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G1~N l R A L 1  L1) ADAM S ML’IlIO[)S

1. INTRODUCTION

Among l inear multistep (INS) methods , the Adams family  is found to
be the most effective ,1 to this date , for solv ing initial value prob-
lems in ordinary differential equations (ODE ’s). Adams methods are
impract ical in solving “stiff” equations because prohibitively small
step sizes are required for accuracy. To achieve equal effectiveness
of Adams methods for solving stiff equations , efforts were made by Cer-
tam e,2 who sugge sted a genera l i za ti on of Ada ms methods for step number
k = 1,2; by Rjure l ,3 who modified Adams methods ; by Norsett ,4 who gave
an A-sta ble modification cf Adams-Bashforth methods; and by Verwer,5
who generalized INS methods with zero-parasitic and an adaptive princi-
pal root. Jam 6 developed A-stable methods by means of Hermite inter-
pola ti on polynom ia ls , and Murp hy 7 employed Newton ’s d iv i ded d ifference
representation of the (lermite interpolation polynomials to develop a
family of A-stable methods . Lambert8 in troduced mul ti step methods w ith
variable matrix coefficients.

This report shows that an appropriate choice of the characteristic
polynomial coefficients of the nonlinear multistep (NLMS) methods yields
the generalized Adams-Bashforth and genera l ized Adams-Moulton methods

• (GAB-CAM). These methods are shown to have portions in common with the
me thod s of Cer ta ine , Bjurel , Norse tt , Jam , Murphy, Verwer , and Lambert.
An examination of how NLMS methods yield GAB-CAM follows . A section of

• theory, describing the consistency, stability, and convergence of GAB-
CAM methods , w i ll be out l ined . In add iti on , the property of A-stability
of CAB-CAM will he outlined. GAB-CAM can solve stiff equations effec-
tively. However, this is not a restriction; GAB-CAM can be used to
solve nonstiff equations as well , althoug h this is ineff icien t for that
class of problems .

We have inc luded here an application of GAB-CAM to a class of
underwater acoustic parabolic wave equations. A package of ANSI FOR-
TRAN (CABM) programs , desi gned to implement GAB-CAM methods , is intro-
duced. The important features of the GABM package are discussed in af separate section . Test results of GABM are compared with a set of
previously published results by other techniques. Computations were
performed on a PDP-ll/70 computer , using double precision arithmetic.
A list ing of ANS I FORTRAN (GABM) programs is included in the appendix.

L
_  __ _ _ _  _ _ _ _ _ _ _ _ _
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2 . FORMULATI ON

In it ia l value prob lems of ODE ’s , generally , can I~t~ express ed by

• ‘ = f(t ,v); v (t0 ) y
~ 

. (2-1)

A class of sys tems of f i rs t order ODE ’ s, called stiff , arises in the
appl ica ti ons of chemical kine t ics , reactor kinetics , missile guidance ,

etc., and often takes the form

= Ay + g ( t ,y )  ; y(t0) = v0 , ( 2 - 2)

where Re (X (A) } 0 and X(A) , the ei genvalue s of A , d i f f e r  g r e a t l y  in
magnitude . We choose to deal w i t h  equation ( 2 - 2 ) ,  since the applica-
t ions  frequently appear in t h i s  form .

In solving equation ( 2 - 1 ) ,  k-s tep INS methods 9 can he app l i ed  that
take the form

= h f 7~~ , (2-3)

i= 0  i=0

where ak ~ 0, I~o I + 18 01 0.

INS can solve equa ti on (2 -1)  e f f e c t i v e l y  when II~f/~y H . the norm

• of the Jacobian matrix, is small. Our approach is to gene ra l i z e  equa-
t ion  (2 -3) such that when I 18f/~yH is large LMS can he used to  solve
equation (2-2 )  e f f ec t i ve ly .  Th is  led to what we refer  to as N LMS meth-
ods 10 that possess the fo rm

~~ ~~~~~~~~~~~~~~ h 
~~ ~~ . (Ah) g . 12 4)

i= O

where ak ~ 0, I~o I ~ kO h ) ) I ~~ 0.
In carrying out the comp lete development , A is assumed to be a con-

stant  nonsingular  m a t r i x .  Methods to handle  A( t )  w i l l  he ex plai ned in
a la te r  section . I t  can he seen e a s i l y  that  when A 0 , equat i on ( 2 - 2 )
reduces to equation (2 - 1)  and equat ion (2 -4 )  reduces to equa t ion  (2-3) ,

where I~I~-.o k~~°~ 
= ~ . I , where 1 is the identit y matrix. This

_ _  

~~~~-*—•*—*—•-• —-- ••—~~~~~~~~• • .• -•--— •—~~~~~~ --- -• --• • -- •-
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shows tha t  NLMS methods inc lude INS as a subset . The theory of the
NLMS methods also general i zes the theory of the INS method s , as has
been demonstrated in reference 10.

The complete formulation of NLMS involves the accurate determi-
nation of *k i (Ah) with the selection of 

~ j .  This appears in its
ent irety in references 10 and 11. A brief outline of NINS methods is
given bel ow.

We fi rst define the NLMS operator,

L(y(t);hj ~~ o~e~~~ 
‘
~ y(t + ih)

j (1

(2-S)

- h ~~ $~~ (Ah)g(t + ih , v(t + ih ) )
i=()

Then, for a constant matri x A , we express equation (2-2) by

~j !j_ (e~~ty) = e~~
tg (t ,y), y(t0) = y0 (2-6)

and integrate equation ( 2 - 6)  over the interva l ~~~~~~~~ to obtain

t
y(t~~~) = e~~~y(t~) +f ~

°‘
e~~

tn+i t ’)
g(t~ ,y)dt~ . (2-7)

tn

If we expand y(t~ + ih) and g(t’,y) of equation (2-7) in a Taylor
expansion around t~ , substitute into equation (2-5), and simplify , weobtain

L [ y ( t ) ; h ]  ~~~ aje~~~
k
~~~e~

1th
y j  

+ > C~ (Ah)~~~
3
~ , (2-8)

1.0 j .0

3
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where

k t fl~ j

C . ( A h )  = ~~-~- eAh [ f eA l t n + i t t )
(t~ - t ) J dt tJ

( 2 -9 )
k -

- ti 
~ki ~~~~

) 
.

In v iew of the first conditi on of consistency ,’°

which impl ies  that { } of equation (2-8) is equal to zero , we obtain

I ( y ( t ) ; h l  = 

~~ 

C~~(Ah) g~
3
~ . (2- 10)

Since A is assumed to be a constan t nonsingular matrix , we can mul-
tiply both sides of equation (2-9) by Aid , and we obtain

• 
~~~~~~~~~~ e~~

(tn+i t’)
(t, - tn)~ dt

’ = e’~~ - 
~~~~~~~~~~~~~~~ (2 1l)

tr

Using equation (2-11) and simplifying equation (2-9), we obtain

k j
-A~ °’~C~~(Ah) = 

~~ 

oj eA
~~

t
~~~

) ~~~(i~~)

(2 - 12)

+ 
(Ah)3

~~ 

~~~ 

(i))
~
k.(Ah) .

We require that C
3 (Ah) = 0 for j = 0,1 ,2,. ..,p, but C~+1(Ah) ~ 0.This requirement defines an NLMS method of order p. The usual4
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consistency conditions for INS are generalized .10 This permits formu-
lating NLMS methods in a matrix form, leading to the soluti on of ~kj(Ah)exp l ic i t l y  when the charac te r i s t i c  polynomial  coef f ic ien t s  are selected .
In requiring that C~~(Ah) = 0 for j = 0,1,2,.. .,p, we also select the• order p to coincide wi th  the step number k;  th i s  selection ensures a
unique solution so that •ki (Ah)  can be solved explicitly.

We now selec t the characteristic polynomial coefficients =

ak-i = -1 , ak~~2 = ak _ 3  = = = 0. This selection leads to the
formulation of Adams and generalized Adams methods.

For a constant nonsingular A , we multiply equation (2-12) by
(Ah) (J~~l), let HA I l  -, 0 for j = 0,1,2,.. .,p-l , and define 

~ki
(°) =

k . k

a1 (j+ 1)! 
= 

~~ 

i~ 81 . (2 13)

Equation (2- 13) relates 8j to a~ and gives the second condition of con-sistency of LMS methods .

When *kk(Ah) = 0, equation (2-12) is expressed as a predictor, as
follows:

I I 
-

1 +  ( k -  l)Ah I + k A h

p-i m 

: [:Ah] =
~~ lik - l)Ah] 

~~ 
(kAh)

m

m ! L. m!
m=O m=0 -

(2-14)

5

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ___



TR 6011

- 
I I ‘ - ‘ I •kO (~~

)

0 1 • - • (k — 1)1 ~~ (Ab)

_ _ _ _ _  
.

1! .

(Ah)P -lQ (
~ 

— 1)! 0 1 - • - (K - 1)P •k,k-1~~~~

We can f ind  •kj ( A h )  as f o l l o w s :

Step K kO~~~~~’ k l~~
t
~~

, ‘ - ,

1 - (Ah)~~~(I - cAll)

~~(A h Y 2 [e M1 
- (I + All)],

- 
- (AhY [- ( J  + Ah )e~~ + (1 + 2 A h ))

+ ~~)e
Ah1 

+ (I + 4Ah + (Ah) 2 ) ] ,  (2-15)

3 - ( A h ) 3 [ 2( I  + Ah ) e~
’1’ - ( 2 !  + 4Ah + 3 ( A hy ) ] ,

3 3 Ah 5- (Ah) [-(I + .Ah + (Ah~~ )e + (I + ~~h + 3(A hY )J .

Substituting •ki (Ah ) of equation (2-15) into equation (2-14), we
have the Generalized Adams-Bashforth (CAB) method .

When •kk(Am) ~ 0, equation (2-12) is expressed as a corrector , as
follows:

I I

I + ( k - 1 ) Ah  I + k A h  
eAh

L~Jp p
~~ ((k - i)Ah) m (kAh) m

m l m l
m-0 in=0

• 6
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(
~J 

- 

~ • - • I

0 1 - • . K!
(Ah)~
1!

p+l(Ah) 0 I • - • k~
’I kk (Am)

S i m i l a r l y ,  we can f ind the •k i (Ah) as fo l lows :

Step k •ko (Ah) , ‘ ‘I 
~~~~~~~

All -, AhI - (Ah) [-(Ah - I )e  - I], - (Ah) ~[— e + (I + All)]

- (AhY 3[-(I - i)e Am (I +

2 - (A l l )  [ ( 2 !  - (Ah~~ )e — 2(1 + Ah)],

• - (AhY 3 [-( I + f~�.) e
M\ 

+ (I + ~Ah +

-4 1 ‘ A l l  1 ‘- (Ah) ((I - ~-(Ah~~ )e - (1+ Ah -‘ ~{AhY) 1; (2-17)

- (A hY 4 [-(3 1 + All - ( A hY)e  + (31 + 4Ah +

-4 1 ‘ 3 A h- (Ah) [(3! + 2Ah - ,5-(Ah)~ - (Ah ) )e - (3! + 5Ah + 3(Ah) )],

- (AhY 4
[-(I + Ah + .~(Ah) )e~~ + (I + 2Ah + -~—(AhY + (Ah )3fl

S u b s t i t u t i n g  ~kj ( A h )  of equation (2- 17)  in to  equation (2 -2 ) , we
have the General ized Adams-Moulton (CAM) method. Simplifying the terms

• of •k~~(Ah ) of GAB-CAM and letting )l A Jl - ’~ 0, one obtains the Adams-Bash-forth and Adams-Moulton methods , respect ively.

7

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .•~~~~~~ 
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6 THE ORY

D e t a i l s  of the  complete theory of NLN~ methods with regard to con-
s i s t e ncy ,  st a b i l i t y ,  and convergence can h&~ found in  r e fe rence  10 . The
theory of NLMS methods  is aut omatically applicable to GAB-CAM methods.
A sketch of the theory of GAB-CAM methods :~ given here.

• CONSISTENCY

An NLMS method is defined to he of order p when C~ (Ah) is selected
to he 0 for j = 0,1 , . . . ,p, but C~ +1 (Ah)  ~ 0. T h i s  c o n d i t i o n ,
C~~(Ah) = 0, implies that

~~ lI~~ ai~~
h 

n+i 
- h 

~~ 

4~~ (Ah) g~~1 ll = 0 . (3-1)

This equation y i e ld s  the cons istency  for GAB-CAM methods.

• If we let A l 
~~~~ 

0, we have shown that equation ( 2 - 1 2 )  reduces to

~ 

= 
J 

. (3-2)

This is an alternate confirmation of the second condition of consis-
tency for the INS methods .

