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GENERALIZED ADAMS METHODS
1. INTRODUCTION

Among linear multistep (LMS) methods, the Adams family is found to
be the most effective,1 to this date, for solving initial value prob-
lems in ordinary differential equations (ODE's). Adams methods are
impractical in solving "stiff'" equations because prohibitively small
step sizes are required for accuracy. To achieve equal effectiveness
of Adams methods for solving stiff equations, efforts were made by Cer-
taine,? who suggested a generalization of Adams methods for step number
k =1,2; by Bjurel,3 who modified Adams methods; by Norsett,4 who gave
an A-stable modification cf Adams-Bashforth methods; and by Verwer,>
who generalized LMS methods with zero-parasitic and an adaptive princi-
pal root. Jain® developed A-stable methods by means of Hermite inter-
polation polynomials, and Murphy? employed Newton's divided difference
representation of the Hermite interpolation polynomials to develop a
family of A-stable methods. Lambert8 introduced multistep methods with
variable matrix coefficients.

This report shows that an appropriate choice of the characteristic
polynomial coefficients of the nonlinear multistep (NLMS) methods yields
the generalized Adams-Bashforth and generalized Adams-Moulton methods
(GAB-GAM). These methods are shown to have portions in common with the
methods of Certaine, Bjurel, Norsett, Jain, Murphy, Verwer, and Lambert.
An examination of how NLMS methods yield GAB-GAM follows. A section of
theory, describing the consistency, stability, and convergence of GAB-
GAM methods, will be outlined. In addition, the property of A-stability
of GAB-GAM will be outlined. GAB-GAM can solve stiff equations effec-
tively. However, this is not a restriction; GAB-GAM can be used to
solve nonstiff equations as well, although this is inefficient for that
class of problems.

We have included here an application of GAB-GAM to a class of
underwater acoustic parabolic wave equations. A package of ANSI FOR-
TRAN (GABM) programs, designed to implement GAB-GAM methods, is intro-
duced. The important features of the GABM package are discussed in a
separate section. Test results of GABM are compared with a set of
previously published results by other techniques. Computations were
performed on a PDP-11/70 computer, using double precision arithmetic.
A listing of ANSI FORTRAN (GABM) programs is included in the appendix.
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2. FORMULATION

Initial value problems of CDE's, generally, can be expressed by

y' = f(t,y); y(tg) = ¥p . (2-1)

A class of systems of first order ODE's, called stiff, arises in the
applications of chemical kinetics, reactor kinetics, missile guidance,
., etc., and often takes the form

y' = Ay + g(t,y); y(tg) = yo » (2-2)

where Re{A(A)} < 0 and A(A), the eigenvalues of A, differ greatly in
magnitude. We choose to deal with equation (2-2), since the applica-
tions frequently appear in this form.

In solving equation (2-1), k-step LMS methods? can be applied that
take the form

K K

Z N ¥nei T h z Bifhei » (2-3)

i=0 i=0
where a, # 0, lag] + |8g] > 0.

LMS can solve equation (2-1) effectively when ||Df/ay||, the norm
of the Jacobian matrix, is small. Our approach is to generalize equa-
tion (2-3) such that when ||3f/3y|| is large LMS can be used to solve
equation (2-2) effectively. This led to what we refer to as NLMS meth-
odsl0 that possess the form

K K

Ah(k-1). 2 b
:E <. b Ynei © h 0kimh)gmi ’ (2-4)
i=0 i=0

where o # 0, [ag| + |[X(8,(AR))]| > 0.

In carrying out the complete development, A is assumed to be a con-
stant nonsingular matrix. Methods to handle A(t) will be explained in
a later section. It can be seen easily that when A = 0, equation (2-2)
reduces to equation (2-1) and equation (2-4) reduces to equation (2-3),

lim ; ’ . ; g
where IIAII*O °ki(0) = ﬁil, where 1 is the identity matrix. This

| ¥
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shows that NLMS methods include LMS as a subset. The theory of the
NLMS methods also generalizes the theory of the LMS methods, as has
been demonstrated in reference 10.

The complete formulation of NLMS involves the accurate determi-
nation of ¢ ;(Ah) with the selection of a;. This appears in its
entirety in references 10 and 11. A brief outline of NIMS methods is
given below.

We first define the NLMS operator,

!
Ly()ih] = ) ety oy

i=0
(2-5)
3
Sn Y 6 Mg ¢ i, y(E s in)
i=0
Then, for a constant matrix A, we express equation (2-2) by
-At -At
L) = e ™t vt = v, (2-6)
and integrate equation (2-6) over the interval [tn’tnoi] to obtain
: T
n+i
iAh A(t_ .-t
Y(taei) = € Ty (ty) ‘[ Alnai g (et yaer (2-7)
th

If we expand y(t, + ih) and g(t',y) of equation (2-7) in a Taylor
e;pansxon around t,,» substitute into equation (2-5), and simplify, we
obtain

k .
LIy(t);h] = lz uie”‘("‘i)e“hy' ) c;ang? , -8
j=0

i=0
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where

K thei
a, e ;
C.(Ah) = z ?_1'_eAh / eAh(tn+i t )(t' g )]dt.
j j! A n

i=0 n

(2-9)
By
(ih)
- h z——J—,—— ¢y i (Ah) .
i=0
In view of the first condition of consistency,lO

k

Eai=0,

i=0

which implies that { } of equation (2-8) is equal to zero, we obtain

Lly(t);h] = z CJ.(Ah)g(j) . (2-10)
j=0

Since A is assumed to be a constant nonsingular matrix, we can mul-
tiply both sides of equation (2-9) by AJ*l  and we obtain

|

; s j
Jj+l n+i sy ; : - ; L e
5-5,—[ AN(tnei=t") o L ¢ yiaer < 1AM . Ua) | -y |
t, =0 !

Using equation (2-11) and simplifying equation (2-9), we obtain

k J
. . . L
1 Ah (k- Ah
AJ* cj(Ah) = E aje (k-1) E LiETl_
i=0 =0

+

e K
j+i g
B3 g an .
i=0

We require that Cj(Ah) Ofor j = 0,1,2,...,p, but Cp,)(Ah} £ 0.
This requirement defines an NLMS method of order p. The usual
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consistency conditions for LMS are generalized.l!0 This permits formu-
lating NLMS methods in a matrix form, leading to the solution of ¢yj (Ah)
explicitly when the characteristic polynomial coefficients are selected.
In requiring that C;(Ah) = 0 for j = 0,1,2,...,p, we also select the
order p to coincide with the step number k; this selection ensures a
unique solution so that ¢y (Ah) can be solved explicitly.

We now select the characteristic polynomial coefficients o) = 1,
ak-1 = -1, ak-2 = ak-3 = ... = ag = 0. This selection leads to the
formulation of Adams and generalized Adams methods.

For a constant nonsingular A, we multiply equation (2-12) by

(Ah)‘(j’l), let ||A|| + 0 for j = 0,1,2,...,p-1, and define ¢,;(0) = B;
as

k k
I+l 1 .
P et A o

Equation (2-13) relates Bj to a; and gives the second condition of con-
sistency of LMS methods.

When ¢k (Ah) = 0, equation (2-12) is expressed as a predictor, as
follows:
1 I I 3

I + (k - 1)Ah I + kAh

(2-14)
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An)P 4
O tglngST. 0 1+« k- DP e AN

- - - -

We can find ¢y i (Ah) as follows:

Step k| 9y o(AR), &) (AR), =+ -, 0y (AR
1 -t - oMY
- 4™ - a » ],

-(Ah)-Z[-(I + Ah)eAh + (I + 2Ah))

A - e AYAN L 3an e am ), (2-15)
3 ~(AN) 73121 + An)er - (21 + 4an + 30Am)Y)),
(A -1+ 3a0 + D 1+ 3an + 3am ),

Substituting ¢, ; (Ah) of equation (2-15) into equation (2-14), we
have the Generalized Adams-Bashforth (GAB) method.

