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ABSTRACT

Results of calculations are gi ven for latera l driftin g forces ac ti ng
on a cy linde r and a Series 60 hull derived by a new procedure in volv i ng
application of the quadratic frequency response function (QFRF) and the
close-f it method for flats i nducted by hu ll sections in the near field. The H
near field I nductions are required by the QFIkF in order to obtain the non-

linear (second order) interaction effects in the presence of dual waves.

This method yields the mean drifting force consisting of four components of

wh ich the relative-wave-elevation term is dominant , whereas the Bernoulli

quadratic term is secondary . A mathematical discontinuity of the drift ing

force in the nei ghborhood of a h i gh frequency is i nvesti ga ted by ap p ly ing a

modified Green ’s func tion. Mean drifting forces for two form s have been
cal culated and the results compared with available analysis and model data.

A fairly complete quadratic frequency response function for latera l drift-

ing  forces i n the bi-frequency domain was computed for the Series 60 Ship

C
B 

0.6 at sixty-degree head i ng. The computed results are presented in a

three-dimensional view accompanied by a detailed discussion of the charac-

teris tic behavior.

KEYWORDS

Quadratic Frequency Response

Second-order Force

Latera l Drifting Force and Moment
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NOMENCLA TURE

• a wave amplitude

a ,, a 2
a ,a amplitude of wave component of frequency ~~ 2’ ‘1’m ’ ~n

A .. wave ampli tude ratio

B beam of a section in the load waterp lane

c(x) a transverse section contour

C~ non—dimensional lateral force coeff iciert (Eq .26)

CM 
non-dimensional lateral moment coefficient (Eq.27)

0
~
(t) drifting force

e wave elevation (Eq.20)

f(x) sect ional latera l force

f mean sectiona l lateral force

F latera l force 4

F mean lateral force r -

g1
(t) l i near impul se response

g2(t 11 t2) second degree kerne l ana logous to an Impulse response

G pulsating source function

linear frequency response function

quadratic frequency response function defined by Eq.(34)

h wave hei ght or wave e levat ion

functions defined by Eq.(32)

integra l expression defined by Eq.(3I)

L hull length

m (x) mass of a section

M latera l moment

mean lateral monent
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p pressure

• Q source intens i ty

r relat ive wave elevation

~
(m) d isplacement of a response motion of mode m

• S
i 

seg~ent

t time

I draft , period

x ,y,z moving body coor di nates

X ,Y ,Z space fixed coord i nates

displacement

V wave number

v wave number of frequency wm m
p water  dens it y

resultant ve loc i ty potential

~(m) diffraction potential of mode m

~(m) radiation potential of mode m

•
‘ m n

circular frequency
1’ 2

c i rcular frequency
p

non-dimensiona l frequency

non-dimens iona l time
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INTRODUCTION

The ult imate goal of the present stud y is to establish an improved

prediction techni que of the fluctuating lateral drifting force and moment

(or second—order y~tw moment) and then to determ i ne their statistical charac-

teristics. Thus , a useful too l would be available for prediction of the

behavior of nava l vessels in random seas.

p The broad problem is d iv ided into t~ o Phases : Phase I provides an
ana l ysis and limited correlation with mode l measurements of mean dr i ftin g

force; Phase II was proposed to be directed to a complete experimental

determination of the QFRF and subsequent correlation wi th the theoretical

p predictions evolved in Phase I. This report deals onl y with Phase I .

A recent inves t i gat ion ’ of the quadrat ic  frequency response for added

resistance has shown satisfactory agreement with the results of an experi-

mental investi gation .
2 

Reference 2 shows that the quadratic response function

can be util i zed to predict reliably the very low-frequency, fluctuating added

resistance in irregular waves . The analy tical techn i que developed in these

stud i es 1 ’2 has been applied by Kim and Bres lin 3 for prediction of slow drift

oscil lation of a moored shi p in random head seas. This method w i l l  be emp loyed

in the present investi gation .

Simplified analytica l methods have been proposed by Hsu and Blenl .~arn ,~
Newman ,5 and Faltinsen and Loken , for the prediction of slow drift osci lla-

ti’z’n. These procedures depend on the mean drifting force , which represents

only a special output from DRFR procedures.

Maruo7 provided a basi s for pred ictin g the mean driftin g force due to

a monochroma tic wave on a cyl i nder f l oa tin g in a beam wave train. Ogawa

ap p l i ed Ma ruo ’s method to a fixed shi p by us i ng a stri p method based on the

concept of the snake-type wave generator. He showed that his calculation

agreed well with his experiments. Spens and LaIangas9 reported experimental

results on the mean lateral drifting force and moment on a shi p mode l i n

~Superior numbers in text matter refer to similarly numbered references listed
at the end of this report.

L __
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obl ique waves. Newman 1° ca l culated the mean latera l drifting force based
on the slende r body theory. However, his predictions did not agree well

with the experiments .9 Kim , et al , calculated the mean latera l drifting

force and moment on a fixed as well as a free shi p in oblique waves , us i ng
a strip method and showed acceptable comparisons with experiments .B~

l2

Salve s en 13 developed a method of ca l culating the mean added resistance and

mean latera l drifting force by using a stri p method . Compa red with the re-

sults of Spens and Lalangas ,9 h is results showed an appreciable discrepancy

He attributed this discrepancy to difficulties encountered in the experiment

and to “weak sca tter ” assumptions made in Newman ’s theory. 1° —

Rinkster and oortmerssen
l4 

applied a three-dimensiona l source dis -

tribution method to the eva l uation of the mean drift forces , wh i ch were
obtained by integrating the pressure distribution on the wetted hull surface .

The present calculations are carried out in two steps : (A) calculation

of the latera l second-orde r force acting on a shi p section , free or fixed in

regular beam waves , and (B) stri pwise calculation of the quadratic frequency

response function for the shi p in oblique dual waves. The analysis is based

P on the hypothesis that the contribution of the second-order potential to the

second-order force is neg li gible compared to those contributed by the first-

order potential. Ri gorous anal yses of the second-order force and moment on
a cylinder free in waves have been g i ven by Potash 15 and S~ ding,~

6 both of
6p wh i ch do not neglect the second—order potential. Faltinsen and Loken also

esti mated the second-order potential in their evaluations of the slow drift-

ing force and moment .

The present anal ys is integrates the pressure distribution on the
p 

sect ion surface (as in Reference 14), whereas Mar uo7 integrates pressures
over contro l surface in the far field. The former method may therefore be

desi gna ted as a “near-field method ,” while the latter, a “far-field method .”

The far-field method 7 yields a simple formula for the mean force whereas

the near-field method presents a sum of severa l components. The latter seems

- - to be comp licate d at first and difficul t to use ; however, it clearl y reveals
the effects of the behavior of the response motions such as heave and rol l

resonances and body parameters. Effects of motions and body parameters have

rema i ned unknown and sought after for many years by researchers . Moreover,

2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the far-field method cannot be used for the anal ysis of the quadratic fre-

quency response for the drifting force and moment.

A two-dimensional procedure , menti c. - .~d above , has been employed as in

Reference 11 , for stripw ise calculation of the force and moment of a ship in

oblique dual waves .

A special output of the quadratic frequency procedure is , in fact , the

mean drift force or moment as demonstrated later. Numerical calculations of

the mean drifting force and moment have been carri ed out for a cylindrical

model , tested by Koterayama ,17 and for a shi p Series 60, c5 0.6 by Lalangas)2
The present analysis has been compared with the calculation by Maruo ’s method

and model test data . Excellent agreement between the two methods has been - -

confirmed for the bodie s in beam seas. In oblique seas , however , the two

analytical methods appear to be in good agreement.

P The mean drifting force or moment consists of four components , i.e.,

gy roscop ic-coup 1ing,~~force rate] x [displacement], the Bernou ll i 1 s quadratic ,

and the relative wave terms .

A hi ghlight of the ana l ysis of the components shows that the r e l a t i ve  ‘ -

wave-induced drifting force component is the most dominant , seconded onl y by

Bernoulli’ s quadratic pressure-indu ced term . In addition , the influ ence of

the peak hull disp lacements on the component forces have been clearl y observed . - -
~

The presence of a mathematical discontinuity at a hi gh frequency has been in-
P . . . • 1  . 18vest igated by employing Og i lv i e-Sh in s modif ied Creen s function .

The quadratic frequency response functions for drifting force and moment

of sh i p Series 60, C8~
O.6 have been calculated at a sixty-degree heading and

the results are illustrated in a three-dimens i ona l view (Fi gure 6).

The successful application of the quadratic frequency procedure wh i ch

yields the mean drifting forces (and moments) as a specialized output lends

support to the validity of the techn i que. Further confirmation of the u tility

• of this procedure for elucidation of the bi-frequency domain characteristics

of the entire QFRF (as described in Phase I I in Davidson Laboratory Proposal

P-17l3R) requires mode l measurements currentl y unava ilable.

p

P 3
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THE INPUT-OUTPUT MODEL

~~~~ ~~t u n i t  ions and re lation s ~f t r t~~ininq to the ~wnera l input -

c~~ rut ‘od~ l arc t& ed t~~t ~ re~~t - n t  work. ~~ - n  w i l l  be g ivrn here for

0 ~~ - n i - r ~~~e , a l t nc l n ;f t n t~y r - -~~~ L e  fou nd in i\t- 1~ c t r ~ce 2 i n ~rcater ~c t c I  I.

T fC ne nv ra l  i nnu t — u u t p ut  model is  a t t  d~~~iin rn dc l  and is w r i t t e n
as:

F ( t~ c . ( t . ) ° ( t — t . )dt .

+ 
-

~~~ 
u ( t~ , t )  ~~( t -t , )~~(t-t )dt dt ( I)

(~~~ission of l i m i t s  on the in teq ra ls  s H n i f e s  l i m it s  of 
~~ •)

In Eq. (I) F (t) is the force or ~ ent e \ c r  ted by the - a . -s
T’(t~ s a s u i t a H v  chosen wave c lnv~it ion (a zero mean input)

c (t) is a l i n e a r  inipulst-

• c.(t ,,t )  i s a st~~c~nd denree Lnrm e l  analoctous to an impu lse
r t ’~ ponse

W i th respect t~ pp l ic at i on to d r i f t i n q  force arId ~L I c nt , the shi p is assumed

• 
to :- e Stat ion— -~t -~- rinQ in a wave syst~~n ( t h  input ) w h ich  i s  de1i~ n~~ as t r l c

.-~dvC elevation ~t a point stationary with rc’~~ect to the mean pos it i on  of the

shi p. The second degree kernel is as~ u-- -ed to be sy lnetr ic  in it s  arguments ,

ari d both Le n d s  are assu-ned smooth and absolutely inte gr af ~)e.

• The fir s t  tL rm in Eq. ( l )  is  the ord nary l i nea r  convo lu t ion  of a l i near

im pu lse r~~~; O ’ - s c  fun ct ion ~~~(t 1) with T~(t). The second term is a double co n—

v olu t ion , and t~~e second degree L~-r cie l q~ (t. .t z ) m g ht he ca l l ed  a q ua d r a t i c

impulse res ponse.  ~cco rd inq  to ba s i c  a s - s u -~p t i o ns , the two impu lse responses

are related to tf-e l inear ~~d quadra t i c  f rcq t ;e ncy re sp o se funct ions by

F o u r i e r  t r a nsforms . These two se t s  of t rans fo rm pa i rs  may be de f ined  as

fo l  low s

14
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q, ( T )  = 
~~ $ 

e G~ (~~)d~

~f 
e~~~

” q, (T)d~ (2)

= _!_

G ( w ~,w )  = $J Exp[ -iu~, T~ -iw _ T~]y.,( ,Tjd1 ,d~~ (3)

The l i near  f requency response func t ion , G~ (w) ,  de f ined  by Eq. (2)

is abso lu te l y convent iona l . The q u a d r a t i c  f requency response func t ion,
G2

(w 1,w2) is defi ned in a bi -fre ~~ ~~
y p la ne. because the ker nel g ( r ~ ,r .,)

is ass umed to be syetnet rica l in its arguments: :
97(~~ ~) 

= g ( T , r~~ ) (14)

and thus: 
F

C (u~, , w )  = C (u’~ ,u~ 
) (5)

G ( u ~ ,w_ ) = G (— u~, ,— u )

= G~~(—w ,—w~) (6)

(The a s t e r i s k  de notes the comp lex conj uo a te . )

Fi gure la summar izes  the r e s u l t s  of app ly in~ Eq.s (5) and (6) in

t he b i - f r ecj u ency  p lane for the ei ght p o s s i b l e  coord i nate p o s i t i o n s  of two
f req uenc ies  whose absolute values are a and b . Eq uation (5) results in a

l i ne  of s y c i ie t ry  along the line w - ~u~ . EqLIat ion (6) i~~sul ts in a l i n e  of

s y - et ry of the rea l part of G ( w 1,w2 ) def ined by w2~~-w ~ (arid i t  may he

noted that  a long t h i s  l i n e  the imag inary par t  of the f u n c t i o n  is zero).

