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This technical report covers Task II of a two=task investi=-
gation into the application and implementation of advanced discrete
guidance and control theory and analysis to a United States Army 3
missile system of the future, Task I was completed during the
period 7 August through 30 September 1979 and is described in 71
Applied Control Systems Dynamics Company Report ACSD-78-2, dated 2/ 5

__ September 1978, o

\‘\ During Task IT a stability analysis, swmary, and implementa-
tion associated with the discrete control for a missile system was
performed via the parameter space technique, Emphasis was placed :
upon the development of analytical tools to perform the design and j
analysis of the system, The three design tools developed under :
this contract are described: vg

/('1~, SAI-Ii , an Alternative to Sampled-Data Signal Flow Graphs;

“™, Determination of Digital Control System Response by
Cross-Maltiplicationy -

<3. Sampled-Data Analysis in Parameter Space.

The three techniques have been cast in a form amenable to imple-
mentation within digital computers or desktop caleulators. -

Also, during Task II, a technical seminar was conducted for
selected members of the Guidance and Control Directorate. In
addition, summarized within the report are the presentations pre-
pared by Dr, Seltzer and trips undertaken in its behalf,

This document has beea approved
for pullic relecao and salc; its
distribution is unlimited.
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SECTION I. INTRODUCTION

A, Study Objective

The purpose of this study is to investigate the
application and implementation of advanced discrete guidance amd
control theory and analysis to a United States Army Missile System
of the future. An aim of this investigation is to achieve modularity
of the guidance and control system functions., The end result of
this study is the analysis and preliminary design of a discrete
(or digital) guidance and control system (or systems) that can be
used for a U, S, Army Cuided Missile System,

The study effort is composed of two tasks described
in the Scope of Work, contained in Technical Requirement T-0107
entitled "Application of Discrete Guidance and Control Theory,"
The requirements imposed by these two tasks are contained in the
referenced contract document and re-stated (for convenience of the
reader) below,

Task I requirementst

2.1 Obtain or derive several candidate guidance
and control laws applicable to boost, coast, and terminal f1ight
phases of a long range ground=to-ground missile system,

2.2 Obtain or derive mathematical models of the
missile system applicable to the three flight phases identified in
Subsection I,1 above. The models shall include significant dynamics
of missile plant, sensors, effectors, on-board computer or processor,
and external disturbances (such as aerodynamics), In particular,
identify any significant nonlinearities in the model. Since a major
portion of this modeling already exists in-house, this task shall be
oriented to extending that currently available.

Ce3 Mathematically cast the several candidate
guidance and control laws, Subsection I.l above, in a form amenable
to their implementation in an on-board computer or processor,

Task IT requirements:

2.4 Extend the guidance and control laws of
Subsection 2,1 and Subsection 2.3 via the parameter space technigue
for the analysis and design of digital control systems, Investigate
the capabilities and limitations of this technique to the discrete
control system of the missile developed in Subsection 2.3 and com-
pt:;nzh. results obtained through the use of extant sampled-data
ques.
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2.5 Combine the outputs resulting from Sub-
sections 2.2, 2.3, and 2.Y above so the dynamics of each system : 1
may be determined analytically, using both existing and newly- |
developed digital and sampled-data techmiques. |

E i ] 2.6 Deleted by Contract Amendment, Modification
4 No. P00002, dated 31 January 1979.2

F i 4 2.7. Document in complete detail the modeling,
E analysis, and simulation results described in Subsections 2.1
through 2.€ above,

2..8 Conduct a technical serrinar for selected
members of the Cuidance and Control Analysis Group, Guidance and
Control Directorate (DRDMI-TGN).¢ The purpose of the seminar is |
¥ to develop a design expertise among members of the Group to enable
f them to design and evaluate discrete guidance and control systems.

Both existing and newly-developed sampled-data techniques will be
described and discussed in detail with practical applications con-
ducted during the course of the seminar conference.

B, Study Schedule

The requirements of Task I were completed during the
: period, called Phase I, 7 August 1978 (date of comtract initiation) |
E | through 30 September 1978, They are reported upon in Applied Comtrol |
E | Systems Dynamics Company Report ACDS-78-2, dated September 1978,
- entitled: "Application of Discrete Guidance and Control Theory.
E Technical Report: Phase I."3

The requirements of Task IT are to be completed during
the period, called Phase II, that culminates in twelwve (12) months
duration, This is construed to mean the period emding 6 August 1979,
It begm with Amendment 1, lodification POO0Ol, effective 20 October

1978,
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C. Contents of Report

This techmical report covers the effort performed in
completing the requirements of Task II of the study, i.e., Phase II,
As stated in the referenced contract requirements, the documentation
of this technical report shall include, but not be limited to,S

a. A stability analysis, summary and implementation
of the discrete control for the missile system applicable via the
parameter space technique. The results and comparisons made for the
extant sampled-data technique shall be documented,

1
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b, Any simulation initializing operatioms.

c. Any simulation input parameters required
and their formats. :

d, Any analytic results produced.

e, Operating instructions for a user of the
camputer simulation(s) generated,

f. (deleted)

' ge Summary of computer simulation runs, results,
and analyses performed.

The documentation shall cover work done to perform
Task IT from 20 October 1978 (beginming of Modification POOOOL of
the contract) until completion of contract. The required documenta-
tion shall be a technical report to be delivered to the Guidance and
Control Analysis Group (DRDMI-TGN),
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SECTION II, DEVELOPMENT PROGRAM FOR ADVANCED GUIDANCE & CONTROL SYSTEM

The definition of the development program for the Advanced
Guidance and Contxol System was developed during ‘l‘as§ I and may be
found in the referenced technical report: Phase I,° The original
development program, then entitled "Development Program for an Optimal
Digital Guidance and Control System for U, S. Army Future Missiles"
is included as Appendix A of that report. That development program
coamprises the framework within which the study is being performed.
A summary follows of that program.

The U. S, Army !lissile Research and Development Command
(MIRADCOM) recently embarked on a task to develop an Advanced Guidance
and Contrel (G&C) System for future U, S. Army Modular Missiles. The
intent is to "leapfrog" systems currently under development. The reasom
for embarking on this task is that existing weapon systems may be ser-
iously degraded in engagements against targets with predicted character-
istics of the 1990's and beyond and in the battlefield emviromments of
the time frame, It has been established that the guidance laws currently
in use muy not be adequate to control these dynamically elusive threats.
Thus, it is projected that fundamental advances in G&C systems theory
are required to enhance the effectivensss of future weapon systems.
Additionally, missile airframe and propulsion systems may require
advances commensurate with predicted target scenarios. In particular,
air defense weapons currently in R&D may be seriously hampered in the
combat scenarios envisioned., From an overall system viewpoint, this
task shall address the issue of creating new theory in the G&C area
to meet the high performance threats of the future., From the systems
requirements, the objective clearly emerges to develop and validate
research that will enmable the digital optimal guidance and control of
fature U, S, Army Modular Missiles. The work that has taken place to
meet this objective began in fiscal year 1979. It began with a con-
tinuing definition of the dynamics of predicted future targets. This
was followed by performing and documenting an extensive search of
literature pertaining to the theory and implementation of missile
guidance laws, A trade study was conducted to compare capabilities
of the guidance law classes, leading to the selection of an optimal
formilation of the advanced guidance law, Development began of analytie-
cal models of candidate future missile and subsystems (to enable realistic
G&C system research). New digital control theory also was dewveloped
with an eye toward simplifying elusively difficult mathematical tools
for designing digital systems, For example, an alternative to the
usually difficult and cumbersome digital signal flow graph method of
design already has been developed, In fiscal year 1980, it is planned
to further extend and develop new digital (sampled-data) theory.
Computer software will be developed to implement these (and other)
theoretical advanced analysis tools., Guidance law performance indices




will be evaluated, and the need for on-board state estimation techniques
will be determined., Parallel to this effort, fluidics technology will
continue to be developed, Beyond fiscal year 1980, candidate advanced

G systems configurations will be defined and a figure of merit developed.
Advanced analysis and simulation techniques will be used to evalunate

the candidate G&C systems, Additionally, the merits of advanced elect- ]
romics, fluidics, and distributed controllers will be evaluated. £

RERESEEESN =S

The foregoing G&C efforts are being conducted within the Technology i
Laboratory of MIRADCOM, The Advanced G&C System program is defined §
within the G&C Directorate. It is being implemented by both in-house | 4
engineers and by contracted effort at universities and local industry. F
It is to support this Advanced G&C System program that the contract

described by this technical report was made.

The participation of the G&C Analysis Group in the
Advanced G&C System development has been through the assigmment of
particular areas of research and development. The assignments are :
indicated in Appendix A of Technical Report: Phase I and in Appendices I i3
and J of this report. Progress has been indicated by individual oral '
quarterly reports to Mr, Russell T, Gambill, It is plammed to formalize 1
a progress report at the end of fiscal year 1979 by the Guidance and :

Control Analysis Group. ;
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SECTION ITI, SURVEY OF PERTINENT STATE-OF-THE-ART

As reported in the Techmical Report: Phase I, the U, S,
Alr Force presently is investigating and developing advanced digital
guidance and control concepts for air-to-air missiles. Dr, Seltzer
has maintained close liaison with the principal investigators at the
U, Se Air Force Armament Laboratory, Eglin Air Force Base. Of parti-
cular interest has been their development of an algorithm to predict
"time-to-go" (remaiming time of flight). This important parameter is
needed by both optimal guidance law forrmlations and Disturbance
Accommodating Control formulations., It presently is being investigated
for applicability and ease of implementation,

An awareness of the rapidly changing state-of-the-art
hus been muintained by Dr., Seltzer, partially through his participation
in American Institute of Aeronautics and Astronautics (ATAA) conferences
pertinent to the subject at hand (see Section VII), This is augmented
by extensive selected reading of pertinent literature and techmical
publications,
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SECTION IV, PERFORMANCE REQUIREMENTS

As a result of extensive studies of predicted future
target characteristics conducted by persomnel of the Guidance and
Control Analysis Group, Dr. Seltzer conducted extensive discussions
and analyses of the gathered information with these personnel and

? persomel of the Department of Defense (see Section XI). The results
b | were the following:

1. The surface targets of the 1990's era pro-
bably will be capable of being engaged by surface-to-surface missiles
now in the field or presently under development.

§
E | 2. The aerial targets of the 1990's era that

E | may be too elusive dynamically for surface-to-air missiles presently
: under development are:

a., Tactical ballistic missiles;

b. Aircraft (manned or wmmanned);
¢ Cruise missiles; and

d. Remote pilotless vehicles (RPV's),

The predicted large number of RPV's probably dictates their engage-
ment by less expensive weapons than a guided missile. Hence, the
first three predicted future target classes are considered to be
those that must be engaged by an Advanced Guidance and Control System.
Hence, it is their characteristics that are used to define the
necessary performance characteristics of the Advanced G&C System

and its missile., To this end, a design point for the proposed

future missile is developed as follows:

Mach Noe.: L
Lateral g's: 12
Altitude: 70,000 feet.,

It is expected that these values will be exceeded by a significant
margin, e.g., perhaps 20 g's,

In an attempt to determine analytically if such per-
formance requirements are feasible, the Aeroballistics Directorate
was contacted, Members of that Directorate are now investigating
three possible candidate missile configurations with the hope of
determining one (or more) that can meet the desired characteristics.
They are shown in Appendix K,

CLl e




SECTION V., GUIDANCE AND CONTROL LAW EXTENSION

A, Introduction

Mathematical models of candidate guidance laws
were categorized and described in Section IV of the Techmical
Report: Phase I.3 A means of extending guidance and control
laws is developed in Part B of this section. It is then applied -
via the parameter space technique in particular - to a selected
model of a future missile system, using as a basis Section IV
of the Technical Report: Phase I. This is performed in Part C
of this section. The results are then compared with those that
would be obtained by extant sampled-data techniques.

B, Design Tool Development

As a means of meeting Section 2,L of the referenced
Scope of Work in Technical Requirement T-0107, three new design and
analysis tools were developed by Dr. Seltzer. They are described

sumarily in the following three subparagraphs and in detail in
Appendices A, B, and C of this report.

1, SAM: An Alternstive to Sampled-Pata Signal
Flow Graphs,

In endix A, an alternative to the use of
Signal Flow Graphs (SFG's) and Mason's Gain Rule (Formula) is
presented to use in the analysis of complicated sampled-data
digital control systems. Usually in such systems, block diagram
algebraic manipulation may become umwieldly, particularly when
such systems include multiple loops and samplers. The Systematic
Analysis Method (SAM) may be applied to such systems (as well as
to simple single-loop feedback systems, of course), This is shown
in Section II of Appendix A, Also shown is how to apply SAM to
make use of Modified Z - transforms (Section V of Appendix 4).

The advantages of using SAM are that the
cumbersome application of Mason's Gain Formula can be avoided.
Further, the entire method of drawing Signal Flow Graphs may
be circumvented, Since only the equations describing the system
are needed for SAM, even the customary block diagram is not needed,

If the analyst prefers to use one of the Signal
Flow Graph (SFG) methods, a modified SFG techmique is also described
(Section IIT of Appendix A), It is simpler and less cumbersome to
apply than the conventional SFG method which, for purposes of com-
parison, is described in Section IV of Appendix A,
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A1l three techniques are applied to two examples
in Appendix A, This is done to better describe the application of SAM
and the modified SFG and to help provide a basis for the following
camparison of the three methods,

The Systematic Analysis Method (SAM) can be used
to determine the states of a digital system in terms of thaut system's
transfer functions and the imputs to the system. This, of course, can
also be done by the application of other methods, such as signal flow
graph (SFG) techniques. The usual advertised advantages of the latter,
when they are compared to block diagram or algebraic manipulation, are
that they are particularly amenable to the analysis of complicated
systems,

It is demonstrated in Appendix A of this report
that SAM can handle digital system analysis as capably as can SFG
methods, It has the advantage of not requiring the cumbersome Mason's
Cain Rule, It hence avoids the oft-committed errors associated with
SFG analysis; such as over-looked closed-loops, non-obvious forward
paths, etc.. As with SFG's, a block diagram is not needed - the
system equations are sufficient,

Finally, it is demonstrated that SAM is easy to
implement. It appears to take less lengthy analytical manipulation.

If the analyst prefers using SFG!'s to either block
diagrams or algebraic manipulations, a modified SFG technique is pre-
sented, It is based on SAM techniques. As such, it is systematic.
While the SFG's produced by this techmique are usually differsnt from
those produced by standard SFG techniques, they yield the same results,
Mason's Gain Rule is only applied at one stage of the anulysis in the
modified SFG technique - as opposed to the standad SFG technique which
requires several applications of Mason's Gain Rule,

In conclusion then, an alternative to the Signal
Flow Graph (SFG) technique has been presented and compared to a standard
and a modified SFG. The alternative, termed Systematic Analytical
Method or SAM, is claimed herein to be simpler and more straightforward
to implement than the SFG methods., Not only does it appear to be quicker
to use in system analysis, but it obviates the cumbersome use of lason's
Gain Rule, For the analyst who desires to use SFG techniques, a modified
SFG technique is presented., It is systematic and reduces the number of
required applications of Mason's Gain Rule,

|
:
|
1
3
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2, Determination of Digital Control System Response
by Cross-Multiplication,

In Appendix B, a means is described for obtaining
the response of a digitul control system from its closed-loop transfer
functione It is assumed that the closed-loop transfer fumction is
available in the z- or modified z-transform domain, The numerator
and denominator of each side of the transfer function are cross=-mlti-
plied. The Real Translation Theorem is them applied to the result,
yielding a difference equation in the time-domain., This may be
solved for the system response in terms of the reference (or other)
imput(s) to the system as well as in terms of system state initial
conditions,

Two different modifications to the basic technique
are described: one using the subrmltiple method and one using the
modified z-transform techmiaque. These are applied when it is desired
to determine the intra-sampling responses of the system.

A1l three techniques are applied to a single example.
A sumery of the techniques and their application is provided at the
conclusion of the report.

Tt has been assumed that a given digital or sampled=-
data system can be described by a closed-loop transfer function that
relates a single controlled output of the system to a single reference
input, If there is more than one input, the technique can also be
applied to the resulting sum of closed-loop transfer functions relating
the controlled output to each of the imputs. Although the report refers
only to a single controlled output, the technique can be applied to find
any system state if it is related to the inputs to the system in the z-
domain, These relationships may be derived by using any of the standard
techniques (such as signal flow graphs) or by the newly developed
Systematic Analytical Method (SAM) technique,

Several analytical techniques for obtaiming the response
of a digital control system have been described, They are based on a
single principle: cross-multiplication followed by applications of the
real translation theorems, Each is applied to a single example, As a
starting point for application of each of the techniques, it is required
that the dynamics of the digital control system be described in the z~-
or modified z-domain.

The advantages of the three techniques over extant
classical methods are:

a. The response may be obtained for any determimistic
reference imput into the system as long as its value is known at the
sampling instants, It need not be described by a differential equatiom,
and the z-transform for a specific reference input need not be determined
before obtaining an expression for the respomse.

10
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b, Initial conditions and instantaneous changes
can be accommodated readily by the equations obtained through use of
the cross-multiplication methods,

¢, The difference equations obtained are parti-
cularly amenable to programming on a desktop calculator or digital
computer,

d. A detailed knowledge of the theory underlying
digital or sampled-data comtrol systems is not required (although it
certainly is helpful) by the analyst in order to apply the recipes
described herein,

3. Sampled-Data Analysis in Parameter Space

In essence, the parameter space techmique provides the
digital guidance and control system designer with a means for determiming
the stability and dynamic characteristics of a digital control system
in terms of several selected system parameters. The method requires
that the system characteristic eguation be available in the complex
z-domain, It is this capability that makes the method more powerful
than most design techmiques (which describe stability in terms of only
one variable parameter or gain).

The parameter space method provides an analytical tool
developed for use in control system analysis and synthesis. Although
not necessary, its application is facilitated by augmenting the analyti-
cal results with graphical portrayals in a selected multi-parameter space.
The method requires that the control system be described by a character-
istic equation which, for sampled-data or digital systems, may be expressed
in the z-damain. The technique is based on the analysis and synthesis
methods for linear and nonlinear control system design ch are amply
described in Siljak's excellent monograph on the subject.” Reference 7
describes the application of the technique to the analysis and synthesis
of linear sampled-data control systems,

Once the system characteristic equation has been obtained,
the parameter plane method emables the designer to evalnate graphically
the locations of roots of the equation., Hence, he may design the con-
trol system in terms of the chosen performance criteria; e.g., absolute
stability, damping ratio, and settling time. He is able to see the effect
on the characteristic equation roots of changing two adjustable




parameters. Siljak further simplified the design procedure by intro-
ducing Chebyshev functions into the equations, thereby putting them
in a form particularly amenable to their solution by a digital computer.
The method has been extended to portray the effect of varying the
sampling period, The extended method permits one to see the effect
of the choice of values assigned to the sampling period on absolute
and relative stability., Also, the recursive forrmlas shown therein
are simpler in form than the Chebyshev functions of Reference 7.

The resulting formulation is deliberately cast in a form that makes
it particularly amenuble to solution by a digital computer or a desk
calculator, again emphasizing the interplay between analysis and com-
puting machines, When portrayed graphically, the results show the
dynamic relation between the selected parameters and the character-
istic equation roots, as a function of the nondimensional independent
argument, ®,T, Hence one readily can deduce the dynamic effect upon
the system of various combinations of values of the selected para-

meters defining the parameter space.

The history of the continuous-time domain
version of the parameter plane techmique is well-described with suit-
able references in Reference 5, Briefly summarizing that history, in
1876 I, A. Vishnegradsky of the Lemingrad School of Theoretical and
Applied Mechanics developed and used the first version of the para-
meter plane techniques to portray system stability and transient
characteristics of a third order system on a two-parameter plane.

