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1.0 ABSTRACT

The method described here is a higher-order three-dimensional surface
panel method. It utilizes four-sided panels on the actual surface of the
body about which flow is to be computed and is thus applicable to arbitrary
configurations. In contrast to a first-order panel method that uses flat
panels , usually with constant source and/or vorticity density, the present
method uses curved panels of second degree with linearly varying source and
vorticity density. The mathematical problem solved is that of incompressible
potential flow, but the calculation can be extended to subsonic flow by means
of well-known compressibility corrections.

This report presents a discussion of the techniques adopted and some
alternatives. A rigorous derivation of the higher—order formulation is
carried out. All formulas and logic required by the method are included ,
except that the report on the corresponding first-order method is relied on
for formulas and procedures coninon to the two techniques. First-order and
higher-order calculated results are compared with each other and with exact
solutions .
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3.0 INTRODUCTION

Recent years have witnessed the acceptance of so-called ‘panel methods”
for calculating three—dimensional potential flows to such an extent that they
are now considered to be routine tools of aerodynamic and hydrodynamic design.
While some supersonic work has been done, by far the chief emphasis in panel
method development has been directed to the solution of Laplace ’s equation
for incompressible flow. The results obtained are generalized to subsonic
flows by the application of certain compressibility corrections. Panel methods
may be grouped into two broad categories. Surface panel methods place panels
and satisfy normal velocity boundary conditions on the surface of the body
about which flow is to be computed. (Actually the numerical surface is a
close approximation to the body surface, which it approaches in the limit of
in finite panel number.) This type of panel method is unrestricted, and exact
in the sense that it is applicable to completely arbitrary bodies and that
incompressible flow may be calculated to any degree of precision by increasing
the panel number. On the contrary, mean-surface panel methods place panels
interior to the body in question, e.g., on the axis of a body of revolution
or on the mean surface of a wing. This type of panel method is approximate
and is applicable to slender bodies, and to cases where the flow perturbation
velocities are small. Both types of method have their uses. Mean-surface
panel methods are used for preliminary design , while surface panel methods
are used for final detailed calculations. It is with incompressible surface
panel methods that the pr2sent report is concerned.

Panel methods arise as numerical discretizations of the theoretical
technique that may be denoted the surface singulari ty approach. In this
procedure the surface of the body about which flow is to be computed is
imagined to be covered with distributions of flow singulari ty: source, dipole ,

vorticity, and the variable strengths of these distributions are adjusted to
satisfy the normal velocity boundary condition on the body surface and any

auxiliary conditions, such as Kutta conditions along a wing trailing edge.
j r particular the normal velocity boundary condition leads to an integral
eq .ation in the singularity strengths. In the numerical implementation of

this technique the first step must be to discretize the body surface. In

three-dimensional problems the body surface is represented by a large number
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of small four-sided surface elements or “panels ” which is the origin of the
name “panel methods .”

There are various possibilitie s for distributing types of singul arities
on the surface panels and different investigators have made different choices
for their methods. However, it is coninon to all methods that one particular
type of singulari ty is assigned primary responsibility for satisfying the
normal velocity boundary condition and thus may be called the basic singular-
ity. Other types of singulari ty have primary responsibility for auxiliary
conditions and may be called auxiliary singularities. (Clearly all conditions
must ultimately be satisfied simultaneously but the above is a valid distinc-
tion.) It has become customary to categorize a panel method according to its
basic singulari ty. Thus, reference is made to source methods, dipole methods,
and vortex methods. This report is concerned with generalizations of the
Hess panel method (refs. 1 and 2), which is in such connion use throughout the
country that it may fairly be called the standard existing procedure. The
Hess technique is a source method, and the descriptions below apply to that
type of method , although parallel descriptions for the other methods would
di ffer only in detail.

The panel-method representation of a three-dimensional body is shown in
figure 1. On each panel a control point is selected where the boundary condi-
tion of zero normal velocity is to be applied and where surface velocities are

F ultimately calculated. A “matrix of influence coefficients” is then calculated .
This consists of the complete set of velocities induced by the panels at each
others ’ control points for certain nominal variations of the singul arity
strengths, e.g., constant at unit value, linearly varying with unit deriva-
tive, etc. On nonlifting portions of the configuration (figure 1) only source
singulari ty is employed. On lifting portions both source and either dipol e
or vorticity singularities are used. It can be shown (ref. 1) that surface
distributions of dipole and of vorticity are equivalent. The dipol e has
been used most coninonly in three dimensions because it is a scalar rather than
a vector and because it automatically satisfies the appropriate conservation
theorems that must be applied to vorticity distributions (essentially, zero
divergence of vorticity). From the basic standpoint a lifting portion of the
configuration is defined as one having a sharp trailing edge where a Kutta
condition is to be applied and from which issues a wake of trailing vorticity

5 
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(figure 1). Nonlifting portions are characterized by the absence of a trail-
ing edge and its assoc iated vortex wa k~. The prototypes of lifting and non-
lifting portions are a wing and a fuselage, respectively. On the wake only
dipole (vorticity) singularity is needed. However, from the panel-method
standpoint there is a change of emphasis. A lifting portion is characterized
by one having bound vorticity whose strength is adjusted to satisfy certain
conditions , while a nonlifting portion has no vorticity and no conditions.

A panel method approximates the integral equation that expresses the zero
normal-velocity boundary condition by a set of linear algebraic equations for
the values of singularity strengths on the panels. In lifting cases the Kutta
condition along the trailing edge (figure 1) yields a small number of addi-
tional equations. On each panel one point , which is designated the control
point, is selected, and the normal velocity is required to be zero there.
Each panel has an independent value of source strength. This provides a num-
ber of un known parameters equal to the num ber of panels and , more particularl y
equal to the number of linear equations expressing the condition of zero normal
velocity. The Kutta condition is discretized by applying it at a finite number
of locations along the trailing edge. The dipole (vorticity) distribution

over the surface is then specialized to be expressible in terms of a number
of adjustable parameters equal to the number of locations at which the Kutta
condition is applied. Once this has been ac~omplished , there are the same
number of unknown values of singulari ty as there are conditions to be satisfied.
In nonli fting flow s, no Kutta condition is a~plied , and the source strengths
are calculated to yield zero normal velocity at the control points. This sum-
mary is necessarily brief. Details are contained in references I and 2.

In the standard form of the Hess panel method in both its nonlifting
(ref. 2) and l ifting (ref. l~ versions,~ the surface panels of figure 1
are plane quadrilaterals and the source strength on each panel is assumed

constant — a step function from element to element. (The dipole variation ,

however , is more elaborate, (ref. 1).) This standard, wh ich is referred to
as the base method, has proved satisfactory In numerous applications by

investigators in industry, government, and academia. However, experience has

Indicated that certain improvements would be desirable. Probably the princi-
pal disadvantage of the Hess method or any three-dimensional panel method is

that each case is relatively expen~ive. This expense consists of two parts:

6
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the human labor necessary to prepare the rather large amount of input data
and the computer cost requ i red to carry ou t the calcula tions. Iron icall y,
the problem of computing time has been intensified by the very success of the
method in application . Namely, its success has le d to its use in more an d
more challen ging problems . The result is that some of the most frequent users
of the method have found themselves employing ever larger numbers of surface
panels to represent complicated configurations accurately. This trend has been
in evidence for some time . For a long while, the lar gest panel number used
was 1000. However , recent experience has greatly i ncreased this number. The

F largest case run to date employed 3500 surface panels on each half of the
configuration (symetry was employed so that the order of the infl uence matrix
was 3500). Computing time for a panel method increases as the square of the
panel number or faster. (If a direct solution of the linear equations is used ,
the time can vary as the cube of the panel number.) Thus large panel numbers
require very long computation times and thus very large costs. Moreover, the
accuracies obtained are not always what is desired. Accordingly, there is a
need for an increase in speed of computation with no decrease in accuracy , or
better still , with an increase in accuracy. This has been the aim of the work
descri bed in this report.

To reduce the other major expense, i.e., the man-hours required for
inputting a body to a panel method, a so-called “geometry package ” has been
constructed (refs . 3 and 4). This routine , which is a major program in its
own right, ena bles a user of the method to in put a rela tively small num ber
of points defining his particular body. Moreover, relati vely l ittle care
will be required in selecting the particular points to input. The “geometry
package” will then enrich the point number, redistribute the points as needed

according to one of a number of algorithms , compute i ntersecti ons of var ious
portions of the configuration , etc. For certain frequently-occurring cases

the procedure w i ll be completely au tomatic. For others , there will still be

a “man in the loop,” but his labor will be greatly reduced. Figure 2a shows

a very sparse representation of a wi ng-fuselage that was i nput to the geometry
package which then produced the enriched panelling of figure 2b. Included in

the process is the calculation of the wing—fuselage intersection curve . This

geometry package has been combined with the higher-order program of the present

report.
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Both logically and mathematically, the present method is an extension of —

the base method of reference 1. Indeed many formulas and procedures are coninon
to the two programs. If the present report were to be made self-contained,
it would have to contain a very large percentage of the material presented in
reference 1. This would not only be repetitious but would make the present
report extremely lengthy. Accordingly, it is assumed that a reader inter-
ested in details has reference 1 available , and reference is freely made to
equations and sections of that report. However, it is possible to obtain a
general familiarity with the present method without using reference 1.

• 
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4.0 GENERAL DESCRIPTION OF THE HIGHER-ORDER PAUEL METHOD

The purpose of the work described in this report is to increase the speed
and accuracy of the Hess panel method by use of a higher-order formulation .
The hi gher—order formulation replaces the standard base method’s assumpti on
of pl ane surface panels having constant val ues of sourcestrength (and a quadratic
dipole strength) by an assumption of curved panels with variable source and
dipole strength. A direct analogy of this approach has already been appl ied
with great success to the two-dimensional case (ref. 5) and the axisyninetric
case (ref. 6). The concept of the higher-order approach was first put for-
ward in reference 5, where it was shown that the effect of surface curvature
and the effect of the variation of surface singularity strength are of the
same order of magnitude. Thus, inclusion of one without the other, as is
done for instance by several investigators in two dimensions, is inconsistent
and, in general , does not lead to an improvement in accuracy over the base
method. Use of the consistent higher-order formulation has yielded large
increases in both computational speed and accuracy for two-dimensional and
axisymetric flows (refs. 5, 6 and 7). The present three-dimensional higher-
order formulation yields comparable gains in speed and accuracy.

Conceptually, the essence of constructing a higher-order panel method
consists of generating an altered “matrix of influence coefficients” ( prev ious
section). All other aspects of the program, e.g., input of the body geometry,
solution of the linear equations, calculation of surface velocities and pres-

sure s, remain the same. Specifically, the formulas that in the base method
give the velocity induced at an arbitrary control point by a flat panel with
a constant source strength must be replaced in a higher-order method by

formulas that give the velocity induced at an arbitrary control poi nt by a

curved panel with a variable source strength. Similarly the formulas that in
the base method give the velocity due to a quadratic dipole strength over a

flat panel are replaced by those appropriate to a curved panel . Determination

of the form of the panel shape and the variation of the singularity strength

has been part of the problem. It turned out that derivation of new velocity
formulas was only half the required task. A considerable amount of new logic

was also required.
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The starting point of the present work is the consistency analysis of
reference 8, which considers a surface-source distribution . It is shown,
therein, that consistent approximations in ascending order of accuracy are:
(1) flat-panel constant-source (base method), (2) paraboloidal-panel linear-
source, and (3) cubic-panel quadratic-source. In other words, a cons istent
approach always uses a source polynomial one degree less than the panel poly-
nomial . Reference 8 also gives the form of the expansion and the number of
basic integrals over the panel that are required by each order of approxima-
tion. Thus, the flat-panel constant-source approach requires a single integral.
The paraboloidal-panel linear-source approach requires five additional inte-
grals — a total of six. Finally , the cubic-panel quadratic-source approach
requires a total of 23 integrals. This last is felt to be too compl icated to
be feasible and thus the “higher-order” procedure adopted is the paraboloidal-
panel linear-source. This is the direct analogy of the formulation that proved
so effective in the two-dimensional and axisyninetric cases (refs. 5 and 6). For
completeness the expansions derived in reference 8 are presented in section 5.1,
an d thus the present report supercedes reference 8.

A second consistency analysis is necessary for the dipole or vorticity
distribution required to produce lift. From specific two-dimensional formulas,
as well as general three—dimensional considerations, it is expected that a
consistent vorticity distribution has the same degree as the source distribu-
tion. Thus, according to the relation between dipole and vorticity distribu-
tions (ref. 1), the consistent dipole distribution has a degree one higher
than that of the source distribution. However, when the analysis is performed
for the integrated effect of a single panel , it turns out that the quadratic
dipol e terms are of the same order as cubic geometry terms (as is the case for
the source distribution). This unfortunate behavior is due to the so-called
“edge vortex.” As derived in reference 1 , a variable dipole distribution over
a finite area is equivalent to the sum of a vorticity distribution over the
area with strength equal to the gradient of the dipol e strength plus a concen-
trated vortex filament around the edge of the area with variable str~ngth
equal to the local dipole strength. It is due to the edge vortex that the
cubic geometry terms enter to a lower order than expected. Clearly the actual
wing of figure 1 does not have concentrated vortices along panel edges. Their

- 
- presence is due to the fact that formulas are derived for one Isolated panel .

The effects of the edge vortex on a panel are presumably cancelled by equal
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and opposite edge-vortices on adjacent panels. If the geometry and the dipole
strength are continuous across panel edges, this cancellation is exact.
Otherwise it is approximate. However, the edge-vortex effects enter the basic
expansion formulas in a way that makes it difficult to cancel them analytically.

