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( 6 Some Rank-Order Tests for Trend in a Sc

A

(/¢ Ardie /Lub:ln
Tlalter Feed Army Institute of Research

Vashington 12, D, C,

In many experiments the major interest is not in the amount of
differcnce caused by the oxperiment, but the rank-order which results.,
This is ospccially true when n successive measurecments arec madc on the
same m subjccts, vhere the subjocts arc being cxposed to inercasing
amounts of work, slcep loss, cte. For such studics, the null hypothesis
is that thero is no trend; thc usual altcrnative hypothesis is that the
means arc a monotonic function of time,

The motivation for this papor comes mainly from A. R. Jonckhcore's
recent development of a goncral non-paramctric test against ordored
altcrnatives which can bc uscd to tcst the hypothesis that a sct of
corrclated mcans has a predicted rank-order (1954a, 1954b), Jonckhcero
uscs a statistic P (bascd on the K.ndall rank-order corrclation, tau)
which is thc sum of K.1€ull's Pi valucs, computcd botween the predicted
rank-ordor and thc obscrwved rank-order for cach of the m subjcets.

This paper will proposc an alternative statistic J (based on
Spoarman' ; rank-ordor corrolation, rho) which can bc shown to be morc
povorful than P in somo spccial cascs, J is tho sum of tho S4(d?)
valucs computed botwoon the observed ranking of the n scoros for cach
subjoct and thc hypothotical ranking of thc n scores; i.c,,
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The assumptions underlying such renk-order tests as the P and J
procedures will be discussed in detail and/:obust analog of J will be
proposed., Some experimental designs will be suggested for vwhich these
trend tests are appropriate,

J is related in a rather simple way to other non-parametric tests,
It has already been noted that J is simply the Spearman rank-order
analog of P, Since Spearman's rho is more sensitive than Kendall's tau,
J is more sensitive, and sometimes more poverful, than P. (The relative
pover of the two tests will be discussed in detail later,) On the other
hand, for small values of n, P can be approximated by the normal distri-

bution much better than J,
J is oxactly equivalent to the onc-tail binomicl sign test, vhen

n = 2, So the J tost can be regarded as an extension of the sign test

to the case where n>2,

The avorage rank-order corrclation betweon the m rankings end the

predicted renlk-order is given by
(2) K=1- ;(—,3{;) .

K can be rcgarded as a spocial casc of Yendall's ¥. coefficiontss T is
a linear function of tho average Spearman rank-order intorcorrelation
of m renkings with ono another, whoroas K is tho avcrage corrclation of

o rankings with a hypothctical ranke-ordor.

‘ If tvo cssunptions aro mado, it can bo shom thet J is normally
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distributed for largc valucs of m or n.
Assumption 1: For any subject, all permutations of the n
socres are equally likely.
Assunption 2:¢ The rank-order for any subject is statistically
independent of the ranke-order for any other
subject,

Kendall (1948) has shown that Assumption 1 leads to a normal
distribution of Si(dz) when n is lorge. Therefore vhen n is large,
J is normally distributed, since the sum of normally distributed
varicbles is itself normclly distributed.,

Assumption 2 lcads to a normal distribution for J when m is large,
since, by the well-known Central Limit Theorcm, a sum of m independent
random variables will tend to normality as m increases.

tie Go Kondall (1948) gives the mean of Si(dz) as

(3) %(n3"n)p

and the varianceo as

4 _
n3-n 1

(4) Q - ) (::-1) :

Since thc mcan of a sum is equal to the sum of the means, the mean

of J is

(5) Bz %(n3-n).

Sinco tho variance of a sum of uncorrclated variables is cqual to

the sum of tho varionces it follows that tho varianec of J is




(6) oc?= m?(n +1)2(n~1)

36
The value of Si(dz) is always cven, so the interval between adjacent

values of J is alwoys two, Therefore the corrcction for continuity is

2 hee
)

From the above, it follows that for large valucs of m and n,

{7) 52 J-n+1
g

i¢ rormally distributed, vwith a meon of zero and a standard deviation of
un’ty, when the null hypothesis is true. Since the alternative hypothesis
is dircetioncl, only ncgative volucs of z nced be tested for significance;
the null hypotihcsis is accepted automatically if z is positive or zcro.

