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INTRODUCTION

In a recent paper 1
, the author described the power inversion adaptive

array. Power inversion refers to the abi lity of an adaptive array based

on the Howells-Applebaum feedback loop2 ’3 to invert the power ratio of

two incoming signals. It does this by nul ling the strong signal in favor

of the weak one. This technique can be used to protect a weak desi rel

signal from a strong interference sianal. An appealinq feature of this

technique is that the designer does not have to know the desired signal

arr ival anale or waveform in advance.

In t h is oar~er we describe a different weioht control alaorithm that

may he u sed for the same purpose. As w i l l  he shown , this alci oritbm ap-

nears to offer cli r ’htly better performance than the power inversion array.

The new algorithm either maximizes or minimizes the array output Dower ,

suh~j~ ct to a constraint on the weights. We refer to it as a power oo-

timi iation algorithm .

The same al gorithm has been described in an earlier paper4, where

it was used for a different purpose -- to obtain maximum gain from an

array. In this paper we show how it may be used with a 2—element array

to protect a des i red s ignal from an interfering signal.

V THE POWER OPTIMIZING ALGORITHM

Cons ider a two element array of i sotrooic elements as shown irs Fia-

uire 1~ Assume the elements are spaced one-half wavelength apart at the

- . 1

-p

~~~
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center frequency of the signals to be received . The signal from each

element is split with a quadrature hybrid into an in-phase component

x1 (t) and a quadrature component x0 (t). Each of these signals is multi-
‘9

plied by real-valued weT~ghts WI and w0 and then sumed to produce the
i ‘9

array output signal s(t).

We assume that two signals are incident on the array, one a desired

signal and the other interference. In order to protect the desired signal

from the interference, we adjust the weights w1 ,  WQ either to maximize

or to minimize the array output power E{s (t)}. (E{.} denotes the ex-

pectation.) We do this subject to the constraint that

2
~ (w~ +w ~~) = 1  (1)
1=1 i ‘4i

so the weights cannot all go to zero or infinity. When the desired signal

is stronger than the interference, we will maximize E{s2(t)}. Maximizing

E(s2(t)} causes the array to point its beam maximum toward the desired

signal. When the desired signal is weaker than the interference, we

will minimize E{s2(t)}. Minimizing E{s2(t)} causes the array to devote

its only available null* to the interference signal. In this way a use-

ful desired signal-to-interference-plus-noise ratio (SINR) can be main-

tained at the array output.

An algorithm for determining weights w1 ,  W
Q 

that maximize

subject to the constraints in Equation (1), has been descr ibed in Reference

4. If the weights and the signals are sampled at times

*A two-element array has only one degree of freedom.

3
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= j~t, j=O,1,2,... , (2)

the array output power may be maximized by adjusting the weights with the

iterative equation *:

w~~(t.~1 ) w~~(t 1
)+k ~~~~~~~~~~~~~~~~~~~~~ i=1 ,2. (3)

Here P denotes I or Q, and k is a positive constant controlling the rate

of ronveroence of the weights. Equation (3~ determines Wp at time

from its value and the values of the signals at time t~. This calcula-

tion is repeated iterativel y until the weights have converged to their

final values , which yield maximum array output power.

Alternatively, the al gorithm in Equation (3) can be implemented

in the form of a continuous control loop as shown in Figure 2. One such

loop would be required for each quadrature channel in the array.

The algorithm in Equation (3) is based on a steepest-ascent maxi-

mization of E{s2(t)} subject to the constraint in Equation (IV). The

correction term ~~~~~~~~~~~~~~~~~~~~ is obtained by computing

the gradient of E{s2(t)} and retainin g only its component oarallel to

the weight hyperspPiere in Eouation (1). With k>f) the weinhts then move

toward a set of values that yield maximum E{s2(t)~t ,

We note, however, that we may also use the same alaorithm to minimize

E1s2(t ’)}, merely by choosing k<O. With k<O the weights move in the con-

strained steenest-descent direction toward minimum E{s2(t)}. To chanae

from eights that maximiz e E{s2(t)} to ones that minimize E{s2(t’J}, we

need onl.y change the sign of k.

*Thjs is Equation (17) of Reference 
4.4
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1 Figure 2. Continuous Gain Optimization Loop.
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To illustrat e this behavior , Figure 3 shows some typical weight

transients and the associated final pattern for k>O and k<O . In this

figure , two signals are incident on the array, and thermal noise is

also present (statisticall y independent between elements). Signal I

arrives from broadside with a sianal-to-noise ratio (SNR) of 10 dB per

element , and Signal 2 arrives from 30° off broadside with an SNR of 20

dB per element. Figures 3a and 3b show the weight transient and the

final pattern for k=+ .OO1 , and Fi gures 3c and 3d show them for k=- .OO1.

In Figure 3b, with k>O , the final weights point the beam maximum toward

Si gnal 2 (the stronger signal), and in Figure 3d, with k<O, they point

a null toward signal 2.

Since we will use the algorithm in Equation (3) for both maximizing

and minimizing E{s2(t)}, we will refer to it in this paper simply as

a power “ontimization ” algorithm.

In the next sect ion, we determine the final weiahts yielded by this

algorithm when k<O and k>O and obtain formulas for the desired sianal

power, interference power and thermal noise power at the array output

with these wei ghts.

ARRAY PERFORMANCE

To StUd VY the performance of the gain optimizing alaorithm , it will

simplify matters if we first convert the algorithm in Equation (3) into

complex form. We suppose the quadrature hybrids in Figure 1 are ideal ,

V so that

X
Q

( t )  = x 1 (t), 1 1 ,2 , 
(4)6
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~~~~~~~~~~~~~~~~~

(b) Final Pattern: k:+.OO1 (d) Final Pattern: k~-.OO1

Figure 3. Typical Weight Transients and
Fin al Patterns .
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where “
~~~~~ denotes the Hu bert Transform 5 . We define the analytic signa l

