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INTRODUCT ION

The Applied Science Laboratory, AGMC, has a requirement to establish

a CW Laser Power Meter Measurement Assurance Program between this labor-

2 i

atory and several Air Force Research and Development Laboratories.

This report describes and proposes a single and easy to apply

criterion which allows one to objectively characterize and quantitatively 1
evaluate a measurcment assurance program of the type required to support

the Air Force R&D Laboratories.

The criterion described is based upon a linear regression analysis

of the output volts (X) from the standard power meter compared to the

i A T i B MR Sl ool P P o
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: output volts (Y) of another power meter called the transfer standard.

Each comparison between X and Y is treated as a coordinate pair (X,Y).

S—

The analysis method used in this report follows that described in

NBS Handbooks 91 and 300, Chapter 5-4, "Problems and Procedures for ?

Functional Relationships'". The chapter and title in both books are

g
3
4
£
-
'
2
|

the same.
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SUMMARY

Using the voltape measurements from the standard and the transfer

standard as X and Y respectively and treating X and Y as linearly

related the following quantities were determined.

Mean X
Std Dev X

Median X

Mean Y

Std Dev Y
Median Y
Intercept bO

Slope bl

Variance in Y

Variance in slope b

1

Variance in intercept bo
Correlation coefficient r
Error in the slope bl
Error in the intercept bo

Whole line 95% confidence interval

4.4756
.1073
4.45
4.429
.1237
4.31
-0.64587
1.13392
.0005186
.0023691
.047480

.98

't

Whole line 95% confidence error in W

On line 95% confidence interval w2

On line 95% confidence error in H2

Single future 95% confidence interval W

Single future 95% confidence error in W

Correlation coefficient r

1

3

3

The resulting equation was determined to be:

Y = -0.64587+1.13392Xx
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In this intercomparison process a laser power meter transfer

standard was compared to a laboratory standard by alternately placing

each intc the laser beam. The voltage readings were taken digitally

pS——

at the end of a 100 second exposure period. See Time Phase Diagram,

RS

S R b i o 0 L

rptnu

Fig. 1.

Twenty voltage intercomparison measurements were made comparing

e A e it

the transfer standard voltage Y to the standard voltage X. In this

analysis the X values were treated as independent variables and the

Y values were treated as dependent variables. The measured values of ' 41
| X and Y were treated as 20 pairs of independent measurements, since ]
the X values were measure& on a different instrument from that of the

Y values. Each comparison between X and Y is treated as a coordinate

o ey i

pair (X,Y). ; ?
A linear relationship is assumed between the two variables X and Y

Y = b0+blx (1 }

The method of least square regression analysis is used for deter-
mining the linear relationship between the two variables X and Y
(regression line of Y on X).

A rough plot of the values as coordinate pairs (X,Y) showed that
they approximate a straight line. i

For those who have access to computers or the hand calculators,

- the operations for determining the coefficients bo and bl in

equation (1) above can be made quite simple.

TR PO WY T AT g e i S




The approach given here is appropriate for the hand calculator.

From the 20 pairs of values taken and shown on page 5 , the following

was determined:

IX =
X =
IXY =
Y =
.
y? =
X =
Y =

89.5100
400.8209
396.6880
88.5800
20.0000
392.6116
4.4755

4.429

From the above values the necessary calculations were made and

the results are shown on the worksheet, page 6.

See appendix sheet A

for the necessary formulae and instructions required to complete all

calculations entered on the worksheet.




X VOLTS (STD)

4.54
4.57
4.56
4.50
4.48
4.46
4.45
4.66
4.68
4.67
4.43
4.42
4.45
4.43
4.42

4.36

DATA SHEET
MEASURED VALUES

Y VOLTS (TRANS STD)

4.54
4.51
4.50
4.46

4.