STABILITY

The characteristic polynomial of NLMS methods is defined by

p(A ,C) = eA~~p (C) , (3 3)

where

= . (3-4)

8

- rn — --~~~~~~~~~~ —-- - - -• • • -- -.--— -~ •• .-- •-~~.__w____ - — — —
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In v i ew  of the choice of c z . ,  GAB-GAM are strongly stable. This
c hoic e a lso g ives the first conàition of consistency of both EMS and
NLMS methods.

CONVERGENC E

Theorem

GAB-CAM methods are convergent .

• This theorem has been proved in reference 10.

A-Stabi l i ty

Dahlquist ’2 defined a method to be A-stable if the numerical solu-
4 t ion I l~v~ l I -* 0 asymptotically as n for the differential equation

y ’ = Ay, where Re {A( A) } < 0. GAB-CAM methods have this property .

Theorem

GAB-CAM methods are A-stable in the sense of Dahiquist .

If we apply GAB-CAM methods to solve the problem y ’ = Ay, which
implies g(t ,y) = 0, the GAB-CAM methods produce the exact solution to
the problem ; i.e.,

At~ nAhy = e  y0 = e  y0

We calcula te the ~~~ by Pade approximation . If Re {A (A) } c 0, then
0 , thus establishing the A-stability.

9

-- 
—

~~~~
“---‘- • - • ________
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4 . IMPEl W NTATLQN 0,: (;AB—CAM MEillops

•-~ Package of computc ’ r Programs was w r i t t e n  in ANSI FORTRA N lan-guage. There a ~~ .i number of usefu l feat nrc S i ncor~)ora ted in the package , namely , vari [)i~
. stC1) S~ ze , predic t -and-correct -m-t imes , sd f-start ing tcchn iques , and the hand ling of van abi and t ime —depentlisotA(t) . The usage of this package is sd f-exphjnator~

. A descri ption ofthe  package i s  g i v e n  b elow .

PR~~;RAM STRUCTtJR ,~

This  packa ge c on s i s t s  of n i n e  Progr ams , of which three are user-supp I i ed . The I nt erre 1 at ion shi p among t he  prog rams is shown by thediagra m bel ow .

MAIN

‘—DIFEQ

1111 START
GEN

~~PADE

~~INVERT
LAF~ r

The main control prog ram (MA IN) Processes all the i nputs and cal isa secondary cone rol s u br o u t i n e  (1)! FFQ) . DI FEQ set s up the iterat Iproccjui~’; ~‘a u s  for the GAB-GA~I methods; and controls the self-starter ,s t ep - s i z e  changes , predictor_and_corrector , and correc tor ’ s convergenc e• sub i t’ct to the  user -r equ i r ed  to l e r ance .  I t  al so  prepare s the resul t sfor  printo ut . Th~ se 1 f-starter (START) , GA . Pade approx im at  ion (PA DE )matri x II1v ~’rS ion ( lNVER~’) , and g~t ,~ ) (GEN) are all wri tt en in subrou-tine lorinats . GFN must be supp Ii ed b y t h e  La s e r .

I l . .\ Ttj~ FS

1 . 
~
ariab 1e Steps jxc~~~~~~~~

. 
In cxer~ j~~j~~

the var iab le_ st ep_ si :t~ techn i que, i f a change is needed , the step si :~
chang~~j by halvi ng or doubl i ng, depend i iag upon the need . The i 1l~l i -cator I PC is use~I to indi cate this step — si ze opt ion . S~tt ing IPC = ()set s a flxed-ste1) size , and f tC = I sets the use of variable ctep size .

1 1)
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2. Predict -and-Correct-rn -Times ~~~~ T h i s  Procedure ~ S employed
when a v a r i ~ib l e - s te p - s i z e  tcc~ i que is used . Setting m = 3 allows the
cor rec t ion s to be ca r r ied  out up to three t imes.

3. Se l f - S ta r t i n g  Procedure . F i r s t  order genera l ized  Adams-Bash -
for th  method is used as a s e l f - s t a r t e r . The step s i z e  used for the
starter is 10 t ime s smaller than the user-suggested step size.

4. A is a Function of t)’ in solving stiff equations of the form

= A( t )y  + g( t ,y) , (4-I)

the program is constructed to decompose the equat ion in to

y ‘ = A ( t . ) y  + {A(t) — A(t . )  ly + g(t ,y) , (4-2)

so that the N LMS method s c;n be app ! ied . Since the  abov e equat i on i s
stiff , Rc { A (A( t)) } ‘- 0 for all t . If J IA ( t )  — A (t~ ) can he main-
ta ined small  enough , the above Problem can be solved accurately. The
decomposition is performed automatically, provided the indicator TAT is
Set to 1. As one can see, after the decomposition , the new g(t .y)
becomes (A (t) - A (t.)}y + g(t ,y ) ;  only  the ori g inal g(t ,y)  needs to he
defined in the GFN subrout ine . The u MA X is recommended such that
I IA (t )  - A c t . )  II hr .  An example is g iven in the section of numerical
examples .

INPUT INFORMATION

• A l i s t i n g  of inputs  is g iven below w ith their def initi ons:

ERR User-required tolerance

1(1) I n i t i a l  t ime

TMAX Final time

IPC = 0, fixed-step size

~ 0, variable-step size

• . INDEX = 0 , explici t methods

# 0, implicit methods

KSTEP Step number (also order of the method ‘~ 4)

Ii

-- • -•-••,- • --_~~~~~~--~~~~ 
.--~~~~~~~ .—.
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H Init ial step size

• II4AX Largest step size allowed

1IMIN Smallest step size allowed

N Order of the system

YZERO A vector array to store the initial values .

Some default values are buil t in , in case the user fai led to supply
th~~ . They are

HMP*X = 0.1 D-0

UI4IN = 0.1 D-5

ERR = 0.1 fl-i

II = 0.1 D-1 .

12

- 
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p~rah~ 1ft ~i~~i’~ Ji ~~ r~r~ in th~ underwater acoustic field , ~~~
l im it a t i r,r~

, . ~‘~r ~ri’~ lass ~..f pro hiems , (- ( AM methods can produce
r~asonahl~ ~ r a r it ” ~‘~hatir ,ns rapidly without restrictions .

V i r ~ t , Jc’f ~~ ti k e the ODf approach to treat the solution of para-
b r , I i c  wave eq ’iat i o n s .  We ob t a i n  a system of ODE ’ s where the second par-
f i g j  r f ~ r i v a t i v e  w i t h  r espect  t the  space va r i ab le  is discretized by
mea n~ of a ~~~~~ order cent ral d i ffer ence, as fol lows .

A par~Piolic wave eqn~tion in one-space dimension takes the form

u~. 
— aa(k 0,r,z)u + h(k0,r,z)u

~~ 
. (5-2)

tat c c r eti ;in g (i~~ by a second orde r centra l difference brings equation
(!~~~‘ t ( I

dun Ii
- amum ii

4tIm+1 — 2Urn + Urn_ i ] . (5—3)
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Equation (5-3) is a system of first order ODE’s that can be put in
the matrix form

dua ..b1 b 1a~ - o - - o o

du2 b2 2b 2 b2 -
H2 a - --~~~~

- : : . : , (5-4)

2b bdu r n - i  rn - ia-i  0 0 0 • - a - — urn- i  H 2 H 2 rn- i  0

du b 2b b
0 0 0 - - - am - Urn j~”rn+1

where u0, u +1 are two boundary points at range r. To put the system
• above in a ~hort matrix form, we get

U ’ = A (r,z)u + g(r,z,u) . (5—5)

In selecting a range step size for solving equation (5-4), using
GAB-GAM methods with a constant matrix A , one will choose

hII.~. lI I j +kk (Ah )j I < 1 (5—6)

• for corrector’s convergence.

In the range-independent case, g can be decomposed again such that
= 0. This implies that a large step size can be used .”

Note, also, that the ODE approach formulates the problem without other
• restrictions.

A first order GAB-GAM is used with the predictor-and-corrector
• feature to solve the following problem . The equation

• u~ ~~~ n2(r,z) - l)u + ( 5— 7 )

describes a shallow-water wave propagation in the range direction in the
region indicated in figure 1.

14
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Figure 1. Region of Wave Propagation

The source is placed at 9.8 m below the surface and the bottom
depth is 19.5 m. The bottom is rigid; thus, a Neumann boundary condi-
tion is assumed . We examine the wave propagat ion up to 400 m .  The
sound speed profile is described in figure 2.

C(r,z) SVP (m i s)
1508.8 1524.0 27,432.0

Figure 2. Sound Speed Profile

The initial sound speed C0 = 1 .5 km/ s, frequency = 25 Hz, the sur-.
face condition is &i = 0, and n(r ,z) = c(r ,z)/c 0.

The solution was obtained through four different methods~ normal• mode , 14 explici t finite-difference , first order Adams PC 3, and the first
order GAB-GAM . The normal mode solution is very suitable for this prob-
lem; therefore , we use it as our reference solution for comparison of
accuracy . Solutions by explicit finite-difference , Adams PC 3, and GAB-.
GAM all agree almost exactly with the normal mode solution ; the differ-
emce is in the speed , as tabulated below:

• 
15

_____________ • •~~~~~ ~~~~~~~~~~~~~~ --~~ -- ~~~~~



— - • - • . -- •~~ -•-- . -.-,--- -
~~
-—-

~
- — -—- ---- ---

~~~~
—-

~
‘--- ----- - -

TR ~Ol 1

ii Time

Explici t finite-difference 0.35 x l0~~ 8 m 11 s

Adams PC 3 0.34 x l0~~ 10 m 9 s

GAB-GAM 1280 23 s

The step size i s  that  which  i s  required to g ive an accuracy of f l ) - . L4

What makes CAB-CAM so efficient is that the resulting ODE of equation
(5-7) takes the form u ’ = A (:)u + g(r,z,u). In this app li ca ti on, g is a
function of u and I I  agiau j I = I It~m/ (

~
2)

~ II = I Ic 0 / 2 ( ~~)~’ II~ which is
not a small  number for reasonably small (az). However , the ri gid bottom
allows us to restate the problem in a desirable way . Notice that the
last equation of the system is

b 2b b

(&) 2%-i 
+ 

(am 
- 

(~ z) 2)um + 
(~ z) 2Um+l = 0 . (S-B)

The rigid bottom condi ti on enables umi.l to be expressed as urn;therefore, equation (5-8) can be rewritten as
b b

(~ z) 2%_l 
+ (am 

- 

(Az ) 2)um = 0 . (5-9)

This reformulation defines g to be 0; therefore, ~I 3g/auJ~ 0; this
means that a larger step size can be used . In fact , the solu t ion  to
this problem by the GAB method has a simple explicit form,

= e
~~

yn - (5-10)

• Hence, subject to the accurate computation of ~~~ the solution can
be found in one step . We can see that for a range-independent matrix A
and rigid plane parallel boundaries , GAB-CAM methods have definite
advantages.