The lorge sample tost in terms of X is

¢ AP
(&) > :IK " m(n3-n '-Vh(n-ff

-

Since it is a onc-tail teost, only positive valucs of z nced be tested for
siznificance; the null hypothesis is acccpted automatically if z is
negative or zcro. :

The distribution of J for small valucs of m and n tcnds to normality
much more slowly than docs that of P, The distribution of Si(dz) is
syauetric but, as Kendell (1948) has pointed out, has the unusual property
+hot valucs closc to the mecan arc not neeessarily morc frequent than
ve.lues further from the mean, This gives the distribution curve a pecu-

1icr savlile profilc. Sinco thesc reversals occur mortly near the moean,

tuc norual ecurve gives o botter fit to the tailg of the cumulative
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distribution than it does near the mean. Fortunately, in tests of signi-
ficance, ve are mainly interested in the fit near the tails,

In general, J reflects these properties of Si(dz) although the
reversals disappear rather quickly as m increases. Table 7 gives the
probability distribution for J where the normal curve gives a poor fit
to the tail of the distribution. Let us arbitrarily define the tail of
a distribution as that portion where the cumulative probability is less
than .100. Then, as a rough guide, we can say that when mn is greater
?, than 12, the maximum error in the distribution tail will be ,004 or less.
» The naximum error near the mean, when mn>12, is ,003 or less. Distribu-
tion tables are given in this article for all cases where the maxinum
tail error is 004 or greater, except where m=1 or n=2, Then n=2,

J is, of course, the binomial sign test; when n=1, J becones equal to
Si(dz). Adcquate tables for thesc cases can be found elscwhere (c.g.,
E. S. Pearson and H. O, Hartley, 1954, pp. 186, 211 and 238),

To fix our ideas let us apply the J test to a learning example used

by Joncithecre,

In Table 2, the rank-ordor scorecs for the values in Table 1 are

given., Tho null hypothesis is that thore s no “‘rend. Tihe wliernative




hypothesis is that tho number of errors decrcase from the first lcarning

trial to the seventh,
Here there are five subjects and seven scores, som = 5and n = 7,
Since mn >12, thc large samplc test will be used., The cxpected mean and

stancerd deviation arc

B
u m(né n) . 280,

ege Bﬁ.n_;'_l_) VYan<l) = 51.121.

The normal deviate is thercfore

-u+
Julz-zo&o

Z =

o

Thus the rcsult is significant boyond the .01 confidcnee lowvel. If
z had been positive, the null hypothesis would have been accopted.

Tle can also calculatc thc normal deviate for Jonckhecerc's P test.
The mean of P is nn(n-1)/4; the variance is mn(n-1)(2n+5)/72; and the
corroction for continuity is 1/2, (Thc sign of P is always oppositc to
that of J,)

In this casc J is nmorc powerful than P, 4s will be shown later,
this is becausc of its grecater scnsitivity.

flow lot us apply the J test to a casc wherc m and n arc small, In
Table 3 a fictitious cxample is given whore the number of scconds, of
alpha EZG wave froqueney during a 60-sccond intorval, has boen rccorded

for cach subjcct during four succossive dirs of rlocp .cac. In Table 4,

the rank-order valucs arc given. The null hypothesis is that there is
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no trcnd, The altornative hypothecsis is that EEG waves of the alpha type
appcar less frcquently as slcep loss incrcascs,

Since thore arc threc subjects and four scores, mn = 12, From
Table 7 we find that an obscrved valuc of J £12 (for m = 4 and m = 3)
will occur with a probability of .045, so the average Spearman ranke-order
cocfficicnt of .60 is significant at the .05 lcwvel,

An mn valuc of 12 is just within the arbitrary borderlinc wc have

dravn for si:all samples. How much crror would thorc be if thc normal

approximction werec uscd?

This z corrcsponds to a onc-tail probability of ,0446 as comparcd to the

cxact probability of ,045. Clcarly, thc normal approximation is ncarly

pcrfeet herc,

Using Jonckhcorc's trend test,

_ P-mn(n-l) | 12-9.5 ., og
i 30550 | T
YE@)(;n-5) 2

Thus, using thc P tcst in this casc would have lod to the acceptance
of thc null hypothcsis., This cxamplc was decliboratcly constructcd to show

that a largc differonec can occur betwocn the J test and the P test,

(Lator vc will construet an cxample wherc P is morc powerful than J.)