& BASIC WORKSHEET FOR ALL TYPES OF LINEAR RELATIONSHIPS

= _-2.‘-' —-2- - -- _-.
s 2 - B2 s = 1(¥ - DY s e s - D - D

% v X denotes Voltage, standard Y denotes Voltage, transfer standard
| X = 89.5100 LY = 88.5800
! X = 4.4755 - 4.4290
g Number of points: n = 20
E
3 Step (1) XY = 396 .6880
i (2) (EX)(LY)/n = 400.60201
¢
‘- (3 s, = . 24821
i | (4) 1x? = 400.8209 (7) Y2 =  392.6116
4
]
- (5) (x)?/n = ___400.60201 (8) (£Y)2/n = __ 392.32082
R i
:
= : = .290
6) s__ 21890 9) syy 78
S 2
(10) b; = °x = 1.13392 (14) (S_) = .28144
1 ?l xy
XX S
XX
(1) Y = 4.429 (15) (n - 2)s; = .00934
(12) bX = 5.07487 (16) 33 = .0005186
(13) b=Y-bX = ~.64587 s = .022773
o y
Equation of the line: Estimated variance of the slope:
2
Y = b_ +bX e = .0023691
1
- 64587+| 13392X S
XX
8, = .048674 Estimated variance of intercept:
1
8, = .21790 82 =82 1 +X%= .047480
b b y — =
o o n S
XX
Note: The following are algebraically identical:

Ordinarily, in hand computation, 1t 1e preferable to compute as showa ia

the steps abovye.

Carry all decimal places obraingble-!.e., if data qve

recorded to two decimal places, carry four places in Steps (1) through (9)
significant fi ures in subtraction.

in order to avoid losin

"Cogied from NBS ,Handboo
Washington, D.C.'

91, pg 5

.S. Govt Printing Office,

-6~
— ot |t o A i 2 ‘ —




The percent error % in the slope at the 95% confidence interval
is determined. The student "t'" value for 95% confidence and 18
degrees of frecdom t(.95,18)= 2.101. See a copy of the table in
appendix C "Percentiles of the "t" Distribution”.

% = 1(.95,18) S. x 100
by

X

= 2.101(.048674)X100

4.4755
%= £.51
Likewise the percent error % at the 95% confidence interval for

the intercept

7 = t(.95,18) Sb X 100
o

X

2.101(.2178) X 100
20
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Estimate wl the Y57 confidence interval for the whole line. |

See Figure 2.

W= N2k Sy[ b (x—i)2] I
5 n S
< XX

F the percentile of distribution is taken from Table A-5 in the
back of NBS Handbook 91. F 95 (2,18) = 3.55. See Appendix B.

Determine W  tor several values X, (4.2<X<4.8).

1

X W Y +%

4.2 .0382 4.12 .93
4.25 .0322 4.17

4.30 .0265 4.23 .63
4.35 .0212 4.29

4.40 .0167 4.34 .38
4.45 .0140 4.40

4.50 .0139 4.46 .31
4.55 .0167 4.51

4.60 .0211 4.57 .46
4.65 .0264 4.63

4.70 .0321 4.68 .69
4.75 .0381 4.74

4.80 .0442 4.80 .92

The W, interval +.0382 or +.93% is the widest interval falling

within 4.2<X<4.8, the whole line range. Consequently this is the

interval for which we are 95% certain that all values Y will fall for

the whole line.
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Estimate W, the 95% confidence interval for a single point on the

line (i.e. the mean values of Y corresponding to chosen values of X).

See Figure 2.

n S
XX

: =2
Nyt b B [_1_+ (X-X) :]!5
= .05

I-A = .975
2

The t (the percentile of distribution) is taken from Table A-4

in the NBS Handbook 91, t for 18 degrees of freedom is 2.101.

.975
See Appendix C.

Determine w2 for value: X, (4.2<X<4.8).

X W, +%
4.20 .0301 4.12 .73
4.25 .0254
4.30 .0209 4.23 .49
4.35 .0167
4.40 .0132 4.34 .30
4.45 L0110
4.50 .0110 4.46 .25
4.55 .0131
4.60 .0166 4.57 .36
4.65 .0208
4.70 .0253 4.68 .54
4.75 .0300

4.80 .0349 4.8 .73
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The widest interval for a point on the line is +.0349 or +.713%.
Consequently we may state for a given value of X, that the mean value
Y will fall within +.0349 or +.73% 95% of the time.

Estimate the 957 confidence interval W, for a single future value

3

of Y for a single chosen value of X. See Figure 2.
S e Sy[l+

The future valuces are taken to mean if the same measurement pro-
cess is repeated in the future these future values of Y for chosen
values of X are expected to fall within 1w3.

t g5 = 2.101
Determine several values of w3 for chosen values of X, (4.2<X<4.8).
+
X oty %

4.2
<25
.30
.35
.40

4.45

4.50
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The W, interval +.0565 or +1.37% is the widest interval falling
within 4,.2<X<4.8 the whole line range. Consequently future deter-
minations of Y values using the least square fitting method for the
same measurement process are expected to fall within this interval
95% of the time.