When ¢,, (Ah) # 0, equation (2-12) is expressed as a corrector, as
follows:

- -
I I
I + (k - 1)Ah I + kAh Ah
\ -
. 1
E k - DA™ : (kAh)™
((k - 1)Ah) L0
jz =1 - (2-16)

_I‘nIO m=0 =
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: T o
Ah
T O [t 1 -+ 1 [[eo0am
é 0 1 « -+« KI [l¢,(AN)
LA-—hL . .
I
p¢l . .
(:) iég%—__l 0 1 «s Bl ¢y x (Ah)

Similarly, we can find the ¢y (Ah) as follows:

Step k I QRQ(Ah)n * o, o (Ah)
Ah h

1 -(Ah)-z[-(Ah - e - 1], -(Ah)'z[-eA + (I + Ah)]
() - - A s e Ay,

(%]

-(an) 321 - (et - 2(1 + anyg,

- (A -1 s A e 1 e 3an - am )

-4 R 1,2
-(AR) T - AR T)e™ - (1 + Ah + (AN )], (2-17)

~(AR)T4[-(31 + Ah - A2y 4 (31« aan « 3am) Py,

-(AR) Y31 + 2ah - Laan)? - amdert - a1 s san + 3(am)Y),

-(AR)"4{-1 + AR » %(Ah]z)eAh o (0« 2an + Ham? «amdy

Substituting ¢, ;(Ah) of equation (2-17) into equation (2-2), we
have the Generalized Adams-Moulton (GAM) method. Simplifying the terms
of ¢ ;. (Ah) of GAB-GAM and letting | |A]|> 0, one obtains the Adams-Bash-
forth and Adams-Moulton methods, respectively.
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3. THEORY

Details of the complete theory of NLMS methods with regard to con-
sistency, stability, and convergence can be found in reference 10. The
theory of NLMS methods is automatically applicable to GAB-GAM methods.
A sketch of the theory of GAB-GAM methods Is given here.

CONSISTENCY

An NLMS method is defined to be of order p when Cj(Ah) is selected
to be 0 for j = 0,1, . « .,p, but Cp+l(Ah) # 0. This condition,
Cj(Ah) = 0, implies that

Kk

}11-1:3 HE O‘ieAh(l\.-i)ynd o z ¢ki(Ah)g"’iH gt s
S i=0

This equation yields the consistency for GAB-GAM methods.

If we let ||A]||+ 0, we have shown that equation (2-12) reduces to

k
j+l 1 j
zlJ+ =le8i' e
i=0 i=0
This is an alternate confirmation of the second condition of consis-
tency for the LMS methods.
STABILITY

The characteristic polynomial of NLMS methods is defined by

Ah)

o(X,T) = ¢ (L) , (3-3)
where
k .
p(g) = z aicl . (3-4)
i=0
8
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In view of the choice of a., GAB-GAM are strongly stable. This
choice also gives the first conéition of consistency of both LMS and
NLMS methods.

CONVERGENCE

Theorem
- e Ry SO SO B

GAB-GAM methods are convergent.

This theorem has been proved in reference 10.

A-Stability

Dahlquistl2 defined a method to be A-stable if the numerical solu-
tion ||y || ~ 0 asymptotically as n » = for the differential equation

y' = Ay, where Re{A(A)} < 0. GAB-GAM methods have this property.

Theorem

GAB-GAM methods are A-stable in the sense of Dahlquist.

If we apply GAB-GAM methods to solve the problem y' = Ay, which
implies g(t,y) = 0, the GAB-GAM methods produce the exact solution to

the problem; i.e.,

We calculate the enAh by Pade approximation. If Re{A(A)} < 0, then

ii:l{yn‘( + 0, thus establishing the A-stability.
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4. IMPLEMENTATION OF GAB-GAM METHODS

A package of computer programs was written in ANSI FORTRAN lan-
guage. There are a number of useful features incorporated in the pack -
age, namely, variablc—step-si:c, prodict-und—corrcct—m—timos, self-
starting techniques, and the handling of variable and time-dependent
A(t). The usage of this package is self-explanatory. A description of
the package is given below.

PROGRAM STRUCTURE
This package consists of nine programs, of which three are user-

supplied. The intorrclationship among the programs is shown by the
diagram below,

MAIN
DIFEQ
START
— A
GEN
PADE
INVERT
AENT

The main control program (MAIN) processes all the inputs and calls
a secondary control subroutine (DIFEQ) . DIFEQ sets up the iterative
procedure; calls for the GAB-GAM methods: and controls the self-starter,
step-size changes, prcdictor-and—corroctor, and corrector's convergence,
subject to the user-required tolerance. 1t also prepares the results
for printout . The self-starter (START), GA, Pade approximation (PADE) ,
matrix inversion (INVERT), and g(t,y) (GFN) are all written in subrou-
tine formats. GFN must be supplied by the user.

FEATURES

1, !ﬂﬂlﬂhlc‘stfﬂ_fifo (Fixcd-SEgB_ﬁjzo as Well). In exercising
the variable-step-size technique, if a change is needed, the step size
is changed by halving or doubling, depending upon the need, The indi-
cator IPC is used to indicate this Step-size option. Setting IPC = 0

sets a fixcd-stcp size, and IPC = | sets the use of vnriublo-stop size.

10
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. - .m s :

2. Predict-and-Correct-m-Times, PC . This procedure is employed
when a variable-step-size technique 1s used. Setting m = 3 allows the
corrections to be carried out up to three times.

-

3. Self-Starting Procedure. First order generalized Adams-Bash-
forth method is used as a self-starter. The step size used for the
starter is 10 times smaller than the user-suggested step size.

4. A is a Function of t. .}l In solving stiff equations of the form

y' = A(t)y + g(t,y) , (4-1)

the program is constructed to decompose the equation into

y' = Aty + {A(t) - A(ti)}y + g(t,y) , (4-2)

so that the NLMS methods can be applied. Since the above equation is
stiff, Re{A(A(t))} < 0 for all t. If ||A(t) - A(ti)|| can be main-
tained small enough, the above problem can be solved accurately. The
decomposition is performed automatically, provided the indicator IAT is
set to 1. As one can see, after the decomposition, the new g(t,y)
becomes {A(t) - A(ti]}y + g(t,y); only the original g(t,y) needs to be
defined in the GFN subroutine. The HMAX is recommended such that

[A(t) - A(ti)ll < hP. An example is given in the section of numerical
examples.

INPUT INFORMATION
A listing of inputs is given below with their definitions:
ERR User-required tolerance
T(1) Initial time
TMAX Final time
1PC = 0, fixed-step size
# 0, variable-step size
INDEX = 0, explicit methods
# 0, implicit methods

KSTEP  Step number (also order of the method < 4)

11
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HMAX

HMIN

HMAX

HMIN

H

12

YZERO

Initial step size
Largest step size allowed
Smallest step size allowed

Order of the system

A vector array to store the initial values.

Some default values are built in, in case the user failed to supply
them. They

are

0.1 D-0
0.1 D-5
0.1 D-7

0.1 D-1.

ppemppesr 3



5. AN APPLICATION - AN UNDERWATER WAVE PRCOPAGATION EXAMPLE

The underwater acoust.c wave

3
mathematically by an elliptic =sguatic

o
t
~
= |
!
"
|

shera
p is the acoustic pressure,
« is the wavenumber, and
n = n(r,z) is the index of refraction.

Assuming the inhomogeneities are slowly varying in range, a cylin-
drically symmetric geometry, and a harmonic source, sguation (3-1) can
be transformed into two uncoupled parabolic wave eguations. One para-
bolic equation stands for the transmitted field, representing the wave
propagating in the range direction. The other parabolic equation stands
for the reflected field, representing the wave propagating in the depth
dirtection. Because of the slowly varying property of inhcmogeneities

in range, the reflected field is negligible. Therefore, one needs only
to solve the transmitted field, and Tappert!3 did this.

Tappert's algorithm is known as the split-step Fourier algorithm
and is considered to be the only effective technique for solving the
parabolic wave equations in the underwater acoustic field, with some
limitations. For one class of problems, GAB-GAM methods can produce
reasonably accurate solutions rapidly without restrictions.

First, let us take the ODE approach to treat the solution of para-
bolic wave equations. We obtain a system of ODE's where the second par-
tial derivative with respect to the space variable is discretized by
means of a second order central difference, as follows.

A parabolic wave equation in one-space dimension takes the form

u, = n(ko,r,z)u + b(ko,r,z)uzz . (5-2)

Discretizing u,, by a second order central difference brings equation
(5-2) to

dum
2u_ + um—l] ! (5-3)

13
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Equation (5-3) is a system of first order ODE's that can be put in
the matrix form 3

| du) B o anr b [ ]
dr a) - .'__b,} ¥ 0 0 0 u) Eéuo
H H? H
du; b, by b,
g “ v 0 0 " 0
I T T b
. = . . ® : ’ (5'4)
2b b
du m-1 m-1
-1 0 0 0 « o
ir -1 T T2 2 Ym-1 0
d—ul 0 0 0 « o I_JE - ﬁ’_ﬂl_ b__m.u
dr H2 4 H2 U 2 lll'lj

where ugs U, are two boundary points at range r. To put the system
above in a ?hort matrix form, we get

u' = A(r,z)u + g(r,z,u) . (5-5)

In selecting a range step size for solving equation (5-4), using
GAB-GAM methods with a constant matrix A, one will choose

hIIZE| || ok AR || < 1 (5-6)

for corrector's convergence.

