
I , AO—A07 376 CASE WESTERN RESERVE UNIV CLEVELAND OHIO DEPT OF NA—ETC FIG 12/1
EJ IRICAI BAYES ESTIMATION OF CRITICAL DOSAGES HAVING SMALLEST —€TCIU)
AUG 79 0 8IALIK. S ZACKS N00018—75—C—0529

• UNCLASSIFIED TR—38 pt

I~~~~ I
Q?a376

END
rIL ~~ LD

0 —79
0bc

I



• ~ 
I~Il~.B llhI~

~~~ ~~~~~

I I i~: 
N~

IIlH~11111’ ~25 lIIlI~•~ Iiiu~
MICROCOPY RESOLUTION TEST CHART



LEVEIi ’ ‘~~~~~ cii~I~C \ J)fPIRICAL ~~YES ~~STIMATION OF CRITICAL
~PSAGES PAVING SMALLEST PREDIC~~ VE RISK •

by

—--

f ) 7 a l i k ~~~~ S. Zacks

~~~ Department of Research Medicine
University of Pennsylvaflia

and

~~~ Department of Mathematics and Statistics 
~~

~~~ Case Western Reserve University ( ~ ( ~ —

-

( n ~~~~~~~~~~~r
p4

o. 38

5> PREPARED UNDER CONTRACT
01.. ,

- —
~~~~

-—--—--------- —( J t )  N 
~frØ14-75-C-~529i PROJECT NR 042-276

OFFICE OF NAVAL RESE~RC}I

for p ubbc ~~~~~~ ~~I
cøitri~utIon ~a un~m~e&

Reprodtiction in Whole or in Part is Permitted for
any Purpose for the United States Government

Department of Mathematics and statistics
CASE WESTERN RESERVE UNIVERSITY

CleVelAnd , Ohib



—~~ — 
_ — 

~~~~~~~

- 
‘ ~~~. 

.

1. Introduction

Consider a monotone relationship of the expected response to

the dosage in bioassay. A critical dosage is considered here to

be the treatment level associated with an expected response thre—

shold. The problem of determining critical dosages is known as

the calibration or the inverse regression problem. Many studies

can be found in the literature concerning the estimation of critIcal

dosages for linear and non—linear regression models. (Krutchkoff ~

(1967)). Methods of estimation of critical dosages in the single

samplecase provid e either point estimates or confidence intervals

(Fieller (1964)). Among the methods which involve multistage

design approach we find the stochastic approximation methods and

sequential search procedures (Eichhorn and Zacks (1973)). The

present study considers the problem of determining critical dosages

• in a situation where a large number of regression lines are aval—

lable f r om many related assays, but each regression line is based

on a small number of observations. Thus, rather than estimating

the critical dosage for each assay indivudually, the inter—block

information provided by the various regression lines is intilized

to Increase the precision of the estimates. This is done within

a Bayesian framework. More specifically, the model assumes that

in each assay the dosage — response relationship is represented by

a l inear regression , with t h e  same variance u2 around all regression

lines and normal distribution of errors. The threshold , Ti , id the

same for all assays . If and k l , ... ,N , are the tru&,

intercept and slope of the k—th regression i.lne , the k—th critical

dosage is (r i  — a~) / B~1~, 
B.1~ > 0 and ff i 0. ~The

________ ~~~~~~~~~~~~~~~~~~~~~~ —-~~~~- ~.-~~~~~-- •— ~~~~~~~~~~~~~~~~~~
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prior distribution of (a,B) is chosen to yield a negligible prior

marginal probability for {8 < 0). The Bayesian model assumes that

k = l ...,N, are priorly independent and identically distri-

buted vectors with a properly chosed prior bivariate normal distribu—

tion. Let (a.K,
b
k
) be the least—square estimators (LSE) of

based on the observations performed in the k—th assay. On the

basis of this LSE a posterior bivariate normal distribution is deter—

mined for (cz
k

,B
k
). This distribution yields a predictive normal distri-

bution, given (a.K,bk) for a response Y(~) at a dosage ~~~. (See Aitchison

and Dunsmore 1975). The minimum predictive risk estimator of the critical

dosage 
~k 

is def ined as the dosage , 
~k’ 