The degree of correlation between the variables X and Y is

measured by the sample correlation coefficient r.

Determine the correlation coefficient r for the sample.

r =S
S, A
S S
XX yy
= .24821

(.21890) (.29078)
= .9838
r = .98

This method of analysis shows that the mean voltage of the trans-
fer standard Y can be computed as a function of a given standard
voltage X by the following equation:

Y = -0.64587 + 1.13392X

This equation does not produce a single value of Y for a single
value of X. 1t produces Y the mean of n Y values. One would not
expect to make a single measurement getting the computed value ?; one
must make n measurements i.e. 5 measurements the mean of which would
fall on the Y line. See Figure 2. To check this statement, go to

Y values table pg.12 and select 5 consecutive Y values i.e. 4.32,

=11~
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| CALCULATED VALUES OF Y IN TERMS OF X
| Y = -0.64587 + 1.13392X
B | | S CONTINUED CONTINUED
; : X Y : X Y
- 4.30 4.23 4.54 4.50 1
| 4.31 4.24 4.55 4.51
0| 4.32 4.25 4.56 4.52 1
E | 4.33 4.26 4.57 4.54
- 4.3 4.28 4.58 4.55
4.35 4.29 4.59 4.56
4.36 4.30 4.60 4.57
4.37 4.31 4.61 4.58
4.38 4.32 4.62 4.59
4.39 4.33 4.63 4.60 1
4.40 4.34 4.64 4.62
4.41 4.35 4.65 4.63
4.42 4.37 4.66 4.64
4.43 4.38 4.67 4.65
4.44 4.39 4.68 4.66 \
4.45 4.40 4.69 4.67 :
4.46 4.41 4.70 4.68
4.47 4.42
4.48 4.43
4.49 4.45
4.50 4.46
4.51 4.47
: 4.52 4.48

e,
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4.33, 4.34, 4.35 and 4.37; the mean of this group is 4.34. The
X value opposite 4.34 is 4.40. Consequently if one maintained the
standard voltage X at 4.40 and made a single measurement it is equally
likely than any one of the five Y value would occur.

To get a clear understanding of the criteria used in evaluation
this intercomparison process it is important to correctly interpret
the meaning of the values wl, w2 and H3. There are errors inherent
in any measurement process; consequently in this measurement, the
process procedures, the operator's skill, the environmental conditions
and the equipment used attribute to inherent errors which cause variation
in the recorded voltages of the standard X and the transfer standard Y.
These variations are expressed as tﬂl, 1w2 and tw3, and they flué%ate
in the Y direction above and below the Y line. From the W computations

1

and Figure 2, it is noted that the value +W. is chosen, such that it

1
envelops the worst deviation which occurs at X = 4.2 and X = 4.8.
Consequently the process 1wl variation is +.0382 volts above and below
the Y line or +.93% above and below the Y line. It is noted from the
computation also that wl decreases as values of X are held near the
mean X = 4.476 which itself is limited by the inability of the laser
to remain fixed at one power setting. W2 defines the variation in

the Y line itself. Consequently for any Y value located directly on
the Y line itself, its worst variation w, = +.0301 or +.73% which

occurs also at X = 4.2 and X = 4.8. 1Its minimum deviation also occurs

around X = 4.476 similar to wl.

il i il s N i i AN T
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E ' N3 defines the interval inside which future and subsequent measure- i
. . ment variations in Y are expected to fall. Consequently, for future
.l and subsequent application of the same intercomparison process using

the lease squares method, the predicted variations in w3 are: +.0563

or +1.37% above and below the Y line.

AT TR AT

a ; It is noted that all values of wl, w2 and w3 are computed at the

95% confidence interval. The use of the 95% or 99% confidence interval

e e A B

is arbitrary, however, since the 95% confidence interval is more fre-

-

quently used, we have chosen to use it in our computations. By arbi-

trarily choosing the 95% confidence interval for our computations,
this means that we are 95% confident that this measurement process

will yield W values which will fall within the computed wl, w2 and

w3 intervals.

e AT i s 5 i I g

This also means that we have chosen to live with the risk that

5% of the W values are expected to fall outside the computed intervals.

Twenty comparison measurements were made during this test mainly

4
2
1
|
i

because this was the first time this process was being evaluated.

These data were collected over a period of two days. Now that the

P

initial evaluation has been completed, future evaluations will be

done by computing the W intervals based upon 10 data pairs X, Y.