In 1949 Professor Yu I, Neimark of the Russian School of Automatic
Control generalized Vishnegradsky's oach to permit the decom-
position of a two-parameter domain (D; describing an nth order system
into stable and unstable regions. The techmique was called D-decom-
position. During the period 1959 through 1966, Professor D, !Mitrovic,
founder of a Belgrade group of automatic control, extended the method
to enable the analyst to relate the system's variable parameters to
the system response, using the last two coefficients of an nth order
characteristic equation. Begimning in 196L, Professor D, D, Siljak,
then a student of Mtrovic's at the University of Belgrade, generalized
the method and called it the Parameter Flane method., His method per-
mitted the analyst to select an arbitrary pair of characteristic equa-
tion coefficients (or parameters appearing within the coefficients)

and partray both graphically and analytically the dependence of the
system response upon the selected parameters. The method was extended
subsequently by Siljak and others to encompass a host of related pro-
blems, In 1967 Professor J. George modified the D-decomposition method
to enable the portrayal of the absolute stability region in a multi-
parameter space (George also showed how to portray contours of relative
stability, as d4d Siljak). All of the foregoing work is carefully and
completely referenced within Reference 6. In 1966 and subsequently,

12
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Seltzer has applied the parameter space method to the design of j
missile, aircraft, and satellite controllers including systems con- :
taining one or two nonlinearities; the analysis of the dynamic effects
of the nonlinear "Solid Friction" (Dahl) model for systems with ball
bearings, such as control moment gyroscopes and reaction wheels; and
the specification by the system designer of the dymamic structural
flexibility constraints to the structural designer., Most of this work
has appeared in the technical journals of the IEEE,cthe ATAA, the
International Journal of Control, and the jowrnal, Computers and
HElectrical Fngineering. A portion of the histary that has not been
reported upon previously (with one exception to be noted) is the con-
trol system work conducted by the German rocket scientists in the early
l 1940's at Peenemmnde, There, Dr. W, Haeussermann and others applied
the D-decorposition technique to the design of the V-2 Rocket, following
Dr, Hasussermann's earlier (pre-World War II) application to the control
l of an underwater torpedo. This work was not published in the open liter=-
X ature because of national security constraints. Vhen the group came to
the United States to work with the Army Ballistic Missile Agency (first
at Fort Bliss, Texas, then at Redstone Arsenul, Huntsville, Alabama),
Dr, Haeussermarmm and his associates continued to apply the method to
U. S, Army Missiles @nd later to NASA space vehicles). Again, natiomal
security (this time, another nation) precluded publication in the open |
1iterature wntil 1957,10 |

In 196l Professor Siljak published the first
application of the parameter plane technique to sampled-data systems,’ |
As mentioned above, this was extended in References 8 through 9. In
1971 Seltzer presented an algorithm for systematically solving the Popov i
Criterion applied to sampled-data systems. Applications of these sampled=- i,
data parameter space techniques are found in References 8, 9, and 1ll. |

In summary, an analytical method for portraying
stability regions in a selected parameter space is described for a digital
system, The method requires that the system characteristic equation be
available and expressed in the complex z-domain. It also is possible to
apply pole placement to obtain desired dynamic characteristics using this
modified parameter space technique. The advantage of the techmique over
existing cliassical sampled-data methods is that the stability and dynamic
response characteristics are expressed in terms of several (rather than
merely one) selected parameters, Also, the sampling period, T, need not
be expressed mumerically before the design technique begins, giving the
system designer one mcre degree of freedom,
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G, and Implementation of Discrete Control for
Missile Systems via the Parameter Spece,

1. Introduction

In this section, the results of mathematical
models of Sections IV and V of the Technical Report: Phase I are
used to demonstrate the application of the newly-developed digital
and sampled-data techniques. A simplified planar model of a missile
system is used to demonstrate the application of the three design
and analysis techniques described in Part B, above, It is described
by the block diagram of Figure 1, vwhere G(s} is used to portray the
transfer function describing the charactasristics of the plant. For
lucidity, aerodynamics are neglected and the coefficients of the
equations describing the dynumics of the system are assumed to be
time-invariant. The symbol Gn,(s) is used to represent the transfer
finction associated with a zero order hold in a digital computer,
Trapezoidal integration is used to appraximute the mathematics assoc-
iated with taking an integral of a state and is represented by the
transfer function (in the complex z-domain), D(z), These three transfer
functions may be written as

o(s) = 22, (V1)
Gyo(s) = L%"—T ’ (17-2)

ard
D(z) = DL, (v-3)

The onboard digital computer sampling period is represented by the
symbol T, and Symbols s and s represent the complex Laplace (s) and
2 variables, where

d.

s = °s'l‘

. (Iv-k)

On Figure 1, control guins are represented by symbols aj, a,, amd a_qe
The attitude of the missile is represented by 8, and the overdot repre-
sents the time derivative of the symbol bemeath it.
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The approach taken in this section is to:
a. First determine the system closed-loop

transfer function.

b. Then determine conditions to ensure system
atability.

¢. Finally, determine representative system
responses to given inputs to the system.

In each of the three portions to the approach, the
methods developed under this contract will be applied, It is at this
point that one sees the logical need for the development of three tools.
"SAM" was developed to provide a better means for obtaiming the closed-
loop transfer function, The parameter space technique was developed to
provide an efficient means for determining conditions that €nsure sta-
bility (and that also can ensure a desired system response). The cross-
multiplication technique was developed to provide a relatively sirmple
means for determining the system response, It is stated that these
three techniques appear to be supericr to known extant methods. /An
indication of this superiority will be provided sumarily within this
section at the conclusion of each of the above three steps.

2, System Closed-Loop Transfer Function,

The system closed-loop transfer fumction will now
be derived by app. the "SAM" technique described in ix A,
The System Equations (see Step No. 1 of the SA!M procedure) may be
written directly upon inspection of Figure 1.

E = X1 X + xa (IV.S)
B = X, = Xyx (IW-6)
E =X = 0% (v-7)
aq (Bt = X, = a_,Dxx, (Iv-8)
a_q YMt = Xg = GpoX), (1v-9)
B = Xg = 8o%y + Xg + ayXyg (17-10)
6 - X7 = GI6 (Iv-ll)
15
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® =Xg = Xq/s (Iv-12)
6* = x9 = le' (1Iv-13)
0 + X0 = Gpo¥y (-14)

-. s The overbar over a state indicates that the state's value at the
| begimming of any sampling period is held (at that value) m%il the
i . beginning of the sampling period, The asterisk following a state
indicates the instantaneous value of the state at the instant of
the assumed sampling impulse, i.e., it indicates the pulsed trans-
form of the variable. All states are considered to be written in
the Iaplace domain, i.e., the usual notation X4(s) has been short- ‘
ened to xj for convenience. |

The Modified System Equations (see Step No. 2 of
the SAM procedure) corresponding to the above System Equations may
be written directly from the System Equatioms.

E =X =X +Xg (Iv-5M)
Bt = Xp = Xy (Iv-61) i
X - G (zv-m)
X), = a_DxX, (Iv-8M)
Xg = a_y Gy DHK % (Tv-o11)
Xg = aghy + Xg + a1 (Iv-101)

6 =Xy = (GO o) (ag%q* + ayD¥Xy* + aqXpit) (Iv-11H)
0 =Xg = ag(0O,o/8)X;* + a1 (GG, /8)DKX,*  (IV-12M) |

L

1 I + 2, (0G, /)T

fv I o% = Xg = Xp# (Iv-13M) i
E . X0 ® OpoXe* (Iv-1LM) ?
é-' ‘
¢ 16
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The Pulsed System Equations (see Step No. 3 of the
SAM procedure) corresponding to the above equations may be written
directly from the System Equatioms,

B¢ = X% = X# + Xo¥ (Iv-5P)
X% = X% (Iv-6P)
Xy% = Gy ¥X,* (Iv-7P)
X% = a_D¥L% (Iv-8P)
Xg* = a_oDeG, *X, % (Iv-9P)
Xgh = agXy + Xk + g, X, g% (Iv-10P)

Xt = GOpo*(agky® + ayD¥Xy* + aXp)  (IV-11P)

0% = Xg* = GG, o/8)#(2pX; + a_D¥Ky* + ajXp#) (IV-12P)

Xgt = X% (Iv-13P)
Ko* = Go*Xe* (-1P)
For convenience, one may define G, (s) as
6 = yo/e = = 2 o — o — ':"T , (1v-15)
which leads to
o, (2) = 3{9, (a} - (127") { '°§J
. 8
= 3p,7(3%1)/(2-1)2 (1v-152)
One may define Go(z) as
Gp(a) = Gopo(z) = (1-a~") [f_g}
= wcyT/(z-1) e (Iv-16)
17
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The trapezoidal approximation for the integration operation (see
Section V of the Tecimical Report: Phase I) may be written in the
z=domain as:

D(z) = X (z+1)/(z-1) (Iv-17)

Making use of these defimitions, one may substitute them into the
Pulsed System Equations to obtain

G *(aod-a D*)x.‘*
x7*- 21-9,1(}2* (Iv-18)

and, after some algebraic manipulation, one obtains the closed-loop

transfer function,

gz:m)} T (2#)
8(2z) = [;‘GZT (2=1)2 la¢> Y (za )] (Iv-19)
X .1e27 g 2 Bt p (24 )]
CE TR G|t A a
If one defines the dimensionless gains, kp, ki’ kys as
d.
R L (IV-20)
d.
k= Y, , (Iv-21)
and
d.
kd- a.‘czT 9 (IV-22)

one may rewrite Equation (IV-19) as

6(z) (kp"-ki)z + 3 - (p-ky) g J z
(1v-23)
Xy C.Ee(2) mz)

where the denominator C.E.(z) of the closed-loop transfer function
is the characteristic equation for the system, i.e.,

C.E.(z) = z; + (e #iy #ig=3)8° + (2key-2kg3)8 + (-lep ey #y=1)

- g rs’ . (Tv-2L)
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The characteristic equation will be used in the sequel to determine
conditions to ensure system stability. The closed-loocp transfer
function will be used to determine the response of tre system,

The question is now asked: "How well does SAM
compare to other methode for determining the closed-loop transfer
function?" Several means will be examined briefly for comparative
purposes. They are (1) the well-kmown and oft-used Signal Flow
Graph (SFG) method: and (2) block diagram manipulation.

Even if the modifications put forth in Section IIT
of Appendix A are implemented, the SFG methcd is tedious and amemable
to mistukes (such as not recogmizing the existence of 1 on the
graph). Using the System Equations (IV-5) through (IV-1ll) and the
Pulsed System Equations (IV-5P) through (IV-1LP), one may construct
the modified SFG found in Figure 2, iMason's Gain Rule (also found
in Appendix A) is then applied as follows.

There are three loops cn the SFG,

Loop No., 1: A closed-loop beginning and ending
at X7*wl‘ah a gain of K; = a,Gy%,

Loop No. 2: A loop passing through Xy, Xo¢, Xg¥,
and back to Xq* with a gain of Kp = a,Gy*Gyt(ag + a1D¥).

Loop No, 3¢ A loop passing through X%, Xg¥*,
and back to X;* with a gain of K3 - 01*(30 +a_,Dx),

It is observed that Loops No. 1 and No. 3 do not touch each other.
The value of & (actually, the characteristic equation) is found to
be

a = 1 -K-' -Kz-KB "‘K]KB
=1 - a,G - (ao + a_.'D*) Gy (3.102* *3)
+ a,Gy*G,* (ag + a_yD¥)
21 = 31(}2* - (a,o + a._.'D*) G-'* (Iv=25)

This may be shown to be identical to Equation (IV-2L) which is the
gystem characteristic equation found by applying SAM,

19




Gl UHE GEN AR EE N0 A0 SN 0D ) G S emd G

Returning to the SFG, one sees that there are two
forward paths from %* to 6%, Along the first forward path (the
upper of the two),

M, = &Gy *Gy¥ (30 + a_1D*) (IVv-26)

and
A1 L% (S (IV-27)

Aong the second forward path (the lower ome),

fq.z = Gy* (ag + a_;D*) (Iv-28)

Az g - K1 . (IV-29)
The expression far the closed-loop gain between X* and 6% is

o% I!1A.| * M2A2

X A
| 40p%0% (ag +aD¥) +Gyx (ag +aD%) (1 - a,G5%)
a
Gy* (ag + a_,D)
" T -aG* - (ag *a_ D% GF  ° (1v-30)

It is seen that Fquation {IV-30) may be manipulated so that it is
identical to Equation (IV-19) obtained by using SAM,

The same result may be obtained by block diagram
and/or algebraic manipulation. Since this technique is well kmown,
it will not be described here. Suffice it to say, it can become
tedious.

The advantages that SAM appears to possess are that
it can be applied to a system having any level of complexity or order,
Tt is not subject to not recognizing a path or closed=locp (not always
obvious) on a SFG, Because it is systematic, it is less amenable to

errors by the user,

20
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3. System Stability

The conditions for stability of the system are now
determined by using the parameter space technique described in
Appendix C, It will be applied to the chzacteristic equation (IV-2L).
Since it is a third order polynomial, it has three roots - either all
three are real or one is real and two are complex conjugates.

The z=1 boundary is found by substituting the value of
urty for z in Equation (IV-2L), yielding

kg =0 . (Iv-31

The z=-1 boundary is found by letiting z==1 in
Equation (IV-2}), yielding

kg =2 . (w-32)

The complex congugate root boundary (associated with
the unit circle in the z-domain) is found by substituting the value,

s aR 41T 0 - B2)% (1v-33)

for each value of zJ (where j is an inmteger) appearing in Equation (IV-2L),
where values of R; and I. corresponding to the unit circle boundary may

be found from Tabie 1 (sge Appendix C for how these values may be obtained)
and B is defined as coswl, (Recall s may be defined as s= « + iw),

TABIE 1,
Values of Rj’ IJ" and xj

3 R I, rs
0 p 0 ly +ly + kg =1
1 B 1 2y ~2ky *+ 3

2
2 2821 28 ky *+ky +ky =3
3 1B>-38 B2 1




The result is an equation containing both real and imaginary quan-
tities. If the reals and the imaginaries are separated into two
equations, one obtains the following two simultaneous algebraic
equations:

R -J‘3R3 *‘rzRg “'31R-| +()‘0Ro =0 (IV=34R)

I= Y‘BIB "“‘212 + F" I1 + J‘OIO =0 e (IV-B.’.LI)

Substituting the values from Table 1 into Equations (IV-3L), one may
obtain

R = (B#1)(B-1)k, + B(B#)k; + B(B-1)kg + (B-1)%(2B+1) = 0 (IV-35R)

and
I=Big, + (B¥)ky + (B-1)kg + (B-1)(28-1) =0 ,  (IV-351)

Since there are two equations, they may be solved for any two para-
meters contained within, The two comtrol gains, kp and ki, may be
the selected two, If one uses Cramer's Rule to solve for kp and kg,
one may obtain the Jacobian,

(B#+1)(B=1) B(B=1)

Jd =

= 1-Bo0VB<1 (Iv=36)

B (B-1)
The parameters (control gains) may be solved for, obtaining

-B(B# )k -(B-1)2(2B#1) B(B-1)
-(B#)ky - (B-1)(2B-1) (B-1)
kp = J
=] -« B (Iv"37)
i .
(B#)(B-1)  =B(B#)k, - (B=1)2(2B#)
B - (B¥1)ky - (B-1)(2B-1)
kd = J
“ B g+ 0 (Iv-38)
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A summary of the three stability boundaries in the kp, ks, kd
parameter space is:

a=: k =0 ,

z-1 : kd = 2 ’

zei’: k =18 ,

P
148
ky = {T_-g}ki +(1-8) .

Although these may readily be shown in three-space with- proper
graphics, they are shown in this report in a ky, kg two-space (or
plane) on Figure 3 for several values of ki (i.e., k3 = 0, 0,1, and
0.5). The shading rules described in Appendix C are applied to
determine the stable and unstable regions, The number of stable
rocts in a particular region are denoted by an encircled number.
The program for obtaining numerical values for generating these
curves, using a Hewlett-Packard 9100B calculator, is found in
Appendix D,

If the root locus technique . were used to plot
the dynamic characteristics of the system, this could be accom-
plished only after two of the three parameters were assigned
mumerical values, thus losing a considerable amount of potential
information. Also, the numerator and denominator of the root locus
equation would have to be factored into first and second order terms
to determine locations of poles and zeros, For example, if k., were
selected as the variable parameter (gain), the root locus equation
(obtained from the characteristic equation) would be:

(32 <22 +1) ks

0(z) = — ~ 2
z° + (kp *ky -3)z2 + (21:i )z +(kPﬂti-1)

. ( IV"39)

The corresponding root locus equation for the selection of kp is
equally cumbersome:

(22 2z ) kPL

G(z) =
3 2 + (ki*kd-3)22 + (2K =2k343)3 + (kg #ey=1)

* (Iv-Lo)
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If one were to use a Bode plot, one would also have
to factor the appropriate eauations into first and/or second order
parts, again having (in most cases) to resort to numerical values,
Such is the nature of most classical techniques, whereas the para-
meter space technique perritsthe retention (and hence generality)
of several generic (rather than mumerical) values of gains, In this
study, the dynamic characteristics of the system have not been speci-
fied, although Appendix C tells how this can be done (essentially
using pole placement technique). In that case, the parameter spuce
technique provides additional strength, since a numerical wvalue of
the sampling period (T) need not be specified before design commences,

If one wishes to resort to array techmiques (i.e.,
the sampled-data anulogue of the Routh-Hurwitz Criterion), one may
use the Schur-Cohn Method, the more versat Jury's Test, or the
considerably more versatile Raible's Test. ¢ Even in the case of
the lutter, the use of the table (when implemented with a digital
calculator or by hand analysis) is cumbersome, as shown in Table 2,

TABLE 2,
Raible's Test

- % % 61 BT%m
agky ajky axky &

bo b, b, - ky, = by/bg
bk bk s

o ¢ - ke = c1/co
c‘[kc S

do i

The values of the coefficients in Table 2 are found in Table 3.
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TABLE 3,
Raible's Test Coefficients
b a 3 bj c4 dj
0 -kp-l-ki-'kd-‘l az-agky bg-boky, co=Cike
1| a2y | mpek, | bybik, | -
21 B | 4 ; .
3 1 - - -

To use the Raible's Array of Table 2 for determining the conditions
that ensure stability, one determines the values of parameters that
cause by, ¢y, and d; to always be greater than unity. While on the

surface this appears to be simple, the actual implementation requires

great algebraic effort (unless numerical values - with their
attendant decrease in generality -~ are used).

L System response

The system response to an input is now determined,
using the cross-multiplication method described in Appendix B, It

will be applied to the closed-loop transfer function of Equations (IV-23)
through (IV-2L), Cross-multiplication of the terms in Equation (IV-23)

leads directly to the equation,
238(z) +!‘2229(z) +1428(z) H0(z) =

-8,22X(z) =4, 2X(a) -6 x(z) . (Iv-l1)

If one solves Fquation (IV-4l) for the valne of 6(z) that is the
coefficient of the highest power of z (in this case, three), ome
obtains

o(z) = « [823‘11(2)4-51 z‘zl(z)+3oz‘3x(z)]
- [1227"6(2) 41326 (2) I P0(2)] (17-k2)

25
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Equation (IV-L42) may be put in the form of a difference equatiom,
where the symbol ©, denotes the value of 8(t) at the instant, t=kT,
k an integer, and X, denotes the value of X(t) at time tm=kT:

8 = = [ % *+ 3% B3]

- (Y28 * Va8 Foheos] (7-13)

The power of the difference equation is respectable in the era of
digital machinery, For example, in the case of Fquation (IV-}3),

any value of ©(kT) may be found if only the next earlier values of

® are known, This may be dome for any reference input signal, X(t),
whose value is known at the sampling instants t=kT. In other words,
contrary to many existing methods for determining system response,
X(t) need not be specified in mathematically closed-form, Let us
dwell on this power briefly, Suppose the initial condition for the
missile system under study herein is denoted as 6,, i.e., the value
of the missile attitude at the instant of time t=0, Using Equation (IV-43)
and assuming that t=0 was selected (as it surely can be) at an instant
before which the state © is at rest, or zero , one obtains the value
of © at the next sampling instant, t=T:

8 '62x0 -Y¥280 (Iv-Lk)

Knowing ,, one may again use Equation (IV-i2), this time to find the
value of O at time t=2T, i.e.,

8 -6211 "'6110 - (8‘291 *6‘190) o (IV-45)

Simdlarly, values of © may be determined at later sampling instants
of time in this recursive mammer. This form obviously is amenable
to implementation in a digital computer or calculator,

As a simple example of the application of the technique,
assume the system is commanded to follow a umit step input applied at
time W, 1.3.,

X(t) =1VE20
=0Vt<O0 , (Iv-L6)
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The response to the step input may be determined readily fram
Equation (IV-L3) as:

(kD) 0, =0 (Iv-LT7)
(=1) 0 =8 Ko =l + kg (Iv-18)
(k=2) 8, =d +d 128 =k, + 3k - Y8 (Iv-L9)

(k=3) 93 - (52 "'6.1 "‘60) - (“292 + 91) - llki - (r292 "’r191) (1Iv-50)

(ka3) G = bkey - (F28q +¥18p *Y¥oB-3) (1v-51)

Equations (IV-L7) through (IV-S51) may be programed on any digital
machine, A program for calculating values of 8(kT) is found in

Appendix E,

As an independent check on the response values
obtained, the initial value and steady-state value of ©(kT) may be
determined by applying the sampled-data Initial Value and Final Value
Theorems to the closed-loop transfer function of Equation (IV-23).

Tnitial Value Theorem:
1im 6%(t) = 1im 0(z) = Lim (6 ,2° 1z +6oJK(z)

(Iv-52)
t»0 %% co z-n;—zg +8‘2z2 +82 + %o

The answer is dependent on the farm of X(z). For a unit step function,
Equation (IV-L6) may first be transformed into the z-domain, yielding

’X(z ) L .(%_ZT ° (IV"53)

Because of the nature of the feedback signal in the missile case (see
Figwre 1), the value of‘lgz) should be assigned a negative sign, If
the negative of Equation (IV-53) is inserted in Equation (IV-52), the
initdgl value of ©%(t) is seen to be zero.

1im %(t) = 1im (1-2=1) o(z)
t>oo z2 1

=ln - (ai) [i‘fg‘*_‘:l,)’z o i (kpifi_)} X(z)  (IV-5h)

z-»1 \ 2

2 +8‘22 +f2 + Y
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Again, if the thearem is applied to the case of a unit step imput
to the system and the negative of Equation (IV-53) is substituted
into Equation (IV-5L), the resulting steady-state value of €#(t)
becomes

Unow(t) s tR Ity . ()
t >co 1 +r2 +r1 +xo

The program found in Appendix E has been applied to the design
example, alslsmﬂ.ng a unit step input. The result has been plotted
as Figure L.

The brief discussion found in Appendix B of other
techniques that may be used to determine the system response is
sufficient to convince the reader of the advantages of the cross-
multiplication technique. Hence, they will not be applied to the

design example.

N
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SECTION VI, TECHNICAL SEMINAR

A technical seminar was conducted by Tr, Seltzer for
selected members of the Guidance and Control Analysis Group, Guidance
and Control Directorate (DRDMI-TGN), The purpose of the serrinar was
to develop a design expertise among members of the Group to enable them
to design and evaluate discrete (i.e,, digital) guidance and control
systems, Both existing and newly-developed sampled-data techmiques
were described in detail with practical applications conducted dwring
the course of the seminar conferences. In particular, the new tech-
niques described in Appendices A, B, and C of this report were fully
developed for the participants. The duration of the seminar was 123
contact hours,

The contents of the seminar are described in the following
outline format.

A, Introduction,

B, The sampling process,

1. Mathematical description of the sampling process
in both the time and the fregquency domains,

2, The Sampling ("Sharmon's") Theoren.
C., The ideal sampler: the impulse sampling approximation,
l. Motivation,
2, lathematical description,
a, Time domain,
b. Frequency domain,
(1) Fourier analysis,
(2) Laplace analysis,
(3) Complex convolution,
(a) Closed form,
(b) Series form,
D, Comparison with carrier-modulated systems,
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E, Z-transform analysis of linear sampled-data systems,
1, Introduction to, and derivation of, the z-transform,
2, Evaluation of z-transforms,

3. Mapping from the complex s-plane to the complex
z-plane,

Le Theorems of the z-transform,
5. The concept of pulse transfer functions.

