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I Abstract

Often the scien tist is faced wi th a lar ge number of ca tegor ical var iates

[ which are of potential use in disc r imina t ing  between two pregiven groups of ob—

jects. For example, an investor may wish to assign a particular firm to one of

two possible risk groups based upon certain known characteristics of the firm

(liquid to fixed asset ratio , etc.), or an engineer might wish to determine which

of two models best describes a particular situation based upon the observed

characteristics of situation. This is the general problem of variable selection

in discriminant analysis. When obtaining and processing the numerous variables

is expens ive, one must select a “best subset” of variables which incorporates as

much information for discriminating as possible. If time is also a factor , a

stepwise procedure is mandated . We propose such a stepwise procedure here based

upon information theoretic considerations.
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2.

Ii Introduction

Variable selection in diacriminent analysis is an important problem. For con-

• tinuous mu tlvariate normal population models, one can use procedures such as:

a) selecting the variables with largest linear discriminant function coefficients ,

b) selecting the variables according to the relative sizes of the t—statistic for

testing equality of means for the two groups on the variates , and C) a stepwise

regression technique for selecting variables which maximally reduce the residual

sum of squares. Logistic regression techniques can also be used (see Weiner and

Dunn (1966) or Goldstein and Dillon (1978) for further discussions). For discrete

binary data Goldstein and Dillon (1978) summarized several available methods, and

show by example that their information approach (Goldstein and Dillon . 1977) per-

forms quite well relative to the alternatives. The method we propose is related

to, and extends the Goldstein—Dillon procedure.

Suppose I 1 (x) and f2
(x) are the generalized densities with respect to some

dominating measure A for populations 1 and 2 respectively. If is the aprior i

chance of group i membership, then in is the log-odds ratio in favor of

group one membership. If an observation x is made, then Bayes Theorem may be

utilized to calculate the new log—odds ratio as in 11 1 11 (x)/112
f
2
(x). The difference

between these two log—odds is a measure of the change in odds assessment due to

having observed x. A simple calculation shows this is in f
1
(x)/f

2
(x) which is

known as the information gain in favor of group one membership due to the knowledge

of x. (Iculiback , 1959). The expected information gain for a group one member is

1(1
1 112

) — ~~f1
(x)tn (f

1
(x)/f2

(x))A(dx)

and is known as the directed information divergence between populations one and two

Lt~. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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3.

for discriminating in favor of group one membership. The measure ‘( 11 112 ) ~~
asy~~etric, however, a syumtetric divergence can be formed by

J(f
1
,f
2
) • I ( f

1~~f
2

) + 1(1
211 1

)

and has th. interpretation of being the amount of Information for discriminating

between the two densities f
1 and For our purposes, we shall be concerned

with categorical variates, and hence we take ~(dx) as counting measure and obtain

• ~(p~~~~p
(2)) — ~ p~~

1 tn ~~~~~~~~
j

and

J(~~
(l) 

~(2)) - ~ (~~~~~_~~(2) ) Ln (p /p~
2
~

j  ) )

(i) .thwhere Pj is the probability a member of population t responds in the )

category.

Th. general philosophy we shall use in choosing variables for inclusion is to

include the variates in order of decreasing information furnished by the variate

for discriminating between the groups. When the amount of additional information

furnished by a varia te falls below some given level y ,  the selection scheme term-

• m ates.

When the precise probability distributions p
~~ 

and ~(2) ~~~ known th is

scheme can be implemented as stated. The more usual see, however, is where ~~~

• and are not precisely known and must be estimated front sample data from the

groups. This situation is discussed in the next section.
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12 A sample based selection scheme.

Assume we are given a sample of n~ units train population i,i 1 ,2 , and

we measure m different variates on each unit. Our problem is to use the sample

information to select the useful and throw out the worthless variates for discr im-

inating between the two groups.

For a particular variable X, let J(X) denote the divergence between the

empirical probability distr ibutions of group 1 and group 2 units over the question ,

i.e.

k
J(X) - 

~
x- 1

It tells us the amount of information furnished by variate x for discriminating

between the groups 1 and 2 with empirica l response probabilities ~ and ~ re-

spectively.

Our sequential procedure begins by choosing for first inclusion the most in-

• formative variable X for discr iminating . In this first step our procedure is

similar in philosophy to that described by Levine (1974), Haaland , Brockett and

Levine (1979) and by Goldstein and Dillon (1977), (see also Goldstein and Dillon

1978). Goldstein and Dillon assumed all their variates were dichotomous, however

here we do not wish to assume that two categor ical variates have the same number

permissible categorical responses, e.g., the variables “Sex” and “income level”

may have markedly different number of response categories. This prohibits us from

using the Goldstein—Dillon procedure. We shall use the quantity D(X) ‘n 1n2/(n1+n2
)J(X)

as a measure of information in variable X for discrimination (Cf. Kullback (1959) ,

Gokhale and Kullback (1978)). Asymptotically 0(X) has a x
2(k

x
_ 1) distribution ,

• -- -—- • ----
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and this is why direct comparison of the calculated D(X) values (which was

utilized by Goldstein and Dillon) is impossible in our situation . A variable with

k
x
. 11 categories is expected to have a D(X) value of 10 while a variable

with k
x 

— 2 would be expected to have a D(X) value of 1 under the hypothesis

that the variables do not discriminate. This does not directly imply, however ,

that the variable with 11 categories is more desirable than the variable with 2

categories.