These tw o l i n e s  and i- he axes d i v i d e  the bi—fre quenc y p lane into

octant s , of wh ich  the two on either side of the p o s i t i v e  w~ a x i s  may  he

ar b i t ra r i l y c hosen for re f e r e n c e . The e q u a l i t i e s  shown in F in u re  Ia in

t i e  r ema ining s i x  o c t a n ts  arc a r r i v e d  at by app ly ing Eqs . (5) and/or (6) .
The v-su n pt ions of syn~rIc try of the second degree kernel result , w i t h
Eq. (3 ) ,  in a comp l ete defin i t i o n  of G~,(u ,,w )  if the functi ons are defi ned

i n any pair of mc t a r i t s includ i ng a serl i—axi s of either frequency. Thus

5
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without los s in generality interpretation of the quadrat ic frequency

(. response needs onl y to i nvolve the octants on either side of the positive

ax i s . In the5e octants is po sitive and w I ut,

The i n t e r p r e t a t i o n  of the quadrat ic  f requency response f unc t ion  is

less direct than for the linear case , but can be approached in a s i m i l a r
- I manner . If in the linear case the system is considered to be excited by

~f l (t )  = a cosWt

the output may then be written:

RelaC , (w)Exp(iwtfl

and G1 (w) is interpreted in terms of normalized amp litude and phase of

response.
(

To interpret the quadrat ic frequency res ponse, dual ha rmonic cxci—

tat ion is necessary. Accord i ng l y, it may be assumed that:

T 1(t) = a,cosu~~t + a cosu~~t (7)

In accordance w i t h  the previou s discussion of syniiietry, h~~th frequencies

(w~,w) are considered 
positive and . The b a s i c  model , Eq. (1)

is good for any zero-mean excitation . Accord i ng l y. Eq. (7) may be sub sti—

tuted directl y in Eq. (1). After some al gebra the final result for the

response to dual harmonic e x c i t a t i o n  may be w r i t t e n  as follows :

F
2 

= Re{ a ~ G1 (w~ ) Exp(iu~~t)+a2 C~~( w ) E x p ( i w t) j

1 2  2

+ 
~ Re{a C (u~~,ut~)Exp(i~~i~~t)I

-f -
~~ Ret a ~

’G ( w ,u ) E p( i~
Thw t f l

+ Rela 1 a G  (w~ ,a2
) Exp[ i (w~ +w) t ] 1

+ Rela~ a G  (w~ ,—u~) Exp[ i (w~ -wjtJ~ (8)

This result shows that the response of the quadratic s y s t e m, Eq. (I),
to dual cxc t at ion contains , in genera l, a s h i f t  in the mean and components

6
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of s ix  d i f fe ren t  frequencies [ui, w2, 2w~, 2w2 , (wi~+;), and (w ~— w ) ) .
The f i r s t two terms of the result are the superposition of the linear

responses at the excitation frequencies . The third and fourth terms of

Eq. (8) represent a shift in the mean . These terms allow the identification

of the mean drifting force or moment operator as the value of Ga (wi,wa) along

the line w2=-U~ (or G,(w1 ,-w1 )). The fifth and sixth terms are the second

harmonic components (2u,2 ,2u~). Similarly , these terms allow the identifi-

cation of second harmonic response with the values of G2 (w~,w2) along the
line w2=w~ (or G2 (w~,w1 )) .

$ The seventh and ei ghth terms of Eq. (8) pertain to the bi-frequency
plane in general . The seventh term is the response at frequency (w1+w ) ;
that is , G2

(w,,W )  expresses the normalized response in the sum frequency

due to non-linea r interactions . Similarl y, the ei ghth term i nvolves

response at frequency (w~— w ); that is , G ( w
~
,—w ) is the normalized

response in the difference frequency. In terms of Figure la ,the octant of

the bi-frequency p lane above the positive U)
1 axis corres ponds to the por-

tion of the quadratic frequency response function which def i nes sum—

frequency interactions , and the octant below the positive u~ axis corres—

ponds to the portion of the function wh i ch defines difference frequency V
interact i ons.

Equations (7) and (8) together afford a d i r e c t  way to proceed

in the present investigation . ln particular , what is required for a

hydromechanical solution for the quadratic frequency response is to

solve the hydromechanical problem for dual regular wave excitation .

I;

C

C
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HYDRODYNAM IC CALC(JLAT~ONS

A two—d imensional method for evaluating the lateral second-order force

w i l l  first be deve loped and a strl pwise calculation of the latera l force and

moment In obli que waves will be performed . Thus the formulas of a complete set of

quadratic frequency response functions for the latera l drifting force and

moment w i l l  be ob tained .

A. The Latera l Second-Order Force on a Cy l inder in Transverse
Monochromat ic Waves

The second-order latera l forces on a free f l oa t i ng  cy l inder  in regular
transverse monoc hromatic waves w i l l  be evaluated a t  zero fo rward speed.

The assumptions are that I) the contribution of the second-order poten-
t I;

tial to the second-order force is neg li g ibly small when compared to that of

the first-order potential , and 2) the drift oscillation is restra i ned .

The firs t-order potential which w i l l  be used here consists of the sum

of the i nc i dence , diffraction and radiation potentials. As is well-known , a l l

the potentials satisf y the linearized boundary conditions at the mean position

of oscillations of the body and the free surface as well. Use of such linear

poten t i als and Taylor expansions makes it poss ib le  to est imate the second-order
force by calculat ing the contribution of the effect of the instantaneous dis-

placement of the body f rom its mean position to the resultant time-dependent

force.

The body-f ixed moving frame is desi gna ted by o-yz and the space-fixed

frame by O-YZ ; the V-axis rests horizontall y on the mean free surface and the

Z—axl s po ints v ertically upward. Both frames become identical at the mean

posit ion of oscillation (Fi gure Ib) .

The ins tantaneously displaced hull confi guration is i dentified in

reference to the fixed frame by us i ng the body coordinates and the motions

about its center of gravity.

The motions of the center of gravity of the cylinder consist of sway,

heave and roll. The roll-ax is passes throu gh the CC as shown in Fi gu re lb ,

the coord inates of wh i ch are 0, z—z0 
where is the vertica l coord i nate of

the center of gravity .

8 
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The displacements are des i gnated as

S
(m) (W~~) Rel~~

m)
(w)e~~~

t
I (9)

wi th
~(m) ~(m) ~~ 

~(m) (10)

where m ”2 ,3,1e indicate sway , heave and r o l l  modes , respectively.

Us i ng the above displacement s , the coord i na t~~ of a point A (Y,Z) on

the body surface at an instantaneous deviated position are calculated by the

following equation :

V = ~
(2) + y cos — (z — z 0)si

n ~~

Z = ~(3) 
+ y sin s(~ + (z-z )cos . (II)

Expanding cos S~~ and sin S~~~ in (11) up to the second-order , we

have the coordinates (V and z) in terms of the displacements and the body

coord i na tes ,

~2~ 114) 1 (14)~ 
P

L

V = 5’ / + y - (z-z0)s
’ - y S

z = + (z-z 0) + y s~~ - ~~~~~ . (12)

The above (12) gives the amount of deviation of t~~ pointA ,i.e.,~~(Y-y),~ z-(z-z0)]~ . 4
The correspond i ng deviation of the veloc i ty potential Is approx ima tely esti-

mat ed by Tay lor expansion of the potential at the equilibrium position.

cp(Y ,z,t) = c~(y,z,t) + (Y—y)p ~(y,z,t) + IZ—(z—z 0) ~
cp (y,z,t) (13)

where the cp(y, z ,t) is the linear veloc i ty potential which has been used in

the linear shi p motion theory .

Use of the above potential in the Bernoulli pressure equation y ields

the following expression :

p(Y ,Z,t) —pgZ — pcp~ (y,zi t) _P(V_V)(P~t
(X
~Y~

t) -

_pL z_ (z_ z
0)}q~~ (y1 z~ t) — ~- p~vp(y,z,tfl

’ 
.

• The integr ation of the above pressure on the instantaneous body contour

9
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1

g i ves the latera l force in the following form : -

f = S p(Y ,Z ,t) (—dZ) + j . p(Y,Z,t)(—dZ) (15)
C ci

where dZ — sinad S ; d~ ind i cates a segment and a the ang le of the seg-

ment with respect to the V-axis. c is the mean wetted contour , whe reas ~115,16

is the deviated instantaneous wetted contour from the mean waterline .

Use of Eqs.(l2) and (14) in Eq.(l5) yields the following second-order

latera l force :

f = pgB5~
3
~s~

4
~ + ~~~ $p~~ dy

+p$ {[~(2) -(z-z
~~s~~~ ~~~~~~~~~ ~~~~~~~ 

(v~~} dz

+pJ’ (9Z + (16)

I n the abo ve, B ind i cates the beam of the body , dy cosc~ds and dz sinads ,

where ds indicates a segment on the body contou r and a the angle of the
-1-

segment with the y-axis.

The sum of the first two terms is identical to uJ~m S ~~~ where m0
is the mass of the cylinder. This is due to the heaving equation of the

cy linde r , i .e.,

-pgB S~~~~ — 
~ ~~~d” . (17)

where the resultant veloc i ty potential , 
~
p , consists of the radiation

potentials due to sway , heave , a nd ro l l , and the incident and diffracti on

potentia ls. However , the contribution to the integral in Eq.(l7) comes

from the heave—mode radiati on and diffraction potentials due to the sym-

metry of the body about its vertical axis.

The con tour c1 of the last integral in Eq.(l6) consists of the

wetted contours on the ri ght and left sides of the hull calculated from

the mean waterline. Since Z + is the re la t i ve  disp lacement of the

hull to the wave elevation , introducing a variable Zr for the rela t ive
wave el evation to the hul l displacement , we have the last integra l in the

• form

p $ (gz+~ )dz = -pg 5 Z rdZ rci C~
10
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where c2 is the wetted contour for the relative displacement on the ri ght
and lef t s i des of the h u l l , and dZ r dZ = sinads . Hence,

pg 
~ 2

ZrC1Zr 
= — f p g (r— r ~) (18)

where r~=e -(S~
3
~±B/2 ~

(~ )) (19)
[the relative wave elevation at the ri ght and left sides of the hull]

e~~’ - .L w t (Z BI Z , 0, t) (20)
Lthe wave elevation at the intersections of the hul l and the
mean free surface _

Subst itution of Eqs.(17) and (18) into (16) y ields the second-order lateral

force per unit length of the cylinder in the following form:

f = w2m
0S

(3)
S

(4) 
+ 

~ $ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 r 2 1 2 2+ p (vp) dz + ~ pg(—r~ + r_ ) . (2])
C

The above Eq.(21) indicates that the second-order latera l force

Consis ts of fou r components. The first is identical to the gy roscop ic

coup ling term between roll and heave motions in the Euler-heave-equation.

The second is e q u a l  to the sum of two component forces , i.e., the rate

of change of the resultant lateral hydrod ynamic force per unit lateral dis-

p lacement times the resultant latera l di sp lacement and the rate of change of

the resultant lateral hydrod ynam ic force per un it vertical displacement

times the resultant vertica l disp lacement. The third is the force due to

Bernoulli’ s quadratic pressure. The fourth is due to the re 1ativ ~ wave

elevation on the hull sidewalls.