In the range-independent case, g can be decomposed again such that
||3g/du|| = 0. This implies that a large step size can be used.ll
Note, also, that the ODE approach formulates the problem without other
restrictions.

A first order GAB-GAM is used with the predictor-and-corrector
feature to solve the following problem. The equation

ikg i
up = (a%(r,2) - u + gpoa,, (5-7)

describes a shallow-water wave propagation in the range direction in the
region indicated in figure 1.

14
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Wz

Figure 1. Region of Wave Propagation

The source is placed at 9.8 m below the surface and the bottom
depth is 19.5 m. The bottom is rigid; thus, a Neumann boundary condi-
tion is assumed. We examine the wave propagation up to 400 m. The
sound speed profile is described in figure 2.

C(r,z) = SVP (m/s)
1508.8 1524.0 27,432.0
0 -®- ——

DEPTH (m)

19.5#——--—- -------—---..--_'_..._._

Figure 2. Sound Speed Profile

The initial sound speed C; = 1.5 km/s, frequency = 25 Hz, the sur-
face condition is u = 0, and n(r,z) = c(r,z)/co.

The solution was obtained through four different methods: normal
mode , 14 explicit finite-difference, first order Adams PC3, and the first
order GAB-GAM. The normal mode solution is very suitable for this prob-
lem; therefore, we use it as our reference solution for comparison of
accuracy. Solutions by explicit finite-difference, Adams PC3, and GAB-
GAM all agree almost exactly with the normal mode solution; the differ-
ence is in the speed, as tabulated below:

15
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h Time
Explicit finite-difference 0.35 x 10-° 8mll s
Adams PC3 0.34 x 10°% l1om 9s
GAB-GAM 1280 23 s

The step size is that which is required to give an accuracy of 107%,
What makes GAB-GAM so efficient is that the resulting ODE of equation
(5-7) takes the form u' = A(z)u + g(r,z,u). In this application, g is a
function of u and ||3g/dul|| = [Ib,/a2)2]] = [|ey/2nf(82)?]], which is
not a small number for reasonably small (Az). However, the rigid bottom
allows us to restate the problem in a desirable way. Notice that the
last equation of the system is

bm iy 2bm s bm P (5-8)
(az)2 m-1 m o (az)2) m o (az)2 mel ) 8

The rigid bottom condition enables Upe) to be expressed as up;
therefore, equation (5-8) can be rewritten as

b b
m m
e (- (Az)z)“m ik =

This reformulation defines g to be 0; therefore, ||3ag/au|| = 0; this
means that a larger step size can be used. In fact, the solution to
this problem by the GAB method has a simple explicit form,

R s (5-10)

Hence, subject to the accurate computation of eAh, the solution can
be found in one step. We can see that for a range-independent matrix A
and rigid plane parallel boundaries, GAB-GAM methods have definite
advantages.

16
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6. NUMERICAL EXAMPLES

GAB-GAM methods are designed to solve stiff ODE's in the form
y' = Ay + p(t), where p(t) is a low order polynomial in t and A is a
constant matrix, in the absence of roundoff and Pade approximation
errors. In the following examples, we present a semistiff system, a
nonlinear stiff system, and a stiff system with A = A(t). The last two
examples are not in the format recognizable by NLMS methods. We will
show how these problems can be brought into equivalent forms such that
GAB-GAM is applicable. The starter employed is a tirst order GAB with
a step size 10 times smaller than the initial step size user suggested,
and all the examples are started at time = 0. For every fixed-step
size, only one matrix inversion is needed for the algorithm. An addi-
tional matrix inversion is needed for the Pade approximation. There-
fore, only two matrix inversions are needed to solve the whole problem
for a fixed-step size.

EXAMPLE 1, SEMISTIFF SYSTEM1O

Problem
0 1 1 1
y' = y + ; y(0) =
10 -9 1 1
Exact Solution
y(t) = {2et - l,2et - 1}T "

Eigenvalues of A

{19 ‘10} .
Results
Method Step Number | Number Number

of of of Error

(Order) e Lsweis Steps | g Calls | Inversions

41 x 10-12 | GAB
GAB(3) 10 10 1 3 2

0 Exact

17
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Remarks

NIMS methods are designed to solve this type of problem exactly,
subject to the accurate computation of eAh., In this case, it is
expected that NLMS methods will produce accurate results with large step
size without requiring large computational expense.

EXAMPLE 2, NONLINEAR STIFF SYSTEM1S,16,17

Problem
yi = -0.013y, - IOOOny2 - 2500y1y3 3y (0 =0,
y, = -0.013y2 - 1000y,y, ; yz(O) =1,
yy = -2500y,y, ; y,5(0) = 1 .

Reference Solution

y1(48) = -0.194533895680D-5 ,
y,(48) = 0.611474831446 ,
y3(48) = 1.388950571516 .

The above problem is in the form y' = f(t,y); y(ty) = Yo+ This

1 problem is not in the form directly acceptable by NLMS methods. Since
the system is autonomous, we can easily restate it appropriately.
Transform the dependent variable such that z,(t) = yl(t); zo(t) = y,(v)
= 15 z4(t) = y3(t) - 1. Consequently, z(0) = 0. We now expand f(z)
about the critical point; i.e.,

2' = f(2) = £(0) + 2£'(0) + 0(z%) = £'(0)z + g(z) ,

where A = f'(0) = (3fj/9zj),=0 and g(z) = f(0) + 0(z2). The matrix
thus found is singular. The value of aj; is adjusted to -0.01 to keep A

nonsingular while similarly readjusting g(z). Therefore, we obtain an 5
equivalent system, as follows,

18
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211 [-3500 -0.013 0fz,] [-0-013 - 1000z,z, - 2500z,z,
z3| = [-1000 -0.013 0 || z,| +|-0.013 - 1000z,z, :
féj --2500 0 -0.01}f z, b-25002123 + 0.01z,

with z,(0) = z,(0) = z5(0) = O.

Eigenvalues of A

{-0.00993, -0.01, -3500.01307} .

Results

Number | Number | Number of
of of Matrix Error
Steps | g Calls | Inversions

Method t Step
(Order) max | Size

89 x 10~* | GAB(2)
GAB(2) | 48 | 16 2 4 2

70 x 10-% | Jeltsch

Remarks

For autonomous systems, an expansion about the critical point of
the right-hand-side function produces the desired format for GAB-GAM

methods.
EXAMPLE 3, STIFF SYSTEM WITH A = A(t)5,8,18
Problem
-60 + 0.125t 10 0.125t 0
y' = y + ; ¥y(0) = .
0.2 -0.2 0 0

Reference Solution

y,(10) = 2.344886 x 10-2 ,
y,(10) = 1.301528 x 10~2 ,
y; (400) = 27.110701 ,
y, (400) = 22.242211 .

19
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Introducing a new variable, y3 = t, brings the above problem into
an autonomous system,

-60 10 0.125 0.125y,v, 0
y! - 0.2 0.2 0 y + 0 ; y(0) =10
0 0 -1 1 + vy, 0

Eigenvalues of A

{-0.2335, -1, -59.9665}

Results

Number Number | Number of
of of Matrix Error
Steps | g Calls | Inversions

Method Step
(Order) max | Size

68 x 10°11] GAM(3)
10 1 7 53 2
49 x 1072 | Lambert
GAM(3)
50 x 1073 | GAM(3)
400 1 397 2783 2
44 x 10°% | Lambert
Remarks

NLMS methods are developed for constant A. For A = A(t), the prob-
lem is restated in a form acceptable to NLMS. The main strategy is to
construct g(t,y) to be a low order polynomial in t or a slowly varying
function in t. Note that the solution at t = 10 is almost two orders of
magnitude better than Lambert's, despite the large step size. The com-
parison at t = 400 given by Lambert may itself be in error since he used
Runge-Kutta methods to achieve y(400).

20
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7. OTHER ADAMS-LIKE DEVELOPMENTS
CERTAINE'S DEVELOPMENT?
Certaine considered the differential equation in the form
y' = -Dy + g(t,y) , {(7-1)

where D is a diagonal matrix. Multiplying both sides of equation (7-1)
by ePt and integrating it over the interval [tl,tz], Certaine obtained

t

2 1
y, = e Py f L eyt A, (7-2)
4

where h = t, - t,; g(t',y(t")) is approximated by a polynomial in t',
call it a(t'), of degree n + 1; and n is restricted to be < 2.