Since D(X) has a x
2(kx

_ 1) distribution under the null hypothesis that the

two groups behave the same on that variable, and has a non—central x
2
(kx

— 1) dis-

tribution with a non—centrality parameter equal to the discr iminatory power of the

variable in the case where the alternative hypothesis holds and the variable ac-

tually discr iminates, we shall use the p—value of the DCX) statistic as a measure

of discriminatory power of variable X. If p
~~

= P(x
2(k

x
_ 1 )>d J where d is the

observed value for DCX) , then the smaller 
~~~‘ 

the more informative is variable

X. Although the values 0(X) for various different X’s may not be directly com-

parable in general (as they would be for example if kx 
was always the same), the

p—values p~ are always compara ble and easily calculated from readi ly ava ilable

tables. If no x 2 tables are available, one may easily calculate the required

values via the probability integral transform. For v= 1 degree of freedom we

have P(x~ 1) >d J = 2(1-~~(v~~ )), for v= 2 degrees of freedom we have

P( X~ 2) > d) - e d’2, while for v > 3  degrees of freedom we may use the fact that

is approximately N (1—3 ~ , -~~~
) to obtain

P(x
~v) 

>d 3 — P(X
~v)

/v) 
1/3 

> (d/v) 
1/3~ = 1 — ,(9(d/v) — 9 + 2v) where • is the

/1 8v

c.d.t. for the standard 11(0,1) variate. These formula make the calculation of

the p
~ 

values quite simple.

~~~~~~~~ ~~~~
• •

~~~~~~~~~~~~~~~~~~~~~~~~ • ~~~~~~~~~ • • .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ • • _ _  _ _ _ _ __ _ _ _
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Using the p—values, which are distributed uniformly over 10,1) under the

null hypothesis of no discriminatory power , we select as the first variable that

X wi th min imum p~ value, provided this p~ value is significant. We can assess

significance for mm PX
U(l) by using the distribution function F(t) = 1 -

1<X<m

for 0<. t<1 as the c.d.f. for mm p~. Thus the best variable has significant
1<X<m

power at level of significance z if mm p
~ 

< 1- (1_ 01 )~~’nt
• (The Goldstein—Dillon

1(X (m

procedure does not employ the actual distribution for their selection statistic , and

hence will not lead to a fixed type 1 error.) Having chosen the first variate for

inclusion according to this procedure, we select the second variate for inclusion

as that variable which yields the maximum additional information to the already

selected first variable. For notational convenience, relabel the variables so that

the first variable selected is called 1. We look at all variable pairs

(1,Y), 2< Y < m  and consider the joint probabilities p~ and 
~~~ 

for the two

groups over the possibile category pairs (x,y) on variables (1 ,?).
)i

1 
k 1

The quantity D(1 ,Y) — n 1n2
/(n1

+n
2
) ! I (P~y~~~~ y ) t h  ~~~~~~~ is a measure of
x— 1 y=l

the joint discriminatory power of the variable pair (1 ,Y), and hence D(1 ,Y) — D(t )

is a measure of the increase in discriminatory information obtained by adding var i-

able Y. Note that D(1.f) -D~ 1) -n 1
n
2
/(n

1
+n

2)I I ~~~~~~~~~~~~~~~~~~x y

— n1n2/(n1
+n

2)I ~~~~~~~~~~~~~~~ 
- n

1n2/(n1
+n

2 1 ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• n1
n
2
/(n1

+n
2)I P~ x ( P y 1~~I~~y 1~~) + n1n2

/(n
1
+n

2)I ~~~~~~~~~~~~~~ where 
~Y l x  and

are the conditional probability distributions of groups 1 and 2 respectively

over the categories of variable Y given that varIable 1 was x, i.e.

IE • ’ t 
_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _   

______  _ _ _ _ _ _ _ _ _ _

~~tlIlr._ —• 
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Py 15 (Y) •p ~~/p~ . This equali ty implies D ( 1 ,Y) - D ( 1 ) > 0  w i t h  eq u a l i t y  only If

y contains no additional information given the category of variable I ( i.e .  the

addition of Y can only improve t h i n g s ) .  This equation also shows that the dis-

tribution of 0(1,?) —0(1) is a weighted sum of (non—independent) variables ,

the weights reflecting the probability of a particular category x to variable

1 , and the x
2 variable measuring the information expected to be added by variable

Y given that particular category x to variable 1. A stepwise regression analogue

would consider (D(1 ,Y) -D(1)}/D(1) as a measure of increased discr iminatory power

obtained by the addition of variable Y .  The d i s t r i b u t i o n a l  properties of t h i s

ratio have not been explored in full , however when the variables are independent ,

one has 0(1,?) -D(1) +0(Y) so the above ratio has (asymptotically) an F dis-

tribution with parameters (k~~~ 1 , k 1 - 1 )  (see Brockett , Haala nd and Levine ( 1 9 7 7 ) ) .

