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• I . INTR OI)UCTION

ThisJ~~chnica1 mej aprandum presents an analy~;is of the high frequency

(HF) notch filter circuit used by Cutler Hanmer AIrborne Instruments Lab

(AlL) . This analysis leads to a set of equations which can be used to

determine the values of the circui t compon~nts uceded to achieve a specific

notch depth and bandwidth in the f i l t cr ’s f requency  response . Thet~e design

equations are then interpreted geometrically In terms of the location of

• the poles and zeros in the S-plane . Several plots of the filter ’s frequency

response as a function of critical circuit parameters are also presented.
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II. CIRCUIT THEORY

A. General

The present work de i3s  main ly  w i t h  a n a ly z i n g  the AlL f i l t e r  and

inves t iga t ing  those parameters  tha t  are c r i t i c a l  to i ts performance.

During the course of the work two other types of notch f i l t e r  c i rcui t s

were s tudied in an a t t e m p t  to  f ind  i f  other circuit types migh t offer L
comparable or improved performance characteristics. These other

circuits were a series LC circuit placed In parallel with the load of

the receiver aud a para l le l  l.C circui t placed in series with the load

of the receiver. It  was found  that  thesc c i rcu i t  types did not o f f e r

the many advantages of the A lL f i l t e r  c i r c u i t .

B. Ana lysis of the AlL Cir c u i t  ~ 1

The c i r cu i t  u~ ed in the  AlL notch f i l te r  is shown in Figure 1.

The f f l t e r  is an i n d u c t i v e l y  coupled superconduct ing  tank c i rcui t  which

is place~t in p a r a l l e l  w i t h  the receiver .  The pr imary  and secondary

inductan ce s  and the  capaci tor  are a l l  superconduc t ing  c i r c u i t  e lements .

For a ce r ta in  n arrow band of f requencies  the impedance of this  branch

becomes very sma l l  w i t h  reHpect. to the load thereby reducing the signa l

strength at the receiver .

The equivalent  c i rcu i t  Is also show n in Figure 1. 11 is the

mutua l inductance def ined by II — k [L7 1 2 1 where k is the coupling constant

between the primary and secondary inductances , L1 an d L 2
, respectively .

We arc interested in calculat ing the inser t ion loss caused by the super-

conducting branch of the c i r cu i t .  The Insertion loss ( I .L . )  at a given

frequency caused by the insertion of the branch is the ra t io , expressed

in decibels , of the powers delivered to tha t  p ar t  of the
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circuit  beyond the point  of insertion before and a f t e r  the insertion ( t )
.

The inser.Uon loss includes the e f f e c t  of mismatch as wel] as a t tenuat ion .

However , these e f f e c t s  will  not be taken into account in the analysis

presented here . They would become impor tan t  when several f i l t e rs  are

used in parallel.

The I .L. in this mode] is defined as

~ V0 
/

where V and V are defined in Figure 2a. We def ine the ratio V /V to bef f o

the t r ans fe r  func t ion  ( T . F . ) .  From Figure 2a we see that T.F. — Zf/(7~+ 25).

The impedance of the f i l t e r , Z f~ mus t now he calculated using Figure 2b.

The impedance is given by Z f V f /I f .

The loop equations are ,

V,~~~~L4 I1 .~~~M;
Eq. 1

~ ~~~~4,/V1I1 i (1 4•~ 4~La) T
Eq. 2 r~

and - v~~~j i~
_ .

2

Subst i tut ing in and solving for I~ in Eq. 2 we can use this result in Eq. 1

to obtain ,

I—

~~a~~J ( t4P La~~~~~~~ )

= ~j ~~L~R~ - c~~La L t [ (’~.h~) -
~ r~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

..j ~
L a (~

_ 
.
~~~~~~

2 
5-

where N ~ k L
1 
L
2 
was used. Using S j w we have

~~~ = - i~h L1 S L 3 ( ~-k~) S~~4. F~1S .
DCS) L a S~~4 R & S # L  6’~4•
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The transfer function becomes ,