6, Z-domain transfer function relationships between
cascaded elements,

7. Iimitations of the z-transform method.

8. Determination of the control system response
between sampled instants,

a. Use of the submultiple method,
b. Use of the Modified and the Delayed z-transforms,
9. lodified z-transform theorens.

F, Data reconstruction, emphasizing zero-order and first-
order holds.

G, Sampled-data systems: Determination of outputs and
other states of digital control systems.

1. 3Block diagram manipulation and algebraic mani-
pulation.

2, Signal Flow Graphs and Mason's Gain Formula,
a. Conventional (B,C, Kuo) technique,
be Seltzer's technique.

3. A newly-developed systematic algebraic mani-
pulation techmique termed "SAM" (Systematic Algebraic Manipulation).

30
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H, System Response,

1, Comparison of second-order response for:
Continnous system,
Sampled-data system without data holds,
Sampled-data system with zero-order hold,

Qe
be

Ce

2, Stability and other dynamic determinations,

e
b.

Ce
complex w- and r-planes.

d,
w- and r-domains.

Jury's Test,
Raible's Test,
Mapping from the complex s-plame to the

Extension of the Routh-Hurwitz Test to the

Effect of pole-zero locations on system

dynamic response (in th:;-doma:!.n).

£
for sampled-data syatoma..

ge
h,
i.
Jo

The root locus method (in the z-domain)

The Nyquist Criterionm,

The Bode diugrum,

The gain-phase plot (Michols! Chart),
The parameter space,

3. Response between sampling instants,

8¢
b.

Ce
method,

de

Submultiple sampling method.
Modified z-transform method,
The newly-developed cross-multiplication

Hidden instabilities,

ka
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I, Conclusion,

1, Design example,
2, Comparison of classical techniques,
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SECTION VII, AMERICAN INSTITUTE CF AERONAUTICS AND ASTRONAUTICS
(ATIAA) ACTIVITIES

the contract period, Dr. Seltzer has supported
certain pertinent AIAA activities, This has taken the following form,

A, ATAA Aerogpace Sciences leeting

Dr. Seltzer was selected to organize the Guidance
and Control (G&C) sessions at the AIAA Aerospace Sciences Meeting
held in New Orleans, Louisiana, 15-17 Jammary 1979. Also, at that
meeting, Dr, Seltzer presented a paper co-authored by Dr, Harold L.
Pastrick (Guidance and Control Directorate, U, S, Army Missile
Pesearch and Development Command) & Professor fHchael Warren
(University of Florida in Ga:l.nesvﬁle)f The paper was emtitled
“Cuidance Laws for Tactical Missiles",'S> It includes a compariscn
of guidance laws applicable to short range tactical missiles,

These laws are segmented into several classes and the principles
underlying each class are discussed. Specific attention is given
to the structure of the guidance techmique and the requirements for
its implementation., Evaluation and comparison of the performance
of each guidance law versus the cost of implementing it are con-
sidered. An extensive bibliography of relevant literature is
included, A copy of the paper is included as Appendix F.

B, ATAA Guidance and Control Conference

A paper co-authared by Dr. Pastrick and Dr, Seltzer
has been accepted for delivery at the ATAA Guidance and Control Con-
ference to be held 6-8 August 1979, The paper is entitled "Future
U. S Army Missile Cuidance and Control Systems", It described the
task that was recently begun by MIRADCOM to develop an advanced GRC
system for Mature Army Modular Missiles (see Section II of this
report). The paper defines the problem and described the approach
being taken as part of a seven-year program to develop a viable
future G&C system, The preliminary results that have been achieved,
as well as projected results, are to be presented.
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SECTION VIII. SIG-D EVALUATION

On 19 Jamary 1979, Dr. J. B, Huff, Director of the
Guidance and Contarol Directorate appointed a team to conduct an in-
depth review of the digitally-controlled SIG-D program (Appendix G).
The team was placed under the leadership of !r, Russell T, Gambill,
Because of his expertise in the digital control field, Dr, Seltzer
was designated to evaluate the theory and design portion of the SIG-D
program. The formal review took place during 8=9 February 1979.
Written reports were submitted by each of the ten team members to
Mr, Cambill who combined them into an overall report entitled
"SIG-D Red Team Report) dated 21 February 1979. Section II of the
report entitled "Theory and Design" was prepared and submitted by
Dr, Seltzer., A copy is included in Appendix G.

3L
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SECTION IX, HELLFIRE WHITE PAPER

A "yhite paper" was ed by Dr, Seltzer describing
how the Guidance and Control (c&cg Analysis Group's Hardware-in-the-
loop (HWIL) simulation facility is u d to meet that Group's HELLFIRE
mission. In particular, the mummer in which the G&C Analysis Group
met the objective outlined in the "Low Cost Laser Seeker Evaluation
Test Plan" was addressed, The paper was generated to meet the sharp
criticism leveled against the HWIL facility by Mr. Art Kendell,
Rockwell International - Columbus, A copy of the paper is included
in Appendix H.
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SECTION X, PRESENTATIONS

Several presentations were mude during the course of
the contract period to demonstrate progress on tasks associated
with the contract,

A, Presentation to Dr, J. B, Huff and Dr, Richard Hartman.

On 10 May 1979, a presentation was mude to Dr., J. B,
Huff, Director of the Gulidance and Control Directorate, and Dr, Richard
Hartman, Director of the Research Directorate, and members of their
organizations. The purpose of the briefing, held at Dr. Huff's reguest,
was to assess the program status of the research on the Future U, S,
Army lodular Missile "Advanced Cuidance and Control" and to describe
the program plans. To meet this request, Dr. Seltzer orgamized the
presentation to cover the following topics.

a. Program objectives

be Program plan

ce Imitial achievements and status

d. Projected accomplishments

e, Program implementation,

A copy of the vu-graphs used in the presentation is included in Appendix I,

B, Presentation to Advanced Sensors Directorate.

As a result of the above presentation, r, Hartman set
up a presentation for members of the Advanced Sensors Directorate on
13 June 1979, The purpose of the presentation was to describe the
Advanced Cuidance and Control program, to describe the threats that
the program addresses, and to enlist the assistance of Advanced Sensors

personnel in the program. The description of the program was presented
by Dr., Seltzer - and the description of the threats and their analysis
was made by !Mr. Ray laples. Copies of the wu-graphs used in the pre-

sentution are included in Appendix J,
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SECTION XI, TRIPS IN SUPPCGRT OF THE CONTRACT

Several trips were mude in support of the contract
during the implementation of Task IT,

A, Trip to Eglin Air Force Base,

On 12 October 1978, Dr. Seltzer joined !, Russell
T, Gambill and . Harold L. Pastrick at Egiin Air Force Base.
Their major contact and source of technical and program information
was 2nd Lt, Tom Riggs, U. Se Air Force, Air-to-Air, Systems Analysis
and Simulation Branch, Air Force Armament Laboratory, Air Farce Systems
Cormand, Eglin Air Force Base, Florida. Information was exchanged
between the principals mentioned in considerable detail. Continued
exchanges of information were sought by the Air Force personnel present.

In addition to considerable in-house effort, Eglin
Adr Force Base has contracts with three universities (Alabama, Florida,
and Texas) and three members of industry (OrinCon, SCI, and TASC) to
study advanced digital G&C for air-to-air tactical missiles.

The Eglin persomnel expressed a desire to develop a
memorandum of understanding with the U, S, Army !MIRACOM to formalize
a joint effort in the development of advanced digital G&C systems.
Dr. Seltzer was requested to symrite a first draft of the agreement,
This was presented to Lt., Riggs during a visit to IMIRADCOM on
21 March 1979, It presently is under review at Eglin,.

B, Trip to the Pentagon.

On 22-23 April 1979, Dr. Seltzer visited the mMirector
of Land Yarfare, !Tr, Charles Bernard, of the Office of the Under
Secretary of Defense for Research and Development, and members of his
staff, The purpose of the visit was to determine future target
characteristics so that performance requirements might be determined
more realistically, VWhile the major portion of the discussions was
classified, an abbreviated, unclassified set of performance require-
ments has been developed for use in this contract (see Section IV),

i




SECTION XII, SUMMARY

This report contains the documentation performed during
- the period 20 October 1978 through 7 August 1979, and referred to herein
; as Phase IT, It is intended to meet the documentation requirements
. specified in Form 1423 and in the Documentation Addendum to Form 1423
! found on puges 17 and 18 of the contract (Reference 5) and the require-
E | ments that comprise Task II of the Statement of VWark of Technical Require-
] ment No, T-0107 (Reference 1), The latter have been repeated (for the
reader's converience) in Section I, Part A,

Task I documentation requirements were met by the
E | Technical Report: Phase I.° Some of the Statement of Vork requirements
E | have been augmented subsequently by this report.

s Requirement 2,1 was met by Sectiom III, Part C
| of Technical Report: Phase I,

Requirement 2.2 was met by Section IV of Technical
Report: Phase I and augmented by Section IV of this report.

Requirement 2,3 was met by Section V of Techmical
Report: Phase I,
Task II documentation requirements and Statement of Vork
requirements are to be met by this report.

Requirement 2,4 is met by Section V, Parts A and
B and by Appendices A, B, and C,

T

Requirement 2,5 is met by Section V, Part C,
Requirement 2,5 was deleted,?

Pequirement 2.7 is met by Appendices A through E,
Requirement 2,8 is met by Section VI,

" . Wth regard to meeting the Documentation requirements of
ask I

Paragraph 2.a, A stability analysis, swmary, and irple-
mentation of the discrete control ... via parameter space, including com-
parisons with extant methods, is documented in Section V, Part B.

Paragraph 2,b, All simulation initializing operations
are described in Appendices D and E,
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Paragraph 2.c. All simulation input parameters
are described in Appendices D and E,

. Paragraph 2.d. Analytical results produced are
] documented in detail in Appendices A, B, and C.

Paragraph 2.e. Operating instructions are implicit
in the farmats documented in Appendices D and E,

Paragraph 2.f. Dele'l'.ed.Lt

Paragraph 2.g. Suwmuries of computer similation
i runs, results, and analyses are docurented in Section V, Part C, and
E | . in Appendices D and E.

! ) In summary, this report describes the performance results
E | of an effort of forty-one weeks duration (Phase II)., The specific State-
E | ! ment of Yark requirements were met in detail, i,e., the parameter space
‘ technique has been fully developed for stability determination of a digital
control system, and the dynamics of a missile system investigated using
. that technique. Also, an in-depth technical serminar describing the use

- of digital control techniques was presented, In addition, the Principal

: Investigator developed and documented an analytical design tool (termed
! uSAM") to enable the control system engineer to derive the closed-loop
transfer function (in particular) and any selected state (in general) of
a digitally-controlled system. Also, he developed and documented a
means (termed "cross-mltipli.catian“s of finding the response of a digitally-
controlled system, He co-authored two pz.ars describing the work of

| which this contract is a part being performed by the U, S, Army MIRADCOM
E | G&C Directorate to develop an Advanced G&C System, both of which were
accepted for presentations at AIAA national conferences. He made several
presentations to persomnel of the G&C, Advanced Sensors, Aeroballistics,
and Research Directorates describing this work in order to guin their
cooperation, To gain important imputs for this work, Dre. Seltzer nude
trips to the Pemtagon and to Eglin Air Farce Base, Also, he performed
an evaluation of the theory and design of the digitally-controlled SIG-D
as a portion ot the formal review of that system, Finally, he wrote a
“white paper" describing how the G&C Analysis Group's Hardware-in-the-
Loop simulation is used by that Group to meet their HELLFIRE mission.
A1l of the foregoing was accomplished with the expenditure of approcd-
mately 1400 direct scientific man-hours (the equivalent of 175 eight-
hour days) or an average of appraximately 3L hours per week for Phase II),
Included within this time was the preparation and conduct of 123 contact
hours of an intensive technical serdnar,

= i e o o
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SECTION XITI, CONCLUSICNS
The requirements set forth in the contract have been met.

Three major analytical tools huve been developed to aid
the GiC system engineer to design a digital system. They are:

l. A means, termed "SAIM, of determining the states
of a digital system in terms of that system's transfer functions and the
inputs to the system.

2. A means, termed "Cross-Multiplication", far
obtaining the response of a digital system from its closed-loop transfer
function.

3. A means, termed "Parameter Space', for determining
the stability and dymamic characteristics of a digital system in terms
of several selected system parameters.

The three design tools have been compared to extant tech=-
niques and applied to the design of a typical missile system. They appear
at first blush to be superior to other classicul methods. In particular,
they have been developed with the aim of being easily implemented on digital
calculators or computers,
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1. INTRODUCTION

This report describes an alternative to the use of
Signal Flow Graphs (SFG) and Mason's Gain Rule (Formula) for
analysis of complicated sampled-data control systems.
Usually in such systems, block diagram algebraic
manipulation may become unwieldly, particularly when
such systems include multiple loops and samplers. The
Systematic Analysis Method (SAM) may be applied to
such systems, as well as to simple single-loop feedback
systems. This is shown in Section 2. Also shown is
how to apply SAM to make use of modified z-transforms
(Section 5).

The advantages of using SAM are that the cumbersome
application of Mason's Gain Formula can be avoided.
Further, the entire method of drawing Signal Flow
Graphs may be circumvented. Since only the equations
describing the system are needed for SAM, even the
customary block diagram is not needed.

If the analyst prefers to use one of the Signal
Flow Graph methods, a modified SFG technique is also
described (Section 3). It is simpler and less
cumbersome to apply than the conventional SFG method,
which for purposes of comparison is described in
Section 4.

All three techniques are applied to two examples.
This is done to better describe the application of SAM
and the modified SFG and to help provide a basis for
comparison (Section 6) of the three methods.

To obviate searching for such a description, Mason's
Gain Rule is described in the appendix.

2. SYSTEMATIC ANALYTICAL METHOD (SAM)

SAM is implemented by performing the following four
steps. If the equations resulting from the first three
steps are placed in a table of three columns (one for
each step), they are easily manipulated to perform the
fourth and final step.

STEP NO. 1. OBTAIN "SYSTEM EQUATIONS"

1 The equations describing the system are written in
the Laplace domain. If the system is described by block
diagram, the "system equations" are written upon
inspection. -
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STEP NO. 2. OBTAIN "MODIFIED SYSTEM EQUATIONS"

If any of the "system equations" contain terms that
in themselves contain the product(s) of an unsampled
system variable and an unsampled transfer function,
then the unsampled variable must be replaced by an
expression containing no unsampled variable(s). 1In
complex systems, this may require a chain of several
substitutions.

An "unsampled variable" is recognized as one upon
which the pulse transform operation has not taken place.
For example, when the pulse transform of a Laplace
transform function and/or variable is taken, that operation
is denoted symbolically by placing an asterisk immediately
following the expression, yielding a so-called "starred
quantity." For example, the pulse transform of the Laplace
function F(s) is denoted as F*(s). One manner of expressing
F*(s) in terms of F(s) is

0
F*(s) = % E F(s+ i2l n/T) (1)

N=-00

where T représents the sampling period.
STEP NO. 3. OBTAIN "EULSED SYSTEM EQUATIONS"

" Pulse transforms are now taken off each side of the
"modified system equations," yielding "pulsed system
equations." Now all system variables, either unsampled
or sampled (pulsed), may be solved for, either in the
"system equations" or the "pulsed system equations."

STEP NO. 4. OBTAIN DESIRED INPUT/OUTPUT RELATIONSHIPS

All system variables, both starred and unstarred,
‘may be found in either the "system equations" (Step No. 1)
or the "pulsed system equations" (Step No. 3). The
‘desired nutput(s) may be solved for by selecting the
appropriate "system" or "pulsed system" equations,
substituting as necessary. This will be brought forth in
the examples.

P
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EXAMPLE NO. 1

Given: The digital system of Example No. 1l is
described by the block diagram of Figure ¥.

To Find: The continuous-data and pulsed (sampled)
outputs, C(s) and C*(s), respectively, in terms of the
system input R(s) and the system transfer functions

G(s) and H(s).

STEP 1. SYSTEM EQUATIONS!

Obtain these equations directly upon inspection of

?iggre 1.
(2)

E'—a R - HC
c=gE* (3)
R(8) —=O mgz? ) G(s) . C*(s)

H(s)

Figure 1. Block Diagram for Example No. 1.

1. Note: 1In the sequel, the following shorthand notation -
will be used:

F g r(s) =;f‘f(t)l, i.e. the Laplace
transform of F(t),

pr 3 pe(s),

gar 4 (G(s)H(s)]®
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STEP 2. MODIFIED SYSTEM EQUATIONS

One sees that Equation (2) contains a product of
an unsampled (i.e., unstarred) system variable, C, and
an unsampled transfer function, H. Since this violates a
condition stated in the description of Step No. 2, a
substitute must be found for C. This is obvious in
Equation (3), which is substituted into Equation (2) to
yield the acceptable form,

E =R - HG E*, (4)

i.e., it contains no products of unsampled variables and
unsampled transfer functions. The product of unsampled
transfer functions, HG [i1.e., H(s)] G(s)], is acceptable.

STEP NO. 3. PULSED SYSTEM EQUATIONS

Take the pulse transform of each side of each of the

"modified system equations," making use of the following
rules: .

[RG]* = RG*, (s)
(R G*]* = R* G*, (6)
[Re)e = B8, : (m
E* = R* - HG* E* (8)
.C* = G* E* (9)-

The resulting eéuations from Step Nos. 1, 2 and 3
can be placed in a table (Table 1), while they are
being developed, for systematic orderliness.

TABLE 1. SYSTEM EQUATIONS FOR EXAMPLE NO. 1

C =G E* (3)|Cc=GE* (3) | c* = G* E* (9)

Sys. Egs. Mod. Sys. Egs. Pulsed Sys. Egs.
E=R-HC (2)|[E=R-HGE* (4 | E* = R* - HG* E* (8)

STEP 4. OBTAIN, C*, C

First so{ve Equation (Q)Nfar E* :

E* = [—1—_—] R*, (10)
(1 + HG*) ;

i o ottt o it
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Substituting'this expression for E* into Equation (9),
one obtains

Cc* = [—G_—]R*- (11)
: (1 + HG*)

"To obtain C, one substitutes...yielding"

- G
. [W]R’“ i

EXAMPLE NO. 2.

Given: The digital system described by the block
diagram of Figure 2.

To Find: The continuous-data and pulsed (sampled)
outputs, C(s) and C*(s), respectively, in terms of the
system input R(s) and the system transfer functions.

D*(s)
P e
;( Ef(s) D(s) —ii— Gl(s)
r{-—c'(ﬂ
|
+
R(s) —XO B + 328 6, () 3 c(a)

Figure 2. Block Diagrém for Example No. 2.

In the interest of being systematic, the analyst
may wish to assign "states" (Xj) to the various system
variables. The "system equations" (Step No. 1) are
writter from inspection of Figure 2. In order to im-
plement Step No. 2, the "system equations" of Step No. 1
must be checked for possible products of unsampled sys-
tem variables and unsampled transfer functions. Two such
products exist: G1X2 in Equation (15) and G3X3 in Equa-
tion (16). The first product is readily manipulated into

9
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the approved form by making use of the relation between
X2 and X*] of Equation (14), which is substituted into
Equation (15) to yield Equation (17). The product, G2X3,
is easily handled by substituting Equation (17) into
Equation (16), then substituting Equation (13) for X1, and
solving the resulting expression for X4, yielding Equation
(18) . This completes Step No. 2 (the second column of the
array of Table 2). The third column (Step No. 3) is
obtained merely by "starring" each side of each of the
equations in the second column.

TABLE 2. SYSTEM EQUATIONS FOR EXAMPLE NO. 2

Sys. Egs. Mod. Sys. Egs. Pulsed Sys. Egs.

E:zX =R-X, a3 x; =R - X, (13) | B = X%, = g* = X & (19)

E*z X, = X,* (14)| X, = x,* (14) | E* = X,* = X, * (20)

Y = xs = D*'o:;]_x2 + xl (15) Xy = D'Glxl' + X (17) | Y* = x3' = D'Gl'xl' + xl' (21)

& = G, (D*G,X,* + R) - &

{ >4 x‘ sz3 (16) X‘ 4 2 lli-lG (18) Cc* x‘* 63'D'x1' + Rl' (22)
2 § 3

where '

3 I+ G2
‘and
G,R
d. 2 (24)

R W, SRR
1 1+6,

To find C;, one merely substitutes Equation'(l9)
into Equation (22):

® = * XY * *
C x4 = G3 D x1 + Rl

= *D* * - * *
b ik B

G,*D*R* + R,*
i e e
I +G,%D" i 2

(25)

In a similar manner, one finds C hy substituting
Equation (15) into Equation (16), substituting Equations

10
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(14) and (13) for X; and X;, respectively, and finally
substituting Equation (19) for the resulting X3*, i.e.

4 = G%,

Gz(D*Glx2 + xl)

C =X

= G, (D*G,X,* + R - X,)

*y *
GleD Xl + GZR

= G3D*Xl*'+ Rl

= G3D*(R* = X4*) + Rl'

Since Xq* = C* was just determined in Equation (25), that
value is substituted into Equation (26) to yield:

G,*D*R* + R,*
C = Gyp* | R* - | T p% + Ry

(26)

3

RE & G CDSR* = O SDFRC = Ry*
= G,D* + Ry

3
1l + G3*D*.

G,D*
3
'(;’I‘E;?BT) it bt R (27)

An alternate form for (R* - Rl*) may be found if desired:

GZR *
bt ol W g 2
[<1 * GZ) ] ( G,R \* i
= R
1l + G2 1l + Gz)

;i (1—5—63) Ry (28)

3

-, i s . . e " dnt 2 &
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This expression for (R* - Rl*) may be substituted into
Equation (27) to yield
G,D*

c= ———,‘*——13+ & Ry* + Ry, (25)

which may be slightly simpler in form than Equation (27).
3. MODIFIED SIGNAL FLOW GRAPH TECHNIQUE

If the analyst prefers to use a Signal Flow Graph
(SFG) technique, the following modified SFG is proposed.
It incorporates many of the features developed in SAM.
As such, it appears to be simpler to implement,
requiring the application of Mason's Gain Rule at only
one stage of the analysis.

