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CHARLES £. LEISERSOII YITOLIC PSIORITY QUEUES *

1. Intro kietlon
Very larg. scale Integrated (VLSI) circuit technology has made it possibl. to build

multiproc.uor hardware devices to aid in the rapid solution of sophisticated problem ..
• An algor ithm. designer wishing to take full advantage of the massive paral lelism offered

by VLSI must address geometric issues hitherto relegated to layout artists. The reason
• for this I. that VLSI is a planar t.chnology in which the interconnect ions among

components on a chip may cost more than the components themselves. The designer of a
multiprocessor algorithm to be Implemented In this technology must consider the
complexity of the data paths between processors in evaluating the algorithm.

Many programming applications require the abil ity to Insert records into a set, and at
any time to retrieve from the set the record having the smallest kay according to some
ordering. A dat a structure that provides such services Is called a orloritv aueue. (See
Knuth (1973), pp. 150-152 and Aho, Hopcroft, and Ulman (1974], pp. 147-152.) The
operation INSERT(Q,a) replaces the set Q with the set 0 U (a). The operation
EXTRACT_MINfl~) returns the smallest element a of 0 and replaces Q wIth 0 - (a). This
paper shows how high-performance priority queues can be built using the VLSI
technology.

Section 2 of this paper discusses systolic syste ms. the model of parallel computation
used for this work. Section 3 presents a systolic arr ay implementation of a priority
queue. Section 4 shows how multi ple priority queues can be implemented as a single
device that shares processors among the queues. The organizat ion of the shared
structure Is presented in Section 5. Section 6 deals with the geometric layout of the
multiple queue device In VLSI. The conclusion is presented In Section 7.

2. Systolic Systems

A systolic system j~ a network of processors that rhythmically compute and pasa data
among themselves. The analogy I. to the rhythmic contraction of the heart which pulses
blood through the circulatory system of the body. Each processor in a systolic network
can be thought of as a heart that pumps multiple streams of data through itself. The
regular beating of these parallel processors keeps up a constant flow of data throu ghout
the ent irs network. As a processor pumps data items through, it performs some
constant-t ime computation and may update some of the Items. o
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CHARLES E. WRUSON SYSTOLIC PSIORITY QUEUES 2

Syst ol ic systems prov ide a realistic model of computation which captures the concepts
of pipelining, parallelism , and interconnect ion structures. Kung and Leiserson (1978]
demonstrates that many basic matrix computations can be performed by systolic syste m.
whose underlying network is array structured. These systolic arrays are suitable for
implementation as VLSI hardware devices. This paper will show th. utility of systolic
trees.

Unlike the closed-loop circulatory system of the body , a systolic comput ing system
usually has ports Into which inputs flow , and ports from which the results are retrieved.
Thus a systolic system can be a pipelined system - input and output occur with every
pulsation . This makes them attractive as peripheral processors attached to the data
channe l of a host computer. Figure 1 ill ustrates how a spec lai-pwpos. systolic device
might form a part of a POP-Il system. A systolic system might be attached directly to
the CPU of a Von Neumann machine, much as a floating-po int process or may be added to
extend the instr uction set of a computer.

