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ABSTRACT

This report is concerned with axisyemetric as
well as nonsynsuetric vibrations of open nonshallow
thin elastic spherical shells. Without employing
the usual auxiliary variables for reduction of
shell motion equations introduced by Van der Neut
and Berry, independent analytical solutions for
middle—surface displacements aru obtained and

• explicitly expressed in terms of associated Legendre
functions. In order to gain physical insights into
the free—vibration characteristics of an open non—
shallow shell, theoretical calculations together
with asymptotic descriptions are made of natural
frequencies and mode shapes of a hemispherical shell
with a free edge. The numerical predictions obtained
herein compare very well with the experimental
results obtained previously by Hvang and recently
at the David W. Taylor Naval Ship R&D Center, Bethesda,
Maryland. Essential features of shell dynamics are
ultimately displayed by normalized frequency (~~

) and
non—dimensional shell thickness parameter (8). Five
families of natural frequencies, i.e. low Rayleigh
bending, mixed bending—membrane, torsional, bending

• and membrane frequencies, are found. The corresponding
mode shapes exhibit distinctive displacement patterns.

• ADMINISTRATIVE INFORMATION

~
‘?his work was sponsored by Naval Sea Systems Coimnand (037) with

funding provided for the work under Task 20052. The work was performed

under DTNSRDC Work Unit 1942—101 and Program Element SO2l8Oll.

INTRODUCTION

Shells of revolution have long been of practical Interest in the

field of engineering applied mechanics since the 19th century. Their

widespread applications such as those in buildings, ships, aircraft and

missiles have ever since motivated many investigators to devote themselves j

to studying the behavior of such shell structures. Considerable progress

has been made towards the static analysis of shells of revolution; however,

1
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due to the complexity inherent in the mathematical formulation of the

dynamic shell problems , relatively less advancement has been achieved

pertinent to the dynamic aspect of shell behavior and thus much work

still needs to be done in this regard.

In order to explore the shell dynamic characteristics, spherical

shelle, which offer the convenience of a constant curvature, will be

adopted in this report as a sl*ple theoretical model for the analysis

purpose. Interestingly enough, the dynamics of open nonshallow spherical

shells, which are admittedly simple in configuration, has confronted

many researchers in the past. The fundamental aspects of vibration

solutions of open nonshallow shells are generally either not analytically

exact or not explicitly expressed. This has resulted in few reliable

determinations of the shell vibration frequencies and their associated 
• 

-

mode shapes, particularly for the more complicated nonsy etrical vibra—

tions of the shell. Several examples will be cited in the c~ourse of

• following discussions.

Dynamic analysis of spherical shells dated back as early as 1882

t when Lambi* investigated the vibrations of a closed spherical shell based

on membrane (extensional) energy formulation. Some years later, a famous

2 3
debate between Rayleigh and Love took place trying to establish a

correc t theory to predict the vibration of a thin shell. Rayleigh

claimed that the low—frequency vibration modes of a thin shell be

flexural while Love disputed Rayleigh’s hypothesis by explaining that the

extensional energy must be the dominant one since the flexural energy is

*A complete lieting of reference. is given on page 69.

2
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l'Topordona~ to<~ higher order of shell thickness. This historict.'~ debate, 

4 5 
,\•.:cord ing to Kalnins , was finally regl:'':'ded as settle~ by Ross , who dis-

': t osed t. hn t low :'requency inextensional modes are found, by making use of 

t ;,,. asvruptotic approximations to estimate the general solutions to the 

~·,ell ~ibration equations at low frequencies, only when th~ edge conditions 

i~pose no f0rce tangential to the shell surface, 

Th .. ' genc•ral >lhell theory has been considered adequate since the end of 

t 'u~ l 9th century. Yet it was ns late as 1962 that Naghdi and Kalnins 6 

first :tttac'<ed the free vjbrat ion problem of an open nonshallow spherical 

7 8 9 shell 11sing a technique introduced by Van der Neut , Havers , Federhofer 

10 
;1 nd Berry , etc. However, as regard & the calculation of natural frequen-

c i.es of asymmetrlc vibrations, they erroneously obtained the lowest 

frequency computed for m=2 (m= circumferential wave number), which can be 

~hO'-'n to b,~ impo9sible by using membrane theory alone for the case of an 

'pen spher~cal shell closed at one end and with a free edge at the other. 

11 fact, several other frequencies are spurious, which are also pointed 

11 
· ut b'.' Ross • 

DJe to the inadequac~es of the approxim&tion in Ross's 12 earlier 

.. 1per, J~e mistakenly concluded that the natural bending vibrations of 
wR 

[:pht ,·teal shell~ are impossible for n < 1 (Q ""VE/p s' where w - circular 

frc,;11cncy, R • radius of curvature of the spherical middle surface of the 

~hell, E ;::~ 

mat•~rial 

Youn~'s modulus of shell material, p • mass density of shell 
s 

This statement is not valid for axisymmetric as well as non-

s~nmetric case, as is evidenced from the exact analysis of the problem. 

]3 
Hwang successfully carried out some experimental work on the natural 

fn,quencies of a hemisphericcll shell with a free edge, however, he failed 

3 
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to predict analytically the significant Rayleigh low frequency inextensional

modes. The reason is simply due to the incorrect description of the

solution. The numerical difficulties associated with it further worsen

his results.

The relat ively unfamiliar and complicated general spherical wave

functions, which play the central role in the vibration solutions of the

spherical shells, often lead to many pitfalls. For example, an 4nherent

property of the associated Legendre function Pm(X) is that it vanishes

identically when in ~ n (m,n positive integers or zero). Thus, a solution

connected with this particular form is, in general , not a true solution.

Many spurious results6’14 are due to this, as discussed in the work of

• Martynenko and Shpakova15.

Errors sometimes could arise from the incorrectly posed problems16

or the results based on incomplete solutions’7 (see References 15 and 18).