The first three steps are identical to those of SAM.

STEP NO. 4. CONSTRUCT EQUIVALENT SFG'

The equivalent SFG is drawn directly from the
information contained in the "system equations" (Step No.
1) or from the block diagram.

STEP NO. 5. CONSTRUCT SAMPLED SFG

The sampled SFG is drawn from the "pulsed system
equations" (Step No. 3).

STEP NO. 6. CONSTRUCT COMPOSITE SFG

- This is achieved by connecting the output nodes of
the samplers in the equivalent SFG to the nodes
representing those same quantities on the sampled SFG.

STEP NO. 7. OBTAIN DESIRED INPUT/OUPUT RELATIONSHIPS

Mason's Gain Rule (Appendix A) is applied to the
composite SFG to obtain desired outputs in terms of
system transfer functions and inputs to the system.

Examples of the use of the modified SFG method
follow. For comparative purposes, the same two examples
to which SAM was applied will be used.

12
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EXAMPLE NO. 1.

STEP NOS. 1 - 3. SYSTEM, MODIFIED SYSTEM, AND PULSED
SYSTEM EQUATIONS

Repeat these steps as shown in Example No. 1 of
Section 2 (SAM). They are summarized in Table 1 and

are Equations (2), (3); (4), (3); and (8), (9),
respective;y,

STEP NO. 4. CONSTRUCT EQUIVALENT SFG

The equivalent SFG is constructed directly from the
"system equations" of Step No. 1, Equations (2) and
(3). The resulting SFG is shown as Figure 3.

-

(Po

Figure 3. Equivalent SFG for Example No. 1.

STEP NO. 5. CONSTRUCT SAMPLED SFG

The sampled SFG is constructed directly from the
"pulsed system equations" of Step No. 3, Equations (8)
and (9). The resulting SFG is shown as Figure 4.

R* 1 E* G*

©

-HG*

1 C*
e ™

)
A

Note: Encircled number refers ﬁo identification of loop.
Figure 4. sSampled SFG for Example No. 1.

' STEP NO. 6. CONSTRUCT COMPOSITE SFG

The composite SFG is constructed by joining the two
SFG's of Figures 4 and 5 in the prescribed manner. 1In

13
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this example a single line connecting the E*'s of the
two SFG's is required (Figure 5).

-HG*

A"the: Encircled number refers to.identification of loop.

" Figure 5. Composite SFG for Example No. 1.

STEP NO. 7. OBTAIN C*, C

Looking at Figure 5, one sees that there are two
inputs to the system, R and R*. Applying Mason's Gain
Rule (appendix), one finds only one possible forward
path from R* to C* and none from R; hence, k = 1. The
gain along that forward path, M'k’ is seen to be

M =M = e* . (30)
There is a single loop whose gain is
L Spmities HG*. (31)

The value of Ais found to be
A =1 - Kl = 1 + HG*. (32)

Since the single forward path touches the sing'le loop of
this system,

Ak=A1=1. (33)

The gain, M, between C* and the input R* is then
C* M, A, G* 4

y el - — (34)

R* a l + HG

14
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Solving Equation (34) for C* we obtain the same result as
Equation (11).

In solving for C, we find that only input R* has a
forward path to C. 1In this case the gain along that
path is seen to be G (Figure 5), i.e.

M, = G. (35)

The value of A remains the same as that shown in Equation
(32), as does the value of K, remain as shown in

Equation (31). The single forward path touches the single
loop of the system, so Equation (33) still applies.

The gain, M, between C and the input R* is then

M=&=M1A']‘= G
R* A 1 + HG

»* (36)

Solving Equation (36) for C one obtains the same result
as Equation (12).

EXAMPLE NO. 2

STEP NOS. 1 - 3

Repeat these steps as shown in Example No. 2 ot
Section 2 (SAM). They are summarized in Table 2.

STEP NO. 4. EQUIVALENT SFG

 Construct the equation SFG directly from

‘"system equations" (13) through (16) (Figure 6).

Figure 6. Equivalent SFG for Example No. 2.

15
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STEP NO. 5. SAMPLED SFG

Construct the sampled SFG directly from "pulsed
system equations" (19) - (22) (Figure 7).

Figﬁfe 7. Sampled SFG for Example No. 2 (modified
SFG method).

STEP NO. 6. COMPOSITE SFG
The composite SFG is obtained by joining the two

- SFG's of Figures 6 and 7 with a line connecting the E*'s

(x,'s) of t%e two SFG's (Figure 8).

1 E*/1+G*D* y*
4 ) o)

RO

Rl* @ 1

Note: Encircled numbers refer to identification of loops.

Figure 8. Composite SFG for Example No. 2
(modified SFG method).

16
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: | I STEP NO. 7. OBTAIN C*, C

E From Figure 8 one sees that there are three inputs
: to the system: R, R*, and R,*. Applying Mason's Gain
Rule, one finds two forward paths to C*,one from R* and
one from Rl*; hence, k = 2.
E ‘ There are two loop gains, denoted herein as K, and K2‘
; The loops are designated by encircled numbers on.
! Figure 8, and their gains are

1

K, = =Gy, (37)
E ‘ K, = =G3* D*. (38)
25 It is observed that the loops are nontouching (necessary
| information for formulating A). A is thus found to be
%: A= 1_— ( Kl + Kz) + KiKZ
b = 1 - (-G, =G3* D*) + G, G,* D*
= (1 +G,) (1+Gy*D%). | (39)

, The forward path from R* to C* may be designated as
k = 1. Since it is touched by Loop 2 but not by Loop 1,
the value of Allis

=1 + Gz' (40)

;: . The forward path from R,* to C* may be designated as
l k = 2, Since it is touéhed by Loop 2 but not by Loop 1,

é Ny =8, '41)
The gain along the first forward path (k = 1) is,
| from Figure 8,

M, _ G,* D*. (42)

The gain along the second forward path (k = 2) is

, My p (43)

17




;! ut The gain My between R* and C* is

1% MlAl
=

A

Mt

gl

(@]

(63*0*)(1 + Gy)
1+ E;S(l + G,*D¥*)

3

G3*D*
"R (44)

s Bt oo
SRS S e

The gain Mz between Rl* and C* is

2 d. € 2
il - aia
1
(1) (1 + Gz)
(1 + GZ)(l + G3*D*
1
) + Gy D* ° , (45)
Solving Equations (44) and (45) each for Cl* and CZ*,
respectively,
where
1 2

Cta C'* +C'%, (46)
one finally obtains ;

C* = Ml R* + Mz Rl*

G3*D* 1
* | TF e R* + ( ¥ G, D*)Rl*
G.*D*R* 4+ R_*
- b S
3
which is seen to be identical with the earlier SAM result
i of Equation (25).

18
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To obtain C, one must first observe from Figure 8
that all three inputs to the system can find their way
to the node representing C. The two loop gains, K, and

, are the same for finding C*, as is A. The for&ard
pgth from input R* to C, designated as k = 1, has a
gain M, of g

Ml = D* G, G 2 (48)

The gain along the path between Rl* and C, de51gnated as
k = 2, has a gain M2 of

M2 = =D* Gl G (49) 3

2 .

Finally, the gain along the path between R and C,
designated as k = 3, has a gain M3 of :

M,= G (50)

3 3

The k = 1 and k = 2 paths touch both loops, so the values

: of 41 and A2 are both unity. The k = 3 path only touches
] Loop 1, so the values of A3 is

A3= l-x2=1+c3*o*. (51)

" The gain Ml between R* and C is

D*Gle

T TG, (1 +600 (52)

{3 The gain M2 between Rl* and C is

-D*G1 G2

= TG, 6,00 (53)

et
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The gain M3 between R and C is

P

M R 2

Gz(l + G3*D*)
(1 + é;)(l + G3*D*)

= mz, (54)

2 3

solving Equations (52) through (54) for cl, c”, and C7,

respectively,
where

¢ « dactac?, (55)
one obtains

C = Ml R* + M2 Rl* + M3 R

b*Glcé'R* D*G,G, R;* G, R

= T=IET} - = ESRE) P o em———
(1 + GéT(l + G3 D*) (1 + Gz)(l + G3 D*) 1+ Gz

ol e R e T '5€)

Equation (28) may be used in an attempt to simplify the
above result, yielding

*
D G3
(T76* D7)

C =
“ ‘1+G3

Ra® R, . (57)

2

-This is equivalent to Equation (29)'obtained using SAM.
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4. THE SAMPLED SIGNAL FLOW GRAPH METHOD

The standard Signal Flow Graph_method in use is the
"Sampled Signal Flow Graph Method."? So that the SAM
and modified SFG methods exposed in Section 2 and 3,
respectively, of this report may be compared to this
standard method, it is described briefly in this
section. The same two examples that have been used
previously in this report are used in this section to
better permit comparison of the various methods. The

" other popularly used SFG method, "The Direct Signal

Flow Graph Method," will not be described herein.3
STEP NO. 1. CONSTRUCT EQUIVALENT SFG

This is equivalent to Step No. 4 of the modified SFG
procedure of Section 3.

STEP NO. 2. CONSTRUCT SAMPLED SFG

Write system equations for all noninput nodes of SFG,
applying Mason's Gain Rule. A "noninput node" is defined
as a node that is not an input node, where an "input" is
defined as a system input or the output of a sampler.

Take the pulse transform of each side of each of
the system equations.

Using equations noted in the paragraph above, draw the
sampled SFG for the system.

STEP NO. 3. OBTAIN RELATION BETWEEN SAMPLED INPUTS/OUTPUTS

This is achieved by applying Mason's Gain Rule to
the SFG.

STEP NO. 4. OBTAIN RELATION BETWEEN INPUTS/
CONTINUOUS-DATA QUTPUTS

Connect the SFG's of Steps No. 1 and No. 2 to
yield a composite SFG.

Apply Mason's Gain Rule to SFG.

2. B. C. Kuo, Digital Control Systems, SRL Publishing
Company, Champaign, Illinois, 1977, pp. 100-105.
3. 1Ibid, pp. 106-115.
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EXAMPLE NO. 1.

See Section 2 and Figure 1 for a description of the
example. g

STEP NO. 1. EQUIVALENT SFG

From the block diagram describing the system
(Figure 1), construct an equivalent SFG. This is the

same as Figure 3.
STEP NO. 2. SAMPLED SFG

Write sysﬁem equations, applying Mason's Gain
Rule to gqu#zglent SFG (Figure 3).

E = R - GH E* (58)
C =G E* (59)

Take the pulse transform of each side of the system
equations.

E* = R* - GH* E* (60)

C* = G* E* (61)

Draw sampled SFG from pulsed system equations
(Figure 4).

STEP NO. 3.

Obtain C*, E* from sampled SFG (Figure 4), applying
__ Mason's Gain Rule. There is one path from R* to E*; k = 1.

M = 1 (62)

1 loop: K, = -GH* (63)

A=1 - K, = 1 + GH* (64)

The forward path touches the loop:
Al =],




S e i e ——e cyE—

i s -

A ‘ b
G (se)

O SRS s

f ] Solving Equation (66) for E* leads to i
E | a - :
‘ = E*,R__, (67)

.L. 1l + GH* .
i There is one path from R* to C*, k = 2.
i a- M2 = G* ; (68)
i Ry > Ay 1(69)
, < ' M,A
T - A o SRR " . :
;| & FERETE T .

Solving Equation (70) for C* leads to

G* .
c* R* .
“ i E s
STEP NO. 4. OBTAIN, C, E

Connect SFG's of Figures 3 and 4 to form composite
o ~ SFG (Figure 5).

] Apply Mason's Gain Rule to Figure 5. There is one
i path from R* to C, none from R: k = l.
| I Ml =G (72)
i K, = -GH* (73)
1 I Al = ] | e 4 ) (74)
. M.A
E * v € 171
- : 1 + GH*
i 'I ASolving Equation (75) for C leéds to
.‘ C= —E—__— R* ., (76)
B i I 1 + GH*
.
' ]: 23
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There is one path from R* to E (k = 2), and cne

" path from R (k = 3).

Mz = =GH (77)
M3 = 1 (78)
a, = 1 (79)
A3 = 1 - Kl = 1 + GH* (80)
Ao E. N, - (83
l + GH
3 M§A3 = .
v §&-E 33 =1_"'9'l__*.=1 (82)
. 4 1+ @+

'Solvzng Equatlons (81) and (82) for E2 and E3, respectlvely,

and us;ng the relationship,

E = E2 + 33, | (83)
one obtaxns

E=R- ——— R*, (84)

1 +,§§*

In this elementary example, it is seen that the SFG's and
algebraic relationships are identical to those obtained
with the modified SFG method of Section 3. Such will not
be the case with Example 2.

EXAMPLE NO. 2

See Section 2 and Figure 2 for the description of the
digital control system. It 1s desired to find C and C*
in terms of system input R and the system transfer
functions.

STEP NO. 1. EQUIVALENT SFG

This may be drawn directly from the system equations
summarized in column 1 of Table 2. It is shown as

Figure 6.
24
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STEP NO. 2. SAMPLED SFG

Write system equations, applying Mason's Gain Rule
to SFG of Figure 6. There is one . path from R to E (k = 1),
one path from R to Y (k = 2), and one path from R to C
(k = 3). There is one path from E* to ¥ (k = 4), one
path to C (k = 5), and one path to E.

_Using the techniques that are by now well established
in this report, o

M = 1, (85)

=1, | Hgo e o (86)

(87)
(88)
(89)
(90)

(91)

(92)

(93)

(94)

(95)

(96).

(97)
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One solves Equations (95) and (97) for Y

PN e T
E* A 1+g,"’

S Ny U,
E¥ A I'+ 8, °

One solves Equations (94) and (99) for El and Ez,
respectively, and using the expression,

E = El‘+zz,

one obtains E:

E MIR + MGE*

R__.
1l + 62

E*

= RZ = D*G3E*.

1 and Yz, and

using the expression,

Y = Yl + Yz,

one obtains Y:

Y = M2R + M4E*

D*G,
*
it Bob o Rk

26
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4 l 1 sim%larly, one solves Equations (96) and (99) for
E C” and C4, and using the expression, |
c=ct+ Cz, (104)
| - :
‘: one obtains C: F
! ES
: c = MR + MOE*
| 3 |
.‘ » .
| : ) Gy R 4 D G1G2 e
i
3 * *
; - : = Rl * G3E ‘- (105)
4

Take the pulse transforms of each side of the
Equations (10l1), (103), and (105).

'S Prrsi : |
E* = R,* - D*G,E* (106)
: ] 2 Eppeiht g > }
Gl * e s ]
* = C it (e i
.Y Ras irse ] P°E" (107) i
f/ G.R \* G.G, \* '
b2 1%2 ok
= .(I+G2>+<1+Gz s
' = R,* +VG3*D*E* ; 7 (108)

Draw the sampled SFG from the pulsed Equations (106)
through (108) (Figure 9). Note this is not the same as t 3
the sampled SFG that resulted from using the modified SFG i
method of Section 3. However, the final answers— the
desired responses = will be the same, as will be seen in

the sequel.
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| Note: Encircled numbers refer to identification of loops.
2 Figure 9. Sampled SFG for Example No. 2
1 (standard SFG method) .

)
E | il -
; STEP NO. 3.
& | )

i Obtain C* from the sampled SFG (Figure 9), using

j Mason's Gain Rule. There are two inputs: R,* and Rz*.
E | They have two forward paths to C*; k = 1 an& k = 2,
k| respectively. Again using techniques that have been
E | well established in this report:

{ L

| M, = D*G3*' ; (110)

? | ¢ :

: ==DN%* *

| K, =-D*G, : (111)
[ A=1-K =1+ D*,*, (112)
| 1 Ay =4, : | (113)
4 8, = 1, ' ‘ ' (114)
] e B T : :
E | l | a
1 | g AS A D*G. *
1 l 2 a 1 + D*G,*
- 3
l l 28
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One solves Equations (115) and (116) for Cl* and Cz*,

respectively. Using the expression,

. P A 1 oot o ——. a v

c* = cl* 4+ o2+, (117)

one obtains C*:
" §
1 2

C* =M Rl* + M Rz*. (118)

Equation (118) may be manipulated into the same form as
Equations (25) and (45), if desir=d, by substituting
the expression [resulting from Equation (28)],

R* = R,* = Rz* (119)

into Equétion (118):' . g

' D*G,*
* = *
. Wi gk I+ pG,* Ry*

* %* * s *
R1 (L +D G3:) + D*G3 (R R1 )
1 + D*G3* {

Ry* + D*C.*R*
1 -1—3 : 20
1 + D*Gy* . (120)

STEP NO. 4. OBTAIN C

o Connect the SFG's of Figures 6 and 9 to obtain a i
composite SFG (Figure 10).

- 29




Note. Encxrcled numbers refer to ldentlflcatlon of 1oops.

Figure 10. Composite SFG for Example No. 2
(standard SFG method) .
Apply Mason's Gain Rule to Figure 10 to obtaln C.
There are three inputs to the composite system: , and
There is one forward path from R to C (k = 1), &o for-

w%:a paths from R;*, and one from Rz* (k = 2).

M =G, (12})
M, = D*G,G, (122)
. ; B s e
There are now two loops (see Flgure 10) : (123)
Kl =_:D*93* i
K, = ~G,,
A=1 - (K + K2) + K1K2

= 1 - (-D*G4* - G,) + (-D*G, *) (-6, )

=1+ D*é;* * G2 > G,G,*D*.--

= (1+ D*G3*) (1 + G,), (125)
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Al =1 - K, = 1l + D*G_*, (126)
A2 =1, (127)
Ml d. Ei . M, 4, ¢ G, (1 + D*G3*) 3 G, s
R A (T +D*G.©)(L +G,) I+agG, '
3 2 2
Mz g' gz_ = %
sz A
D*G, G o
= - *l 2 . (129)
(1 +D G3‘)(; + GZ)_
Using the expression,
c=ct+c? (130)
and solving Equations (128) and (129) for Cl and cz,
respectively,one may obtain PSR B i 1.
e L
g G2R o D*GleR2
l1+6G, (1 + D*G3*)(l + Gz)
GyD*R,* :
=Rt riDReT i

It is noted that the values of C* and C just obtained are
the same as those obtained using the SAM and modified
SFG techniques.

5. APPLICATION TO Z- AND MODIFIED Z-TRANSFORMS

In the SAM and SFG techniques for obtaining sampled-
data outputs of a system, that form has been indicated
as C* or C*(s). The z-transform of C*(s) is merely
written as C(z). Hence, anywhere an expression C*(s)
is found, it may be replaced by C(z) if it is desired
to work in the z-domain rather than the s-domain.
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If it is desired to find an output expression in
modified z-transform, that is denoted by the symbol C(z,m).
This form may readily be obtained from the expression for
a sampled output, such as C* or C*(s), by noting that such
outputs appear to be equal to the product of an unstarred
quantity and a starred quantity. Let A(s) represent the
unstarred quantity, and let B*(s) represent the starred
quantity. Then variable C*(s) may be written as

C* = C*(s) = A(s) B*(s). (132)

If one recognizes that A(s) or B*(s) may be equal to
unity, Equation ‘132) will always hold. = s

The modified z-transform may always be obtained
from Equation (132) by performing the following
transformation:

C(z,m) = A(z,m) B(z), (133)

where A(z,m) represents the modified z-transform of the
quantity A(s), and B(z) represents the ordinary z-transform
of the quantity B(s). This technique appears to be an
attractive alternative to obtaining modified z-transforms

. through SFG techniques (which may of course be done).
6. COMPARISON OF METHODS ; '

The Systematic Analysis Method (SAM) can be used to
determine the states of a digital system in terms of
that system's transfer functions and the inputs to the
system. This can also be done by the application of other
methods, such as SFG techniques. The usual advertised
advantages of the latter, when they are compared to block

~diagram or algebraic manipulation, is that they are

particularly amenable to the analysis of complicated
systems.

It has been demonstrated in this report that SAM
can handle digital system analysis as capably as can
SFG methods. It has the advantage of not requiring
the cumbersome Mason's Gain Rule. Hence, it avoids the
oft-committed errors associated with SFG analysis, such
as overlooked closed loops, nonobvious forward paths,
etc. As with SFG's, a block diagram is not needed; the
system equations are sufficient. Finally, it has been
shown that SAM is easy to implement. It appears to take
less lengthy analytical manipulation.

32

A 5

S——




s i e

If the analyst prefers using SFG's to either block
diagrams or algebraic manipulation, a modified SFG
technique based on SAM techniques is proposed. As such,
it is systematic. While the SFG's produced by this
technique are usually different from those produced by
standard SFG techniques, they yield the same results.
Mason's Gain Rule is only applied at one stage of the
analysis in the modified SFG technique, as opposed to
the standard SFG technique which requires several
applications of Mason's Gain Rule.

7. CONCLUSIONS

An alternative to the Signal Flow Graph technique
has been presented and compared to a standard and a
modified SFG. The alternative, termed Systematic
Analytical Method or SAM, is claimed herein to be simpler
and more straightforward to implement than the S¥G methods.
Not only does it appear to be quicker to use in system
analysis, but it obviates the cumbersome use of Mason's
Gain Rule.

For the analyst who desires to use SFG techniques,
a modified SFG technique is presented. It is systematic
and reduces the number of required applications of
Mason's Gain Rule.
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APPENDIX A - REVIEW OF MASON'S GAIN RULE

M: The gain (transfer function) between two nodes
on a Signal Flow Graph (SFG).

k: The number of forward paths leading from all
system inputs to a particular selected output.

M : The gain along the k*h forward path.
4, - Y (all individual loop gains)

+) (gain products of all possible combinations
of two nontouching loops)

- (gain products of all possible combinations
of three nontouching loops)

+ e e e

——— —— ——

A, = Value of A for that part of the graph not
touchihg the kth forward path.