U N I B U S

~~~~~~~~~~~~~~~~~~~~~~~~~ ... [
~J

Figure 1: A systolic device connected to the UNI8US of a POP-li.

The activities of the processors in a systolic system can be assumed to be
synchronous. With each pulse of a clock, a processor executes the same constant-time
progra m. Furthermore , each processor is only allowed a fixed number of input and
output lines and a constant amount of local storage. It is possible to view the processors
as being asynchronous, each computing Its output values when all its Inputs are available,
as in the data flow model. For the results of this p per, the synchronous spprosch Is
more direct and Intu itive.
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3. A Shnpl. Systolic Priority Queue’
A linear systolic array can Implement a fast priority queue. Each processor in this

array has two registers A and B, and each processor can access the registers of Its two
neIghbors, as shown In FIgure 2. The A registers hold elements In the queue In sorted
orde r, w ith the smallest element in A 1. The B regis ters contain elements that are being
inserted Into the queue. InitIally , all the elements in the queue ire .ec. The priority
queue operations INSERT and EXTRACT_MN ars performed by the user at the left end In
the diagram. As items are Inserted by the host, they displace overf low elements which
are output at the right end. Normally, the overflow element will be .ec, but when this I.
not the case, a real overflow has occurred.

host f LBoH B~ F{i
~~ 

B3j {é~~LB5 ~~~}jB7 ~ °~~~°w
Com~utsr 1~ [po k[~H ~ H~ -~ ~]-[*~H ~ HM

FIgure 2: A simple systolic priority queue.

V Even and odd numbered processors alternately pulsate, each time executing the
followi ng:

1. 81 ‘- Bi_i.

2. Arrange the elements in A1.~, A1, and B1 so that A1..1 S A1 ~ B1.
Processor 0 is a dummy processor which does not execute any cods, but whose registers
can be altered by th, host machine. The array pulses twice each time an operation is
performed by the host machine, once for odd numbered processors and once for those
with even positions. Th. operation INSERT(U,a) is Implemented by placing the Item a In
B~ 

and -co in A~ just before processor 1 pulses. Each element travels to the right until
it finds Its place In the array.

By loading A~ and 
~~ 

with .co, the pulsation of the systolic array causes
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FIgure 3: Several steps in the execution of the systolic array
shown In Figure 2.
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EXTRACT_MN to be p rformed, the minimum value being found In *.~ . With each pair of
pulsatIons the systolic array is ready to execute another iNSERT or EXTRACT_MIN
operatIon. Figure 3 shows several step s In the execution of this systolIc array. The
initial configuration in the figure shows the insertion of items 9 and 15 already in
progress. Although It may take an element a long t1m to find its place in the systolic
array, to the host computer an INSERT operation appears to take only constant time.
SInce the minimum element in the queue is always at the front , an EXTRACT_PAIN
operation also appears to take constant time. The operat ion of the systolic array Is
pipollned so that no degradation ~ cur~ even when the host executes many priority
requests In a row. Thus we may say that the systolic array has a resoonse ~~~~ which Is

a constant , independent of the length of the array.

4. Th. Systolic P&Itlq usue

Suppos. several of the simple priori ty queues In SectIon 3 are att ich .d as a device to
a host computer. No matter how a fixed number of processors are allocated, the capacIty
of any particular queue may be exceeded while most of the other queues are empty. In
this section a single device is presented that is capable of implementing many priority
queues that dynam ically share processors. Like the simple queue in the previous section,
the systolic muitiqueue can perform INSERT and EXTRACT_MN for a single host
computer , on any of in queues, with a response time that Is a constant, Independent of
the size of the queue.

FIgure 4 illustrates the organization of the systolic multiqueus. Each of the in queues
to be Implemented requires a systolic array of the typ e presented In Section 3. These
can be accessed directl y by the host computer. When $ systolic array overflows, the

overflow element trave ls through a sw itchi ng network to a large systolic tree. Each time
th. minImum of a particular queue Is extracted from the corresponding systolic array, the

• minimum of the elements that have overflowed from that queue Is removed from the
systolic tree. The internal structure of this shared overflow area Is examined In Section
5. Here, we only need to know Its behavior.