associated with the ith element as

= X 1 ( t) + ix Q (t)

x 1 (t) +jx 1 (t ) .  (5)

and the signal vector X as

X = (~ 1(t), ~2(t)) T (6)

(T denotes the transpose. ) We define the ith complex weiqht as

W~ = W
1

_ J W
Q 

(7)

and the weight vector as

w = (w 1,w 2 )T . (8 )

The analytic signal ~(t ) at the array output is then*

= xT~ = 
Tx (9’

The real-valued array output signal s ( t )  is related to ~ ( t )  by

s ( t )  = Re{ ~ ( t ) }  (10)

In this notation, the al gorithm in Equation (3) may be rep laced V

by the complex vector form

*Thp comniex weights ~ are not analytic in general , hut may be assumed

handlimited about zero frequency. The signals 
~~

(t ) are narrowband proc-

esses centered at a carrier frequency w~,. ~(t~ will then be analytic

as long as the highest frequency component in w is less than the

l owest freauency component in X, which we assume to he the case.8
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w(t~+1) = w(t.) + k~ ( t .)  ~*(t ) - w ( t . )~*(t.)] ,  (11)

the use of which wi l l  simplify the derivations to follow. (h1 *h1 denotes

complex conjugate.).

This al gorithm will be used to control the array weights , either

with k’O or with k41. In either case, the steady—state weights that

result can be obtained by noting that, when the wei ghts have reached

their final values , which we denote by w_wf. the correction term in

Equation (11) must have an average value equal to zero:

= 0. (12)

However, this may be written

E{ [X * _w
f~*]~~} = E {X*XT }wf

_E {i*~}wf 0. (13)

Let us denote the covariance matrix E {X*XT} by

0= E {X *X T }, (14)

and also note that E{~*~~ is scalar . Thus Wf sat isf ies

4~Wf 
= E{~*~ }wf , (15)

so W
f 

is an ei genvector of 0, with associated ei genvalue A=E{ ~*~ }. If

we choose k>O , W
f 

wi l l  be the eigenvector associated with the largest

eigenvalue of 0 (the maximum value of E{~*~}, which is 2E{s2(t)}) and

if k<O , Wf wi l l  be the eigenvector associated with the smallest eigen-

value of 0 (the minimum value of E{~*~ }).
V 

Assume a desired signal is incident on the array from angle 8d’
and an interference si gnal from angle O~, as shown in Figure 1. Also ,

assume zero-mean , statistically independent thermal noise of variance

is present on each element signal. Then the signals on the array

elements are

= ~(t) + ~(t) + ~1(t), (16a)
V - and

9

~ 
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= a (t_Td) + T(t
~

T
~

)+
~7(t) , ( 16b)

where a(t) and 1(t ) are the desired signal and interference waveforms,

Td = sin 0d (17a)

and

= ~~ sin 8. (17b)
1 1

are the interelement propagation time delays for the desired and inter-

ference signals , resoectively, and is the center frequency of the

signals. Also ,

E{~~(t)~i~
(t)} = c~

2iS .. (1P~

where is the Kronecker delta. In addition , the desired and inter-

ference sianals are assumed zero mean , and statistically independent

of each other and the therma l noise. With these assumptions , the covar iance

matrix 0 is found to be

T 2 Rd~~
)+R .(O ) Rd

(_T
d)+R.(_T.)0 = E{X*X } = a I + 1 1 1 (19)