M=) M-"—Ali.
K

A
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1. INTRODUCTION

This report describes a technique for obtaining the response of a digital control system. It is
assumed that the closed-loop transfer function is available in the z- or, modified z-transform
domain. The numerator and -denominator of each side of the transfer function are
cross-multiplied. The Real Translation Theorem is then applied to the result, vielding a
difference equation in the time-domain. 'This may be solved for the system response in terms
of the reference (or other) input(s) to the system as well as in terms of system state initial

conditions.

Two different modifications to the basic technique are described/ one using the submultiple
method and one using the modified z-transform technique. These are applied when it is desired
to determine intra-sampling responses of the system. All three techniques are applied to a
single example. A summary of the techniques and their application is provided at the

conclusion of the report.
2. RESPONSE AT SAMPLING INSTANTS

It is assumed that a given digital or sampled-data system can be described by a closcd-loop
transfer function that relates the controlled output of the systemto the reference input. If there
is more than one input, the technique can also be applied to the resulting sum of closed-loop
transfer functions relating the controlled output to each of the inputs. Although the report
refers only to asingle controlled output, the technique can be applied to find any system state if
it is related to the inputs to the system in the z-domain. These relationships may be derived by
using any of the standard techniques (such as signal flow graphs) or by the newly developed
SAM (Systematic Analytical Method) technique’.

It is assumed that the state whose response is desired is denoted in the z-domain as C(z), where

c(z) ¢ 7{c(t)} . (L)

1. B.C. Kuo. Analvsis and Synthesis of Sampled-Data Control Svstems. Prentice-Hail, New Jersey. 1963,

2. S.M. Scltzer. S AN An Alternative to Sampled-Data Signal Flove Graphs, US Army Massidle Rescarch and Development
Command. Redstone Arsenal. Alubama. Technical Report T-79-49, May 1979,
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The script zdenotes the operation of taking the z-transform further assume that there is only
one input into the system: R(z),

where

(2)

R(z) & ;{r(ty}' .

The relationship between C(z) and R(z) usually can be expressed as a closed-loop transfer
function (or several such transfer functions) which is a ratio of two polynomials in z, ie.,

s o
J
C(z) s j=0 (3)
R(z) EE X .
b 2z
k=0 -

where coefficients a; and b; represent the system parameters. The procedure for finding the
response at sampling instants —- by the cross-multiplication method — consists of three steps:
Step 1. Cross-multiply the numerators with the denominators of Equation (3), yielding the

expression,

N k M Y y
Z b, -2 Clz) = Z aj zIR(2) (42)
k=0 §=0

' & N
boC(z) + blzC(z) * see * bk“ Clz) + cue + sz C(z)

- 3 M
= aOR(z) + alzR(z) AR ajz R(z) + ... + ayz R(z)‘ *

(4b)
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bl | Step 2. Each side of Equation (4a) or (4b) is divided by bNzN. The resulting equation is then
. solved for the C(z) term that is not multiplied by a non-zero power of z, Equation i.e.,
i1l " .
N . ¢ 2z R(z) 1 zl-NR(z) ad 23 Nr(z)
3 C(z)—b— +F- ® ses ¥ A
- *,' N g N N
&
:7 ! ;. a it b = b =
B ] o MR sﬂ 2 ote)l .t e e
| by N N
i ! b b
% s]f_ X Ne (2) . e (5)
] Y N Sl
7 Step 3. Apply the Real Translation Theorem to Equation (5), recalling that
) ] o0
~ & -1 o * g.
5y C(z)} = c*(t) = c(nT) & (t-nT)
z : _n=0
(6a)
and

- -

! : -k

. 2’{c(t—k'1‘)} =z C(2). (6b) i

,‘_ - The asterisk is used to indicate a variable that has been sampled. and 8(t-nT) denotes a Dirac

function occuring at the instant t=nT. The resulting value of ¢(nT) at each sampling instant.

Py nT, then becomes

% 4 : b

- c(nT) = — r[(n=-N)T] + r[(n-N+1)T] +

By By

R . ﬂ

a
+ 51 ello=-N+5)T] + ...+ b—M-r[(n-N+M)T]
N + N

bo b1

c{(n=-N)T] - b—-c[(n—N+1)T] - e
N

b
clm-N+)T] - ... + 2lctm-nr, 7
N

21 2

N s, . L een——

b | 1
1K
1L 5
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where j, k, M, N, and n are integers.
The advantages of the form of Equation (7) are three-fold:
e The value of ¢(nT). for any t=nT, may be obtained for any form of r(t), whether or not

it is “z-transformable.™
e Theexpression forc(nT)does not have to be recalculated every time the form of r(t)
changes, as is the case when the response is determined by the partial fraction, power series, or

inversion formula methods'.
e The form of the expression for ¢(nT) permits the inclusion of initial conditions, such

as c(0), if they exist.

FICTITIOUS SAMPLER
' T
|

R(s) G(s) — C(s)

+ E(s))<~ E*(s)
T

H(s) |

Figure 1. Closed-loop sampled-data system.
Example 1. Given the closed-loop sampled-data system of Figure I, 'the closed-loop transfer
function easily is found to be:

c(z) _ G(z) .
R(z) ~ 1 + HG(2) e

If G(s) and H(s) are given to be

G(s) =1/ s(s + 1)

and

H(s) 1, : (9)
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respectively, their z-transforms are

P

z (1L -¢e )
: G(z) = A (10)
{z -1) (z - e 7)
oy and
HG(z) = G(z). (11)

If one Substitutcs the expressions of Equations (10) and (11) into Equation (8), one obtains the
closed-loop transfer function,

e i
Clz) _ (1 -e "] 2 - (12)

_R(z) 22 - 2e 'z + e

One may now apply the three steps prescribed for the cross-multiplication procedure, :
obtaining:

Su;.p I

zzc(z) - 2e-Tzc(z) + e'TC(z) = (1~e-T) zR(_z) . (13)
Step pe

C(z) = (1 ~e ) 2 1r(z) + 2¢”"T2"le(z) - e Tz %¢c(2) - (14)

Step 3:

T

c(nT) = (1 - e-?)r [(n=1)T] + Ze—Tc [(n=1)T] - e "¢ [(n=-2)T].

(15)

I If, as in pp. 145-147 of Kuo's book, r(t) is assumed to be a unit step input. the system is assumed
to be initially at rest, and the sampling period T is assumed to be | second, application of

7
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. Equation (15) readily yields the following values for ¢(nT):
e o(T) = 0.6321, the value of c*(1) at | sec.
{ - ¢(2T) = 1.0972 the value of c*(t) at 2 sec.
' 2 {%. o(3T) = 1.2067, the value of c*(t) at 3 sec.
| : c(nT) = 0.632] + 0.736 c[(n-1)T] - 0.368[c (n-2)T}], the value of c*(t) at t = n sec.
B These values correspond to those obtained by more tedious means in pages 145-147 of Kuo's
i book.
X ' - 3
3. RESPONSE BETWEEN SAMPLING INSTANTS USING THE
SUBMULTIPLE METHOD
s If it is desired to find the intra-sampling response of the same type digital system described
in Section 2, it may be accomplished by applying the submultiple method found in pages 83-86
of Kuo's book. Briefly, let ¢ 1'5,,3] represent the value of the response c(t) at the instant, t =
["},—-’-’ , where n-1 represents the number of intrasampling responses desired (n is an integer
with value greater than unity). If m is an integer, the sampling period within which the
‘s submultiples are to be determined is denoted as mT. The z-transform of ¢ [“‘TT] may be found
from the ordinary z-transform in the following manner. In essence, c {3';"] is the output of a
: fictitious sampler which samples n times as fast as the real sampler. The z-transform of that
- output is defined as
] 5 {c(ﬂ)}g' c(z) = C(z)
= m n
2=z
n
T T-Tn (16)
2 where
T . - adl B
£ z, =z (17a)
I and
] .
B T, = T/n. (17b)
§ I Now the closed-loop expression of Equation (3) may be altered to read
17,
! M
1 e
< C(z 2y as z J
] ( )n - i e N (18)
: R(2) N k
3 I g bk %n
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l: The submultiple modification to the basic method also consists of three steps.
- Step . Cross-multiply the numerators and denominators of Equation (18), yielding the
3 | e expression,
|
2 i T N - M
| o z : k - z: j (19a)
4 b,z "C(z) a3z, R(z)
3 l - k=0 j=0

-
._ '; ,_ or
i : k N

. byC(z), + byz C(z) + ...+ b,z C(}z)n +.es + bz c(z),

:‘ % ‘ -
' : i & . J M

| aoR(z) + alan(z) + + ajzn R-(z) + ...+ oayz, R(2z).

(19b) i

Step 2. Each side of Equation (19a) or (19b) is divided by bxz". The resulting equation is then
solved for the C(2)» term that is not multiplied by a non-zero power of z, ie.,

- . &
} P L, = (R=1)

e C(z)n By Z, R(2) + By z, R(2Z) + ...
>y

|

a. .
+ s%zn-(N-J)R(z) ¥ i

§ =i

[

by -x

] Mo - (N-M) <

4 . + B‘ﬁ z, R(z) FN- z, C(z)n |
-8 :

: e T S

51 bN zn C(Z)n

" = 2_)& z -(N-k)c(z) - & bN"l ’lc(z)

pomd e ed !




Step 3. Similar to the procedure of Section 2, the value of c(t) at the n'" submultiple of the

sampling instant mT is:

i o) - 30 o] - [ i
I % ;IJ;_ 5 [(xﬁ-gq‘ﬁ]

+

o+ R [lackene] L [<_m-%+1_>2]+...'

|5

4 _.gg ) [LE:%iElI] sy zz-l & [(m;l)T] . (2

where all values of r{.] are equal to zero except for thosc values of r at integral multiples of T,

i.e.,

. (OV2

r(2T) =

not integers

o 3 R S i ) el

r(t) : (22)
E=0T for =0 152:..::: (integers)

SR

and j, k, M, m, N, n are integers.
Example 2. The same sampled-data system is used in this example as in Example . It may be
shown, for the example at hand, that

C(z) = G(2) E(2), : (23)

where G(2). is found in the same manner as demonstrated in Equation (16). From Figure [ it is
secn that

R(2)

Ez) = <Ys WGy o

Substitution of Equation (24) into Equation (23) leads to i

LS )

C(z) G(z) :
n - n X . (25)

1 + HG(z)

R(2)
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Replacing z by z, and T by T, in Equation (10) leads to the expression,

2 (L ~ e Th)
Glz), = - : (26)

(zn - 1) (zn - & “n)

If one substitutes Equations (17) into Equation(11) and substitutes the resulting equation and
Equation (26) into Equation (25), one obtains the closed-loop cxpression,

clz),  z,(1- & fz —l) (2~ )
R(2)

—— < 2T
=T 2n =T n., =T \
(?n-l) (z,-e "n) (zn -2e "z +e ")

The denominator of this expression is of course (when equated to zero) the characteristic
equation. It may be expanded into the following polynomial in z,:

£ Znes =F 2n+1 =T 2n
D(zn) =8 (1L +e "n) z + é n oz
i & -7 . yo n
- 27Tz P2 4 27T (1 + e Tn) g Tt 3e (T+Tn)zn
n : n
+ e-TznZ - _e"T (1 + e Tn) zy + ¢ (T+Tn)

= (28)

" Similarly, the numerator of Equation (27) may be expressed as the polynomial,

N(zj) = (1-e"Tn) [zn2n+1 - ez M e ] L 29
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Step 1. If Equations (28) and (29) are substituted into Equation (27) and the resulting
numerators and denominators cross-multiplied, one obtains the equivalent of Equation (19b):

% 2n+2

e 3 _ =T -Tn

+e Tz, C(z)n e (1 + e )an(z)n +
- a n

= (1 e ) [zn

+ e TZn R(2)].

Step 2. If one applies the procedure of Step 2 to Equation (30) one obtains

c(z) = (1 - e

% 2n+1
n

C(z)n - (1 + e-Tn) C(z)n + e-Tnznznc(z)n

n

i -F_ Ne2 . =T =Tny . B+l
2e z, C(z)n + 2e (1 f e )zn C(z)n

R L T
-2e n zn C(Z)n

- (T+Tp)
e n C(z)n

2n+1 7 n+lR(z)

R(z) - (1 + e be

(30)

Tn

) 1z, 7t R(2) -1+ ez (M R(e

+ e-Tz;(2N+l) R(z)] + (1 + e_Tn)zn—lC(z)n

-2 -7 -n'
z, C(z)n + 2e z, C(z)n

- (n+1),

- & Tn
e (T+Tn) z

C(z)n + 2e "

- 2771 4 e-Tn)zw
I -T =2n
(n+2)c(z)n - & By clz)

-7 -7 . =(2n+1)
+e (1 +e n)zn C(z)n

e '(T+Tn) zn -(2N+2)c(z)n :

(31)
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Step 3. Finally, one may apply the procedure of Step 3 to obtain the time-domain difference
equation that vields the value of ¢*(t) at the instant of time, t= -x::—T- , where m is any desired

c ™M= (1- e {r [(_m_:'_l)_I]_ s [(m-n+l)'1‘]

T n n

integer.

e [(m’-zn-l)fr]l
n

DR e-Tn)c[(m-l)T]_ o~Tn, [(m-z)T]

n n

+ 20" Tc [(m-n)T].
n

- 2¢"T(14e” )¢ [1E2%5112]+ 2 IT¥Ind [193%5312]

= e [(m-2n)T] ey e-Tn)c[(m-2N-l)T]

n n

- (T+T -2n-

- & (T*Tn) [—————‘“‘ 28 2”‘] : (32)
n

Again, asin Kuo's book and in Example 1, it is assumed the system is at rest initially, and the

sampling period T is one second. One may desire to know two intra-sampling values of the

output c*(t). In that case, n =2 + 1 = 3. If one substitutes these numerical values into Equation

(32), one obtains the equation,

m\_ m=1\_ m-4
c(-3-)-o. 2835r (‘T) 0.4866 r(-—3

+ 0.1043r(“‘%7)+ 1.7165 c(‘“%l)

-0.7165¢ m—§3)+o. 5272c(E;-—3>-1. 2630¢ Eg—“)

m=5
+0.5272c(-3—)

-O.3679c(m%6)+0.6315c(m;—7) -'0.2636c(“‘—;§-) A

13




It is worthwhile to pause a moment and consider the power of the difference equation just

obtained. First, the output ¢ {g’.} can be obtained for any deterministic reference input r(t).
1t only need be specified at the sampling instants. Second, initial conditions or instantaneous
changes can be accommodated readily by the equation. Third, difference equations are
particularly amenable to programming on desktop calculators or digital computers. These
three advantages are not enjoyed by all methods found in the standard textbooks for
determining the state(s) of a sampled-data system. The submultiple method does suffer from
the drawback of having to specify beforehand the number n-1 of the intrasampling instants for
which it is desired to know a given state, such as c(t) in this case.

In the case at hand, a brief demonstration of the calculation of c(t) at instants t=0, T/3,
2T/3, T,..., is provided below. A unit step input is assumed so that the results may be
compared to those of Kuo in pages 195-198 of his book. The symbol ¢ ’lg} denotes the value
of c(t) at t= (;} sec.

m=0: ¢(0) =0

m=1: ¢(1/3) = 0.2835 r(0) + 1.7165 c(0) = 0.2835

m=2: ¢(2/3) = 0.2835 r(1/3) + 1.7165 c(1/3) = 0.4866

m=3: c(1) = 0.2835 r(2/3) + 1.7165 ¢(2/3) - 0.7165 ¢(1/3) = 0.6321

1n=4: c(4/3)=0.2835 r(1) - 0.4866 r(0) + 1.7165c(1)-0.7165 c¢(2/3) +0.5272 ¢(1/3)=0.8407

m=5: ¢(5/3) = 0.2835 r(4/3) - 0.4866 r(1/3) + 1.7165 c(4/3) - 0.7165 c(1) + 0.5272 ¢(2/3) -
1.2630 c(1/3) = 0.9901

m=6: ¢(2) = 1.0972

m=7: ¢(7/3) = 1.1464

m=8: ¢(8/3) = 1.1816

m=9: ¢(3) = 1.2067

4. RESPONSE BETWEEN SAMPLING INSTANTS USING MODIFIED
Z-TRANSFORM METHOD

If it is desired to find the intra-sampling response of the same type of digital system
described in Section 2, it also may be accomplished by applying the modified z-transform
method. In this method it is necessary first to determine the modified z-transform equivalent
of the closed-loop transfer function of Equation (3). The reader’s mind will be refreshed (as
necded).

14
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Let c(t) denote the response of a digital systeis and c*(t) its sampled output. The value of c(t)
E s at the instant of time, t=(n-A)T. is the value of c(t) that has been delaved by an increment of
Ak time AT. The latter is represented symbolically as c(t-AT). If the relation,

m =71 - A' oimil ’ (34)

is used, the value of c(t) delayed by an amount AT after the sampling instant, t=nT. may be
F ; denoted as c[(n-1+m)T]. The z-transform of ¢[(n-1+m)T] is termed the modified z-transform

( 7 m) of c(t), ie.,

- 7 {c(t-T)} = ylcl(n-1+m)T]} =

(35)
do - *
7m{c(t) } = clzm) = C(2,8) | oo 3o -
It also may be shown that
1 1y ’
i Clz,m) =2z ~F{c(t+mT)} = 2~ ] ¢ [(m+n)T] 2z . (36).
k=0
Alternately, C(z,m) may be derived through its complex convolution definition:
C(z,m) =a<{c(t-AT)x6T(t) } 2= TS
= [i{c (t- AT)}--<{GT(t) }] z=2 TS (37)

A = cfiw c(e)c™ATE [l-eT5=0] "Lgg | pg -

b ZT1 Cc-jie 2=2 ¢ |
BE where o1(t) represents a train of impulses each with a unitarea, the star symbol (%) denotes the ,
> complex convolution operation, Z denotes the operation of taking the Laplace transform, ¢
o denotes the abscissa of convergence (a positive real number), and £ represents a dummy
; - complex variable. | ]

e 1
|
i "-" Equations (35) - (37) reoresent two methods of determining analytically the modified z-

1 oy : 2
g - transform (it is rccommended that one look it up in a modified z-transform table, if one is
n 15
i
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available). The above relationships may also be used to determine the modified z-transform of

the transfer function, G(z, m).

For the purpose of exposition, assume the modified z-transform equivalent of the closed-

loop transfer function is known and is

M : i
2 a2

C(z, . -
Z m) £ J=0 J ) (38)
R(z) N

E bk zk
k=0

where a; and b, may be functions of m. The cross-multiplication technique is similar to those
two previously described.

Step 1. Cross-multiply the numerators and denominators of Equation (38), yielding the
expression,
N M
‘Z by Fcizm =X azdra (39a)
k=0 j=0

bo-C(z,m) + blzC(z,m) + bzzzc(z,m) s s R bksz(z,m)

Pl de szNC(z,m) = aoR(z) + alzR(z) + sen * ajz R(z)

A aMzMR(z). (39b)

Step 2. Each side of Equation (39a) or (39b) is divided by bxz". The resulting equation is
then solved for the C(z, m) term that is not multiplied by a non-zero of z, i.e.,

a a B -
C(z,m) = 52 z Nr(z) + b—l- g N=Lipiz) ¢ c0o + El z
h N

N N
: a b :
== nie) ¥ vive +B-X§- 2~ (N"Mp (g - -5—0 2 Nc(z,m)
N

16
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b— .

N

Step 3. The inverse z-transform of each term of Equation (40) is determined, using the

inverse of Equation (39b),

C[(n-l)T,m].:.C[(n-l+m) T]= ;2 r[(n-N)T]+ :—:—\;— r[(n-N+1)T]+
N : :

+ :J r[(n-N+j)T]+ ek ;" r[(n-N+m)T]
o . (41)

-{:—1‘; C[(n-l+m—N)T]+ % c [(n+m—N)T]+

by by-1
+ -~ C[(n-l+m-N+k)T]+ SRR B C [(n-2+m)T]
N N

where j, K, m, M, N are integers.

Example 3. Again, the same sampled-data system is used in this example as in Examples 1
‘and 2. The modified z-transform method will be applied. A fictitious time delay, e='—™7, is
placed following the forward loop gain, G(s), and a fictitious time advance (of the same
magnitude as the time delay) is placed just before the feedback loop gain H(s). The closed-loop
transfer function that results from these two addition elements being added is

SlTm) - Sl
R - T+Hc) - i

Using Equation (9) for G(s). one may obtain G(z.m):

i 8 1 (43)
szm = lse}= 1, {se i)
(i~ "T)p 4 (6 T-g" )

(z-1) (z-e " 7)

17




The value for HG(z) is given in Equation (9) - (10) which, with Equation (43), may be
substituted into Equation (42) to yield

c(z,m) 2 (1—e-mT)z + (e—mT-e_T) 3
Kz (z-2)(z-e‘T)[l (e Dz ] ’

(z-1) (z-e~7T)

tlaa P ke & isLE aE Ty
) =T = (44)
2" = 2 "2 + e i ]

It may be observed that Equation (44) is in the same form as Equation (38). Hence the
operations denoted as Steps 1, 2, and 3 (above) may be applied.

Step 1. The numerators and denominators of Equation (44) are cross-multiplied, yielding

2 =T T

z° C(z,m) - 2" " z C(z,m) + e = C(z,m)

= (1-e ™z Riz) + (T ~ T2 %R(2). (45) ﬁ

Step 2. Each term of Equation (45) is divided by z°, and the resulting equation is rearranged

to solve for C(z, m):

-mT) =mi. . =T

C(z,m) = (l-e 2 IR(z) + (e™T-e"T)2"2R(3)
(46)

+ 2e-Tz-lC(z,m)- e'Tz'zc(z.,m_) .