The time average of f in Eq .(2l) is expected to be nearly identical to

Maruo ’s formu la

I = f pga2lgj2 (2l a)

where a is the incid ent wave amp litude and A is the vector sum of the

wave amp litude ratios due to radiation and diffraction in the far field

V

The present formula has been derived by direct integration of the pres- 
. 

-

sure distribution on the hull surface whereas Ma ruo ’s Eq.(2la) is due to

the integration of the pressure in the far field. The formula (21), the

near-field solution , has an advantage for a clear analysis of the second-order

I II
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-
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—
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force , t hough It does appea r to be comp l ica ted.  It serves also for the

eva l uation of the quadratic frequency response function for the lateral

• drift ing force ~nd moment.

B. The Lateral Second-O rder Force and Moment of a Ship in Ob lique - -

Monochromatic Waves

P The second-order latera l force and moment of a ship at zero speed in

obl ique monochromatic waves are eva l uated by a stripwl se integration of the

section force f in Eq.(2l).

The obli que wave Ii is g i ven in the body coord i nate system in the

following form

h~~~a cos (vxcos~~+vy sin~& - w t) (22)

where -‘

a — wave amp l i tud e

v w2/g — wave number

angle of inc i dence (zero in the following wave and TT/2 In the beam
wave

I ~

The linear response motions 5~m1 of the sh i p are determined by solving

the coupled heaving-p it ch i ng and sway ing-rolling-yawing equations. They are

denoted by

5
(m) 

= Re ~(m)(w)e
_ iw t

~(m) — ~~m) + ~(m) (2 3)

1. with m—2 ,3 ,1+,5,6 (— sway, heave , r o l l , pitch , and yaw , respectively) .

Then Eq.(21) g ives the lateral second-order force f(x) per unit length

of a section at x x  In the fo l lowing form

f (x)  — wa m
o

(x) S~
3
~ (x ,U)) S~~~ (w)

+ ~ r L~
2
~(’~”~ 

- (z-z
~) S

(14)
(w)j~~~

(w)dz
c~ x)

+ p $ [S (3) (x ,w) + y S (4) (w) ],~~(w) dz + ,f [vw w)j2dz
à(x) c(x)

+ pg [_r~ ~~~~ + r~ (x ,w)] (24)

12
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with

S~
3
~~(w) — x 5 (5) (~ )

- 5 (2) (W) + x s~
6
~~w~ . (25)

Inte gration of the above sectiona l force over the hull length I y ields k

the resultant force and moment in the following non-dimens i ona l forms :

C — r f (x) dxF 
f Pga 3 L t

— 
I ~ 

~~~~~ 
U)~m (x) ~~~~~~~~ dx

~~PgL

+ J’dx S~~~ (x ,~~ p dz - ~~ J’dx 5(z-z ) p ~ ~-2- dz
L c x ) L C(X )

+ fdx ~~~~~~~~~~~~~~~~~ 
~~~ 

p 
~~~~~~~ ~~~~ + S~~~(w) J

’dx 5 V P dz
L c(x) L c(x)

r - - 2 
I ~r (x,~ )-~ r (x . .-) 2 - 1+ . p J

’dx r L’~~
”
~l 

dz + -~ pg J’dx L~C
±a ‘ 4’\ a  -: j

~ 
(~‘6)L c(x) L

CM 1 — —  5xf(x ) -dx
1 pga~V L

1 S~
4
~(w) 

~ 
ui3m (x)x ~~~~~ dx

~~pgL L

+ 5dx x ~ - s c w ~ ~dx x J
’(z-z )p ~~ — dz

I c(x) c(x)

+ ~dx ~ ~~~~~~~~ ~ 
p dz + S~~~~ L~ dx ~ y ~ ~zf

’t) 
dz

c(x) L c(x)I- - 
+ p fdx x 5 [\~~J

Z 
+ pg ~dx xL~ 

~~~~ 

~~~~~~~ 
.L c (x )
(27)

‘3
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C. The Quadratic Frequency Response Function for the Latera l Drifting
Force an d Momen t in Dua l Oblique Waves

The dua l wave is defined by the sum of two monochromatic incident

waves (Eq .22)

h — ~ a c o sLv x cos~& + VnY Sin~ - w~ tJ . (28~n l ,2

The corresponding dua l response motion and potential are also defined by the

sum s of the response to each monochromatic wave , such as

�2 S
(m)

(W~) and 
~ 

W~(~~~) . (28a )
n=l ,2 n l ,2

Substitut ion of the above dual h a r m o n i c  into Eqs.(26) and (271 y i elds
the quadratic frequency response functions for the latera l drifting force and

moment in dua l obli que waves in the fo l low ing non-dimens ional form:

) S~
3
~ (x,w )CF ! PgL km t,2 

— am 
m 

n
2mo (x) n.~~,2 an 

~ dx

S~
2
~ (x w )  

~ 
( w )

+J ’ dx �~ a 
m 

~ ~ ~~f~~~-d z
I m=I ,2 m cix ) n l ,2 n

s~~~(~~) p (w)
- — a 

m 
5d 5 (z-z~) \~‘ ~‘t n 

dz
m=l ,2 m I c(x) n l ,2 n

S~
3
~~(x ,w ) cp (w)

+ (‘dx ~ m 5 ‘c~ zt n dz
‘1 m l ,2 

am c(x) n l ,2 a~

+ ~ S~
14
~ (~~ ) 

J’dx 5 y >~ ~~~~~~ dz
m 1 ,2 m L c(x) n 1 ,2 n

vp(w ) vç (w )
m 

~~~dz2 a aI c(x) m l ,2 m n l ,2 n

+ 2-~~,[dx {- r~ (w) ~ r~ (u’ )  
+ 

r (w ) 
~ 

_____  
•

2 
1 m l ,2 am n 1 ,2 an m 1 ,2 am n l ,2 an

(29)

14
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s~
4
~(w ) S~

3
~ (x ,w )

_____ 
m w 2m (x)x �~ 

n 
dxM 

~ 
PgL2 m 1 ,2 

am 
~ 

n ° n l ,2 an

S (2) ( X w )  p ( w )m i~ ‘ ‘ yt n+ idx x i-.’ — I p —i dz
a aI m 1 ,2 m c(x) n I ,2 n

(4)
S (w) 

- ‘  
cp
~~
(w)

- 

a 
m 

J’dx x J (z -z 0) p L~ a 
n 

dz
m 1 ,2 m L c(x ) n 1 ,2 n

I
S~

3
~~(x ,w ) 

‘~~~ ~zt~~n~+ d x x ‘
~~
‘ a a dz

L m 1 ,2 m c(x) n 1 ,2 fl

) w (w )
m ~ zt n

a 
J’d x x  ~~~~~~~~ a dz

m l ,2 m L c(x) n l ,2 ~ -
.

I •s
~~ 

V(p(w~) vcp(w~)
+ — p j d x x 5 dz2 

L c(x) m l ,2 
am n l ,2 

an

+ pg dx x ~~ ‘ 
r+(wm) ~~ 

rJ
~
u
n) 

+ ~ 
r (~~ ) ~~ 

r+
(w

n)

}
}

L m= I ,2 m n=l ,2 n m l ,2 m n=l ,2

(30)

Equation (29) or (30) consists of seven terms , each of wh i ch with omission
of -

~ 
pg L or ~ pgL

2 is expressed in the following form :

- 
- ‘  - 

_ iW m t -= Ref �-i Ak(wm)e }Re{ 2~ Bk
(UJ )e .} (31)

m l ,2 n l ,2

where Ak~
Bk = complex frequency response amplitudes.

For the analysis of the quadra tic frequency response functio n , one de-
fines a fundamental function H 1 k for each ‘k 

in the form

H l k (W
m~

W
n
) = A k m k (W

n)

H
l ,k

(W
m~

_U)
n) 

_ A
k k (W)

H l~ k (Wm ,
_W

n) = H l k (_W
m~

Wn) (32)
where the asterisk indicates the comp lex conjuga te of the function.

- 
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Use of the ahove Iut~ct  ions hlr the k thi (c nn of [qs.(29) or (30) y ie ld s

the following expression :

~ ~Re LH 1 ,k m’~~ r~ 
+ H l k (W r~~

_W
n)]

-4- Re L~
u , ,k m , w

rn)e

I —i2w 0t I+ Re LH I ,k~~n *wn~
It
~ j

- — ~ (w 11~+w~~) ti
+ Re[[H) k~~ m, W n) + H l k (w n,wm)Je J

- 
— i (w m_w n) ti ~

+ Rc[L H I k m ’~~ n~ 
+ H l~ k (w n.~~

t
~

)j c j . (33 )

Now one define s the quadra tic frequency response function G2(w ,w )  :

G 2 (W m
~

W n) 
~ k=l 

[H i k (wm ,wn) + H l k (wn,wm)j
-

~~ 7 -
G2

(W m~~
Wn)= 

~ k=) 
[H J k m , an) + H l~~k

(w I),~
wIIl)] (3 14)

Use of the de f i n i t i o n s  (Eq .32) makes the G
2(w ,w )  in Eqs. (314) satisfy the

synvietry relati onshi ps previously indi cated in Eq s . ( 5 )  and (6) .
Thus the non-d imens i onal driftin g force CF (Eq.29) and moment C~1 (Eq.30) are

expressed in terms of the quad ratic frequency response funct ion 6
2 (Eq.34) in

the followi ng form :

C

= 
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 

+

~P9L + 
~~

- Re

+ Re {G2
(w ,w )~~~

i2a nt}

+ Re (w ,w ) e m ~~n
)t
~- 2 m n  J

+ Re {62 (w , -w
0) e 

(W m~
Wn)t~ ? .

where the 62 represents the quadrat ic frequency response function for the
la teral drif ting force or moment.

16
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In dimensional form , they are g iver by

• ~~~~~
= 

~ ~
a G 2(wm ,

_w
~~ 

+ ~~~~~~~~~~~~~~

+ Re ~~~ G2(~~~,w,~~e~~~~
mt
j

+ — Re -a 6 (LI. ,u. )e
2 L n  2 n 0 -

+ Re {amanG2 (wm ,~ fl )e
_ i
~~~~~~

)t
~

-
-

+ Re {amanG2(~~m,
_
~ fl )e 

m
_W

n)t~ . (36)

The mean driftin g force and moment deduced from E q . ( 3 5 )  are g i ven by

CF pQL

CM T
PgL

wh ere suffixes F and M indicate the 6 , for force and moment , respectivel y.

D. Calculat ion of the H 1 k Function

The H 1 k functio ns which have been defined in Eq.(32) are evaluated

i n Appendices A. B , C , and D.

The H 1 k functions for the drifting force are shown in Appendix A
whereas those for the drifting moment are in Appendix B.

The resultant velocity potential , hydrodynamic pressure and ve l ocity

components are eva l uated in A ppendix C.

Formulas in Appendices A and B cont ain the term s of hydrodynamic pres-

sures and ve l ocity components. These are evaluated in Appendix C.

17
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The resultant veloc i ty poten tial (Eq.C—l5) is utilized in cal culating

- P 
the h ydrodynamic pressure (Eq.C-16 to Eq.C-18) and the velocity components

(Eq.C-19) . It is also used in the evaluation of the diffra cted and radiated

wave amplitude s in the far-field wh i ch serve for the eva l uation of Maruo 1 s

formula (2la). The asymptotic expression of the potential in the far field

is g iven in the Appendix of Reference 11 .

The ve loc i ty  components due to radiat ion and d i f f r ac t i on  are calculated
by using the formulas for the uni t source-induced velocity components , which

are g iven in Appendix D.

$
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NUMERICAL CALCULATIONS

A. Co~ p5~rison of Ana~ y t i c a l  and ~~ j~~r i n i cn t a1  E sti r udtc s oL the Mean D riftin g
Force and Moment

The previous ly def ined non-di me nsiona l  rnc n d r i f t i n g  force and mom ent

coeffic ients C
F + C

M 
(Eq.37) are the v .ilucs of the quadratic frequency re-

sponse functions along the line 
~m

_W
n , and it is this particular section

of the funct ions for which there arc a number of confirmin g d a t a .