16
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6. NUMERICAL EXAMPLES

GAB-GAM methods are designed to solve stiff ODE’s in the form
y ’ = Ay + p(t), where p(t) is a low order polynomial in t and A is a
constant matrix , in the absenct of roundoff and Pade approximation
errors. In the following examples, we present a semistiff system, a
nonlinear stiff system, and a stiff system with A = ACt). The last two
examples are not in the format recognizable by NLMS methods. We will
show how these problems can be brought into equivalent forms such that
GAB-CAM is applicable. The starter employed is a tirst order GAB with
a step size 10 times smaller than the initial step size user suggested,
and all the examples are started at time = 0. For every fixed-step
size, only one matrix inversion is needed for the algorithm. An addi-
tional matrix inversion is needed for the Pade approximation. There-
fore, only two matrix inversions are needed to solve the whole problem
for a fixed-step size.

EXAJ4PLE 1, SEMISTIFF SYSTEM1°

Problem

10 1~ 111 11y ’ = l  Iy~~I I ; y(°)~~ I -
110 -9J jlJ j i

Exact Solution

y(t) = {2et - l,2et - 1)1 -

Eigenvalues of A

(1 , —10 )

Results

Number Number NumberMethod ,. Step 
~~ B(Order) max Size 0

_________ _____ _____ 

Steps g Calls Inversions

41 x ~~~~ GAB
• . GAB(3) 10 10 1 3 2

_________ _____ _____ 

0 Exact

17
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Remarks

NLMS methods are designed to solve this type of problem exac t ly,
subject to the accurate computation of eAh. In this case, it is
expected that NLMS methods will produce accurate results with large step
size without requiring large computational expense.

EXAMPLE 2, NONLINEAR STIFF SYSTEMl5
~l6,l7

Problem

y’1 = -O.0l3y2 - 1000y1y2 - 2SOOy 1y3 ; y1(0) = 0

= -O.013y2 - l000y 1y2 ; y2(0) = 1 ,

y
~ 

= -2SO0y1y~ ; y3 (O) = 1

Reference Solution

yi(48) = -0.194533895680D-5

Y2 (48) = 0.6 11474831446

y3(48) = 1.388950571516 .

The above problem is in the form y’ = f(t,y); y(t0) = y0. This
problem is not in the form directly acceptable by NLMS methods . Since

• the system is autonomous, we can easily restate it appropriately.
Transform the dependent variable such that z1(t) = y1 (t); z2(t) = y2(t)

• - 1; z3(t) = y3(t) - 1. Consequently, z(O) = 0. We now expand f(z)
about the critical point ; i.e.,

z’ = f(z) = f(0) + zf’(O) + 0(z2) = f’(0)z + g(z)

where A = f’(O) = (af~/3z~)~~o and g(z) = f(0) + 0(z2). The matrix
thus found is singular . The value of a33 is adjusted to -0.01 to keep A
nonsingular while similarly readjusting g(z). Therefore, we obtain an
equivalent system, as follows,

18
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z~ -3500 -0.013 0 z1 -0.013 - 1000z 1z2 - 2500z 1z3

z~ = -1000 -0.013 0 z2 + -0.013 - 1000z1z2

z~ -2500 0 -0.01 z3 -2500z1z3 + 0.01z3

with z 1 (0) = z2(0) = z3 (O) = 0.

Eigenvalues of A

{-0.00993, -0.01, -3500.01307)

Results

Number Number Number ofMethod Stept . of of Matrix Error(Order) max Size Steps g Calls Inversions

89 x 10~~ GAB(2)
GAB(2) 48 16 2 4 2

________ _____ _____ _______ 

70 x l0~~ Jeltsch

Remarks

For autonomous systems , an expansion about the critical point of
the right-hand-side function produces the desired format for GAB-CAM
methods.

EXAMPLE 3, STIFF SYSTEM WITh A = A(t)5’8’18

Problem

1-60 + 0.l2St 101 I0.125t1 oly’ = I  Iy~~I I;y (0) = I -
0.2 -0.2J 1 0  J OJ

Reference Solution

y1(10) = 2.344886 x 10-2

y2(lO) = 1.301528 x 10 2 
,

y1(400) = 27.110701 ,

y2(400) 22.242211 .

( •  
19
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Introducing a new variable , ‘
~~ 

= t. bring ’, the ah~ve problem into

an autonomous sy stem ,

—60 10 0.125 O .125y 1y 3 
0

= 0.2 -0 .2  0 y + 0 ; v(0) = 0

0 0 -l l~~~~’3 
0

Ei genvalues of A

{-O.233S, -1 , -59.9665)

Results

Number Number Number of
Method Step of of Matrix Error
(Order) max Size Steps g Calls Inversions

68 x 10 h1 (‘~ftJ4(3)
10 1 7 53 2

49 x 10~~ Lambert
GAM(3)

50 x l0~~ GAM(3)
400 1 397 2783 2

44 x l0~~ Lambert

Remarks

NLMS methods are developed for constant A. For A = ACt), the prob-
leu is restated in a form acceptable to NLMS. The main strategy is to
construct g(t,y). to be a low order polynomial in t or a slowly varying
function in t. Note that the solution at t = 10 is almost two orders of
magnitude better than Lambert ’s, despite the large step size . The corn-
parison at t = 400 given by Lambert may itself be in  erro r since he used
Runge-Kutta methods to achieve y(400).

20
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. .  OTHER ADAMS-LIKE DEVELOPMENTS

CERTAINE ’ S DEVELOPMENT2

• Certaine considered the differential equation in the form

= -Dv + g(t ,y) , (7-1)

where D is a diagonal matrix. Multiply ing both sides of equation (7-1)

by eDt and integrating it over the interval [t11 t2], Certaine obtained

= e h y~ + 

f

t2
e
~~

t t _t
2)g(t

~
,y ( t

~
))dt 1 

, (7-2~

where h = t2 - t 1 ; g(t’,yt’t ’)) is approximated by a polynomial in t ’,
call it a(t’), of degree n + 1; and n is restricted to be < 2.

The integral of equation (7-2) can be written as

f

t2~
D(tf

~
t2)g(tt ,y(tt))

~
tt 

~ 

C~a~ (7-3)

where

(t - t 1)
3

g(t ,y(t)) 3( t )  . a.
j!hJ

j=0

• and

t

c . = I e~~ t ’ t 2 ) (t ’ - 

dt’J J j!h~t i

It is immediately seen that

C0 = D~~ (I - e ’
~’5

21
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and

C = L Y’( ~ - h ~~Cn+1 ~(n + 1)!

For the f i r s t  order method ,

= e~~~ y 1 + (C
0 

- C,)g1 
+ C

1g2 
. (7-4)

For the second order method ,

= e~~~y 1 + (c . - ~c1)g0 + (c0 - 2c 2)g 1 + (~c1 + c2)g 2 . (7-5)

If we take A = -D , s i m p l i f y  (C 0 - C 1 ), and substitute it into equa-
tion (7-4), we get

y .  = e~~y 1 + h{- (Ahy 2[[(! - Ah)e
Ah 

- 1]g 1 + [(I + Ah) - eAn]g2]},~~~6)

which is exactly the first order (AM method . Further , it can be veri-
fied that Certaine ’s method of order 2 is the second order CAM method .
Therefore , we see that the GAB-CAM methods include Certaine ’s work .

BJIJREL’S MODIFICAT ION3

Bjurel considered the differential equation of the form

P
N

(d/dt)v = f( t,y) , (7- ’)

where P is a polynomial of degree n with constant coefficients. Bjurel
generalized L?’~ methods and obtained

- 

~~n+i
1 = 0; ak~~~ 

= 1 , (7-8)

where o1(h), 81(h) are mesh dependent .

Bjure l defined

p (~~,h) = 
~~

0
~

(h)
~
’

22
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a( C , h) =

In order to give rise to the Adams-like methods, Bjurel first consid-
ered p(~,h) is of the form

k N A h
p (ç,h) = fl (1 — e ~ 

~~~ , (7—9)
3=1

where are roots of 
~N 

0, and then selected the remaining (k - n)
roots of 

~
‘N = 0.

The resemblance to the ordinary Adams formulas can be seen by put-
ting N = 1 and = 0.

NORSETT’S METhOD4

Norsett ’ s A-stable modification of the Adains-Bashforth methods con-
sidered the problem

= f(t,y); y(t0) = y0 (7-10)

• over the interval I = [t0,b}.

Choose t~ cI and define t~ 4~ - t~ = ih. Write y’ = f ( t ,y) as

• y’ + Py = Py + f(t,y) , (7-11)

where P is a constant matrix. Approximate T(y) = y’ + Py with a
Lagrange interpolation polynomial at points tn+i~ 

j = 0,1,.. .,q.

Integrating T(t) between t~ and ~~~ and using methods of gener-
ating functions, we obtain the following formula:

= e~~
’
~
l
y~ + h 

~~ 
~~i~~n-i 

+ Py~~~) ~ (7-12)

23
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where

= (-1) ~~ s (~ ). 5rn ~~~~~~~~~~~~~~~~ s
I.)

q = 0,1 ,2,...; i 0,1 ,... ,q.

I t  i s  e a s i ly  seen tha t if we take q = 0 , i = 0 , g = f + N’n-I n - i  ~n- 1and P = A , we get

= c-Ph + h (Ah) -~ [1 - ~Ah
1 ~ (7-13)

Thi s  i s  i d e n t i c a l  to the  f i r s t  order GA~ methods .

J A I N ’~ MEflI ODS 6

Using a simila r ’ s t ar t  1mg po int as Norst ’t t , .Ia in developed A - s t a b l emethods for St I ff ODE ’s based on Itermite interpotut ion polynomials . Let

(t - a1) (t - 
~~~~~
). (t - a . 1 ) (t - a .1 ). (t - a )

~~(t) = 
( a .  - a1)(a. - a ,). • ‘ a. - a .

1~~~~~~~3~~~~ 
(7-14 )

be the Lagrange interpola ti on polynom i al s.
Let

h .(t) = [1 — (t — a.)Q.~~(a. )]t~ (t) (7—15)

and

~~~ . (t) = (t - a. )t~ (t) (7-16)

be Ilerm ite interpolation formulas. Write ‘ = f(t,y) as

+ P~ Pv + f(t,v )  . (7-17 )
Approx i m a t i n g  y ‘ + ~~ by He rnx i te  interpolation polynomi als V ie ld s

24
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+ Py (t) = ~~ h.(t)(f. + Py~) + ~~ K.(t)(f! + Pf.) + R~~ , (7- 18)

where
1 (or) -R = 

( 2 n ) !  F (~ )n~ (t)

F ( t )  = f(t) + Pv(t)

and

~~t) = (t — a1)(t 
— a ,) . • (t - a~) . (7—19)

Integrating equation (7-18) from tn to t1~1,1 g ives

= e~~
1
~y~ + e 

tn+
1[
~~~ (II1 F1 

+ ITjF !)J + R~ , (7-20)

where

n+l

~ =J e t h.  ( t )d t  , (7-21)

n+ 1
ePt 1~i ( t )d t  (7-22)

= e~~~~~ f ePtF(2m) (~ )n2(t)dt , (7-23)

P is an approximation to -(af/~y) (which is chosen to be

p = - 

~~~~ 

n
~~

t)

~~~~~~ (7-24)

for a scalar equation),

25
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i i 1 i Sf~~- f (t~ , y , •’ . y 1, • . • y)
- . . (7-25)i i  1 1y

~ 
-

for a system of equations, and P is considered to be a diagona l matrix.