- — 

T.F . / / (~) ~ _ _ _ _  

•

and
- -

,v~c *  &p
In the S p lane , t h e z er os an d Poles of H(S)  are t he r oots of i ts

numerator and denominator , r e s p e c t iv e l y .  If the zeros are given by

+ - + -

H and II and the poles are given by H , H and r , then H(S)  can

- - be written , -

Ills) - bil ~~ / £ 
- 

Eq. 3

1~-~/ L s- H; i/ s~~/
where the corresponding vectors in the S plane are used. The zeros of

H(S) are quickly found by setting the numerator  of H (S)  equal to zero H

and solving for  S. The result is

p •  5J I E 4
_ _  

_ _ _  q.

where 1
- - a. i~ (3/ 

Q 
—

. a “a
Poles of H(S) are found by setting the denominator to zero and solving

for S, - .

(i_~~ s3+(!~~&) s 1. (R c~!~ ._ ‘ ‘1,~~f&) 1 
—

~~ ~ t L 1 L 5 L ,~~~ / C
I

Eq. 5
6 “ ,,



--- --,--.-.-——-- ----------5—----—.-------—-----

One root may be approximate d  in the following manner . The values of the
coeff icients  can be found from the approximate values of the variab i es ,
~~~~~~~~ R~:a~~~ ~~~~~~~~ L~~~~~~ N 

~~~~~~~~~

We have,

~ ( ‘ # “) S ( ,~~
“

— 
~~ .

Therefore for small S (S lOs) WO have an approximate root S r

LWe can now symbolically divide this root out of Eq. 5,
S..?. J~~~3 ~3 1

Eq. 5

fc p(~,rq~1g 
~~~j

Note that the remainder is approximatel y zero. The remaining quadrat ic
becomes,

+ ($.~ . ic~-~ ..)~c ~ + k~ R?

The r emaining poles are therefore ,

H:
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

!R(

~~~~~~~
. 

~~~~~~~~~~~~~~~~~
Eq . 6
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± ±
- I The expressions for H0 and ll

~ 
may be simplified. By substituting in

the appro~ imate values of the var iables  it is found that th e  terms in brackets

in Eqs. 4 and 6 are essentially unity. Neglecting these small contributions

J results in the following excellent approximations ,

_ _ _ _  
, 

_ _ _ _ _.J (j
~

ç
~f’~ Eq. 7

and
_ _ _  6~ f
~Q(’-~’) 

~ L, ( 1-k~) ~ (1-~~~)~~ 
Eq. 8

These may now be substituted into Eq. 3. This vector interpretation of

the transfer function is shown in Fig. 3. In the frequency band of interest ,

2 — 30 MHz , and in the vicinity of the stop band of the notch filter only

two terms dominate the value of the transfer function and it may be —

approximated by

ll (s) :~ ~~J s — i - i ~I .

.
~~ ~~p l

Therefore,

IL, ~~ 101~ ~~~~ / Eq. 9
.4
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C. TUE D E SiGN EQU AT I ON S

Inspect  ion of FIg. 3 suggests that the maximum r ej ec t ion  by t he 11 ~ icr

occurs for &1.
.3 

4,,. .._—- .J

The maximum l . L .  may t here fo re  be ca lcu lated  from Eq. 9 wi th  the use of Eqs. 7

and 8. This value is the maximum depth  of the notch , D. 
. -

~~~~~~~~ ~~° 

~ 
Eq. 10

The 3 dB bandwid th  of the notch ~ii~ty also be found by using Eqs. 7 , 8 , and 9.

The value of l.L. is set to -3 dE and the resulting equation solved for w.