Alternatives to the J Test

The rank-order tests for trend seem to have no parametric analogs.
If ve are willing to specify the exact differences that theoretically
should exist between the n correlated means, Hotelling's T test (Hotslling,
1931) enables us to compute the likelihood that the observed set of n means
could be a sample from the theoretical universe. But this in general
places too great a burden upon the experimenter. Ordinarily, he can only
specify the direction in which the subject's scores should move, not the
amounts, So there is no multivariate normal statistic which is exactly
analogous to the J test, A series of t-tests could be used, but the signi-
ficance level would be hard to determine for any given sequence of results.

What might be called a quasi-parametric test of trend has been pro-
posed (personal communication) by N. liantel of the National Institutes of
Health.

Lot Y35 be the score of the i'h subject on the jPh trcatment,
and
%3 be the thecoretical rank of the jth treatment,

Thon; by, the slopc of Y on X, can be calculated in the usual
least-squares manner for the ith subjcect. If the null
hypothesis is correct, the average value of b is zoro;
if the alternative hypothesis is correct, the average
is positive,

Thon the distribution of observed b's is normal, a onc-tail t tost

with (m~1)d.f is nost poverful, otherwise a pormutation or sign test can
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be used. The fundamental assunptions here are: (1) X is a positive linear

function of X, (2) the n scores for a subject are statistically independent

of the scores for any other subject.

Clearly, the first assumption is not absolutely necessary. If the
theoretical trend is any monotonic function, liantel's test will be useful
because it allows us to compare the strength of trends. The non-parametrio
tests, J and P, are tests of consistency rather than amount of change.
Supposc we are trying to compare the effect of slcep loss on simple and
disjunctive recaction time. Both measures may give us a K value of unity,
end yet the increasc in reaction time could be considerably greater for
onc task.

4nother alternative which preserves the metric is R. A. Fisher's
permutation test, Herc it is assumed that for any subject, his set of n
observod scores arc purcly a chance arrangement and any other permutation
of thc n obscrved scorcs is cqually likely. This is clecarly Assumption 1
vith thce addition that thc sct of obscrved scorcs is an adcquate rcpre=
scntation of the universc. In general Fisher's permutation proccdurc re=-
quircs the computation of (n'.)m scts of n corrclated mcans, Thc J and P
tosts mey be vicwed as permutation tests on rank-order transformations of
thc raw scorcs,

Prosumably there arc other non-paramctric trend tosts that could bo
uscd ia placc of J or P, For cxamplc, tho sct of n corrclatcd means
could be ranke-ordcrcd and a Kendall tcou or Spearman rho computed., Esscntially,
this is o ronke=ordor trcnd tcst where m is always unity. 4s Jonckhoore

has pointcd out, such a tcst would always bc less poworful than the J and




P tests which take account of the size of m,

Vie have several times previously noted that the J test seems in
some cases to be more powerful than the P test. This results from the
fact that Spearman's Sj(d?) is usually a more sensitive measurc of rank-
order corrclation than Kendall's P, For example, take the rank-orders
1342, 1423, 2314, 3124, and 2143, All of thesc have the same Kendall P
value, 4, If we compute Spcarman's S4(d?), then four of thesc rank-orders
end up with the samc value, 6; but the rank-order 2143 has an Si(dz) of
4 (indicating a Spcarman rho of .60 compared with (40 for the other rank-
orders)., It is those discriminations which cause the sawtooth profile

for the distribution of rho.

The rclation between Spearman's rho and Kendall's tau is rather

complex. Then n = 2 or 3, they arc identical (oxcept for a lincar trans-
formation). 'lien n = 4, tau is a singlc-valucd function of rho, but rho
is not a single-valued function of tau. Thereforc, when n = 4, rho is
morc powverful than tau. Uliim n is grecater than 4, it is still truc that
therc arc many morc possiblc valucs of rho than tau, but tau is no longer
a single-valucd function of rho, Therc arc some rclatively infrequent
occasions when there arc scveral valucs of tau for cach valuc of rho. So,
although rho will be morc powerful than tau for most non-null universcs
than can bo constructed, it is not uniformly morc poverful, (I am
grateful to Ii, Ps Schutzonberger of the llassachusctts Institute of
Tochnology for his help in working out this relation,)

This mcans that it 1s possible to construct a non-null universc

vhore P will be more powerful than J. For cxample, vhen n = 5, take a
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Lot

population vwherc the rank-order is always 23451, The Spearman rho cquals
zero, vhercas the same rank-order gives a valsc of .20 for Kendall's tau,
fﬁ Clearly, J will never be significant no matter how large m becomes whereas
P will be significant at the 5 percent level for m 2 13.