The procedure adopted to avoid the above difficul ty is the use of a
vorticity distribution , rather than a d ipol e di stri bution , on a panel . In duced
velocity formulas are derived from the surface analogy of the Biot-Savart Law,
and the edge vortex is avoided. To insure that the vorticity conservation
theorems are sat isfied ove r the inter ior of a panel , the vector vorticity
strength is expressed in terms of derivatives of an equivalent dipole strength.
To the extent that edge vortices on adjacent panels do not completely cancel
the velocity f iel d produced by the sum of all panel s is nonpotential , but
this error is of order equal to other errors of the formulation. To insure
th is resul t, the nominal dipole strength must be nearly continuous across
panel edges. This is always the case for adjacent panels in the same lifting
strip of panels (figure 1). To obtain near continuity from strip to strip,
I.e., across the N-lines, it is necessary to use the piecewise-linear spanwise
vorticity variation rather than the piecewise constant option (ref. 1). Along
physical edges of the body, such as sheared off wing tips , an edge vortex is
“physically ” required. Either physical edges require special formulas not incor-
porated into the initial version of the present method or special techniques for
use of the method are needed to simulate edge effects. Clearly further study
of this situation is required (section 5.3).

The principal analytic task of the present work consisted of deriving
analytic expressions for the various integrals of section 5.0. It is important

that these induced velocity integrals be obtained analytically. The alterna-
tive is to perform numerical integrations during each production computer run
and thus greatly increase the computation time. On the contrary, with the
integra tions performed anal yticall y, the computing time for the higher—order
program is about the same as that of the base method for the same number of
panels. (The former Is, of course , considerably more accurate.) Not only
have general expressions for the integrals been derived , but also simplified

expressions to be used to save computing time when the control point in
question is far from the panel (refs. 1 and 2). The induced-velocity formulas

are presented in section 6.0.
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Once the above formulas have been obtained, the potential or velocity
induced by the source distribution on a panel at an arbitrary point in space
(including any control point) can be written as the sum of six terms, each of
which consists of the product of one of the above integral expressions and a
certain coefficient. The base-method integral has as its coefficient the
unknown value of source density at the control point of the panel itself.
For three other integrals, each coefficient consists of the product of this
source density and one of the three local curvatures of the surface. The
curvatures are evaluated numerically by special procedures, which are out-
lined in section 7.1. The curvatures are calculated once and for all for
each panel before any induced-velocity computation begins. Thus, the above
four integrals may be added to obtain a single term whose coefficient is
the unknown value of source density at the control point of the panel — an
altered “influence coefficient” whose role is exactly analogous to the
corresponding coefficient in the base method.

The coefficients of the other two integrals are the unknown derivatives
of the source density with respect to distance in two orthogonal directions
tangent to the panel . These derivatives must be expressed in terms of the

unknown value of source density at the control point of the panel and the
values of source density at the control points of the surrounding panels.
Once this has been done, the contribution associated with each surrounding
value of source density is added to its above-described altered “infl uence

coefficient” to obtain a final “infl uence coefficient” that expresses the
total effect of that value of source density. This is all very simple if

the “matrix of influence coefficients” is computed by rows or if it can be
stored in the high-speed random-access core of the computer. However, in

• three-dimensional cases this matrix Is computed by columns, and it is normally

an order of magnitude too large to fit in core, so large amounts of low-speed

storage are required. It is clear from Figure 1 that the panels surrounding

a particular panel consist not only of panels on the same strip but also
• panels on adjacent strips. In the overall numbering scheme of the panels,

these latter may be several tens of panel s removed from the panel in question.

12
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Accordingly, the task of associating the proper additional influences with
these panels is nontrivial . A rather complicated logical scheme involving the
use of several auxiliary tape units has been worked out and implemented. This
procedure is described in section 8.2.

Similarly the induced velocity due to the vorticity distri bution on a
panel is a sum of terms , each of which Is the product of a first or second
derivative of the equivalent dipole distribution (value and first derivatives
of vorticity) and some integral expression. Some terms also contain the local
geometric curvatures. The above elaborate procedure that accounts for the
source derivative effects is required because the source is the basic singu-
lari ty. Sinc e the vorticity is an auxiliary singulari ty, simpler procedures
may be used to account for its derivatives. The one adopted In the initial
version of the present method, which is descri bed in section 9.0, is the
simplest of all. It could be made more elaborate and presumably more accurate
without greatly complicating the procedure.

H



5.0 CONSISTENT EXPANSIONS FOR THE POTENTIAL AND VELOCITY INDUCED
BY A CURVED PANEL AT A POINT IN SPACE

5.1 The Potential of a Source Distribution

A “true ” panel on a body surface is the curved four-sided region of the
surface whose corners are input points lying exactly on the surface (figure 3).
The boundary curves of the true panel that connect the corner points will be
defined shortly. Consider a plane tangent to the surface at some central
point of the true panel as yet unspecified. A panel coordinate system is con-
structed whose origin is the tangency point and whose z or c axis is normal
to the tangent plane. The x or ~ and y or i~ axes lie in th is pl ane , and
their precise orientation is unimportant for purposes of this section. The cor-
ner points of the true panel are projected into the tangent plane along the nor-
mal direction. By joining adjacent projected corner points with straight lines ,
a flat panel is produced, which is assumed to be the projection of the true panel
in the tangent plane. This construction now defines the boundary curves of the
true panel . They are the curves joining the true corner points that have
straight-line projections in the tangent plane.

It is a fundamental assumption of the present method that the dimensions
of the panel are small in certain senses. Certainly variations over the panel
of the normal di rection are assumed small. Moreover, if a physical quantity
is expanded in a Maclaurin series, successive terms become small, i.e., if

f(~ ,n) 
~~~~ (~ 

.

~~~~

. + n 
~~~~~~~ (1)

then

J Q~l << 
~~m 1 if m n (2)

Also, the vertical distance ~ of a point on the true panel is of the order
of the square of the horizontal distance, i.e.,

o(~
2 + 2) << ..4~2 + 2 (3)
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The potent ial at a po int (x ,y,z) in space due to a source distribution
on the true panel is

, =  fJ’~ 
(4)

where

r2 = Cx — ~)2 + (y — ,~)2 + (z — )2 (5)

and wi~ere S is the surface area of the true panel . It is desired to express

• in terms of a series of integrals over the projected flat panel . Thus it
may be stated that the potential of the true panel is “expanded about” that
of the flat panel . To illustrate the process more completely, a three-term

expansion is derived, although only the first two terms are ultimately
retained in the present method.

In panel coordinates the equation ~ 
= f(~,~i) of the surface of the

true panel may be expanded In a Maclauri n series in the form

C = (P~
2 + 2Q~n + R~

2] + [T30~
3 + T21~

2
fl + T12~n

2 + T03n
3J + ... (6)

2~~~ 3~~~ ”

There are no constant or llnear terms In (6) because the origin is at the
tangency point. All coefficients in (6) are constants proportional to
der ivatives of ~ at the origin. The coefficients P, Q, and R, which are
the only ones actually used in the present method, are the second derivatives.
They are referred to below as the surface curvatures to which they are closely

related. The quantity c 2 is second order in ~ and n and thus in panel

dimension t, and is third order.

The equation of the true panel may be written

= C — C2
(~~,r~) 

— C3(C, T1) — ... = 0 (7)

Then , taking the gradient gives

grad F = — 

~~~ 
+ + ...)? — (C 2fl 

+ 
~3 

+ •..)3 (8)

where subscripts ~ and n denote partial derivatIves and 1, 1~~ 
are the

unit vectors of the panel coordinate system. The vector grad F is normal

~ 
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to the panel at any point. The unit normal at any point is

~~~~~~ . grad F
n ( grad F~

so the a-component of the unit norma l is

- 1 - 1 
~10n~~~ ,grad F, j 2 ~21 + 

~~~~~~~ 
+ C3~ 

+ . . . )  + 
~~~ 

+ +

This can be expanded in the form

= 1 — 
~ 

[(
~~~~~~ 

+ 
~~~ 

+ )2 + 
~~~ 

+ C3fl 
+ )2]

+ 
~ [(ca 

+ C3~ 
+ . . . )  + 

~~~ 
+ C3~ 

+ ) 2]2 + •.. (11)

From (6) it is clear that and are first order, and C3~ are
second order, etc., so the leading terms from the first square bracket of (11)
are second order, and the leading terms in the second square bracket are
fourth order. Thus,

1 2  2- 

~ ~~~ 
+ C2~

) (12)

is a val id three-term expansion with second (linear) term zero. More pre-
cisely,

= 1 — .
~
. [(2P~ + 2Q~)

2 + (2Q~ + 2R~)
2]

= 1 — 2 [(P 2 + Q~~)~~~ 
+ 2(PQ + QR)~~ + (Q2 + R

2
)~~

2
] 

(13)
= 1 — 

2*2
where *2 is second order. The elementary surface area dS on the true
panel is related to the elementary area dA = d~d,, in the tangent plane by

n
C

dS = dA (14)

dS = (1 + 2*2)d~dfl (15)

The source density is strictly a function of surface distances along the panel .
However , it can be shown that there Is no difference between surface distances
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and ~ and n through second order. Thus it suffices to define a in terms
of ~ and ii in the form

= ~ + 
~~~~ 

+ a~ n) + (~~~
2 + 2axy~

n + 
~~~~ 

+ • . .

(16)
= ao + + a

2

where a~ is n-th order in ~ and ii and thus in panel dimension t. The
coefficients In (16) are constants proportional to derivatives of a at the
origin.

Thus , to three terms

c~dS (a
0 
+ a

1 
+ 
~2~~

1 + 2*2)d~d~
(17)

= (a0 + + a~)d~d~where

= 

~2 
+ 2*2 

(18)

All of the above expansions are independent of the location of the point
(x,y,z).

It remains to expand l/r, which of course, does depend on x,y,z. It
is necessary to differentiate three ranges of value of r:

(a) r >> t for all ~~
(b) r = 0(t) for all 

~,n (19)

r cc t for some 
~~~~(c)

r = 0(t) for other ~,n

In words, the ranges amount to the situations where the distance of the point
(x,y,z) from the origin of panel coordinates is, respectively large, of the
order of , and small compared to the dimensions of the panel . It turns out
that the range (b) where r is of the order of the panel dimensions is the
essential one. In the far-field , range (a), l/t is expanded in negative
powers of r0 = (x2 + y2 + z2)½. The resulting expansion differs In no
Important way from the usual far-field multipole expansion and thus is
relatively easy to derive. An order-of-magnitude comparison of the expansions
of ranges (a) and (b) shows that while certain terms become small faster
than others as the distance r Increases, the expansion derived for range (b)

17
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is valid for range (a), although it is conservative in that some retained
terms could be eliminated. For points close to the panel , range (c) , it Is
necessary to assume that they lie on a line through the origin having a finite
slope with respect to the tangent plane. Under this condition the order-of-
magnitude analysis of range (b) remains valid. This is just what the physics
of a panel method requires in any event. Eventually, the control point of
the- panel is identified with the origin of panel coordinates and the above
condition states that if a point approaches the surface, it does so at a
control point. Since it is only at the control points that the normal velocity
boundary condition is applied , approaching any other surface point would give
physically meaningless results. Thus the derivation below concentrates on
range (b), which may be thought of as the effect of a panel on control points
of nearby panels.

The distance r can be written

= (x — ~)2 + (y — ~)2 ~ ~
2 

— 2zC + C
2

= r~ —2z~ + (20)

where t
f 

is the distance between (x,y,z) and the point ~~~~~ on the
flat panel (Figure 3). Thus

1 - 1 1 - 1 F1 
1 -2zC + C

2 
+ 3 4z

2
~
2 
+

2~~~~f~~~~~
2 2 8 4

~ “1 + (-2z t + ~ )/r.~ 
rf rf

=k[1 
+

~~~ ~~~~~~~~~~ 
...

~~ 

(21)

Note that (z /rf ) is of order unity , and , since rf is 0(t), the quantity

C/rf Is also 0(t),  i.e., O(~). If use is made of (6), the above becomes

1 - 1 11 z C2 + C3 + ... 13 ~2 f l (C2 
+ C3 + ...\

2

r rf [ rf rf I rf 
2 

~~~~ 
rf /

from which the desired three-term expansion is obtained In the form

(22)
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or, for abbreviation ,

= 3— (1 + c1 
+ c2) (2 3)

f
where c,.,~ is of order n in ~ or n and thus in t. Now this is multiplied
by (17) to obtain the expansion

dS 

= A 

(
~o 

+ + c~ )(1 + c
1 
+ c2)dA

+ c
1
a

0 
+ + c1cj~

+ c2~0 + c2c~1 + c2a~]

The square bracket in (24) must be reduced to a three-term expansion using the
facts that

a0 
> a1 >> a2 (25)

and

1 >> c1 >> c
2 (26)

The leading (lowest order) term is clearly a0 because all terms are small
compared to it. Possible members of the second term are a1 and c1a0
because all remaining terms are small compared to one or the other. Thus,
both of these are retained in the second term, because neither can be guaran-
teed to be small compared to the other in all cases. The question then arises
as to which of the remaining six terms of the square bracket of (24) need to
be retained in the third term of the expansion. Obviously, if any of these

six is small compared to any other, it may be discarded . This elimi nates all
but a2, C1a1, and c2o0. Thus, the three-term expansion of the integrand
of (4) has the form

dS = [a
0 
+ (c 1a0 

+ + (c
2
c1
0 
+ c

1
a

1 
+ 

~~~
)] (27)

when the abbreviations of (16) and (24) are replaced by their actual expres-
sions , the three—term expansion of (4) is
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• = + [aof/z 
.
~ ~ 

+jj ~ dA]

+ [ a .1J(z ~~~ 
3~~2 )j j  

~~ 
(a,~~ 

+ ayn)dA~ (28)

~ff~ 
~~~~ + + ~~~2 + 2(p2 + Q2 )~

2 + 4( PQ + QR)~~

+ 2(Q2 + R2)n2 j dA

where the integrals are over the projected flat panel . Defining the integrals,

Imnp = 11~m~n 
dA (29 )

the three-term expansion of the potential can be wri tten

= •
(0)

~ 0 
+ + + ~

(1Y) ayj (30)

+ ~~
(2O)

~ + •~
2x) + ~~~~ + •

(2xx ) ai + 2q~
2
~~
)a1 + •

(2YY )a s jwhere 0 X Y XX X~ YY

= + 2(p2 + Q
2

)

ci,~~~~
a
~~

+ 2(PQ + QR) (31)

ai = a + 2(Q2 + R 2)
The Individual potentials In (30) are

— 001 (32)

•
(c) 

= z[P1203 + 2Q1113 + R1023J (33)

( lx) I• _
1O1

•
(ly) — (34)- 011
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~(2O) 
= z[1301303 + 121 1213 

+ 112 1123 
+ T03I033]

+ ~ ~2 + 4PQ I 315 + (2PR + 4Q2)I 225 + 4QR1135 + R
2I045]

—~~ [P
2!403 + 4PQ1313 + (2PR + 4Q2)1223 + 4QR1133 + R210433 (35 )

(2X) = z rp1 + 2 1  +L 303 213 RI 123
(36)

4 (2y ) — zrPI + 2~I + RIL 213 ~‘ l23 033

4~(2xx ) —
201

~(2xy) = (37)

= I021

The f irst term of (30), •~
°
~a

0
, corresponds to a flat panel with a

constant source density . This is , of course , the term used in the base method .
The second term of (30) contains the second derivatives P, Q, and R, but
no higher derivatives, of the surface shape and contains the first derivatives
of the source density , but no higher derivatives. Thus the second term of (30)
corresponds to a paraboloidal panel shape with a linearly varying source den-
sity. The third term of (30) contains all the preceeding quantities and also
the third derivatives of the surface shape and the second derivatives of the
source density : a cubic panel with a quadratic source density.