Generally speaking, not only are the analytical studies concerned

susceptible to fallacy, but the numerical techniques as well. For example,

Cohen’9 pointed out by his numerical computer technique that the third

mode was missing for the axisynimetric vibration of a 600 spherical shell

with a fixed—hinged edge in the papers previously studied analytically

20, 21and numerically by Kalnins . Another example can be found in the

• illustrative problem of test case No. 5 cited in a numerical computer

program called BOSOR 4
22
, in which the first three natural frequencies

and their associated mode shapes of a vibrating steel hemispherical

shell (
~~~ 

— 0.01, v 0.3, E — 10~ psi, p — 2.535x10 4 lb—sec2/in4) with a

free edge were given for in — 0, 1, 2. Unfortunately, the results for

axisymaetrical case (in — 0) as well as the first frequency for in — 1 are
4



suspicious, as compared with those by the present exact analysis according

to the classical thin shell theory 23 . In fact the ambiguous requirements

of boundary condition codes at the shell apex24 and the constrained

conditions for prevention of rigid body modes associated with zero and

one circumferential wave numbers may reflecf the insufficiency of the

25program. The last example can be directed to the NASTRAN program. To

solve the natural frequencies of the open spherical shells, three types

of axisymmetric solid element have been available; namely, triangular

(TRIARG), trapezoidal (TRAP RG ) and (TRZAXX) ring elements. Experience of

several trial runs with these ring c1 ’~ments seems to indicate that either

the reliability Is questionable or the elements are such poor models that

• they should be refined and the number of them greatly increased if one

expects to obtain the desired results. This may result in lengthy and

• expensive computer time.

In addition to the numerical programs just mentioned above, there are

still many other computer oriented methods available. A numerical

computer technique, when it comes to practical applications, is of course

the most powerfulmeans to generate the desired results for the dynamic

problems of open shells. However, the limitations imposed on the computer

storage as well as the expensive computer time usually would render the

parametric study of the shell problems difficult. In contrast, the

physical insight into the shell dynamic characteristics can often be gained

by an analytical study of a simple and yet representative model such as

an open nonshallow spherical shell.

• The previous representative analytical investigations of the axisym—

• metric free vibrations of open nonshallow shells may be found from Kalnins2°

5
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and Lizarev’8. For the nonsy~~etrical vibrations of the same

shells, reference may be made to the papers by Prasad26, Wilkinson and

27 5 28 15Kalnins , Ross , Rammel , Martynenko and Shpakova . The common feature

of these previous studies is the use of the technique introduced by

Van der Nent7 and Berry’° to reduce the shell motion equations to a
manageable system of separable equations. Then the displacement solutions

obtained, except the normal displacement explicitly expressed by associated

Legendre functions, are expressed in terms of those previously introduced

auxiliary variables which are in turn expressed by associated Legendre

functions. The rather complicated solution forms for the tangential dis’-

placements have precluded the exploration of the free—vibration character-

istics in a satisfactory way, let alone the extensive application of these

basic solutions to more advanced research work.

In view of the insufficiency of the prior studies on the dynamic

problems of spherical shells, the purpose of the present study is to

derive independently the analytical solutions to the axisyninetrical as well

as nonsymmetrical free vibrations of an open nonshallow spherical shell.

Possible sets of homogeneous boundary conditions will also be deduced.

The approach will be first to start from the Hamilton’s variational

principle by which the partial differential equations of shell motion in

terms of middle—surface displacements of the spherical shell together with

the possible homogenous boundary conditions can be derived. Then a direct

reduction of these equations viii be carried out, as used by Fliigge29, to

result In one single sixth order differential equation involving a single

unknown normal displacement (w) and two othd coupled equations in middle

surface tangential displacements. Without the introduction of the 
•

. 6
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auxiliary variables or stress functions at the very onset of reduction

operation as done by prior investigators, the solutions for tangential

displacements can be obtained in a straightforward manner. The final

analytical solutions for the middle—surface displacements are explicitly

inexpressed in terms of associated Legendre functions P~ (con $) with

complex degree (v) in general.

It has been well known that the Legendre functions with integer degree

(v), which occurs in the physical problems such as the spherical wave

propagation in free space or the vibrations of a closed (complete)

spherical shell, are polynomial in con • and those properties have been

thoroughly studied. However, the boundary conditions of an open spherical

shell, when used to solve for natural frequencies, would introduce a

frequency characteristic equation which is actually a transcendental

equation in the complex degree of Legendre functions. The numerical

values of associated Legendre functions with complex degree, though not

widely tabulated, can be evaluated by hypergeometric series representations.

• As an illustrative example, the theoretical calculations are made of

the natural frequencies and mode shapes of a hemispherical shell with a

free edge. The numerical predictions obtained herein compare very well

with the experimental results obtained previously by Hwang~
3 and

recently at the David V. Taylor Naval Ship R&D Center (DTNSRDC), Bethesda,

Maryland. The display of the characteristic parameters of shell dynamics

Is also explored by the asymptotic descriptions of the solutions. The

analytical solutions presented in this report offer the simplicity in

their compact forms, thus providing an analytical path towards the further

researches of a similar nature.

_ _ _ _ _  
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DESCRIPTION OF PROBLEM

• Consider a thin, elastic open, nonaballow spherical shell of uniform

• 

• 

thickness b, mass density p ,  Young’s modulus E, Poisson’s ratio v and

mean radius R, and refer to a system of spherical polar coordinates as

shown in Pigur~ 1. In this study, the shell material is taken to be

homogeneous and isotropic. The fundamental assumptions of the analysis

has been within the framework of the classical linear shell theory;

namely,

1. ~ cc1 ,

2. displacements are small compared to the thickness h, and strains

small compared to unity

3. stress normal to the middle surface are small compared with other

components of stresses

4. plane cross sections normal to the middle surface before deforms—

tion remain normal to the middle surface after deformation

S. variation in normal displacements within the shell thickness is

negligible during deformation,

6. shell material obeys Hooke’s law i.e., the stress is proportional LI

to strain

With the assumptions just mentioned, the complete description of the

shell deformation can be fully specified by the middle surface displace—

ments denoted by U, v, and w (Figure 1). 
•
• I

It is noted here that both flexural (bending) and extensional (main —

brace) strain energy terms are included in the following vibration analysis

• of open spherical shells.

8
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Figure 1 — Spherical Coordinates and Middle Surface Displacements
(v,v,u), R — Radius of Middle Surface of the Shell

,~ —Rs in $ cos O

y R sin $ sin 0

z Rcos $

EQUATIONS OF SPHERICAL SHELL MOTION AND BOUNDARY CONDITIONS

Th~ derivations of equations for 
spherical shell motion will be made

by using the Hamilton ’s variational principle, given by:

f
t1 f

t1

• 
(T — V~) dt + J 6WE dt 

— 0 (1)

t t
0 0

9
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• where:

T, V
P ~ 

total kinetic and strain energies respectively in terms of

unknown middle—surface displacements

• W
E 

— total work done on the system by the external generalized forces

6 — varia t ion computed according to the rule of calculu8 of variation

t — t ime

One needs to express kinetic and strain energies in terms of the

middle—surface displacements for Equation (1) . This requires first the

establ ishment of geometrical relations 29 of arbitrary displacements with

subscript s to middle—surface displacements based on the fundamental

• - assumptions,

w — w

V ( !
~
!) V _ . !~~ (2)

R+s SW’
SIn $

where: 3~
,
) - (

_

), 
~~~~~ 

- ( )‘ , 
t

• s arbitrary distance in radial direction within shell thickness,

• together with a general strain (c) and displacement relations:

u~~~+ v  c o s + + w  sin $
£ (3)

0 ( R + s ) ain $

_ _ _ _ _ _ _ _  _ _ _  
cot ,

£$9 ( R + s ) sifl $ + R + 9  R + s ”s

10
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• Then the linear stress (a) and strain relations need to be developed

- based on the Hooke’s law:

• • — 
E 

2 (e + v c 0)
$ l — ~~ 

$

E 
2 ~ e + ~ (4)

$

• E

With these basic relations at hand, the total strain energy as well

as total kinetic energy can be expressed as the following:

v - 
~j$ff(°, 

c
~ 
+ c~ + a~~ c,~) 

(R + ~)
2 
~~ $ d$ d8 ds (5)

- 

- 
2(l_~

2) JJ$ (
c
,
2 + 

2 + 2 ; C
~ 

C
0 

+ ~ 2)

(6)

x (R + ~)2 sin $ d$ dO ds ,

T - 
~~ $$J[(~~~~

’
)

2 ~
(.
~~~

)

2 

+(
~~~
)
2](R+s)2 sin $ d$ dO do (7)

Here, the integration extends over the entire volume of the body under

consideration (i.e., f r om $ — o
0 to • — $~ 

(at open edge); from 0 a o° to

0 — 2n; from a — — j~
- to s —

• For the present mathematical model, the contributions of the rotatory

inertia to the kinetic energy in Equation (7) and the effects of trans—

verse shear deformation and the rotatory inertia on the spherical shell

ii
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are neglected . The method of analysis is based on the classical linear

thin shell theory.