EE————————

Invariably after the data has been recorded, one is faced with
the problem of what to do with one or two suspected values which will

tend to shift the average away from that which is desired by the

experimenter.




I aishis St B L R e e T
= ”

Now, in order to have a meaningful measurement program with
- credibility, one must adopt and accept some degree of objectivity

and uniformity when it comes to the rejection of suspected data values.

The method suggested here is a simple one, 80 chosen to encourage
! ; its use, rather than a more complex method which would discourage
its use.

The method applied here in testing whether to accept or reject

a suspected value is described in NBS Handbook 300 Volume 1, p. 349-520

il

titled "Rejection of Outlying Observations'". See instructions from
i this article Appendix D. 9-27-

First list the X and Y values in the order of size.

.1 ot

4.31 4.21
4.36 4.28 :
4.36 4.28 _,
5 4.37 4.33 ?’
4.39 4.3 |

4.42 4.36

4.42 4.37

4.43 4.38

4.43 4.39

4.45 4.41

median
4.45 4.41
< 4.46 4.42
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.48 4.45
.50 4.46

.54 4.50

.56 4.51
.57 4.54
.66 4.64
4.67 4.64
4.68 4.66
Since we have 20 values the appropriate ratio is:

n = 14 to 30

Referring to the above list of X values, X

= 4.31, X2 = 4.36

and x18 = 4.66.

4.36-4.31

4.66-4.131
Cyy .14
Referring to Table | Appendix D, Testing for Extreme Observations,

under the column marked = 5 which has the 95% confidence interval

critical values, it is noted that at n = 20 the critical value is
.45. Since the above computed value Ty, = .14 is less than the
critical value .45 the suspected value of 4.31 is not a mistake and
may not be excluded. In like manner the decision is the same when

the same procedure is applied 4.21 as the suspected value in the

Y column.
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If there is a need to use this procedure to exclude more than
¢ne value in ten, one would be cautioned to stop and to investigate

the measurement process for unsuspected disturbances which may be

producing the outlying values. Of course, one always has the option

to run the test again.
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CONCLUSIONS

The method of analysis presented in this report affords a simple,
and easy to apply, criterion for objectively characterizing the
quality of an intercomparison type measurement process.

The method described allows the measurement process to be ob-

jectively evaluated by computing the process W Wz and W, intervals.

1’ 3

As the quality ot the process improves, the W intervals will
decrease. If i.e. in subsequent tests the W intervals increase,
this would indicate a decrease in the quality of the process. For
example variations in procedures, variations in operator character-
istics, variations in equipment functional characteristic and
variations in the laboratory environmental conditions could be ob-
jectively evaluated by monitoring the magnitude of the variations in
the process W intervals. See Figure 3.

One is cautioned that, to indiscriminately throw away one or
two data points, introduces a subjective operator's bias into the
measurement process which in-turn reduces the credibility and integrity
of the process. Consequently, if there is a need to throw away one or
two data points, all participating operators are advised to always use
an objective data rejection method of the type described in this report.

This method of evaluation applies equally to:

(1) intercomparison tests in the same laboratory by comparing

W intervals of previous tests to W interval of current tests and




(2) intercomparison tests in different laboratories by com-

paring the W intervals compuféd by one laboratory to the W intervals

computed by the other laboratory as long as both laboratories have
measured the same transfer standard and have agreed to compare at a

specified confidence interval i.e. 95%.
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CURVE PLOT

Y=- 0.64587 + LI3392X

W;* *.030 £.75%

/ W;:2.05652 1.379%
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APPENDIX - A

ORDP 20-110 ANALYSIS OF ME

ASUREMENT DATA

are known to have a imited range of vialues of X
(which is an S Relationship).

Table 5-1 yives o brief sumniary characteriza-
tion of SI .ind 3!l Relationships.  Detailed

problems and procedures with numerical exam-
ples are given for SI relationships in Paragraph
5-5.1 and for 311 relationships in Paragraph
5-5.2.