Equation (7-20) can be rewritten , by chang ing variables and letting
S (t - t~)/h~ as

= e~~~y~ + he 4
~ [> 

(H1 F .  + 111F!)] + R~ , (7-26)
i— i

where

H~ .f e~~~h (s)ds , (7-27)

ii~ =f e~~~Ei(s)ds , (7-28)

R = h2 l h
F(2 (~) (1 f 2 ~~~d J  

+ 0h 2m+2 
. (7-29)

Therefore, the method (7-20) is of order 2n.

The integrations involved to determine II~,!T~ are of the form

1n 1 hs(~~~~~~i) , (7-30) 
-

N = O,1,...,n.

26
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Take a simple case, n = 1, and we have h1(t) = 1; ~1(t) = t -

= t - t~ ; h1
(s) = I; E1(s) = s; and ir(s) = S. Then

H1 =fe~~~:s = ~c~(e~~ - ‘

Ph 1
~r1 se ds = 

~ 
- F2-h2)e 

+ 
P2h2

0

and

• 
(2),f

w2(s)ds =

Select the coefficients of IT1 to be 0, and equation (7-26) becomes

= e~~hy~ + he ((Ph) (ePh - 1)}Fn . (7-31)

Define -P = A and F~ = g
~. 

and equation (7-31) is identical to the
first order CAB methods.

MURPHY ’S DEVELOPMENT7

Murphy proceeded again from the same starting point as Norsett and
Jam . Murphy wrote y ’ = f(t,y) as

y’ + Ly = Ly + f(t,y) . (7-32)

Multiplying both sides of equation (7-32) by eLt and integrating from
t~ to ~~~ yields

= e’~~y(t~) + e 
tfl+1f eLt f(t,y)dt . (7-33)

Murphy employed Newton ’s divided difference representation of the Her-
mite interpolation polynomial of degree 2r to treat the integral.

27
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A change of variable , letting s = (t - t~ )/h in the integra l of
equation (7-33), gives

e
Lt~~1j

t m+1
eLt f (t ,y)d t  = he hJ e

L5h
f(t~ + sh,y(t~ + sh))dt . (7-34)

The function f(t~ + sh ,v (t~ + sh)) is approximated by Newton ’s divided
difference formula, using the values 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~Therefore,

f(t + sh ,y(t + sh))  = f + shf + s~h2fn n a n ,n n ,n,n-1

+ (s + 1)S2h 3fn ,n ,n_ i ,n_ i 
+ .. . (7—35)

+ (S + l) 2s2h21’ t f + R
n,n ,... ,n—r+ l ,m— r+1 n

The error term

= [s(s + 1)’• (s + r - l12 h2n~~tn ,t ,..* ,f 1 i )

The 
~~~~ •~~ • ~~~~~

. in equa ti on (7-35) is the 3-th Newton ’s divided dif-
ferenc~ gi~’en ~

y ~he quotient

f ~~~~~~~~~~ 
-i , i+1 , ’ • • , i+ j  — t i + i  — t i 

,

and ~~~ is defined to be equal to f’(tn)~

The Murphy method takes the form

~~~~~ + h [a 0 f~ + a
1
f~~~~~ + 

~2~n,n,n-l 
+

(7-36)
+ a2 r l f n ,n ,n_ 1 ,n l , ... ,n _ r + 1 , n _ r + l l ‘

whe re

a 1 = h’e~~~
f 

P. (s)eLShds

28
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= 

(Lh)~ 

- 

~~~~~~~~~~~~~~~~~ 

Pi
3 (o]~~~~~

and the p0~)(s) can ~e calculated by the recursive formulas below :

P~~~1
(s) = (s + m - l)P~~~2(s) + nPr~~

(s) , (7-38)

m = l,2,••~~,r n =

P~
’
~~(s) = (S + m - 1)p~

1’1)
1(~ ) + nP

~~1~
(s) , (7-39)

m = 1,2,~~~.,r, n = O,l,2,~~~ ,2m; w ith P~°~~(~ ) = P (s) = 1, P 1)
(s) = 0.

The choice of a. = 0 for j ~ 1 produces equation (7-40) from equa-
tion (7-36), which c~incides with the first order GAB methods for j = 0.
This cho ice gives

a0 = (Lh )~~~(l - e )
(7-40)

= e ’
~~ y~ + h{(Lh)1 (1 - e ’~~)j f ~

VERWER’ S FORMULATION5

Consider an LMS formula of the type

= ~~~A~ ( h J ) y  
~~l + hn~~~

Bt (hnJn)f 
l~~ 

(7-41)

where J~ is a matrix that equals or approximates J(tn iYn)~ 
the Jacobian

matrix af/ay. Based on approximate choice of rational function , Verwer
arrived at a multistep formula with zero-parasitic roots and an adaptive
principal root from equation (7-41). This formula leads to

~

n+l = R(h
nJn)Yn + hn~~~

B
~~

(h nJ ) [ f  l L  - 

~n~n+l t 1 (7-42)

equation (7-41) can be put in the form

29
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+ ~~~~~~~~~~~~~~ t (7-43)

1=1

where

P = 
~~~~~~~~~~ 

+ h B
~

(h J )M

+ 

~~+l-c. 
=

If we use a Pade approximation for P and let Bt(hnJn) be
equation (7-43) is identical to the GAB method . Note that Verwer does
not consider implicit techniques at all.

LAMBERT’S METHODS8

To solve the problem y’ = f(t,y); y(t0) = y 0, consider a class of
multistep methods with variable matrix coefficients , as defined below :

it~
j + hajt ) ] y  . = h~~~[~ 1 + hb1(t~)]f~41 (7-44)

where y 1 = y(t1); ~ 
= f(t1 ,y

~
); t1 = t0 + ih; 1a 1 ( t )I  < a constant; and

b~(t)I < a constant for every tfLt Q~
tmax)~

A class of the above methods has been considered , as follows:

+ 
~~

a
~~
)h
~Q~]Yn+i 

= h~~~
[b
~
0)I + 

~~
b
~~
)h
~Q~]fn+i 

(7-45)

iaO s=1 i=O s=l

and II%II ~~q and 1140)i + ~~~~~~~~~~ are nonsingular .

To label a class of the above methods as Method 1, Lambert selected

s 1; k — 1; p = 1,2; ~~
O) 

= 1; a~
0) 

= —1; b~
0) 

= 1/2; b~
0) 

= i/2;
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a~
1) 

= 0; and a~ 1) 
= 0. This selection gives the first order Adams-

Moulton method. A class of these methods is used to solve problems in
examples 2 and 3 of sec tion 6 with

t = t n+2

- 
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8. CONCLUSIONS

NLMS methods have the advantage of a l lowing  the use of a large step
s ize  for solving s t i f f  equations; GAB -GAN methods have the advantage
that they are strongly stable and require the least number of operations
in the class of NLMS methods.

A good implementation of GAB-CAM methods, certainly, w i l l  solve
initial value prob lems of stiff equations effectively. GAB-CAM methods
are not restr icted to solving stiff equations only, as example 1 of sec - ‘

tion 6 shows . However , the GAB-CAM method s are not generally competi-
tive with  ordinary Adam s methods for such problems.

Pade approximation plays an important role in the approximation of

~~~ A number of formulas19 have been g iven that approximate eM1 effi-
ciently. The PADE subroutine listed in this report is for eigenvalues
being negat ively l arge and d i f f e r i n g  g r e a t l y  in magnitude . For mi ld  or
semistiff problems , other Pade formulas may be substituted .

GAB -CAM methods are designed to handle O[)E’s in the form y ’ = A) +

g(t,y), where A is a constant and norrsingular matrix. For A = ACt), a
decomposition can be made to transform the problem into a form accept-
able to GAB-GAM methods .

L~~~~~~~~~~~~~~~~~~~~~~~~~
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Appendix

A LISTING OF COMP1JTFR PROGRAMS

A l isting of ANSI FORTRAN computer programs follows . Among the
programs , the matrix inversion subroutine is not listed . The user can
supply a matrix invers ion from his computer library . The main program
describes the solution setup of example 2 , from section 6 of the main
text . This problem can be used as a test case .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ I ~ i S  P~ , R*~ ~~~~~~~~ A 55 0:- s I’ :t -:~~~; ?~ ~~?( R*1C IC * a ~‘st ~ — u’ :- i~~~

- -c’~ lia ~‘U O~ Tw ~ ~CP~ I
C I $
C I • ~~T ,V i  *C $ $
C I OvLR t—E CLOS(D M?C*~.A!.. %1 ~~.’l~4~’ . . $
C $ OPTIOI” S *RC ‘. *Ri.~$ L ( - Sf lI - S Zt c!~ (C ~‘C~ SIZI ~S ~~~~ $
C $ 5t L c- SV4R ~~~~~. •R(~~I ,0$-COS.tCtO. . $
C S J~A.Ri~ * 15 a , a (~~~Q’, Op I
C $ ~~~~ ~~~~~~~~~ HA~IC TMC f~OLLO~~ING 015 1$1TION$~ 4
C $ $
C $ A A 2-Dt ~ ENS!OIøL ARRm~ “a N!* P
C * P
C a ERR uStR-SPPLZti~ ($101 TOLERANCE
C $ DUMJtT ~ALI.E • •.~ R-I I
C $ P
C $ N INITIAL STEP SIZE . ~~FauLT IMLL~~.I.ANt $
C $ a
C S I~~ * ?$( RAX INUN STEP SIZE T~~ USER RLLOV* fl( ANO~~AN $
C $ ?O CONSIDIP. MF*ULT URI.U(.*.D $
C $ a
C S IA? SET•I. ir als a co S1~*sT $
C * StT.I . ! F N~~~~ A fuNCT!ON O5 T S
C $ a• C $ IWN SIT.S. 15 Q, .~~ .$ S• C $ $(T.$. IF C(t ~~ l NOT e I
C I a
C a ii~~ x U!.I. ASIINC FOR EXPLICIT ~~TNODS a
C * S(’.I. *sflNC SOR I~~t1CI? ~~TNODS $
C S a
C S JPC ft?•• FOR ~~* DIC?O* OS CORRECtOR ac a su•i sos ~~ oicToR-~.S-cORs~ctoe ac a aC a (STEP ITtP *PItI Uh$S ?~~~~~4) ac a aC $ N R ’ I O 5 f~~MTIOmg $
C a
C S I I-DII~ NSIOM RRRV. ? 5  ~ONT*INI ZISITIM TINC ac $ a ‘ ‘-fC $ T~~X 7I~~L T I ~~ a• 
C P $c a vffiu i-siI~ ,,szo.~i. sssav. co,i1aias,,~ INITIAl. mi.~~g a
C $‘*‘S$$” SSSSS$a’sssssss$ss$ I$$gas*p$$$aa,pgsa$s$isassa sasaa,,,a,a

COI~~ON AI$I,$$~,T (4 )
D!I~~ S1ON Y~4 .tS) .YZt*O(l*) .~~~~~IRI ‘-.
ROUSLE PRECISION A .CI*.N.~~~X I TI~ X.Y VflIO.Z.b~~IR •‘P~J$tC PREcISION X.X1.*a.ZI,Zh,i3,WI,~&.v3DOV$Lf PRECISION NUS(D.yp~~I :~ -~~PATA £RR’.ID-$’ .’4P**II.Ds,
2$.- .*94S33$9U110-3
Ii. 0.$1114?4$3144UR
23. t.3SRISfl?1SI$N “
5.3

A- 1

- —1

___________-

~ 

~~~~ ~~~~ -~~-~~T :
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KSTIP.l
35T.I
INC I
INDENsI
?)~ X.4I.DR
N.l.DS’US.DS

A I . .