In this paper we shall also present a different approach based upon information

• theoretic analysis similar to that used in contingency table analysis (cf. Cokhale

and Kullback (1978) and Kuliback (1959)). One benefit of this technique over that

of Goldstein and Dillon ’s is that it chooses which variables to include based upon

the entire set of categories for the variable rather than individualized for the

particular category of a unit under investigation . Thus, the order variable

selection , and the particular choice of significant variables , is the same for al l

units under consideration . For applications such as categorical questionnaire

analysis , this uniformity of presentation is quite desirable (even mandatory).

For medical screening exams with dichotomous response variables, the more individual-

izd Goldstein—Dillon procedure might be preferred.

Let Xjjy denote the number of respondents in group i (i-1 ,2) who fa l l  in

category j on variable 1 and category y on variable Y, and p(l ,j,y) repre-

sent the corresponding proportion of units in group i within these categor~~’~.
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A test of the hypothesis that the inclusion of variable Y yields no additional

discriminatory power can be obtained by testing the hypothesis that the conditional

distribution of y is independent of the group classification given the category

of variable 1 , i.e.

p ( i y f j )  — p ( i l j ) p ( y l j )

The worth of adding variable V is assessed by the p—value for rejecting

Using the directed divergence distance measure to test H~
0
~ yields the statistic

k k

I (Ytl) 21 (P (iiY)IP (ilj ) P (y,j) P (j) ) = 2~~ ~ I ~~~~~~~~~~~~~ial 3 l  y 1  1) •3y

where the dot replac ing a subscr ipt is the usual convention for “sum over that van-

able” , i.e. x~~ - I ~~~~ etc. The distribution of I(YI1) under H~°~ is
ywl

asymtotically with k1 (ky
_ 1) degrees of freedom (C. !.  Kuilback 1959, or

Gokhale and Kuliback 1978). Hence if P~
a P(x

2
(k 1

k~~-k 1
) > i ( Y ~~1 ) J  where i (Y~ 1)

is the observed value for I (Yjl), we select the second var iable to minimize

2<Y (m . The exact level of significance can be found from the distribution

function F(t) = 1 —  (l.t)
nt 1

, o < ~~ <~~

If the p—value for the second variable is significant, we proceed on to select

the third variable by the same procedure. We test if the group classification and

the category of variable Z, 3 (Z<m are conditionally independent given the cate—

gon e. on variables 1 and 2. The information statistic is

_ _ _

_ _ _ _ _ _  

_ _  - - -  

_  _
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k k k2 1 2 z x . . x .
2 I I I ~ xijkL

Ln ( )
isi  j— 1 k— i i— i ijk. . j k t

2 • •which is ~ 
wit h k i

k
2
(k
~~

_ 1) deqrees of ~~eedom . Aga in , the p—values for

each variable 3 (Z<m  are compared to determine if the minimum p-value v a r i a b le

is significant. I f  it is, we include it as variable 3 and proceed u n t i l  we obtain

a non—significant r e su l t .  When we finally find a non-significant result, we quit

adding variables and consider the td:; k complete. This  procedure can reduce the

number of variates included . The logic c’ehind this stopping rule is that if there

is not enough information in the variable tor z~~~ecting the hypothesis of equal i ty

of response probabilities for the two ~p oups ~~iven the previously selected van —

ables), then the additional discriminatory power obtained by including this variable

will be minimal. Using this procedure, the chance of false ly including a wor thless

variable will converge to a as the number of units increases. Goldstein and

Dillon (1978) recommend a liberal inclusion level a for stepwise selection of

variables , and for stepwise regression , Bende l. and Afif i (1977) similarly recommend

levels .15 < ~i < .25. These considerations apply here also.

• One problem with utilizing contingency table methods of ana lys i s  is the rapid

prol iferat ion of cells , resu l t ing  in possible empty cells. Empty cells here won ’t

• bother us, however , zero marginal s  w i l l .  The problem of zero marg ina l s , and the re-

sulting loss of degrees of freedom is discussed in Gokhale and Kuliback (1978).

Another approach is to break the variates into subsets of 3 or 4 variables each ,

each group of variables being treated separately. For example in a categorical

questionna ire , a group of questions concerning economic status might be treated

separately from a group concerning health , which in turn is treated separately

from a group concerning education level. Each group is analyzed to obtain the

questions in that particular group which should be included . The best subset of

_____ -
~

“-• - - 
.
~~~~~~~~~~~ ••-~~- • . - • - • . • -•~~ •



___ • •

10.

each group is then combined to form the overall questionnajr~~ Still another ap-
proach to the sparse cells problem is the “nearest neighbor” approach of Hills

(1966) . One estimates by grouping  together u n i t s  whose categor i ca l re-
sponses differ in only one place on one variable. This technique will increase

(perhaps in a somewhat biased way) the number of observations in each cell. Es-
sentially one is trading bias for sample size considerations.

—a
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