Rd (T d)+R i (T i ) R d(0)+R i (o)

where Rd(T) and R i (T) are the autocorrelation functions of ~(t) and 1(t),

Rd(T) 
= E{~(t+ T)~*(t)}, (20c)

and

R 1 (T) = E(i(t+t)i*(t)}, (20b)

and I is the identity matrix. It is useful to note that Rd(O) and R 1(o)

are the incident desired signal and interference powers on each element

of the array. Hence we define

10 
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Sd = Rd(O) = desired signal power per element

S 1 = R~ (O) = interference power per element

and we also define the normalized correlations 
~d 

and

R ( T ) R ( T )
Pd R ( O ) = 

Sd 
- a

R . (T . ) R . (T . )
P j = R~ (O) = S.~

Then the rovariance matrix may he written

- 

02+Sd+Sj p
~
Sd+p

~
Sj

0-  
2 (22)

~~
5d~~i

5i a +S~+S.

The ei genvalues of o are found to be

~min = 
2 

+ Sd + Si “~d
5d + p 1S~ , (23a)

and

Arnax = ~2 
+ 5d + 5i +t P dSd + p~S~ . (23b~

is the m i n imum value of E{s*S] , which resu lts when k<O , and X max

is the maximum va lue, for k>O. The eiqenvectors associated with

and Xm are also easily found. They are, for A mjfl~

, *m m - I 
~d5d + ~~~ I

• W
f 

- 
~~~~ 

IP dSd + 
~~

, 1 )
and for A max

• 11

V V* V V - 
-- - ~~~~ -



( ~~ ~p*S.
W
f 

- 

,J~ \~ I~
) dSd+

~
)iSiI )

For each of these final wei ghts , we may compute the array output desired

signal , interference and therma l noise powers.

Consider first the desired signal. The desired si gnal component

at the array output , sd(t
’), with weight vector ~~

1n will be

V 

Sd
(t )  = Ui(t) 

~
(t
~
Td))w~~

= 

~
[(- +~~~~)a(t) + a(t-T

d)] (25)

The output desired signal power is then

~rnin = ~ E{s~ ( t) sd(t)}

1 ISd IPd I +S.P.P
~\= 1 - Re~j5~~ + S~P~ r) Sd (26)

Similarl y , the output interference signal with w w ~
m is

= {~(t 1(t-T1)]w~~”. (27)
and the output interference power is

~ Ii 
- Re 5d~d~~ 

+

L ‘\ lSdPd + S1
p
1 I JJ (28)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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The output therma l noise power is

2 2
prnl n = 

~~~~
. (1w 1 1 + 1w 2 1 2 ) = 

~~
— 

, 
(2q )

in view of the constraint equation (1).

In a simi l ar way, we find that if the weight vector is ~~
ax the

output desired and interference signal powers are

prnax = .
~~ [i. + Re 

~~~ 
;~:~~

iP

~ )]Sd 
(30)

pmax + Re( j~~~~
1
+ S

1 I
j~~~) ]S i

The noise power is the same for ~~~ as for ~
nhin since Equation

(fl is satisfied in either case:
7

pmaX - pmln - (~2n n ~~~~~~~

Equations (2fS’, (28)-(32) may now be used to compute the output desired

signal-to-interference -plus-noise ratio (SINR ) from the array, defined

as

SINR = 
~~~~~~ 

~n 
(33)

It remains only to define the signals ~(t) and 1(t), so that ~d 
and

may be calculated.