Ai 1. 3’• l .  ~iP

*13.1 ).-asIe.Ds
A ( 3.~ .1.00
A (3~3 )•-l.l iO S

II M.4.~ l*H
TI 1 .1.01
YZER Ol 1 )-l.DI
YU$oia .5.05
1 d M  .GT. 11.55) STOP
CALL D1F(O RR.N.X X .UTEP.N.TI~~~.V .VZIR0.1ORN,IPC.S IPID(X .I*T .Z. VN U.*JSED.NNZN)
~~ ITt (S.1 Hu SED.Z

I F0 ?IATC * lX s • .(I%.I.1Sz.t • .tII.$,,
• F0R’~ TC1x .3 Da4.1s,2x~~3 FORP~ tc ,ISx.5*~ SEL (~~CR •‘.D14.I$’)

X1 .YNCV(~ )•*.D0
*~.YN(W(3)•*.DI1 1T1 (s.a) VR(g(1).X$ .~~I ITE S.2)  Z1.U.Z3
~$ .~~fl( 1VIC1~( * )-ZI )‘ZI)M~.0*IS( ( XI— U) , Z )
U~ •DPAX i ( WI .I~R)
13.0*551 (X2-23 1,23)

V3•DflAXI ull .lfl )
~~ITE 5 3) 113
SO TO 14
(AN

S

S L $ ~~ ) ~~~N€ S’*U’’-~~’
ccnt-~pi ~~~~~~~~~~~DIrI&~.c :OM VI 4 .Il) .YNI 1S) .VOL D(4 Ii
DOUP~..E PRECISION A .N.T .V. VI(,VOLb
CAT.1 IS.I1.I.I’
DO I 1•l. N
VOLDII .II.Y ($ .1
DO (I J’I.EST(P
CALL. NLNSII).M ,vQL5.N.~~ .Il.It,IT.Z*?.ll)DO S 1.1.5
VOID, 1. 1 )‘VN(I

$ Y J . I.* , .V 5c 1
SI CONTINUE

St ?f~ 5
£55

SUPROUTINI NNT(A .N,T)
PIPENSION 0(11.11)
DO’.~SLt PRECISION A~tI(T(. N
END

‘
~~

rhi ., p~~’~ . - - -

j~~~ I 
~~~~~~~~~~~~~
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SUI1Nr INE UN (O,~,.N,’v,J.t,A )DOuBLE PRECISION A , t 0 . t S , .V i 4 . tS l ,CI1S) .TI4~~.H,TW
CI2~ .- .SL3DS 1ISS .DI$V(J .t  )$V(J . a)
TI4~~- 2S4I.t ~*lV(J.I ~*V( J~ 3)
G ( t l •7 N  • 6 ( a)
Ct3)..1D—tIY( J ,J ~ • TM
SEn’S
(ND

S&J$ROU?IPE lPAi(PTIA .PI.ANS )
C $$l$$IIIII$III$lI$I$*IIIII*ItlI*I*II*P***IIL*I$tSI*I*I**$I$*I$$I$l
C S )b*T~ 1X V EPSIC P$ SL’dPOUTINI. CRLL(3 li PM !E OP NLPS I
C 5 A CcMTAINS ~i ~~~~.iNA L (U’ r~~S AMD L(P#1~~5 UHALTERE D

• C $ ASS CONTAINS ‘THE A I I ( - 1 )  3
C I TM~ 5 SE~T-UP IS USING UMIQAC 110$ PAThP*~ t* ISTI$(. DOUPU *C S PR~CIS!ON GA US5-J ~ P DA’1 REDUCTION *C I ThIS PRO~ RAN IS REPLa~(AS LE Iv ThE USER I
C $I2**$It$*III$I*1I$S*ItItIl1 *St$$$*I$*$Z*I$*I$$$$II*I*I**I$I*I*II$

DOUBLE PRECISION A( i • , Is I .ASs ( i I . IR, . J ( a ,
D!~~ N I O N  JC US)
DATA 11’iI’,MC,1Il
VU )-1 .00
DO I 1-1 ,5
DO I J-1.P(

I AN SC I  J~ ’A ( R .J )
CALL 6GJNIANS.AN.NC N,M,SDIX .JC. V )
IF(I(IJ f * .EQ. I)  GO TO II
RETURN

10 WR ITE (4 .5)
* FOR ? 3 X ,aa4ANVN IX D.uuSzos LRR0R

RETURN
LAN

s p ~~~~ :~~ ~~~~~~~~~~~ ~~~~~~~~~~C • :;*~~ts : : :;~~t t s ~~1: : , ( g t I g g : : a : l g , a* s I I I : a i s : s * g . ,t s * , I z* I I I s I t a $ s s
C I ~~~~~~~~~~~ M..TP~~ ~~~~~~~~~~ Iv PAD~ ~~~~~~~~~~~~~~~~ $
C * CN ..~ !L~ ). r. _~ U B S ( U ’ t ’ ~C 1111, * , :t  i ‘s i : : . ,a .  I$IIg ssts:s Ig$ t$ttatI$3sz *I1IIIISIII *$I$III *a *

~~~~~~ d~~~I~~~ON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C’Q~~P~~ 
r 

~~~~~~~~~~~ ‘~. 4vE ,~ NOR~MA’ I’M
DO ? 1.1 .)’

L’~ I J ’ l . N
1: I • J ) 5 - DR
CII , .3 I•I - 00
r ii - j  ) -S.  00

CON ? ) • D A
a cO~’ r i r jE

DC 17 1 1 .N
DO IS .1 1. N
C’~fl (I ‘.CCI 1 ) .DAPS(R(J .  I

II CC~1I IS&l!
I? CO’~T1Moc

),Nc-~r.coLII)
DO 1$ 1.1. 5
ir (’NOAN .G T . C 1 1 1 ) )  c.o ~o ia
)C ,’I P.CflL ( I ’

1* CONY I* ~C SIII*~~T**I*III$*$IIIPISI1I*5*III*1$IIIIIIPIS$IS$$BI$SP$$**II$$4$$$
• C I ( ‘L-J ’ F’OQI 15 uSED T~ SEE I.a~~T’~(R L*~~ A NEEDS REDU CTION S

C III*$U Jill * (I$$$*I$$$**It*$It$*$I$$$$$$$I$$I$$$$**$I$$$I$3$$$$$p
II .. 4~,

~~~~ - IDE L~~ *,~~•C *$II*IIuItSIIr**I$III$$$JII*$$$5II5P5*t$II$$$3$*$*a$$z$p$$$$3fl$$$
c $ EXPIA).4I-I.ssA .A$sa ’ia .s)sI(-l)$(t ...S$o **$a,ia..) I
C I$III$SI$$I$$* I$*$P$II$S5$I$$$II$$55$I$$$$$55p ;p$p$$$$g$$$5$;g$$$p

3 DO ~ 1-1,5
DO S J •I,N

51Q 4 E. l ,N ~~PII, J J • P( I . J ),a( !.L )pA ((.J l
4 C~N’iPN*C( I.J)’(P(I . t’4’15.DS—0(I,j ),$. )SN . ‘.

_ s~~$ CONTINUE ~~‘C ( I . 1 ’ • C I J . I l . I . $ O R  •~~~ ~7

A-S

~

- - -

~ 

- - - - - ~~~~~~-—-~~ 



• -————- -

r

TR 6011

$ CONTI*$~CALL tN’JCRt(C,fI.I)
DO 9 1 * .S

DO II J.*.S
C(I. J ) • ( S (  I.J)$$’Il.DO.A( I.J),l.$4)IN

P11 J).$~05
I. CON+I*JE

CII I)•C(I.I).I SDS
• CONIINUE

DO I? 1.5. 5
00 13 J .I.N
DO 14 K.I N
P11 J).P(f.J I.5(1.()$C((.J)

*4
13 CONTiNUE
Ii COMTiPIU(

1515 .EC. I) CO TO ~~C S$$$*IISl$*$I**S$*SS*$*$It*I$*$$**$$S$$*t*$$a$Spp$5555gp$~ ppppppgp
C 1 NQRNIAN ) .CY.(.l). £XP~a •cxP(A’aauI ,as(a gsp ) I
C $*S$$$USSS$5S$IS$IISIS***$S$S$II$SSSPISSISSI$*$ISIS$ISII$SISSIIIS

DO ~~‘ I-I. ”
~ as j.~~.sP (I ,J).I.O,

as
24 C - 1 ~IN~.tDO 3$ X.i.S

oo ai Z.i.s
DC 2$ J.1.N
DO 2$ L.I N
II I.) .51 I.J1.PII.L,*P(L.J,

5$ CONT INUE
5$ CONTINUE
27 COSTIsUE

DO 3* 1.1.5
SO 3~ ~~~~~P(X . J ).SU .1)
P(I .J1.I.Di

V CONY IM.JE
31 CONTINUE
V CONtINUE

5-1*11
‘LII’S5$ 5.5/2.05
5.5.1
50 54 I•1.N
$0 5$ J-I N
PU .JIk$.4S

DO CON?IPRi
$4 CON? 1**00 10 30
AN 11.501*

(‘I.
$

CU5V(~UtI5( ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~•C I$i*tIS$I$$tI$$$II$$$I$$$II.$I$,$J I$I$il ,gI$I,$g,$$$tIj,$I,I$,I$$,
C I 011(0 IS C~ LLE~ •~ ‘~ ‘Z N P C GR,~~ ~)4OSE ~~~ IjI1Eji 15 APt AL~ EID~ S
C I D(r~ sED IN T)4( NAj tt ~R0~RAS UNERE IG.l..’N. Ij. I~ C
C I P
C $ 015(0 CA~.LS 2 5uPRC~Ti PCS $
C $ S?ANI~XSTtP tAT ’ ---A 5Th1T(R I
C S 5.55 ISTIP... ..lA T i --—NOP.LDILAR TRJL1 ISTIP 10*5. 605 1 I
C S I
C I SOLUTION UFC?D$ V T )  23 V 141j 1i OS Vt~ SttP~ i .l) I
C I *
C $ POSED ON USEA-51~PLJ(D !NøUfS. DIStO SETS tp TNt 1 t50T1” t *C $ PDO.EDURI. COITROL S STAPlES $tED-~ IZt CsANCES. PREDICTOR - S
C I coq~rc oq . CORRECTOR S COSI~~*CtSCE. CALLS SOS I
C I Th~ PEOuSILD SETNOOS a
C SPIPPI SIIZIISII’ IIS$sSI$$I$IPSaaaI$$$PIUI$$s$ ,t$$$$Ss$saS$$$$$IIP

A-4 
~~~~~~~ ~~~~~~ Is E~LST ~UALIyy F ’RAGrLQAb4
1~oa ~5Øe ~ ~V*1~ j~~ ~~ - .

4

~~~~~ ~~~~~~~~~~~~~~
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c I I ~C4 ~~~~~~~~~~~~~~DIPENSIDP$ Cl1 I) .V , 4 .* RI .YSI1I) .YNEWIII.VOt D(4 $0) .YZIU O I P)
DOuPLE PRECISION
OOU$U P~I C ISIOS ?ZERO. V . VN, ‘N11W, VOID. YZIRO. MUSED
DATA IZERO . IONE’*. 1’
LIlT • 3
JH.$
11.151 0.14
DO 45 1.1.5

Al Y I I. l )~ VZ CRO (t )
• I’ll ..