which minimizes the predictive

risk , i.e., E{ (Y(
~
)_fl)2I(a

k
,b
k
)). The suggested es timator of

depends on the LSE (a
k
,b
k
) and on the parameters of the prior

bivariate normal distribution of (cx ., ~~~ 
). When the number ofk k

assays , N, is large an empirical Bayes method can be employed for

estimating the prior parameters.. In the present study we develop

the formulae for the empirical Bayes estimation of the critical

dosages . The formula obtained resembles somewhat Stein—type esti-

mators of a multivariate mean vector (Zacks (1971)). The procedure

developed in the present study is applied for the determination of

• critical concentrations of benzo—solub1e~~~~~~~~~~~E E i n  air

• I samples taken in 1963 and 1964 from 53 and 54 different sites In

the U.S.A. These organic extracts were tested for their toxicity

in a series of photodynamic bioas3ays (Epstien et. al. (1965)).

The toxicity of the benzo—soluble extracts from the pollutants is

- .~-~---- -~—‘•-• ---——‘~~~~~- ---- •- - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ---~ ---- — ------ —— --~~--—--~ — rn--- ~~~~~~~~ A 4
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a function of their chemical composition and concentration in the

air. The chemical composition varies (at random) within a site and

~~~ between the sites. The model developed in the present study was

found suitable for the determination of critical air concentrations

(dosages) for each site. These critical dosages can be compared with

the actual concentrations of the organic extracts in the samples. When—

every an air sample contains organic exi racts with concentration higher

than the critical dosage evidence exists of undesirable toxicity of

the air pollution. Similar applications can also be performed in

other areas of the empirical sciences.

The present study consists of five sections. In section 2 we

specify the statistical model and the Bayesian framework. The

method of determining critical dosages by minimizing the predictive

risk is provided in section 3. Section 4 is devoted to the empirical

Bayes approach when the number of assays, N, is large. Finally, in

section 5 we present the application to the analysis of the photo—

dynamic bioassays, for the determination of critical concentration

of benzo—soluble organic extracts in air samples.

2. The Statistical Model and the Baysian Framework.

Consider N sets of biological assays, having dose response

- 
- 

relationship 
. 
Y(xkj) U~~ + BkXki + Cki~ 

k = 1,..., N,

i = l,...,nlK, 
where cki 

is a random variable normally distributed

with expectation zero and varaince a2 . The regressors xki (i
~
1,. . 

~~~~~~~
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are the log—dosage applied at the kth bioassay, and (c*k,Bk) are

the linear regression parameters based on the observations

k l,...,N, I = 
~~~~~~~ 

The model assumes that the variance a2

is the same around all the N regression lines. Determine the common

least square estimators (LSE) ak and bk 
of the linear regression

• parameters and the variance around the regression line s~. Let

~2 denote the pooled estimator of this common variance, i.e.

N N

(2.1) k=l (nk
_2)

~~
/k~l
(
~~

_2).

The large number of assays considered in the present problem

and the typically small error variance, 02 , provide estimates ~~2

with samil standard error. Accordingly, we develop the following

Bmyesianmodeliinder the assumption that a2 is known and substitue

s2 for 02
p

According to the theory of least—square estimation in normal

models , (a
k
,b
k

) ’ is a random vector having a conditional bivariate

normal distribution, with an expectation vector (cz
k~

Bk
) ’ and

covariance matrix ’ Ek, where

h _ _
I n + SDX. SD

(2.2) E = a2j  K

SDXIK

where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Xk designates the mean log—dosage at the k’th assay and SDX.K 

=

- x.K) . The Bayesian model assumes that each assay

can be considered as a random sample from a larger population of •
assays. Accordingly, we assume that (ak,Bk) follows a bivariâte

normal prior distribution with prior expectation (ct0,B 0) ’ and

prior covariance matrix, T; i.e.,

(2.3) q’ N 

(

~~~
0) , T 

)

Given the estimates (a
k

,bk
) ’ and ~~~~, the posterior distribution

of the regression parameters (c&K~ Bk
) ’ is also a bivariate normal

distribution (Zacks 1971, Box and Tiaö 1973) with expectation vector

(2.4) = + T(
~k 

+ TY1I 
k 

- 

00

Bk L b k., B0

and covariance matrix

(2.5) V
k 

= T — T’(
~k 

+ T) 1T.

