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1. Introduction

Consider'a‘monocone relationship of the expected response to
the dosage in bioassay. A critical dosage is considered here to
be the treatment level associated with an expected response thre-
shold. The problem of determining critical dosages is known as
the calibration or the inverse regression problem., Many studies
can be found in the literature concerning the estimation of cri;igal
dosages for linear and non—liﬁéar regression models. (KrutchkoffzJ
(1967)). Methods of estimation of critical dosages in the single
samplecase provide either point estimates or confidence intervals
(Fieller (1964)). Among the methods which involve multistage
design approach we find the stochastic approximation methcds and
sequential search procedures (Eichhorn and Zacks (1973)). The
present study considers the problem of determining critical dosages
in a situation where a large number of regression lines are avai-
lable from many related assays, but each regression line is based
on a small number of observations. Thué, rather than estimating
the critical dosage for each assay indivudually, the inter-block
information provided by the various  regression lines is intilized
to increase the precision of the estimates. This is done within
a Bayesian framework. More specifically, the model assumes that
in each assay the dosage - response relationship is represented by
a linear regression, with the same variance 02 around all regression
lines and normal distribution of errors. The threshold, n, ig the
same for all assays. If o and Bk, R®'],.va3; arehthg frueg
intercept and slope of the k-th regression line, the k;th tritiéél

dosage is Ek = (n -~ Ok)/(&,_ Bk >0 and Ck = o §f Bk s 0. 'The
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prior distribution of (a,B) is chosen to yield a negligible prior
marginal probability for {B < 0}. The Bayesian model assumes that
(ak,Bk), k=1,...,N, are priorly independent and identically.distri-
buted vectors with a properly chosed prior bivariate normal distribu-
tion. Let (ak’bk) be the least-square estimators (LSE) of (ak,Bk),
based on the observations performed in the k-th assay. On the

basis of this LSE a posterior bivariate normal distribution is deter-
mined for (ak,Bk). This distribution yields a predictive normal distri-
bution, given (ak’bk) for a response Y(£) at a dosage £. (See Aitchison

and Dunsmore 1975). The minimum predictive risk estimator of the critical

A

dosage Ek is defined as the dosage, Ek, which minimizes the predictive

risk, i.e., E{(Y(g)-n)zl(ak,bk)}. The suggested estimator of Ek
depends on the LSE (ak’bk) and on the parameters of the prior

bivariate normal distribution of (o ). When the number of

KBk
assays, N, is large an empirical Bayes method can be employed for
estimating the prior parameters. In the present study we develop
the formulae for the empirical Bayes estimation of the critical
dosages. The formula obtained resembles somewhat Stein-type esti-
mators of a multivariate mean vector (Zacks (1971)). The procedure
developed in the present study is applied for the determination of
critical concentrations of benzo—solubieus?EEEIE'Ei??EEt§”1n air
samples taken in 1963 and 1964 from 53 and 54 different sites i;'
the U.S.A. These organic extracts were tested for their toxicity

in a series of photodynamic bioassays (Epstien et. al. (1965)).

The toxicity of the benzo-soluble extracts from the pollutants is

allasli,




; a function of their chemical composition and concentration in the
air. The chemical composition varies (at random) within a site and
between the sites. The model developed in the present study was
found suitable for the determination of critical air concentrations
(dosages) for each site. These critical dosages can be compared with
the actual concentrations of the organic extracts in the samples. When-

every an air sample contains organic excracts with concentration higher

than the critical dosage evidence exists of undesirable toxicity of
the air pollution. Similar applications can also be performed in
other areas of the empirical sciences.

The present study consists of five sections. In section 2 we
specify the statistical model and the Bayesian framework. The
method of determining critical dosages by minimizing the éredictive

risk is provided in section 3. Section 4 is devoted to the empirical

Bayes approach when the number of assays, N, is large. Finally, in
section 5 we present the application to the analysis of the photo-
dynamic bioassays, for the determination of critical concentration

of benzo-soluble organic extracts in air samples.

2. The Statistical Model and the Baysian Framework. 1

Consider N sets of biological assays, having dose response
relationship -Y(xki) =a, + kaki + €1y’ k=1,..., N,

i= 1,...;nk, where €1t is a random variable normally distributed

with expectation zero and varaince 02. The regressors xki(i-l,..,nk)




are the log-dosage applied at the kth bioassay, and (ak,ﬁk) are

the linear regression parameters based on the observations (yki’xki)’

ke YooqwN, 1= 1,...,nk. The model assumes that the variance o2

is the same around all the N regression lines. Determine the common

least square estimators (LSE) a, and b, of the linear regression

k

_parameters and the variance around the regression line si. Let

a: denote the pooled estimator of this common variance, i.e.