The equations above illustrate the fact that succeeding terms in the
expansion for the potential of a panel increase rapidly in complexity . A
single first term is followed by a second term containing five individual

parts, each with its own i ntegral of the form (29). The third term contains
23 indivIdual parts which together involve 17 different integrals of the form
(29). The great increase in complexity associated with retaining the third
term of (30) appears to be unjustified at this time. Accordingly, the higher—
order method accounts for the source density effect by considering the first
two terms of (30). This is the approach that has previously been followed in
the two-dimensional and axisynanetric higher—order methods, references 5 and 6.
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5.2 The Potential of a Di pole Distribution

This parallels almost exactly the development of section 5.1 for the
effect of a source distribution on a panel , as sketched in figure 3. If the
dipole strength is p (~~ ,i~ ) the potential of the true panel is

= ff~ . grad~,~ (3.)j~idS = ffd•d (38)

where as before is the un it normal vector to the true panel . From equa-
tions (7) through (13) it is known that (13) is a valid three term expansion
of both the C-component of and of ~grad F~~~. Expansions of the other
two componen ts of the normal vector are

= -(C2~ 
+ c3~)n~

n~ = — ( C 2~ 
+ C3fl )flC

Only two terms are required because these two are respectively of first and

second order in ~ and ,
~ wh i le n~ has a zero order term. Thus

grad(~) = 
4 

[- (c 2~ 
+ C3~ )(x — 

~~) 
— (c 2~ 

+ C3~)(Y — n) + z — C] (40)

is a valid three-term expansion , and it is clear retention of third terms in

(39) would produce fourth ~erms in (40). When use is made of (14) the inte-

gran d of (38) becomes

= — [C 2 
+ c 2 (x — 

~~) 
+ C2 (Y — ~~)] (41 )

V ~~ U 1~~~~1i 2• — (C3 
+ C3 (X — 

~~) 
+ c3

(y — n ) ] }  dA

where
= cons t

V 1 
= Mx~ 

+ (42)
2 2112 

= Uxx~ 
+ 2V~~~ fl + Pyyfl

and where the terms in the curly bracket have been arranged In Increasing

order .
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From (23)

+c 1r rf (43)
1 , -., 2— —

~ 
(~ 

+ .~c1 
+ .,~c1 

+ c2~)rf

By reasoning similar to that following equation (26) a valid three-term
expans ion is

= 
~~ 

+ [3C
1
p~ + V 1

] + [3(4 + c2hj0 + 3c1u1 + V2]} (44)
r rf

Finally a valid three-term expansion of (41) is

d$d 
= 

~~ + { z(3c 1V 0 
+ V1) 

— (c 2 + C2~(x — 
~ ) + C2~(Y —

+ {z(3(4 + C2 )V 0 + + 
~‘2~ 

— [c 2 + — 
~ ) + C2~ (Y — f l ) ] (3 c1V0 

+

— (C3 
+ 

~3~ (x — 
~ ) + C3~(Y — fl)]V0}}dA (45)

The problem with using dipoles is that the three-term expansion (45) of
the dipole potential (38) is equivalent in accuracy to a two-term expansion
of the source potential (4) obtained by truncating (30). This can be verified
in several ways. Mathematically it is straightforward to verify that when

• x,y ,z an d rf are of order ~ and r~ and thus of the order of element
dimension t each term of (45) is one order lower than the corresponding
term of (30). For example the leading terms are

air a O(t~~)o f  o

zu0/rf = 
~0O(t )

Some physical Insight can be obtained by performing the integration for the
first term of (45) which corresponds to a constant-strength dipole distribu-
tion. The result is the potential of a concentrated vortex filament lying
around the edges of the panel . Clearly no such singularity can exist on the
body surface. It Is present only because an isolated panel has been con-
sidered, and It must cancel (at least to some order) with similar singular-
ities on the surrounding panels. Thus, when only noncancelling terms are
considered, a val id two-term expansion of (38) consists of the second and
third terms of (45), which , as mentioned above, correspond in their orders
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to the first two terms of (30). Unfortunately they are much more compl icated.
Integration of the third term of (45) leads to an expression even more compli-
cated than the third term of (30). Another difficulty is that the third
derivatives of the surface shape enter into the third term of (45) through

and its deri vatives . Thus, although only quadratic dipole terms, which
correspond to linear vorticity terms, are included in (45), it would appear
that a cubic panel is required. However, this turns out to be only apparently
true.

Most of the difficulty wi th the expansion (45) arises from the fact that
it expresses the effect not only of a distributed vorticity distribution over
the panel , but also of a concentrated vortex filament around the panel edges.
As mentioned above , the first term represents a constant-strength vortex
filament and no distributed vorticity at all. The second and third terms
contain mixtures of effects due to distributed vorticity and those due to
variable—strength vortex filaments around the panel edges. In particular ,
all the thi rd deri vative terms enter only by way of these “edge vortex ” terms.
Clearly all edge vortex terms must cancel with those of adjacent panels. The
resul t must be a much-simpl i fied expansion and one that does not contain any
third derivative terms. Unfortunately, it does not appear possible to accomp-
lish this cancellation analytically. Certainly it is necessary to use the

• integrated form of (45), because the cancellation is not an i dentity in the
integrand , but only in the final result. Even if this is done, the ef fects
of the distributed vorticity and those of the edge vortex are not neatly
separated but are combined into some of the analytic expressions. Clearly
all terms containing v~ shoul d cancel , but it is not sufficient simply to
drop these from (45). Unless all cancelling terms can be identified and
eliminated , the deletion of some of them leads to a disruption of the cancel-
lation process.

5.3 The Velocity Due to a Vorticity Distribution

The situation described in section 5.2 is present also in two dimensions.
in deed , the considerations of the previous section regarding cancellation ,

~~~~~~~ can be illustrated most easily with two—dimensional examples. Dif-
ficulties are avoided In two dimensions by considering a vorticity distribu-
tion on the panel rather than a dipole distribution . In such a case all the
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consistency arguments of section 5.1 can be invoked , because the velocity due
to vorticity is simply that due to the same distribution of source strength
rotated through a right angle. This approach simply ignores edge vortex terms
on the presumption that they cancel with those of adjacent panels.

The present method applies this technique to the three-dimensional case,
I.e., it uses a linearly—varying vorticity distribution over the panel and
ignores edge vortex effects. (Reference 1 gives specific proof of the rela-
tion between di pole and vortici ty distributions and the edge vortex.) There
are , of course , some differences between the two-dimensional and the three-
dimensional cases. The most obvious theoretical danger arises from the fact that
the velocity field due to a vorticity distribution is in general nonpotential
with edge vorticies neglected. To the extent that edge vortex cancellation with
adjacent panels is less than exact, the final velocity field about the body is
nonpotential . However, this does not appear to be serious. Any panel method is
an app rox ima tion to the exact poten tial fl ow with calcula tional errors of some
hi gher order that approach zero with increasing panel number. There is no obvious
reason why a method whose calcula tion error is poten tial shoul d be preferred to
one whose error is not. There are, however , two features of the use of vorticity
worth mentioning. Surface vorticity is an auxiliar y singularity in the sense of
section 3.0. While its variation over a single panel is linear , its global
variation over the body as a whole is legislated by what may be termed
“assembly formulas” (section 9.0) that contain just enough free parameters to
permit satisfaction of the Kutta condition on the trailing-edge segments
(figure 1). It is important that the assembly formulas insure approximate
continuity of the dipole strength that is equivalent to the surface vorticity
so that edge vor tex effects, in fact, approximately cancel . In particular , the
step—function spanwise variation of bound vorticity (ref. 1), wh ich is
ordinarily used wi th the base method, is not appropriate for use with the
higher—order surface vorticity . Finally it is clear that at any actual edges
of the body where a concentrated vortex filament is truly required, special
edge-vortex formulas must be incorporated into the method. The most comon
such situation is a wing tip with a nonzero chord , if the equivalent dipole
strength is not forced to go to zero there. In practical cases only a small
percentage of the panels would require these additional formulas. However,

at this time edge—vortex formulas have not been Included , so that the method
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is not appl icable to any body requiring edge vortices. Inclusion of edge-
vortex formulas is seemingly a desirable modification of the method. In
the mean time , however, cases requiring edge vortices must be avoided . For
example, a wing-tip is handled either by closing the tip to a point or by
having the assembly formulas force the equivalent dipole strength to zero at
the tip. This last can be accomplished in a routine manner using the piecewise-
linear spanwise vorticity variation (section 9.4). Either or both of these
procedures should give satisfactory results for a normal wing tip. However,
a partial-span deflected flap may be more difficult and requires further

study.

The effect of a vorticity distribution on a panel cannot be expressed in
terms of a potential , as mentioned above. The velocity induced by the panel
of figure 3 at a point (x,y,z) is

= Jrw~x3_r dS (47)
r

where is the vector vorticity strength and

(48)

The distance r has its usual meaning (5), wh ich i s also equal to ~~~ and
the integral Is over the true panel . To insure that the vorticity satisfies
the usual vorticlty conservation theorems over the panel , it is convenient to

+
express w in terms of an equivalent dipole.distribution ii. As shown in
reference 1 , the relation is

4. 9.
= -n x grad- i.i (49)

where i~ is the unit normal vector (9), whose components n~, n ,  are
given by (13) and (39). To be compatible with the source density and panel-
geometry expansions , ~ is taken to be a quadratic function of panel coord-
inates ~ and ~ in

V 
~o 

+ 1~~~ 
+ VyT~ 

+ 11xx~
2 + Vxy~

n + 1Iyyfl
2 (50)

so that the components of ~ vary linearly over the panel . Furthermore,

since a two-term expansion of the source potential (4) is all that appears
feasible , only a two-term expansion of (47) is required. Evidently
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= + 2(i~~~ 
+ u~çyn) (51)

~ + 2(u~~,~ 
+

are two-term expansions of the components of gradV . Then (49) gives

(n~ ~~~~~~~~~~ ~~~~~~~ 
(n~ ~~ —n~ 

~~~~~~~ 
(52)

Two-term expansions of the i and j components of (52) contain zeroth and
first-order terms. Since the leading term of the k component is linear only
that one term is required. The two-term expansion of (52) is

+ 2 (u ,~~ + 1lyyfl)P — (V x 
+ 2(lixx~

2 + 1L
xyn

2
)]J + (C 2n lix 

+ C2~i.i~ ]k
+ + + (53)

= w~I + W~3 + W
C
k

Also needed is
+ 4~ 

9.
w x r — c) — ~~(y — i~)3i

+ (W
C

(x — 
~~) 

— w~ (z — c)]~ (54)

- 
+ [~~(y — — w (x —

For the present purpose the expansion (43) for r 3 may be truncated after
two terms, i.e.,

(55)

Moreover to the order being considered n~ = 1, and thus dS dA (15). If
now the components of (47) are written

= JIdV X , V~~ = ffdV~~, = 
ffdV

~ 
(56)

A A A
the integrands are

dV
~~ 

+ — 3Z2IA
x 

—
~
. IdA
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dVwy = + —
~

. — 3 z 2
V~ ~~~dA (57)

I J
— Z zuv~~ 
— —

~~ —
~~ ~~~~ 

—
~~rf rf rf

where
= (x — 

~
)u

~ 
+ (y —

= — 2 Z ( V
~~x~ 

+ U~~~f l )  + 
~‘x~2 + ~ 2n”x C2 y XY — ii) (58)

J~ = -2z(u ,~~~ 
+ 

~~~n) 
+ VyC2 + ~~ 2nV x + ~2~u~)(x —

= 2
~~~xx~ 

+ u~~n)(x — 
~~

) + 
~~~~~~~ 

+ 
~~~n ) ( Y  — n)]

In each of the three components of (57), the first term is the leading onewith a
magnitude 0(v 2

) neglecting the factor dA. These leading terms correspond
to a constant vorticity on a flat panel . The second and third terms in each
component of (57) have the same magnitude 0(t~~) and together comprise the
higher-order term of the expansion. The third term is a pure curvature effect,
while the second term has both curvature and vorticity derivative effects.