[ft is of some interest to ascertain whether a statistic such as
S(é%), vhere q is even, might prove more powerful than either S(a2) or P,

It turns out that 5(d9) gives results equivalent to S(d?) for n = 2, 3,

4y and 5, but does introduce additional discrimination for n>5, The addi-
tional discrimination seems to be slight and this apprcach has not been

pwmmdfuﬁmm?

E In general then, there is no exact parametric analog for the J test,

and J willi usually (but not always) be more powerful than P,

Appropriateness of the J Test
Under what circumstances should the J test be applied? To answver
this question, let us re-examine the tvo basic assumptions and consider
vhat alternative hypothescs we want to test.
(1) For any subjoct, all permutations of thc n scores arc
cqually likely.
(2) The rank-order for any subject is statistically independent
of the rank-order for any other subject.
Assumption 2 nced not trouble us. Vith the exccption of such
obvious cascs as 8iblings, or matchcd groups, onc subjcet's rank-order can
aluays be cxpected to be indopendent of any other subjcet's rank-order if

the null hypothcsis is truc and thc n troatments have no coffoct,

g But Assumption 1, though simply stated, raiscs & considcrablc number

i
H
i
i
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of difficultics, the samc oncs that arise in using analysis-of-varianec
for a succcssive moasurcment design. Thosc difficultics arc of two sorts,
cxperimental and statistical,

Experimental difficulties occur if there is any systematic result of
the measurement itsclf (such as a practice effect). (E.g., if there is
lcarning or fatigue, thon even when the n trcatments do not differ, there
will be a trend in the data,) From the experimental design point of view,
it is clecar that somchow the "carry-over" effect of lecarning, fatiguc,
cuc,, must be dcalt with bofore the effect of the treatments can be
asscssed. Two common designs for accomplishing this are thec "plateau"
procedurc and the usc of matched controls,

The first proccdurc involves testing the subjcet until his scores
lcvel off and a stcady statc is reached., There arc scveral objcctions
to this: (1) considerablc time is required, (2) many platcaus can be
cucountered in the lecarning curve of onc subjcct and it is difficult
if not impossiblc to statc when the ultimatc level has becn rcached,

(3) somctimes it is oxactly the cffcct of the trecatments on the speed
of lcarning thet vec wish to ascertain.

The "matched control"™ dosign uscs control subjcets, paired with
cach oxperimental subjoct, who cxpericnce all of thc n successive mcasurc-

mer:v8 vithout the trcatments. A differcence scorc, Dy = E4-Cj, can then

bc ecmputed for cach pair on the ith mcasuroment. Tho oxpected valuc of

this difforcnec scorc will be constant if the troatments have no offcct
on the scorcs of the cxperimental subjcct.

A major disadvantage of this dosign is that it assumos the control
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will have the same shape of learning (or fatigue) curve that the experi-
mental subject mould have had, If the matching is poor, considerable
error variance ccn be introduced via this assumption, However, such
errors will not bias the trend test in the population,

It is customary to use what are called "balanced" designs. Thus,
if there are two treatments A and B, Group 1 would receive the treat-
ments in the order 4B; Group 2 would have the order BA., In general, the
experimental design and assumptions are those of the Latin square. In
particular, it is assumed that there is no interaction between treat-
ments and order, Suppose, however, that under Treatmont A, scores are
depressed initially, but lcarning procoeds much morec swiftly and a
higher ultimate level is rcached than under Trcatment B, Then if a
great many tricls are given for cach trecatment, Trcatment A will be
judged to be supcrior, By shortening thc number of trials, the advan-
tage for A can be wiped out, and even reversed., Clecarly, any interaction
between trecatument and order can lead to bias., 4nd thc very cxistonce of
cffocts such as lcarning, borcdom, fatiguec, cte., makes it unsafc to
assume that there will be no interaction betwecn such offcets and the
trcatment,