3. Bayesian Determination of Critical Dosages.

The critical dosage, a~, for the k—th bioassay, is defined

as the value of x for which the expected response is i~, i.e.,

(3.1) = - , k l,...,N

We comment here that in practical applications of the model we assume

that all > 0. The Bayesian framework asq~mes a normal

~~~~ ~1!1~~ 
_ _ _- • •~~~~~~~~ -~~~~~~ ~~ ••- ~~~~~~~~~~~
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marginal prior (posterior) distribution of 8k’ which extends over

negative values too. This problem is overcome in applications if the

error variance ~2 is relatively small and the dosages in the bio—

assays are well designed. In such cases the posterior variance of Bk

is often sufficiently small so that the posterior psobability of

negative 8k value is negligible.

In classical statistical analysis, is frequently estimated

• by the least—squares inverse regression statistic

• 
_ _ _(3.2) 

~k 
= b , k =

• k

Fieller’s theorem (Fieller (1944)) is of t~n applied to- obtain classical

confidence intervals for 
~~ 

The application of Fieller’s theorm

in the Bayesian framework is not compatible with the definition

(3.1) due to the interchange in the role of parameters and statistics.

We consider therefore two types of Bayes point estimators of 
~k

• 
*One is obtained by substituting in (3.1) the posterior estimates ctk

and of ak and Bk~ 
respectively. Accordingly, we obtain the

(pseddo) Bayes estimator
• 

*
* 

f l U
k(3.3) 

~k A* , k =

-
• Notice that is not a Bayes estimator, since it does not minimize

a prior (posterior) risk. We introduce a proper Bayes estimator of

by considering the value of x which minimizes the predictive

risk E{(Y(x)—~)2). More specifically, we minimize the predictive

expec tation

—----- -~~--~~~~~ • ‘— 
-‘:~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~• • ~~~ - -~-- • ~~~~~~~ --~-
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(3.4) Q (x;~~~) =

k 1,. . . ,N. E{~ I ~~) designates the expectation with respect to the

predictive distribution of Y(x) in the k—th bioassay. In the present case

• 
- the predictive distribution is the normal distribution with mean cx

k+8
~
x and

• 
- variance 02 + Vk

(x) a2+ Vkll + 2XVkl2 + X
2Vk22, where Vk..,

i,j = 1,2 are the elements of the posterior covarianee matrix V
k
.

We apply here the loss function (Y(
~k

)_n)2 rather than —

since the posterior expectation of (n_cx
k)/f3k

, given 
~k’ 

does not

exist. Thus

(3.5) Q (x;?-~) = a2 + Vkll + 2xVkl2 + X
2Vk22 +

The minimization of (3.4) with respect to x yields the estimator

* *~ — v  / p 2
“k k12~~’k(3.6) 

~k = 
* 

, k =

1 + Vk22 / B k
2

A (1—a) level predictive interval for Y(~) is specified by the

prediction limits

(3.7) P(~~;a) = a +

where z is the l—a/2 fractile of the standard normal distri—

bution. It is not difficult to show that the three different esti—

• *mators of 
~k’ 

namely 
~k’ ~k 

and 
~k 

are consistant ones , as the

number of observations around the regression lines increase to

infinity and SDX
K 

increase to infinity too. However, questions of

consistency and asymptotic efficiency are irrelevant to our problem since

generally we are concerned with cases of small number of obervations in each

bioassay. For this reason we adopted the Bayesian approach to compenseate for the

_
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lack of accuracy due to this deficiency. As we show in the next

section, an empirical Bayes approach can utilize the information

obtained from the large number of different assay to determine an

adequate common prior distribution for the analysis of the indivi-

dual assays.

4. An Empirical Bayes Approach for Large N.

Generally it is a difficult problem to determine that proper

prior parameters for each regression line. However, if the analysis

consists of a large number of regression lines from different assays,

and if it is plausible to assume that the regression parameters

(ctk,Bk
) ,  k = 1,... ,N, constitute a random sample from the sample

bivariate (prior) normal distribution, one can estimate consistently

the prior parameters. More specifically, under the assumption that

the (true) regression parameters (c*k,Bk)~ 
k = l,...,N, are inde—

pendent random vectors having the same bivariate normal distribution,

with mean (a0,B0) and covariance matrix T then

(4.1) ~0 ~~~~~~~~~ 
ak

B0 l
~
l b

k

is an unbiased, strongly consistent estimator of (ao,Bo)’ having

a bivariate normal distribution with covariance matrix ~(T + ~~k
N
lfk).

An unbiased and strongly consistrnt estimator of the total

covarlance matrix T + 1~k~ 
is given by the sample covariance matrix

.• - - ~~•- - - -~-‘•- •- —---~ ~~• — -• . • . - - .~- ... ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Ii
• a’

(4.2) C N—i (b~ ~
‘N 

- * JN)(aIb)

where a’ = (al,...,aN), 
b’ = (b,,...,bN

) ,  ‘N is the identity

matrix of order N and is an NXN matrix of l’s. Notice

that the total covariance matrix T + ~ ~k
N
l~k is composed of the

“within variance8 component 
*~k

N
ltk 

and the “between variance”

component T. Thus as in the common components of variance model

(see Graybill (1976)) and unbiased estimator of T is

N
(4.3) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~kk=l

We remark that if the design matrices of all the N assays are

P the same, i.e., ~ for all k = l,...,N, the above formulae

simplify. We further remark that (4.3) may be negative definite, if

the “within variance” component is large and N is not sufficiently

large. If this is the case, one has to apply a different approach, or

use biased but consistent estimators of T. Finally, given the

estimates (a0,%) and the unbiased estimator T one can determine

an estimate of Vk,  namely

(4.4) 
~~~~~~~~~~~~~~~~~~~~