Lt i e - LN Sl e

LN

BASIC WORKSHEET FOR ALL YYPES OF LINEAR RELATIONSHIPS

X denotes o = Y denotes ___ . _
XX = LD . £ Y
o= A A BT, CH AN 4
Number of points: n = ___
Step (1) XY -

(2) X)@Q2Y)/n =

(CANE P = Step (1) — Step 2)
4) zX:? = _ SRR L (1) =Y? W i
(5) (EX)* n = Bic 8) (XY)n R e in
®) S. = Step @) - Step (5) ®) S. =  Step (7) - Step 8)
10) b =3 - sep @) cSwp @ o K -
ay v B s e s AME) 8 = 2) 8} = Step (9) —~ Step (14)
12) b X = ARRRIA SR LR . | B = Step (16) + (n — 2)
(13) by = ¥ = bX = Step (11) - Step (12) sy -

:quation of the line: Estimated variance of the slope:

3
YV = bo ¢ buY 3:, o ;r‘ = __s_"e,l’(.lg) +._ S?—E_Sg).-
B R S T R g Estimated variance of inumﬂ:
N R oo
B e R s e B i s, = o} i + S.:} -__

Note: The following are algebraically identical:
S =X = XN)58, =Y =P8, =3X - %5((Y=-V).

Ordinarily, \n hand computation, it is preferable to compute as shown in the sieps above. Carry
all decimal places obtuinable --i.e., if data are recorded to two decimal places, carry four places in
Steps (1) through (9) in order to uvoid lusing significant res in subtraction. "Copied from
NBS Handbook 91 pg 5-10, U.S. Govt Pp!’:\ting Office, Washington, D.C.

24~
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APPENDIX-B

TABLES

ORDP 20-114

B30 acuah 3¢ N~ eo mhhb - 003 ﬂ 3N
¥ wmm-n vnmelN NN&NN NN—-—-—- —4—------ -u--u--- —--u-—n-
“‘
Y =) I "\b"'"—' "—_'—l;—-ﬁ—_—
o ©wFin 32~ah 3 5 ~8°Sa 30352 gvg QSQQ_ ;
i ?awo CHMNN NI IO o sivdot oot o oot ot ot ot oo ot md ot 0 !
L iz h T NROON DB i TegRmal |
2 %58 IT_/s o“”S“ =882 3388 LR ~389e | 2
* waw FPOMAN NN NN rretriod oo ot o0 ot vt ot o !
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APPENDIX -C
TABLES :

ORDP 20-114

TABLE A-4.

PERCENTILES OF THE ¢ DISTRIBUTION

P

of e | 2% tw tw o ton o .0
1 .325 27 1.376 | 3.078 | 6.314 | 12.706 | 31.821 | 63.657
2 .289 .617 1.061 | 1.886 | 2.920 | 4.303 | 6.965 | 9.925
3 271 .584 978 | 1.638 | 2.353 | 3.182 | 4.541 | 5.841
4 2n 569 . 941 | 1.533 | 2.132 | 2.776 | 3.747 | 4.604
s 267 559 | 920 | 1.476 | 2.015 | 2.5671 | 3.865 | 4.032
6 | .265 .553 906 | 1.440 | 1.943 | 2.447 | 3.143 | 3.707
7 | 263 .549 896 | 1.415 | 1.895 | 2.365 | 2.998 | 3.499
. 1262 .546 889 | 1.397.| 1.860 | 2.306 | 2.896 | 3.355
. .261 .543 883 | 1.383 | 1.833 | 2.262 | 2.821 | 3.250
" .260 .542 879 | 1.372 | 1.812 | 2.228 | 2.764 | 3.169
nw o260 .540 876 | 1.363 | 1.796 | 2.201 | 2.718 | 3.106
2 | 259 .539 873 | 1.356 | 1.782 | 2.179 | 2.681 | 3.055
13 | 259 .538 870 | 1.350 | 1.771 | 2.160 | 2.650 | 3.012
'« . 258 537 868 | 1.345 | 1.761 | 2.145 | 2.624 | 2.977
1S (258 .536 866 | 1.341 | 1.753 | 2.131 | 2.602 | 2.947
6 .258 .535 865 | 1.337 | 1.746 | 2.120 | 2.583 | 2.921
%4 .257 .534 863 | 1.333 | 1.740 | 2.110 | 2.567 | 2.898
T 257 534 862 | 1.330 | 1.73¢ | 2.101 | 2.552 | 2.878
19 .257 .533 861 | 1.328 | 1.729 | 2.093 | 2.539 | 2.861
20 257 533 | 860 | 1.325 | 1.725 | 2.086 | 2.528 | 2.845
'Y .257 .532 859 | 1.323 | 1.721 | 2.080 | 2.518 | 2.831
22 .256 .532 858 | 1.321 | 1.717 | 2.074 | 2.508 | 2.819
23 .256 .532 858 | 1.319 | 1.714 | 2.069 | 2.500 | 2.807
24 .256 .531 857 | 1.318 | 1.711 | 2.064 | 2.492 | 2.797
2s .256 .531 856 | 1.316 | 1.708 | 2.060 | 2.485 | 2.787
| ;
2¢ .256 531 | .856 ! 1.315 | 1.706 | 2.056 | 2.479 | 2.779
27 .256 531 855 | 1.314 ! 1703 | 2.052 | 24713 | 2.771
28 256 1530 855 | 1.313 | 1.701 ' 2.048 ] 2.467 | 2.763
29 .256 530 . 854 1.311 1.699 = 2.045 ' 2.462 | 2.756
o | 2% 530 . 854 i 1.310  1.697 | 2.042 | 2.457 | 2.750
© | 25 629 1 W51 . 1,303  1.684 . 2.021 ; 2.423 | 2.704
V) .254 827 848 | 1.296 1.67 2.000 @ 2.390 2.660
120 | .24 526 845 . 1.289  1.658 . 1.980 | 2.358 | 2.617
. - 524 842 1.282 1.645 1.960 | 2.326 ;| 2.576