Still another decsign difficulty ariscs if any of the trcatments
hag rcsidual offoct; c.g., somc drugs have a physiological offect that
losts for days and somctimes wecks, Onc usual method is to allow suffi-
cicnt time to clapsc bctwegn troatmonts so that the rosidual offccts
have boon oliminated, 4 win, if thc rcsidual cffccts cannot be climi-

natod, belancod dosigns arc of doubtful valuo, In general, psychological
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cxperiments cannot mcct the roquircments that the trcatment cffcets be
constant rcgardlcss of order and that the residual cffeets be zcro.

Unless the trcatments arc the practice effcets of the sucecssive
mcasurcments themsclves (as in Jonekhcere!s cxamplc), "matched control®
design is strongly rccommondcd for use whenever suceossive mecasurcmonts
arc involved.

Unfortunately, this still docs not disposc of Assumption 2.
Clcarly, Assumption 2 involves statistical rcstrictions on the raw score
distributions. For cxamplc, if onc distribution is rcetangular and the
other is skewed, Assumption 2 doocs not hold. "hat conditions must be
placed on the n-variate distribution of raw scores such that, when the
n treatments have no cffect, the assumption that "all permutations arc
cquelly likely" holds truc? |

Lehnann and Stoin (1949) mention a particular kind of n-variate
symnctry in vhich tho univariatc distributions of the n mcasurcments
arc identical, thc biverictc distributions of any two trcatment vari-
cbles arc identical, the trivariatc distributions of any threcc trcatment
variables arc identical, cte. For an n-varictc normal distribution this
implics cqucl ncans, cqual voriancos, and a constant intereorrclation,
If cny multiveriate distribution of row scorcs oxhibits this symmotry,
thon of nccessity the ELP (cqually-likoly-pormutations-assunption) will
hold. (I an indcbtod to Profcéssor ¥, A, T.allis of the Univorsity of
Chicago and Doctor J. R. lioscnblatt of thc National Burcau of Standards

for calling my attcntion to this particular kind of "multivariate"

syanctry and for aid in intorproting the results,)
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E. L, Lehnann (personal communication) has pointed out that although
this particular multivariate symmetry is sufficient for the ELP, it is
not necessary. For example, if we take any two non-identical independent
distributions that are symmetric about the same mean, the ELP will hold,
even tiough the univariate distributions are different. (Unfortunately,
this doesn't extend to the case of three or more symmetric distributions.)
So far as I know, a set of conditions which would be both necessary and
sufficient for the ELP has not been devised,

This requirement of the EIP is a very scvere restriction upon the
use of the J test, Issentially, J is a test of the homogencity of the
trcatoent variables. If J is significant, it is assumed that this is
duc to diffcrcnces between the n means, but the significancc of J may be
duc to diffcrences in the variance, third moment, fourth noment, etec,
Any deviation from "multivariate" symmctry could conceivably causc a
significant J. This difficulty is not confincd to the J test but secoms
to apply to all rank-order tcsts for differcnces between moans; c.ge,
Kendall's i, Kruskal-fiallis H, Festingor's d, ctec, The demand that all
treatnont variables have a constant dopendcncy upon one anothor is
strikingly similar to thc demand in two-way analysis of variancc, that
the trcatment variables have a constant intcrcorrclation,

’hat can bc dono if onc suspcets that the ELP docs not hold? At
lcast two difforcent paths arc possible. Onc solution is a procedurc to
test vhothor a significant J is duc to the difforcnces betwecn the n

rmcans or to the doviations from ELP, The othor way is to construct a

robust tcst vhieh docs not domand ELP,
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A Preliminary Test for J

Let us take the raw scores for each treatment and convert them into
deviations from the treatment mean., Then the mean of the deviate scores
for each treatment is zero. Now rank-order the deviate scores for each
subject in the usual way and perfornm the J test, If J is significant,
it nust be due to deviations from the ELP since the troatment means are
cqual, For convenience I shall call this preliminary procedure the 4
toste

% us apply the A test to Jonckheere's example. This has becn done.