N N
; A g !
2.1) sg k=l (nk 2)s§/k=l(nk-2).

The large number of assays considered in the present problem
and the typically small error variance, ¢2 , provide estimates s2
with samll standard error. :Accordingly, we develop the following

Bayesian model.under the assumption that ¢2 is known and substitue

|
!
|
i
:
|
1
3
1

s2 for o2.
P

-

According to the theory of least-square estimation in normal
models, (ak,bk)' is a random vector having a conditional bivariate
normal distribution, with an expectation vector (ak,Bk)' and

covariance matrix I where

K’
5
Ska

i
SDX,

e
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;k designates the mean log-dosage at the k'th assay and SDXk =

P

N g 7 :
kakai xk) . The Bayesian model assumes that each assay
can be considered as a random sample from a larger population of
fgf assays. Accordingly, we assume that (ak,sk) follows a bivariate
normal prior distribution with prior expectation (ao,so)' and

prior covariance matrix, T; i.e.,

(2.3) - s T 1
0 P ‘

Given the estimates and tk the posterior distribution

of the regression parameters (g ,B )' is also a bivariate normal ,i
% B :

i 3 distribution (Zacks 1971, Box and Tiad 1973) with expectation vector §L

y *

¥ : a a _1{f{2 a
1§ (2.4) 3 IR U P TN S [ I I
1 B Bo by, Bo

and covariance matrix

1 ' 5
% ’i 2.5y b Wi St (tk +T) T,

3. Bayesian Determination of Critical Dosages.

The critical dosage, Ek’ for the k-th bioassay, is defined

as the value of x for which the expected response is 1, 1i.e.,

(3.1) £k - k=1,00.4N

Bk % ]

We comment here that in practical applications of the model we assume

i g
L that all qk > 0, The Bayesian framework asismes a normal
| A
32
‘;19'3
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marginal prior (posterior) distribution of Bk’ which extends over
negative values too. This problem is overcome in applications if the
error variance o2 1is relatively small and the dosage§ in the bio-
assays are well designed. In such cases the posterior variance of Bk
is often sufficiently small so that the posterior probability of

negative Bk value is negligible.

In classical statistical analysis, Ck is frequently estimated

by the least-squares inverse regression statistic

. L AT

B e
,k bk
Fieller's theorem (Fieller (1944)) is often applied tc obtain classical

3.2) k=1,...,N.

confidence intervals for Ek' The application of Fieller's theorm
in the Bayesian framework is not compatible with the definition
(3.1) due to the interchange in the role of parameters and statistics.

We consider therefore two types of Bayes point estimators of £k.

*
One is obtained by substituting in (3.1) the posterior estimates O

*
and Bk of a, and Bk’ respectively. Accordingly, we obtain the

k
(pseddo) Bayes estimator

5 §'e uk - . 9
1(303) Ek - —"——é*—" > k = b.o. ’N .
k

Notice that 5: is not a Bayes estimator, since it does not minimize
a prior (ppsterior) risk. We introduce a proper Bayes estimator of
gk by considering the value of x which minimizes the predictive
risk E{(Y(x)-n)2}. More specifically, we minimize the prédictive

expectation

il
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(3.4) Q (x; %) = E((¥(x)-n)?| %} ,

k=1, ...,N, E{-|%J designates the expectation with respect to the

predictive distribution of Y(x) in the k-th bioassay. In the present case

i

*
the predictive distribution is the normal distribution with mean uk+8*x and

rmers -

2 D 2
% g =
variance + Vk(x) g4+ V. + 2ka + x Vk22’ where V.

k1l 12 kij’
i,j = 1,2 are the elements of the posterior covariance matrix Vk.
We apply here the loss function (Y(ék)-n)2 rather than (Ek - Ek)z