The total work done by external force, say the outward normal pressure

will be given by

WE 
- 1’° 

~~2w 

~a 
w~ R

2 
sin + d$ dO (8)

After substituting Equations (6) , (7) ,  and (8) into Equation (1)

and manipulating according to the rules of calculus of variation, one is

able to obtain the following equations of shell motion:

~2 {{_ w — 2 cot • w + (l+ +cot 2$) w + cot $ (-2-cot
2$) w

+ v + 2 cot $ v — (l+ +cot 2$) v + cot • (2—v+cot
2
$) v]

•4~
+ 1— ‘

~ — 2  ~ + 2 ~~~~
0t

2
0 Z + — 3 — 4

2

c0 t + ~~~~
L sin + sin $ sin + sin $

+ 
‘ 

+~~2.Li ;~~ ~ _ . S~Li~~1’~~ 
t

sin2$ sin2$ sin3$ aim sin 0

+ (2— ~+cot2~) si
’

+]}

+ [— (1+;) ~ — (1+;) v cot • — 2 (l+~) w —

~a 
(l_~~)!

2 
(9a) ‘

p 

- L  
*

12
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B
2 w — cot + ~~‘ + ( +cot2$) w + v + cot $ v — (+cot

2
•) v]

• I w cot + “ 1 — V V 1 + V+ 
( 2 +2 2 2 2 + 2 sin +

• \ siu $ sin $ sin $

+ ; ~ ~ : + [~ + cot $ - ( +c0t

2
+) v

22 sin $

_ _ _ _  _ _ _ _  _ _ _ _  
U 4

2 sin $  2 sin $

— _ _ i  
-q] — o (9b)

• - B
2 { ~!~~ ) E u  + cot $ u + (l—cot

2
~) u 

] 

—

• / w w cot ~ ~‘ V — l  1 + V ‘I ’
+ 

sin~~~~~~ 
2 sin $

+ 3
; 

cot :v~~+
u
”)}

+ U 
~~~~~~~~~~~~~~~~~~~~~~ (l—cot 2$) u + ’~~~~’ u

~~~
• +

3_ cot + v, +
l + v w, +

l + V  ,‘~
2 sin $ sin $ 2 sin $

— O  (9c)

• 13
S —

- ~~ ---~~~~~~~~~

•

•

-

-~ ~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~ ~~~~~~_~~~~~
• - •

~~~~~~

-

~~~~~~~~~~~~~~~~~~~~~~
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where

82 — 

l2R2 
— 

— 
.2~ 

a

The sixteei possible sets of boundary conditions along each open edge

— •) of the shell are furnished by the independent vanishing of the

terms of line integrals through the manipulation of Equation (1). They

are either stress or displacement boundary conditions. The required

four boundary conditions at each open edge can be of the following combin-

ations (totaling sixteen possible sets):

U) sin • (RN~ + M~) • 0 or V — 0

(ii) sin $ (RN,0 + M~8) or u — 0

(iii) R sin$Q~~+ j0~~ — 0  or v — 0

(iv) sin + M~ — 0 or — 0 (10)

H

where :

N,~~~~~~_2 (~,+ ; € 0)

N0 
— 

~ 
~
‘
;2 

(C e +

N - N  - C
•~ 2(1 + )
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— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• -

— D  (K8 + v K
~
)

M~9 M9,
a

R smn $ Q
• 

- + - 
~~~~~~~ +

Here, (c
,

~~~c
0

~~~C
,0

) refer to the strains in the middle surface of the

shell. The flexural rigidity of the shell (D) and the changes of- curva—

tures (K,.K0~K,9) are defined as follows:
Eh3 1 --

—212 (l— v )  ~
‘ R

K~9 
— ~~(2 ~‘

2
c~ -~~~ — + (i - u cot $ + 

~~~ 
(12)

REDUCTION OF EQUATIONS OF MOTION

In order to achieve a solution, one must simplify the equations of

shell motion into a manageable system. This can be accomplished through

the use of the spherical harmonic operator (V2), which is defined as

~~~~~~~~~~~~~~~~~~~~~~~~ 
m2 ( )  , (13)

a$ sin $



• 
• 

~~~~~~~~~~

--- - -•

together with the expansion of displacements in the following forms:

i(L)t
v — W($)’cos mO •e

v — V($).cos mO.e~~
t

u — U($).sin me.e~~
t (14)

where

01 — circular frequency

m — circumferential wave number

i -V T

By substituting Equation (14) into Equations (9a, b, c),  one can

first obtain the following simplified equation by combining

Equations (9b) and (9c):

+ (24-c) n — 0 (15)

where

mVn _
sin $

+U+cot $U

~_ ( ) 2~~~
1 + 8  

16



wR f w— — c 1(2irR) (f — (16)
p p

Then , another simplified dif ferent ia l  equation can be made by using

the relation in Equation (15) and eliminating V in Equation (9a):

—2 2
2 2 ( l — v ) R p

m (V4 W + 2V2 W + ((i — ;2) 1 + B - 
~~~~~ ~ W — Eh 

a}
82 82

+ {V 4 (U sin •) + 2V 2 (U ~~~ •) + [(l_ 2 ) 1+82 
+ (.~~±~~~) c~2](u sin $)}

82 82

+ {—2V 2(~ sin 4) + E.
~ (1—;~~) 

1+82 
— 

2~ 2 
— 

) sin 4))  — 0 (17)
82 (l+82 )( 1— v )

STEADY—STATE SOLUTIONS OF OPEN SPHERICAL SHELL VIBRATIONS

In what follows , the procedures for arriving at the solutions of

unknown middle—surface displacements, which are the key solutions of the

f r ee open sphe rical shells, are briefly described.

First, by setting 
~a 

— 0 and eliminating V and U between Eqs. (15)

and (17) , a single sixth—order uncoupled partial differential equation

in normal displacement (W) will result :

V6 W + c 2 V4 W + c 1 V2 W + c  W 0  (18)
0

where :~

I
I

c~ — 4 + (J4 L) (1_;2 ) — ( + L) ç~2
82 82

L _ _  _ 
_ _



—r - ~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~• ,• • • •

~~~
, • . • ----

-

c — 2 (l+!_-.xl_ ;2) + (i~(l+3 ) + ;—l) ç~
2 —

82 82

The familiar expression in Equation (18) is also given by several

20,26 27authors

The solution of Equation (18) can be concisely expressed in terms

of the associated Legendre functions of the first and second kinds, i.e.,

? (cos $), Q~ (cos $), of the order m and general complex degree v:

W — ~~~
‘
EA~
’ P~ (cos $) + B~ Q~~ (cos •)J  

(19)

i—i

where

V
j  

- - + + (20)

• Here, the parameter must satisfy the following characteristic

equation:

A 3 — C 2 A 2 + c i A _ c a O  (21)

• It should be noted here that the choice of either sign, positive or

negative, before the square root in Equation (20) is sufficient without

repetition for the determination of the parameter as can be perceived

front one property of associated Legendre function, i.e., ~
m 

— P
1 

and

• 
— — iT cot Vii • Also, one of the roots in Equation (21) is

always real and positive, while the other two roots are either complex

conjugate or real.