The models chosen for the compari sons are 1) the cy linder tested by

and 2) the Series 60, 0.60 C
B 

p ar en t w h i c h  was used by La1anyas~
2

The princ i pal p articulars of the models are g iven in Tables I and 2.

The non-di mensional coeffic ients C
F 

and C
M 

(Eq.37) are expressed in terms

of the previousl y defined H 1 k func t ions (Appendices A and B), each of wh ich

consists of four components as shown below :

I

E = ~~~~~ cTF Enn 1  ,4

(38)

w i t h

EF Re H~~ 1
(LI ,-a)

4 - 
= (39a)

C ~~~~ Re (w,-w)M 1 1 , 1

- I ~~~- F
C F2 

~~~~~~~ Rc~~i H i z , st)

- 5 (39b)
I ‘~~

‘ M— i~e ~~ H ~ u- , —w
‘‘2 PgL2 £~2

k 
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. II ~~~~i , t 1 )

I 
~

- 

- 
= 

N 
( 3~k)

C M 
_~~~

__ Re II 
I ,b ~~~~ ~~~~~

3 ~‘iL

Re ii ç 7
(
~~. 

— i )

( 3 -hi)

C Re lt~ (a . _ LU)
M14 ~~~

where sLipeise pts I and N to the U 1 k ~d i i ti  the f unc t i ons  I or dr i t t  i nq

fo r~ - and i b m , -  n t • N’ S pCC t i V(’ 1 y

The I i rst cool fici e nt s (Eqs. ~Li , A— 1+ , B— 14) •iro known a s  the i~y r t ’scop i c

coup 1 i n q t t ruis in Lu 1 ci - eq iia t ion I or .1 bod y nov i nq i n  a va cii uni Vo S -, c i

i ‘~ os a d i SCUSS ion of t h ~ C
NI 

describ i nq it ’~ nI 1 ilciac on the tt ’t’i I nq of a

sh i p.

EqLIJt ion ( ~‘n~
) is tIm ’ sum c i t  two , i .c. , a’ ) t he produc. t of ~ I_ ho rat ~’ ot

chanqe of t Im’ r es u l t a n t  la t e ra l  hyd rod ynani i c t o rc e  (moment j  and L the N’s ti lt —

ant Lit c i-a l  d i sp I acenien t , and b) t he p rod 1k t o t L I. Ii,’ rate of cha ntj e 01 I_ tie

rosu I tant vert i ca 1 hydrodynain i c to ret’ (moment) J and L I_ l ie re sult ant v o l t  ie~~I

di s p 1 accimi e ii t I

The th i rd o n u s  ire due to  t h e  hi t ’ruioii l I i qn id i i I i i  hydrod ynanu pi O s —

sur e. It is to lie not (‘LI t hat I3ernou I I I ~ mean socou i , l —t i i do r I oi~ o itid moment

ip~ ea r ~is One ol Ibm’ four components of t he total dr it (I nq I o N 0 O F  u u i ( ~uiei1

The fourth co,’t  f ii ient s •irc due to tIm ’ tHa t ivo  wave , ‘I , ’v u t iou i alon q

t he i n t e r s e c t  ion of  the nuo lu i li- ce s urf  dee  and hul l  ~u i t  ice at i t s  mean

position .

Accord nq In t lie .ul ore incuit i oned rom5i u ks , t ho I our oim ~~’n l i o u i  I c nay lie

dos i t j u i a t o d  •i’~ : 1) the qy i t u s t o p i t t o i lp i i nq . i’’) the lo ut , ’ ( i mi t imont ) ~it o s di

pIa~ 1 ‘ i t  . 3) t lie Bernoul Ii qu a tluat i c • and 14 )  t I m ’  N’ I _ u t i ye wave ~oill 1 siu1euit S
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Cy l i nder:

The four components ~ of the mean drift i rug force coo t f e  I out s on
17 

liii

t he cyl inder versus the non-dimens ional wave I requency paia i mro t t’ r V [3/2  die

shown in F i gure 2a . Two arrows point ing downward ind ica t e  the r -sonance

frequencies of roll and heave . All the components indicate peaks at the

roll resonance f requency. T h e  second pea ks ot t lie . ompou ieui t s crl F i t  S pond i uiq

to the heave reso n_ uuue e I a l l  s Ii qhI_ 1 y api r t I roni the re snn~iuu c o I req tue li. y -

Howev er , the peaks of the qyroscop ic-coup ling and the force rate x dis p la ce-

n ue n t  terms fall nearer to the resonance frequency than the others . Thu is is

attributed to the tact that the former term s are more Sensit ive to the

r e 5 ~~0f l  ~ e mot ions than the la t t e r  - The i nfl uence of the resonance uuio t ions

on the relat ive wave component is illustr at ed in Fi gure 2b .

The gy roscop ic-coup l ing term C
F 

is n eq ativo a l l  alonq the f requency

axis. This is due to the tact that for the mode l thc phase differences be-

tween the rolling and heaving di sp l acu ’uuuc nt s su re gre~it u ’r than rif2 in I_ lie

entire frequency domain. 
—

The force rate x displacem ent term indicates it ~ pe.uL a t  rol I u o’ t imm .li k (‘
a id lit ’ qa t i ye peak i n response to heave resom ia rice

The Bernoulli quadratic component appears to be negative in I_ he entir e - - -

frequency donua in , wh i cli l O S U  I ts f rom the force unlia lance due to I_ lie quadra Ii c

pressure •isyuiimetric with respect to the vertic al ;—axis,

— 
The relati ye W JV C term CF is I.buiir~ nt amonq the components. I t osceeds

4
and counteracts ~i li the rest of the components and thus y ield s tIm ’ posit iv e

resultant driftin g force , wh i ch reniains below un i ty .  Th is  cont i rnus the

calcul ation and aqrecs w i t h  the energy conservation l~ir~. The behavior of the

magnitudes of the rat io  of relative elevation to incide n t wave amp l i t ude

r 1 /aI is illustrated in Figure 2b , where I nd I cate Elm’ loc~u t  ions • i • •

the intersect ions of the hull surfaces at e q u i l i b r i u m  w i t h  the mean free

surfaces along the p ositive and uueqa tiv c y-axi s . ~Thcn the body is t ree , i t

is evidentl y affected by th e resonance mot ions .

The asymptotic behavior of the [ore,’ components for the i of (ii i Ic f rt’-

quency are es t i m a t e d  as follows :

As the I reqtiency approaches m l  m i  ty , thc re.~pouisc not m u  van i shut’s and it

rc~ il~ that I) the 1w II nu ot ion cI t ’per i d~~~t qy ros~ op I c -con~’ 1 1 nq ~iuuti I (urc(’ rate

x di sp I acemeuu I to runs w I I I vauu I sh , and 2) the no 1 at I yt’  wave el oval i Otis tar

:11

-~~
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free body reach to the state of perfec t reflection against a fixed body .

In mathematica l foruuu we have

p

CF

- 
0 (LiOa)

C —

- 
-

P frequency

and

j r ~~ 
- 2a

$ (14Db)

Hence , referr ing to (39d) and (A-28) ,

3 
CF 

-. 2.0 . (140c)

According to the energy conservation in perfect refl ection at infi nite
frequency . we have

CF 
1.0 . (LiOd)

a: Ttw s , it k inferred that

CF -1 .0 . (140c)

For the vanishin gl y low frequency , the four components are estimat ed in the
followin g manner:

The phase diff erence between heave and roll is ri/2 in Eq. (A-14), t hus

C -. 0; s ince the hydrodynam ic force rate is linearl y proportiona’ to theF1 -
wave frequency (Eq.A-6) , C -. 0. Since the heave phas e is zero and roll

phase is TT/ 2 , th e components S~
3
~ and ~~~ vanish together with the term s

containing w In Eq .(A—30) . Thus due to (A-28) , ~ -~ 0. Since the trans-

m i ss i on of energy is perfect, EF -. 0. Hence It is inferred that the Bernoulli

quadrat ic term C -. 0.

Fi gure 2c illustrates a comparison of the ana l yt ical methods and experi-

menta l va l ues. Maruo ’s far—f ield theory is presented by a dotted l i ne and
t he present near- f ie ld method i s ind i cated by a solid lin e . Both results are

In good agreement as was expected. The near-field value indicates the effect

22 



_ _  

R-2061
p

of roll resonance , whereas the far-field procedure does not. The experi- 
- 

-~

mental va l ues indicat e hi gher values than unit y in the hi g h f re qu ency reg ion .
P

Shi p:

The four constituents of the beam sea mean drifting force actin g on H
the sh i p, Refe rence 12 , are illustra ted in Figure 3a in coefficient form .

The behavior of the following coefficients appear to be similar to that

of the cylinder in tha t I) the hull—mot i on dependent terms C and C show
F1 F2

their peaks at (or near) the heave resonance frequency (see Fi gure 3b);

2) the phase difference between heave and roll as shown in Fi gure 3b appears

to be greater than nf2, resul ting in a negative gyroscopic-coupflng term;

and 3) the relative wave and Bernoulli’ s quadratic terms reach to their

pea ks in the nei ghborhood of the heave resonance.

The resultant mean drifting forces and moments are illustrated in

Fi gure 3c. Maruo ’s method and experimenta l mode l data are compared with

the results of the present calculation . The comparison shows excellent

agreement in beam seas. In oblique seas , the two analytica l methods are in

good agreement , as shown in Figures 3d and 3e.

The Irregular Freqjiency Phenomenon:

The presence of a mathematica l discontinu i ty in the mean driftin g forc e
at vB/2 1.87 for the cylinder has been investi gated . The discontinuity

is due to the ei genfrequency of the fluid motion inside the hull. Referring

to the work of Og i l v i e and  Sh i n ,18 a mod i f i ca t i on  of the Green ’s function has

H been performed just for the heave mode since its contribution is regarded

dominant. Af ter a t r i a l-and-error study, we have se lected the constant C
of 0.033.

Fi gure 4 illus trates that the modification is virtually effective in

reduc ing th . discontinuity behav ior of the drifting force.

23 
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B. The Quadratic FreQuency Response Function for Lateral Force

The purpose of the deve l opment of computational methods for quadratic

response functions is to enable improvement in the capability of predicting

the ion-l i near latera l force and moments induced by irregular waves. In

practica l terms , the important part of the sway/yaw/surge response of shi ps

is not the part wh i ch may be predicted by linear methods , but the low-

frequency non-linear part ; that is , the forces wh i ch occur at frequenc i es

below the lowes t wave excitation frequencies of si gnificance. Given the - -

quadratic frequency response function and a specifica tion of the irregular

waves , the contribution to lateral forces of the quadratic non -l inearit ies

treated herein may be computed eithe r in the time or frequency domain.
2 

-, -
-

Insofar as engineerin g predictions are concerned , it appears reasonable to

cons i der the predicted very low frequency forces as excitation to a linearized

representation of sway and yaw (as in Refe rence 3) so that analytica l predic-

tion of the important features of the non-restored modes of motion in irregular

seas is within reach - to the extent of course that the estimated quadratic ‘ 

-
frequency response functions are valid.

The portions of the quadratic frequency response function pertaining to

interact ions between two di f ferent frequencies are of importance in the abov e
respect. Since the precedin g sections of the report have indicated some quite
favorable experimenta l/analytica l comparisons for the mean drift and moment

func tion (G3 (w ,-w)), the nex t logica l step would be to compare analysis and

experiment for the genera l function (G~ (u~ ,u~ )), (or , at least parts of it) .

Because no suitable experiments had been conducted as of the time of writin g,

this nex t logical step was not possible. Thus the most that was reasonable

to do in this circumstance was to compute a typical quadratic response function

for assumed experimental conditions , and to exam i ne its p lausab il ity relative

to previous experience .

To this end the model ship (Series 60, C
8~
Q.6) as used in Reference 12 ,

and for wh ich the mean drift force response was cons i dered ear lier , was
assumed to be at a sixty-degree head i ng to waves , at zero speed , and the com-

putat ions ind i cated in Eqs.(29, (31), (32), and (34) were carried out for the

latera l drift force components. The va l ues of the function were non-dimen-

s iona l i zed in the form implied by Eq.(37); that is , the dimensional values of
(force)/length)a were d ivided by pgL . It was convenient to noni-dinlens i onalize

24
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ti
the frequencies in the following form :

W/W IL ~~

where :

W
IL 

— 41211g/L

L shi p length

A wave length

The computation was carried out for all combinations of a non-dimensiona l
input frequency range from a~0.373 to 2.2 (AlL 0.2 to 7.2). Thirty

equally spaced frequency steps were utilized within this range to reasonably

define the function.

In order to visualize the results it is advantageous to u t i l i z e  the
planes of syn~netry discussed in conjunction with Fi gure Ia , and thus a lso of
advantage to introduce the frequency transformation of Reference 2. This

transformation maps the u~ ,m~~ p la ne (see Fi gurela) into a sum and difference
frequency plane in accordance with

u~ -u~ d i f ferenc e f requency

u~ +w2 = sum frequency (41)

The ck,O~ plane is shown mapped into the u~ ,u~ plane in Fi gure 5. The

~~~~ axes are coinc i dent with the lines of symmetry noted in the discussion

of Figure Ia. In accordance with the discussion of Figure la , the fundamental 
- 

-

symmetry of the quadratic frequency response function allows complete defini-

tion if the funct i on is known in a quadrant of the plane defined by the lines

of symmetry . The quadrant of the Q1,C~2 plane (Fi gure 5) in wh i ch bo th sum H
and difference frequencies are positive corresponds to the quadrant selected

earl ier in interpreting the response to dua l harmonic excitati on. Also in

accordance with the earlier discussion of dual harmonic  e x c i t a t i o n , the sum

frequency , Q2, corresponds and is numericall y equal to, the output frequency .