ian Tables 5 and 6, Since the z from Table 6 is positive and less than

unity, wo conclude that the significant z found from the data in Table 1
is not duc to doviations from ELP,

A Robust Analog of J
4n altornative to a proliminary test would be to alter the J teost
so that it vould be robust to doviations from the ELP, (I am indobtod
to Doctor S, Grocnhousc and Doctor S. Geissor of thc National Institutes
of licalth, for suggesting this possibility and for their adviec in the
construction of a robust analog of J.) Lot us sco what can bo donc

along this linc,

Tho sccond assumption guarantcos, through the Contral Limit Thooronm,

that all wo havc to do is ascortain tho oxpoctod valucs of the moan and
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variance of Si(dz) for each subject,

Let us examine the distribution of S;(d2) that results when the
second assumption docs not hold, Since the ELP assumption results in
a rectangular distribution where each possible rank-order has a probability
of 2,the offect of deviations from this assumption will bo to make the
probabilities for the various rank-orders uncqual, If all the probability
is concentrated in one rank-order, the variance of Sj(d2) will, of course,
be zero,

Let us assume that the distribution of probabilities is such that
the oxpected mean Si(dz) remains %(n3-n), i.c,, therc is no trend, The
maximum variance for Si(dz) o¢curs when all the probabilities are concen-
trated oqually on the minimum and maximum valuos of S;(d2?), zero and
%(n3-n). (I am indebted to S. Goisser for a proof of this.) Thon the
variance associated with cach subjoet is %(n3-n) 2,

If wo have m subjocts whosc mcan S;(d2), on tho null hypothosis,
is (n3-n)/6, thon the expected moan of J romains m(n3-n)/6 but the maxi-

mum variance of J is m(n3-n)2/6,

Then A
J-2(n3=n) +1
(&) g = 13 -
-é(n3-n) '/—m'

rcprosonts a tost of the assumption that the average rank-order correcla-
tion with the a priori rank-order is zcro for cach subject where the n
trcatment distributions may have any shape or any kind of dependcnce on

onc anothor. It is, homewar, an extromely weak tost and requires many

more subjects than J docs for significanco.
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T'hat are the alternative hypotheses against which g, the robust
analog of the J test, should be used? This is difficult to answer
exactly. Suppose we have n treatments each of which gives rise to a
symmetric distribution., Then the distributions are identical, with
constant dependency, the J test will be appropriate, But this is almost
equal to the conditions that must be met for analysis-of-variance. Then
the distributions are not identical, when the depcndencies are not
constant, then the g test will be safc,

It is possible, as we have mentioncd previously, to have n treatment
distributions such that the population moans arc cqual but thc expected
valuc of Specrman's rho is non-zcro. In other words, ncither J nor its
robust anclog, g, is primarily o tcst for the cquality of the n corrclated
mcans, Theoy arc tests for trond which weight cach subjcct's contribution
cqually,

Another anomalous situation for the J test would be the case where

thorc arc two or more distinet groups of subjccts and the n trcatments
may be crpeeted to oxhibit a differenttrond in cach group., (This is
anclogous to a significant block=by=-trcatment intcraction in the two-way
analysise-of=veriance.) 4s long as the oxpoctod valuc of Spearman's rho
is positive for cvery subjcet, the robust test, g, will be appropriate,
However, if thc cxpeeted valuos arc positive and nogative, I know of

no singlec simplc tcst of signifiecance,

Summary
4 statistic, J, has been proposcd as a test for the differcnces

between a sct of n corrolated means vhon m subjeets have been subjected ~vw4',.r




e

B i ey

AN SR

R BRSPSt s e [

\

Lubin 19

to n trecatmonts. The null hypothesis is that all permutations of the n
scorcs for cach subject arc cqually likely., The altcrnative hypothcsis
is thot there is a trond vhich can be spocificd by the experimenter in
the foria of & the rotical rank-order. Tho J stotistic is the sum of : ?
the s(qf24Yi1?33 that can be computed betwecn the hypothetical rank-order |
ond the obscrved ronk-order for cach of tho m subjcets, It is therefore
equivclent to an average Spearman rank-order correlation., There is no
perometric test that con be substituted for the non-parametric trend test.