= ~kl1 
“Tkl2

Vkl2 Vk22

and substitue its elements in (3.6) to obtain an empirical Bayes

estimate of This estimator is

_ _ _ _ _ _  • • —~~~ -•. - •- -~~~~~~~~~~~~~ •-•-- .~~~—
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(4 5) k k12 k
k l + V  lB 2k22 k

where and are obtained from (2.4) by substituting (a,,~,13~) ’

for (a0,B~) ’  and = (rI_cc
k
)/
~k
. Notice that the emperical

Bayes estimator (4.5) is a shrinkage estimator whenever

~kl2 ~ ~k~~22 This is the case , in particular when \Tk12 > 0.

In the foliwing section we provide • a large scale application

of the empirical Bayes approach described above.

5. An Application of the Model.

The model discussed in the previous sections was applied to

the analysis of a large scale photodynamic bioassays, performed by

Epstein et. al. (1965), for the purpose of evaluating the toxicity

H of organic extracts from atmospheric pollutatants. Air samples

were collected in 1963 and 1964 from 53 and 54 different sites in

- • the U.S., respectively. The benzo—soluble organic particles were

• chemically extracted from the air samples and the atmospheric con—

-
~ 

- centrat’ions [g/m 3 of air] were recorded. Proper s~1~~ions of the

organic extracts (O.E.) were tested at three dilution levels

d — 10~~, io~~, io_6 
[g/m&]. These preparations were applied in

wells including 30 cells of Paramecia Caudatum. The measured res—

ponse, called th LT9O, was the time (in minutes) required to iimno—

bilise 90% of the cells under ultra—violet irradiation. The ineasu—

• rement of response was truncated at 90 minutes. Response 

—~~~- —- -• •~~ ~~~~~~~~~~~~~~ - 
-—.

-~
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values over 90 minutes are therefore unavailable, neither the pro—

potion of living cells at the time of truncation. Four replicas

were perfomed at each dose. Simultaneously , the LT9O was measured

on a standard synthetic benzo—a —pyrene (BaP) . 41 complete assays

- of the 1963 data and 54 of the 1964 data were available for analysis.