Any combination of input frequencies ui~ and u~ which are on the line l~ =
stant will generate a component at that frequency . For example , the mean

drift force operator i nvo l ves output frequency of zero and is located on the

O~ axis. The frequency transformation involves no distortion of the magnitude
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of the quadratic frequency response function , merely providing a somewhat

more convenient way of looking at it. Since the non-d i mens i onal frequencies

(an) differ f rom the dimensiona l f requencies (w) only by a sca le fac tor , c~
and a~ may be substituted for u~ and u~ in Eq. (4l ) and the result ing ~~~
system taken to be non-dimensiona l .

Fi gure 6 is an isometric p lo t of the modulus of the analytically de-

termined quadratic f requency response function. The “v i ew” is toward the

orig in of the bi-frequency plane f rom a position above the u~ ax is (Fi gure 5). H
(The difference frequency axis (0~) is to the left , the sum frequency axis is . 

-

to the r i ght , and the modulus of the function is “vertical ”.) The lines de- - 
-

f ining the function contours are in the nature of section lines wh i ch are

parallel to the 0~ and Q~ axes. Each in tersection corresponds to an analyti-

cal ly computed point , and the connecting line segments are stra i ght. There

were actually about twice as many points computed as are shown. In the

figure the p lot ted domain of the bi-frequency plane appears triangular. This

is the result of computing the function to a maximum absolute i nput frequency

of 2.2. The r i ght-to—left section at the front of the plot is ind i cated with

vertical lines defining the position of computed points . This section repre-

sents the modulus of the function along the line c~ 2.2. There is an

exact ly f la t  portion shown in the center of the surface because , as an economy

measure , no computations were carried out for input frequencies between 0 and

0.373, and for plotting purposes the magnitude of the interactions between

these frequencies and all others was assumed to be zero.

Fi gure 7 has been prepa red as an aid to discussion , as well as to round

out the presentation in Fi gure 6. At the bottom of this figure the linear

rol l and heave responses are shown in non-dimensional form plotted on input

frequency , a. The lower two frames of the figure indicate the modulus of the

quadratic frequency response function on the line s of symmetry; that is , along
the l i nes 0~=0 and ci~ 0 . In these special cases there is a one-to-one

correspondence between input frequency and the sum and difference frequencies

0~ and 02 since the function may in these cases be considered to in d i ca te the
mean shift and second harmonic response for exc itation at a single frequency .

Qualita tively, Figures 6 and 7 show tha t the modulus of the computed
quadrat ic frequency response function resembles that which is expected from
prev i ous work with added resistance (Reference I). There are two main humps
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shown within the range of computation , one associated with difference fre-

quency interactions , one associated w i th  sum- frequency interact ions , and
the two humps are not symmetrical.

Severa l more detai led observations can be made. As was noted in the

presentat ion of Fi gure 6 , the appa rent f lat va l ley in the middle comes abou t
because no computations were made. The edge of this valley has some minor

“c l i f f s ” w hich ( t rans lated into the a
~ 

a2 p lane) occur along the lines
02 ~ ± 0.4 fo r  01 greater than about I. This means simp ly that the inter-

actions of ‘~
-
~g low frequency waves with much shorter hi gh frequency waves

are a good dea l large r than the value of the quadratic frequency response

function in the planes of symmetry would lead one to expect . Comparing

Fi gures 6 and 7, the most important magnitudes of the function occur near

heave resonance so that it appears that non— linear interactions between very
long waves and waves causing heave resonance can be non—neglig ible , though

of secondary magnitude . 
- IThe next observation from Figure 6 is that there appears to be two chains

of secondary (and not well resolved) peaks in the modulus of the function run-

fl ing pa rallel to the “cl i f f s ” just mentioned . Comparing the frequencies in

Fi gure 7 it is clear that these peaks are the result of resonant rolling. As

shown in Fi gure 7, the comput ed roll i ng is l i ghtly damped because the present

computation is made for zero shi p speed , and low “v i scous” roll damp ing effects

have been assumed . Roll ing is thus shown to have a secondary, though possibly

not en ti rely neg li gible effect on the latera l drift force function since the

computations show interactions between responses at roll resonance and at

frequencies approach in g heave resonance to be relatively larger than the mean

dr i f t  response nea r roll resonance shown in Figure 7.

The most important practica l part of the function in Fi gure 6 is that

to the left , the part wh i ch influences low frequency response, and this part

of the function appears smooth and re la t ive ly  uncomplicated. There is a notch

in  the mean opera tor , Fi gure 7, at a frequency of a 2.1 (0~ 14.2), and this

is t raceable to an “irregul ar ” frequency. As noted in the previous section ,

the techn i que adopted for min imiz ing  the effects of irregular f requencies

( does not completely el iminate thQ prob l em. Effects of this irregular fre-

quency are included in some way for all estimates of the quadratic frequency

response function involv ing i nput frequency of a = 2.1. The largest input

C 27
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f requency for wh ich  computations were made (a = 2.2) corresponds to
(wave )ength)/shi p length of 0.2 . As fa r as showing a picture of the com—
plete function this is too long a wave length , but any wave length would

be too long since it was shown that the mean drift force operator is

asymptotic to a constant as wave length goes toward zero. It can only be

surmisec , but it appears that the quadratic frequency response function

continues indef in tely along the 0~ axis about as shown in Fi gure 6 for the

h i ghest f requencies computed. This last feature of the function complicates ,
but does not prevent , practical predictions for irregular waves since the

magnitudes of very-very short waves in an irregular sea are ord i narily ex-

treme l y small relative to the magn itudes of waves near ship length and
longer.

The last feature of the computed quadratic f requency response function ,

the most si gnificant part of the sum-frequency interactions (to the ri ght in

Fi gure 6), is the one that the least is known about. The computed peak modulus

for second harmonic response (Figure 7) is about twice that for the mean drift

fo rce response and ha s a hump and hol low. Wh y these come about is not immed i-
ately obvious. It is again a su rm ise, but i f the d i f f e r e nce f requency par t of
the function continues i ndefini tely along the 0~ a x i s , s i gni f icant  va lues of
the sum-frequency part would be expected to continue i ndefinitely along the

~~ axis. The range of the computation is too short to convincingly demonstrate
the behavior of the function in this di rection .

28
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CONCLUS I ONS AND RECOMMENDATIONS

What has been accomplished thus far is the development of a “near

f ield’: second-orde r strip theory for la tera l  force and moment on a ship
at zero speed which is , moreover , formulated in such a way that the results

of the hydromechan ical ana l yses may be immediately connected with a long

existing general input/outpu t theory for weakly non-linear systems . As a

result of the formula tion the computation of all the quadra tic, non- linear

interaction responses between pairs of waves (the “complete ” quadratic

frequency response function) is hardl y more expensive than a careful linea r

motions analysis utilizing the strip ‘‘close—fit ’’ approach.

To the extent that the results of the present development can be

compared with experimen t, the comparision appears favorable. However , the

experimental data available are concerned onl y with some very special values

of the quadratic frequency response function (in fact , va l ues of the mean

drifting force and moment measured in monochromatic waves). Thus while the

present ana l ysis is capable of predicting what appears to be a plausible

complete quadratic frequency response function , experimental confirmation ,

either direc t or indirect , of the entire computation is lacking .

In order to make further progress in this area some experiments ,

wh i ch go beyond the convent ional, need to be carried out , with the objectives :

a) of enabl ing comparisons of experim ent and theory in at least the most

important areas of the bi-frequency domain , and b) of enabling comparisons

tu be made between lateral driftin g forces and moments in irregular seas and

those predicted completely by analytica l methods.

Since the influence of the quadratic non- linearities in lateral wave

induced forces can be i mportant in applications where precise directional

contro l of ships is required , an extention of the present methods to include

forward speed is also recommended.

29
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TABLE I

P R I N C I P A L PARTICULARS

The part iculars of Koyerayama ’s mode l , which have been used in the present

ca l culation , are tabulated below :

Cyl inder Shape of a Lewis-Form Section

Section Area Coefficient 0.9326’
(due to close-fit)

Beam , ft 1.61+

Draft , ft 0.656

Roll Gyrad ius , ft 0.5711

Metacentric Hei ght , ft 0.1 214614

Vert ftal Center of Gravity _ O .075L +14 ”
(below waterline)

R o l l  Per i od , sec 1.895

Ro ll Damp ing Factor 0 .62

ori gina l value : 0.9142

~
“ori gina l va l ue : -0.108

-4.
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TAB LE 2

MODEL P A R T I C U LARS
Ser ies 60, C

5
=O.6

LBP , L , ft 5.00

B readth , B , ft 0.667 -~~~

Draft (leve l trim ) , 1, ft 0.267

Displacement (F.W.), A , l b 33.27

LCG (abaft midsec tion ), ft 0.075 : .,-

VCG (below waterline ) 
~~~~~~~~ ft 0.022

Rudder area , ft2 0.030

Waterp lane Area , A
~
, ft2 2.355

Load Water line Coefficient , C 0.706

Pitch Gyradius , ft 1.2 75

Yaw Gyradius , 
~~

, ft 1.275

Roll Metacentric Height ,GM~,,ft 0.025

,

~ 

~~~~~‘
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O KOTERAYAMA ’S EXP.
MARUO ’ S THEORY
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A P P E N D I X  A

THE H 1 k F U N C T I O N S  FOR THE LATERA L D R I F T I N G  FOR CE

I) H 1 1  for I i

~: ~~~~~I - ‘ “ m’ iW~ t~ ~~~~ - - ~~~~~ ~~~~~~ i~~~tI = R e~ e Re~~~dxm (x ) - -  w eI Lm = l ,2 am J 0 n l ,2 n a

(A - I)

( w )  ~ (3) 
(x, )

H i i (Wm~
W n) = 

a 
m j ’ dx m

0(x) 
W 2 

a (A-2)
m L n

Since ~~~~~x,w) S~
3
~ (w) - x S~

5
~ (w) ,

J’ m~ (x)dx M (shi p mass) ; jx m (x)dx = 0 (A-3)
L L

we have

~~~~~~~~dx m (x)W 2 
a 

n 
~
L
n
2 

~~ 
— n

L rn n

thus ,

~ 
~(3) 

( - t -  )
Re H ( - t  , -Lui ) = 

_
~ m 

_______ M1 , 1 m n a n a 0m n

) ~ (3)
(~ )_ Ill 

_ _ _ _ _ _  Ma fl a 0m n

(i ) 
~~~ (i- )