Step 3. Equation (46) is now transformed into the time domain, resulting in the following

difference equation:

clin-14m)T] = (1-e™™T) r{(n-1)7] + (e™™T-e"T) r{(m-2)T)

+ 2¢”T cl(n-2+m)T)-e T ¢ [(n=3+m)T]- (47




I |
F aw

;* During the n' sampling period. i.c.. (n-1)T <t< nT, where n is an integer. one lets m assume
1 (F == values between zero and one to find the intrasampling values of ¢(t). For instance if it is desired
- to verify the values obtained in Example 2. let m=1/3 and 2/3 and vary the integer n

incrementally, starting at n=0. Again, for simplicity, let T = | second

} :

| n=0: cim-1).= 0
f{k $ n=1l: c(m = (1-e™™ r(0) = 1-e™ 1
] ! m = 0 (check case): c(0) =0
4 m=1/3: c(1/3) = 1 ~ 0.7165 = 0.2835 j
il m = 2/3: c(2/3) = 0.4866 :
1

# m=1l: c(l) = 0.6321
3 : 3 % § chvnl - = = % i
1 n=2: c(l4m = (=™ (1) + (™) r(0)

il - -

l + de * c(m)
! m = 0 (check case): c(l) = 0.6321
4 mo= 1/3: c(4/3) = (1-e V3 & (7137

{]
1. + 27t cq1/3)
bl - = 0.8407

g

R

o | m = 2/3: c(5/3) = (1-e”%/3) + (7371

1 .

il ; A _l

1 + 2e T c(2/3)

A E
t!"" = 0.9901

bE L m=1: c(2) = (1-e"1) + (e7l-e"1) + 2¢71

21

g T ’ c(l) = 1.0972

|

i
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=1

n = 3: c(2+m)

+ 2¢7t c(14m) -e”! c(m)

0

m = O0(check case): c(2) = (l-e ")

% fe ey
+2et (1) -e7t c(0)

1.0972

-1/3 , -1/3__-1

m=1/3: c(7/3) = 1l-e + e e

+ 2e71 c(4/3) W c(1/3)
= 1,1464

=2/3 e—2/3 =1

m= 2/3: c(8/3) = l-e + -e

+ 2¢7L c(5/3) -et e(2/3)
= 1.1816

moed: ofl) = 1eat 4 &t =g™ & 28”1 o(3)

etc.

5. CONCLUSIONS

Several analytical techniques for obtaining the response of a digital control system have
been described. Thev are based on a single principle: cross-multiplication followed by
applications of the real translation theorems. Each is applied to a single example. As a starting
point for application of each of the techniques, it is required that the dvnamics of the digital
control system be described in the z- or modified z-domain.

20
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The advantages of the three techniques over extant classical methods are:
e The response may be obtained for any deterministic reference input into the system as

E
b4
F

long as its value is known at the sampling instants. It need not be described by a differential
equation, and the z-transform for a specific reference input need not be determined before

U obtaining an expression for the response.
e Initial conditions and instantaneous changes can be accommodated readily by the

oo 2t

equations obtained through use of the cross-multiplication methods.
7 e The difference equations obtained are particularly amenable to programming on a
1 desktop calculator or digital computer. :
e A dctailed knowledge of the theory underlying digital or sampled-data control systems
is not required (although it certainly is helpful) by the analyst in order to apply the recipes

described herein.

.
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- example is provided to further elucidate +ne technigue.

; It is this czpability that makes the method nore powerful then nost
design techniqwvs (which dascribe stability in ternms of only one variatle
o
parameter or gain).
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B‘he paraneer spate'”’+kﬂJP'°ﬁ3’f an analytical tool developeé
(4

I for use in ccnirol system analysis arnd syntaesis. Although not necessary ! |
. i
its apolication is Facilitated by & nting the analytical results H 1
_ ; g
{
I with graphical portrayals in a selected multi-parameter space.
The method reguires toat the cortrol systen be des crlbed by a character- v
l istic equation which, for sampled-data or digital systenrs, ™y be
*re sed in the z-dormain. The technique is based on the analysis and synthesis metrods
‘ for linear and nonlinear control system design which are -
' -, amply dsscribed in Siljak's excellent monograph on the subgect.1 HJ
Reference 2 describesfa
l : (\hc application o the techuiyic 1o the anaiysis and synthesis fhm. r sempi d-data control
systems. : .- ' .
i nee the sysiem characievistic equation h:'< bean obtrined. the r"" meter plane rasthod
ut«m) df J ChACIos Wi Conigiil (0 Chaiuale graphicaily tin N oy OF the sgereling, flence, be may
> design the cnvm} sysicin in s of the chesan performanoe eriter ...,: 2. absolutz stability,
damping ratio, an setiiing time He is ablc to see the afect o the Sharacteris HC ¢ mmn :
. roots ol‘changing two adivstubie parameters. Siljak further simpliticd the design pro edire The Pd’"‘)'é ’“"H‘:;
' by introducing Chebsshev functions huto the cquations. thereby putiing them i a fom ]
patticulacly amenable to theic solttion by a digital cor puicr. v
@ Thc method hus been exrended to porizay the effect oi varying the sampling periag, 2 h
[\Faus aar):ee the effect of the choice of values assigned to the
l mpllng period on absolu e and relative Stablllv + Also, the recursive
formulas shown therein are simpler in form than the Chetyshev functions

that mansd
ay for mulution i+ deliberately cast in o form :w e
on by a digital compu wr of o sk coleniate fy A%

a amputing m .x.;\'.'mcs" i
and cor when partrayed gragiically, the

le. resulty
to sohet
cen analysis

' of Re.fn. 2.*

it p ru.'u(. rly amenable
the interpiey baw

I emphasiziny
results show the dymamic relation between the galacted onra-etors srd the,

l characteristic equation rocts, as a functien ol vicpiniependent argument,

/ wn'r. kence oneflecan deduce, the dynmamic effect upon the systenm of vericus
S e

the parameier space.

'/ combinations of values of the celccted parareters defining
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parameter plare

<ﬂ'-'rhe nistory of the continuous-time domain version of the

+:chnique is well-described witheguiloble references

';n Ref. 1. Briefly summarizing that history,/fl.n. visnneg

<the Leningrad'School of Theoretical and Applied ilechanic

“first version of the parameter plare technique to portray systiem

“stability and transient characteristics of a third order system on

a two-parameter plane. In 1949 Professor Yu I. Neimark of the Russian

School of Automatic Control generalized Vishne'rradskg's apgroach to permit

the deceompocsition of a twoeparamster domain (D) describing an nth order svsiem

into stable and unstable regions.

The techrique was called D-decomposition. During
the period 1959-1966 Frofessor D. ilitrovic, founder of a Belgrade

group of automatic control, extended the reuhod to erable the analyst
to relate the system's variable parameters to the system response,

using the last two coefficients of an nth order characteristic equation.
Begirning in 1964, Prafessof D.D. Siljak, then a student of liitrovic's
at the University of Belgrade, geoneralized the method and called it —

the Parameter Plane method, ¥ic me+hod nermitied the analyst to select

anaracievistic eal lf-’;._’“"
an arbitrary pair oQZESB-SE ients (or nara.eters aprearing within the
coefficients) and portray both graphically and analytically the depend=-
ence of-the system response upon the selected parazmeters. The
method was(gubsequentlvZxtended by =iljak and others to encompass
a host of related pPObleﬂi;fj

65“3557-?fbfés§df_3:'Cbor:e modified the D l
raval of the absolute stability region in 2 nNu B 1

-decomoocition method to

-
Loy
h

parz n

r

erable the port S
‘ ; +o poriray contours of relative stadliliiy,

space (George also chowed hov
as did Silﬁ.'ak)o All of tre forczoing worx is carefully and completely refcrencez

within Ref. 1. In 1666 and subsequently, Scltzer has applied the parameter

+ on s s
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_of the histeory that has not been repcried upen

—

e

6

space method to: the desigp,of missile, aircraft, and satellite controllers,
including systems containing one or two nonlinearities; the analysis of the
dynamic effects of the nonlinear "Solid Friction" (Danl) medel for systems

with ball bearings, such as control moment gyroscopes ard rraction wheels;-

and the specification by the system designer of the dynamic structural flexibility

constraints to the structural designer. Most of this work has appeared in the

technical journals of the IEEZ, the AIAA, the Internatidnal Journal of Control,

and the journal,Ccmputers & Electrical Enoineering.A portion

hErenwly)

(vith one exception.to

be noted) is the control system work conducted by the German rocket
scientists in the early 1940's at Peenenunde. There, Dr., . Haeussermann
and others applied the D-decomposition technique to the design of the
V-2 Rocket, following VYr. Haeussermann's"—ff_Nf earlier, : \pre-
World var II) application to the control of}??éerwater torpedo . This
work was not published in the open literature because of national
security constraints. "“hen the group came fo the United >tates to

work with the ~rry bBallistic missilei*gency (first at ft. Pliss, Texas,

then at Redstone arsenal, Huntsville, nlabama), Dr. Haeussermann and

-his associates cortinued to apply the method to US ~rmy missiles

(and later to NASA space vehicles). ~gain, national (this time, another

nation!) security precluded pubiication in the open literature until

1
1957.
A

ﬁF In 196L Professor Siljalk™mx Jthe first application of the
-?
parameter plane tecinique to sampled~data systems. as mentioned

above, this was extended in Ref, 3=4,In 1971 Seltzer preserted an
algorithm for systema%tically solvirng the Popov Critsrion appliad to

sampled-da%a sys<ens o opplications of these sampled-data parameter

space tochniques are found in “ef. 3, 4, and 6.,
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“ b ‘R'h:. tcvhr- que nqums that the wmron svstem be described by a characteristic equaticn (n
5 the z-domain. Two adjustable parameters (kq, k,) are sclected,

and the Lhd!’d(.lul.,l.\. cquation (CE) s recast in terme of them; ie.
4 & .
» CE= Y 3,7 =0, . (1)
: o
4 = ):‘,(d;) |:°, kl) oo (21;)

¢ c e gt e, 3)

[reCoTRT—

r=r(l, o, T)=e =T, @
= =3, ¢ (e wv
B=B¢w,.T)=cos0 =cosio,T T - 2%) )
where J, o, and T represent the damping ratio. natural frequ, "1"\ and samnhing pcriod., .
rcspwlnd\‘To transform the chacacteristic cquation from N nth order pciynomial

i
2yiig 0x 1%GS

into an algebraic equation, z‘] may be . defined

oh il s ot than & %
@"r:’ﬁél dj represants all systen p= ameters other IRAN g ¢ 4 o
rzal and imasinary paris,. Rjemd Iy
-
zd = R, + 1 I: . {2
J J )
3 n +ne valuss of R.; and 1.
. I+ readily follous Sron Zq. (3) thzt the valuss © R; d 1.
are
(7R)

%
inile =
3 LR TS :
3- R R T “a“-chn e 1
il ) foraulas e: be derived thavt are CiCUagl iy
Ij , @ set of recurslive IOrmulaAs can he derivea
¢
2 ad & A Ay A
1 “loulotor osr dismital cCniZuiEl.
irpnlamsatatlion on a deslotop CRLQN w07 I CGafgds
- amanable to irpiane >3 9 = g W LA L0 p ca
b v Pl (") AA v A e~ S T & ¢ a” \-ii::‘
- Thzy ars chowm baloew .6 &(S. re derivad I SuE A
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Zq. (3} L7 «i>n § =0, the value of z9 is unity wnd, Troa Zg. (),

Hence,
(12R)

-

and ~ ;
I1 bag I-BL ] (121)

It will turn out %o be useful in the sequel to obssrve from Zq. (9)
P 'y -.2 : - oy I
that th- radlca;, 1-B“, appears zs a factor in each vzlue of i

Solely for simplicity, 1% nmay be Zactored out by dsfinin

3]

Ij' = I;/q4-3" . (13)

A i substituted into EqeskeR (17 and the real and imaginary parts of the
resulting cquation are sepaceted. two siniHtancous algebraic cquations are obiained.

-These two eguations contain the adpstable parameters, or variables,

twe eguatiors may be solved €xplicitely for ki

and k; as functions of the other system parameters (d.} ard, in parti-

: e .,
cular, as functions of the indeperdent argument, U, T,

(3
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l/ the powers of z in the characteristic equation are linear combinations

of ko ’ k1 y 1.e, :
I iz a5 k4 bk e, (%)

PR - S cj represent all system parameters othu-thm1ko .kl.

?

l where aj
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£ 5. /J ),1 I ;i gt gmes ST AT Gl i el

In this case the two sirultanecus equations reculting from the real and imaginary,

l / respectively, parts of the characteristic equation assume the form,
Re {c.-t.} “hyavt bec=Q, (pR)
la {cr} fga+ =030, (1)
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th the pair of algebra

énd rnay be solved for ko and k1 readily by applyinz Otfmer's Rule, yielding
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czuse the two simultaneous zl-sbraic sl ¢ 32fine the
complex conjugate root bound ar;) to become dapsnizn : case

where kg and ky aprear linearly =z=s foun

by d=terminins the conditions that

one identiczlly egual to zero.

e

o}
Lo
N
}—J
.J.

near sampled-dzta control system to be stable, it is
necessary that all rcots of the charzct-ristic egquztion lis within

the unit circle on the z-plane., If the system 1is low-pass in nzture

the stztlzs region is bounded by “hs semi-circle defined by the upper

half of thz unit circlzgy (part ahove

+

d
with z = _ 1 (part 2, above) znd J=0 (part 3, above). The rmap-ing of

thsse houndaries onto the parzrmeter space will dound <hs stzdble rezion
if one exists., That rezicn is determined by aprl
or usins a test point.,™ I
the stable rezion (if it exists) lies %o the left of the complex

conjusate rost boundary 2s Wul incrazces

the Ieft side of the line is dovble cross-hatched 10 indicate a boundary associated with
doubic, or complcv conivgate. roots, (1 the Jacobian is less than 7ero. the stable region liss
to the tight) Smgle cross-hetching is used on the two contours associated with e reul
/ roots. The side ol' the contour on wiidh to place the cross-hatehing is determined by the

— o —

requiremient thet cross-hatching be continuous, o on the same side, of the contours as the i
intersections corresyonding o 2= 41 and == =1 are approached aloug either the o

ablity boundaiy, T & coarpemgs 4 (Lt Al enda Y4 - 339 . |
) J C..d Lt / 4

Y 50 MO e won € Ren (g N - Sief Sh

complex root or ree! root st
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{f sinsular ecase when J=0, *he shzding off smem—rrt roculling boundzry
ﬁg is deternined in 2 sinilor Stebeettiey” 0 er, 1,2, the side
-a
B
| 2 on which %o shade the boundary is deternined by the physical regulirenent
¢
!' -
bt . that +he nurher of stable rocts nust never beconme lec: than 22ro &as :

b t
one moves zcross a stability beundary. This J=0 case may arise for
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i nee *he ztohle resion, if it existis, has been deternined In <The ;

L 3 ;

i . . . En e o : . o "
salected parumetar space, the dymanic cor “ransient charzcteristics ﬁi
of the systen can be specifisd in terns of ths lucztlions of the rocts
. . . 2 . e =
1 of thz chzracteristic egquation (pole plucement). For the .-—\3/
: TR s = r i i
complex conjuzate ro~ts, these locztions are 4s2fined in terms ol geanptne |
re Q) ina cysten natural froquency (Ww. Centours of constant § ,
are dstzrnined ag functions of Wy, :nd T in precisely ths sane ar
g thzt the complex conjugzte shability boundary was daternined except
hats s not set equal to zero.
ﬂ'Thc: real root locations corresponding to values of = when @ equals O and 180 (may Z3Tce
-be plottzd en the parameter plane by sctting = equal 10 a positive or negative real
g constant, substituting that value into Egsatied (1), and solving for &, as a function of &,
! Each resulting contour corresponds to a lo ation of a real root in the z-domain. When
i 2= +¢ :
? 3 s F
- L N 3 -
Y i =0 : (0)
l“o j
and wvhen = = -d,

% r'2 (n=2)2 ﬁ
Y- Y g YT =0,neven (2‘) 3
j=o i=o -

(n=1)72 3
Z ('iz,*" e '/'(zjﬂﬂ{'“ Y = 0,n0dd (?.Z)
3 : i=o
: rQ " i
where dis a positive real num! :r.ﬁ : 3 :
Valusg »¢ oqo-y or—-zeponding %o dasired real rost locations nmzy be
gabstitutad 140 Z¢s.(20) = (22) 4o ohtzin parumetsr space contours
corrasponding €0 thsese locaticns."J:'.-; the dynanic eflect of any 3
o | chocan dasirn point in <he parzmeter spuce nay te gpecified in terns
|
e | - = 5 m
e - 3 ’ c‘-}h ’ Q(. S Y
4 J
‘ | ‘Thb dl-..l».l..ll techinigue Je -\lO]\ A Berimits the denig
il tancously chunamy three control pasumciens and the sunp ling rel ul \nnsl enistiag
1 conveniion:! techniatiss ‘!‘JHHH the obeervetian of the ehivet of \.Llh’.“)' x u.xl\ ong &\ln'l\‘-
' parametes and don’t show the clivet of varias simpine pateds. T8 7y 3-8 BT rCRIATEY
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paramaters (such zs L %X,) nay be used to define

an exarple of a three-pzraneter space 1s provided

q Somnctimes it is sreciticd that the sautiing tine of the system be less than a br seril \‘d
value. This c\.xrcwond\ to reguiring that thie real part of the roots of the characteristic
equation be less than a preseribad negative real constant. A boundary corresponding to this
requirament can be drawn on ihe par.nm» or plane by mapping a circle of (r‘y::‘.m' radius
(for & chosen values of ,-md T) from the g-plane onto the parameter plancg |, Rolatioas
exist for cstimating the niaxunum overshoot and peak tiime of transient response whetn it is
valid to assums a sccond order s\mm’ However, a simple estimatdg:
madsW looking at the dilicrence cquation representing the sysiem response,
estimating w lu n e ove ls‘ cot .\x'l [CENTE ‘.r.'.l pwume a corresponding fine on the para-

.

meter plinc. P rererth ettt ettt 7 Sicady state respoisogmay be

found from the open loon transier 'uncx jon and tne assumed forcing [uactions in tae
conventional manner,

bt

ik
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I- rotational dyramics, . vz -
N ——— pa——

-+ diagram i i
I g form in Fig. 1. ype pilent to te con-

Gy s Gg 1)
T (sl
Ky 3 W b—

) Kot |—
2 e A
o | :
5

ey
- ¢e‘l) ‘to T Gho(“ { T-du G'ho (s)
Gg 9
: Ko .
5 Gg s)
- Gsi 1
: - T il

Fig. 1 Block Diagran of Conpalld RijidBedy (NG

functions,

(’Lz)-'k

trolled is represented by the transfer

Gyls) = SlsHTls) = WIys

3 ~and
Ggls) = els)/é(s) = Vs - < SN
e 3
whare § represents the Laolace operatory ¢ repre-
oo .cacg stlitude [in the time coTain,

Te represents
* represenis
The two

o=hn i
¢(L): in'tie Lzplace comain, ois)]),

{ the corranded tergue, ard the gvercot
3 the derivative with ruspect to tice.

fsgnsors that rcasure attitude (¢) and attitude rates
s (9) are assuricd to he perfect with unity transfer
ard diqital controiier de-

b
,  functions. T an-bo
« ' velops the conmanded control torgue frem the input
states ¢ and ¢ and the conmanded attitude siynal
et &ci Chols) represents a zero-oraer hold in the
computer: :
1 -Ts
Bpols) = (1-¢ /8, (..
¥ where T is the sample period of the on-board digital
The #1D control algoritha is roprisented

2 computer.
e by Gy(s) and Ggls)
R

G‘(s) = Kp 4 Klls ;

* where Yop and Y1 are the position and intcgral feed-
| back gains and :
- .

6g(s) = ¥y RN

whore Ko is the derivative feccback gain (rore
conmonly callud the rate Gaing.

@ Covsider the plarar model that Portray}'i\:;

e . L e .
£ It is shown in block

-

e
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The third order characteristic equatien is

2q. (1) with n=3, where the ccefficients

of zJ are in the form of Eq. {i%), i.e.

.

: f\*o"‘('a—-‘b"r‘zﬁ). () 0Ty
v, ={-2a + 2+ 3), (39 . .. -
vy = (a+b-23), (39)
Yy e ; &) T
Fodificd gains a, b, ¢ are defined as
as kT, (30 &,

&
@Y oo

’F*The stability boundaries are presented in termis
of a, b, ¢, and u,T by observing tnat the roots

(in this case three) cf a characteristic eguation
represcnting a stable linear sarpled-data control
system rust all lie witnin the unit circle in thé
z-plane, | Jt is assumed that the systen
possesses lou-pass filter characteristics so that
only the primary strip (corresponding to 6<oer
: need be consicered. The stedle region

may be defined by mapping its tiree boundarics from the

2
b KpT /ZJV.

cs x113/4av.

z=-plane onto the
a,b,c parameter space by first considering parameters a,b to be ko 3 k1 in Eq.

f4).

~d

fourd by sudstituting

The boundary at 2z = 41 is
* ., yiclding the sta-

that value for z into the C.E

bility boundary I
(357"

at z = <1 §s found by substituting
{nto the C.E., yielding

©Go-

‘¢c=0

The boundiry
that value tor 2

c a=2,

C——— The corplex cenjunate root stabilfty boundary

z cqual to €% mpi * .

may be found by sctting . :
fowever, at this pain®

§ sin T in the C.L

to use the recursive formulas of Eq. (&)

into two algebraic equations by separ

’

it is convenient
and transform the C.E.

ating the real and imagirary

parts,1f they are solved for a and b and the associated Jacobian J, one cbtains as

the ccmplex ccnﬁugatc root stability teoun

a= [V +8)/()-8)) ¢ (-ap,
b=c+ (1.2p),

and

riary,

()
Qg
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Exam’ration of Eq. (39) reveals that the stability boundary associated

A

with the sirgular case J=0 only occurs when B=i, wnich is the already

considered z=1 case.