The integral of equation (7-2) can be written as

t

5 n
[ LE g, yede & Y Caa, (7-3)
T J=e

where
- (t - tl)J
g(t, (1)) = a(t) = ) — .
: jthl J
J=0
and
t, j
g Tt =€
c, =f &P'5E,) S————-Tzl*-dt'.
J j!hd
4

It is immediately seen that

C; « BIeT - &7
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and

For the first order method,

-Dh
y, = € ¥y * (C0 - Cl)gl + Cng - (7-4)

For the second order method,

et 1 1
g . (Cz - Ecx)go % (Co g 2C2)31 i (§c1 ” Cz)gz = L

-

If we take A = -D, simplify (C0 - Cl)’ and substitute it into equa-
tion (7-4), we get

y, = ey e nc@n 2 ra - anet - 1jgy e [ e am - Mg, 7-6)

which is exactly the first order GAM method. Further, it can be veri-
fied that Certaine’'s method of order 2 is the second order GAM method.
Therefore, we see that the GAB-GAM methods include Certaine's work.
BJUREL'S MODIFICATIONS

Bjurel considered the differential equation of the form

Pyld/dt)y = f(t,y) , (7-7)

where P is a polynomial of degree n with constant coefficients. Bjurel
generalized LMS methods and obtained

k
D layy,,; - By ME ) = 0 () = 1, (7-8)
i=0

where °i(h)’ Bi(h) are mesh dependent.
Bjurel defined
k

o(t,h) = Yoyt
i=0
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k
o(e,h) = ) B ().
i=0

In order to give rise to the Adams-like methods, Bjurel first consid-
ered p(g,h) is of the form

N Ash
oe,hy =X I -y, (7-9)
i=1
where Aj are roots of PN = 0, and then selected the remaining (k - n)

roots of PN = 0.

The resemblance to the ordinary Adams formulas can be seen by put-
ting N = 1 and A = 0.
NORSETT'S METHOD?

Norsett's A-stable modification of the Adams-Bashforth methods con-
sidered the problem

y' = £(t,y); y(ty) =y, (7-10)
over the interval I = [to,b].

Choose tneI and define tn+i Sy, B ih. Write y' = f(t,y) as

y' + Py = Py + f(t,y) , (7-11)

where P is a constant matrix. Approximate T(y) = y' + Py with a
Lagrange interpolation polynomial at points tn+i’ 1 = 0,15 oy

Integrating T(t) between tn and tn+i and using methods of gener-
ating functions, we obtain the following formula:

) (7-12)

q
_ _~Ph s
Tasp "% Ty th :E qu(fn-i * PYng

i=0
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where

q 1

o  fmy mf Phsg-s;p. L -ty
in ¥ ('l)zhm(i)‘ s / A (m)d‘\' T R T
m= i 0
g = 0,28, vy 1. (3 180 R
1s easi 30 if o = () i = 0 ) = Yy
It is easily seen that if we take q 0, i 0, 8. rn-l + ')n-l'
and P = A, we get
; B (1 -1 Ah, .
Foii ® € Yn t BAR) 7T - e ]tn . (7-13)

This is identical to the first order GAB methods.

JAIN'S METHODS®

Using a similar starting point as Norsett, Jain developed A-stable
methods for stiff ODE's based on Hermite interpolation polynomials. Let
(t - a))(t - Ba)e v v 6 (- a; (e - Bieid” e -~ a)

2 ‘ n i
(aj - al)(a'i > DO (ﬁj - nj-l)(aj - &, ,)° o -(aj - anT—(7 14)

Li(t) =
.’ _]"’l

be the Lagrange interpolation polynomials.

Let
o - - 1 2 &
hi(®) = [1 - (¢ 33045 (@] (1) (7-15)
and
Ri(t) = (¢t - ai)lg(t) (7-16)

be Hermite interpolation formulas. Write y' = f(t,y) as

Y' % Py »ipy ¢ £(2.y) . (7-17)

Approximating y' + Py by Hermite interpolation polynomials yields




y'(t) + Py(t) =
i=]

where
R, =
F(t) =
and

w(e) = (¢t - a;)(

1
2nj1 |

f(t) + Py(t) ,

t

- a

(2r

n

i=

)

2)

Integrating equation (7-18) from tn

a e-Ph
n+l n

where

"”[z (M, F.

—- “nel Pt
H, il. e F}(t)dt :

tn

-Ptn*l

" ST

t

tn+l

n

P is an approximation to -(af/ay)n

1

to

t
n

(g)m?(t) ,

(t - an) .

}

‘1 gives

p +

PR M) (gyn2(t)de

(which is chosen to be

o) f(tn:yn_l)

for a scalar equation),

y

n

=i

n-1
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zh (t)(t * By, ) + Zh (t)(f' + l‘f J & R » (7-18)

(7-19)

(7-21)

(7-22)

(7-23)

(7-24)

S
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i i 1 i S
f - f (t . y o U y g ) y )
B n n_'n_ _n 1 n (7-25)
ii - S
yn yn-l

for a system of equations, and P is considered to be a diagonal matrix.

Equation (7-20) can be rewritten, by changing variables and letting
s = (t - tn)/h, as

n
Yoei = €y, ¢ he‘”‘[z (HF, + ﬁi"i)] ‘R, (7-26)
i=1 |
|
where |
1
H, -[ e™h, (s)as (7-27)
0 N
1
i, -[ e*"‘sﬁ'i(s)ds . (7-28)
0
1
= n2n*1 _-Ph.(2n) 1 2 2n+2 2
R = h2M*le~Php (g)lmln (s)dsl « 0R2™2) . (7-29)
0

Therefore, the method (7-20) is of order 2n.

The integrations involved to determine Hi'ﬁi are of the form

1 N ;
Phs i
I =[ e (ZCis )ds . (7-30) |
0 o

i=1

N=20,1,...,n.
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Take a simple case, n = 1, and we have hl(t) B b F}(t) =t -t

1
m(t) =t - t;; h(s) = 1; hi(s) = s; and n(s) = s. Then

1
Phs, _ 1. Ph
Hl-/e ds—Ph(e 1) ,
0
1
: e, {2 1\ Ph 1
ﬁl b se ds = (FF - W)e + p2h2 »
0
and
1
1 2 - l
W/ n (S)ds 3
0

Select the coefficients of ﬁi to be 0, and equation (7-26) becomes

-Ph
e Y

o = he'Phl(ph)'l(eph . l)lFn : (7-31)

y

Define -P = A and Fn e 7 and equation (7-31) is identical to the
first order GAB methods.

MURPHY'S DEVELOPMENT/

Murphy proceeded again from the same starting point as Norsett and
Jain. Murphy wrote y' = f(t,y) as

y' + Ly = Ly + f(t,y) . (7-32)

Multiplying both sides of equation (7-32) by eLt and integrating from

t, to tn+l yields

-Lh -t n+l
Y(tn#l) =l : Y(tn) + e n‘i/- eLtf(t,y)dt . (7-33)

tn

Murphy employed Newton's divided difference representation of the Her-
mite interpolation polynomial of degree 2r to treat the integral.
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A change of variable, letting s = (t - t“)/h in the integral of
equation (7-33), gives

t t
Lt n+l n+l .
e n#l‘[ eLtf(t,y)dt = he-l‘hf cLbhf(tn + sh,y(tn + sh))dt. (7-34)

tn tn
The function f(tn + sh,y(tn + sh)) is approximated by Newton's divided

difference formula, using the values t L ™S L

n-r+l’tn-r+l'
Therefore,

n

. L]
f(tn + sh,y(t“ + sh)) fn + shfn + s“h“f

,n n,n,n-1

2K 3 oo -
+ (s + 1)s<h fn,n,n—l,n-l + (7-35)

+

2.2, 2r-1
(s % 2)"sh fn,n,---,n—r#l,n—r*l . Rn i

The error term

- 3 se e S - 2 2n s e
Rn = [s(s + 1) (s + v - 1]4h f[tn,tn, ’fn—r*l,n-r+l]

The fi,iol,--- i+ in equation (7-35) is the j-th Newton's divided dif-

ference given ﬁy the quotient

€ L fi+1’-...j+j % fi,---,i+j-1
i’i*ll‘..li*j ti"j b tl 4
and fn,n is defined to be equal to f'(tn).
The Murphy method takes the form
-Lh
0 Ml S h[aofn tafint a2fn,n,n-l W