Im H  .(i ,~t u . ) = t — ~--- HI , . m n s n a on

( x )  ~ (
S m ~~~~~~~~~~ M (A- 5)a a 0

m n

Al
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H
2) H 1 2  for

= Re {rdx 
~~~2 

~~~~~~~ 
e

m
~~Re ~ dz 

~ 
p ~~ ~~~(W) 

e ’
~~ )dz}

L m c(x) n=l ,2

(A-6)

~ : 

H i 2 (W m~
Wn)= ~dx ~~~~~~~~ - ~~~~~~ (A-7)

S (2) ( W )  p ( w )
R e H 1 2 = 

C
a 

m 
J~~

d X P W n s ~: 
n dz

m L c(x) n

s (6) (W ) p ( w )
÷ C

a 
01 dx x p W ~~~~ ‘~ dz

m I c (x) n

s (2)
(W) p ( w )

± 5
a 

m J’ dx p U)~1 ~f’ 
—~~~~~ ~~~~ dz

01 L c(x)  n

P S~
6
~ ( w )  ~ ( w )

± 
~~a 

m f dx x p w~ ~ 
n dz (A-8)

m L c(x) n

S~
2
~ ( w )  p ( w )

I m H  =~~~~~_C 

~—j ’ d x p w  
~ 

yc n 
dz1 ,2 a n aV m L c(x) n

S
(6)

(w) p (ui )
; 

C
a 

m J ’d ~ ~ —v: 
“ dz

m L c(x)  n
P 

~(2)(~~ ) p ( w )S m 
~ ys n+ d x p  w dza n a01 L c(x) n

( w )  p ( w )P + 
5
a 

~ J
’dx x p w dz (A-9)

m I c(x) n

A2
9 

-

-

a--
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3) H~~ for I

- (14) 
- 

-1
3 Re~~~~~

2 ~~~~ e 01
(
~ Re jJ’dx f (Z_Zo) ~~ ~~~~

‘n~ e
I
~~

t
)dzj

(A- 10)- (14)
H

I ,3 (Wm~
W
n) = - 

S (w ) 
PW

n 
c(~)~~~~°~~~~~~~~~

’ ~~~~
w

n)
)d (A- l i )

(4)S (ui ) 
~ (ui )Re H = - —~-— -—- J!L. dx pw .f (~-z ) —~.~_a_ . dz

1 ,3 a n o am L c(x) n

p (~ t ); J........_J~L dx pu (z -z ) —~~~-.!L._ dz (A- 12 )~ L c(x)  n 
—

F.

S~
14
~(w ) p ( i  )Im H ± ._E__ i~i_ J’ dx p~i- J~ 

(z-z ) —~~.....!L dz
1 ,3 a n o am I c(x) n

S~
14
~(w ) c- (~ )- —~-_-__._!!i_ J~ 

dx 
~~ S (z-z ) —Y-L~_!2._ dz (A- l3)01 c(x) n

14) H
1 4 for 1

-(3’- S~ ‘(x,w )  
~~~~~ - ~ 

t~~ (u~~) —ia t
14= Rej dx ~ —

~~~~~~~~~ e 
~Re 

~ 5 p ~ e ~ )dzI m=I ,2 m c (x) n=l ,2 n

(A - l14)

- ~~~~~~~~ S~~~ (L5 ) -  p ( w )  
~ ( w )H

I ,1+(Wrn~
W
n)= ~~~~~~~~~~~ -x — —-.

~
.
~
) S ~~~~~~~~ -iL n n c(x) n n

(A- 15)
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S
I

S~
3
~ (L )  ~ 

‘ 
~zs~~n~Re H —--—-_ I dx puia n - -m I C ( x )  n

S~~
)(~~) (P

~s
(W)

PW n ~Im L c (x )  n

______  

p ( w )± S __fB._ dx pw ~ —~~--~~~ a~ d za n am L c(x) n

~~~~~~ 
-‘ 

Pzc (W n)x 
~~n ~ ~~~~

— dz 
(A-l6)m L c(x ) n 

- 
-

- ~~~~~~~ 
~zc~~ n~Im Hl,14 =+_ _

~
_
a~

____
J’ dx 5 —

s
---——— dzm I c (x) n

(5)S~ ~~~ r Pzc (W n)± ••••__•_____._ J dxxp 
J — —dzm I fl

( )  an

S~
3
~ (w) 

~zs~~n~pw 5 —a 
I n o an

~~~~~~- — 
a~~~~

S
~~

xP
~n 5 — — dz 

(A- l7)m L c (x ) anL.
5) 

~~~ 
for 1 5—

~~~~~ ~(13) -( S (
~ ) - ~ ~ - ~~ t1 5= Ret ~

_ — J!L. e m 
~Re ~fdx 5 yp 2~ ~~~~~~~~~ e )dz , (A-l8)m 1 ,2 m I c (x) n 1 ,2 fl

_ _ _ _ _  

p ( w )  p ( U )H i ,5(Wm~
I
~n) a ~~— 5dx PIUn J’ ~—~

__a -i -~~~-~~-- “ )
~~ (A- 1 9)m L c (x ) n n
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Re H 1 ~ a 
dx puin a dz

m L c(x) n

p ( u )
± s 

a 
~ J dx pw 5 ~

, ZC ~ dz (A-20)
m L c(x)

p

O L e)
S ( u i)  p (w)

Im H 1 5 ~~~~ 
C

a 
m 

$dx pw~ J y  
zc

a
n dz

m L c(x)
p

~ ( 
~~(Lu ) p (w

+ 
s 

a 
~ 5 dx ~~ 

ZS

a 
n dz (A-21)

m I c(x) n

p
6) H 1 6  for  16

v~ (w ) ~~~ I~ 
I.-~) (U ~ ) IW n t~

~6 
= p dx 5 Re m e m }Re ~~-‘ —fl-— e dz (A-22)

I c(x) m I ,2 a
01 

L
n=~~, 2 an r 

-

1 v~ ( V )  v~ ( u i )
H 1 6 (W ,u)) = ~ ~~ a 

~ dz . (A-23)
L C(x) m n

q~ 
(w )p ( w )  p ( w ) p  ( u i) .

Re H = ~ ~dx 5 ~C 01 ~/C t-l 
+ 

zc rn ZC n 
j dzp 1 ,6 2 

L c(x)L am an a an

~ 5dx ~ [
4)Ys

(Wm) ~ys~~n~ + ~~~~~~ ~~~~~~~~~~~~ dz (A-24)

~. 
c ( x ) m n m n

Im H 1 6 ~~~ ~~rdx j [  n~ 
~~~~~~~ 

+ ~~~ ______ dz

+ ~ J’~ x 5 L~~~~~m
) YC~~~~ + ~~~~ ____ dz (A-25)

L c(x) m n m n

The ve l ocity components of the water are evaluated by app l y ing formula

(C-19) in Appendix C.
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7) H 1 
fo r 1

7

1 7 
= pg ~dx~ - Re(~~~ 

~~~~~~ 
e 

m
)Re~ ~~~~~~ e~~~~~)

r( w )  .

+Re~ ~ a 
m 

e 
m 

)Re \ L~ a 
e 

I W n t)} (A-26)
m l ,2 m n 1 ,2 n

- ~~(w) (w) (w) (w )

p H
i 7

(W
m~

W
n)= ~- pg ,Pd~ 

+
a

m 

~~~~ 
+ 

_

am

m 
a~~ } 

(A-27)

• r (w ) r  (w) r (u i ) r  (w)
- C+ 01 c+ n s+ m s+ nR e H

1 7 =~~- p g ~~dx~~ - a a 
± 

a a

- 

- 

L 

+ 
r (:) r ( w ) r~~ (w) rs (

~ n)

} (A-28)

r~~ (u~ ) r5 (w ) r5+ (ui ) r
~~

(u
~ )lm H = — pg dx — _______ _______

1 ,7 2 L+ a a a aL m n m n

± 
r
~~

(w) r~~ ()~~~ 
+ 

r~~ ()~~~ r
~~ (~~~~ 

(A- 29)

where

r~~~(:, w )  
- 

PUJ m
(P

s±
(U )

m ) 
- ~~~~~ 

+ ~~ 

S~~~(w) ~~~~ S~
14
~(w)

r~~(:,ui ) 
= 

pw ;~~(w) - 
S~

3
~ (ui ) 

+ , 
S~~~ (uJ~,) ~~~ S~~~~(w~ ) 

(A-3O)

p w p  ( u i )  
~m S± ri c

Pga m 
— 

Pga
01

- 
ii- y = ± B/2 , z = 0 . (A—31)- 

p PWmPc
(Wm) — 

1’s
Pga~ 

— 

Pga~
Formulas (A-3D) and (A-31) are evaluated by employing (C-17) in Appendix C.
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APPEN DIX B

THE H 1 k FUNCTIONS FOR THE LATERA L DRIFTING MOMEN T

1) H 1 1  for I~

(3)S 
~~ I1~ ~~ I 1 ll l t i  - - ~S (x,- t )  — ia~t~I Re i--i — —~—— e ~RC- ~ dx x m (x) a — ea 0 11 am=l ,2 n~ L n=l ,2 n

( B - i )

_ _ _ _  

S~~~(x .~~) :~H (~& .~ 
) = ‘

~~
— , dx m ( x )  a -

~~~~~~~~ (8- 2)1 , 1 m n a 
L 0 n a

Since

- 
~~~~~ (x , a )  ~~~~~ ( a )d x x m (x) ui —~~— -~ — Io fl a n a 51~L n n -

p 
m0 (x)x dx  0 

(8-3)I

where

1 55 = p i tch monlent of in ertia

we have

s ( u )  s ()~~~R e H  ( u , i~~~) _  CP l ,l m  n a n a 55m n

) S~~~ (a± S
a

01 n a 1 55 (B-14)

s~~~(~u ) s~
5
~ (~ ) —

Im H (ui ,1-U ) = — ~~~ 
01 

~5I —~ - 
~~~~~~~~~~ I1 .1 m ~ + a n a 55-~~ 01

- 
S~~~(ui )  

~ 

S~~~ (W) 
1
55 (8-5)

I.

B I

_ _ _  _ _ _ _  _ _ _ _  _ _ _ _  - ~~~

-

~~

-
-~~

-
.
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2) H~~~~for i

1 2 Rerdx x 
0 )  

e
_

~~
m
t;Re{ ~ 

—~~~ 
p ~~~~~~~~( u i)  

e
1
~~ t)dz~

L m=I ,2 m 
c x) n—l ,2

p
(8-6)

~
(2)

(x ,W )  p (~~) p ( u i)
H

1 2(w ,a )  = dx x —~~~~~~ L- ’ Pa
n 

__2 
— 

~~~~~~~~~~~~~~~~~ 
dz (8-7)

L m c(x)

S (2)(ui ) 
p (w)Re H _.E.-___..2L. dx x pw f’ —Y.L.JL. dz1 ,2 
aL c(x) n

(6)
+ . __..i~m! fdx x~pw 5 

cp (w ) 
dzm c(x ) n

(2)
± 

5 (w ) 
x PW

n 
c(~) 

P (w ) 
dz

5 
(6)

± 
f~ x X2 PW J’ !L22. dz (B-8)01 I c(x) n

Im H7 2  
(ui

m)
1 x PWn 

c(~) 

w )  
dz 

—(6)
S (W ) 

X Z3 Pwn 
c(~ ) 

P (w ) 
dz

S(2)(w) 
p (Lu )+ —.L.. ...!~L j’dx x pw J’ ~~~~~~ dzm I c(x) n

+ ! (w) 
X2PW 

c(~ ) 
dz 

(8-9)
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3) H 1 3  for 1
3

V -(14) 
-S (i ) — j u i  t I (a ) . -1

3 Re1—~~~ am 

In 
e m 

~Ret 
rdx X ( Z - Z ) � _ , p  ~~~_Y-~~!2_ e~~~~~)dz1

- V (8-10)

-(14)
H
i 3

(ui
m~

W
n) 

= - 

S 

a~~~
m) 

~dx x n
c~ x)

0
~~~~~

an 

- 

~~
c ( fl

)
)d (B-l i )

Re H = - 

S~
4
~ (ui ) 

~ dx x Pun 5 (z-z ) dz1 ,3 am I c(x ) n

$

~~ a 

U
~m 5 dx x PW n ,~ (z—z ) 

~~:~~~
-
~
-- dz (B-I2)

m L c(x) n F

0
s (14)

Im H 1 3  = ± 
a 

Wm 5 dx x PU)~ 5 (z-z ) ~~~( w )  
dz

m I c(x) n

•
~s 

(L
~n) r.