Commmr——, 0w the st-%ility boundaries of £gs. i35), (3/.),01‘41.(37) (3}> 2
Sttt can be plotted on a threc-dimensional
plot vath axes a, b, c. A sketch of these tound-
aries is shown in Fig. T. The stability region is

2=+ 1 STASILITY
BOUNDARY (C~* 0)

COMPLEX CONJUGATE
ROOT LOUNDARY,

(o. b=2C [1-(be) 1} } 2= =1 STACILITY

BOUNDARY 3=2)

Fig. 2. Stability Boundaries in 3-Dimensions

“ e N
found by azplying the ‘-Vm""\\'c\\my, rules or by
using cae ¢r nore test points (knoun to be stable,
to lie on a stability btcundary, or to bto un-
stable). ° If J-0 the stable regica (if it

exists) Vizs to the 1eft of the crrnles cunjuqate
root stability boundary of €as. (32)~{s2), a5 0
{or «nT) increases; tha left cide of the Vine i3
double cross-hatched to irZicate 3 bhourdary aiso-
ctated with couble, or ceaples conjusate, roots.
If 340, ac.in this cese, tha stable reqgion lies

« to the right and the right side of the ine {s
double cross-ratched. Linale crose-h tening 45
vsed on the contours of Lqn, €35),-(36) «2ontiated
with sirgic root boundarics. [re cide’ef tre
contour on which to place the cross-ratening §s
deterrined by the requirerant that crosc-n2tihing
be conlinuous, ar on the <z7n sicde, 6f the Coa-
tours a¢ the intersectlicne corressonding &
2= 4} [D=20)cind 2= ) (% %) ére auuroaches
aleng either the cromies root of real rent Sto-
bility trundary, Using this critrrivn, the statie
reqgien 15 found to Le buunded by tre ¢ = O plane,
the 8 2 2 plave, and tha Carve surtafind bty
£Gs. (37)6125). The latter ray be colved for 3
as 3 funltion of b, resulting in the sicnle
expression

| . =)

cio}
Ll i A Ll sl it 2 st A e i gk it




E! ly ]he liniting values for a and bray be fcund by
etting 0 epproach 0 and w,pror tr2 case ¢
© » 0, reprcsent Brby the series expansion

i I

E

5 4 B = cos 0 = 1-(02/21)4(c3/41)-(cB/61 %00 ¢ [9)
“Then, using fqs. (22), (W), and (26), one obtains
s (1Y)

§ K - limb=c
0-0

: lima.= 1im e [(4/0%)-(2/3)+(0%/36)=+++ ]
0+0" 0+0 : (43)

. :For ¢ = 0, £q. (22) stil) rolds (recognize Kj = 0
is really tha cace cne is interested in). Tnen,
~wusing Eqs.(19°c) and (2}, one odtains
Yima = lim (K03/40 03)(2-(c2/21)+(c%/41)--+.]
+ ' @+0 0=0 "
(02/21)-(65 /41 )4+

B o \1g (kjer2d W3)(2-(20276)+(c%/72) -+ 30 (44)

Bl
g
it
|
|

L}

:

e d

SESSCRRE

For the liniting case of O + %<

N
lima = Hm[UHﬂkKL%Hﬂ}B&;z : (45)

e e —

O+ O+

-——

<N
'

3 ' - and

] - Ymb = lim (c+1-B) = c#2
. O~ O+ ;

(46)

The results of the foregoing are sketched graph-
{cally in two dimensions on Fig. 3, for the cases
where ¢ = 0 and vihen ¢ # 0.

4F The design tcchnique cwploys the pole place-

b B% ment apurosch. It is tased on the presise that
the 2yranic bahavicr of _trg systom igyciesciy

oo 0 wn2 fvo.sion 0F 178 rughs o7 i &5

CIctou charectarsstic eouaticn, Tne moLiod

both enaivtically and grephicaily the di

correlation between these roots and the control

*
: gains and scmple peried of the controller. Tha
. design technigue tnen involves the specitication
of the characteristic eguation root leccatiens ard

13 the subsequent determination 6f the controi systed
. qains and sempie pericd noeded to atiain these
focatisns. The conirol system cesigner Wnen must
determire the system response resulting frem using
these numerical values end assess its adcquacy.
g If it is not adegquate, he usuaily relies ¢a nis
experience to re-locatc the rcots to improve the
response in the menner desired for his particuiar
system {i.e., faster settling tire, lower paak .
overshoot, etc.). It is assuined that one wishasg e
the pair of ccmplex conjusate poles of the C.C. to
dominate tha dyramic response of the system, This
respansa will then be modificd dy lucating the

third (real) root.

g—

First concider the pair of complex conjuzate roots. Cne may use E

(12), substituting a,b for ky 4 ky respectivel;,ﬁl}lso using L‘l:‘s.“&',i.ﬁ-(g.ﬂ.

~
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Upor; examining the nature of the equations for a,b, one sees that they are functicrn

of r, B, and

—

Fig. 3.Stability Boundaries in 2-Dimensions

e, or ( finally) functions of 3, &, ¢ .

for cach value of f, b versus a may be determined 5
analytically and plotted graphically as @& function ) : i

of 0 for a given value of ¢. This riay be repeated

for a nusber of valuos of ¢. fiow the value of C

may be sclected (for selccted vaiuves of ¢) that
best mcots wnatever ¢asign criferia cne chooses.
In effect, szlecting 0 amd € will elsa croose ihe
real root locotion. Tihis may ba snuwn by desig-

natiﬁg the real root of the C.E, as Zps vhere

- -0
ppeéc RT : 47)

and o, represents the darping fictor. Une mav
substitute €q. (Y7) into C.é. (1) and solve for b,




11 20
) b = (a2 el L0 ),

One sees that £q. (4%) yields a straight line ccn-
tour of b vs. a for a given value of ¢ and a civen
value of &. Thus, for 2 civen vaiuve of ¢, where

e é-contour of Eq. (43) crosses the g-contour of
Eq_«,@r.e ootains a value of O for the given
value OT—¢ ana thase specified vaiues of 7 end &,
Frem Eo. (1), c may e determired as a function of

P the characteristic equation root lccations:
¢ = (a2 +82-224+1)() - 8)/4, 19
- where a and & are the real end imaginary parts,

respectively, of the pair of cemplex conjugate

- roots of ch:racieristic equation (£). For a
spacificd location (a,2) ¢f the rair of complex
conjugatie reots, @ vaiue for ¢ is estetlished by
setting a value for & (locatica of the real root).

- An 2dditicnal constraint s impased by Shannon's
Sampling Thcorem:

w<ug/2, : . Asal
¥ - where w {s cefined ia £q. (5) and ug/2% s the.
sampling frequency, .
s bs = 2a/T. \St)

From Eqs. (59)-(51) . thi trajnt
: . = his constrain
may be restated as 5 :

o<, 152)

The stable region portrayed in Figs. 2-3 may
be shown for scveral seiected values of ¢ on
Fig. 4 using Eqs. (8.) and ($8). As ¢ increases

in value, the stable region shrinks in size and

the ¢ contours lic further to the right. whnen

¢ = 0.6, the ¢ = 1//2 contour lics entirely o tre
right (and outsice) of the steble rogion. finzliy
when ¢ > 2, the stoble region diseppears er.tire‘uy(' 0%
:see Fig. ).

— - i The applicaticn of the foregoing technique will
now be surriarized.

., 1. Cased on desired system respense
. . characteristics, tentativeiy selact locaticns for
i the three roots of ire crarecicristic ecuitisa.
Although tha zeros of the system chiracieristic
ecquation also affect thie dynamics, niazerent of
the poles will dominzntly affect the dynamics.

a. A root locatien criteria might be

T to selcct nurmerical valves for § ans wp.

e . b. Then qualitatively cetermire how
much fntegral gain is Jesired for tie types of

 f disturtance inputs expected, This gives en indi-

cation of the vaiue ot ¢ to use.

c. Determine computer cesign cone

- straints, Cre migat be to seicet a5 lerce & value
i of T as possibic o r,ninize cn-baard rerory
F” : capacity requirenents,

-?

e sl e
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i
2. Using the value of ¢ tentatively !
establishked in paraqreph 1d atove, plot the ste- :
bility tounda=ics im the b vs. a pircreter plere, {
using fcs. (36)=(3&J3): Then plot tne cesires i
g-contour (as a funcoion of argumer” ope7) on the ;
b vs. a parazeter plane, using Eqs-““’)v-(l?). |
i
3. Using varfous values of §. olot é-
contours on the scme plot, using Eq. (48). i
: 4. Find 2n intcrsection of a é-contour : :
. which gives a cesired value for u.T (and nence T, i
- since wn has alrcocy been specificd) ang &, In ;
B e ;
| J general, if & + 0, its effect on the systom Py :
: / dyndwics s small cempared to the cffect of the :
1 ' / pair of corplex conjugate pales {placed by upT, T). i
8. Chéck the response of the system using i
] the values of a, b, ¢, and uyT (and hence i, Kpy :
E | ' Kpg, and 1) associated with the selected inter- t
| section. 7 it is unsatisfacicry, reiterate the :
? above procedure, sclecting anoihier voiue 0 C.
i .
{ 1f the desiqn procedure were merely to sgecify
j the three root locaticns (suzh as in terws OF a,
6, S or 7, unT, &), iteration wouid not U2 required.
Unfortunately, in design practice one eust cxcrclse .
engincering judgament in selesting the thre2 root 3

locations, giving rise to iterative casign jro-
cedures such as the oa2 cutlined above. However,
andther-possibility coes exist. 17 the real root
: ~-w {s placed nrwar the crigin of the z-plene (6 = 0),
i and if the pair of cemplex cenjugete roots are
| located near the unit circle in the z-plane (1.0..
specifying ¢ and ugT), the latier two reots will
dominate the system response. 2 Than the
! " already developed tecls for specifying the system
! response (such as cetermining ?xpl1¢}t){ t;qs ¥y
< . maximum overshoot and the settling ticgl) of second- . :
3 o;krsyﬁmm(mybeapﬂiw handily. .. Tne foregoing procedure ;

may be amplified through the application of realistic numerical values

for the system parameters., RSSUTe BTy pecasia Lo SYSUFSSOU o ]

{ iyt @ digitel on-toary centrol-
b | . lery Urrv€urther assuna that it is desired %o
: [ ave g controller raturel freaquency (wn) OfF six .

red,s, and that tne mumant of irertia (J,; about
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APPENDIX D, PARAMETER SPACE PROGRAlM: STABILITY REGIONS

A program has been written for the Hewlett Packard
9100B Calculator to map stability boundaries for the missile systenm
described in Section V, Part C, Since the real root boundary is
knowm, only the complex conjugate root boundary need be plotted.
This is the map of the unit circle from the complex z-domain onto
the selected parameter plane, In the design example, the control
gains and kg are selected for varlous selected mumerical values
of k¥ (in tkis example, ky = O, 0.1, and 0,5). Inputs required to
start the program are the numerical value of k; (vhich is entered
in the d storage register) and the starting value of &T (vwhich is
nominally zero and entered in the a storage register). The program
automatically steps the value of »T upward positively in increments
of one (although this value can be altered by inserting a different
number into program steps Oc through 10). The program prints out
values of ki (in the z display) and k; (in the y display) for each
printed (in"the x display) increment of wT.
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APPENDIX E, SYSTE! RESPONSE PROGRAM

The purpose of this program is to compute values of
the missile attitude, 6y, at each sampling instant, t=kT. In this
case, the response to a unit step input has been computed, using
Equations (IV-L;7) through (IV-51). The program has been written
for the Hewlett Packard 9100B Calculator. The required imputs to
the program are the selocted numerical values of the control gains,
kns k3, and kg, and the initial conditions on © at t=0, t=T, and
t=2T, These latter three are calculated from Equations (IV-L7)
through (IV-L9), respectively. The program can be easily modified
to accept initial conditions other than 6p=0 and for inputs other
than a unit step imput. The program prints out values of 9(kT)
for t 2 3T in the y display. The mumerical value for k; rmst be
inserted in program steps 57 through 5b., Figure L indicates a
plot of the outputs of this program for selected values of kp,
ky, and ky (see Figure 3 for rationale in selecting these v:ﬁues).
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GUIDANCE LAWS FOR SHORT RANGE TACTICAL MISSILES

H. L. Pastrick*
US Army Missile Research and Development Corrmand
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S. M. Seltzer¥¥*
Control Dynamics Company
Huntsville, Alabama

M. E. Warrenf
University of Florida
Gainesville, Florida

Abstract

A comparison of guidance laws applicable to
short range tactical missiles is made. These laws
are segmented into several classes and the princi-
Ples underlying each class are discussed. Specific
attention is given to the structure of the guidance
technique and the requirements for its implementa-
tion. Evaluation and comparison of the performance
of each guidance law versus the cost of implementing
it are considered. An extensive bibliography of
relevant literature is included.

I. Introduction

The US Army Missile Research and Development
Command (MIRADCOM) recently began a task to develop
an advanced guidance and control system for further
Army Modular Missiles. The intent is to 'leapfrog"
systems currently under development. The purpose
of this paper is to describe the work that has been
done within this new task and to provide an indi-
cation of future efforts that are now planned.

The reason for embarking on this task is now
summarized. Present weapon systems performance
may be seriously degraded in engagements against
targets with predicted characteristics of the 1990s
and beyond and in the battlefield environments of
that time frame (see, e.g., p. 11, Aviation Week
and Space Technmology, March 20, 1978). It has
been established that the guidance laws currently
in wide use may not be adequate to combat those
threats. Thus, it is projected that fundamental
advances in guidance and control systems theory
are required to enhance the effectiveness of future
weapon systems. Additionally, missile airframe
and propulsion systems may require advances commen=
surate with the predicted target scenarios. In
particular, air defense weapons currently in
Research and Development (R&D) may be seriously
hampered in the combat scenarios env.sioned. From
an overall systems viewpoint, this task shall
address the issue of creating new theory in the
guidance and control area to meet the high perform-
ance threat of the future as a leading technology
item. Closely associated with it and in parallel
with the guidance and control effort, weapon system
work shall be undertaken to modify airframe and
propulsion modules to be capable of engaging the
1990s threat. General support weapons shall be
viewed initially as a subset of the air dafense

#*Rescarch Aerospace Engineer. Member AIAA.

**Senior Scientist., Associate Fellow AIAA.

system. Herctofore these two classes of weapons
each were developed independently. This research
shall attempt to view them as potentially similar
systems that utilize different modules such as
propulsion, guidance, warhead, etc.

The first step in implementing this task was
to conduct a literature survey to establish a tech-
nology base starting point. Constraints on length
of the paper result in summarizing (alphabetically
by author) the list to include only those refer-
ences considered by the authors to be most relevant.

Following this survey, guidance laws were
placed in five categories and defined mathematically.
The implementation and predicted performance of each
category was thea investigated and compared in light
of current and predicted hardware and software capa-
bilities. This paper describes these results.

II. Guidance Laws

The development of guidance laws for short
range tactical missiles has become a well-researched
topic over the past 25 years. A summary of a
detailed literature survey, how each guidance law
can be implemented, and guidance law predicted per-
formance are described within the five guidance law
categories stated in the Introduction.

Line-of-Sight Guidance (Command-to-Line-of-Sight
and Beam Rider

Clemow (1960), in his book Missile Guidance,
provides a detailed discussion of beam riding,
while Mahapatra (1976) discusses morphological
design based on beam riding. Clemow (1960) dis-
cusses command-to=line-of-sight (CLOS), while Kain
and Yost (1976) use this method in their ship
defense scenario, using Kalman filters to reduce
beam jitter.

At the MIRADCOM, CLOS and Beam Rider (BR) con-
cepts are cach considered a subset of the line-of-
sight guidance laws., They differ primarily in
their mechanization. The CLOS uses a wire for the
transponder link, e.g., TOW or DRAGON. BR may use
an electro-optical link, e.g., SHILLELAGH, and fly
in a directed beam aimed at the target. Generically
they are similar and will be discussed as one.

tAssociate Professor, Electrical Engineering Department. Member ATAA.

This paper is declared a work of the U.S.
Government and therefore is in the public domain.
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diagrams highlighting features of the scheme for
each of the two cases. It should be noted that the
projector. mocunt dynamics in Figure 1 and the tracker
mount dynamics in Figure 2 may be considerably more

the centerline of the missile pointed at the target.
In a missile which flies an angle of attack when
maneuvering, the velocity vector will always lag
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Figure 1. Beam Rider Scheme*
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' H 1541 SATION [
'
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Figure 2., Command-to-Line-of-Sight Scheme*

*Implementation scheme provided by R, H. Farmer, Technology Laboratory, US Army Missile Research
and Development Command.
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the vehicle pointing direction. Miss distance is a
strong function of the maneuver capability of the
missile and can be reduced by a fast responding
high-g vehicle.

Velocity pursuit guidance attempts to keep the
velocity vector of the missile pointed at the tar-
get. It is mechanized in some less sophisticated
missiles by mounting a target scnsor on an air vane
which indicates relative wind direction. The dif-
ference between this velocity vector and a true
velocity vector is the primary error in the scheme.
The attitude pursuit guidance mechanization
decouples the angle of attack from the target
seeker and improves miss distance performance by
an amount proportional to the vehicle angle of
attack. Figure 3 depicts two-dimensional geometry
useful for describing the pursuit guidance laws.

MISSILE®

Figure 3. Pursuit Guidance Geometry

Neglecting the case of a maneuvering target,
for simplicity, one notes that

R=V_ -V 5 3)

and the LOS rate is

V. = V
X-J—R-ﬁ p %)

For an ideal pursuit, 8 = A\. Since § = X, the
missile will always have to turn during the attack
except for the case of a perfect head or tail chase.

Figures 4 and 5 present examples of simplified
control system diagrams for the attitude and velo-
city pursuit guidance laws, respectively. In the
former, a wide angle target sensor is required
since it is typically mechanized to be body fixed.
Ia the latter, a narrower field-of-view (FOV) sen-
sor may be utilized as a result of the decoupling
of the body from the sensor mount as previously
described. In each case, KV is the forward guidance

gain, and it will differ for each as will the feed-
back damping gain KR. The guidance filter in

Figure 5 indicates that higher guidance gain in the
velocity pursuit law requires some smoothing to
inhibit noise of the target sensor optics and its
associated electronics.
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Figure 5. Velocity Pursuit Guidance

The performance to be expected from pursuit
guidance is indicated in Figures 6, 7, and 8. These
were obtained for a tactical weapon of the class
known as close support antitank weapons. They are
indicative of the quality of performance one may
expect for these guidance laws. Although these are
simulation results, recent experience with flight
hardware has validated the simulated performance to
a high degree of confidence.

The proportional navigation guidance (PNG) law
performance is also indicated; therefore, it shall
be described next.

ar
ATTITUDE PURSUIT
- w i
£
w
Q
b
5 20}
a
g
H
10 - VELOCITY PURSUIT
PROPORTIONAL;
0 4 8 12 16
READING ERROR (deg)
Figure 6. Performance of Classical Guidance Laws

for a Given Heading Error at First Target
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Proportional Navigation Guidance

Adler (1956) provided one of the seminal papers
in the area, considering PNG in three dimensions.
Adler provides a readable development of the theory
using vector calculus, whereas most subsequent
authors have considered only the planar case for
simplification. Murtaugh and Criel (1966) provided

another fundamental paver developing three-dimen-
sional PNG for a satellite rendezvous problem.

s A e i

Clemow (1960) gives another basic derivation
of PNG, while Pitman (1972) cowpiled scnsitivity
functions and projected errors for PNG with gains
of 2, 3, and 4. Calculations of terminal homing
parameters were made by Rawlings (1970). In a 1971
paper, Rawlings considercd the effects of saturating
aerodynamic surfaces on trajectories flown with PNG.
Many authors have considered auzmenting PNG to
account for target accelerations. Arbenz (1970)
considered making the closing velocity heading rate
proportional to LOS rate and developed a closed
form expression for a modified PNG law. Siouris
(1974) added an estimate of target acceleration to
the missile acceleration command to yield an aug-
mented PNG law. Guelman used geometric arguments
to give the structure of the missile trajectory;
he showed in 1971 that PNG will almost always result
in an intercept for a constant velocity target in
1972. For constant target accelerations, qualita-
tive trajectories were determined and target acqui-
sition boundaries assessed. In 1976 Guelman con-
sidered the structure of trajectories under true
proportional navigation guidance (TPNG), where the
commanded acceleration is normal to the LOS rather
than the missile velocity. In this work he showed
that TPNG results in intercept only if the initial
conditions lie in a well defined subset of the
parameter space. Shinar (1976) considered PNG for
a rolling missile where he considered the cross-
coupling between roll and the ceontrol system.
Slater and Wells (1973) studied optimal evasive
tactics against a PNG missile, incorporating a lag
into the missile dynamics, and generated two stra-
tegies based upon different optimality criteria.

A comprehensive study of classical (PNG) and opti-
mal control techniques for terminal homing of cru-
ciform and bank-to-turn steering missiles was per-
formed by Balbirnie, Sheporaitis, and Merriam (1975).

PNG is a guidance law in which the angular rate
of the missile flight path is directly porportional
to the angular LOS rate of change. This is shown
simplistically in Figure 9 for a two-dimensional
case.

vi v
Vmi FLIGHT PATH
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™
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x
Figure 9. Geometry of Flight Path

The geometry of Figure 9 suggests
. - c 5
Iy = NA (5)

where ™ represents flight path angle relative to

a fixed reference, A represents the LOS relative

to a fixed reference, and N is the navigation ratio.

A general expression for missile acceleration may
be written

=V iR+ VT 6)
MM M

where v, represents tctal missile acceleration;

V“. the missile speed; Ty the missile flight
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path angle; V,_ , a unit vector lateral to the

Ml
missile flight path; and T, a unit vector tangen-
tial to missile flight path. The definitions of
R and T yield the rclationship, R - T = 0. One
may implement proportional navigation via the
relationship (in the Laplace domain)

“H(s) = ke(s) = ERNO )

(1 + 18)

where Thy Tepresents the lateral acceleration in
>

units of g's and ¢ represents the LOS error which

is measured by a secker having a time lag constant
of T sec and an error of TX\. The symbol k repre-

sents a guidance gain factor.