(7-36)
2 a2r-lfn,n,n-l,n-l.-~-,n-r¢1,n—r¢l] ’

1
a, = hle'[‘h[ Pi (s)eLShds "
0
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(7-37)

i=0

and the Pén)(s) can be calculated by the recursive formulas below:

PR (5) = (s + m - ne{M (s) + e sy, (7-38)

m=1,2,**e,rn=0,1,2,°++,2m-1;

Pé;)(s) a {5 % 13?5;21(5) + nPéEZ})(s) . (7-39)

m=1,2,000,1, 0= 0,1,2,°4,2m; with Pgo)(s) =P (s) = 1, PC-D(s) = 0,

The choice of a;, = 0 for j > 1 produces equation (7-40) from equa-
tion (7-36), which cgincides with the first order GAB methods for j = 0.
This choice gives

a, = ()7L - ey,
(7-40)
Voot * 0 hl(Lh)'l(l 2 e‘”‘)]fn .
VERWER'S FORMULATIONS
Consider an LMS formula of the type

k k
Yne1 = zAl(thn)ymn-l k4 hnzen(hn‘ln)fml-n ’ (7-41)

2=1 =1

where Jn is a matrix that equals or approximates J(tn,yn), the Jacobian

matrix 3f/dy. Based on approximate choice of rational function, Verwer
arrived at a multistep formula with zero-parasitic roots and an adaptive
principal root from equation (7-41). This formula leads to

k

Yne1 © R(hn‘]n)yn *’legsz(thn)[fn¢l-£ 3 Jnyn*l-zl (F<k)
2=1

Equation (7-41) can be put in the form
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k
Yne1 = Pyn#l-l T hnzBl(hn‘)n)gml-z $ (745
£=1
where
k
P = Z{Az(hn.}n) . hnBQ(thn)Mml_l} ;
2=1

Mn+1-lyn+1-2 5, fn#l-l = Bpay-g

If we use a Pade approximation for P and let Bz(thn) be ¢kl(Mh)’

equation (7-43) is identical to the GAB method. Note that Verwer does
not consider implicit techniques at all.

LAMBERT'S METHODSS

To solve the problem y' = f(t,y); y(to) = ¥o» consider a class of
multistep methods with variable matrix coefficients, as defined below:

k k
z[ui 8 hai(tn)]ymi . hz[Bi i hbi(tn)]fn#i i (7-44)
i=0 i=0

where y, = y(t;); f; = f(t;,y;); t; = ty + ih; Iai(t)l < a constant; and
|bi(t)| < a constant for every tc[to,tmax].
A class of the above methods has been considered, as follows:

k s k S
2 01« Yaindqly =) b1 DM L 7-a8)
i=0

i=0 s=1 s=1

s
and ||Qn|| < q and ||a£0)1 + :Eais)hsqzll are nonsingular.
s=1

To label a class of the above methods as Method 1, Lambert selected
$S=]: ke l;p= 1,2 ago) e 1; ago) = -1; bfo) = 1/2; bgO) = 1/2;
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agl) = 0; and agl) = 0. This selection gives the first order Adams-
Moulton method. A class of these methods is used to solve problems in
examples 2 and 3 of section 6 with

of

ay

t = tn+2

31
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8. CONCLUSIONS

NLMS methods have the advantage of allowing the use of a large step
size for solving stiff equations; GAB-GAM methods have the advantage
that they are strongly stable and require the least number of operations
in the class of NLMS methods.

A good implementation of GAB-GAM methods, certainly, will solve
initial value problems of stiff equations effectively. GAB-GAM methods
are not restricted to solving stiff equations only, as example 1 of sec-
tion 6 shows. However, the GAB-GAM methods are not generally competi-
tive with ordinary Adams methods for such problems.

Pade approximation plays an important role in the approximation of

A number of formulasl9 have been given that approximate eAh effi-
ciently. The PADE subroutine listed in this report is for eigenvalues
being negatively large and differing greatly in magnitude. For mild or
semistiff problems, other Pade formulas may be substituted.

GAB-GAM methods are designed to handle ODE's in the form y' = Ay +
g(t,y), where A is a constant and nonsingular matrix. For A = A(t), a
decomposition can be made to transform the problem into a form accept-
able to GAB-GAM methods.

32
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programs, the matrix inversion subroutine is not listed. The user can
supply a matrix inversion from his computer library. The main program
describes the solution setup of example 2, from section 6 of the main

text.
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Appendix
A LISTING OF COMPUTER PROGRAMS

A listing of ANSI FORTRAN computer programs follows. Among the

This problem can be used as a test case.

PSS EPRRTRIIFEREIUNTEEENNETROENSS POV EETERENRCEReRERERESSRSEES
THIS PI_TRA® COMMANDS A SET OF S_BE L™ N5 TO INTEGRATE
R SVSTE™ OF TIRST-CRPER CDE OF TwE SCPN
DPY(TV-DYeAY ¢ G(Y,V)
OVER THE CLCSED INTERLAL (Y11, TMax,,
OPTIONS ARE t LARIABLE-STEP-SIJE (FINED STEP 5!2( AS wELL),
SELF - Stel?l\&. PREJIC 70‘-(?"!.

PATRIX & 1§ A FUNCTION
INFUT PARARETERS HAVE THE FOLLOVING DEF INITIONS?

8 A 2-DIRENSIONAL ARRAY RATRIX

(4] USER-SPPLIED (llOl TOLERANCE
DEFAULT LALUE - 0.1D0-8

L] INITIAL STEP SIZE, DEFAULY UALUE-0.001

HRAX  THE PAXIRUR STEP SIZE THE USER ALLOVS TWE PROGRAR
TO CONSIDER. DEFAULT VALUE-1.DO®

iat SET-0, IF A IS @ CONSTANY
SEV1, IF A 15 A TUNCTION OF T

| ]
1
]
]
B
é
L d
%
&
4
8
4
&
[ d
1
8
B
[
s
8
IGFN SEY-S, IF G(T,V)ed 1]
SET-1, IF G(T,v) NOY « @ :
8

1

L

1

8

3

8

S

L

8

8

L

3

8

L4

3

INDEX SET-0, ASKING FOR EXPLICIT RETWODS
SE¥=1, ASKING FOR IMPLICIT RETNODS

e SEY-0 FOR PRIDICTOR OR CORRECTOR
SET+1 FOR PRECICTOR-AND-CORREC TOR

KSTEP STEP MURBER (LESS T™AR )

L) NURBER OF EQUATIONS

4 1-DIRENSION ARRAY, T(1) CONTAINS INITIAL TIME
TRAX FIMNAL TIME

YZERO 1-DIRENSIONAL ARRAY, CONTAINING INITIAL UALUES

'lulltllllllllllll‘ll'llllllll‘llllllllllll“ll‘lll‘l.lllllllll.
COMMON AC10,10),7(4) N

DINENSION Y(4,10) AYZERO(10). veEu(10) NI 3
DOUBLE PRECISTION A,ERR,N,HRAX,T, TRAX, Y, YZERO, 2, NRIN v %
x2,21,28. 8,000 > &

(YT Y Y R Y P Y Y YT Y IR Y Y X Y R R R X X L L

DOUDLE PRECISION X- N1
BOUBLE PRECISION NUSED, YNEV Y 2
BATA €RR/.1D-8/,MRAX/S . DO/ g
21+-0.1945328968080-¢ o &
22- 0.611047483144600 & 3

::; 1.288950571516D0 -

A-1
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KSTEP-2

We1.D8/256.D0

Al L)e-3520. 00
Al,2)+-0.01309
Atl,3)-9.0
A2, 1'-1090.00
A2,2'--9.01300
A2,3)-0.00
a), :)--=soo.no
A(),2)+0.00
O(J.J'--...!D.
10 Hedq.DOIN
T11)-0.00
VZERO(1)+0.D0

IF(H .GT. 16.00) STOP
CQLL DIFEQ(ERR, M, HRAX , KSTEP, N, TRAX, Y, vztn 1CGFN, IPC,
lnotx 1T, z vntu.uusto.unl
l.lft(s 1) NUSED.2
1 ronrwnux.'n -'.(lS.l.l.l.‘T o’ ,E15.8//)
& FORMAT(1X,3(D24.16,2%)
J 'MMYUISK.'HM I(L :m °',024.167)
Xi-YNEU(2)+1.D0
X2-YMNEVU(])+1.D0
URITE(S,2) YNEU(1),X%1,)@
URITE(S,2) 21,22.2)
V1-CABS(IYMEV(1)-21)720)
Y2-DRBS((X1-22)722)
U2-DRAXL (W1 ,U2)
WI-DADS( ::;-nun)