— 

a dx x Pun (z—z ) a dz ( 8 — 13 )m I c(x) n

• 14) H 1 4 for l 4

= Re{ ~dx X
m=~~,2 

~~
3
~ (x,w )  

e 
Wm t~~~

{
~~ 

n 1 ,2 

~~ 

~~~~~~~~~~~~~~~ 

e ul
, dz7

(8—11 +)

,~ (3) (a- ) ~(5) 
(w) -~ ( I )

p Hi ,Le (Wm~
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n) 

J’dx xç_ 
~— -x 

am 

m ) f ~ ~~~~~~~~ - i —l
~~)dz

(8-15)

p B3
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S~
3
~ (W) r -Re H = dx x p-i- dz1 ,14 a n am I c(x )  n

p

-. . ~~ (a- )C m f zs  n
- dx~~~pa dza n am I c(x) n

_______ 
I’ - - 

_______dx x pw dza n ~ am L c(x) n

s~
5
~ ( w )  

~
p (w)S

a 
01 

•~dx x2 p -i- ZC fl 
dz (8-16)

m L ri

p (w)
Im H 1 4  

= 
~ 

C
a 

m dx x pw~ 5 _~c n 
dz

m 
~ . c(x) n - -

s~~~ w )  p (~~ )± C m J’dx x2 p-~L 1’ ZC 
~— dza n am I c(x) n

• s (
~

) (~ ) (i )
+ 

S
a 

m 5dx )( PLu1.~ 5 dz
01 1 c(x) n

s~
5
~( w )  p ( w )

- 
5
a 

~ ,J’dx x~pw 5 zs n 
dz (B-17)p 

01 I c(x) n

5) H 1 5  for 1
5

I~ = Re{ ~ e 
W t } (  

dx 5yp 
~ ~~~ 

e
wnt)dz}

m=1 ,2 m I c(x) n 1 ,2 n

(B- 18)

) cp (w ) p (w )
H
i 5

(W
m~
W
n) = a 

m 
J
’dx x ~~ 5 ~ ( 

zs n -i zc n 
)dz (8—19)m c(x) n n

BLe

I~ TI 
~~~~~~~~~ T J ~~~~~~~~~~~~~~E-~~

- - -
~~~~ ~~~~~-~~~E~T ’ 

-
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S

(14)S (w) p (i. )
Re H

1 ~ 
= E~

__
~!B._ 5 dx x 5 y —~-~ ~ dz

01 1 c(x)p
( 14)

S (w ) p (a)m 
~ dx x PWn S ‘

~
‘ 

ZC 
-
~~

— dz (B-20)
m L c(x) n

p 
(( 1)

S (ui ) p (a)
Im H

1 5  
C
a 

m 
~ 

dx X Pa n 5 ~i 
—~~-~~- dz

m L c(x) n

• ( L 4)
(~L )

S m p (a )
+ dx x pa 5 y Z5  

dz (8-21)
In c(x) n

p 6) H 1 6  for 1 6

1 6 = ~ 5dx x $ Ref ~ v~ ( u )  
e ~ ~~~~~ e~~~

nt}dz (6-22)
L c(x) m=l ,2 In n l ,2- , 

p 
1 - ~~~~~~~~~) ~~~~~~~~~~~~~

H 1 6(Wm~
W
n) 

= -
~~ P dx x 

~ a 
m — 

a dz (B-23)
L c(x)

(~: (~~~) ~~ (-~~~) ~ ( a )  -r ( w ) ~~Re El -~- °d x x  ~~~~‘c rn 
_ _ _ _ _  + PC 01 ZC ~ dz1 ,6 2~ ~~L a a a a ~Jv L c(x) m n m

~. (a) ; ( i )  ( i )  p (a)
; •

~~
- rd~ x S L 1a 111 

-~~~~ I~ + 
p~~ rn ~ dz (6-214)p I c(x) m n 01 n

L - ~ y C~ ri~ ~~~~~~~~~ ~ZC~~~M~ ~ZS~~~n~ 
-

~~~ I H ,=±E.~~d x x  ~~L a a + a a Jdzp m l ,o 2 1  c (x) m n

p (w) p ( a )  ~ ( u i)  ( a ) .
+ -~. Jdx x 5 ~ ‘~fC  11 

+ 
01 

_____ dz (B-25)p 1 c(x) m n m n

L 85
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7) H 1 7  
for 1

7

1
7 

= pg Jx x {-Re( 
m~~l,2 ~~~ 

e m )Re~~~~ e n
j

r (w) j (w ) . -

+Re~ L~ a 
~ e ~~~)Reç ~ a 

n 
e

_ I
~~~

t

) ( B—2 6 )
m 1 ,2 m n=1 ,2

~~~~( a )  ~~~ ( w )  ~~~(~~~) ~~~ ( w )

• 
H
i 7

(U
~~

,a
~

)= ~
- pg ~dx x f- :~ 

m 
:n 

n 
+ 

m 
a 

n 
} (6-27)

1 - r~~÷
(w) r

~~~
(-a ) r5 (a) r5 (-a )

ReE l  — p g  d x x ~~ - ± _ _ _ _ _  _ _ _ _ _

1 ,7 2 L a a a a
p L 01 n In n

+ 
r~~~

( a ) r~~ (w~) r~~ (~~ ) rS (w )} 
(6-28)

p

~ 
r ( w )  r (w )  r (u~~) r ( w )

I p I - C -i- 01 S+ fl S+ m C4 n
I H — p g  - d x x i + - _ _ _ _ _ _  —
m 1 ,7 2 -~ L a a a a

L 01 n In fl

p

— r~~(~~ ) r5 ( W )  
+ 

r5 (Lu ) rC (a)

} (B—29)

p

where eva l uation of the r is carried out by using Eqs .(A-30) and (A-31) in

A ppendix A.

The velocity components of the water on the hull surface as show n i n

• (B-6) - (B-25) are evaluated by us ing the formula (C-l9) in Append ix C.

p

B6

p
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A P P E N D I X  C

THE RESULTANT POTE NT I A L , PRESSURE AND VELOC I TY

As ind ica ted  ri Appendic ( - s A and B , we w i l l  now evaluate the re su lt ant

velc c ity potent ials , the hydrodynami c pressures and velocity coniponcnt-~ on

the hull sun ace. The ri-sul tant poter t i al p of the water flow due to the

shi p motion with drift restrained in obli que regular waves consists of the

incidence , diffraction and rad ia t ion  wave p o t e n t i a l s .  These po ten t i a l  components
are evaluated in a stri pwise manner described as follows :

let the incid e nt ang le of the wave be de’~i gnated by ~ as shown in

Fi~iure Ic and let the wave progress in the positive Y—d i r c ction . Then the wave

p ro f i l e  is
p

- .

- 
h 1 = a COS(V ysin ~ + v xcos~ - at) (C-I)

where

a = wave amp l i tude
P V = wave ntiiiibc r (a~ /g)

= circul ar frequency of the w ave .

Now , suppose two ver tic ai contro l p lan es cut t ile bod y at x and x+dx . and ohset - ve

the wave mo t ion wi t h i n  t h e  i c t i t i o u s l y conf ined doiiia i ri wh ich  is i n f i n i t e l y ex-
tended i n  the lower half domain , i .e., in y- and i—d i rections . Th is domain is

desi qna te d the ‘‘stri p domain. ’’ The wave equation , Eq.(C—I ) c.in be interpreted

in this domain by notin g that the term vysin~ de term i n es t h e  wave for m i n
the stri p doma i n and that tile term VX cOS~ represent -~ tile phase SI) i f  t of t h e

inc i dent wave at y O  and x x  relative to a crest at the Ori g in. Thus the

potent ia l of the incident wave , Eq.(C— l) is defined in the s t r i p domain i n  tile

form

= ~~ c~~sin(vy sink + V~ cos ~~ — at) . (c — 2)

Th is potent ial consist s of even and odd functions with respeLt to y and they

ar- t- expressed in the forms :

0 VZ -c s i n (vy .s in~ ) .co s (vx cos~ — a t )

L
~

1
(

i 
= 
~~ 

C c.os (Vy.sin~ ).sin (vx cos~ — - i t ) (c — .~)

C l  

‘-~~~~~~~ - ~~~~~~~~~~~~ -~~ -~~ 
- ~- i’.-- 

i____ .
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The odd function is app lied to represent the asymmetric flow about the z-axis ,

while the even function is applied ta the symmetric flow . This functiona l
p 

resolution w i l l  be utilized in the kinematica l boundar y conditions in the

f o l l o w i n g  sec t ion .

Diffracted Wave Potential in a Strip Domain

We assume the diffraction potentia l in the stri p domain in the form

In)(x y z;~~ t) Re[~~Q
(m)(s) .G(yz1 1~~)ds e

i xc0
~~

_L
~
t)1 (c- 14)

P where c des i gnates the mean wetted contour of the stri p section and m

desi gnates the mode of excitation L m 2 ,3 sway, heavel. Q~~h1~~~(5) des i gnates the

unknown comp lex source intensities distributed over the stri p surface . These

source intensities are determined by satisf y ing the kinematical boundary con—

p dition on the body surface

ÔS I
D

- (c-5)

These source intensitie s depend on the mode of e x c i t a t i o n , the geometry of the
body and the incident wave . The function G(y,z,1],~ ) [Reference 20] is the

two—dimensiona l pulsating source potential of unit intensity at the point ([~,~ )
in the lower half p lane . The exponential term ~~~~~~~ represents the loca-

tion of the strip x x  where the disturbance occurs in res~onsc to the obl ique

incident wave of wave number V and incidence ~~.

Since , Q~In) and G are the comp lex source intensity and Green ’s func-

t ion , respec t i ve ly ,  let them be

) 
Q

(rn) 
Q
(In) 

+
0 Dr D i

G = G r - i G.

I

. — (m) (in) . . - (ii)where i = ~
- - — I and wher e Q

0 
arid Q~~~

. arc r ea l  and i maq, nary parts of

and G
r and -G. arc re~i 1 and imag inary parts of G

Equation (C— Le ) is then changed to

~ (m) 
S\Q~

m)G +

- 

~ 

-Q ~~
) 

~ 
+ Q 

(i n) 
~ 

~ s in (vxcos~-at) . (C -6)

C2

- ~ - - 
— - - — --— -—-—--~~~~ 
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p -

rHs potential ~~~ is detee- - i ned b y sat isf y ing the kinema tical boundary
condition , Eq.(C-5), wh i ch becomes

~ (2)

• - r

• (3)

~~~~~~ (c -7)

on the fixed body surface. This boundary condition is speci fically written
in the followin g form s by dropp ing the suffix D, i.e., for sway (m2 ),