• The records stored In the systolic tree are the same as the.. in the systolic array.,
but an additional fiald is used to identify the queue from whic h the Item originated. Thus
Items are stored in the systolic tree according to a composite record ‘0,.) where s was
origin ally Inserted by an INSERTIQ,a) operation and eventually overflowed from the
systolic array corresponding to that queue.

I_
~~ . 
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Switching Network
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Search
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Figure 4: The systol ic multlqueue device.

The operations that can be performed by the systolic tree are very sim ilar to those
commands given to the ent ire systolic multlqueue by the host. The composits record

~Q,a is Inserted into the systolic tree by INSERTIQ,.), and EXTRACT_MIN(Q) removes the

LI~ _____________
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smallest element In the systolic tree which has Q as its first field. As will be seen In
SectIon 5, a systolic tree of size it can perform each operation In time O(i.g is). The
operations are oioslir*d. however, so that the systol ic tree can process several
oper ations In par allel, waiting only constant time between successive operations. For
example, if a sequenc. of EXTRACT_MIN’s are started constant tim. apart, it will take
O(log is) for the first minimum to be retrieved , but then results appear with every cycle
of the systolic tree. Thus the systolic tree provides high throughput, with OG.g &
response. -

The claim was made, however, that the systol ic multlqueue had constant r.spons. time
for each of it, queues. Systo lic arrays of size proportional to log is . Mg as are used to
achieve this goal by satisfyi ng any immediate requests from th. host. When the host
executes EXTRACT_MIN(Q), that operat ion 1* performed on the corresponding systolic
array. ~j  ~~~~ I.~ms~ • request is put into th, systolic tree to perform an
EXTRACT_MIN(W. A result is yielded by the systolic tree O(Tog is) time later and take.
O(L.g in) more time to traverse the switchi ng network. It is then inserted into the
systo lic arr ay at the same end the host computer uses. Even If th. host has performed
log i~ • iog as EX1RACT_MINIU) operations in the meantime, th. quick response systolI c
array has been able to satisfy the requests. Now If the host contInues to perform
EXTRACT_MIN(Qfs, a stream of results from the systolic tree will be inserted into the
array just in time to satisfy the requests. Th. systolic array will always have at least
one item in It because operat ions on the systolic tree are pipsllned. It does not matter
whether or not the host accesses different queues. Since It can only access one queue
at a time, no systolic array will empty before the begInning of a stream of Items from the
systolic tree has reached the systolic array.

The number of processors in the systolic arrays is in log is. If th. size of the systolic
tree Is doubled , this means only as more processors need be added to the systolIc arrays.
The amount of sharing of processors among the as queues Is dearly substantial.
Furthermore, the systolic multiqueue will not overflow until the shared systo lic tree
overflows. In fact, overflow of the systolic tree can be handled ‘nlcely as will be seen
In Section 5.

8. Systolic Tr. s

It seems natural to us. a tree-structured hardware device to achieve pipellned
performance with O(l.g a) respons. time for INSERTIQ,A) and EXTRACT_MINIW. After all,
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a software Implementation on a sequential machine can guarantee O(log is) performance
by using a height-balanced binary search ~gg. AVL trees, 2-3 trees, and B-trees are
popular dat a structures wh ich have th is performance. For a sequentlpl Implementation of
a single priorit y queue, a heap Is an attractIve data structure because heap storag. can
be managed as easily as stack storag e. (Allo, Hopcroft , and Lllman (19743 has a good
presentation of several of these techniques.) Unlike most programmed ImplementatIons of
priority queues, however, the paralle l structure required by the systo lic multlqueue
cannot use a separate data str ucture for each queue.

A major problem in th. design of a hardware search tree I. that the standard balanced
tree schemes do not map well onto a fixed Interconnect ion structure. A sequential
algor ithm can move the tree pointers to maintain the balance of the tree. Data usually
remains in fixed locations. Sinc. the ~pointers~ In a hardware tree are electrical wIres ,
data must be moved to maintain the balance of the tree.

Because the systolic multlqueue requires the operations INSERT(Q,a) and
EXTRAC1_MIN(W, keys are considered to be from a composite record CQ,&. A dummy