SUBRD TNE STAT k' - W.N, Y, VYN, VOLD,IT,laT)
CCNANCN AL, 19,70
DIMENSION Yi4,10),YN(10),YO0LD(4,10)
DOURLE PRECISION A,M,T,v.YN,VOLD
tATAa 10,11-0,1/
00O 1 [e1,N
1 YOULDUL, IVevey, 1)
DO 19 Je1,KSTEP
gst.L tl«.l:s(n oM, YOLD,N, YN, 10,11,17,147,10)
voLbtt, l)-\’N(l)
$ YiJei, n-vmu
10 CONTINUE
RE TURN

SUPROUTINE AFNT(A N, T)
DIPENSION A(10,10)
DOUBLE PRECISION A, T
RE TURN

€m0




TR 6011

SUBROUTINE GFN(G, N, N, Y,J,T,A)

DOUBLE PRECISION AC10.10:,Y14,10),0010), T(4) K, TH
Gl2)°-9.01300-1000.D08Y(J, 1)8V(J,2)
THe-25@@.002vV(J, 113V(J], )

G(li=TH ¢ G2

G(I)e. 1D-18V(J,I) ¢ T™

RE TURN

€N

SUBROUTINE INUERT(A M, ANS)

SEESSESELESRSLa e EtEEELEREZER 2RI RSREASRSRARRRERURELILRRLREBERERN

MATRIX INVERSION SUBRPOUTINE, CALLED BY PADE OR NLRS

A CONTAINS THE CRIGIMAL ELE~ .NTS AND REMAINS UMALTERED X

ANS CONTAINS THE ARR(-1) E

THIS SET-UP 1S USING UNIUAC 1168 MATHPK EXISTING DOUBLE L3
PRECISION QARUSS-JORDAN REDUCTION

THIS PROGRAM IS REPLACERBLE BY THE USER )

SEIERESESATSINNRESESRNARLTREIASUSRRRANSNINSESSANINTIURERRLASSLELLEE

DOUBLE PRECISION A(10,10), ANS(10,10),V(2)

DIMENGION JC(10)

DATA ~R/ 10/ ,NC/ 10/

Vi(1)=1.D®

OO NOO
LY XXX )

L ANSCI,JIACE, )
CALL DGCJR(ANS,MNR,
IF (MDEX .EQ. 1) G

RETUAN

10 URITE (4,2)

@ FORMAT(IN,22MPATRIX INVERSION ERROR)
RETUAN

NG .n mDEX, JC, V)
éo fo

S.ERITINE PRICIH .« ,FP.B,(,C0.,N)
tlllttll!ix-tll!!lll(r(tllllt!lll!lllllltntnllxllllllllllllllllllt
13 CALL LaT: ¢ MLTRIN EXPFORTNTIAL BY PADE AFPROXINATION

] CAL Z'D By NLMS SUBRfU"\l
nuvulnlvlulnuntllutnnullullluuulltllulllnllltllll
DOLELE “RECISION £(1d,10°.P(10,:9),0(10,19),C¢19,10),C0L10)
POLRIE FRECISION M, HAUE , XNOR™

aone

cot(l v-"(‘L( 1)eDARS (A(J, 1))
16 CONTINUE
17 CONTIMK
ANCIFCOL(1) 3
0o 18 [~t,N :
IFCxNGRP .GY. COLOI)) GO Y0 18 4
XNOEPCOLCT Y
18 CONTIME i
SEEES Y SRRt d St TR E PRI ennRSRNIRERERSRRsTsRSRERRRSRARRILRE
g COLU™~ PORM 15 USED TO SEE UHETHER EXP(A) NEEDS REDUCTION ] '\"
: ':";nuunu:nntnnuunuunnnnuunnuuuuuunuun c?
0 IF (x"ORTIH - ,1D@) 3,20,20 g'&' ;
uuuuuaunnunuu:lnunnnnnnnnnunnllunuuu R) /
1 EXP(A)(1-0.53R+A882/12.0)88(-1) +Q0.58A+AL82/12.0 /
3 gl:l:!:l:ltllltlllllllllllllllllll!l uuunuunuuuuuuu Cag
A
PO S Joi,N R §
00 4'Ks1,m & &Y
P(], Jr-Nl JIeAC(T KIBA(K, ) 5 ‘fo
(oo} "?lM /'.:‘ B
cu J)e(PI,SIt4/12.00-AC1,J172.00 180 M
CONTIMNUE

C(1,1)e005,1)0).0D0 (4; q

.
o000

e atan

1.1, ]




TR 6011

§ CONTIMA
CALL INVECRT(C,N,B)
Do 9 ;‘;I.N

10 Jei N
C(l,J)e(P(1,J)8M/ 12.D0¢A(1,])/2.D6)8N
:(l J1+0.00

L
f.aremct, k000K, 30

Bss

§%

33
-

ME
1F(R .£0. §) CO YO 40
S85ESA2RAREREITLTZACALTLLTCACLSLTNLTAIINAIRISLSSI282285888280882888
B NORM(AM).CT.(.1), EXP(A) <EXP(A/288M)ISB(28eN) L
S858885382808R2ESRRESSR AR RRREASIRSL2LL2I2TLTATALELE2E22288ESS

ano

s
24 CONT!

83
83%%
3

]
ZzOO
EE
i

SUBRCUTINE CIFCQCERD W B ay ,(STEE N, TrAx, 7, v JERD, I, IV,

' INCER, 1Q7 ANCEP VN o, HUSED , =1 1)
SETCCLeREIAAIRIINSSSL RS nnngisusRsRsRRTRORE IR RORERRIARARECRRCREE
DIFEQ IS CALLED BV NuIN PICGRAN WHOSE ARSUNENTS ARPE ALREADY
DEFINED IN THE MAln EROGROM UMERE IGelSFN, luelP(

DIFEQ CALLS 2 SURRCUTINES
START (KSTEP, ..., IAT) ~-~-A STARTER
NL"S (KSTEP, ..., IAT) ~--NONLINEAR MULTISTEP (GAD,GaN)

.
.
.
3
s
]
T
SOLLTION VECTOR Y(T) 1S VYNEUCI) OR Y(KSTEP+1, 1) :
s
s
s
3
]

DASED O USER-SUPPLIED INPUTS, DIFEQ SETS UP THE ITERATIVE
PROCEDURE, CONTROLS STARTER, STEP-SIZE CHANGES, PREDICTOR-
CORREC™0R, CORGECTOR'S CONVERGENCE, CALLS FOR
TH. PEQUIRED ASTHODS

(AR AR RN R AR R TR iRt e qtidddiyiddsaitqtqiquififiiy]

OONOOOHOOOHHHOHAD
NeNARRIREPVRSEBe®

A-4 THIS PAGE IS BEST QUALITY PRAGCTLGABLR
FROR @0ryY PUNRALSHED TO bOC

o

R — . _ e —



L1

on6n

$1

OOOON

COMNON AC10,193,7(4)

DIRENSION G(10),Y(4,10),YNLLO), vu!u:l.t,votbtt 10),YZ2EROL10)
DOUBLE PRECISION A,ANORN,ERR,G.H,WHAX, NAIN, T, TER, TRAX

DOUBLE PRECISION 72:!0 Y,¥N, VNEU,VOLD.VZ!IO NUS(

DAYA 12ERO, IONE/0,17

18,0 O}

JM-0

KUSEDM

DO 40 1+f,N

¥i1,13eYZCROCT)Y

[TER-®

ISTEF-0

TZERO=T(1)

ITERITEReL

IH-0

IRIN-9

CONT IMUE
SEEESEIURLREYSSLLLTTINILEITEISL288238285228888R2ECERSSSS222830
8 EUALUATE A(T) AT TeT(®) IF IAT 1OT @ ]
3 1F KSTEP GV {1, CALLS STaRY
S2LSTUTATLATITILSLTSSSSSSATIIRTINLSLS2888423422822288228388888522
IF(IAT.NE.®) CALL WFNT(A,N,T(1))

IFIKSTIP.EQ.1 .AND. INDEI EO..) GO 70 60

caLL smnnxs*eu H,N,Y,¥YN,YOLD, IG, 1AT)
T!Q-T(l)O'FL((‘LOQ’(KSTE’)D

IF(TEA.GCT.TMAX) Mo TRAX- T(ll)lblLE('LO.?(KSTt'))