ISTEP~0rnqo~’ I)
49 ITTR-i1ER,t

1H•0
• 1*1 15-5

5* CONTIMJE
C *1*133 t1i$t$ISSIIS$**$$$*I**aI*SISSSSPIPIS***$SI$$$S$IIa$S$S$IPSI*
C s f•~Ii~’E A L T )  01 T•T( I~ IF lOT 1401 5 a
C S IF ESTER CT I. CALLS STAR T
C S**IIIZlilI$$**iS$IiIi$$I$*51S*1$S$$4$SISSI*g*I$*g$$IS$gI$$S5$$$S5

I’1I A~ .NE.S) CALl . Sê NT IA .S.TI1 ,1
31 1F((5 CP .EO.I • A’4D. IN6(X. E2.S ) CO TO 44

Call . ST.~R T ( E S 1 E P .H.P( .Y .v5.VQLD . 1$ . I A ?)
SI YE4 .T( I)46IL ((~ LO0’ S5TEP ,$N

IF(TtA .GT .TP(AX ) M• T5AX-1(I)), ,SLE(VLONT ((,TI P))
IF(T EA .GT .ThAX I GO TO St
15-114.1
15 (114 .GE. 32767) 55.2
DO 61 J-I .XS ’EP

$1 Y(J.L).T(J eN
I*W.XSILP+1
DO se J-*.z’,
DO 62

$5 VOLD IJ .l).v(J .!)
C *iI1$t*$$S$t1$**IIISSI1$*5t$p**$I$pt$i$$I$*3IIp*II$$$SII*I$ZII*5g$
C & dI~ ED-5TE(~-5t ZC lu-I , ll4~L- 5  PREDICTOR *C * IU.5. IMD(X.~ COR~~ C1OP
C S V*RIASLC-S’tP-SIZt Iv pit •. PREDIC1OP-CDQRECTOP
C $S$S*SP$$**$I13**$t*3*IPP$Sa*$SPI**$S$sss$ipp$ii*zII*p Ij$ppijIap$p

ZF ( 1U.Eg .I .m V.I p iDEx .t~ .I) CALL NLNSIKS ’(P .~~, r0L D.S . VM .IZ(PO.
S IH. IO. IAT .J H)

!F(IV.E$.S.AND.2P ,PtX.NE.I) CALL NL.MS~~SrrP ,s ,v o LD .p i.yH.1ONI.
I IN,2C, IAT ,JN)
Ir(IU.IE.I3 CALL NLSS(KSTEP,N.VOLD,N,VW,JZERO. Op€ ,ZG,IOT ,JH,

II SO U 1.1.5

~~ IU.?,( ) C.-~ t~ 6
I~~ILMT (3 .  .1 G(’ T~ 69
0~ ,3 ~~~~~6$ ~, E w , I . •v~ ,:i
~~ 1-3 (2

C i*ii *s* 1IIS*S$$$$1i)Ili***IIIi*$$I$S$$$IIIsst**ISS$$i*$$$$$$p$$*$5
C I C QEE’ ’~~ A~ Il~ S CCRRECT 3 1(ES P
C $ S~ (’~-S~~~ CH.$ .CED I~ A FAC TOR ~:- S S
C 1*111* IS1$$$I5*$IIISI$$$$I$$a*31a$l$I$$$PPI$*$I5PS$$*I$SSP$$,$P5$

£9 1.3:1411.0
70 XC:RR-l~ CRRe$

IFiICORS .11. INT l GO TO 75
11.1$. 2.D0

15(14 .1.? 14515) 14.5515
15(14 .LT . 14115? l~ IN.1AIN4$
15(1*115 .61. 3’ WR ITE (4 ,1170 )

1170 FOR*16113X, 39104 510C ’ED 5515. 50 CONvERGENCE P035111.1 )
1511515 CT.  3) STOP• TlI,.TZCRO ~~.I7(0-TI ll
DO 7$ 1 1 .5

71 Y l I . I)•YZER O(I \• .C~~GO TO SI
75 CALL NLNSISSIEP.p..YOI.D.N.YPItV .tONE.ZCORR .IG.IA? .JK ta

IF(UIT .111. 5 )  00 TO 7$
GO ~o a a  ~~~~~

7$ C~ 5?!PRJE ~~

~~~

A-S 



TR 6011

C $IIIISI$PIIIIIIIIS$$$SSI$ISI5$S$5P$ISI$$$I$p$p$g$$$$$II$p5$$p$pp$p
C P 1(5? CORRECTOR ’S CO**RG(NC(. USING 50* NORN IC PS$$IIISIII$II$II3$SS$S$$$$SSI$$S$$3$I$SIII*$*Ip$ISIISIUISSS,S$II

SO $0 J.l N
C(J ‘- (Y O L XSTEP•t,J)- ItlaIJl I
IF(AIIOQN .5? . DAIS IG(J ) l I  GO TO $5

5$ CC14YINUL
IFI~~vlRi-tRR J •2.$Z.I*$l

115* DO SI 3.1.5
SI V CLDIEST(P.$~J).y~~~(J)60 10 7$
U DO I) 1-1. 5
$3 V (ESTIS$t,1 I.VN(U(I,

C SI$UI$$$PI*I*P$I$$*SISIISII$IIIS$IPISI*s$Iap$$p$$$$ 5$5$5p5p$$$pgpp
C P R~5Ll.T$ y rroj Ils WitIi ’I) AND ~~LS?EP•1.3’ IC 1*1111

N4OR5. TEA
NUt,ED.DflA*$(H~NlJ5($ )
DO IS J•1.KST(P
DO IS 5.1.5

• V (J . I) .V (J . t II
ISIJ .t0. I,  ,ksoit,.vij .i,

$1 CONTIPIIX
JN- $
7( 11.7(5)
11( 10-TIll
IFIIV.(I.I .AND . IND (*.EO .li Lfl -1
IFUV.ES.I .RND. J ND(K .EO.I)  ZND(4.$
15(1ST (0. 5) 1~4.II5(DAI$(Tt*-TI~~* P .11 . .ID-71 RETURN
IFIZU El. I) 00 TO SI
7111.70*

~~~~~~~ i

~‘ ZI— ~’ I i —  ‘‘ II.I, I
1$ ‘ ‘ 1 . 1 ‘ -~~‘ E , Y Ip . t . I  I

C *$* ‘ i I$S$S$;SI I$$SI IP$$$$$$I$$$$$P$I I$$ I$ i ,p . I I IS ,p , ,$s$ IS I I I I, I$I
C ~ s~~:w~A 1’J Si~~ LSSFLL N CCNS’slJT Lv 50, 3 T 5(5 BEFORE DOuBLING I
C liii IIIIIS$l1$I$$$SS* III$*S* Ip l$$IIIIII$I$$I$p$$$I$Ip$$ISp$p$3$III

I S( ~~
.ISTEP.I

1F.ISTEP .5.1. 3) GO TO 45ISYEP.0
14.2.04*11
*5( 14 .51 . 55A* ) N.~~~~N
IF4D0SS(t IA-T~~ l() .LL • 1.1$-?)) ILTUIN
GO TO 45
(AN

S

~I1$~ C’11’TI%I P
~~ P5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C N~~ LIN’~.’~ S . L ’ IST ER A :s1 .,~Ns .G.l~ I
C CP~LL&: •v o:rt~ ~~ s~~~’ I
C ARCII1(1T5 OLc(ADv DEF I ED IN MAIS PSDCRAM $
C THIS PR~GPA~ CALLS 3 St SROUT !II€S $
C INUEQT(*14.N.PI $
C U NG ... .,A l  I
C PADLIA . . .51 S
C I SOLUTION VICTaR IS STORED IN VN( !) I
C I$SI$S$PIII$IIII$$I$$$*$Ps I$IIIP$a$$* s p$$ 1S$$$$p$$p $$$$$$$15$$$$pp

COSISOM A 1%I. I I .? 1 4 )
DI~~NSIO$ AM( 1I .*I,.AHa(I5 .1I) 053111 .*S) AN4 ,I$.II).AT(II.lS ,DIPitIlSION (4N~ 55~ j $ )  ESAW II.l41l .t 3d1w 1 15.11) 64 II)DIPI(P45105 PIl10 .i$1 .~Hll4 .II.%I,.OH1I4 .i,. %S I .UNITISI ,2•)115(55105 Ul(2.II.II) .512(i .tI. lII.U3C2 ,1I LS , .U4 2.II.1S,
DI PitNSIOS V IA iI).Y14(iI)
IIREPSION FE4~I,*I.IS .FI( 4.II.IS).01(II.1I) A2I II. IE.03 (tS.IS)DOURLE PRECISION *.AH~*N2,AN3~Aw4 AT (AN .ECAM .(3AS.G.$
OCUILE PRECISION P*.PNI.OsI t.TI.*2.+3.TH.UNI?.I~1,~~.V3.V.I.V.Y#
DOUSU PRECISION Ft .52 .AI.AEA3

C S$$ISS$SPIP*$$$S*II$II$$$$I$$I*SIPIP$$SPIIISPS$I$IIIS$$$ISIISSIIIP
C S fiN AND IS ARC INDICATORS IC $ PROGRAS DOES INIt1oLu~ UuII UNEN 1$-I *150 JN.* I
C $ P506500 CALCULATES *1(0 5*1*5 *14 (RP(05 5 A 1*1*N(.RNt PS I
C $ 15.67.1 ABOVE CALCULATIONS Mt ivp*ssii S
C SliSI$$III$I1$$I$S$$S$$$ISI5II$S$$SI$I$S$S$P$$5$p$$$$$1p$$$$$$$155

A-6
15 ?i~~ ~~~~ ~~~~~~~~ 
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TR 6011

15( 154 .6?. II 60 TO ($II.lII .3Sl), (StEP
DO S I-I N

DO ~ .1-1.5

03 1 . 1  .1.01
*1-4(1 J)•N$0(Z .JI
A142(L .1)-S OS
*1431 I.J .5.05

$ *44 1* .11-5.05
35(5-1)

I * 1( l . I)•* . t I ’ * 144$.1)
A2(1.1 ).01(1. 1 )1*1(1,1)
*142 (l.I)014(I.l)$*1ftI .l)
*311. 11.02(1.1 15*1 1.1)
*143 (1.21 .0142(1,1 )$*N (3,$ I
GO TO I

7 COLL IN~J(ItI05.N.A * )
DC 2* 1.1.5
DO 21 J -I ,N
DO Cl X .I.S
0142( I.J )•AHCI I .J  )$A W ( *.k)$AN (k.J)

51 02(1 J).42 (I.J)•01(I E $*$ IE.J )
(0. 1) GO +01

DO 22
Do 22 J.1.N
DC 22 (.1,5
0)4 31 I.J -0531 1.J).A11211.X )S*4(E,J)