• •—~~~~~ g--• • - •
~~~~~~~~~
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~~~~~~~

• --~— • • --
~

•• • - • • •
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As to the solutions for middle—surface disp lacements , they can be

obtained in a straightforward manner , namely, by eliminating the normal

displacement(W) between Equations (17) and (18), and remembering that the

solution of the variable ~i is read ily given by

Gm Ptm (cos $) + Htm Qm (coo $) (22)

where

q - + J~+ (2+c) (23)

The solution for U then is easily obtained. Once U is obtained,

Equation (15) will provide the solution for V.

The final exact steady—state solutions for the middle—surface

displacements v, v, and u are explicitly obtained in terms of associated

Legendre functions .

w ~~~~~~ [
~ 

P~~ (cog 4) + B Q~~ (coo +)] coo mO ei~
t (24 a)

~~
O i— i

v 
~~~~~~~~ 

{
~~~~

‘(_D~ ) 
[A7 ~~~~ (cos $) + B~ ~~~ (cos

m—O j=l

+ (24-c) Sin 
~ 

EG P~ (coo 0) + H~ Qq (cos $)]} coo mO e~~t (24b)

• 
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u ‘ 

~~~~~~ 

~‘j”J
4 [A; P’~ (cog $) + B 

~ VJ 
(coo

in—0 j—l

- ~~~~~~~ (G~ f’~~ (cos $) + H’~ ~~
‘ (cog 

+)1}sin 100 e~~t (24• )

where

1 + ~ + 8
2 (A 4+v—l)

D = (25)j  ~ 2 — (1+82) ( A + ~— l)

and the notations (A , B , G~ , H’~) represent eight independent arbitrary

(complex in general) constants.

The analytical solutions given In Equation (24) constitute a

convenient mathematical tool for exploration of the characteristics of F
• parameters played in the dynamic problems of a general open spherical

shell. However, considerations should be given to several aspects of the

solution forms, such as mentioned in the following:

1. In order to determine the motion of an open spherical shell

completely , one has to evaluate the eight independent arbitrary constants

• (A , B~’, G’~, H’~) for each circumferential wave number (m) by imposing the

eight boundary conditions at both edges of the shell , which is in general

bounded by two concentric openings , four at each edge of the spherical

zone.

2. For the study of free vibrations of a spherical shell closed at

one pole and open at the other, the four arbitrary constants (Btm, fltm) havej  q

20
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to be dropped to insure the finiteness of the displacements at the apex,

which has replaced the application of four boundary conditions at the

point.

3. The character of the solution, as discussed in detail by
20 27Kalnins and Wilkinson , depends strongly on tha t of the degrees

and q, of which q and one of are always real and positive, while the

other two of either complex conjugate or real. When any one of the

degrees (say, v1) is a natural number (positive integer or zero), and

where m is a positive integer, then the particular solution

corresponding to this degree is A~ P~~ (cog ~ 
(30) and not A~ P~1 (cos 0)

since P°’1 (cos •) — 0 for this case.

4. The multiple roots of the parameter (say, A2”A 3”cz) could

arise for particular structural parameters and frequency from the character—

istic Equation (21). In this instance, the original two subsolutions, i.e.,

• A~ P~2 and A
’
~ ~

m
3, 

are collapsed into one independent subsolution

Atm ~11t

2 
(‘v2—v3). This renders the solution forms insufficient. The other

independent subsolution should be sought from other means, for example,

the method of variation of parameters.

5. It can be shown by limiting process as +~,O
O that the displace-

ment solutions given in Equation (24), for the case of no opening (hole)

at the apex, are bounded at this point (~“0°).

NATURAL FREQUENCIES AND MODE SHAPES FOR AN OPEN SPHERICAL
SHELL CLOSED AT ONE POLE

• As previously stated, the vibration analysis of a spherical shell

• closed at one pole and open at the other requires four homogeneous boundary

conditions at the open edge for each wave number (is) , by which one can form

21



a (4 x 4) determinant. The vanishing of the determinant, which would result

in a characteristic frequency equation

I D i j i — 0 , (i 1,j a ~~, 2 , 3, 4) (26)

will give rise to the natural frequencies for that particular shell. The

determinant elements D1~ are , of course , determined by the nature of

associated boundary conditions. Upon the determination of the natural

frequencies, the associated mode shapes can be readily obtained front

Equation (24).

In general , the calculated torsionless natural frequencies of an

open classical thin shell can be mainly classified as the following two

types:

1. Membrane (extensional, stretching) natural frequencies:

These frequescies are very nearly independen t of shell thickness

and can be closely determined by using membrane theory alone. They will be

designated as predominantly membrane frequencies (or membrane frequencies).

For an open torsionless membrane spher ical shell , there are two (low and

high) branches of membrane frequencies . Since the singularity at

— jl_ 2 associated with a membrane shell, which results in the formation

of an infinite low branch of membrane frequency, is unrealistically

created by neglecting the bending stiffness of the shell, only the high

branch of membrane frequency together with the first few frequencies in

the low circumferential wave number of the low branch would survive as

the predominantly membrane frequencies for a general open spherical shell.

It should be pointed out here that the appropriate boundary conditions for

an open membrane shell can be chosen from the combinations of

_ 

22
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a. v — 0  or sin $ (RN,+M,)— O

b. u — 0 or sin 4 (RN,0 + H,0) — 0

at an open edge of the membrane shell (4—4 ). Thus, in a general open

spherical shell, where bending stiffness as well as membrane stretching

are accounted for, the predominantly membrane frequencies are expected

to be influenced by the boundary conditions involving the tangential

d isp lacenent s.

2. Bending (inextensional , flexural) natural frequencies:

These frequencies depend strongly on the dimensionless shell

thickness and with the mode number. They are termed as predominantly

• • bending frequencies (or bending frequencies).

In addition to the two main categories of the torsionless frequency

just described above, there is another group of frequencies that are the

products of combined contributions from comparable membrane and bending

energies within the shell. They usually occur in the intermediate

f requency range such as O.82<~< 1i~l+), where the strong coupling between

membrane and bending effects  is expected to take place. These frequencies

can be termed as combined bending—membrane frequencies for future

reference.

NUMERICAL EXAMPLE

As an illustrative exanpie, the axisysmtetric as well as nonsyortetric

free—vibration analysis of a hemispherical shell closed at the apex with

a free open edge is demonstrated in detail. The boundary conditions for

• this particular shell are directly obtained froa Equation (10) at —

• 23
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N
4

0 (27a)

RN 40 + H40 
— (27b)

RQ
4 
+ — 0 (27c)

M
4

0 (27d)

• I The explicit expressions f or the elements (D1~) in the frequency

determinant, Equation (26), are given by substitut ing displacement

solutions in Equations (24) into Equations (27 ):

r — 2 — ~~~Th
— ~i + v + A~ D~ — m (1—v) D~ j

D
2~ 

— [(l+8 2)D
3 

+ 82)

D
3~ 

— (1+D~) [(x +~—1) + ~
2 (l~~)) ~~

r 2 1 10D4~ — (1+D~) LA~ — 10 (l—v)j P~~

m2 (1—)~~ •m
2 + c  Pq

2 /1 m2 \ aD24 — (1+8 )
ç2 

— 

2 + e 
,
j 
P
q

(28)



Natural Frequencies

• Numerical calculations of natural frequencies are carried out for

axisy etrical (m—0) and nonsynmtetrical vibration (m#0) from the charac-

teristic frequency Equation (26) with the elements expressed in Equation

(28). The calculated frequencies are given in Table 1, and plots of the

frequencies versus circumferential wave number (m) are shown in Figures (2)

and (3).

Torsional frequencies can be easily obtained by requiring one

• boundary condition, N49 (4 
a .

~~ ) a 0, with the circumferential displacement

P~ (coo 4) B,

and are given from Legendre polynomial P~ (o) — 0, where n — 1, 3, 5.. .odd.

The Legendre polynomial P (cos 4) exhibits n nodal points from • — o0 to

• 180° along the meridional direction. This allows one to drive the

following simple formula for torsional frequencies:

— (l+82)(l—~)[n(n+l)—2) (n ]., 3, 5...odd) (29)

Like membrane frequencies , torsional frequencies arise at relative-

ly high frequencies and are very little influenced by the shell thickness

(82<cl). To aid in visualizing the relative positions between torsional

and membrane frequencies, a plot of calculated torsional and axisymeetric

torsionless natural frequencies versus the nodal numbers (n) is made in

Figure (4) for a free—edged hemispherical membrane shell.

• 
•
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Several points of interest can be observed from Figures (2), (3)

and (4).

a. First of all, an excellent agreement is indicated between

the theoretical predictions of a sequence of low frequency (fl’c<i) by the

present solutions and the experimental results previously obtained by

uwangU3) and recently at the David W. Taylor Naval Ship R&D Center

(DTNSRDC), Bethesda, Maryiand*. Th. display of this distinctive sequence

of low bending frequencies associated with each m (>2) as shown in Figures

(2) and (3) is characteristic of the natural vibrations of an open

spherical shell with a free edge. Since this phenomenon can be approxi-

mately determined by the inextensional theory (especially for lower m)

developed by Rayleigh, this sequence of frequency will be referred to as

low Rayleigh bending frequencies for future reference.

b. Most frequencies in the frequency range 0.82<(~< V~~l+) are

considered as the mixed membrane—bending frequencies, as they are the

combined products of comparable membrane and bending energies. In the

• frequency range )fj~~~~ < V~(l+ ) Kalnins
2° concluded that the membrane

theory of shells can predict no natural frequencies. However, two

frequencies (c~—i.403 for rn—i and ~—l.l5l for m—2) are very closel: deter—

mined by the membrane theory. They are considered as predominantly inem—

brane frequencies here.

*Righ frequencies (Q>l) generated by exper imental work in DTNSRDC are
sparse and incomplete in the sense that not all natural frequencies can be
excited within the specified frequency range and also the results cannot
yet be systematically and definitely identified according to their associ—
ated wave numbers. Thus, the comparison of the higher frequencies between
theory and experiment is not made here.
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c. Except for a few membrane modes at lower number of m (such as

Q—O’.83 1, 0910 for ir’O; fl O.836, 0.910 for m 1 ; fl’0.876 for m—2; 0.903 for

m—3), which occur in the frequency range 0.82’cfl< Y~~~~ and are considered

to be degenerate bending modes according to Kalnins, most membrane

frequencies are sparsely scattered at relatively high frequency range

(12>2) in the fl-m diagram, with larger variation with in as compared to the

bending modes. In other words, each membrane frequency occurs alternately

with a group of bending frequencies at the same wave number in.

• 4. Mixed membrane—bending frequencies (0.82<Q< Y~i+ )] as veil

• as bending frequencies [12>V2 (l+ )J have denser distribution in the fl—rn

diagram especially around f l 1  and for lower wave number. The distribution

of the higher bending frequencies acquires a regular pattern for large rn.

e. The lowest mode of vibration of a free—edged hemispherical

shell is indeed related to in—2 as also confirmed by other authors , which

cannot be obtained by membrane theory alone .

f. Both torsional and torsionless axisyuunetric natural frequencies

of a free—edged hemispherical membrane shell are varying with odd nodal

mode numbers (n) which represent (n) nodal points between 4.”O°to 1800 along

the meridional direction, as shown in fl gure (4). A sequence of torsional

frequency, though shown in the high frequency range of fl—n diagram , is

lover than that of membrane frequency in the upper branch.

In order to explore the analytic nature of the axisymmetric as well

as nonay~~etric free—vibration of a 
hemispherical shell with a free—edge,

the asymptotic technique is employed. In what follows , the approximate

analyst, to the determination of natural frequencies will be treated for

two different frequency ranges, i.e., fl<’cl and fl>>l.
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(1) Low frequency range (fl~~1)

Three roots of the characteristic Equation (21) are approximately
given by

3fl2A 1 2.0 + —
1—v

A
2 1. — +

A
3 1 — I (

~
) ~

2 — (30)

• where

I-. Yl_ 2_.122/s (31)

• - The corresponding degrees v~ (j—l, 2, 3) and q of the associated
Legendre functions P and P are

q

v ~~l +  —• I i — v

1 - ict- + b e

1 — —ic *
V

3 ~ — + b e

2 fl 2
(1-u) (32 )

where

u — -
~~ — 

(33)
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Based on the large parameter ~ contained in the degrees v and v
2 2

the asymptotic forms for the associated Legendre functions can be expressed

as

1

~m ~~ — 
1 (~)in~•••2 e~ ’~~ ~~~ c*/2) ei~~~~~

’2)

I
~m (0) — ~ (g) rn -2 e (7T

~ 
sin a/2) e

_ t ( ’ ct1’2)

• 1

(o) —i (~~) 1n4-2 
~~~~ 

~~~ ci/2) e~~~
’.
~~

/’2)
• v2

P\)3 
(o) (~)m+2 

