

variablos are idonticctl , etc. For an n—var iato normal distribution this

implios equal moans, oqual variances, and a constant intoroorrolation,

If any multivariato distribution of raw scores oxhibits this syminotry,

thou of nocossity the ELP (oqually-likoly-pormutationa—aesumption) will

hold . (I am indobtod to Profôocor Ti . A. V.allis of the University at

Chicago and Doctor J. R. I osonblatt of the National Buronu of Standards

for calling my attention to this particular kind of “r.iultivariato”

symmetry and for aid in interpreting tho results.)

~ 
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E. L. Lehnann (personal communication) has pointed out that although

this particular multivariate symmetry is sufficient for the El?, it is

not necessary. For example, if we take any two non-identical independent

distributions that are symmetric about the same mean , the ELP will hold,

even though the univariate distributions are differont . (Unfortunately,

this doeantt extend to the case of three or more symznotric distributions.)

So far as I know, a set of conditions which would be both necessary and

sufficient for the EL? has not been dovisod ,

This requirement of the El? is a very severe restriction upon the

use of the J test. Essentially, J is a test of the homogeneity of the

treatment variablos. If J is significant, it is assumed that this is

duo to differences botwoen the n means, but tho signifloanco of J may be

duo to differoncos in the variance, third motiont , fourth r~omont , etc.

Any deviation from “mult ivariato” symmetry could conceivably causo a

significant J. This difficulty is not confined to the J tost but scorns

to apply to all rank—order tests for differences between moans ; e.g.,

Kendall’s ~ , Kruskal~~allis H, Fostingor ’s d , etc. The domand that all

treatr.~ont variablos have a constant dependency upon one another is

strikingly similar to tho demand in two—way analysis of variance, that

the treatment variables have a constant intcrcorrolation.

T:hat can be dono if one suspects that the EL? does not hold? At

least two different paths are possiblo. One solution is a procedure to

test ‘:ihethor a significant 3 is duo to the difforoncos botwoon the n

moans or to the deviations from EL?. The other way is to construct a

robust test which does not donand EL?.

- ~ - - -~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ -~~~~~ .-~~ —~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Lubin 16

A Preliminary Test for 3

Let us take the raw scores for each treatment and convert them into

deviations from the treatment mean. Then the mean of the deviate scores

for each treatment is zero. Now rank-order the deviate scores for each

subject in the usual way and perform the 3 test, If 3 is significant,

it must be due to deviations from the EL? since the troatment moans are

equal, For convenience I shall call this preli~i1n~ry procedure the A

tost.

Lot us apply the A test to Jonckhoere’s oxample. This has boon dono

in Tablos 5 and 6. SInce the z from Table 6 is positive and loss than

Insert Tables 5 and 6 about horo

unity, we conclude that the significant z found from the data in Tablo 1

is not duo to doviations from EL?,

A Robust Analog of 3

An altornativo to a prolininary toot would be to alter tho 3 toat

so that it -‘ould be robust to doviations from the EL?. (I am indebted

to Doctor S. Groonhouso and Doctor S. Goissor of the National Institutes

of Health, for ~uggosting this possibility and for their advice in the

construction of a robust analog of 3.) Lot US Soc what can be done

along this line,

Tho second assumption guorantoos, through the Central Limit Thoorom,

that all wo have to do is ascertain the oxpootod values of tho moan and 
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variance of Sj (d2) for each subject.

Lot us oxamino the distribution of Sj (d2) that results when the

second assumption does not hold, Since the El? assumption results in

a rectangular distribution whore each possible rank-order has a probability

of ~1tho effect of deviations from this assumption will be to make the

probabilities for the various rank—orders unequal , If all the probability

is concentrated in one rank—order, the variance of Sj (d2) will, of course,

be zero,

Lot us assume that the distribution of probabilit ies is such that

the o:.peotod moan Sj(d2) remains ~(n3-n), i.e., there is no trend. The

maximum variance for 31(d
2) occurs when all the probabilities are concen-

trated equally on the minimum and maximum valuos of S1(d2), zero and

~ (n3—ri) , (I am indebted to 8. Goisser for a proof of this.) Thon tho

var ianco associated with oae~i subj oct is ~ (n3-n) 2,

If we have m subjects whoso moan 51(d2), on tho null hypothoeis,

is (n3—n)/6, then the expected moan of 3 romains m(n3-ni/6 but the maxi-

mum variance of J is m(n3-n ) 2/6,

Then
j m(1~3~.~ ) +1(

~
) g :

~ (n3-n) -if i

roprosonts a tost of the assumption that the average rank—ordor correla-

tion with the a priori rank-order is zero for each subjoct vrhoro the n

treatment distributions may havo any shape or any kind of depondonco on

one another . It is, howovur , an extremely vsoalc test and roquiros many

moro subjects than J does for significance. 