~~ Q~
2
~ I~~~ + ~ Q

(2
~ ~~~ 

=
j= l ~ ‘J j = l  ~~~~~~ ‘J

p
- -

- —we [s inhi. .cos(vy 1 sin
~
)s in

~~ 
— sin (vy . sinp.)cos~~]

r ~ (2) (2) 
~~ Q~

2
~ I~~~ = 0 (C-8)

j l ~I j=l +J J

and , for heave—excitin g (m 3),

~ QP~ I~~~ + 2~ Q (3)~ ~~~ = o
J 1  J ‘J 

~
=i N+j ij

I
t 

~~~ ~~~~~~~~~~ ~~~ ~~~

p -we ‘[sin ~ .si n (vy~ sinp )sin~~ + cos(vy ; sinp.)cos~ 1 J . (c-9)

Her e 
~~
. is the angle made between i~

1
~ segment and the positive x-axis and both

(m) (m) . . a ai. . and J~ . form a l l y represent the norma l derivatives 
~~ $G,.

ds and ~— $G~ds ,

P and are called the “influence coefficients ” with specific definit ions g i ven in
(m) (m) (m) hthe Appendix of Reference ; and Q. = 

~r 
and Q. at the j

~ seg-
ment . If N sources are distributed over the strip surface , we obtain a

(2N x 2N) simultaneous equation system with 2N unknowns , i.e., the real and

P i mag in ary parts of the N sources.

Since the ri gh t-hand sides of Eqs. (C—8) and (C-9) represent the expression
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-

-
~~ s— , t he solut ion Q0 gives the source intens i ty per unit amp l i tude of
the incident wave and the insertion of thi s Q~ ~ i n  Eq.(C-6) then prQv i des

p D I (m)
the diffraction potential per unit amplitude of the inc i dent wave 

~ 
p
0

In reference to (c-6) , the complex diffract ion potential ~0/a i n  the stri p

domain is defined by its rea l and imag inary components p~
m) ia and

p in the following forms :

(m) ~(m) ~(m)
.J2E..... = ~~~~~ cos(vxcos~) - 

_22_ sin (vxcos~)

• ~(m) t(m)

—~~~~~— = _
~~~~ ..— s in(Vxco s~ ) + —b-- cos(vxcos~j.) (C-b )

w i t h
~(m)

= r(Q~
) G + Q~~~G 1 )ds

—
~
�— = f (-~~’~

) i 1 + Q~~~G )ds . ( C - i l )
p

The Radiat ion Potent ia l  in the S t r i p Domain

F rom the solutions of the coupled heavin g and pitching, and the coup led

• swaying, rolling and yaw i ng motions of a shi p in obli que seas , according to
a procedure for mot i on ca lcula t ion , we obtain the five responses s(m). The

displacements of the section consist of three degrees of freedom : sway, heave

and rol ’ wh i ch are induced by the motion of the shi p, namely,

P (2) ( 2) (6)
S (x) S +xS

(3) (3) (5)
S (x) S — x S

andp 
(L4~5’ ‘(x) 5’ / . (C— l2 )

- . . - (m) .Th e comp lex radiation potent ial /a whi ch is due to the actua lp response motion of the section in the incident wave is g iven by the following

_ _ _ _ _ _ _ _ _ _ _ _ _ _  - -
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h

expressions:

(m) S(m) ~(m)
P ~Rc = C ~~(m) 

- 
S ~~(m)

a a Rc a Rs

~(m) ~(m) ~(m) (m)Rs = C ~~(m) 
+ ~~~~~~ (C-13)a a Rs a Rc

P
with

~(rn) = 
~~ 
(Q~.

In)Gr + Q(m) G)d

• ~~(rn) = 5 (Q(m)G + Q(m)G )d . (c-114)

The ~(m) in the above presents the radiation potential per unit motion dis—
placement , i .e., ~~m) = 1 and ~

(m) = 0 . It is to be noted that the sway
12\ C S -‘2’ _ (L~\P disp lacement S’ ‘ has to be replaced by S’ ) 4Z0S k ‘ when the rollin g axis

passes throug h the ori g in 0 which is defined in Fi gure 1—b. Since the section
— ‘m’ —~2~ 

_ (3~mot ion displacement S’ / is i nduced by the shi p motion , S’ / and S’ / should
satisfy Eq.(C—l2).

In view of the above, the resultant velocity potential ~/a for each
section is given by the following expressions :

= ~~ e
’
~~sin [v (ysin~ + xcosp.)]

~(m) ~(m)
+ >I~ L —.~~— cos(vxcosp.) - 

._
~~~~

_. sin (vxcos~r.)]m 2 ,3

s(m)x (mkx\
+ ~ ( c ~(m) - 

Ss
m 2 ,3,14 a Rc a Rs

5-
~

— = - e cos[v (ysin~ + xcos~)]
~
(m) ~(m)

[ 
Dc sin (vxcos~) + 

Os cO5 ( VxcoS~)]
m 2 ,3

S
(m) (X)

+ ~ ( c “~~(m) + S ~(m)) . (c—l5)
m 2 ,3, k a Rs a Rc

C5

Ak. 
- 
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The Hyd rodynam ic Pressure

The complex resultant hydrodyna mic pres sure —
~~-- per uni t  wav e ampl i tudep 

is derived from the potentiai T~. a~d , as th e following .

- p a—~- ; .—
~- =  pw .—~- - (C-I6)

P Substitutin g Eqs.(C-15) into Eq .(C-i6) , we have

~
(3) (2)

—~~ ~~~~~~~~~ cos (vxcos~) - ~i�i~. sin(vxco51.i.)

(m) (m)
+ L~ L!~

_ 
cos(Vxcos~) - 

DS 5in (V xcos~) 1 ‘m=2,3 —

• 

m=2,3,14~~~~~~~ 

~m)( )

P (3) ( 2)
= —u-. S~~f l( VxCOS~L) + —~~

-
~
.— cos(vxcos~)

(m) (m)

5 (’~xc0s~) + 
~~~~~~ 

cos(’)xcos~)]

s (m)(X)
+ ~~ (_ c_ _.. . ~~~~ + _L_.~~(rn)) (c-1 7)m 2 ,3,L+

p
with

(2) (2)
= 0 , !~i~L. = pg~VZ

5jfl (~ y5jfl~)

) (3) (3)
~Kc . ~Ks— = Pge cos(vys,n~) , — = 0
(m) ~(m) (m) ~(m)

= -p~~ —p— ~~~~~— = —p--

= -
~~~~~ ~ 

~~~ ~~~
) 

. (C- 18)

c6
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The Velocity Components
- - - The ve l oc i ty components are derived from the potential Eqs. (C-l5) in

the following form:

= w e~~~ s i n i~ cosLv (ysin~ + xc os~~)]

(m) ~(m)
- a Dc ô Os .

+ i—’ L~—~
—— cos (Vccos~) - ~~— —  sin (’~ixco s~)m 2 ,3

~(m) ~(m)

m 2 ,3,L4
(a

~~~~~ 
~~~~ 

~~~~~~~ 
~(m))

c VZ
— w e sin [v (ys,n~ + xcosp.)]

~(m) ~(m)
-
~~~~~~~~~ Dc ~ Os - 1cos(Vxcosp) - ~~— —  sin (vx~os~ )j

(n~. (m)S i~x) S (9
~ ( c ~ ~(m) s ô (m)+ 

~~
‘ \a  3~ Rc a ~i~~ R S )m 2 ,3 ,4

= w e~~sin~sin [v (ysin~ + xcos~J

~(m) ~(m)

~~~ 
3
L~~~~~ 

-_
~~~~

_- S i n ( V X C O S ~~) + _.
~~~ — cos(vxcos~)j

(m)( (n)(

m 2 ,3,4~~~ 
~ ~~~ +~ _ ~

-w e’~ cosLv (ysin~ + xcos~)J

~(m) ~(m)

+ 
~~ L~ 

~~~~~ sin (vxcos~) + ~
—. —2L. cos (vxcosh~)]m 2 ,3

(m)

+ �~ (

5c (x)~~~~~~~~~~~~ 8 

~~~~ 
(C-I9)

- 
- 

m..2,3,Li

C7
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Formulas (A—30) and (A-31) are evaluated by employ ing (C- 17 )  in Appendix C.
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The ve l ocity components due to the radiation and diffraction potentials

• ~R 
and D 

In Eqs.(C—l9) are calculated by using the formulas (C— b ), (C— il )

and (C_ it t) and the formulas for the ve loc i ty  component due to the source

potential per unit intens i ty in Appendix D. Also , the symbols x and y

used in Appendix D are identica l to y and z

-

P

P

P

p

p

P

p

I,
- 1

c8
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APPENDIX 0

THE VELOC I TY C O M P O N ENTS
DUE TO THE UNIT PULSATING SOURCE

The ve l ocity components due to the unit pulsating source (GG r
_ i G j)

along the cylinder contour are evaluated by applying Frank’ s closed—f it

method .2° The flu id vclQ city components at the 1 th midpoint ( x . ,y . )  due

to the source on a segment S~ for mode m are

dG
Re 

~
G r = Re ~~~—~ - ~

ax dz

dG 1
Re !G

~ 
} Re { —

~~~ I :
(0- I)

ay~~~~~~r~~~
= 1 m

~~~dz~~~

where
_ i k ( Z ._ C )

Gr = r [iog( z
~
_ C) - 1og(z.-~ ) + 2P.V. 

e 
- k 

dk~ds

- 
—i k( z.+C)

- (_1)m 
~

‘ 
[loy ( z .-i-C) - log(z 4 - )  + 2P.V .  s e dk]ds

-s I v - k
j

e ‘ d s _ (_ l ) 2 1 1 j’ e ds

S. S
J i

The comp lex veloc ities , in (0- b ), are :

- i k ( z . -C )
dG I

r [ ._.!__ + ~~ - 2i~~P.V. C -~~~ dk]ds
dz 

~ 
z~— C  ~~. - C  v - k

j I 0

,, — ik(z.+C)

- (_ 1) m 
~ 

[ __.!___~~~+ ~ i_~ — 2ivP.V . S e 
- k dk ids (D2 )

p Dl
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(b) ,.

~+ —....!L fdx x2pLu 
~ ~~~~~~~ dzIn 

c ( x )  a (B—9)

B2

- -~~~~~~~— - —-

p - R-206l

p 
—

dG. -i- ~(z.-C) i~ (Z j+C)= - 21ri~ e ds + ( 1 )
m 
2~~iv e ds (D-3)Si S— i

Maki ng use of the rela t io n ( c
~= slope of the segment)

dC = dse

p dC = dse ’
~

we evaluate the above integra l with respect to S;

-ia .

5 ds 
— d c e  -~

-

~~~~~ 

- 

~T -
~~~~~~~ 

-

;

= — (coscr . — i sin o .) [log( zi _ c)3
c

= (coso. - is in cx .) [bog ~~~~~~~~~~~~~~~~~~~~~ F
P 

- log

- y.~~’l. y - -n
.-i ‘ J —i i Ij+l~~~

_
~+ ; ( ta n  ~~~~—~~--- — tan — ) .1 (o-tt )x . -~~ . x - ~

U, 
I J ‘ •j41

Separatin g the above into rea l and ima g inary parts ,

Re {s 
~~~~

-
~~~

} 
= cos~~. [log ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- bog 
~~~~~~~~~~~~~~~~~~~~~~

- ,  

+ s i n o . [tan
_ b  

~~~~~~~~
. - t an~~ 

~:

- 

. 
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P 
ds r -l ~i - 

--I ~~i 
-Im ,J’ ~—:-~

} = cosQ~ Ltan ~~~~~~~~~ - t an
J J I

- sine [109~~ ~
Tr— F:-)~ -

Re { $ ~~~J = ~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~J J J J
i i

r y. + 
I Y~ + 

~~ I
- sin cx [tan~~ -_L__.

~.L — t an  -
~~~——_~~ !-~~~~-~~ :I j 
I

ds r -l ~
“i + 

-b  ‘

~

‘

~~ 

+p I { 
~ —~ = coscx .Ltan - tan 

J
m 

~~~~~~~~ 

~ ~~
. 

~~~~~~~~ 

~~

.
S
i 

I 
I j I j+1

+ sin cx.[boY%/(X .t- (y+ )~ - log~/(x~J ) T ~~~~~~ )23
The Cauch y_ Pr in c i p~~ val ue integra l is g iven by (0-5)

~ —i k(z_~)2iv J’ ds ~ -
~~~

---—_-—
~~~~

- dk
J
S . 

~ 
k - v

= - 2 (coscx÷isiflcx ){[bo9
-
)~

- _
(~~~~~ 2 - 

~~~~~~~~~~~~~~~~~~~~~ )
~( Y . ÷m~~1 )k 
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The first integra l in (0-2) and (0-3) is

- i~(z .-fJ)
$ - i v e  ds
S.

i O . -i~ (z.-C) -
= _ i v e  

~~5 e  I 
dC

S
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4 ‘ iAy. +iL )
+ e ~ ( c o s { a .~~~~~ y . -~~~~)]  + i 

~
in [cx -~ (x- ~~ )J) (0-7) -~~

Separating the above into the rea l and imag inar y parts , we have ,
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_
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~~~ 1
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