U 03 (I ,J).0311.J),A5(I k)I*1(E.J)
lF( k~~TLP .E0. 2) GO +0 5
DO 21 1—1. 5
DC ~.) j •* .s
DO 13 (.1.5

13 *144( 1 J).*44(E.J).A3(I,E)SAI(E .J)
I 15(5—I) II 11,10

It (*I1t.tI.~~~KP1*K1t.tll
T~II coL:. PØD EIA ..4 0 F0..l (2.15 .t 3Oh .G .N )

*4 I f I ~. ...T . I ’ 60 +0 ($II J5S.3011 KITER
DO I 1.1 14

0) 6 3-1 .5
5Et1 . I .J ) 1.Dl
FE(2.I.J .1 01

3, I.J 1.5. 01
P111 ,3 ) S.DS
UNIT I •.11-4.05
E2AN(I. J .1.01
(3014(1 .3 .1.01

S CONIIN%~(I UNZT( I. I .I.DI
DO 3 1-1.4
DO 3 3.1.5
DO 3 (.1.5
511 !.J.X .1.01
PHIl 1,J.( -5.05

3 0NI(I,J . ()•I.01
50 10 ltSS.2Il.35$) • (ST(PIII CONl214L(

C $IISIIIIPIIPPIaSSIIPII$Pp$I3IISS1aSI$P$PSISSSIIPIISSSPISISSSI.$$$S
C I NC 4LIN (A R ~~JL TIST (P 570015 M(R( . $
C S ICCIssING SECTION DOES INITI*LIZATION $
C $aI$ISItSI$$**$I3aS$5$$a$I$saaa$as$*aSsaaaa$a,aas$a$5$sssu$s5ssss

DO $32 1.1.5
YNI l -I II
PNI(5~ 3~~$ )•I.DI

*35 P14 113.3 I)•l.0I
.050. IND(N.tS.S GO 70 131

SO 113 1.1.5
50 113 J~$.N$53 Pl (I .J).-t*141 I ,.fl.t01ItU .J) 4))C 55I15$$t$$lS$$SIIPII$Sp$55$p$,sp,SI$$$S,a,nap,$a$SSS$$$SSPS$s5,pp

C S 1ST CR IER GAS
C $ DO LC CP IS CALCULAtES P541(1.1) $
C $ L Q P  10$ • III COP~~U?ES FINAL V (N•1) SC $PII$IIIII$IPSIflS$I$3$*$I$PS$S$S$$SI$$I$S5$S$55$$$5I5$$fl5$5$$5$5

*5 (151(14 .51 . II GO TO 153
104 1Ff IT EQ. I) GO TO III ~~~ ‘ ..,)

DO IS 1.1.5 j ) 
~50 11$ 3.1.5

DO IS (-I N 
~‘,V

A -7
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TR 6011

III PNUI I,J).PMI1~ * J I—*1(l~~~$P51k.J)F((1.I,J).PHi(i.L3)
55$ CO)4T 1141*
53* CA LL GFN 0.w.N~V,(STtP.T,ADO Ill 1.1.5

DO ill J•$•N
115 YN(1).YNI I ).C*4(1.J )IVl$.J ).H$Ft($.1,J $s Jl

GO TO 172
111 50 III 1.1.5

DO 115 3.1.5
$1. VN(3).VN1I)•(*4(1.J)IVI$,J)

00 TO 172
C ISII$SSPIPIPS$*$II$5$ISIII$IlIII$S$S$$PIISIIIIII$$PIIPI$III$$$IIII
C P 1ST ORDER 000
C $ CO~~ U1E P54111.1) RN!U I)
C I FII*L RESULTS **t C*LCuLATCD 154 LOOP 151 05 IGS $
C SPSSPSIISSISSS$S$II$SISIPI$IIISP$$S5SSSIS$III$$IS5s$SIIIS$I$ISSPII

113 1551? .(l. I) 00 tO $57
DO 15$ 1.1,5

0.) 16 1  J- 1. I~0) 1(2 K - l . N
162

C 1 ( % . I . J ) . c 1 (  I . I .J )— P 1 l I . i
161 F1’e.I.J1 .’*. 1.J).H*Al1 ,J)
*65 C019t151 t
Ill (2.ISTCP.I

15( 1? .(O. I) 50 10 *5?
DO 153 *•I.N

DO 164 k . l .K5
COIL GFN (6.H.N.V.X.T.A)

DO 165 3.1.5
IFI K.(G.l I PNI (3.$.$)~PH$(3 .Z.I).F1(l .I.J)$G (JI

*63 1F~K.(G. 2i P5142.1 11RN1( l . l . l .FJ( l.I.J ,IG J )
164 P111 3. I.fl .PHIi.3.l.t i .RsltS .t.t *
*63 COST INV(

DO I~ 6 1.1, 54
DO 166 K•1. N

$55 VNl1) ~ v N(I)—kSN (l.()$PwI(3.(,l)..(AN(1,E ,Sy f1 .()
GO TO 172

$67 00 161 1-1 ,5
F DO 16$ k•1.N

161 v$1I .~NI .(01411.X $vC1, (.i
C 5111$ IISIItIIII*P*I$PI$ISSP$$*$$PSII$51I5$SII$ISII$$ISI$$SI$5$II$5
C I IF A 15 0 FIRICTION 0, 1 PERFORM PERIODIC DICOAPOSITION,
C P £V LIMTE * T I f l. AND OÔJUST 535*5. V ( N • l )
C I$IIPUI II IISII$*SSIIIS$SS$S*SSISIU5$$$,$I$IIIIISIII$SIS$PIIS$p$p

175 15( IAT .10. I) RETURN
DO 125 1-1. 5
DO 125 3-1 . 5

115 E~!~4Il 1.J . .F1(2.I, J )
$71 YI,.t(~~).M

CALL NNTIA? .N,TN)
DO 173 1-1 .5
Gil ) 1.DS
DO 173 3-1. 5

$ 73 C( 1 l .OCI .IOTU.J —0($,J uIvll, J )
DO 174 1.2. 5
1141 4 .4 .1i.I.tI
DO 174 J ’ l. N