-- ~~~~~~~~~~~~~~~~~~~ ~~~~ —~~~~ —~~~~~~~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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iThat are the alternative hypotheses against which g, the robust

analog of the J test , should be used? This is difficult to answer

exactly. Suppose we have n treatments each of which gives rise to a

symmetric distribution, ‘Then the distributions are identical, with

constant dependency, the 3 test will be appropriate. But this is almost

equal to the conditions that must be met for analysis-of-variance. rhen

the distributions are ~~~ idontical, when the depondoncies arc ~~~
constant , then the g test will be safe ,

It is possible , as w~ havo mentioned previously, to have n treatment

distributions such that tho population moans aro oquni but the oxpectod

value of ~poarman ’s rho is non-zero. In othor words, neither 3 nor its

robust analog , g, is primarily a test for the oquality of the n correlated

mcans. They- aro tests for trond which weight each subject ’s contribution

equall;r .

Another anomalous situation for the 3 test would be tho caso whoro

thoro are two or more distinct groups of subjects ond the n troatmonts

may be o:Tectod to oxhibit a difforont irond In each group. (This is

analogous to a significant block-by-treatment interaction in tho two—way-

anal~rsia~of~varianco.) As long as the expected value of 3poarinmn ’ a rho

is positivo for every subject , the robust test , g, will be appropriate.

However , if the cxpootod valuos arc positive and nogativo, I know of

no sin~lo simple teat of significanco .

Summary

A statistic , 3, has boon proposed as a teat for the differences

bctwcon a sot of n corrolatod moans when m subjocts have boon subjoctod
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to n treatments. The null hypothesis is that all permutations of tho n

scores for each subject arc oqually likely. The alternat ivo hypothcsis

is that thoro is a trond which can be specified by the oxpcrimontor in

the for u of a the rotical rank—ordor . Tho 3 statistic is the sum of

the S(@2) valuos that can be computed bctwocn the hypothetical rank-order
~ J•~ -• ~~~~

r.nd the observed rank-order for each of the m subjccts . It is therefore

• equivalent to an average Spearman rank-order correlation. There is no

• parametric test that can be substituted for the non-parametric trend test ,

The distribution of 3 has been shown to be nearly- normal for the

V 
c~. sea where an ~~ 12, and distribution tables have been given for those

cases ~thoro the normal curve does not give an adequate fit.

Tho 3 test is essentially identical with Jonckhooro’s P toct for

trend oxcopt that it is based on Spoar man’ a rho rather than Kondall’ a

tau., It is sugr;cctod that the greater sonoitivity of rho usually loads

to equal or groctor power for 3 as comparod to P.

The basic assumption , that all permutations of a subject ’s act of

n scores ctro equally likoly, implies uOVOTO rostrictiono on the n-variato

di3tribution of ra -’ scores. Thoso rostrictiona arc almost oquivalont

to those for analysis of variance • A preliminary test is suggootod to

Indicato when the significance of J may be duo to deviations from the

“oqually likely permutations” assumption, rather than to difforonoos

between the n corrolatod moans • A robust (but woak) analog of 3 is

proposod for thooo crtsoc whoro this assumption does not hold,

Insort Thblo 7 bore

t~~
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Thblo ].

Number of Errors Liado in Succossivo Loom ing Trials

Trial

Subj oot 7 6 5 4 .3 2 1.