~~~~ 
sin c t I 2)  e~~~

’
~~

”2
~ (34)

where ‘

(35)

By substituting the expressions given by Equations (30), (32) and (34)

into the frequency characteristic Equation (26) with the determinan t

elements in Equation (28), a simplified equation involving the low Rayleigh

bending frequencies will be obtained : L- 1
(fl2 + (l_;)(1+82)(l_~2))2 p

tm (
~

) ptm (~ ) — m2 (~~~)2 (1+82)

x (
~
) ~~ (o) + (l_ ~ )(m 2_ l) m 2 82 [~2 + (1.~~) (l+82)(1_m2)]

x P~ (o) Ptm (o) /(1+82) — (l~~) ~~
t+ 82 ~~~ 

(o) (o) 0 (36) 
- I

• - -— - 
~~~~~ ~

- ,— — —----:- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

__~~~~~~~ _i_ ~~~~~~~~



The very low Rayleigh bending frequencies (fl.c<1) of a hemispherical
shell with a free edge are finally derived from Equation (36) :

— 8 I/(l_ ;)(m2_ l ) (2m 2_ 1)/ [C
10

(l+82 )) (m>2) ,  (37)

where

c — 
5(m~~1) 

[
tn(_~~) 

+ 32 ( 1)2 
— 

+ 
2 (38)

It is of interest to note that the low natural frequency formula,

Equation (37), is very nearly a linear function of dimensionless shell

thickness parameter B, when 8.c<l, and approximately varying with in8, where

s—2 ‘.~2.5. The explicit function of in, in addition to the linear dependence

of B, introduced in Equation (37) clearly constitutes a simple method for

the estimation of low natural frequencies of a free—edge hemispherical

shell. -

A comparison of low natural frequencies obtained by exact

Equation (26), approximate Equation (37), and Rayleigh inextensional

methods is made in Table 2 for h/R — 0.01 and ~ — 0.3.

TABLE 2 — COMPARISONS OF LOW NATURAL FREQUENCIES OF FREE-EDGED
HEMISPHERICAL SHELL OBTAINED BY DIFFERENT METhODS

(h/R—0.01 AND v—O.3)

• 

• 

Exact Approximate Rayleigh
Equation (26) Equation (37) 

___________

2 0.012 0.011 0.013
3 0.034 - 0.034 0.036
4 0.064 0.067 0.069
5 0.102 0.111 0.112
6 0.146 0.164 0.165
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The computed approximate frequencies seem to check well with the exact

frequencies, especially in the low wave number region. Also, the approxi—

mate frequencies are seen to be closer to the exact values than those by

Rayleigh inextensional theory.

(ii) High frequency range (fl>>1)

Three roots of the characteristic Equation (21) are approximately

given by:

A ; (3+;) — 
~~ (l+ )(l_ 2)

1 fl2

A
2 2 + ~ + 2_ b2

A
3 

2+ 3’
~~~” + b 2 (39)

where

b2 — 
P’~~ + 2 _ l  

(40)