174 014114 s
00 17~ I.i.s
DO 175 J •1 . N

171 VN( 1 I.Y14( 11—51*11 3,3 )$O543(4 ,4~J )
RETURN

~~~ CONTIsUE
C SPl i ts 1151US$ III$$$$SISSSIIII$$P$I$$SII55ISSIISP$$S$SSP5ISS$$$$IIC I *1O ’L15~f.R MULTI-S-STEP STARTS HERE $C $ flGI r’lsG SECTION DOES lNITIAtIZOtIoIs PC ISII’$’IP’$SII$*$Is$SPS$PI$$$$IS$$$$IS$S$IpS$Ipp$S$I$IIg$$IP$S.SPS

DO CII I.1,N
DO ~4l 3.1.5• DO 541 1-1.4
P541(5..), Il-l OS

541 PIU .s -i.c•
VN(1 .5.06

15$ CON~ IP4U(
11(150(14 .01. II GO TO UI

A- 8
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TR 6011

C 1*5SlS5$*$IIII1St$S$IIIU$$$$$$$$I$l$$$5 55$$$g$$~p$$55~pp5$pg5gp~~C I SSD 000CR G*5
C S *5 CONTAINS (*4)5*1-5)
C $$$$*$$SS$$$S$$5S*SS$*ISSl$U$$SSS*$a$S$$5p$I;$5$$5$$s5$5$p$$55$$s1511$ .57. 1) 00 TO 134

1511 7 .10. t~ ~~ ?~ 235
C S$S*$$ISI$$$*1$$**I15455$$IIIP$*I$5$5$p$IP5S$g,$I$,g$51I15,II$P.$I
C I AT ‘5€ F t~.I!M or io~~ ais —- p
C 5 P541 (1.1.)) CONTAINS 0141 (1 II W1 (Z.I.J) CONTAINS P5142.11C 5 Cft lj~~ ~~5.1l ARE C*LCUL*TtD IN LOOP 2)2 S• C PIll l$$5*1115$$SPIS$III$$$$I$$$$$$$$p*I$5$$$55p$53$5p5$555$p$p$pp$

DO 213 1.1.5
DO 213 3.1,5

213 Pt l,J5.—(*4(1,J,.ussl?($.J,
DO 215 £-t ,N
DO 515 3.1.5
DO 213 (.1,5

215 P141(2 1 J1.PNl1l,3.J)-~~(I,()I(I.5f(,J)DO 226 I—t,s
DO 211 .I’t, $
~ fI( 1 1,J)•PNI($ I.J) 51(1.J)—*4(l•J)FE l l I j~-pw~cs I J)
P),1I~ .f.J).,W1*k I.J).P141.J1.”$.IOI$*$(I.J)21$ 5(12.1 ~~~~~ 1j) F11$ P5($,I).l.14

234 DO CII 1•$. N
DO CII 3.1.5
P1il(l.I.J).FEI$,1.J)

ass Pw112.I.J).5((a 3.3)
DO 225 k•l,(S1E~CALL GFN(G.H.M.V,E,?.*)
DO 221 1 $ . N
DO 221 J-1,N

55$ VN (1)-YN (1),pWI(E,1,J)50(J1$14
US CONTINL2

DO 235 1.1.5
DO 235 3.1.5

135 P$4$,I .P$cI,1)—5541.J15y5$4J)
sa 50 232 1.1.1*IPUT (5. 5) P111.31—5.50

50 233 3.1.5
533 P5U4,$.I .P141c4 l.1).(*H4I,J)SV(5~J)
135 ViI~$I~Pt(1.l).P14~(4 1.1)IF(IAT .tQ. I) RETU6N

DO 250 1.1.5
DO S50 J• l NF 5,
GO TO 171C S$$SIS*$*$IUSS5$fl$$$$$SPI*p$Ssp$$pp ;ppS$p55$5$5$$p$$$$5535115$pp

C $ 250 OlDER CM p
C $ REST PELO1J 217 *3 CONTAINS (*54 )151-3 ) $
C SS$IIS$S$$SS$$IPSP8I$$USISPSSSIIISSIS5$SppIlp$$$$l*$$s$$flsppp$pp$

CONTIISJE
15(11 .57. 1) GO TO 271
35 (1? .U. .1 GO TO 555

C $I$I1SPSPSI$$$SISS$$$UP$$$pSSppSS5$pp$$pp5~p5pg5p5159pSgppppp 5pppC * (ND OF LOOP 273 P14111. 1 3) CONtAINS 
~$2’LL) L•I.1 ,1C S 515*5. V(N•5 ) *5& CALCu(*+(D IN LOOP 212 05 aSLC ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~DO 575 1.1•~DO 275 3.1.5

W1 (1.1.J )—1~~l?l!, J l—S.SDI$*i l 3.3)
V1 (L1 ,J I.UN1T (I.J).5.5DIpAH~I 3)5S(*.1.j)——2.01$UNITII 35.0145(1.3)

~~(1.1.J1’—l.01S(UN3T(j,J).*N(I,J) I
• V3(1.1,J)’W1IS.3,J)

175 53(5 1,J5 1111fl1.J) 1.$Dl$*I(I,J)4*Il(3,J)
50 1+1 1.1.5

00 273 J•t ,N •~~ 4)13 274 L.1.N
~N7( 1.I ,J )—0I431I , 1 ,J )— U1( * .1.L )P(A P.(L.J )

-
~~ ~,05113,! J)s553 3. .J)—U3c1.3 .L1a(*s f %.,J)

274 coiit&is4
IHIII,1.J )—SWI4 I.1 ,J,.51(l,1.J) 

I
V

OP1fl.I .JI.RNE4l.1.JI’445(?. ,J*
Q54l43.I.J ).114143.1.J ,.5311.I.J )
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TR 6011

573 COsT
272 CONT1s~~DO 275 1 . -* .3

DO 273 1-2,5
DO VS J-$ ,N
00 275 k.l,N
P51(1 1 .J’— PWI(L I.J)— .311.(’ISII(L(.J)

*73 F1 (L .I.J .i’wl(L,!,J)
27$ 00 CII L-1,3

DO 215 1.1.N
DO £55 3.1,5

sit P54!IL. I .J).FI(L.1 .J)
DO 2~l 1-1.5DO 275 (-1.3
CAt. L WN ( I,14.N.Y.E,t .A )
DO CRC 3.1.54
IW l  ).VM(~ ,PWI((.I,J)SG (J)IH212 25 5.10.3) Y14(I)-Y5U1).CAIl(l,J)5V(j,J)

CII CO?IT 11ff
00 70 293

515 00 2(6 1.1.5
1~0 236 3.1,5

515 YP4)1)’V)411)~E*4(3 J )5V(5• J )
153 15(1*1 .10. I) P1+12MM

C 5SlI$5I55$ $$ IS$Z$S$ISSISSSII$55I1;p$*Ip*S1$$5gpS$$g*pg$*p5$$Ip$*g%
C $ 15 A 15 0 FUNCTION OF I PERFORM PERIODIC D(CO5~ OSITIONC $ tv’ILu~ Tt A t u u , AN5 431,51 FINAL ~(M4 l) 5C I$PISIII$I$I*$$11$p$SSplI$SS$S1I$p;SSPSISS$$pS5$$p$p$I.$I$,,,Ip$Ip

517 71-T 1)’s
12-u .s -

CAL L. AfNT((3fdl•N Ti)
CAL L A 1If (6T,N,T~ )00 294 1.1, ”5(11.1.05
51(1,1 ) 1.CS
DO 294 31, N
0(1 I— G Il ).‘E30511.J —0U,J )$v 5,J ,

514 Pt (t.1)-P1~ 1,1*4 2*t(%,J)—A(3,J))$-I(),J)DO 2~35 I-1, NP1 (2 3 1.1.01
DO a6s j.i,s

US P 1 (2 , t) . P $ (a , 3) , P W 3 ( 5 . i  J )$GJ .P1i I 3,1,J 1sp1 $.J)1F((!TE~ .10. 3) 00 TO ha
DO 2(11 1-1.5

151 VIII! .V7I(1).HSPI(l,3
R(,u’flI

in DO Cal 1.1,5
SIP WIll ‘•V5I1)—NSPI(5.1)

RE tt~ CM
US COSIIMX

C k$*t*II$$$S*$$t*lSlU*$$55I*Ip5PI$*$5$pppp*p$p$~p5pg5515ppp55p1ggpC S 3RD OIDCR GAI IG*M $C S REGINNING SECTION DOU INItIALIZATION $c $ RESOlE 353, tNt 501.1.05155 RESUl TS Mt STORED.. • P

C £.~—.* ri .o# o. 03 . .AH lS1 l— 3 ;
C llIIItlia 1t l* ISISSS$tl$S$tZ*$5II IS$5$* l*1$$5II i$PI$3$***I$$$$s(I*

KUP.K -.rp
Iw% 1s~Ex .10. 2 KUP.KST(P’*

iae :•t .s
325 Yfl ’Il-S.DI

11 1 13 .57. II 50 73 32*
JF~ 15I1EX .EG. 1) GO TO 357

353 15(11 .EO. I) GO TO 375
C 111515*1 $II1$$$*I$SS*1*$SII**t$*p*p$$S$It*I$$*PI$$$$$3$$$p5$$$5p$$
C S CALC .-L*TE P141(3.5) . 5-1.1.2. RESULTS ZN P141 5. 1.35
C I$$l*P*lls *$IPII$$I$IS$$5$ISIP$1*s$$Ip5*I*$SSpII )pS$ppIu$SISSI$p$

DO 354 1-2.5
DO 314 J~ 1,N
IlICl.l.J).IMIT(1.J)Nt.S$014U.J)
U*(L1.J).IR,11( 1,31.1.5051*4:3.3 )+*42(I.J)
U2(I.I.J).—2.DlI UPI1T(1,J).0H(!.J~~55(2, I.J)’—.I.DIELRIITU,J )-4 .DSSAW(3.J)-3.DI$*542 1,31
534 I, l, J1e*ll (2,1,J )

354 531*.1.J)-IRIITII.J).l.SDI$*4(1.J).3.DS$M5aII.J)

A- 10 
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711. 6011

US 50
00 355 (.1.5
Si4Z (li .Jl ’1Ci.$.Jl—V$($.1.~~II~~((.J)

N3~ ) ,I.J ).*4I 3 I J1—U)(I.I.1)IE*4(1.J)
I5(EUP .PE. 4) 56 +0 III
514114.1 J)’*4I44.I.J)—54 41.I.1)St*4((.J)

US CON~ I’RA
*4h ($.l .JI.INI4 I.I.J)’WIILI .JI

*414) I 3’.05143 I•J).5)Il 1.3)
it(i~i~.L*.~~, *4114.I.JP.54I(4.$.J).l$IIl.1.J)US COIl? *551

35? COMtI**
DO 355 (.$~(5~50 3*5 I•l.0
50 311 3.5,5
50 3*5 1.5,0
153 1.olx. s.S P51*1 3~J).5lI34( 1 3)— 4*1l.LI015III.L.J)Ifl INN*.t I.S) 5(41.1 J)e$W1(E.1 3$c( 114O(*.1O.1) PWliI I.JISPIIIII I J$- SII$.$ *P*4I(E.L.J)Ill IFIINDC*.EI.1) 5llE.I.J).’PWl(E ,I.31

*1 DC 315 ~~~~~~DC 311 1.1.5
50 311 i-S N
IF(IKDCII.(6.S) P5I((.3.J).5$4E.t.J )

315 15(1N~E$.(I.I) P51((.1.JI’5I41.l,J50 314 1.1,1115
CALL GFI,lS.N.N.Y.K.T.A*Dl 31$ 3.1.5
II 3*0 3.1.0

• SISI$*PSII$$PSSSIS$I$SSSSSS$*5$$$II*SSSSUSSSSSS$UIIS$I$S $US$PP$
C $ CAlCULATE 531155. V (N.1)
O SSIS$I$SI$S$$I$SI$S$IPSISISI$$SPIIUS$SIPII$SPPS$SSSSISUWIU$$$

VN hI).WKI$.N$P51*1.1,J)$$1J)
3*5 15((.(S J~~

) 
~~(I)•~~41)I1*4(1.J)$V().J

3*• 5014,15(1
II TO 341

375 55 37$ 1.$•N
50 37* 3.1.5

37$ vN(1).~~(1).15N (l1J )$V (3.J)
345 1511*? U 5) *1* 1

IFI~~N~~~ .( 3. Il GO TO 51?
C $$ l I%S$$ i  lt$It5lSIl$S1IPPSII$p$I$PSIISSPSSIPISIIS ,55$psIsSsp .$$,ss
C I T~ t~~( :s * * C)JNC? *Y4 05 7
C ISIS SI41I**P$IISPPS$SISSISIIPISSPPSPSISISIPSSSSISISIIS$PSS5I$$$SSI

tt~ T (I ~~~12.1% •M

CAL). ~~N T *t,N.?1$CALl. M NT E35S.N Ii)
CALL WN?lP1.W.?b
DO 341 3.5.5
S(I P•I.DI
IOU 4 3,3)5 .51
DO 141 3.5.5
1415—54 2 *44*!t$,J*—5%$~J))Iv45,J*IO1t4~3,3 )—ON1(4.3.I )u(3*4(I.J —Al1,3151 v 3,J p

341 *424 * 4 I)•OlI(4.4.I l.IPI(l.J —043 J1 IV(4,JIsO 34 I.s.o
50 345 3.5,54

345 ~~l1)sVIl(1).N*(P54I(J.1.JIe11J1.P51t3.1,J)55sI(,.),J).pW$(s,1,J,,*4S1(4.4.J)) 
- •5(71,55

S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C I C*tcut*tt IMPLICIT Psi FUNCtION. 05113 31, 1.1 * 5.3 p
C S$SIII1I$Ss$I$tl$$IusPpSusIspspIu$Ss,$s6$p$$s$p~$~~$fl$flppfl,,

~
~~ 331 3.5.5 ..c~351 J 1 J
Vt(1,I.H.—l$ttU,J).a~5($ 3)#$.$SV1 (2.I.J .-sPItlI J) *4(I.31.*4111.JI#3.II
IIS(1.I.J).3.t$llJII?(1.Jl.asl41.J).asl(I.J,

.4,

.
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SA(2,I.Jl-).I5$IJIITII J).4.DI$AM(I J)•I.SDCS*4SU 31U3( 1.1.J).—3.DC55 lIt(I.J)—l.SISANd.J~~4.$D,$aS(f,J,.aI3(g.J)
53(2.1.3 )•-).DI55JSITI 1.JI—$JS$*5 1.J1—3.5s50g 1.3)54(1,$.J )——vul I 3)

US 54(2 I J)—%5SITII.3)4*.50I*5t1.J).$1. lV (I.J,,S.D,,~~,)(,.J,

‘IS
$

•UN ~ilP5IN • I.I562~ISRE-S) — • I.4S1551115.S5

-0. 194533 91p’9~~-$s •.$*1I4’46~S34l4SIO,II I. 13PP9514’P495)p30.I1
-I. 594533696$OSPWV- S l.611I4f4P3144S1IID.II I.13II93I571511155D.Il

50* IlL (PROP • •.655’1SS9149559$ID-•7
• •.$2S~PRsOi-I* 7 • I.4P1111 501.51

- .154S33P774143313D-IS 5.52 114751S$2173610’II C. 13119553$15174555.S1
-1 114533P9551I55510-I5 •.$111474P31 4465410.55 5. l 3SPlSIS7tIj$1500.Cs

0*5 PEt. EPICS • I.)331931415434502D-54
K • I.25111501t .II I • I.4S115$IIt.I5

-4. IPIS33SS4ISTOC72D-15 III 11479S51121167D.50 II SS*9471S)PS24Pi I’ll-I.194533$IUI1IIHD-Is I.1115474I314460I5D.is S. 13SS9SIS?15l6I50~~I1
PRI 5(1 CR501 • I. 11516311437424240—IS

IS • 5. IIUS*SS(.I1 1 • I. 455*55551.51

-I *5455114125356520-15 Ill 115S1534S42$79D.Is 1.1 3$S9155225793415,s$—I. 114533550PS*50IID-IS S.111I474$31 44GO11D,IS 5.1311951571 5I$IISO.51
NGX REL (PROP • •.3I425SSPSII)1254D—54

0
H • S.4SSSSSSSE.I1 t • •.4111I50SE .I2

-I-15443*199251151 1D-I5 S.111$$71S3315$P360.50 I. 13t$24255*45117t0.I$-I. *$4533S96$555051D-I$ 5.1*11474*314445010,11 0. 13$S9SIS7I$*SIIISISI
PRO ILL (PROS • I.SI$431111 4916$fl-53

O • S.i6$SSS$*t~si 1 • l.4IISSSS*.41

-I. lI1PII * 256135431D-45 I.$1251919213511140.50 1.1 376S1S5517551?Sl.Sl—I.154333$55SIIIIHD—S$ •.1115474$3*4455010.50 I. 13$59S1$?isi$HI D.51
5*5 Sf1 (IRIS • I.15741134.ss%a31ID- 1
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