1 0 4 10 8 5 3 12

2 2 0 7 6 8 4 5

3 1 2 9 8 5 4 10

4 0 7 5 10 6 U 9

• Total 7 16 39 34 33 27 43

~~~~~~ i •  — • • •  , • ~~~~~~~~~~~~~ •••••• ~~~~~~~~~~~~~~~~ • •

_—_
~~~~~~~~~~~~~~ _ _ _ _ _
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Table 2

Joncithecro ’s Example t Rank-Order of Nuabor of Errors

I.ladc in Each Trial of a Learning Exporimont

Theoretical Trial

Rank—Ordor 1 2 3 4 5 ~ 6 7 Si(d2) P~
Subject

1 3. 3 6 5 4 2 7 28 14

Sum 134 71

I - _ _ _ _  = 1 - _ _ _ _ _  = .48

V 
_ _ _  

_ _ _ _ _ _ _
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Thblo 3

Sccond~ of .(J.pha during Sloop Loss

Days of Slocp Loss

Subj octs 1 2 3 4

10 12 5 9

B 5 11 3 4

C 8 9 5 . 6

Total 23 32 13 19



_ _ _  _ _ _ _  

-

~~~

[_
~
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Thblo 4

• Rank-0~dor of Soconds of ~1pha during Sloop Loss

Theoretical Days

Rank-Order V 4 3 2 1 Si(d2) Pj

Subject

Li 3 4 3. 2 4 4
B 3 4 3. 2 4 4

C 3 4 2. 2 4 4

Sum 12 12

63 6(12)
K : 1 in (n3—n ) = 1 — 3(43 4) = .60

- - —,~~~~~—~~~ ——~~~~~~~— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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IV

Thblo 5
I ~~~~~~~~~~~ Example. Deviate Scores

Trial

Subject 7 6 5 4 3 2 1

1 —1.4 .8 2.2 1.2 -1,6 —2.4 3.4

2 .6 —3. 2 -.8 -.8 1.4 -1.4 —3 .6

3 .4 -1.2 1,2 1.2 1.6 —1.4 1.4

4 —1.4 3.8 -2.8 3.2 —.6 5.6 .4

5 2,6 — .2 .2 —4,8 2.4 — .4 —1.6

• .• •~ ~~~~~~~~~~~ - - - • V • - V
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Table 6

~~~~~~~~~~~ Example. Rank—Order for Deviate Scores

Trial

7 6 5 4 3 2 1
V 

Theoretical Rank—Order

Subject 1 2 3 4 5 6 7 S(d 2)

1 3 4 6 5 2 1 7 52

2 6 2 4 5 7 3 1 76

3 4 3 5 6 1 2 7 50

4 2 6 1 5 3 7 4 36

5 7 4 5 1 6 3 2 88

n~~~5 n : 7  3 :302

J-u+ 1 302-280+1 
-z - a 51.12 1 - .450 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 7

Cumulative Probability Distribution of 3

n 3  n~~4 n=5 n = 6

J n =2  n=4  • m = 2  m -=3 ci=2 n.= 2

0 .028 .005 .001 • .002 .000 .000 .000
2 .139 .032 .007 .012 .00]. .00]. V .000
4 .250 .088 .025 .031 .003 .002 .000

• 6 .361 .153 .056 .056 .007 .005 .000
8 .639 .278 .109 .106 .015 .010 .001

10 .750 .444 .201 .148 .028 .017 .001
12 .856 .555 .306 .210 .045 .026 

• 
.002

14 .972 .722 .434 • .28]. .070 .038 .003
16 1.000 .847 .577 .366 .102 .055 .005
18 .912 .701 

• 
.443 .143 .073 .007

20 .968 .799 .557 .191 .096 .010• 22 .995 .893 .634 .253 .123 .014
24 1.000 .944 .720 .315 .156 .019
26 .975 .790 .390 .190 .024
28 .993 • .852 .462 .231 .031
30 .99? .894 .538 .272 .039
32 1.000 .944 .610 • .320 .048
34 .968 .685 .368 .059
36 .988 .747 .421 • .071
38 .998 .809 .471 .085
40 1.000 .857 • .529 .101
42 .898 .579 .U8
44 • 

.930 .632 .137
46 .955 .680 .158
48 .972 .728 .181
50 .985 .769 

• .205• :~ :~ 
V 

~~• 56 .999 .8?? .28?
• 58 1.000 .904 .318

60 1.000 .927 .349
62 .946 .381

• 64 .962 .415
66 .974 - .  .448
66 .983 .482
70 • 990 V 

518

* *

~‘Tho remaining probabilitios arc omitted bocauso of lack of spaoo
but can be obtainod by symmetry.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~•— .-— -~~~~~~~~~~ -~~~~~--•