IV~
13
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Let us assume the desired signal is a zero-mean random process with

a flat power spectral density over a bandwi dth 
~~d 

centered at frequency

Then Rd(T), as defined in Equation (7Oa), is

sin 
~ ~~d

T 3(0 T
Rd(T) = Sd 1 e (34)

2 ~~d
T

If we define to he the desired si gnal interelement phase shift at fre-

quency 
~~~~~~~

th d = WoTd 
= nsin9d, (35)

and also define the fractional bandwidth Bd for the desired si gnal
.1

B = — ~~~~~ , 
(36 )

then Rd(Td
) may he written

sin d~d ’1 ~~~
R dIT d

) = Sd •
~1 

e .

2 d&d)

Hence, from Equation (2ia),

sin 
~ ~

8d~d~ ~~p e (38 )

~~~d~d

Similarl y, we assume the interference has a flat power spectral density

of bandwidth centered also at so

sin ~~ (B~~1) ~~~~~~
.

~ i e 1
, ( 39)

14
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where

= w0T 1 = it sinO 1 , (40)

and

B . ~~~~~~~~ . (41)

For any given values of the signal parameters 5d’ Ad, 8d’ s1~ e.~ and

B1, the nowers 
~d’ ~~ 

and P~ and the SINR may be calculated from Eq-

miations (26~, (28
’m-(33). In the next section , we give the results of

such calculations.

RESULTS

Consider first the case where the si gnal bandwi dths 8d and B 1 are

zero. Then 
~d 

and P Vj in Equations (38) and (39) reduce to
“

= e (4 2a)

j4 ,.
p1 e 1 (42h)

Equations (26)-(33) can then be used to compute the array output SINR.

Figure 4 shows a typical olot of output SINR as a function of input

SNR (desired sianal-to-noise ratio) for several values of INR (inter-

ference-to-noise ratio) and for k<O. With k<0 , the weiqht vector is

~~
1n and the array output power is minimized. In this case, as long

as SNR<INR , the array minimizes the output power by devoting its only

null to the interference signal. Hence the output SINR is improved over

1. what it would he without the array processing. When SNR>INR , the null

moves over to the desired signal and the output SINR drops below 0 dB.

-. 15
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The pattern behavior ma~y he seen in Figure 5 for INR = 40 dB, wi th

SNR = 20 dB, 40 dB and 60 dB. For SNR = 20 dB the null is very close

to the interference, and for SNR = 60 dB, it is near the desired signal.

Between SNR and 30 dB and SNR = 50 dB, the null moves from one signal

to the other. At SNR = 40 dB , the null is approximately half way in

between.

Now suppose k 0 , so the weiqht vector is wrx and the array pro-

duces maximum output power. Figure 6 shows the output SINR versus the

input SNR for this case. As we would expect, this situation yields a

useful output SINR only if SNR>INR.

It is clear from these fi gures that an SINR>O dB can be produced

for all values of SNR>0 dB except at SNR=rNR if the appropriate sign

of k can be chosen for each SNR. In a typical design problem , however,

the designer has no way of knowino whether an interfering signal will

he present , and if so, how strong it wi l l  he. Thus , to use this tech-

nique one must dec ide the sign of k while the system is operating. Pre-

sumahlv one would initial ly set k>0 under the assum ption that no inter-

ference is present. Then if interference stronger than the desired sig-

nal is experienced , the sign of k would he changed. The decision to

change the sign of k could be made by a human operator, or, in some cases,

with logic circuitry . For example , a communication system using pseudo-

noise coding6 to tag the desired signal 7 must normally acquire code timing

before communications can begin. In this situation a threshold voltage

is available (e.g., in a delay- lock l oop8) which indicates whether the

timing has been locked. If l ockup is not achieved within a certain time,

a logic decision can be made to reverse the sign of k.

17
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Now let us consider the effect of bandwidth on the performance of

this system. Figure 7 again shows the output SINR for k<0 as a function

of input SNR , but now for several values of B 1 . All curves in Figure

7 are for INR = 40 dB. It may be seen that as the interference band-

width increases, the SINR drops at lower values of SNR. The reason for

this behavior is that the array pattern is frequency dependent , so the

null depth varies over the interference bandwidth. As the interference

bandwidth increases, more interference power appears in the arraVy out-

put , and the SINR drops. However, for higher SNRs, when the input SNR

approaches the input INR (40 dB in this figure), the output SINR is no

longer dependent on B~. This result occurs because as SNR+INR , the null

shifts off the interference. With the null off the interference, in ter-

ference bandwidth has little effect, since all interference spectral

components pass through into the array output anyway. Thus, the curves

for different B~ all coalesce as SNR approaches INR .

V Fi gure 7 has been computed with Bd, the desired signal bandwi dth,

equal to zero. However, one finds that 8d has no effect on these curves,

since the desired si gnal is not in a null.