The distribution of J has been shown to be nearly normal for the N
cnses vhere mn > 12, and distribution tables hove been given for those
cases vhere the normal curve does not give an adequate fit.,

The J test is essontially identical with Jonckheere!s P test for
trend oxcopt that it is based on Spoarman's rho rather than Kendall!s
tau. It is sugrcested that tho greater sonsitivity of rho usually loads
to cqucl or grocter power for J as comparcd to P.

The basic assumption, that all permutctions of a subjcet's sct of
n scorcs arc cquelly likely, implics severe rostrictions on the n-variate
distribution of ra scorcs. Thcsc restrictions arc almost ocquivalent
to thosc for anclysis of varianco., A proliminary test is suggested to 3
indicoto whea thc significonce of J may bo duc to doviations from tho |

"oqually likely pormutations" assumption, rather than to difforcncos

betrecn the n correclated means., 4 robust (but woak) analog of J is

proposcd for thosc cascs vhere this assumption docs not hold,

Insort Table 7 hore i
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: Table 1
! Number of Errors liade in Succossive Learning Trials
1 Trial
Subjcet R g T TSNES TR RS |
}l 1 0 4 10 5 3 R
'% 2 2 0 7 6 8 4 5
| 3 e e T
4 0 7 5 10 " B 9
5 g3 ® 3 3 3 2
Total T W% B N BN L
|
b
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Tablc 2

Jonckhecere's Excmple: Rank-Order of Number of Errors
Ilade in Each Trial of a Learning Exporimont

Theorcticcl Trial

, Renk-Order 1. 8 "3 L5687 $1(a?) By

Subjcct
1 13 &6 5" 8.8 % 28 U
ﬁ 2 N T e i
3 GRS L M e S 20 15
4 R W e SRR S S 18 16
5 W g R s iR 34 13
Sun 134 71

8 . osumr

REd ) " 5040
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Scconds of Alpha during Slcep Loss

Subjeccts

Total

Table 3

Days of Slccp Loss

2
12
1
4

32

l\nu\n\»

&

jo\b\bb

23
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Table 4
Rank-Order of Scconds of Alphe during Slecep Loss

‘Theorctical Days
Rank=Order - 4 3 2 1 S4(a?)
Subjcct
& 3 4 1 2 4
B 3 4 1 2 4
c 3 4 1 2 4

b




Table 5

Jonckheere's Example, Deviate Scores

Trial
A

-8
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Table 6

Jonckhcere'!s Example. Rank-Order for Decviatc Scorcs

Trial

5 4 3
Theoretical Rank-Order

Subjcet

_Jeu+1_ 302-280+1 _
e ey - AR «450
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Tablec 7
Cunulative Probability Distribution of J
4
E | n=3 n=4 n=5 n=6
J n=2 B=3 m=& o n=2 n=3 n=2  n=2 |
0 .028 .005 JO0L i Jo02 000 | 000 . 000 —G
2 «139 .032 007  ,012 001 0L ¢ 0D %
4 «250 088 025 .031 .003 .002 .000
6 «361 «153 .056 .056 007 005 .000
8 639 «278 109 106 . «015 .010 .001 1
, 10 750 oblil, 201 .148 .028 017 .001
= 12 856 «555 306 .210 <045 026  ,002
3 1 972 o722 o434 ., 4281 .070 .038 .003
i 1,000 <847 577 +366 102 «055 005
18 .912 «701 A3 143 073 007
20 968 99 55 «101 .096 .010
22 '995 0893 0634 .253 $ .123 i 0014
24 1.000 944 «720 315 «156 .019
26 975 «790 «390 | «190 024
28 993 852 462 ! 231 .031
30 «997 894 «538 272 .039
32 1,000 4L, 610 «320 048
34 i 0968 0685 ! 0368 0059
36 .988 o747 A21 071
38 .998 .809 o471 .085 4
40 1,000 «857 . 529 101
42 ‘ «898 579 .118
b «930 J32 ¢ 1%
46 0955 : 0680 0158
48 972 728 181 i
L’l— 0997 08104 i 0257
56 «99% 0877 ! 0287 1
58 1.000 904 .318
60 1,000 927 o349
b4 ' P62 |, ALS
66 ! 09'”0 Y .448
68 983 482
70 ! : 990 ,518
* *

*Tho remaining probobilitics arc omitted bocausc of lack of spaceo
but con be obtoined by symnctry,