The corresponding degrees v
j 
and q are

vi 12 - 0.5 + (o.2s_3~
_;2) 1

v3~~~
_ + + b

q - - ~~~+ (

~~~
+

~~~~~

)

½ 
(41)
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The asymptotic forms of associated Legendre functions are

1

Ptm (o) l (b) tm — 2
v2

Ptm (o) = (b) tm - 2 
sin (ao

+ fl
• f,m ( ) ~ (b) tm + 2 (b n/2)

V2 0 - 

~~~

—_ e

P
3 

(o) (b) tm + 2 
cos 
(
a +  -~

) (42)

where

I

~

a
~ 

— (m+b) (43)

Upon the substitution of the expressions given in Equations (39),

(41), and (42) into the frequency characteristic Equation (26) and neglect—

ing the small quantities of higher order terms, a simplified equation will

yield:

G(fl).H(fl) 0, (44)

where

G(fl ) - [fl 2 + (l_;)(l+82)(l_~2)]
2 ptm 

(°) p
tm 
(°)

— m2 (l ;)2(l+ 82) 
~~~ (4~~
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and

H(Q) — sin a [Zb
te + 2b2(l+ 

s~ 2) 
+2(1_;)2 m’]

+ cos a [_4 (l— )m2 b2] (46)

The product of two functions G (12) and H (12) in Equation (44) implies

that at least two families of natural frequency with different characters

might result. Indeed, this turns out Co be the case. Function G (12),

which is almost independen t of shell thickness (82<cl), will determine

torsional and torsionless membrane frequencies. In contrast, function

H (12) strongly depends on the shell thickness and this will generate

bending frequencies.

The solution of Equation (44) is obviously determined by setting

either fun ction G (12) or H (12) to zero. Two different families of natural

frequencies are obtained as follows:

(1) Membran e frequencies: G( 12) 0  (47) -•

If the very small quantity 82 is neglected , the expression G (12)

would be the frequency equation that results from the membrane theory6 by

satisfying the boundary conditions N~ (.= 
~) 

= N.0(+ = f )= o , which

imply the free movement of the midd].e-surface tangential displacements at

the open edge of a hemispherical shell. Thus, the natural frequencies

• generated from Equation (47) are the membrane frequencies.

For the torsionless axisynimetric (m”O) membrane vibrations, only one

boundary condition N~ (.~ f)  — 0 is necessary to yield the desired

natural frequencies. In other words,

34
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— 0 (v”n” l,3,5. . .odd) (48)

where

v — —0.5 + + 0.25 (49)

Here, x _ ( 1 22 + l_ ; ) (122 _ 2_ 2 ;)/(122 +;2 _ l )

For higher axisyinmetric torsionless membrane frequencies (cP>l),

Equation (48) can be approximated to be

• 
12n (n+O.5) + 2(+0 5) , n—l 3,5. . .odd. (50)

• Table 3 shows a comparison of exact and approximate axisymmetric

membrane frequt~ncies by Equation (50).

TABLE 3 - A COMPARISON OF EXACT AND APPROXIMATE AXISYMMETRIC TORSIONLESS
MEMBRANE FREQUENCIES (maO) BY EQUATION (50) FOR A FREE-EDGED

HEMISPHERICAL MEMBRANE SHELL (v—O. 3)

12

Exact - Approximate

1.98 1.75
• 3.63 3.61

5.58 5.57
7.55 7.55
9.54 9.54
11.53 11.53
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Regarding the nonsymmetric membrane vibrations (m~I0), the following

approximations for torsional and torsionleas membrane frequencies (in the

high branch) are possible ’

When 12)->in, Equation (47) can be simplified to

cot f (~~v)’co~~ (~~q) — (l_ 2) in2 ~~~~_m2)(q2_m2)/(12
2 + (l— )

x (1—rn2)]2 (51)

where definitions of v and q are given previously in Equations (49) and

(23), respectively.

Since the right hand side of Equation (51) is a small quantity of
/ 2 \

order 0( ~~ ) ,  two sets of natural frequency are approximately derived:

\ 12~ /

in + v — 2k + 1 (k.1,2,3 ) (torsionless frequency) (52)

in + q — 2k + 1 (ku1l,2,3,....) (torsional frequency) (5))

Equations (52) and (53) can be further simplified under the condition

12>>1 to yield two explicit forms of natural frequency:

12 (2k+l .5-m) + (O .25
;

3~_ 2 )  
2~~ 1.5—m (k 1 ,2 ,3, . . .  and m >l) (54 )

(k-m+1,a+2 , and m>1) (55)



Equa tion (54) yields the high frequency approximation of torsionless
membrane frequency under consideration , while Equation (55) will give the
torsional membrane frequency. The latter is equivalent to Equation (29)

when 8
2 
is neglected .

A comparison of membrane frequencies, between the results by exact

membrane solutions and those by Equations (54) and (55) for in — 1,2,3, is

made in Table 4, where for completeness the results of axisymmetric case

(m—O) shown in Table 3 and Figure (4) are also included.

TABLE 4 - COMPARISONS OF MEMBRANE FREQUENCIES BY EXACT MEMBRANE SOLUTIONS
AND BY APPROXIMATE FORMULAS EQUATIONS (54) AND (55) , FOR m—l,2,3, FOR

A FREE-EDGED HEMISPHERICAL MEMBRANE SHELL (~ -0.3)

in Torsionless Membrane Torsional Membrane
Frequency Frequency

Exact Approximate Exact Approximate

__________ 

Equation (54) 
_____________ — 

Equation (55)
0 1.98 1.75 1.87 1.87

3.63 3.61 3.13 3.13
5.58 5.57 4.35 4.35

7.55 7.55 5.55 
— 

5.55

1 2.78 2.35 2.43 2.51

4.58 4.42 3.74 3.74

6.57 6.44 4.97 4.95

8.49 8.46 6.14 6.15

2 3.67 3.39 3.03 3.13
5.72 5.43 4.37 4.35

7.53 7.45 5.40 5.55

9.55 9.46 6.74 6.75

3 2.99 2.35 3.70 3.74

4.48 4.42 5.08 4.95

6.61 6.44 6.06 6.15

8.69 8.46 7.36 7.34

- 

• 
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(ii) Bending frequencies: H(12)—O (56)

The expression of H(f2) given in Equation (46) depends strongly on the

large parameter b and thus represents a high frequency bending solution.

Under the condition of ~P>l, Equation (56) can be rearranged as:

tan -~ (mi-b) 
2 (l—~ )m 2

~ [ 1 1 (57)2 
Y122 + — i 1. + (1— )~ m~lb

’ J
Since the right hand side of Equation (57) is normally a small

quantity, the high bending frequencies can be approximately deduced from

Equation (57) by replacing the right hand side expression with zero. By

doing so, an explicit expression of natural frequency 18 obtained as

follows:

-

• 

12 — y’~l-.;2) + ~2 (2k~m)k (58)

where k is a large positive integer,

As can be seen from EquatIon (58) , the high bending frequency repeats

itself for the even or odd circumferential wave number a.