Adapted by perniamion from Iniradiction % Stahistieal tnulyss (2dd iy W J Dinonand F I M
Company, Ine Entris orgmally teom Vable 100 of Statoateeni Tatles by R
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APPENDIX-D
Reprinted from Amesican Jousnas or Puvsics, Vol. 21, No. 7, 520-525, October, 1953
Printed in U. §. A,

Rejection of Outlying Observations

Faank Paoscman®
Nationel Bureau of Standards, Washington, D. C.
(Received November 24, 1952)

This paper makes available to the physicist two of the modern statistical tests for possible
rejection of outlying observations. These two methods have been sslected becauss they apply
in & majority of the actually occurring situstions and bacause they are 20 easy to uss.

A PERENNIAL problem vexing the experi-

menter is that of rejection of suspected
data. For one hundred years attempts at the
solution of this problem have been advanced,
most of them to be themselves rejected as suspect.
Fortunately, modern statistical theory has
proposed useful, reliable methods for objectively
rejecting deviant values. However, the solution
is far from complete at present.

This paper makes available to the physicist
two of the modern statistical tests {or possible
rejection of outlying observations. These two
methods have been selected because they apply
in a majority of the actually occurring situations
and because they are so easy to use.

THRE PROBLEM

Here is a common problem facing experi-
menters. The typical scientist, X. Perry Menter,
makes a number (say five) of repeated measure-
ments of some unknown quantity. The smallest
value (or the largest) is so far removed from the
other four that he suspects that it may be in
error. However, Perry has no specific knowledge
that a mistake actually did occur. Let us assume
that he has no previous data from which to
estimate the precision of measurement. How can
he decide from the values themselves whether the
suspected value is in error or not?

The answer seems clear. He should consider
the suspected value as in error when it seems
too far from the other four values. But how can
he judge when it is “too far from the other four
values''?

A LOGICAL APPROACH
Here is a simple, logical, objective criterion.
Suppose Perry could somehow make millions of

® Now at Sylvania Electric Products, Inc., Hicksville,
New York.

sets of five observations each. Suppose, too,
that he could guarantee that none of these ob-
servations had any mistakes. Call a typical set
%), X1, X3, X4, Xy, where the,x's are arranged in
order of size, so that x,<xy<x,<x<xs. Now a
logical measure of the distance between the
smallest value and the other four values is

X3 —%
fio=— ]
X3 —x,

i.e., the ratio of the interval between the sus-
pected and adjacent value to the total range.

Now Perry records with what frequency,
among his millions of sets of five values each,
different values of 7,y occur. He finds that a value
of 71 larger than 0.780 occurs one time in one
hundred. He then reasons this way :

*“I have found that among sets of five observa-
tions each (comiaining mo mistakes) a value of
71 larger than 0.780 is quite unlikely (occurs only
once in one hundred). If now, in my future ex-
periments | get a set of five observations for
which r,q is larger than 0.780, I will conclude
that my largest observation is in error."

CONFIDENCE IN THR TBST

This seems reasonable. But what confidence
can Perry have in such a procedure? How often
will he consider as mistaken a perfectly good
observation? How often will he consider ac-
ceptable an incorrect observation ?