For k>O, it is found that neither Bd nor 8~ has any noticeable ef-

fect on the SINR , since in general neither signal is in a null. Thus,

the SINR results shown in Figure 6 are essentiall y unaffected by band-

width.

Now let us comnare this power ootimization array with a oower in- V

version array. As mentioned above, a power inversion array can he used

for the same puroose
1
. The difference between the two is in the method

used to control the weights. The power inversion array uses the Howells-

Applebaum feedback loop2’3.
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We find that the power optimization array has the same SINR per-

formance as the power inversion array when SNR<<INR , but has superior

performance for SNR ’s above a certain value. Figure 8 shows this com-

parison. The output SINR is plotted versus the input SNR for INR 40

dB for both the power optimization array and the power inversion array.

(The SINR for the power inversion array is obtained from Equations (37),

(39), (41) and (47) of Reference 1.) For the power optimization array,

it is assumed that k~O if SNR<INR and k>O if SNR>INR. For the power

inversion array, it is assumed that K= .1 for SNR<INR and K 0  for SNR>INR.*

It is seen that above a minimum value of SNR (for example , for SNR>15

dB with B1 0, or for SNR>20 dB with B~ = 0.1), the output SINR is higher

for the power optimization array than for the power inversion array.**

*The loop gain K for a power inver sion array is defined in Equation

(30a) of Reference 1.

**The values of SINR shown here, as well as those shown in Reference :V1

1, assume a steering vector that turns one element off, so the quiescent

pattern is omnidire ctional. This choice is appropriate when the desired

signal arrival angle is unknown . If the desired signal arrival angle 
V

is known , however, better performance can be obtained from the power

inversion array by choosing a steering vector that points the pattern

maximum toward the desired signal. The SINR curves for a power inversion

array are hi ghly dependent on the particular steering vector used. (The

steering vector is defined in Equation (20) of Reference 1.) [ 
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In addition to this advantage of oower optimization , there is an-

other interesting difference between the performance of the two arrays.

Namely, the desired si gnal attenuation is relatively constant as the

input SNR varies for the power optimization array, but changes greatly

for the power inversion array. Figure 9 shows the desired signal attenu-

ation of the power optimization array (defined as -10 log Pd/Sd) as a

function of the input SNR for two cases, INR 20 dB and 40 dB. As may

he seen, the attenuation is less than 1 dB over the entire range of values

of SNR except for SNR~INR . If the sign of k is changed appropriately

at SNR=INR , the maximum desired signal attenuation does not exceed S

lB.

This may he contrasted with the desired signal attenuation for the

power inversion array,shown in Figure 10 for INR = 40 dB. (The other

parameters are the same as in Figure Q, and the power inversion loop

qain K is 0. 1.) It is seen that for the power inversion array , the

attenuation of the desired signal increases sharpl y for SNR>0 dB. When

SNR = 30 dB, for example , the attenuation has risen to about 45 dB.

This attenuation occurs because, with power inversion , the array weights

go to zero as the SNR increases above 0 dB. As the weights go to zero,

the desired signal attenuation increases.

If, instead of the attenuation , one computes the output desired

signal power (input power x attenuation) as a function of input SNR ,

one finds that with the power optimizati on al gorithm , a 10 dB i ncrease

in SNR produces about a 10 dB increase in Output signal power. With

24
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the power inversion array, a 10 dB increase in SNR produces a 10 dB de-

crease in output power. I.e., the trend is opposite with the two al-

gorithms. It appears that in either case AGC will be necessary at the
V 

array output.

CONCLUSIONS

This paper has shown how a power optimization algorithm may be used

with a 2-element array to protect a desired signal from a sing le inter-

ference si gnal . With this techni que the array we ights are chosen to

minimize or maximize the total array output power, subject to the con-

straint 
~ 

(w~~+w~~) = 1. Output power is to be minimized if SNR zINR

and maximized if SNR>INR . The optimum weights are obtained from the

iterative algorithm in Equation (3) or with continuous control loops

as shown in Figure 2.

An array based on this concept is able to produce a favorable out-

put SINR from the array under most conditions. It is necessary, however ,

that the sign of the ioop gain k be chosen negative if SNR<INR and posi-

tive if SNR>INR. Typical curves of output SINR obtained with this tech-

nique are shown in Figures 4, 6 and 7. The performance appears to be V

better than that of a power inversion array with an omnidirectional qui-

escent pattern, except when the input SNR is weak, in which case the

two techniques perform equally well.
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