IF(TEA.CT.TRAX) GO TO S1%

InefHet

IF(IN .GE. 32767) IHe@

DO 61 Je1,KSTEP

T(Jou-'ru»m

'l!ltllllltl!lllllllllllltllllll'lllIlllllllilllllllt'lllll‘ll“l‘

f  FIXED-STEF-SIZE fuee, INDEA=® PRECICTOR
3 XU'. INDE X} CORRECTOR l
8 UARIABLE-STEP-SIZE U NE 0 PREDICTOR-CORRECTOR L4

"'lll!l!lll!lll'!'ll!llllllllllltt‘llllllltt'l!tlllll'lllllllllll

.XF(IU.[O -@.AND. INDEX.EQ.0) CaLL NLHSIKS’{P N,IOLD N YN, 12ERQ,

,1AT
IFCIV.EQ.0.AND. INDEX.NE.O) CALL NLHS((STEP N VOLD N ¥N, 10NE,

M, I
lf(lv.ﬂt..; caLL RLH‘(KST!P.N,VO{D.N.VN.thRO.XON!.IG,IAY,JN)

68 80 66 1-t,

o000

€9
78

11?7

5 “OLDKITEDey, [ evNCT

IFCIULNE. S G T 85

IFCLNT €2, 1) GO T0 69

D2 63 1=:,~

YNEY D YevNr D)

G Ty B2
tnutttunnttltttltttt:n:tttnntttnlttlllltnltltaltttlt!x!ltllttlltnt
t CORRECTOR AT N0ST CORRECT 3 “INES

3 STER-SITZ CHaNGED lv A FACTOR 5 2 t
Itll;tlllllllllltlllltlltll‘litllllllllllllllllllllllllllllllllll‘
ICIRRQ

ICIRR-ICCRR*Y

IFLICORR ,LE. LAT) GO 70 7S

Hem. 2.29

Jre-9

IF(H LT, WAIN) HenRIN

JE(W LT, MNIN) IVINeIAINGg

JFCIAIN .GT. 3) URITE (46,1170

FORMAT(3IX,J9%H REACHED MAIN, NO CONVERGEMCE POSSIBLE)

IFCININ ,GT. 3) STOP

T(1)T2ERO

TEA=T(]}

DO 71 Je-1.M

VII.I)-VZIROII)

GO T
caLtl NLHS!KSTEF W, YOLD, N, YNEU, IONE, ICORR, I, IAT, )

I (LAT NE.71) Go'1o0 7% ﬁ;§
G0 YO 82 Y
CONT INUE H
ANCEN=0.50

TR 6011
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o066

NOO

DOOOOHONOC.

SON6NH

A-6

S88TATLELEETERONIRATEIRRRESISIRISEEsE080RRTTACNN0ELTRESsSERSS

8 TEST CORRECTOR'S CONVERGENCE, USING MAX NORM s

;glal;llllllllllltllllll“llll“lllllllllllllllll“lllnl“llllll
{1 N

Gt 1o (YOLD(KSTEPS1, J)-AEW(I 1)

1F (ANORM .GT. DABS(G(J))) GO TO 99

ANORN < DADS(G( J) )

CONTINUE

IF (ANRN-ERM) §2,82,1182

00 81 Jei,N

YOLD(KSTEP+1, ) e VMEW(J)

GO TO 70

DO 83 lei,N

Y(KSTE®eq, 1 1eVNEU( )

L T Ty L T R P LRt tTrrrLrrrrrrrrroe

8 RESULTS V(TEA) IN YNEW(I) AND V(KSTEP+§,]) s

mg:t:z:uunnuununnnlunuuluuunuuuununuuu

NUSED*DIAXY (M, MUSED )

DO 85 Jei,KSTEP

DO 85 le3.M

Y(J,1)ev(Je1,1)

1F(J.€G.1) YZERO(T)ev(y, 1)

CONTINUE

JH-1

Ti1reT(2)

TZERQO-T(3)

IF(IV.EQ.0 .AMD. INDEX.EQ.1) LA™
IF(IV.EQ.0 .AND. INDEX.EQ.1) INDEX-®
IF(LAT .EQ. 1) Ine®

IF (DADS(TEA-TMAX) .LE. (.1D0-7)) RETURN
F(Iv _.€Q. @) Q0 TO 6O

(1)eTEA

TIEENT(

DY 6 1t N

VIERO 11 CSTEPey, I

Vi, L svIKSTERS, T
REsetgigegtoeasttonsstuaxssensnsgiesastistensungsssoesssgessgsseses
8 NIINTALN SUSTESSFLL W CONSTANTLY FOR 3 TIMES DEFORE DOUBLING 8
088880 RNEERRESSSRTSRSSSRENNRNIREE0R20RE00NRESE88RR0R0E00000RERES
ISTEP ISTEP

IFCISTEP .LT. 3) GO YO 49

ISTEP-0

He2 . DIRM

IF(N GT. WRAX) NeMRAX

IF(OABS(TEA-TRAX) .LE. (.1D-7)) RETURN

GO TO 49

SUBICUTINE N PS C(STED, M,V , N UN, INCEX, IS, 1T, 1A%, in
BI0AUESREEATRNSIRECINRNtEOuv teiatsvERERERARsORASERAEINSESRRANSR
NONLINEAR M LTISTEP ALIIFITMY(SAD,GaY)

CRLLEC BY DIFEY (R STaRT 1
ARGLIIENTS ALSEADY DEFINED 1N MaIN PROGRAN L3
THIS PROGRA™ CALLS J SUBNOUTINES s

INVERT (AN, N,PL) 2

GFN(G,...,A) L4

3
L3
]

PADE(A, ... ,N)

SOLUTION VECTSR 1S STORED IN vN(I)
ll'll'll'llllllllllllllllllllllllllllltlIllll"llll!ll!llllll‘ll
OMNON A(10,10),7(4)

MENSION AN(10,10),AH2(10,10),ANI(10,10), AHe110,10),AT(10,10)
NSION EAM(10,10),E2AN(10,10),E344(10,10),6(10)

NS 0,10, PHI(4,10,10).0M41(4,10,10),UNIT(10,10)

NS (10,10),U2(2,10,10°,U3(2,10,10).0e(2,10.10)

" 10),vN(10)

NS ,10,10),F1(4,10,10),A1(10,10),42(10,10),03(10,10)

ON A,AN,AN2,ANT, AN4G AT Ean, E2AM EJAM, G, ™

ON Pi,PHI, QNI T, 11,12, %3, TH,un1T,01,u2.u3,ve, v, YN

PRECISION FE,F1,A1,02,A)

“'l'l.l.lllllllllllllllllllll!'lll'l.l'lllllll!llllllllll“l‘ll'l

8 JM AND IS ARE INDICATORS s

8§ PROGRAM DOES INITIALIZATION UHEM ISe1 AND JN<® s

8 PROGRAM CALCULATES AND SAUES AW, EXP(AN), A INVERSE,PNL FN &

8 15.GT.1 ABOVE CALCULATIONS ARE Dveasst

$90338838212898332885222539833389895220808900932928898938580888988

- 1-T. Y X XXX N N X J

1
"
1"
1%€
IRE
1"

g
i

$HIS PAGE 15 a0l UALLTY k'MGIM
FROA GOFY PUARLSHED 20 IOQ ™
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JF(JH .CY. @) CO TO (100,200,000), KSTEP
DO 2 11
M é J':’N
A2(1,))+0.00
A3(1,J1:0.00
AH(T,J)eNBAL],J)
a2, J)r%0.00
AHI(1,J)40.00
s 41, ))0.00
1F(n-1) 7,8,7
8 AL(1,1)-1.C0/AM(1,1)
. AZ(1,1)-A1(1,1)8A1(1,1)
AH2(T, 1 )AM(1, 1 )8AM(T,1)
AL, 10°A201,1)8A8(8,1)
AMI(1,1)./N(1, 1 1BANIT,1)
GO YO 9
g 7 CALL INVERT(AN,N,A1)
] DO 21 I-1,N
DO 21 Jet,N

AN2(]1,J) Ma(l J)OQN(].K)‘.N(K,J)
81 A2(1 J)-aa(l Jrsat(l,x 18AL K, J)
IF (kETEP .€Q. 1) GO fo 9
DO 22 I+3,N
DO 22 Jei.N
22 Ke1.N
AMI(T, .n-m:ul JICAM2(], KIRAM(K,J)
a2 ﬂ]‘l.J)'ﬁJ(l JHQI(I K)sA .J
FiTer €0 ar o to e
2) 11, ,N
2) Jet.N
2 Ket.N
8) AMa(l Jl-mul Jmuu.nu:u..n
® 1F(N-1) 10,1
" tm\.u-otmmu "

Vv T 14

10 CALL PRDC(A,H,EAM, ECAn,Eda,C,N)

14 l":Sl.GT. 1) GO TO (100,200,300), KSTEP
“1,N

8333223

)

I

g

Gl 00 0>

K)e0.