Regardless of their physical nature, the second terms of (57) have the
mathematical form of potentials of linear and quadratic dipoles on a flat
panel , and thus they can be evaluated by the formulas of reference 1. The

- - same is true of the first terms. Only the third terms of (57) require new
analytic formulas.

The above considerations make it convenient to consider the vortex
velocity as a sum of the three terms In the form

v = v~°~+ v~
1
~+ ~~~WX wX wX wx

v = V~°~+ V~
1
~ + V~

2
~ (59)

wy wy wy

v = V~
0
~+ V~

1
~ + V~

2
~wZ wZ wZ wZ

~,here the superscrIpts 0, 1 , 2 denote, respectively, integral s of the first,

second , and thi rd terms of (57).
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6.0 INTEGRATED INDUCED VELOCITY FORMULAS
• FOR A PANEL

6.1 General Remarks

This section presents detailed formulas for the velocity induced by an
indivIdual panel at a point in space. These formulas are obtained from the
expressions developed in section 5.0 by performing the indicated integrations
over the flat projected panel. Different procedures are called for depending
on the distance of the point in question from the panel . For nearby points
the expressions of section 5.0 are integrated exactly. This procedure is
rather lengthy and details are omitted. Only the final formulas for this
“Near Field” are p resented, and these are the key to the present method. As
in reference 1 , it is assumed that the point in question has been transformed
into the panel coordinate system and all Near—Field formulas are given in
terms of this coordinate system. For points further from the panel , the
integrals of section 5.0 are evaluated by a classic multipole expansion
(refs . 1 and 2). The orders of the expansions are selected to be at

least as high as the terms in question . This is a relatively simple procedure
analytically, and the resulting “Intermediate Field” formulas require much
less computing time than the Near-Field formulas. This computation also is
carried out in panel coordinates. For points even further away, a “Far— Field”
approximation is used. This is obtained simply by retaining only the first
terms in the multipo le expansions. However, for the source effects o •d some
of the vorticity effects, the Far-Field formulas have been put in vector form,
and thus they can be evaluated directly in the so-called reference coordinate
system in which the body Is input. This elimi nates the need for transforma-
tions and further reduces computing time. Certain terms In the -vorticity
effects have such complicated Far-Fiel d expressions that it did not seem
worthwhile to put them in vector form. Accordingly, they are evaluated in
panel coordinates as is done in the Near- and Intermediate-Fields. Thus, In
section 6.0 all individual coordinates and vector components are in panel
coordinates. ExpressIons in vector form may be evaluated In the reference
coordinate system.

The enti re philosophy of the Induced velocity computation and all of the
associated bookkeeping details are identical to those of reference 1, to which
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the reader is referred. The procedure for the multipole expansion has already
been mentioned. Other matters are the ranges of distance adopted for Near- ,
Intermediate- and Far-Fields, transformations between panel and reference
coordinate systems, and geometric quantities defining the projected flat
panels. In addition , many of the induced-velocity expressions developed in
reference 1 enter the formulas of the present method. To report these would
add greatly to the length of the present report, so again reference 1 is relied
on. The panel is assumed to have two parallel sides, as illustrated in figure 20
of reference 1.

6.2 Source Velocity Formulas

The source potential is given in equations (30) and (33) of section 5.1.
The velocity induced by the panel is obtained by taking the negative gradient
to obtain

= 

~~
°
~~o 

+ + + R$~
)] + ~(lX ) + 

~~~~~ 
(60)

where each individual velocity is the negative gradient of the corresponding
potential. 

*

6.2.1 Near Field

The velocity components are:

= V,~ (source)

= Vy (source) eq. (7.7.7), reference 1 (61)

= V~ (source )

v (R) — ~ 02 — — ____

x ax ’ x 
— ax

eqs. (7.7.14) and (7.7.17)

V~, = — V~, = — ay reference I (62)

v (R) — — ~1
(Q) — — ~ l1

z 
— az ‘ z az
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= — {z 
~x 

+ 2x 
a:10 

— ~2 
a~00 

— 2zV
~ 

(source)1

= — 
~ + 2x 

a:10 
~

2 a:~ol (63)

= — + 2x 
a:10 

— x2 ~ + ~20j
where all derivatives except are given In equations (7.7.9) through
(7.7.11) of reference 1 , and where

= •(source) — H02 (64)

—-

~~~~~ 

= _V
x (source) — ax ‘ ay = -V~(source ) — —~~~~~

____ = -V
~
(source) _~~~2 (65)

H02 and its derivatives are given In equations (7.7.15) and (7.7.16) of
reference 1 , and

•(source) = (y — 

~1 
)L(12) + 

(x — 

~~ 
— m32(y — ~~~~~ 

L~
2
~

i m~2 (66 )

— ( — )L~~~ 
(x — ~4) — m 41(y 

— 
~~~~~ (41)

‘~“ 
~~ 

— 

~Ii .‘. m~~ 

L — zV 2 (sourc e )

The undefined quantities In (66) are given In section 7.2 and equation (7.7.3)
of reference 1.

= xv,,~ (source) —

V~
lX) xV~,, (source ) — (67)

= xV~ (source ) — zV,~ (source)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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= yV~ (source ) — J11

= Y~y 
(source ) — ‘

~O2 (68) 
- 

-

= yV~ (source) — zV~ (source )

= H02 — ZVz (source) (69)

6.2.2 Intermediate Field

Unl ike the near-field, where many of the definitions of reference 1 can
be used without change, the intermediate-field formulas must be modified by
the inclusion of terms involving first moments of the panel area. These are
no longer zero because thE panel centroid is no longer used as origin.

Thus, for example , equation (7.6.7) of reference 1 is modified to

= 4 ~~~~~ + (~_)[Ii~uxx + I01u,~,] + (t )
2 
I20U~~~ + 2111u

+

= 4 ~_i~~uy + ~3—)Ulouxy 
+ bOlUyy ] + 

(~
_)2ri 20u~,~, + 2I 11u,~,~

+ IO2Uyyy1~ (70)

V~°~ = 4 ~-I00u2 + (~
_)(I10u

~2 + I0iu~~] 
+ (~—~ (I20u~~2 + 2I 11u~~2

+ I02uyy2]~

v (R) — — 
3+02 — — ____

x 
— 

‘ x ax

v(R) — ~~~ — — ____ 

eqs. (7.6.11) and
Y 

— ay y — 
ay (7.6.12), reference 1

v (R) 
— 

3+02 
= — ~~ll 

(71 )
z ‘ Z 32

It should be noted that early versions of reference 1 were missing a factor
of 1/2 in the 2nd order terms of these equations. It should be further noted
that when the deri vatives of the flat-panel dipole potentials, ~~~ $01 and
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are being evaluated In the intermediate field from equations (7.6.8),
(7.6.9) and (7.6.10) of reference 1, not only should the second-order terms
be mul tiplied by a 1/2 (If such a factor is not already present), but also
all “crossed out” terms should be included. This last is due to the fact that
the panel centroid is no longer used as origin of panel coordinates and thus
the fi rst moments 

~l0 
and 101 are not zero.

= — ~~2O
x ax

= — ~20 (72y ay

= — ~~2O
z az

where •20 and its derivatives are given by

•20 = 
~~~~~~~~ ~I20u2 

— 

(~—)u30
u
~2 

+ I21u
~~

] + 
~ 

(v—) EI~~U~~2 + 2I31u,~~

+

a~20 1 t 2

~~ ~~o
’
~xz — 

(~~)EI3o
u
~~2 

+ I21u
~~2] + (.......) ~~~~~~

+ 2I 31u~~~2 
+

(73)
20 

= — 
t I lu  (~~)t13O

Uxyz + I21u~~2) + ~

+ 2131u~~~2 + I22Uyyyz]I

_ _ _ _  = 
~~~~ ~~~~~ 

— (3_)[I30u
~2~ 

+ +

+ 2l 3lUxyzz + i22u
~~~2~}
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= 
~~~~ {i10u~ 

— 

(~~)ii20
u
~~ 

+ I11u~~J + 

~ 
(
~) ~~~~~~ 

+ 2I 2i u~~

+

= 
~~~~ {i10u~ 

— 

(~~)EI20
u~ + I11u~~] + ~ (~~)

2
[I3ou~~ 

+ 2I 21u~~
0 ~(74 )

+ Il2uyyy]j

= 4 — (~._)ii20u
~2 

+ IllUyz] + ~ (~
—
~

2
LI 3ou~~2 

+ 2I 2l Uxyz

+

= 

~ 1~0i Ux (~~)h ii u~ 
+ i02 u~~i 

+ 
~ (~~)

2

~~2i
uxxx + 2h l2 Uxxy

+ 103U)cyy]}

v~
1
~~ = 

~~~~ ~~~~~ 
— 
(flci11u~~ + I02u~~] + ~ (~~)

2
[I21u~~ 

+ 2I 12u~~
o (75)

+ 1  u ]03 yyy

= 
~~~~ t’Ol

~
Z 

— 

(~—)
[Ill u~ 

+ I02u~2] + ~
- 
(~

_)
2
u21u

~~2 
+

+ IO3uyyz]j

6.2.3 Far Fiel d

As usual i~ denotes the unit normal vector to a projected flat panel
and and are , respectively, unit vectors along the x- and y-axis
of the panel coordinate system (equations (7.2.10) of reference 1). Define

as the vector from the origin of panel coordinates to the point where
velocity is being evaluated and r0 as its magnitude. Certain auxiliary
vectors are needed:

H
D1 

_ [3( 
E
r o)~~~

_ i ]  (76)
0 0 J

j  

~~~~
\ 

r0 r0 
3
EJ
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The far-field expressions for the source velocities are

= 
t2~00 i~~~ . (77)

:~~ 

~~~20~~

V = . _I3 I1l 0 (78)

~~R) t4
02

0

+
+ 3 r 4 + 4.

lOT~~~~ 20 I 11 j1
o r~

+ 
(79)

r 4 +

1 01 ~~~~ 11 i 02r0 0 r0

The fact that three auxiliary vectors (76) are required means that in
effect a transformation into panel coordinates has been performed. It appears
to be somewhat faster computationally to use the vector far-field forms above
rather than simply truncate the intermediate field formulas in panel coordi-
nates. However, the advantage of the far-field formulas is reduced relative
to that of reference 1 , where only the vector 0 is required.

6.3 Vorticity Velocity Formulas

As defined in equation (59) the velocity due to a vorticity distribution
on a panel is expressed as a sum of three terms which are denoted by super-
scripts 0, 1, and 2. The term with superscript 0 is the flat-panel
constant-vorticity contribution . The other two terms account for surface
curvature and vorticity derivative effects. Specific formulas are given
below for these velocities In terms of surface curvatures P, Q and R and
derivatives of the equivalent dipole distribution ~.i (section 5.3). Cal-
culation of these quantities are described In subsequent sections. It is
more convenient to group the formulas for each term of the velocity together
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than to organize the formulas by Near-, Intermediate-, and Far-Fields , as Is
done for the source effects. As mentioned above, it is assumed that the
formulas below are being evaluated in the panel coordinate system.

6.3.1 The Superscript zero Velocity Components

It turns out that the super 0 components can be expressed in terms of
the flat—panel constant-source velocities (equation (61)) as follows

~~~ = V~
V2 (source)

V~~
) = -u~V2 (source ) (80)

= V~V~ (source ) — 
~~~ (source ) 

-

These are evaluated in the Near- and Intermediate-Fields by the formulas of
reference 1 with the addition of first area moment terms in the Intermediate-
Field as given In equation (70). In the Far—Fiel d the first terms only of
the Intermediate-Field formulas are retained, and this calculation is performed
in panel coordinates.

6.3.2 The Superscript One Velocity Components

These components are as follows in the Near-Field:

= _2(lixx+lO + M~y4~~) + Vx H + 2((u
~
Q — 

~i~P)(-J11 + xV~ (source ))

+ (u
~
R — 1~ Q)(_J

02 + yV~ (source)) ]

= -2(P,~s10 + Myy+01) + V~H + 2i (-V
~
Q + V~P)(-J20 + XV x (source))

+ (_ V x R + VyQ)(~J11 + YV x (source)) ] (81)

= 2 (V xx
(
~

J20 + xV
~ 
(source)) + ~~(-J02 + YVy (source))

+ p~ ,(-2J 11 + Y”x (source) + xV~(source))]

where
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H = P[J20 — 2xV
~ 

(source)] + 2Q[J11 — xV~ (source ) — yV~ (source )]
+ R[J02 

— 2YV~ (source)] + h (82)
and

h = ~
- [Px2 + 2Qxy + Ry2]V

~ 
(source) (83)

For small z , i.e., for points approaching the plane of the projected
flat panel , there is a possible singularity in equation (83) due to the factor
l/~. To avoid numerical difficulty a “small-z ” test is employed and spec ial
procedures employed, if z is small. This is also required for the source
formulas used In both the base method and the present method. The test and
the procedures are described in section 7.8 of reference 1. In particular
V~ (source) is set equal to zero if the projection (x,y) of the point into
the pl ane of the panel lies outside the panel .

The procedure used for equation (83) uses the same small—z test as
reference 1, and if it is satisfied sets

3$
h = (Px2 + 2Qxy + ~ 2] ~~ , (x ,y) outside (84a)

= 0 , (x ,y) inside (84b)

where the derivative of $00 is given in equation (7.7.9) of reference 1.
The reasoning that led to this choice is as follows. Since V~ + 0 if (x,y)
is outside, it is legitimate to use l’Hospital ’s rule on (83), and s ince
V~ = •~~, equation (84a) follows. For (x,y) inside the panel the limi t
does not exist for arbitrary values of x and y. However, the assumption
is made that if the point (x,y,z) approaches the panel it approaches along
a line through the origin that does not lie in the xy-plane. Then the square
bracket of (83) is 0(22) and (84b) follows. This assumption was made in the
deri vations of section 5.0. Furthermore, it is physically reasonable that if
a point approaches a panel it does so at the panel control point (i.e., the
origin), which is the only point where the normal-velocity boundary condition
has been applied.