! é since the posterior expectation of (n-ak)/B given ?k, does not

k,

exist. Thus

k%
Fy = g2 2 et 2y
(3.5) Q (x;‘{) o +V + 2%V, ., + X%V + (“k+3kx n)

k1l 12 k22

The minimization of (3.4) with respect to x yields the estimator

i A A G

e N

’ (3.6) g, =2 = k=18
- 1+ Vigolby
? { A (1-a) level predictive interval for Y(£) is specified by the
X
. prediction limits
b
4 A * * A A

i 3.7 P(Esa) =a + B EH zl_a/ZVQ(E) .

where z /2 is the 1-a/2 fractile of the standard normal distri-

1-0
bution. It is not difficult to show that the three different esti-

-~ * ~
mators of Ek’ namely Ek’ gk and Ek are consistant ones, as the

number of observations n around the regression lines increase to

infinity and SDXk increase to infinity too. However, questions of

e ey VT
. Ry o e e

consistency and asymptotic efficiency are irrelevant to our problem since

generally we are concerned with cases of small number of obervations in each

bioassay. For this reason we adopted the Bayecsian approach to compenseate for the
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lack of accuracy due to this deficiency. As we show in the next

i b s b

| section, an empirical Bayes approach can utilize the information

obtained from the large number of different assay to determine an

adequate common prior distribution for the analysis of the indivi-

dual assays.

4. An Empirical Bayes Approach for Large N.

Generally it is a difficult problem to determine that proper

prior parameters for each regression line. However, if the analysis

consists of a large number of regression lines from different assays,

and if it is plausible to assume that the regression parameters

(ak,Bk), k =1,...,N, constitute a random sample from the sample
bivariate (prior) normal distribution, one can estimate consistently i
the prior parameters. More specifically, under the assumption that
the (true) regression parameters (ak,Bk), k=1,...,N, are inde-
pendent random vectors having the same bivariate normal distribution,

with mean (a,,B,) and covariance matrix T then
1
(4.1) -1

is an unbiased, etrongly consistent estimator of (ao,Bo)' having

a bivariate normal distribution with covariance matrix %{T s %{kfltk)'

An unbiased and strongly consistant estimator of the total

e e i B A s S S I BT o 55 G o S e

covariance matrix T +-%zé§1$k) is given by the sample covariance matrix

4
i
i
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(4.2) C =

J.)(a,b)
b 2

where a' = (al,...,aN), b' = (bl,...,bN), IN is the identity

matrix of order N and JN is an NxXN matrix of 1's. Notice

- lypnN
that the total covariance matrix T + ¢ Zk=1tk is composed of the

"within variance" component ‘%ngltk and the '"between variance"

component T. Thus as in the common components of variance model

(see Graybill (1976)) and unbiased estimator of T is

T 1 g t
(4.3) T=°C- :
Nk=1' k

We remark that if the design matrices.of all the N assays are

the same, i.e., tk = t for all k =1,...,N, the above formulae
simplify. We further remark that (4.3) may be negative definite, if
the "within variance' component is large and N is not sufficiently

large. If this is the case, one has to apply a different approach, or

use biased but consistent estimators of T. Finally, given the

~

estimates (&o,éo) and the unbiased estimator T one can determine

an estimate of Vk’ namely

~ - A ~ ..10\

(4.4) Yy T-T(tk+'r) T
(s Yz
Yz Vk22

and substitue its elements in (3.6) to obtain an empirical Bayes

estimate 'of Ek’ This estimator is




]
!
|

=10~

* A
A 2
b - Y1/
1+ 7,,,/82 %
and ék are obtained from (2.4) by substituting (&O’EO)'

(4.5)

&

where &k
A* o b

for (ao,Bo)' and Ek = (n—ak)/sk. Notice that the emperical

Bayes estimator (4.5) 1is a shrinkage estimator whenever

ak A

-4 y is i i v > 0.
Vk12 < gkvkzz This is the case, in particular when V 0

k12

In the follwing section ‘'we provide . a large scale application

of the empirical Bayes approach described above.