GO TO' (109,200,300) , KSTEP :

100 CONTINLE
S355RSCESEEERERRESNREEES2RREEER200CERR8CRRERRE8SR0ERREE00NR00S
8 NONLINEAR MULTISTEP STARTS WERE. s
8  BEGINNING SECTION DOES INITIALIZATION 8
ORI L R SR R L L T

132 1+1,M

YN(])e-0.00
PuI(2.1.1)-0.00

. 132 Puicd. ]
tms.ci 1 SanS. INDEX.€Q.6) GO YO 133
90 10D 1 1
90 103 Joiy

160 Pl(l.J)--tm( JJIUNIT(T,I)
'll'll'll'l!llllllll.lllllllIll!'llll‘.l‘l“‘lll'l.‘.l‘lll.ll‘lll' “'y

1ST CRLER GAB s <

DO LCCP 15 CALCULATES PNI(1,@) s O

LOCP 108 5P 110 COMPUTES FINAL Y(Ne1) &/

lltllllllllll|llllllllllllllll‘I!l‘llll‘.“l‘llllll”“l'.‘ll.l 4

INCEX .NE. @) GO TO 153 ¥

1 €0 ¢} co Yo 10

106 1-1,N

1

)

o000

0000

-

104

23333I"""

. &
O et
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|

TR 6011
105 PHICL,1,0)00PMNv ., T,J)-ALCT,KIBPL(K,J)
FECt, b, 30emmice,1,9)
106 CONTi
131 CALL GFN(Q,N,N,Y,KSTEP,T,A)
B0 168 1-1.N
90 108 Jei
108 :zus-:n;mmu SRV, JIeNSFE(S,T,J180(J)
100 50 110 121,¥
DO 110 Jei
110 :8(;&-VN;I)‘(‘”(I 2JIBY(1,J0)
[ llllllllllllllllllll"llll‘ll'llllllllllllllllllllllllllllllllllll
¢ S 1ST ORDER GAM
¢ 8 COMPUTE PMI(1,0), PMI(1 :
H §  FlnaL RESULTS' ark CALCULATED TN LOOP 166 OR 1 v
[ "l"lll‘ll'llll.ll‘lllllllllllll.llllllll!lllll'lll‘lllllllllllll -
183 1F(1T .€Q. O) Q0 YO 167
0O 160 le1,N
DO 181 Jet,N
D) 162 =1, N
162 FIOL D, 20eF 00, 0,0 -H8A(] KIBEMM(K,J)
€L, 0, d5F101,1,3)-P1cT,
161 Flw2,1,J0PLi1,)eN8011,D)

160 CONTINLE
170 K2-KSTEP+)
1F (1T .EQ. @) GO YO 167
D0 163 [-1,N
DO 164 Kej,x2
CALL GFNIG,H,N,V,K,T,A)
DO 165 Jei,N
IF(K.EQ.1) PH1(D,5,1)-PNHI()
165 IF(K.€Q0.2) PHI(2,],1)PH1(2
164 PHICI,1,10PHICD, 1,1 0ePulCa, 1,1
163 CONTINUE
DO 166 -1, n
DO 166 Kei
166 vn«ln-vncl) Nlﬂe(l.l)lﬂnllj.l 1)+€AN(T, KISV (L ,K)
GO TO 172
167 DO 168 I-1,N
DO 168 Kei N
168 YN(I)eYN(T)oEAN(],KIBY(1,K)
lllltllll!lltllllllllllllllllll!llllllllll‘lllllll!lllll‘lllllllll
8 IF A 1S A FUNCTION QF T, PERFORM Pcaxootc DECOMPOSLITL
8 EUGLUMTE ACT(I)), AND ADJUST FINAL Y(N®) H
ln::u:x--u:cut--a:tl--auntltlt:nnltn:cnntntltllttannlnuuaallsnuunl
372 IFC(JAT .€Q0. 0) RETURN
DO 125 l-l.
DO 125 Jei,
18S €crucg, J)-Fl(! 1.3
176 TheT(g) oM
CALL AFNY(AT,N,TH)
00 173 le1,M
G110, no
D0 173 J
n G!ll-u(llO(OYGI J)-At1,d)8v(a, )
DO 174 [e1,
oMlic4, 4, li-O ce
DO 174 J
174 ontaa§4 1)-ouxca 4,0)e€2M(3,J)8G(J)
DO 175 J-z
ITS YNCI)evN(1)-HSAZ(T,J 13ONT(4, 4, ) .
RE TURN
200 CONTINE
lllttlllllllllllltlltllllllllllllltlllllllllllllllllllllllll!lttll
8 NONLINCAR MULTL-2-STEP STARTS WERE s
8 BEGIMMING SECTION DOES INITIALIZATION s
;;t;::t:l:l;:llltlllllllllllllllllttlllllllllllllllillllllltll!lll
. L

1. 1. 1.1

()]

LAl Pi(

YN(1)e0,

840 CONTINUE
1IFCIN

. PH1S PAGE LS BBST QUALITY PRIGTIGABLA
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L. 1.1, 1)

NnoONON

maw
ry 1.1
e

33338872882

lhgnﬂuﬁu'lﬂ-ﬂ
o=e

833532858283

[
-°§°s==ez*x

lllllllllttllllllllllilll'lll'll.l'l'l.lllllll'llll.l!lllll.llllll
8 2nD ORDER GAD

8 A2 CONTAINS (AM)BR(-2)
.“'lllll!ll!‘lll"‘llltl'l“l.‘lll‘llllllllll.llllllltlllllllllll
F(18 .0T. 1) GO TO 834

WCIT LEQ. ¢ 30 10 23S
'.ll'lllll'llt“t"ll‘llllllllllll..l‘lll...lll‘l"l‘llllllllll‘.l

AT THME FINISM OF LOCO 215 - s
§  PHI(1,1,J) CONTAINS PMI(1,0) PUIZ.1.1) CONTAING PHI(2.0) &
8 FINAL ViNe1) ARE CALCULATED i LOOP 232 s
3 l(ll!ll(illl‘lllCllt!'ll‘l‘l!‘lllllllll‘ll‘.l..llllllllllllll
l N

-Ea=(! +JIOUNIT(L, )

N‘W“QHDNINH-
-
t.-l(-
L
u
-
8

T
o MNWNLWW

1)-’!( 1.J)-0(1,3)
.:)0'“ 1.J)¢2.0008M0(1,J)

*Ez;a;s

J
+JIFE(Y LJD
JIFEL(2,5,J
20 K=1,KSTE

GFN( .N N, YK, T.A)
21 l'l.

)-VN(IDWI(KJ.JNGCJDN
NUE
30 [-3,n
Jei,N
3 "l'l 1)-a2¢1,J8v0(J)

1.
.So. o P1(1,11°0.00
1T1)5PHICa 1. nonmx..lnvu..n
u DePwits,1,1)

Q. 0) uho

P

o1

Jeg
#‘»-‘nm. T
28888 lllllttllllllll!l!O'lllllllll“llllll‘l‘ll..‘lllllllll'
ORDER “ﬂ

T BELOY 2 AJ CONTAINS (AM)ISE(-3) l
ll‘ll't‘l’g!lll!lllllilllllllllt‘lllll'lll.lll'lllll'llll'.“ll'!llll

$ .GT. 1160 T0
lf

.£0. 0) GO T0 285
lllIlllllll!ll‘ltllltltlllllllllllll!lll‘!llll‘llll.lllllllllltllll
END OF LOO ) CONTAINS (@,L),L0,1,

8 FINAL vinel) mé culated In Loor asz or asé s
llt:lltl!llllllllllllllllllll‘l‘ SSBRZSSELRENSELSEE200008382220888

1e1,0

Jo
.n-mmx.n-o soesmnc1, )
S3ISUNIT(T. J)e0, snnuml
2J)e-2. DORUNTT( umci.u
.j;--a lmwnml JIeAN(S.J 1)
gih

ol
1

-~ ™ oo
~ o=
=

° o)
®

-~ -~y - -
AN eson ~ QY oo e (¥

-

gze~gs
‘3
x

L.LreEamcl. I
I.LrzEam(L,J)
3.LIsEANMIL, )
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