For the statistical analysis define x = —log
10 

d — 5. The

model assumes that Ln(LT9O) is normally distributed with mean

a + Bx and variance 02. This model links the analysis described

later to the theory developed in the previous sections. Bialik

-• (1978) verified that the £n LT9O versus log—dose regression lines

of the standard preparations, correspond to each year of test data,

were not significatly different. Accordingly , the analysis presented

here does not have to adjust the regression line of each site for

varying experimental conditions. In Table 1 we present the

• basic response statistics , the regression statistic and

• the expected LT9O corresponding to the actual concen—

tat ion in the air for sites of the 1963 samples. The te—

• gression parameters (a, ~
) of different sites are not

expected to be the same due to the different chemical

- composition of the 0.E.. Since the toxicity of the organic

• pollutants is a combination of their chemical composition and atmos—

pheric concentration , Bialik (1978) introduced a measure of toxicity,

AIRLT9O, which takes into account both factors. An equivalent

-
• 

• air—dosage , AD , is defined as the atmospheric concentration of

the O.E. in a given site solved in 1 niP of preparation. Let

• •

~

• ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~ •• •~~~~~~~~ ~~~~~, •~~~~~~~~~~~ ••
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(5.1) XAIR = — 1og10
(AD) — 5,

Then the corresponding predicted LT9O is given by

(5.2) AIRLT9O = exp(a + b.XAIR +~~2/2).

The XAIR and AIRLT9O of the various sites are given in Table 1.

Notice that all the XAIR values in Table 1 fall in the experimental

domain (—1 ~ x ~ 1). Accordingly , the AIRLT9O values are not based

on extrapolation. We also remark that intensive photodynamic acti—

vity is associated with low LT9O values .

* *  HIn Table 2 we present. the Bayes estimator (ak,Bk
) and the

corresponding 
~k’ ~k 

and 
~k 

estimators of the inverse regression

— parameters corresponding to the threshold ~ 2.9.  This value of

is the smallest 2.n(AIRLT9O) in Table 1. The Bayes estimators (a~ ,~~ )

were determined according to the empirical Bayes apnroach, described

in Section 4, based on the 1963 and 1964 data. The LSE ’s (ak,bk)

of the 1963 data yield the empirical Bayes estimates

• 3.8628\
(5.3) =

• B 0 63 0.9241

The corresponding covarianee matrix is

.1645 .0354
1 (5.4) (C) =

63 .0354 .0723
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The corresponding covariance matrix for the 1963 data is

— .0018 .0017
(5.5) 

~~~ 
=

63 .0017 .0035

Thus, the empirical Bayes estimate of the prior covariance matrix T is

.1627 .0337
(5.6) (T) =

- - 

.0337 .0683 /

We computed similar estimates based on the 1964 data and obtained

3.5551 .2437 .0232
(5.7) = (T)6~ =

B0 6L. 1.0673 , .0232 .0718

For the purpose of comparison we present in Table 2 for each

site of the 1963 samples the empirical Bayes estimates corres-

ponding to 1963 and 1964.

Observe that the values of (a~ ,~~ ) ’ are very close to

(ak,bk)’ ± (S.D.(ak), S.D.(bk))’. As a result 
~k 

and have

similar values. Also .0001 
~ 

— � .0623 for every

k = l,...,41. However, a visible effect on and is demon-

strated by changing the prior distribution , corresponding to changes

in the experimental conditions. This can be seen when the empirical

prior distribution based on the 1964 data is applied to the 1963

* * *data. Finally, the predicted response at XAIR , Y (XAIR) = a + ~ XAIR, •

can be compared with the y—fractile of the predictive distribu-

tion at E , namely

(5.8) TL~, — a* + + zfi~) 
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In other words, if Y ()(~IR) > TL~ we conclude, with predictive

confidence y, that the toxicity of the O.E. in the air is below

the threshold.

-1 ~I I

I t

______ --- -.-~~~—~~ ~~• - - -  • — — - -  -
~~~

.• --
~~
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