• With m—0, Equation (58) becomes the formula for high bending frequency

of axisyimsetric case , which coincide8 with the approximation obtained by

The numerical data of high bending natural frequencies for the case

of (-~~
. 3~~6 and ; _ 0.3) are calculated according to the approximate

formula (58) for in a o, 1, 2, and 3 and are presented in Table 5, where

the corresponding exact bending frequencies by exact analysis are taken

f rom Table 1, and included here for comparison .

• 
• 

- 
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TABLE 5 - COMPARISON O}’ HIGH BENDING FREQUENCIES BY APPROXIMATE FORMULA
(58) WITH THOSE BY EXACT ANALYSIS (q —ir / 2 ,h/R —3/ 256 ,v— O.3)

I
Approximate Exact
Equation (58)

ni=even in—odd m—O rn—i m— 2 m 3  4
1.656 1.771 1.646 1.762 1.647 1.763

1.895 2.028 1.886 2.019 1.886 2.020

2.170 2.320 2.160 2.311 2.161 2.312

2.478 2.644 2.469 2.635 2.469 2.636

2.819 3.001 2.809 2.992 2.810 2.993

3.191 3.388 3.181 3.379 3.182 3.380

3.593 3.806 3.584 3.796 3.584 3.797p 
4.025 4.252 4.016 4.243 4.016 4.244

4.4 87 4.728 4 .477 4.7 19 4 .478 4.720

In Table 5, the first few frequencies for each in are expected to

have more coupling effect between membrane and bending than those higher

frequencies.

Mode Shapes

The mode shapes of a hemispherical shell with a free edge

h i  3/16 —

• — 16 v—0.31 are numerically evaluated according to a few repre-

sentative natural frequencies from the exact analytical solutions,

Equations (24). The results are plotted from Figures (5) to (19).

Several points of interest are disclosed as follows:

• 

39
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a. It is indeed a very interesting phenomenon that while the

