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and the results on affine supports from which it was deduced , to a very

- 
general setting that subs~~es the previous constraint qualifications.

A simple example shove the need for some constraint qualification.
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For a convex ft ~ ctio~ f :  D ~ B CD ~ B0
, D convex ) the closure

dl(f) :  el(D) B U {+~ } is defined by

• (1) c.t(f) (y) sup{h(y)Ih linear aff in., b(s) ~ f(x) for all. x E o}

j where cl(D ) is the closure of the conv ex set D.

j It is v.1.1. 1~ own that : (i) cl(f) (x) ~ f(z)  for all x E D; (ii) el(f)
is convex; (iii) ci. (f)  Cx) — f (x) for a.U x E rel int (D), where relint CD)
denotes the relative interior of the convex set D.

For a convex optimization problem (with possibly infinitely many con—
straints)

inf f0(x)
C?) subject to f~ (x) ~ 0 for h E H

and x E K

• ‘ • • • , ‘~~‘ •~~ t•
with optimal. valut denoted ‘7(P), the closure is ~ 

~~~

m i  cI(f 0) (x)

(P ~ ) subject to eL(f .~) (x) ~ 0 for h E H

and x E ci.(X)
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with optimal value denoted v(P ).

We asst~~ throughout that C?) is consistent.

Duff in (11 and Jsroslow [2] show that when (P) and ( P )  have the

same optimal. value , a “limiting Lagrangea n” exists , in the sense that

(using the hO~~~tOpy form of th. limiting Lagrangean of (2 , equation (50)])

(2) li.m sup m i  Cf 0 (x) + e (wx + w1) + t X.0fh (z)} — v (P)
8~~+ A sEX hER

for v E a~ and v1 E B. suitably chosen , where A denotes that space of vec-

tors (~~ I h E B) which are nonnegative and only finitely non—zero . More-

over , f rom the val ue equality v(P) — v(P ) also follows “f ine detail”

from which (2) ia deduced , as e.g., [2 , Theorem 3] and (2 , Corollary 3].

It is al so established in (2 ]  that v(P) — v(P ) holds in many

inst~~ces in which the usual. constraint qualifications , such as the

existence of Slat.r points , may fail to hold even for lal finite. This

is becaus e the Uniting lagrangean (2) is not related to issues of linear

af fine, or even rather more general , supports to the perturbation ft~ ction

of (P) . This aspect of the limiting lagrangean was already present in

the first limiting Lagrangean , due to R. S. Duffin (1].

The pur pos. of t his note , is to extend the validity of the limiting

Lagrangean (and Theor em 3 and Corollary 3 of (2])  to a rather broad

sett ing that is associat ed with the ordinary lagrangean in the case of

~~ finite. We show, in this settin g , that the limiting lagrangean holds

again under weaker hypotheses t han the ordinary Lagrangean , even for H

finite; and our resul t also treats lal infinite.
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Let Dh be the domain of definition of 
~h • (2 ]  showed that v(P) — v (P~)

if r.l.tnt(K) 
~ 

relint(Dh) for all h E (0} u a and there was an x0 E relint (X )

• such that fh (x Q ) ~ 0 for aLl h E H. These latter hypotheses were called

(CQ) in (2].

In this note we show:

TR!ORE(: Let ~ denote those indices h E (O} U H such that 
~h is not

closed.

v(P) — v(P ’) if there is an 
~~ 

satisfying this constraint qualification:

(3) x E rsl int(X) ~1 ~ 
relint(Dh ) and f Cx ) � 0 for h E B0 hEH’ h 0

(The intersec tion over an empty set is defined to be Rn).

PROOF: If x is feasible for C ?) it is also feasible for (P a) because

cl (fh)(x) ~ f
~1~~~ 

Since cl(f0) (x) ~ f 0 (x ) , v(P i ~
To show that v(P~) ~ v(P), let x be any f easible point of ( P ) .  For

0 < A ‘C 1 if 7 — Ax + (1 — A)x~, y E K and y E relint (Dh ) for all. h E H ,

by the Accessibility L e a  (5, 3.2.1.1.1. By (iii), cl (f~)(y) — 
~~~~~~ 

for

all h E H~; therefore fo r all h E a U (oh

Since c l (f h) ( xo) � f~ (x0) ~ 0 and cl(f h ) ( x) � 0 for h € H, one easily

shows (‘by considering 
~h and cl(fh) on (x ,x0 ]) that • cl(f~) (y) ~

for h E H. So y is a feasible point for (P)

3y semi—continuity h a  cl(f ~) (y) � c1.(f0) (x) . But since cl(f0)(y) —

f0(y) for all. A 
< 2. this implies v(P)

Since x was arbitrary , this shows v(?) ~ v(Y). Hence v(P) - v ( P ) ,

as desired.

Q.E .D.



RD~ARX : The same proof shows that, if K is closed , one obtai ns v (P ) • v(P )

fro :

(4) x € K ~1 ~ relin t (D h )0 hEH~
and f

h (
~co) ~ 0 for h E H.

In one of the constraint qualificat ions of [2), it is assumed tha t H ,. — ~P

and K is closed , in which case (4) becomes that constraint qualification

(CQ) . Trivial ly , (4) implies also the constrain t qualification (CQ) of
[
~ ].

COROLLARY: Suppos e that (P) has at least t~io differen t feasible points,

and tha t none of the sets K or Dh fo r h E H contains any line segments in

K\rehint (K) or Dh\rehint (Dh) (where H is as defined in the theorem ) .

Then v (P) —

PROOF: Let X ~ ~~ 
both be fea sible in C?) . S ince xa xb E K and K con-

tains no line segment in ~~re .Unt(K) , x0 • ~~ + ~~)/2 E rehint (K) .

Similarly , x0 E relint(Dh) fo r h E H .  Trivially, f h (*o) ~ 0 for h E H.

The resul t now follows from the t heorem.

Q. E.D.

Some constraint qualification is needed to insure that v(P)  • v(P ‘
~~ ,

even for j B ~ finite. For example , consider this instance of a convex pro—

gram :

_
_  -- _
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subject to � 0
(5)

f2 (~11x2 ) ~ 0

E K

where K ((x1,x2)jo � x1 ~ 1 and ~2 
� o} and

0 , 0 � x 1 � l a n d x1 > o ;

(6) f2(x1,x2) — 1 — x1, 0 � x1 ~ 1 and x2 — 0;

+~~ , otherwise .

Here v (P) — 1. and v(P ) • 0, since cl (f
2)(x1,x2) 0 if 0 � x

1 ~ 1 and

~ 0. La this example, H — (2 1 , as is not continuous on line seg—
nent s tha t begin in the interio r of K and end in the boundary segment
{(X1,52)jx2 

• 0 and 0 ~~x1 < i}. Here also � 0 and (x1,x2) E K implies

• x2 — 0, so 
~~~~~~~~~~~~~ 

£ reliat (D2); hence (3) fails.
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We extend the limiting Lagrangean equation

lie sup in f ( f 0 (x) + 9 (wx + w 1 ) + ~ X h t h
(X) )  ~~~~~ ‘

9-’O~ It x cK hcH
and the results on at f ins supports from which it was deduced , to a very
general setting that subsumes the previous constraint qual i f icat ions .

A simp le example shows the need for some constrain t~~ialification.
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