Clearly, from the way in which he derived the
test, he will classify a perfectly good smallest
observation as mistaken once among one hundred
sets of five each, on the average. But there is no
general answer to the question of how often he
will let pass a mistaken observation. This de-
pends on how “mistaken" the mistaken observa-
tion is. If a very lorge error were made, his

“Article copied from NBS Handbook 380 pg 349-520,U.S. Govt Printinyg Oftice,

Washington, D.C, -27-
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test would tend to reject the observation almost
certainly. If a very small error were made, his
test would tend to reject the observation with a
small probability.

Figure 1 gives some idea of the performance of
rie in detecting mistaken observations. It is
based on a sampling experiment in which samples
of five from a normal population with mean u
and standard deviation ¢ were contaminated
with values drawn from a normal population
with mean (u+)Mo) and standard deviation ».
‘The ordinate shows the percent discovery of
contaminators (the proportion of the time the
contaminating population provides an extreme
value and the test discovers this value) while
the abscissa shows )\, the magnitude of the
shift (error) of the contaminator in standard
deviations.

We said above that once in every 100 sets of
values (on the average) Perry would consider as
mistaken a perfectly good observation. If he were
to reject this observation and then compute
the mean and standard deviation of the re-
maining values, these would be biased estimates.
In addition, when a good observation is rejected,
any further statistical tests of significance will
become less reliable. This is the price that he
must pay for improving the data in the cases
where a mistaken obeervation is removed.

MATHEMATICAL DERIVATION

Of course, 0.780, the value of r,e that is ex-
ceeded by chance 1 percent of the time (called
the 1 percent level of significance of r,,), is not
determined by actually making millions of sets of
five observations each. Rather it may be calcu-
lated mathematically' with even greater accuracy
than if millions of sets of five observations had
been used. The basic assumption is that the
repeated measurements would follow the normal
distribution.

For sample sizes larger than seven, alight
modifications in the r,, statistic result in a more

' Dinom, Ana. Math. Stat. 22, No. 1, 68-70 (1951).

/
/

A

° ' 3 ] e« ® o 7 & A
F1G. 1. Performance of r test. The ordinats shows the
of contaminators, while the abscisss
Mw'a:ll. &mymgmtudeoltkﬂl (ervor) of the con-

taminator in standard deviations. From W. J. D:-u.
Ann. Math. Stat. 21, No. 4, 493 (1950).

sensitive test: Thus for sample size s =8, 9, or 10,

X3 =X

=
Xa-1 —%)

is superior to rye. Similarly for s =11, 12, or 13,

n=
Xp-1 =%

is superior. Finally for n=14, 18§, - - -, 30,

X3 —X)

Tz ™=
Xa-g —%3
is best.
- USE OF TABLE I | 3

Let us now define r as the appropriate statistic :
among ry, 71, 7, and rs according to the
sample size. Table 1 gives critical values of r for
significance levels a=$ percent and a=1 percent,
for sample sizes from n=3 to 30.

Thus for example for n=8 and a=$ percent,
the table gives a critical value for 7 (in this case ‘
ru1) of 0.554. This means that in 100 sets of 8 ‘
observations each, free of mistakes, five values of ¥
711 will be larger than 0.554, on the average.

What if Perry suspects the acceptability of the
largest obeervation in a set? In this case, he
simply considers the observations as numbered
in the reverse order and proceeds as before.

R ES——
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TaBLE |. Testing for extreme observation (no past data).»

Critical values

Statistle Semple sise » a=$ percent e =) percent
3 0.941 0.988
e 4 0.76S 0.889
Piem—— [ 0.642 0.780
=% 6 0.560 0.698
7 © 0.507 0.637
S 8 0.55¢ 0.683
P et ml L 9 . 0.512 0.635
Ba1 =3 10 0.477 0.597
oals 11 0.576 0.679
LT sl et A 12 0-5‘6 0.642
Za-1— % 13 0.521 0.615
. { St 14 0.546 0.641
e —x, 15 0.528 0.616
16 0.507 0.595
17 0.490 0.577
18 0.475 0.561
19 0.462 0.547
20 0.450 0.538
21 0.440 0.52¢
22 0.430 0.514
23 0.421 0.50S
24 0.413 0.497
25 0.406 0.489
26 0.399 0.486
27 0.393 0.478
28 0.387 0.¢69
29 0.381 0.463
30 0.376 0457

¢ Hy permission from W. J. Dizxon and F. J. Massey, /nireduction
n'o' ;ﬁll?um?:’ﬂldnu (McGraw-Hill Book Company. Inc.. New York,
o e

Why are two significance levels given? The
rcason is that no one significance level is ap-
propriate to all problems. For example, consider
these two cases:

(a) Additional observations are not possible.
(b) Additional observations are possible.