lowest natural bending frequencies associated with each circumferential

wave number (m>2) for a hemispherical shell with a free edge can be closely

derived by Rayleigh’s inextensional theory, their corresponding lowest

asymmetrical vibration modes belong to the predominantly membrane—type

deformations (Figure 5). The features of such low frequency vibration

modes are such tha t the magnitudes of the meridional displacement (V) and

that of the circumferential displacement (U) are approximately equal, and

the ratio of either tangential displacement to the radial displacement

(W) is equal to (~ 
~~~~~~~~~ 

•). 
All displacements start from zero at the

apex and gradually increase to maximum values at the free edge. As the

wave number (m) increases the displacements become more pronounced towards

the open edge of the shell.

b. The modes of displacement associated with the mixed bending—

membrane frequencies approximately in the middle frequency range of

0.82<12< %~2 (l+ ) (Figures 6, 7 , 11, 14, and 17) are primarily of membrane—

type deformations, except at the open free edge, where the bending effect

plays an important role in order to satisfy the boundary conditions (edge

effect). Those radial displacements around the middle frequency range

are normally larger than the tangential displacements. For the nonsymmet—

r ical case, the meridional and circumferential displacements are about the

same order of magnitude (Figures ii, 14, and 17).

c. In the high frequency range (12>>l), mode shapes corresponding

to the membrane frequencies are quite different in nature from those of the

bending frequencies. Modes associated with membrane Etsquencies (Figures

8, 10, 13, 16, and 19) are predominantly of membrane—type deformations and

possess slowly varying displacement patterns with relatively few nodal points.

- • 
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The tangential (meridional or circumferential) displacement is comparable

with the radial displacement. The ratio or becomes particularly large

especially for larger in and higher frequencies (Figure 19) . As to the

mod e shapes correspond ing to the bending frequencies, unlike the previous

case , displacements are generated predominantly by the bending energy of

the shell and exhibit the rapidly changing displacement patterns with

relatively many nodal points. The radial displacement dramatically

dominates over either tangential displacement (Figures 9 , 12, 15, and 18).

In an attemp t to understand the dynamic behavior of modal dis-

placements, similar asymptotic technique again will be applied in differ—

ent frequency ranges to derive the approximate formulae for the mode

shapes of a hemispherical shell with a free edge.

(i) Mode shapes in low frequency range (fl<<1)

The approximate lowest asymmetric vibration modes associated with

each low Rayleigh bending frequency can be asymptotically obtained from

exact solutions, Equations (24), by dropping the small quantities of

• higher order terms. They are given by:

— A p.;m (cos •) (59a)

-m 
- 

-

— 
siP (cos $)

r 
V — U A l 1

W (cos •) — . (m>2) (59b,c)

The formulae for mode shapes in Equations (59) are, in fact, equivalent

to the approximate solutions given by Rayleigh inextensional principle;

namely,

.-
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V — B (mI-cos 6) tan’1 (•/2) (60a)

V — U — — B sin ••tan’1 (6/2) (60b,c)

As can be seen from Equations (59) or (60), meridional displacement

(V) is asymptotically equal to the circumf erential displacement (U) and

the ratio between either tangential displacement and the radial one is a

simple relation

(6la b)
W V r n + c o s~~

(ii) Mode shapes in high frequency range (12>>l):

Under the conditions of b2>> (l— ) ~2 and $>0°, the high—frequency

mode shapes can be approximately obtained in the following two classes:

a. Mode shapes associated with membrane frequencies:

E b
2 r

V — A P’1 (cos 6) — I sin (a +
vi sin a0 (2 sin 6) 1/2 1 “

+ eb ($—w/2) cos (a+ .
~
.) (62a)

E (1+ ) b 3

v - A {_ D (co. 6) + 
~m ~~ (0)] + 

sin a0 (2 
sin 6)

— 

x [
~
. cos (ii- .!) + (a

~
+
~~)]} 

(62b)

-
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1P’1
~_

(cos •) 1 a (1+ ) B
21

U A V 
sin • 

+ q~ ~~ (o)J+ 
sin a (2)1~

l2(sin •)
3/2

x[sin (a + 
~~

- ) _  e~~6~
!
~
2) 

COB (a+ ~)] 
} 

(62c)

where E21 
— — 1 - — (l— ~) in2] p~j 

(o)

a”~~~ +b~

a (m4b)

— 
(l_;)c1÷82))m2 

P~ (coB 6)

m sin • (a~ + (1—;)(i+82x1—m2)) P
tm (

~‘ I -

— 
(l— i(l+~

2) Ptm (cos 6)

~~ + (l_ )( l+$Z)(i_m9 pm
q

A — undetermined coefficient

For the region close to the apex of the shell (
~ ~t. Q

o), different

asymptotic representations should be employed to rederive the mode shapes.

As $ -~ 0
0 with m~0 and v,>l, the associated Legendre function is approxi-

mated as:

? (cos 6) - (_l) ’1[(v+ +) cog 3~ [(2.~,.1) sin

+ 0(si&+ .~.) (63)

where .7
~

(x) is the Bessel function of the first kind with integer order in.
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By using the expansion (63), the mode shapes when $ is sufficiently
0close to 0 are simplified as:

(_l)tm E (ir)h/2 (b)
_3I~

2

V — A P~1 (cos ~ 2 sin a 3m (b$) (64a)
0

V — A _D
i[~~i

(cos 6) + ~~ ~~~
(0)]

(_l)tm(l+ )E
21 (r) 1

~
2 (b)

_ 5
~
f2

— — 

2 sin a J
111 

(4) (64b)
0

1P~ (cos $) . 1
u — A ThD II sin $ 

+ p~ (o)J

~(_1)
rn(l+;) E21 (1r)~

I2
(b)

_7
~
’2

+ 2 sin a •sin $ 
— 

~~ 
(4) (64c)

In Equations (62) or (64), the first tetin or collective term associated

‘with the brackets in each displacement expression denotes the membrane

contribution, while the second term or collective term represents the

bending contribution. As can be seen from these formulas, the modes

of displacement are dominated by the membrane terms, which display the

relatively long—wavelength simple modes of vibration, with small—amplitude,

short—wavelength fluctuation due to the presenci-of bending contributions

supetiinposed on them.
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- 
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The order—of—magnitud e relationships between maximum tangential

displacements and maximum radial displacements for ~>>m , when the torsion—

less membrane frequency is not close to a torsional meuthrane frequency,

can be estimated from Equations (62):

V 
- ~

( _0.5)2_m2~~ (65a)
max l +~~ /

U 
- 

+~~~~(1-~) (65b)
max 

\
1 + v  / k

The relation given in Equation (65a) indicates that meridional

displacement gradually dominates the radial displacement as frequency (n)

increases. From relation shown in Equation (65b) one can expect that the

circumferential displacement will become more important than the radial

displacement for higher wave number (a). These order—of—magnitude rela—

tions are characteristic of the modes of displacement according to the

high torsionless membrane frequencies when c~>>m.

(iii) Mode shapes associated with high bending frequencies

• By setting sin a0 — 0 in Equations (62) and (64), which is equivalent

to the condition for generation of high bending frequency shown previously

in Equation (57), the mode shapes associated with the high bending

frequencies are readily obtained for a2>>(l— )m2: For ,>00

- 
A 

[
sin 
(
a-i- ~)+ e ”2

~ cos (a +
(sin •)

l/2 o 4
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A(l+v)b~~ I ~‘ W \ b($ir/2) I 11
V — 1/2 I COB a+ -~~ )-.e cos ~a + ~

) I (66b)
(sin $) L °

—km(1+\~)b
2 

r
_________  

/ ir~~ b($—i~/2) I ii\
U — 

3 /2  
sin ~a+ 

~
) —e cos ~ a + 

~~
) (66c)

(sin • )  ~. 
0

For $ ” O °

V — AJ (b$) (67a)

V — A (l+~) b~~ .i~ (b$) (67b)

2 3 (b$)
U — —Am (l+v) b 

~ 
(67c)

The order—of—magnitude relations between maximum displacements can

be easily obtained from Equations (66) and (67)

- 0 
[
(l+~)b ’] 

(68a)

Umax I (l+~)mb~~ 1
V 

0 sin j I (68b)
max i. .‘

It is quite obvious as revealed from Equations, (66), (67) and (68) •
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will decay very fast for high bending frequency and not very large wave

number (m). Also, since a large parameter b is contained in the argument

of the trigonometric and Bessel func tions , all displacements undergo

rapid fluctuation along the $—directlon. The rapidly fluctuating

phenomena of the modal displacements with either tangential displacement

much smaller than the rad ial displacemen t are the salient fe atures of the

mode shapes associated with high bending frequencies.

CONCLUSIONS

The main object of this report is to independently derive the analy—

tical solutions for open nonshallow, axisymmetric as well as nonsysinetric

spherical shell vibrations. This is accomplished , with the aid of

spherical harmonic operator V2, by reducing the shell motic’- .i equations to

a set of manageable equations in a straightforward manner, from which the

solutions for middle—surface displacements are obtained in terms of asso—

ciated Legendre functions. The analytical solut’3ns derived are of

simple compact forms which would provide an analytical path towards the

further researches of a similar nature.

An illustrative example of a free— edged hemispherical shell vibration

is presented to explore the free—vibration characteristics of an open non—

shallow spherical shell. Numerical predictions using exact solutions are

made and compare very well with the experimental results, which demonstrate

the soundness and the capability of the present analytical solutions. An

asymptotic technique is also employed to reveal the salient features of

the shell dynamic parameters such as normalized freq uency (
~ ) and nondimen—

sional shell thickness parameter (s) . The following are some conclusions

for free—vibration problems of a hemispher ical shell with a free edge :  

.• ~~-~~_ . ~~~~ •~~~ ~~~ 
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1. In the low frequency region (11<4), a sequence of low bending

frequency associated with each circumferential wave number (a) occurs.

Each such frequency is very nearly a linear function of thickness parameter

(~
) and varies approximately with m5, where a — 2’2.5. The corresponding

mode shapes are of membrane—type deformations and are characterized by

P
~

’1 (cos •); i.e.,
W~~ ~

,—m (cos •)

V U sin $
W W m + c o a $

The computed results show that the lowest mode of vibration of a 
ft

free—edged open shell is indeed related to m — 2 mode, which is also

confirmed by other authors.

2. In the middle frequency range [o.82<~~Y~(l+~)J , most frequencies

except a few membrane modes, are mixed bending—membrane frequencies due to

the strong coupling of bending with membrane energies in this frequency

range.

3. In the high frequency range (~>~ l ),  vibration modes eventually

become discrete as bending and (torsional and torsionless) membrane modes

due to the weak coupling effect of bending stiffness and membrane stretch-

ing. Their corresponding mode shapes exhibit distinctive displacement

patterns as briefly described in the following:

(i) Torsional membrane modes of vibration are uncoupled from the

torsionless vibration modes for the axisyimnetric case (m’.O), and are

involved with the circumferential displacement only: i.e.,

U hI. A~tm (coa ,)
-

-

~~ ‘ 

~ q

-~ -~~ 
— - ~~~ - — -~~~~~~~~ -.~~~~~

_- -~~~~ •:



- • . - - -—- -- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

A sequence of pure torsional frequency (m”O) in the fl—n diagram

(n — mode number), is lower than, but closely parallel with that of tar—

sionless membrane frequency in the not very high mode number region.

(ii) Torsionlees natural frequencies are further distinguished from

each other; namely, (predominantly) bending and (predominantly) membrane

frequencies:

a. Bending frequencies and their associated mode shapes depend

strongly on the frequency—thickness parameter (b), which is a large—

parameter of high—frequency , thin shell vibrations. The mode shapes are

approximately characterized by the following relations:

~ A.
8In (ms/2+n/4+b$)

(sin

V A1 m(l+v)b ~~~~ (~w/2+i~/4+b$)(s in •) 1—

U ~~~~~~~~~~ sin (mw/2+~/4+b$)
(sin •)

3 2

for 112>>(l—~)m2 and 6>00.

All displacements undergo rapid fluctuation along the •—direction

with either tangential displacement (V or U) much smaller than the radial

• displacement (W) . The circumferential displacement (U) decays even faster

than meridional displacement (V) towards larger $.

b. Membrane frequencies , almost independent of shell thickness , are

generated through the boundary conditions involving tangential displace—

ment only. The corresponding mode shapes are roughly typified by the

following relations :
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r •

inW — A P  (cos $)

‘Tmax 
- o (ii ~~o.52

_m
2))

max l + v

t1max 
- o[1 + V2 l-)~~ ml

max L ‘~~~~ J
for ~l>>m.

Since the degree ‘~1 of is close to the normalized frequency (11),

the radial displacement is expected to be a slowly varying simple mode of

vibration up to the frequency range where the classical thin shell theory

is still applicable. The tangential displacements will eventually

dominate over the radial displacement for higher frequencies and/or

higher circumferential wave number.

c. Only for axisymmetric vibration modes (m—0), could there be

relatively large normal displacements around apex $0 of the shell for

either bending or membrane frequencies. For other nonsymmetric modes

(m~O) ,  normal displacement is always zero at the apex.

_  
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Edged, Axisysnetric Hemispherical Membrane Shell versus

Mode Number (n) (m’ 0,v.’0.3)
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