The formulas for the velocity components in the Intermediate Field are
expressed in terms of the direction cosines c*,8,y which are defined in
(7.6.2) of reference 1. In terms of the auxiliary potentials ,
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p+q+2
•pq 

= •pq = ~ 

r~ 
~IPq + 3(~~)[u1p+l ,q + BIp q+l]

+ 
~ 
(t.)~ [(5a2 — 1)1p+2,q + 10

~~ p+l,q+l + (582 — 1)IP,q+2]J
( 5)

the components in the Intermedi ate Field are

~~~ = _2Z(lixx$to + 
~
‘xy~~l~ 

+ + 2((ii
~
Q + iiyP)(Y$~~ 

—

+ (
~~

R + ii~Q)(~s~1 —

~~~ = -2z(p~0,$~0 
+ 
~
iyy+~l) + u~H + 2((

~
i
~Q + ~.i~P)(x.j r0 — 

2o~ (86)
+ (~~R + i~~Q)(x s ~ 1 

—

= 2EMxx ()(+i’O — 

~~~ 
+ ~L,~,{(x $~ 1 

— 41n1
) + (Y$~fl) 

— + 
~yy~~ Oi 

—

where

H = P~~0 + 2Q$~1 + R~~2 (87)

The Far-Field calculation Is obtained from (85) and (86) by truncating
(85) with the first term containing even-ordered moments, i.e., the fi rst term

if p+q is even, and the second term if p+q is odd.

6.3.3 The Superscript Two Velocity Components

The superscri pt 2 velocity components are by far the most complicated
analytically in the near field and a considerable number of secondary quanti-
ties must be defined. The auxiliary potentials *mfl are defined by

= 3z 
1

’(F — x)m~n — ~)n d~dii (88)

In terms of these potentials the near-field formulas are

= _Z1•IxVWR

• ~~~~~~ 
= _ZM

Y VWR

V R 
= 

~~2O + 2Q*11 + R*02 + 2(xP + yQ)q,10 + 2(xQ + yR)~01
+ (Px 2 + 2Q~, + ~

2
)*oo (89)
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and

= _{Pii i~30 + (2Qp + 
~~P)*21 + (R

~x 
+ 2Qp~)~p12 + Ru~~03 + 2(xP +

+ 2((xQ + YR)u
~ 

+ (xP + yQhi~,]4~~ + 2(xQ + YRhiy*02
+ (Px2 + 2Qxy + 

~~~~~x*l0 + 1Iy*0l~ (90)

To evaluate the 
~mn the following quantities are defined

q32 
= x — m~ y — b32

q41 = x — m 41y — b 41
e32 

= m32q32
e41 

= m41q41

32 
— m32 (91)

f41 = 1 + m~1

32 — q 32 32

41 — q41 412
_ 2 ÷ 2g32 -q 32 z
_ 2 2g41 - q41 + z

~~~ = (~~_~~)m

= (~~ 
—

k(1) m = 0,1 (92)
(1) — ________________am — _ _ _ _ _ _ _ _ _ _

h~
3
~(3)... m

m 
(y—T ~3

) +z

/ (1) (3)
-

• 

~~~~~~~ 
— 1 1am am

m E32\r2
(1) (3) m = 0,1 (93)

- 
(am am

m E41 \r 1 r4
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~~~~~~

_

~~~~
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• -

rh(l) ~~~1 I m  m
in E32~~ r2 ~~

~~~~ h(3)1 m = 0,1 (94)
1 I m  m

m E41~~~r1 r4

1 
~ 

(1) 
— 

(3)
in E

3~~ ~~ 
r2 am r3

(95)
= 

1 , (l) r — 
(3)

m E41~~
am 1 am r4

In terms of these, the are

*00 
= zt [m32W~

32) + q32~~
32)_ m32z

2
~~
32
~~_im41w~

41) + q41t.44fl

— m41z
2U,~
4
~~]} + ~[q32~~

32) 
— q41W~

4
~~] + ~~~~~ v2 (source) (96)

*01 
= zt_ m32w

~
32) + ~ + m32 (E 32 + q~2)~~

32) + q32g32U~~
2
~J

+m41W 1 ~~~~~~ (m41e41W~
41
~ + m41 (E41 + q~1 )U~

41
~ + q41g41U~~”J~97)

= z f ~(32) 
+ — f V~~

1
~*10 ~ 32 1 e32 ~ 411  e41 ~ 

] (9 )

Z
~ 

~~~~ — z2V~
32
~ 

— V~
41
~ + 2V~

41
~I*02 q32 ~ 

in32 ~ 
q41 ~ 

m41z 
~

— z2
*00 + 2V (source) (99)

*11 = z(e32V~
32
~ + g32v~

32) 
— e41V~~~ — g41V~~~ ] (100)

= - ~(32) + z2
V~

32
~ + V~

41
~ 

2V~
41
~*20 E q3~ ~ 

m32 ~ 
q41 1 — m41z ~ 

]

+ V~ (source) (101)

*03 
= Z ~~~~~~~ (m32(E32 + q~2)V~

32
~ + q32g32v~~

2
~1 

_
~ L_ [m41 (E41 + q~1 )V~~~

+ q41g41V~
4 )

] 
— zq,01 + 2(L~~

2
~ — L~~

4
~) 

— 

~ 
3/2 ~ +

~ 32~
(3 + 2m~1 )L (41)

~ (102)
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*12 
= 
ZtT

1_ ((e~2 
— E32 )V~32) + e32g32v~

32)j —
~~~~~

— [(e~1 
— E41)V~

4
~

+ e41g41V~
4
~~] + 312 i(32) — 3/2 L(41

~~ (103)

*21 = 2 
{— --f; (m3~(q~2 + E32)V~~

2
~ + q32g32v~,

32)
i + 

~~~~~ 
(m~1(q~1 +

+ q41g41V~~~] 
— 

3/2 ~~~~ + 
( f ) 312 ~~~~ + i(12) — (104)

*30 
— Z 

~~~~~~~~~~~~~ ((m32E32 — q32)V 1 + e32(E32 + z )V0 ]

+ 
~~~~~~~~ [(m~1E41 — q~1 )V~~~ + e41 (E41 + z2)V~

4
~~] + 

2 + 3m~2 L(32)

2+3 in~1 ~4l’ 
32

1
~ ~3/2 ~~‘ ‘ (105)
‘ 41’

A “small—z ” test is required for from (96). From (88) and (89) it
can be seen that ~ occurs only when multiplied by a factor of
z(Px + 2Qxy + Ry ). Thus the l/z term of is not really singular, and

the last term of *00 enters only in the combination (83) that gives h.
Accordingly, the small-z procedure described in section 6.3.2 is used here
as well.

Fortunately, the Intermediate-Field formulas for these components are
qui te simple. The auxiliary potentials e,~ are defined as suitably trun-

• cated expansions of the integrals

f fF~;f ~ d~di~
A rf

Specifically,

~mn = s + ~ T1~~mfl n 
+ 81m,n+1l + 

~ 
(......

) 
t(7~

Z — 

~~
1m+2,n

+ 14
~~

1m+1,n+1 + (782 — l)Im,n+21} for m + n = 2 (106a)
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0mn = (3_-)
~t1,~ 

+ 5 
(~_)

EaIm+l ,fl + 81m n +1]~ for m + n = 3 (106b)

and the components are

- =

(107 )
= _Z

~
tyVwR

where

V R 
= 3z(Po20 + 2Qo11 + Re02) (108)

and

~~~ = (XM x 
+ YPY

)VUR — + (2Q
~
i
~ 

+ P1~ )e 21 + (RP
~ 

+ 2Q~~)e 12

+ R~i~O03] (109)

The Far—Field expressions are from equations (106) through (109) by
truncating (lO6a) with the first term.
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7.0 CALCULATION OF GEOMETRIC QUANTITIES FOR A PANEL

7.1 General Description of the Surface-Curvature Calculation

As illustrated in figure 1 , the input to the program consists of
coordinates of a set of points that define the body surface. The order of
input Is such that successive input points define a curve in the body surface
called an N-line . When such a curve has been completely defined , the Input
logic notes the fact and subsequent points define an adjacent N-line . Four-
cornered panels are formed from points on two adjacent N-lines and thus there
is a “strip ” of panels between adjacent N-lines (figure 1). Thus the ordering
of surface panels is: all panels of one strip from fi rst to last followed by
all panels of the next strip, etc. This ordering of the panels is important
both for the curvature calcula tion of this section and the source derivative
calculation of section 8.1.

Suppose the geometric quantities for a typical panel are being calculated
(the “panel in question ” in figure 4). A least-square plane is computed for
the four input points that form the corners of this panel in the manner des-
cribed in references 1 and 2. A coordinate system, ~,n,C, is constructed
in this plane having the c-axis normal to the plane and having as origin the
point whose coordinates are the averages of those of the four input points.
The four input points are transformed into the ~,n,t-coordinate system. Also
transformed into this system are the additional input points that form the
corners of the four panels adjacent to the one in question . As shown in
figure 4, each adjacent panel provides two additional input points , because
the other two are identical with two of those forming the corners of the panel

- 
- in question. The expression defining th~ paraboloidal panel is assumed in

the form

~~~Z0 + A ~~+Bn + P~
2 +2Q~n +Rn 2 (110)

The six parameters z0, A, B, P, Q, and R are determined from: (a) requir-
ing expression (110) to pass through the transformed corner points of the

• panel (four conditions), and (b) requiring expression (110) to agree as well
as possible in a least squares sense with the eight additional input points
for the adjacent panels. This last Is performed with two independent param-
eters and thus represents two additional conditions — a total of six as

L ~~~~~~~~~~~~~~~~~



required. If the panel in question is the first or last of a strip, there

are only three adjacent panels. This is al so true for most panels on the first
and last strips of a body. The first and last panels of the first and last
strips have only two adjacent panels. Thus, there may be only six or four
additional input points and the least-squares procedures are used accordingly.
There Is no difficulty since only two parameters are being adjusted. As
described In the next section, It is necessary to perform this calculation in
double-precision arithmetic.

It should be noted that the form (110) is not equivalent to the form (6)

required by the derivations of section 5.0. This is because the least-square
plane Is not the plane of the flat projected panel . Rather the least-square
plane is a temporary device needed to perform calculati ons. Once the form
(110) has been obtained , the constant and linear terms are eliminated by
translation and rotation of coordinates. The new plane obtained by these
translations and rotations is that of the flat projected panel .

1.2 Specific Formulas for the Surface-Curvature Calculation

The initi al portion of this calculation is identical with that of the
flat-panel procedure of reference 1. Specifically, a “chord-plane ” flat panel
is constructed having the average point as origin and having the ~ axis in
the normal direction as defined in reference 1. Equations (7.2.1) through
(7.2.15) 0f reference 1 are carried out. Then the four Input points used to
form the panel are transformed into panel coordinates by the usual equations.
Let 

~K’ ~~ 
K = 1 , 2, 3, 4 denote the panel coordinates of the input

points . The numbering is counterclockwise around the panel as viewed from the
negative c—ax is (figure 20 of refe rence 1). The following quantities are
now defined. 

•

e~~~
.(
~2 —~ 1)

q = ~~ ~~ ~~~~~~~~~
1 

(ill)
h =~~~(n1 ~~~~~~~~~~~

= 
4~ 

(il l 
_ T

~2 
+ T1

3 — f l4)

f~~~~~~ (~1 — c 2~~ c3 — c 4 )
I *

44 

_______  

( I

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Then necessary derived quantities are

Z p = — .
~~
- (d2 + e2 + 2q2)

Z
Q 

= -e(d —e) — 2qh

ZR 
= -(h + ~

2)

f
— — 

h(d + eJ

- d — e
~A 2h(d +eJ

h(d + e)

~~~~~~~~~~~~~~~~~~~

e {2de 
— 

qc(d — e)] (112)

C~~~~~ 
= 

e + d E

... f e — d
~‘o e + d

DR 2hC

-2 ~~(e—4jcCBA~~ 
q

2 2  2C88 =~~ h — c

r — C f
-
~

E~~= d 2 — e 2

A 2 x 2 set of linear equations is solved for three different right
sides to obtain the quantities A0, B0, AR~ 

BR~ ~~ ~~ namely

CMAO + CABBO = D0 (ll3a)
CBAAO + CBBBO = E0

CMAR + CABBR = 0R (11 3b)

CBAAR + CBBBR = 0
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C A + C B = 0A A P  A B P  (ll3c)
CBAAP + CBBBP = E~

Now if the quantities A , B, Q and 2
0 

Ii, (110) are taken in the form

A = A0 + A~P + ARR

B = B0 + B~P + BRR

(114)
Q =  Q + QAA + Q9B + Q~P

ZO = Z PP + Z QQ + Z RR

then expression (110) passes through the input points 
~~ ~~~~ K = 1 ,2,3,4

for arbitrary values of P and R. These two quantities are adjusted to give
a least-square fit to the surrounding panels.