In case (a) for many problems it might be
appropriate to compute r and test it at the 1
percent level of significance. If the particular
obeerved value of r is larger than the tabulated
value for a=1 percent, it might then be a guod
idea to exclude that observation.

In case (b), for many situations a reasonable
procedure might be to test r ut the § percent
level. If the sample value of 7 is significant at the
3 percent level, one or more additional obeerva-
tions would be taken. If the observation orig-
inally suspected remained outlying, it would be
tested again, using the combined set of observa-

-29-

PN o

tions. This time, however, the r test would be
performed at the I percent level of significance.
If the outlier were significantly deviant at the
1 percent level, it would be rejected. It should
be noted that among many sets tested in this
way, the proportion of sets in which a perfectly
good largest value will thus be rejected will be
less than 1 percent. This is because the observa-
tion has a “second chance” before it is finally
rejected.

SUMMARY

A set of » observations is made. No previous
data are available from which to estimate the
variability of a measurement. What is a rational
procedure for testing whether the largest (or
smallest) of the set is too deviant to be explained
by the ordinary errors of measurement?

Rank the n observations in order of size from
smallest to largest, if the smallest observation is
suspected,

HSXS -0 X0} %

reverse the numbering system if the largest is
suspected.

Next compute
X3 —%)
Po= if s=3 to 7
Xe -’l
X —X
ru= if n=8to 10
Xo-1 =%
X~
- if s=11t0 13
Bo-l =%
Xy =%
Ty if =14 to 30.
Zo-g =%

Table 1 may be used to determine how likely
itiotogetuhuelnlueo‘ruumullyob-
tained, simply Ly chance. A procedure that might
be appropriate for many problems is as follows.

(a) No additional observations possidls. In this
case, compared the computed r with the value
in Table | at the 1 percent level. If the com-
puted value of r is larger than the tabulated
value, exclude the deviant observation. Other-
wise, do not.

Rl b
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(b) Additional observations possible. In this
case, compare the computed r with the value
of r at the S percent level. If the computed value
of r is larger than the value, take one or more
additional observations. Otherwise accept the
suspected value without taking additional
observations.

If, in the enlarged set (containing all the
original and the additional observations), the
previously suspected value remains outlyin;
compute r for the enlarged set. This time con
pare it with the value at the 1 percent leve
If the computed value exceeds the table value
exclude the outlier ; otherwise do not.

EXAMPLES

1. In a preliminary experiment, Silas N. Tis
makes 5 determinations of the velocity of light
in vacuum by a new method, obtaining 299 792,
299 780, 299 795, 299 786, 299 820, (km/sec). Si
N. Tist suspects the last value, 299 820, as being
mistaken since it is so much larger than the other
values. Before going on with additional experi-
mentation, Si wishes to decide whether 299 820
is mistaken or not. What shall he do?

Since no previous data are available from
which to compute the precision of measurement
by this new method, the r test is appropriate.
The first step is to arrange the five values in
order of size: 299 780, 299 786, 299 792, 299 795,
299 820. Then

299 820 -299 795 2§
r=gg= =—=(.625.
299 820 - 299 780

Since this is less than 0.780, the 0.01 point of
7 for n=3§, Si N. Tist concludes that 299 820 is
not mistaken.

2. Using the Atwoud machine, Norris G. Neer
makes determinations of g, the acceleration of
gravity, in his college course in experimental
physics. N. G. Neer's values are: 986, 964, 989,
1000, 987, 909, 999 (cm/sec?). He suspects 909
as being inconsistent with the other values.
Shall he accept it, or shall he experiment further?

He computes

Xy —X) 964 - 909 55

= --—-0.604-
xy—-%; 1000-909 91

This value lies between the 0.01 and the 0.0S

Ll 41 R
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points of 7 for n=7. Hence N. G. Neer makes an
additional determination and gets a new value
of 971. g

Since 909 remains outlying in the enlarged set

of eight, he computes r for this set of eight. Now
7(r1,) is 0.611. Since it is smaller than the 1 per-
cent level of r for n=8, N. G. Neer accepts 909
and uses all eight values.

”