queue number •co ii used to indicate an empty record. Records are compared by
lexicographic order ing, that Is, CQ,& C cQ’a’> if Q C Q’ or if Q - Q’ and key(s) < k.y(s9.

It is useful to view all operations on th, tre. as occurr ing in pairs

(EXTRACT_MIN(~’), N ERT(U,&). Normally, the paired operation Involves the dummy
queue •co. For example , when an insertion Is performed on an arbItrary queue, a co
record I. deleted by EXTRACT_MIN(.co). if the systolic tree overflows from too many
Insertions , however, this exceptional condition can be handled by the operati ng system of
the host computer. The job using a particular queue can be disabled and the elements In
that queue can be removed. When an EXTRACT_MIN frees up some space , the elements
of that queue can be swappe€ back in by the paired INSERT. The analogy to a virtual
memory computer wh ich has a swap ping drum is a good one. Queues can be managed
Just Ilk, any other operati ng system resource. A small amount of bookkeeping I.
required to keep for each queue, the number of items In the tree.

One scheme for implementi ng the paired operations is illustrated in Figure 5. Each
processor in a systolic array is also a leaf of a systolic tree. A processor P4 contalns
one record CQ4,s4~. The tree serves to broadcast paired operations to the processors
and to retrieve the EXTRACT_MIN results from the processo rs. A paired operation
(EXTRACT_MINIQ’), INSERTIQ,&J will reach all the processors at the same time. Each
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FIgure 5s The systolIc array-tree.

processor P4 executes:
1. Extraction. If Qj — 0’ and C 0’, then send CQL,s? up the tree as the

result of EXTRACT_MIN(Q’).

2. Lift thi& If Qj..j ~ 0’~ then shift CQ4.se. left to

3. Rieht ~~~ If CQj ,a~i >  CQ,&, then shift ~~~~ right to Pj,1.

4. insert ion. If ~~~~~~~~~~~ S CQ,a~ C cQj ~’, then P~ gets CQo?.

During the firs t step , each processor checks to see whether it contains the Item to be
extracted. After that item is sent on its way up the tree, the elements to the right slide
left to take up the empty slot. Then the position for the insertion is determined, and the
elements to the right of that processor slide right to make room. Finally, the Item to be
inserted Is placed In the slot left for It. Naturally, the shifts can be optimi zed so that
those elements that slIde both left and right do not actually have to move.

Whereas the array-tree keeps all the data at the leaves of the tree, the systo lic tree
shown In Figure 6 keeps the dat a in the Internal nodes. Consequently, the structure is
nor, ilk. a standard search tree. The processo r at each nods holds two records , and

has connections to its father and two sons. A depth-first tree traversal that prints the
left record , recursively visits the left son, recursively visits the right son, and then prints
the right record wil l print out the values in lexicographic order. There is a good reason
for having the pointers between the records rather than the normal search tree method
of a record between pointers. A balancing similar to the shift step in the systolic
array-tree can be performed top -down to permit pipelining of the paired Operations.
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Each processor need only look at itself and its two sons to determine the shift. The
top ology of th is tree is in some sense superior to the array-tr ee because there are
fewer connect ions. This will be examined more closely In the next section.

I 2,5~/ lA27~ I2 s81/1/13,2 1 ~~~~~~~~~~ I~,mVl/ 1x~,mI
Figure 6s The systolic search t ree.

6. VLSI Geometry of the Systolic Muitiqueue

Simple and regular interconnections in a VLSI design lead to cheap implementations and
high densities. Communication is costly In VLSI, and as the technology Improves , the time
and energy required for commun ication grows In comparison with that needed for
processing. Therefore, the geometry of the systolic multlqueue must be considered In
evaluating the cost of a VLSI implementation.

Th. linearly connected systolic array easily sat isfies the requirement of having a
simple geometric realization. Th. number of externa l dat. paths is small as well,
emanatin g only from the ends of the str ucture. As was shown in Kung and Leiserson
(1978], linearly connected systolic arrays are ideal for Implementation In VLSI.

More Interesting are the structures of the systolic binary trees. M.ad and Rein (1978)
substantiates the assumption that communication information from the leaf of a VLSI tree
to the root takes time prop ortional to the height of the tree. The fact that the root is
the only off-chip connection is highly desirable for VLSI where the number of pins on an
IC package is a severe constraint.

~ 

~~
—