5. An Application of the Model.

The model discussed in the previous sections was applied to
the analysis of & large scale photodynamic bioassays, performed by

Epstein et. al. (1965), for the purpose of evaluating the toxicity

of organic extracts from atmospheric pollutatants. Air samples

were collected in 1963 and 1964 from 53 and 54 different sites in

ol afona i g o

the U.S., respectively. The benzo-soluble organic particles were

chemically extracted from the air samples and the atmospheric con-

: . -
centrations [g/m3 of air) wererecorded. Proper solutions of the

oo S

organic extracts (0.E.) were tested at three dilution levels

d = 10-4, 10—5, 10"'6 [g/m&]. These preparations were applied in
wells including 30 cells of Paramecia Caudatum. The measured res-
ponse, cailed th LT90, was the time (in minutes) required to immo-

bilise 90% of the cells under ultra-violet irradiation. The measu-

rement of response was truncated at ty = 90 minutes. Response
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values over 90 minutes are therefore unavailable, neither the pro-

potion of living cells at the time of truncation. Four replicas !
were perfomed at each dose. Simultaneously, the LT90 was measured
on a standard synthetic benzo-a-pyrene (BaP). 41 complete assays

of the 1963 data and 54 of the 1964 data were available for analysis.

ik
3

For the statistical analysis define x = -1og10 d - 5. The

model assumes that #¢n(LT90) is normally distributed with mean

:.% o + Bx and variance o0%. This model links the analysis described

later to the theory developed in the previous sections. Bialik

e

(1978) verified that the &n LT90 versus log-dose regression lines
3 of the standard preparations, correspond to each year of test data,

were not significatly différent. Accordingly, the analysis presented

:’ﬁ. here does not have to adjust the regression line of each site for
varying experimental conditions. In Table 1 we present the

basic response statistics, the regression statistic and

the expected LT90 corresponding to the actual concen-
tation in the air for sites of the 1963 samples. The te-

ilﬁ gression parameters (a, B) of different sites are not

expected to be the same due to the different chemical

?»? : composition of the O.E.. Since the toxicity of the organic
pollutants is a combination of their chemical composition and atmos- i
pheric concentration, Bialik (1978) introduced a measure of ‘toxicity,

AIRLT90, thch takes into account both factors. An equivalent

air-dosage, AD, is defined as the atmospheric concentration of

the 0.E. in a given site solved in 1 m? of preparation. Let
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(5.1) XAIR = —loglo(AD) -~ 5,
Then the corresponding predicted LT90 is given by

(5.2) AIRLT90 = exp(a + b.XAIR +752/2).

The XAIR and AIRLT90 of the various sites are given in Table 1.
Notice that all the XAIR values in Table 1 fall in the experimental
domain (-1 < x < 1). Accordingly, the AIRLT90 values are not based

on extrapolation. We also remark that intensive photodynamic acti-

vity is associated with low LT90 values.

*
k

> * x
corresponding Ek’ Ek and gk estimators of the inverse regression

*
In Table 2 we present. the Bayes estimator (a ,Bk) and the

parameters corresponding to the threshold n = 2.9. This value of

% %
is the smallest &n(AIRLT90) in Table 1. The Bayes estimators (ak,Bk)
were determined according to the empirical Bayes aporoach, described

in Section 4, based on the 1963 and 1964 data. The LSE's (ak’bk)

of the 1963 data yield the empirical Bayes estimates
: A 3.8628
(5.3) =

80 63

0.9241

The corresponding covariance matrix is

.1645  .0354

C8ul)er i @©),, =

& 0354 .0723
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The corresponding covariance matrix for the 1963 data is

i .0018  .0017
(5.5) 3.y, =
kho .0017  .0035 ;

Thus, the empirical Bayes estimate of the prior covariance matrix T is

.1627  .0337

g b 0397 .pess]

We computed similar estimates based on the 1964 data and obtained

~

a, 3.5551 .2437 .0232
80,64 1.0673/ , .0232 .0718

For the purpose of comparison we present in Table 2 for each

site of the 1963 samples the empirical Bayes estimates corres-

ponding to 1963 and 1964.

. Observe that the values of (a:,B:)' are very close to

(a,,b)" + (5.D.(a), S.D.(b))'. As aresult £ and £ have
similar values. Also .0001 < Iék - £:| < .0623 for every ;
k=1,...,41. However, a visible effect on ék and 5: is demon-
strated by changing the prior distribution, corresponding to changes
in the experimental conditions. This can be seen when the empirical

prior distribution based on the 1964 data is applied to the 1963

: * * *
data. Finally, the predicted response at XAIR, Y (XAIR) = a + B XAIR,

SN O %

can be compared with the y-fractile of the predictive distribu-

tion at E, namely

SRR R S

(5.8) T = a +8¢E 4 z{Y(}(E) :
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*
In other words, if Y (XAIR) > TLY we conclude, with predictive
confidence 1y, that the toxicity of the 0.E. in the air is below

the threshold.
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