If the quanti t ies A , B, Q and z0 are replaced in (110) by their
representations In (114), the resul t i s

c = D(~,n) + E(~,ri)P + F(~ ,~ )R (115)

where

D(~,n) = Z Q
(Q

0 
+ QAAO + Q8B0) + A0~ + B0~ + (2Q0 + 2QAA + 2QBBO)~~

= Z p + ZQ(QAAP + QBBP + Q~) + ~~~~~~~ + B~fl + ~2 + (2QAAP + 2QBBP + 2Q~)Eii

2 (116)
F(~,~) = ZQ(QAAR + QBBR) + 2

R 
+ ARF + BRTI + r~ + (2QAAR + 2QBBR)~fl

Figure 4 shows the four panels surrounding the “panel in question ” whose
geometry is being calculated. For the interior panel shown , the four surrounding
panels are defined by a total 0f eight input points that are not also input
points defining the panel in question. As detailed in section 7.1, panels at the
edge of a section may have 2 or 3 adjacent panels , which correspondingly may
have 4 or 6 input points . The Input points of the surrounding panels are trans-
formed into the coordinate system of the panel in question. The resul ting coordi-
nates are 

~m’ ~m’ 
tm~ 

m = 1, ... , 8 (or 6 or 4). The least-square procedure Is
accomplished by defining the quantities
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CRR 
_

~~~~~~~~~~ 

EF(
~m~nm

)3 2

m=l 
[E(
~m~

nm)]
2

= CPR 
~~ 

E(
~m~flm)F(~m~flm) (117)

L1 
= 

m l  
— D(~ m I f l m) ] F(

~~~ n )

L2 Em
_ 0

m~nm
)]E
~~

,
~~ 

—

after wh ich P and R are solved for from the 2 x 2 system of equations

CRRR + CRPP = L1
(118)

CPRR + C~~P = L2
If the panel in question is on the edge of a section , the sumations in

(117) extend to 4 or 6 as appropriate rather than to 8. It was found that
on wings where panel aspect ratios of 50 are not unconinon , the fact that
four of the points m ’~m ’~m~ 

have much larger ~n coordinates than the
other four can lead to ill-conditioning of equations (118) due to round-off
error. Accordingly, equations (117) and (118) are calculated using double-
precision arithmetic.

Once P and R are known, all other parameters of (110) can be
obtained from (114).

If one side of the panel is much smaller than the other, some Instability
can resul t in equations (111), (112), and (113). Accordingly, in this
case special “zero length side” formulas are used:

f= C 0
Ao = A R = A p = 0  (119)

B0 
= BR 

=
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7.3 General Description of the Calculation of the Control Point and the
Projected Panel

All of the calculations of sections 7.1 and 7.2 are carried out in a
coordinate system whose ~ri— plane is the “chord p lane ” , which is also the
plane of the flat panel of reference 1. However, this is not the plane of
the projected flat panel of the present method as described in section 5.0.
Miong other things the projected flat panel is tangent to the true curved
surface. The tangency point is both the control point of the panel and the
origin of the panel coordinate system. It remains to compute the tangency
point , the normal direction at the tangency point , and the geometric quanti-
ties associated with the flat projected panel . These quantities may be
defined in several ways , all of which are equivalent to the order of accuracy
of the overall calculation . The selections made for the present method are
outlined below.

The control point is taken as that point of the surface (110) that is
nearest the origin , and the normal direction is that from the orig in to this
nearest point. Thus, to the order of accuracy being considered, the control
point is the point on the true curved surface nearest the average point of the
four input corner points . The size and shape of the projected flat panel are
assumed identical to those of the “chord plane ” flat panel calculated by the
procedure of reference 1. Thus the flat projected panel is determined solely
by the coordinates of the control point and the unit vectors defining the axes
of the panel coordinate system, whose c-axis defines the normal direction .

7.4 Specific Formulas for the Calculation of the Control Point and the
Projected Panel

The derivatives of expression (110) are

~ =A + 2(P ~~+Q~) (120)
= B + 2(Q~ + R~)

The point on the surface nearest the origin is characterized by the condition
that the vector from the origin Is parallel to the local normal vector, or

+ + ~(~~~)l~] x (-c cl — + k] = 0 (121)
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Thi s last is equivalent to the two scalar equations
= ~~ + 

~~~~~~~~~~~~~~~~ 
(~,n) 

= 0
(122)

= r~ + 
~(~~,fl )~~~(~~,fl ) = 0

The nonl inear equations (122) are solved by Newton-Raphson iteration. The
derivatives are

= 1 + + 2Pc

G = = + 2Q~ (123)

H = 1 + + 2R~

Let 
~k’~k 

denote the approximations to the solutions of (122) obtained
in the k-th iteration. The next approximation is obtained by solving the 2 x 2
set of linear equations

G
~
(
~k,

nk)(
~k41 

— 

~~ 
+ G

fl
(Ck~nk )(nk+1 — 

~~ 
=

(124)
— 

~~ 
+ H

fl k ,~k k+l — 
“ky = —H(

~k,nk
)

Initial values are taken as 0. The iteration converges very
rapidly to the nearest point with coordinates 

~~~~~~~~~~~~~~~~~~~~ 
The local normal

vector at this point (which , of course , is parallel to the vector from the
origin) has components y1,y2,y3 

in this coordinate system, where

=

= -c (~~,n )/’r (125)

41 2 2=~~l ~~1

and 
____________

(126)

The above vector is the unit normal vector to the projected flat panel and
defines the third axis of its coordinate system. It is now necessary to
construct unit vectors parallel to the other two axes of this system. Pre-
ilminary quantities are

— 12 2 — 12 2
= 

~
‘l~Yrl 

+ 
~

‘2’ ~2 
= 

~2’r1 
+ 
~
‘2 (127)
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If both and 
~2 

are essentially zero, set = = 7/2. The compon-
ents of the vector parallel to the first axis of the projected flat panel ’s
coordinate system are a1,a2,a3 where

—2C
~l 

— 

~~~ 
+

a2 
= (?3 

— l)
~l~2 

(128)

41 2

Finally, the components 6l,B2~
B3 of the unit vector parallel to the second

coordinate axis are obtained by taking the cross product of the vector (125)
and the vector (128). The matrix

a1 c22 a
3

(A] = 8
1 

8
2 

83 (129)

Yl Y2

would thus be suitable for transforming vectors and points between the
coordinate systems of the projected flat panel and the “chord-plane” panel.
As defined in equation (7.2.10) of reference 1 , the transformation matrix of
the “chord— plane” panel is.

[a11 a12 a
131

[a(old)] = a~ a22 a23 (130)

L.a31 a32 a33]

Thus the transformation matrix for the projected flat panel is obtained as
the matrix product

(a(new)] = [A) [a(old)) (131)

The rows of matrix (131) are unit vectors parallel to the axes of the
coordinate system of the projected flat panel expressed in the reference
coordinate system. In particular , the third row is the normal vector. This
matrix is used in the manner of reference 1 to transform points and vectors.

L 
_ 
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The reference coordinates of the control point are obtained from

X
0 

= Xav + a11~ + a21~~, + a31ç

= y~~ + a12~ + a22~ + a32~ (132)

Z 0 
= Zav + a13~ + a23n + a33~

The quantities on the right side of (132) are those of (130) not (131).
However, this is the last use of matrix (130) which is now discarded in favor
of (131) just as the average point (xav i 

~
‘av ’ zav) is discarded in favor of

(x0, y0, z0). Because of the way the projected flat panel has been defined ,
these are the only required replacements. All other quantities that have been
computed for the “chord-pl ane” panel are val id also for the projected flat
panel , specifically the slopes and corner-point coordinates, equations (7.2.12)
and (7.2.15) of reference 1. The remaining geometric quantities of the pro-
jected flat panel are calculated in the manner of reference 1 beginning with
equation (7.2.20).

It could be argued that the entire process of section 7.0 could be iter-
ated. Using the new panel coordinate system, the procedure of sections 7.1
and 7.2 would give somewhat different val ues of the coefficients in (110)
which could in turn be used in the calculation of the present section. How-
ever, if panel dimensions are small compared to physical dimensions of the
body, as is assumed throughout the present method ,, r is small everywhere
on the panel and the rotations implied by matrix (129) are also small. It
can be shown that the changes to be realized by iteration are of higher (third)
order in panel dimensions , and it is consistent with the other approximations
that have been made not to iterate. This course has been adopted for
simplicity .
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8.0 THE SOURCE DERIVATIVE TERMS. ASSEMBLY OF THE MATRIX OF
INFLUENCE COEFFICIENTS

8.1 The Least—Square Procedure. Geometric Constants

As stated in section 6.2, the basic source velocity formula (60) contains
coefficients and ay~ which are the derivatives of the source density
with respect to the panel ’s coordinate directions. It is not intended that
these be additional unknowns. Instead , they are expressed in terms of the
unknown values of source density at the control points of the surrounding
panels. Thus , ultimately the values of source density at the control points
of the panels are the only unknowns. Just as for the curvature calculation
of section 7.1 , the source—derivati ve procedure is slightly different for the
first and last panels of a strip and for panels of the first and last strips.
However, the modifications are quite straightforward. In the initial discus-
sion It is assumed that the panel on which source derivatives are being
evaluated (the panel in question) has adjacent panels on all four sides as
shown in figure 5. For the purposes of the present discussion only, the con-
trol points of the adjacent panels are numbered K = 0, 1 , 2, 3, 4 as shown
in figure 5, where 0 denotes the element in question. These control points
are transformed into the coordinate system of the panel in question. Let the

~ and r~ coordinates of these control points be 
~~~ 

‘10K’ K = 0, 1-, ... , 4
and the values of source density at the control points be a

K~ 
K = 0, 1 , ... , 4

(evidently ~~~~~
= n~~= 0). The source density on the panel in question is

assumed in the form

= 

~o 
+ + (133)

This is fitted in a least-square sense to the values of source density at the
control points of the adjacent panels. That is, the source density variation
on the panel in question is a least-square plane through neighboring val ues.
This process expresses the source derivatives on the panel in question in terms
of the unknown valu es of source density on the adjacent panels in the form

=~~~~~~~ c~~
aK

KzO
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= 

~~~ 
~~~~ (134)

where the coefficients c~
’
~ and 4 ’) are purely geometrical .

Specifically, let M be the number of control points invol ved in the
least-square fit. Thus M = 5 for an interior panel as shown in Figure 5,
but M = 4 for most panels of the first and last Strips and for the first
and last panels of interior strips . For the first and last panels of the first
and last strips M = 3. The foll owing quantities are defined