~~~~~~~~~~~~~
-
~~~~~~~~~- .-  .-~-~~~- --~~~~~ --- —-~~~~~- _ _
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Th. top ology of a tree makes a planar embedding easy. In a technol ogy where
interconnections frequently occupy much of a chip, the simple connections of a binary
tree leave more room fo v processIng elements. It Is easy to embed a bInary tree In the
plane using O(~i lo~ #~) area for an si node tree. FIgure 7 shows a geometry whIch
realizes this bound. In fact, It is possible to embed a binary tree In the plane using area
that Is only linear in the number of nodes. This embedding is shown In FIgure 8.

I _ _ _ _  _ _ _ _  _ _ _ _

_ I I _ j_ I _  _

1 I ’ I ’ ’ ’ — I I I I I l I [

Figure 7: Embedding a binary tree in area O(n log n).

‘ h r
IT I I
I LIl
I II’

Figure $1 Embedding of a binary tree in lInear area.
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Whereas the systolic search tree presented In Section 5 can use either geometry,
routing the lInear connections In Figure 8 appears to be more complex. The tree part of
the array-tree is used only for broadcasting, however , and a linear orderi ng of the
leaves need not be the natural order ing shown in Figure 5. ThIs makes the problem
simpler , and leads to the linear area geometry of Figure 9.

_  _  

I I

Figure 9: The systolic array-tree embedded In linear area.

There l~ an advantage to the geometry shown in Figure 7 over that in Figure & The
lInear area solution does not permit connections between the leaves of the tree and the
edge of the chip. Although the systolic tree In the systolic multiqueue does not need
connections to the leaves, the O(n log ,i) area embedding can be used to make a chip that
will permit a larger systolic tree to be built up from several chips based on the lInear
area embedding. Figure 10 shows how this might be done. The decomposition can be
very effic ient since the number of linear area chips dwarfs the number of OOi log e) area
chips.

7. ConclusIon

The systolic multiqueue can be attached to a traditional computer system just Ilk, any
other device. Because each operation on a queue takes constant time, however, It is

_ _  -
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I I

I~~~~~~~~~
7

I~~~~~~~~I

I II]•~• 1 I I U I...I I ~ II J~ f J

I O(n log n) area chip with extern al connections at leaves.

~ 
Linear area chip with external connection at root only.

FIgure 10: A large systolic tree as several VLSI chips.

reasonable to connect it directly to the CPU, and make the device visib le to the user by
extend ing the instruction set of the computer. Thus the INSERT operat ion might be.
three operand instruct ion taking a queue number, a key, and a pointer to data. In a
multiprogramming or timesharing environment there might be many users of th. systolIc
mu$tiqueue at the same time.

• A priority queue Is not an obscure data structure , and the uses of priority queues are
many. The computa tion time of sorting alone Is sufflclent to just ify the systolic

• multiqueue. Internal sortIng normally takes O(.i Mg ,i) time, but using the systolic
multlqueue, we save a factor of log .i. .kist insert the ~ items into one of the qusues, and
then execute ~ EXTRACT_MIP4’S. Plot only does the computation take less ftms, bvt the

— —_ _ _ _  

—-~~~~~~~~~~ -~~-- .---- ~~~~~~~~~~~- —- - - -
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load on the CPU of the host machine is lessened. External sorts frequently use priority
queues. For instance, the popular replacement selection algorithm (Knuth [19733 pp.
251-256) has a priority queue as its primary data structure.

Many types of search can be spe.dsd up by utilizi ng fast priority queues. The A
algorithm (IRlsson (19713 pp. 57-66), for instance, chooses the best of many possible
alternatIves at each stage of the search. Many game playing programs using alpha-beta
search sort the moves at each level in the game tree to increase the number of cut-of fs.
As the program searches deeper and deeper, the combinatorial explosion makes this very
expensive , and therefore the sort is freq uent ly abandoned at greater search depths.
This need not be the case if the computer system has a systolic multlqueu..

In relational databases , the join operation is fr equently implemented by sorting on the
chos n fields of two relations and then performing a merge. Algorithms for findi ng the
minimum spanning tree or convex hull of a set of points in a plane can use the systolic
multiqusue. A priority queue is also useful for hidden line elimination. Priority queues
are used In operating systems for resource management.

The systol Ic multIqusu . provides insIght into the organization of special-purpose
multi proces sor devices with an emphasis on a VLSI implementatIon. The sharing of
processors by several independent hardware structures is a key issue. A tree may not
be the optimal shared structure for a given set of constraints. For example, a systolic
array struct ure that performs like a Young tableau (Knut h (19731 pp. 48-72) might be
better under certain conditions, altho ugh asymt otica lly the number of processors
dedIcated to a single queue grows as the square root of the number of shared
processors rather than the logarithm.

The systolic multiqueue can be optimized and modified in many ways. For instance, It
is easy to convert the systol ic multlqueue into a systolic multldeque that implements the
priority deque operations INSERT, EXTRACT_MIR and EXTRACT_MAX. Sten Andier has
observed that because only one systo lIc array in the systolic multlqueue need operate at
a time, the ns systol ic arrays of length O(I.g it) might be implemented using only OGog is)
processors each having enough memory to hold ns items. Various modifications can be
made to the broadcast tree in the systolic array-tr ee and to the switching network In the
systolic multiqueue.
-

~~ Advances In microelectronics have made the realization of 4imart” dat a structures a 
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practical reality. VLSI gives us the capability of build ing logic-in-memory hardware that
will drastically change how thi ngs are computed. ModsIs of computatIon based solely on
the Von Neumann archit ecture will be insufficient to evaluate algorithms. kkiitiproc.saor
devices Ill s th, systolic multiqueus will introduc e new cost functions to the sequential
algorithm designer. But much work must be dons to define and examine the models of
parallel computat ion that lie between the mathematical world of computable functions and
the physical world of specs and time.
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