~. L .  - . 3 J 8  .~~~ ~ 1~ -~~ii~ -~çi
J_

~~~~~ / ‘ ~‘.J_

The result is

— 
_ _ _  ÷

where

+ 
L L ( , k a,) 1 

_ _ _ _ _  

2 

• Eq. 11

& is the 3dB bandwidth.

Eqs. 10 and 11 are related in the following way. From Eq. 10

~~~~~~~~~~~~~~~~~~ C ~~~~~ Eq. 12

and so
, 

_ _

c L ,
L I

LL 10
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This c~~ult can be used in Eq. 11 to ob t a i n ,

=
= 

L, (i- *~) 
I- + 

~~~~ 

- I Eq. 13

: :qua tions  12 anJ 1 ar e  ~~ - i  i~’ i ~ -;Ist t n t .  Ih e\ m ay  be u -ed

as design equat tons  f o r  s e l e c t  tug the value~ of the lumped parameters in

order t o  acheive the rt ’qui u. —~ v - il u - s of max imum iu ;er t ion loss and d~ i~a Il- 1w

when d e s i gn i a ~ a t liter.

From experimental measurements of t h e  notch depth , D, and the 3 dB

band w i d t h , den ~‘cd values  ol the  coup I iu~ cons ant k~ and tltt equivalent

resistance in the supe rcon duc t1u ~ t an k  c i r c u i t , R 2 , may he obt a in ed .  Tl~e

v due of C is found from the measured v a l u e  of I) u s i n g  Eq. l.~. Then Eq. 13

may be solved for k. This v a l u e  of k may be used in Eq. 12 to solve f o r  R ., .

Changes to and L
2 

due to the prox ini tv of the r u p er c on d u c t in g  filt er body

are very small compared to that for copper and may be n e g l e c ted .

D. Geomrtric Interpretation of the Design Equations

Further insight into tii ~ relation 01 the values of the lumped parameters

to the filter response can he obtain by considering the geometric relations

shown in Fig. 4. From Eq. 9 the maximum depth of the notch is seen to he

simply related to the distances a and ~~~,

D = ~ ~~ (~ 
°‘)
~~~ 

. Eq. 14
‘~i

Reducing a w i l l  increase the notch depth . Therefore , reduc ing  or increasing

L
2 
will increase the notch depth. Increasing ~ increases the notch depth

while Increasing the bandwidth . As seen from Eq. 11 and Fi r . 4 , t h e

P1
- - - - 
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ban dwid th  can be written

Therefore, increasing the coupling constant k or reducing 1.
~ 

increases the

bandwidth . Most importantl y ,  the bandwid th  and notch depth  can be controlled

by varying the ratios k2/ L 1 and R21L2 , respectively .
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) 11~ Y L ~!’J~~ OF_ FRE QIWNCY RE SPONSE W ITh C iRCUIT  PARAI ’IETERS

The- var ia t ion  of the f i ] t e rh  notch shape with different values of

the c i rcu i t  parameters  is shown g raph ica l ly  in this sect ion . The circuit -
, -

analysis  leading to Eqs.  14 and 15 show that the notch shape is do m i n a t e d

+ +by the r e l at i v e  locat ions of the po le , HP and zero, H
~ , 

in the S-p lane.

In turn , Fi gure 4 shows t h a t  for the range of values o the circuit parameters

considered he re , the r e l a t i v e  locat ions of and are dominated by the

values of the ratios k 2 /Li and R2/L2. Figures 5 and 6 show how the  shape of

t h e  notch ch anges for  d i f f eren t v a lues of these ra t ios . Figure 5 shows notch * 
-

shapes for  a f ixed value of k2IL1 while the value of R7/ L 2 changes. The value

of R~ /L 2 controls  the amount of a t t e n u a t i o n  achieved by the filter. Note

t ha t  ex cept fo r the largest  value of R2 /L 2 , the 3 dB b a n d w i d t h  remains

unchanged. Also , for a sufficiently low value of R2 , lower values of this

variable will not improve the  f i l t e r i n g  ac t ion  since attenuation increases

only in a bandwidth much narrower than the bandwidth of most signals.

Figure 6 shows notch shapes for a fixed value of R
2/L2 while k2/ L

1 changes.

It is readily seen that the value of k1/Ll controls the wid th  of the notch

as well as effecting the amount of attenuation . Note that the largest coupling

constant results in an unacceptably large 3 dE bandwidth . Narrow bandwidth

can be achieved at the sacrifice of attenuation.
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