M-l M-1
X =E~oK ‘ 

1Y E n OK
K0 (=0

M-l M-l M-1

S = 

:~~~~~ 

T = 

~ 0K 
= 

~~~~~ 

(135)

a = S — ~~— , b T — ~ -- , c U—- R .
~

d = ac — b2

Then the desired coefficients are

(x) c b
C
K d~~OK d T

~OK c M  d M
K = 0, 1, ... , M (136)

(y) ... b a b X a YCK ~~~~~~~~~~~~~~~~~
There are 2M “source derivative coefficients,” a total of 10 for an interior
panel . These are calculated once and for all and stored with the other
geometric quantities defining each panel.

8.2 Lq~gic of the Assembly Procedure

In the base method the velocity induced by a panel depends only on the
source density on that panel and thus the “infl uence coefficients” for that
panel are cal culated solely from that panel ’s geometry. The essentially new
feature of the source derivative procedure is that the velocity induced by a

I
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panel depends on the value of source density at the control point of that Danel
and also on the values of source density at the control points of adjacent
elements. Similarly, the velocities induced by adjacent elements depend on
the source density on the panel in question . Thus the “i nfluence coefficients”
for a panel depend not only on the geometry of that panel but also on the geom-
etry of adjacent panels and the assembly of the influence coefficient matrix is
more complicated.

Let the panels be numbered consecutively in the order they have been
formed. Thus, reference is made to the i-th panel and to the j-th panel where
both i and j range from 1 to N. Another way of stating the essentially
new feature above is that a distinction must be made between the effect of the
j-th panel and the effect øf the j-th value of source density, whereas these

4.
two effects are identical in the base method . Let be the velocity
induced at the i-th control point by the j-th Danel and V~ be the velocity
induced at that point by the j-th val ue of source density . Then in the nota-
tion of section 6.2 and the present Section ,

= [~(O) + ~
0
~ p + 2~~(Q)Q + ~

(R)R + ~~~~~~~ +

[4x)~.(lx) + C
~
’
~
V
~~

’
~
]aK (137)

Notice that subscripts i and j are omitted on the right side of equation
(137) for simplicity . In the overall numbering scheme, a

~ 
in (137) is a.

and ci~, 02, 03~ and 04 have subscri pts near j. All velocities in (l37~
depend only on the geometry of the j~-th panel . The curvatures P, Q, R and
the coefficients ~~~ and c~

’
~ depend on the surroundi ng panels , but ‘nc

calculated they can be associated with the j-th panel only.

Consider now the i-th row of the matrix V~~, which expresses the
effects of the various values of source density at the i-th control point.
The first bracketed term in (137) is an effect of a,~ and is added to the

* j-th location of the row. The four terms in the sunination of (137) represent

effects of other values of a and must be added to other locations. Refer-

ring to figure 5, it can be seen that the panels numbered 1 and 2 are on the

same strip as the panel In question and thus represent effects of the preceed-

Ing and succeeding values of a. In particular, value 1 is associated with
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0j -l and value 2 with °j+l and the relevant terms of (137) are added to
those locations. Panels 3 and 4, however, are on adjacent strips. Suppose
there are E panels on each strip. Then val ue 3 is associated with °jE
and value 4 with 0j+E’ and the relevant terms of (137) are added to these
locations of the row.

If the matrix of infl uence coefficients was formed row by row, or if it
could be completely contained in high—speed storage, the above procedure
would be fairly simple (as indeed it is in two dimensions). However, the
matrix is formed column by column , and some rather complicated logic is
required. By retaining always three columns of the matrix in high-speed stor-
age, the terms in (137) that belong in columns j-l , j ,  and j+l can be put
into the proper locations ininediately and the results stored on the main
matrix tape (or disk) in the usual way. However, the j-E effects must be
stored on a second tape (or disk) and the j+E effects on a third tape .

Thus , when the usual calculation is over and all values of j have been con-
sidered, the result is three tapes each containing an almost full matrix.
(The only deviations from full matrices are that the matrix on the second
tape has zeros in the last E columns and that on the third tape has zeros
in the first E columns.) The three matrices are brought into high-speed
storage column by column , and corresponding columns are added location by
location to produce the final V~ matrix. To save time the induced normal
velocity matrix is also computed at this time by taking dot products with the
unit normal vectors to the panels.
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9.0 THE GLOBAL VORTICITY VARIATION

9.1 General Description of the Procedure

The formulas of section 6.3 give velocity components at a point due to a
vorticity distribution on a curved panel in terms of the first and second
deri vatives of the equivalent dipole distribution ~i(~~~,n) evaluated at the
panel “center,” i.e., the origin of panel coordinates. Thus there are five
parameters per panel , 

~x’ 
Uy~ “ xx ’ ~

‘xy ’ Uyy~ and these permit a general
quadratic dipole variation. These derivatives are determined by the algo-
rithm adopted for global vorticity or dipole variation.

As mentioned in section 4.0, vorticity is an auxiliary singulari ty In
the present method, and its main purpose is to satisfy the Kutta condition
along a wing trailing edge. Thus a global variation algorithm is chosen that
expresses the vorticity distribution over the entire body (or the equivalent
di pole distribution) in terms of a number of parameters equal to the number * 

-

of trailing-edge segments at which the Kutta condition is applied (figure 1).
In the logical scheme of the present method there are three aspects to the
global variation : (1) global variation along an N—l ine (figure 1), (2) local
variation along an N—line over a single panel , and (3) local variation between
consecutive N-lines across the intervening strip of panels. The global vari-
ation across the N-lines (“spanwise”) is not part of the global variation
algorithm but is determined by the Kutta condition.

The global variation along an N—line is the most basic assumption and
the one that permits the most flexibility . The distribution of the equivalent
dipole strength is taken as a particular monotonic function of arc length along the
N— line, beginning at the trailing edge, coming forward to the leading edge
along the lower surface, proceeding along the upper surface back to the~
trail ing edge, and continuing into the wake. Section 7.3 of reference 1
gives a very complete description, which , while it is special ized to the case
of a particular distribution function , Illus trates the general case very well.
(As discussed there the N-line may be traversed In the opposite sense also ,
i.e., upper surface first. ) It is understood that the actual variation of
equivalent dipole strength along the N-line is the product of the distribution
function and an initially unknown multiplicative constant whose value Is a
measure of the local “bound” vorticity strength . Values of the multiplicative
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constants on all N—lines are obtained as soluti ons of the simultaneous equa-
tions that express the Kutta condition at the trailing-edge segments of the
stri ps (reference 1 and section 10.0). In the usual case the equivalent dipole
strength on the wake portion of the N-line is taken as constant and equal to
its va lue at the upper surface trailing edge. As descri bed in the paper form
of reference 1, the base method has two options for the global dipole varia-
tion along an N-l ine: linear and cubic, which correspond, respectively, to
a constant and a parabolic “chordwise” variation of bound vorticity.

Contradictory as it may first appear, the assumptions of the global
variation algorithm also determine the local variation over a panel of the
vorticity or dipole strength. Since the formulas of section 6.3 permit a
linear vorticity variation (quadratic dipole variation), no higher-order
variation can be considered. On the other hand, that order of variation
should be used to obtain the full power of the present method. In the base
method of reference 1 , the dipole variation over the “chord” of the panel is
l inear, while its “spanwise” variation may be either constant,linear,or
quadratic.

Because only a limited amount of effort could be devoted to a prelimi nary
version of the present method, it was decided to employ the global variation
algorithm of the base method of reference 1 (including the refinements of the
paper version), even though some of the capability would not be utilized.
It is intended to develop a more sophisticated algorithm at some future time.

9.2 Formulas for Constant Chordwise Vorticity

In this option, the equivalent dipole strength p is assumed to vary
linearly along an N-line in the form

Bs (138)

where B is the unknown multiplicative parameter and s is arc length
measured from the trailing edge. Over an individual panel the variation is

p = A + B ~~= B(h +~~) (139)

where ~ has its usual meaning as a panel coordinate (figure 20 of reference 1)
and h is the total arc length along the N—line up to the n-axis (~~~ 

0)
of panel coordinates. The two N-lines bounding the panel are denoted the
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“fi rst” and the “ second” and quantities associated with them are identif ied
by subscripts F and 5, respectively. Then the dipole strength on the panel
is (compare equation (7.3.7) of reference 1)

= 
BF B~ + 

BFhF 
— Bshs ~ + 

B5n1 
— BFYi3 ~ + 

B
s

hs ni BFhFn3

+ c(BF Bs)(n 
— — 

~~ 
+ d(BF 

— Bs)~
2

(140)
where w is the panel width and and n3 are, respectively, the
n-coordinates of the first and second N-lines. By comparison with equation (50)
of section 5.3 the above gives the required five parameters as

Bsnl BFn3
w

B h  — B h
w C B F BS “l ’~~3

= d(BF — B~)

_ 1 BF _ BS
~xy 2  w

Uyy = C(BF 
— Bs)

For future applications provision has been made for the constants c and d
for each panel , but in .the current form of the present method d is alway s
zero and c is nonzero only on wake panels as explained In reference 1.

From (140) it is clear that the equivalent dipole distribution has the
form

U = B~p~ + Bsps (142)

where and p
5 

are independent of the values of B and can be obtained
directly from (140). In particular 

~F 
is a dipole distribution that is

zero on the second N-line and has a unit derivative on the first. The
velocity due to the vorticity distribution on the panel also can be written

= V0(F)~f, + V (S)p
5 

(143)

where the velocities V
~
(F) and Vu(S) correspond , respectivel y, to equivalent

dipole distributions and p~~. As in equation (59) of section 5.3, each
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of these two velocities is the sum of three terms

v (F) = V~°~(F) + ~~~
(1) (F) + (2)(F)

v(~) v~°~(s) + (l)(~) +

Specific assembly formulas for the components of the velocities in (144 )
are given below.

9.2.1 Near-Field Formulas for Panels on the Body

The superscript zero components are

(0) fl )
V~~ (S) = — -

~~~~ 
V~ (source)

(0V~~ (F) -

~~~~ 
V~ (source)

V~°~(s) 
~~~~~~ 

— c(i~ + r~ 
)} V (source)z (145)

V~~~(F) = _ [~
f
~._c(n 1 + fl3)Jvz (source)

V~2~(s) = 
~~

— V~~ (source) — — c(n1 + n3)j V,~ (source)
‘0 fh 1

v’
~~
(F) = — — v ~ (source) + [

i_- c(n1 
+ n3)]V~ (source)

where all quantities on the right have their usual meanings. Near—field
formulas are (7.7.7) of reference 1.

Define auxiliary quantities by 
*

+ xV,~ (source) 
*

= _j 1., + xV (source)2 (~46a)
= 

~~ll 
+ yV~ (source)

= 

~ O2 
+ Y~

/y (source)

The J,~ have the meanings appropriate to the source formulas. Specifically,
is given by equation (64), J11 by (7.7.12) of reference 1 , and J02 by
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= H02 — zV~ (source) (146b)

where H02 is given by (7.7.15) of reference 1.

In terms of these, the superscript one components are

V~~~(S) = 2(d~10 ~
‘H~~~0l~ 

+~~~H +2~ i (QJ~ + RJ~)

+ 2[~~ — c(y~1 + n3 )] (PJ~ +

v~~~F) = —2(d+10 + 
~~~~i ~o

) ~~~ H 2 
~~ 

(QJ~ + RJ~)
[h 1

_2 [~~
_ C(fl1 + n3)j (PJ~ + QJ~ )

v~ ,~(s) = 2 (
~ l0 + c.0,) 

— 2-~ ~~~ 
+ RJ~)

+ n3)1(H + 2PJ~ + 2QJ~)

v~~~(F) = —2 

~ l0 + c.01) 
+ 2~~ (QJ~ + RJ~) ( 147)

+ 
t~~~~~

(
~l + n3)j(H + 2PJ~ + 2QJ~)

v~~~(s) = -2[dat + cJ~ + ~~ (J~ + J~ )]

V~~~(F) = 2[djt + cJ~ + .~~
_. (J~ + J~)]

where H is defined by (82).

In the evaluation of the superscript , two components , 
~~ 

is given by
(89), and (90 ) is decomposed into

= Pxw xz + ~~~~ (148 )

so that

~~ = Ptj30 + 2Q*21 + Rip12 + 2(xP + yQ)q,20 + 2(xQ + yR)ip11
+ (Px 2 + 2Qx,y + Ry2)ip,

(149)
wyz = 

~
‘2l + 2Qip12 + Rip03 + 2(xP + yQ)ip11 + 2(xQ + yR) ip 02

: + (Px2 + 2Qxy +

The 
~mn are defined by equations (96) through (105). Then

= -z V R V(~~ (F) = z .
~~~
. V

WR (150)
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V~~~(S) = z[~~~
- c(fl l + n3)jVWR

V~~~(F) = -z — c(n1 + n3)} V R

2 
[h

5 

-

~ 

(150)
V~2~(s) ~~

1
~
wxz + [-__ — c(n1 + n3)jw ~2

V~)~~(F) = 
~~- w ,~2 

— 

[~~~— c n 1 + fl 3 )j Wyz

9.2.2 Changes in On-Body Panel Formulas for Intermediate and Far Fields

In all cases , Near-Field and Intermediate-Field formulas are evaluated
in panel coordinates. For the vort-icity effects discussed In this section
the Far-Field formulas are also evaluated in panel coordinates by truncating
the Intermediate-Field expansions with the first terms. The ranges of
distance from the panel origin where the various formulas are used remains
unchanged.

Thus the superscript zero components are evaluated using expansions (70)
for the source velocities (61).

Also , superscript one components are evaluated using expansions (85),
together with (87 ) and

I* &*
1 X,10 “20

2 “10 ‘11
(151)

1* = VA*
3 “‘01 ‘11

4 “01 ‘02

In an exception to the above-stated rule, expansion (85 ) retains two
terms in the Far-Field if p + q = 1. This is to ensure that expansions
are terminated with area moments of even order.

For the superscript two components, equations (150) are used with
from equation (106) with V

~R 
from (108) and with (149) replaced by

w
~2 

= 
~
XVWR + 3z(Pe30 + 2Qe21 + Re12)

(152)
Wyz = -yV~~ + 3z(P821 + 2Qe12 + Re03)
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In equation (lO6b) both terms are retained in the Far-Field for the reason
stated above.

9.2.3 Changes in the Formulas Needed to Obtain the Effect of a Wake Panel

The wake is characterized by the fact that the equivalent dipole distribu-
tion is constant along N—lines . This necessitates changes in the basic assembly
formulas (145), (147) and (150). However, the formulas for the individual
quantities appearing in these equations in the Near-, Intermediate-, and
Far-Fields are unchanged.

The total arc length of an N-line from lower-surface trailing edge to
upper—surface trailing edge is denoted L (total) in reference 1 and given
by equation (7.9.2). This quantity , evaluated on the first and second N-lines
of the panel , Is used in the wake formulas.

Equations (145) are replaced by

v~~~(s) = 0

V~~~(F) = 0

v~°~(s) = (145) with h5 replaced by L5 (total)wy (153)
V~~~(F) = (145) with hF replaced by LF (total)

(0) Ls (total) 1
Vwz (s) - w 

— c(n1 + n3)]Vy (source)

(0’ 
L
F 

(total) 1
V
~~~~

’(F) w 
— c(n1 + ~3 )j V ~ (source)

Equations (147) are repl aced by

(1 IL s_(total)
V
~~~~~

(S) = 2 
[ ~ 

— c(n1 + ~)j (pJ * + QJ~)

L ( total )
v~~~(F) = -2 F 

L s 

- c(n 1 + +

V~~ (S) = 2c~01 —~~——c(n1 + n3)j (H + 2PJt + 2QJ~)

L 1 
(154 )

V~~~(F) = -2c~01 + ~~~~— c(n 1 + n3)j (H + 2PJt + 2QJ~)
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V~~~(S) = -2cJ~ (154)

~~~ (F) = +2cJ~

Equations (150) are replaced by

V~~~~~(S) = 0

v~~~(F) = 0

V~~~~~(S) = unchanged with h
5 

replaced by L~ (total) (155)

v~~~(F) = unchanged with hF replaced by 1F (total )

(2) IL (total)
V (S) = 

[ 

S 

w — 

— c n 1 + fl 3 )J Wyz

(2) [LF (total) 1
V

~~~2 
(F)  = - 

[ ~~ 

— c(n1 + fl 3 )} W y~

The option exists to make the last panel of the wake semi—infinite in
the manner of reference 1.

9.3 Modification for Parabolic Chordwise Vorticity Variation

As discussed in reference 5, the assumption of constant vorticity
around a w ing sec tion can lead to numerical diff icul ties on certain w ings
with very thin trailing edges. Accordingly, a second chordwise variation
option is required. The important consideration is to have the “bound”
vorticity strength approach zero at the trailing edge on both upper and lower
wing surfaces. This is accomplished by a quadratic global variation of
vorticity as a function of arc length along an N-line . While only two global
chordwise variations have been incorporated into the present method, many
such variations are possible. If in the future numerical difficulties should
be encountered for certain types of geometry, say, for example, a wing that
Is very thin over its entire length , a properly chosen chordwise vorticity
variation could eliminate these difficulties. Moreover, as w ill be seen
below, the required modifications to the program are quite minor. This
flexibility is due to the use of vorticity as an auxiliary singularity.
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To implement the parabolic vorticity option , the linear variation of the
equivalent dipole strength along an N-line (138) is replaced by a cubic vari-
ation having zero derivative at the upper and lower trailing edge. Specifically,
(138) is replaced by

p = Bs {3 L (total) — 2 
[L (total)1~~ 

(156) 
*

where all symbols have the same meaning as in section 9.2. The above is a
global vari ation . The variation over an individual panel can be no higher a
degree than quadratic, and in the initial version of the present method has
been taken as linear. It is assumed that the dipole distribution on a panel
agrees with (156) at the corners of the panel and varies linearly in~ etween.
Thus, the overall behavior is that of an inscribed-polygon approximation to
(156).

For an individual panel the arc length measured along an N-line from the
trailing edge to the lower corner of the panel is L (equation (7.2.23) of
reference 1), while the arc length associated with the upper corner is
L + d (equation (7.2.22) of reference 1). Both L and d are subscripted
with F or S to denote, respectively, the first or second N-lines. The
linear function that agrees with (145) at these two values of arc length is

p = B(H + I~ ) (157)
where on the two N—lines the constants H and I have the values

H
F 

= 
L
F 

(total) (h~ — ~~~~~~~ 
— 

ELF (total)]
2 [h~ 

— cl~2
(3hF + 

~l 
+

‘F 
= 

LF (total) (2hF + 
~l 

+ 
~~ 

— 

ELF (total)]
2 (3h~ + 3hF(~l +

~1 ~2 ~~~

Hs 
= 

L.s (total ) (h~ — ~ 3~~4) — 
EL s (total))

2 (h~ ~3~4
(3hs + + 

~~ 4
)]

‘S 
= 

L5 (totaf) (2hs + + — 

EL 5 (total))2 
[3h~ + 3h 5(~3 + ~4)

+ + + 
~3~43
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where all symbols have the same meaning as in section 9.2. Thus the quadratic
form (140) for the variation of dipole strength over a panel Is replaced by

= 
BJ I~ B~I~ 

~~
,, + 

BFHF BsH5 + 
BsIslli — 8F1F~~3 ~ + 

B5H5~1 BFHFn3

+ c(BF — B
S
)(n — ~~3

)(
~~ 
— fl

l~~ 
+ d~B~ — Bs)~

2 (159)

where in the initial version of the present method c and d are set equal
to zero. The dipole derivative formulas (141) are modified in an obvious way.

Thus the elaborate vorticity velocity formulas of section 9.2 are modi-
f led to account for parabolic vorticity variation by the following procedure:

a. Terms containing c or d are not changed.

b. In terms containing hF or hs these quantities are replaced by
HF or 

~~ 
respectively

c. All other terms are multiplied by ‘F or 1~ as appropriate.

In the constant chordwise vorticity option , the parameter c Is nonzero on
wake panels if the “piecewise linear” spanwise variation of vorticity is
used (section 7.9 of reference 1). However, if the parabolic chordwise
vorticity option is used, c is taken as zero on all panels.

9.4 The Piecewise Linear Spanwise Vortici ty Variation

The third aspect of the global vorticity algorithm is the variation
from N—line to N-line across the “span” of a panel . The base method of
reference 1 has two options: constant and linear. In the former the equiv-

alent dipole strength is discontinuous across an N-line by an amount equal to
the product of the spanwise gradient and the panel width . Concentrated
trailing vortex filaments of this strength lie along the N-line . This repre-

sentation is inconsistent with a hi gher-order formulation and has been
excluded from the vorticity velocity formulas of section 6.3. Accordingly,
the present method has only one type of spanwi se variation , the linear one.

+

Once the vorticity velocities V
~
(F) and V (R) have been calculated

by the procedures of sections 9.1, 9.2 and 9.3, they may be used in exactly
the same way as the corresponding quantities of the base method. Thus the
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procedure of section 7.11 of reference 1 may be used without change to
generate the vorticity onset flows that are used to satisfy the Kutta
condition .

U
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10.0 THE KIJTTA CONDITION

The Kutta condition is applied in one of two ways: a condition of flow
tangency in the wake or a condition of pressure equality on the upper and
lower surfaces of the trailing edge, which amounts to a condition of equal
velocity magnitude , (section 7.13, reference 1). The wake tangency condition
is applied in exactly the same manner as reference 1. This section is con-
cerned with the equal—pressure condition , which uses a different iterative
procedure from that of reference 1.

As a numerical approximation, the Kutta condition may be applied by
equating pressures at the control points of the two panels adjacent to the
trailing edge on the upper and lower surfaces of the wing. Al ternatively,
velocities at the upper surface control points of the few panels nearest the
trailing edge could be extrapolated to obtain velocity components “at” the
trailing edge upper surface, and the same could be done for the lower surface.
This last would allow application of the Kutta condition more nearly at the
trailing edge, and the analogy of this procedure yields considerable improve-
ment in accuracy in two-dimensional cases. However, in the initial version
of the present method, pressure equality is applied at the control points of
the adjacent panels.

However the point of application of the Kutta condition is chosen, the
logic of the calculation is the same. In particular , a veloc ity vector can
be calculated at the upper and at the lower trailing edge point for each
stri p of panels (figure 1) and for each onset flow — both the uniform stream
and the several vorticity onset flows (section 9.4). It is necessary to
introduce some notation. A subscript m denotes quantities associated with
the m—th lifting strip of panels , and m = 1, 2, ..., L, where L is the
total number of lifti ng strips. Superscript denotes velocities obtained

in the flow solution for a uniform onset flow, and superscript k = 1, 2, ..., L
denotes velocities obtained in the flow solution due to the vorticity onset

flow associated with the K-th lifting strip. B(k) denotes the unknown
multiplicat ive constant to be applied to the vorticity solution correspond—
ing to the k—th lifting strip. Finally, (Up) or (Lo) denote velocities

at the upper or lower trailing-edge point, respectively. Thus the velocity

vectors at the trailing-edge points of the m-th strip are
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Vm (IJp) = V~~~(Up) + B(k)
~
(k)(up)

m = 1 , 2, ... , 1 (160)

= V~
0
~
)(Lo) + 

k l  
B~~ V,~~ (Lo )

These are analogous to the velocity vectors (7.13.3) of reference 1. A unit 
j

vector for each strip of panels Is defi ned by

4- V ( U p ) + V ( L o )
V~(Avg) = 4-

m 
4
m m = 1 , 2, ..., 1 (161)

IVm (UP) + Vm(LO)I

The condition that the velocity vectors at the upper and lower trailing-
edge points of each strip have equal magnitudes may be written

+ + + +
Vm(UP ) V~(Avg ) = V~(Lo) V~(Avg ) m = 1, 2, ..., 1 (162)

Equations ( 162) consist of L simultaneous quadratic equations for the L
unknowns B(k) . All coeffi cients of equations (162) can be expressed in terms
of the 2m(n + 1) individual velocities appearing in (160). Equations (162 )
are solved iteratively beginning with B(k) 

= 0. At any stage of the iteration
the Vm(Avg) are evaluated from the currently known set of B(k) . These are
used in (162) to obtain an L x I set of linear equations for the successive
set of B(k) . The iteration has been thoroughly tested in the base method of
reference 1 and has converged very rapidly in all cases.

68

~



2 
~~~~~— * ~~- --—-,-- 

_ _ _ _ _

11.0 CALCULATED RESULTS

To ill ustrate the improvements that the higher-order method of this
report has been able to effect compared to the base method of references 1
and 2, a number of cases have been run for which high-accuracy solutions are
available. While it would undoubtedly be useful to run more such cases , the
results presented below str ongly indicate the effectiveness of the present
method, even In its initial form.

The triaxial ellipsoid is the only truly three-dimensional body for
which an analytic solution exists . A geometry was selected having semlaxes
equal to 1, 2 and ½ In the x , y, and z directions, respectively, as shown in
the sketch of figure 6. Calculations were performed for two uniform onset
flows — one parallel to the x-axis and one to the z-axis — us ing 16 strips
of panels defined by section cuts (N-lines) at constant values of y from
+2 to -2. Each strip had 30 panels around the elliptical cross-section —

a total of 480 effective panels (symetry was employed). Calculated and
analytic surface ve locities along the curve in the xz-plane are compared in
figure 6. As pointed out in references 5, 6 and 7, the base method enjoys
a certain amount of cancellation of errors when calculating flow about smooth
convex shapes. Thus the higher—order procedure cannot be expected to yield
consistent gains in accuracy for such cases. In view of this, the small but
definite improvement in accuracy exhibited by the higher-order results in
figure 6 is quite significant.

Greater gains In calculatlonal accuracy can be realized by the higher-
order method when the body has concave regions. The geometry selected is the
circular nacelle shown in the sketch of figure 7. With the onset flow parallel
to the axis of synmietry, the total flow Is axisyninetric and a high-accuracy,
graphically exact solution can be obtained by the method of reference 6.
Nevertheless , this is a meaningful case for comparing the three-dimensional
base and higher-order methods, because they do not take advantage of the
axial syninetry but panel the nacelle both axially and circumferentially. The
three-dimensional results shown in figure 7 were obtained using a distribution
of 17 panels axially on the inner surface of the nacelle and the same number
on the upper surface . Circumferentlally, 18 effective panels were employed,
so that each panel subtends an angle of 200. This is a lifting case. Kutta
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conditions are applied along the trailing edge of the nacelle, and the
vorticitles on the strips are adjusted accordingly. Because the axisyninetric
solution of reference 6 employed a much larger number of panels axially than
either of the three-dimensional methods, It applied the Kutta condition of
equal upper and lower surface pressures at a point nearer the true trailing
edge . This disturbs the agreement in the trailing-edge region , but has
relatively littl e effect at forward locations . Two-dimensional experience
indicates that this situation can be alleviated either by extrapolating the
Kutta condition to the trailing edge or by using small panels adjacent to the
trailing edge. Figure 7 dramatically illustrates the effect of concavity on
the exterior surface, where the body is convex, all three calculated solutions
agree quite well (away from the trailing edge). On the concave interior surf-
ace the lower order method of reference 1 gives results that are seriously in
error, while the higher-order method of the present report agrees with the
high-accuracy solution almost exactly.

The n~ost impressive improvements in accuracy due to inclusion 0f higher-
order effects occur in interior flows. To illustrate this , the geometry
selected is the circular duct of area ratio four shown in figure 8. The duct
was paneled using strips of panels around the circular cross sections. Each
strip of panels has a width equal to one-third of the maximum duct radius —

a total of 42 strips along the length of the duct. Each strip contains 18
effective panels (syninetry Is employed) around the circular cross sections,
so that each panel subtends an angle of 200. For purposes of comparison,
a high accuracy, graphically exact solution for the duct has been obtained by
using the higher-order axisyninetric method of reference 6. Several calcula-
tions have been made, each with twice as many panels along the duct as the
previous calculation. This study has verified that the solution obtained by
the higher-order axisyniiietric program using 140 pan~ls along the duct may be
considered graphically exact, and accordingly It Is used as a standard of
comparison in figure 8. The results of three different three—dimensional
calculations are compared with the high accuracy solution In figure 8. The
first two use the 42 x 18 panel distribution described above — a total of
756 effectIve panels. One calculation was performe d with the higher—order
method of the present report and one with the base method of references 1
and 2. The base—method solution is so inaccurate as to be unusable, while
the higher—order solution is scarcely distinguishable from the exact. To
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provide another standard of j udgment , the results of two base-method calcu-
lations using a greatly increased panel number are also shown in figure 8.
These cases , which have been taken from reference 2, each use 4200 effective
panels. One has 42 strips of panels along the duct, each with 100 panels
around the circular cross section. The other has 84 strIps of panels along
the duct , each wi th  50 panels around the circular cross section. The calcu-
lated surface velocities for both cases agree fairly well (reference 2),
and so they are shown as a single curve in figure 8. Even with this greatly
increased panel number, the errors in the base-method calculation are an order
of magnitude larger than those of the higher-order calculation . Since approx-
imately 5.5 tImes as many panels are employed, the computing time for the
large panel number case of figure 8 is at least 20 times larger than that of
the higher-order method. Thus , for the duct of figure 8, the higher—orde r
method obtained a factor 10 increase in accuracy and a factor 20 decrease in
computing time.
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12.0 PRINCIPAL NOTATION

A,B coefficients of linear terms in the expression for local surface
shape, equation (110)

unit non,’al vector with components n~, n ,

P Q , R coefficients of quadratic terms In the expression for local surface
shape, equations (6) or (110). These “local curvatures” are funda—
mental to the higher-order procedure.

r distance between a field point (x,y,z) and a point (~~,fl ,C) on

the curved panel

rf distance between a field point (x,y,z) and a point (~,n,O) on - 

-

the projected flat panel

r0 distance from a field point (x,y,z) to the control point of a
curved panel

t panel dimension. Usually the maximum chord of the projected flat
panel .

V fluid velocity. Used wi th various subscripts and superscripts to
denote components and velocities due to various effects .

x,y,z Cartesian coordinates of a point in space, usually in the panel .
coordinate system. Used as subscripts to denote partial derivatives
and components of vectors .

the sunined quadratic terms of the local shape, equation (6). Sub-
scripts denote derivatives.

dipole strength. Used with various subscripts to denote derivatives
at the origin of panel coordinates

Cartesian coordinates of a point on the curved panel in its own
coordinate system. ~ and n denote coordinates of a point on the
projected flat panel . Used as subscripts to denote derivatives
and vector components.

source density. Used wi th various subscri pts to denote derivatives
at the origin of panel coordinates.

H 
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• velocity potential . Used with various subscripts and superscripts
to denote potentials due to various effects .

vorticity strength

Note: The equations of this report are not intended to stand independent of
those of reference 1. Similarly, quantities defined there are not
repeated here. These include: I~~, •m~ ~mn’ u (wi th various
subscripts ), m32, b32, B, L, w, h, ~~~ ~K’ ~K 

and subscripts F
and S.
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FIgure 1. Representation of a three-dimensional lifting configuration .
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Figure 3. A general curved surface panel and its projection in the tangent
plane.
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3.0 . ANALYTIC SOLUTION
0 BASE METHOD SOLUTION
i~ HIGHER ORDER SOLUTION
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Figure 6. Comparison 0f calculated and analyti c surface velociti es on a
triaxial ellipsoid with axes ratios 1 , 2, 1/2 in the x ,y,z
directions. Velocities shown are along the curve lying in the
xz-plane.
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