By noting that a constant bearing course is
determined if missile and target are flying con-
stant speed and neither is maneuvering, it may be
concluded that the LOS at each instant of time
would be parallel to the LOS at a previous instant.
Laterally perturbing the collision course noted by
target and missile positions XT and XM respectively

yields ZT and ZM which may be integrated to yield

the missile trajectory using proportional
navigation:

szzM az, dzzM
2 + T ~gkTA + T 2
dt dc =0
<a‘i)
+\ 5= + gkt (\) _ : (8)
dt =0 £=0

The performance and implementation of the
guidance law are best appreciated in their relation-
ship to two other guidance laws which are similar in
in that no requirement is established for range or
range rate information. Velocity pursuit and atti-
tude pursuit are in this category with PNG. The
performance is indicated in Figures 6, 7, and 8.

Optimal Linear Guidance

Since the mid-1960's the missile guidance
literature has become increasingly permeated by
techniques based upon optimal control. The great
success found by linear-quadratic regulator theory
and its dual analog, Kalman filtering, plus the
attractive and easily determined form of a feed-
back solution has led to almost all work in this
area being based upon linear model dynamics, with
quadratic costs and additive Gaussian noise (LQG).
Most formulations consider terminal miss distance
and running control effort only in the cost func-
tional. Unlike the standard regulator format, a
running cost on the state is generally not appro-
priate in this framework. The general optimization
problem then becomes

tf
min E(J) = E x'(tf)Sfx(:f) + _,’ u'(t)Ru(t)dt

u(.) ¢
o

subject to x(t) = Ac(t) + Bu(t) + Gw(t) 9)

where E(.) designates the expected value operation,
Sf and k arec weighting matrices, x is the state,

u is the control, and w is a white noise process.
In most formulations the dynamics are assumed con-
stant to obtain closed form solutions.

Bryson, Denham, and Dreyfus (1963); Denham
and Bryson (1964); and Denham (1964) were among
the first to consider optimization techniques
applied to missile guidance problems. In a series
of papers they formulated and solved the optimal
control problem with inequality constraints, and
then applied the result to the trajectory shaping
of a surface-to-surface missile for range
maximization.

Stallard (1968) gave a good tutorial review of
classical and modern methods for homing interceptor
missiles. In an earlier paper (1966), he dealt
with an autopilot design. In a 1972 paper, he
applied discrete optimal control to a missile sys-
tem with undesirable stability characteristics,
and then modified the dynamics to yield a new
problem with more desirable characteristics.

An excellent review of deterministic optimal
control and its applications, with an extensive
bibliography, is found in an IEEE paper by Athans
(1966). Another excellent review with extensive
references is in a 1965 AIAA paper - Paiewonsky.
Kokotovic and Rutman (1965) provided . survey of
sensitivity methods drawing heavily upon Soviet
literaturc.

Some early authors, in an attempt to justify
the resulting guidance laws achieved via linear
optimal control, showed that their results were
an extension of PNG. axelband and Hardy (1969,
1970) used linear optimal control to develop what
they called quasi-optimum PNG. As with almost all
linear optimal schemes, time-to-go is required for
implementation.

Lee (1969) described several techniques in
nonlinear control which extended the linear regu-
lator theory and drew heavily upon recent disser-
tations at the University of Minnesota.

Deyst and Price (1973) used linear dynamics
with a planar engagement to develop optimal control
laws where the target acceleration was a firste-
order Markov process, and found that the saturation
of control surfaces was an important factor in
modeling a maneuver limited missile.

Nazaroff (1976) formulated an LQG approach in
which he assumed extremely simplified missile
dynamics but included target acceleration and jerk
terms. Stockum and Wiener (1976) assumed exponen=
tially correlated target accelerations in generat=-
ing an LQG guidance law. The feedback they obtained
on projected miss distance and rate was analogous
to time-varying PNG. They compared their guidance
scheme against an augumented PNG law.

Asher and Matuszewski (1974) considered the
optimal control problem where target acceleration
was accounted for as an external disturbance,
resulting in a tracking formulation of the regula-
tor problem. They constrained the final miss dis-
tance to be zero but, to achieve this, needed to
know the target acceleration history precisely.




Balbirnie, Sheporaitis, and Merriam (1975)
gave a means to obtain weighting matrices which
result in "classical type'" control gains in an LQG
formulation. Sheporaitis, Balbirnic, and Liebner
(1976) considered a quadratic cost on the angle of
attack. They used a second order Newton-Raphson
scheme to solve the resulting optimization problem.

Speyer (1976) applied his linear-exponential-
Gaussian (LEG) controller to a terminal guidance
problem. Rather than minimizing the expectation
of a quadratic form J2 (as given previously),

Speyer's LEG formulation minimizes E{gex*;(%;d)}

where u is a scalar. The dynamical model is again
linear. Speyer used a Kalman filter to obtain
estimates of state variables for feedback. His
controller did not enjoy a separation principal;
control gains depended upon the filter state
covariance. Speyer's LEG cost functional had the
effect of very heavily weighing large excursions
and thus reduced the tails of the terminal miss
distribution.

Youngblood (1977) used very simplified linear
dynamics to compute inner launch boundaries.
Youngblood's report contains a description of the
Fletcher-Powell functional optimization method.

Fiske developed a number of guidance and esti-
mation schemes based upon LQG formulations with
varying degrees of model complexity. The closed
form solutions for the controllers are given in the
report, allowing one to examine the effect of model
parameters on the gains. Fiske also presents a
stochastic guidance law, wherein the target accel-
eration is assumed to be a first ovder system
driven by white noise. In addition, a nonlinear
law, based upon nulling projected miss distance
over a single coatrol interval was given. York
and Pastrick (1977) looked at the problem of mini-
mizing the terminal miss distance and the deviation
of the missile from a desired orientation at the
final time. A formulation was given for a system
that had finite time delay. In fact, the increase
and decrease in time delay had interesting ramifi-
cations on the solution. The angle of attack
assumption was investigated and, although not
solved analytically in closed form, the system was
derived,

For completeness, the following example sum-
marizes a typical optimal control law formulation.
The geometry of the tactical missile-target posi-
tion is given in Figure 10. Assume that the angle
of attack is small and thus can be neglected (this
assumption will be considered later), and choose
the following set of variables:

X = & (10)

where Yd {s the position variable from the missile
to the target projected on the ground; Yt is the

position variable of the target; Ym is the

position variable of the missile projected on the
ground; Yd is the derivative of Yd' the missile

to the target velocity projected on the ground;
AL is the lateral acceleration of the missile;

6 is the body attitude angle of the missile; and
a is the angle of attack of the missile shown in
Figure 10.
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Figure 10. Geometry of Tactical Missile
Target Positions

This optimal control problem will have a con-
troller of the form

us= cYYd + Cin + cee + CALAL (11)

where Cy, C?, CG’ and C, are time-varying coeffi-

AL

cients chosen to minimize the cost functional

te

J = Yd(tf) + 79(c£) +8 _I- uz(t)d: ¥ (12)
o

For the case where the angle of attack probably
cannot be ignored e.g., for the larger tactical
missile, the system of equations should include the
angle of attack @. In addition, because it is
feasible to achieve only a small angle of attack at
impact, a reasonable performance index to be mini-
mized would seem to be

tg
2 2 2 2
J = Coyy(ty) +C0%(e) +Ca(ty) +C, f u(t)de.
t
]

3

The performance obtainable from the optimal
guidance law formulated and simulated for Equation
(13) was comparable and even better than the PNG
law in terms of miss distance. Additionally, it
had the added feature of meeting a constraint or
the impact angle which the PNG law could not
achieve. In particular the impact angle was shown
via simulation on an all-digital 6-DOF missile
simulation to be within 1 deg of the desired impact
angle and within 1 ft of the desired miss distance.
Other researchers have corroborated these results.

The performance of any realistic optimal con-
trol law in a missile application is dependent on
the estimation of final time or, equivalently, on
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time-to-go. Typically, an estimate of the range
between thc target and missile, and the rate of
change of this range are obtained from radar or
other ranging devices; the time-to-go estimate is
then calcuylated. This estimate works quite well

as long as the range and range-rate information

are accurate. In many instances, however, the data
are contaminated by noise either covertly, as in
the case of radar jamming devices, or by the pro-
cessing electronics. This adversely impacts the
estimate of time-to-go and the optimal control law,
and missile performance suffers. Pastrick and York
(1977) present a discussion of several aspects of
the problem in the context of a realistic applica-
tion and provide analytic computer algorithms for
its solution, as well as a closed-form result.
Another more recent attempt to estimate time-to-go
was made by Fiske. He also addresses the possibility
of obtaining this variable by an intensity ranging
technique.

Another difficulty with optimal guidance laws
is their sensitivity to initial conditions, as
shown by York (1978). The primary message therein
is the strong need for accurate modeling of the
system and the importance of the selection of
numerical quantities for the elements of the weight-
ing matrices in the performance index.

Other Guidance Schemes

Whiting and Jobe (1972) considered using a
"virtual target" approach to guidance for a short
range air-to-ground missile.

Poulter and Anderson (1976) considered a non-
linear differential game framework to derive aa
optimal steering law for a terminal homing missile.
In a prior paper, Anderson (1974) gave a method of
updating a differential game solution via linearized
two-point boundary vslue problems.

For background material, Froning and Gieseking
(1973) gave a description of autopilot steering
mechanisms for bank-to-turn missiles. Gido, Jaffe,
and Wilson (1974) provided computer programs to
produce autopilot designs using both classical (PNG)
and modern (LQG) formulations. George (1974) dis-
cussed trends in IMU, guidance and control hardware.

SENSOR AND
4 OPTICS

Mahmoud (1977) described a dual level, hier-
archical optimization scheme based on invariant
imbedding which is uscd to obtain approximate solu-
tions to many nonlinear control problems. Connor
and Vlach (1977) presented a new augmented penalty
‘function appreoach to optimal control problems.
Their formulation is applicable to finite dimen-
sional optimization problems with terminal
constraints.

Lansing and Battin (1965) presented much back-
ground material on random processes applied to
automatic control. Radbill and McCue (1970) pro-
vided background material on quasi-linearizaticn
methods in solving coupled nonlinear two-point
boundary value problems.

Chin's book on missile design (1961) has a
section on missile transfer functions which is very
useful in assessing the contribution of aerodynamic
factors and control surfaces to missile motion.
Goodstein (1972) provided an overview of missile
control system development and, in the same AGARD
report, Acus (1972) presented a description and
comparison of inertial guidance technology for
tactical missiles.

III, Discussion

A survey has been made of guidance laws applied
to short range tactical missiles, and they have been
organized into five categories for convenience of
discussion.

To better place them in relative perspective,
Figure 11 presents the hardware requirements for
mechanizing them., Though the concepts are reason-
ably self explanatory, it should be noted that the
BR and CLOS concepts are configured with aft sensor
and optics while the others are forward. Also, the
optimal guidance scheme suggests the need for a
microprocessor to handle the more complex guidance
algorithms.

Guidance concept configuration comparisons
depicted in the Table feature the relative cost and
other items that show complexity and performance.
With the exception of the microprocessor requirement
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Figure 11. Instrumentation Configuration Concepts
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Table. Guidance concepts configuration comparison

Accuracy Gimbal Mechanism Electronics Relative Cost
Guidance Concept (ft) Gyroscope (Sensor) (On=~joard) Control Effort (On-Board)
Attitude Pursuit > 30 None None Same High Turning 1.0
Acccleration

Velocity Pursuit > 20 None Air Vane Same Required 1.4
PNG <5 Single Gyro Same Low Turning 1.6

2 DOF Acceleration

Gyro Required
Beam Rider <2 Attitude None Same 0.9
CLOS <2 Attitude None Same 0.8
Optimal < 2 DOF Gyro Micro- High Turning 1.6

Gyro processor

for the optimal guidance law all onboard electronics
are relatively comparable. However, it is important
to note that the CLOS and BR concepts have vastly
more complex ground stations inherent in their
mechanizations. For this reason alone, their air-
borne complexity is relatively low and less expen-
sive compared to the others implying that their
ground trackers are not included in that cost
estimate.

Barring unforeseen breakthroughs in the fifth
category (Other Guidance Schemes), comparison of
performance characteristics favors PNG for defeating
targets that are either stationary or moving with a
constant velocity. PNG is simple, requires a
state measurcment that is easily attainable, and
is relatively easy to implement. However, for
highly maneuverable accelerating (or decelerating)
targets, optimal guidance laws are superior,
performance-wise, to other forms of guidance.
Further, if miss distance is the only criterion of
performance, PNG is favorable. If other performance
criteria are important, such as impact angle at the
target, then these criteria can be incorporated
into the performance index and optimal guidance
becomes superior.

As indicated, most linear optimal guidance laws
require time-to-go to be implemented. Thus far,
a means of measuring this important variable has not
been devised, although considerable attention has
been given to its estimation. Development of a
means of measuring time-to-go is an item that will
be addressed in the MIRADCOM task to develop an
advanced guidance and control system for future
U.S. Ammy modular missiles.

Because of the anticipated small size and light
weight of future microcomputers, maximun use will be
made of the program flexibility offered by digital
implementation of guidance laws (including state
estimators or observers, if utilized) and auto-
pilots. It is planned to exploit digital charac-
teristics in this task while remaining within the
constraints imposed by the digital sampling
phenomena such as quantization and finite word
length., The difficulties inherent in predicting
and analyzing the effects of system nonlinearities
are compounded with a digital system and must be
addressed in the development of any advanced
guidance and control syscem.

IV. Conclusion

When the performance comparisons and antici-
pated implementation difficulties are considered,
the following conclusion is reached. PNG is a
strong contender but cannot cope with all expected
targets of the future. Therefore, optimal guidance
is the chosen candidate guidance law, even with its
added complexity and current implementation diffi-
culties. However, these may be alleviated with
judicious use of the microprocessor technology now
enjoying a high state of development activity. Con-
siderable effort will have to be devoted to over-
coming what appears to be its strongest short-
coming: measuring or accurately estimating the
time-to-go.

Bibliography

M. J. Abzug, "Final-Value Missile Homing Guidance,"
J. Spacecraft and Rockets, pp. 279-280, Feb. 1967.

R. W. Acus, "Self-Contained Guidance Technology,"

AGARD Report: Guidance and Control of Tactical
Missiles, May 1972.

F. Adler, '"Missile Guidance by Three-Dimensional

Proportional Navigation," J., Applied Phvsics, pp.
500-507, 1956.

A. Y. Adrienko and A. A. Muranov, "Statistical
Synthesis of a Sampled-Data Terminal Control System
for Multipurpose Object," Automation and Remote
Control, pp. 14-21, May 1973.

G. M. Anderson, "A Near Optimal Closed-Loop Solu-
tion Method for Nonsingular Zero-Sum Differential

Games," J. Optimization Theory and Applications,
Vol. 13, No. 3, pp. 303-318, 1974.

G. M. Andrew, "Control and Guidance Systems with
Automatic Aperiodic Sampling,” J. Spacecraft and
Rockets, pp. 59-60, Dec. 1970.

J. F. Andrus, I. F. Burns and J. 2. Woo, "Study of
Optimal Guidance Algorithms," ALAA Journal, pp.
2252-2257, Dec. 1970,

K. Arbenz, "Proportional Navigation of Nonstationary

Targets,' IEEE Trans, Aerospace and Electronic Svs-
gems, pp. 455-457, July 1970.




Btz o woer I, Motur - by "Outiri ]l Cuiene i Mlemadsds Magelr Toowieal Contral

Jan., 1964,

Ei
| ot "inire Dan " il oo T curvall Miss , iot EE - " Lockers, :
| o e R N N e v, 1974, pee 11 g 1
;
i ' ]
i N 3
£ . ¢ & . ¢ W o fie i JiGEm, o omaximd 0w ¢ 3 urface-to- |
ter Yo owteveriog Sy T L Susfone Miseils with Tn-ilb . .y Com-
; § ) $ L R stire ks MY X 86 S e g dhiane . 710 1883,
|

*’s F. Denhan i S-S ..mal Pro- {
a2 rebalt M o Louwslruiats TE: :

r

9L, 2w U gramming J'rc

I
|
|
} Solution by 3Sicopest Lescent, At2/ Journal, pp.
@ M. Athans, "On Optimal Allce.iic . v e 25-34, Jan. 19%4.

! for Linear Intercercic: -« ! .. B o S
3 IEEE Trans. fcerc .o ek BE s e iy oo J. J. Deyst and C. F. Price. " ciissd & .chastic
E | 843-653, Sept. 197 Guidance Laws for Tacticot vy #:i-- ° 4. Spacecraft
L; and Rockets, pp. Bl Sy, el

& E. I. Axelband and F. W. Hardy, "Quszi «7 .. (. F . o-
i H portional Navigation," 2nd Hawijii Tet . Coro. Svs. R. E. Dickson and V, Gari. r, “tritazu Fendezvous,
gl Sciences, pp. 417-421, 1969. Intercept and Injectiom," Aflat “ouraal. pp. 1402-
[1 1403, July 1969.

1 E. I. Axelband and F. W. Hardy, "Optimal Feedback
& Missile Guidance," 3rd Hawaii Int. Ccnf. Svs, P. H. Fiske, "Advanced Digital Guidance and Control
£ | Sciences, pp. 874-877, 1970. Concepts for Air-to-Air Tactical Missiles," The
E: Analytical Sciences Corporation Technical Report,
B | E. C. Balbirnie, L. P. Sheporaitis and C. W. Dec. 1977.
? Merriam, '"Merging Conventional and Optimal Control

Techniques for Practical Missile Ter-inal Guidance," H. D. Froning and D. L. Gieseking, "Bank to Turn

E | AIAA Guidance and Control Conf.,, AIAA paper 75-1127, Steering for Highly Mancuverable Missiles," AIAA

{ 1975. Guidance and Control Conf., AIAA paper, 73-860,

! 1973.

G. Bashein and C. P. Neuman, "Linear Feedtack Guid-
ance for Interception and Rendezvous in a Stochastic Y. Gemin, "Polynomial Approximations in Perturba-

Environment," lst Hawaii Int. Conf. Sys. Sciences, tional Navigation and Guidance Schemes," aAdvanced
Pp. 654-657, 1968. Problems and Methods for Spaceflicht Optimization,
; edited by B. F. de Veubeke, Pergamon Press, Oxford,
; S. M. Brainin and R. B. McGhee, “Optimal Biased pp. 13-24, 1969.
¢ Proportional Navigation,'" IEEE Trans. Auto. Control, -
Pp. 440-442, Aug. 1968. L. C. George, "Missile Guidance and Control System
Design Trends," SAE National Aerospace Engineering
A. S. Bratus, "Approximate Solution of Bellman's and Manuf, Meeting, SAE paper 740873, 1974.
Equation for a Class of COptimal Terminal State -
Control Problems," J, Applied Math and Mechanics, J. F. Gido, R. C. Jaffe and R. G. Wilson, "Merging
Vol. 37, No. 3, pp. 396-407, 1973. Conventional and Modern Control Techniques for

Practical Missile Autopilot Design,'" AIAA Mechanics
A. E. Bryson, Jr., "Applications of Optimal Control and Control of Flight Conf., AIAA paper 74-911,

Eiaa

Theory in Aerospace Engineering,'" 10th AIAA Minta 1974,
Martin Memorial Lecture, Cambridge, Mass., 1966.
4 R. Goodstein, "Development of Control System Require-
4 A. E. Bryson, Jr., W. F. Denham and S, E. Dreyfus, ments,' AGARD Report: Guidance and Control of Tac-
; "Optimal Programming Problems with Inequality Con- tical Missiles, May 1972.
straints I: Necessary Conditions for External Solu-
s tions," ALAA Journal, pp. 2544-2550, Nov. 1963. R. Goodstein, "Guidance Law Applicability to Missile
3 . Closing," AGARD Report: Guidance and Control of
3 C. S. Chang, "A Terminal Guidance Theory Using Tactical Missiles, May 1972.
! Dynamic Programming Formulation,'" AIAA Journal,
k pp. 912-916, May 1970. P. C. Gregory, "General Considerations in Guidance
Control Technology,' AGARD Report: Guidance and
3 A. A. Chikrii, "Nonlinear Problem of Evasion of Control of Tactical Missiles, May 1972.
i Contact with Terminal Set of Complex Structure,"
J. Applied Math and Mechanics, Vol. 39, No. 1, P. C. Gregory, P. B. Teets and B. G. Lee, "Guidance,
pp. 3-11, 1975. Navigation and Control," Space/Aeronautics, pp. 61-
66, July 1969, :
] S. S. CHin, Missile Configuration Design, McGraw-
Hill, pp. 130-154, 1961. K. V. Grider, W. E. Jordan and M. Kim, "Suboptimal !

Guidance for Attitude Angle Constrained Flight
J. Clemow, Missile Guidance, Temple Press Unlimited, Trajectories," 6th Hawaii Int. Conf. Sys. Sciences,

London, 1960. PP. 455-457, 1973,

M. A. Connor and M. Vlach, "A New Augmentcd Penalty M. Guelman, "A Qualitative Study of Proportional
. Function Techniqued for Optimal Control Problems," Navigation," ILEE Trars. Aerospace and Electrounic i
A Je Optimization Theorv and Applications, pp. 39-49, Systems, pp. 337-343, July 1971.

Jan. 1977.
v ( 9




.

e —— e

e

ARSI

M. Guelman, "Proportional Navigation with a Man-
euvering Target," I1ERE Trans, Acrospace and Elec-

tronic Systems, pp. 364-371, May 1972,

M. Guelman, "The Closed Form Solution of True Pro-

portional Navigation," IEEE Trans. derospace and
Electronic Systems, pp. 472-482, July 1976.

G. L. Harmon, K. E. Kent and W. P. Purcell,
"Optimal Bang-Bang Guidance System," Western Elec-
tric Show and Convention, Part 5, paper 19.1, 1962,

Y. C. Ho, "Optimal Terminal Maneuver and Evasion
Strategy," SIAM J. Control, Vol. 4, No. 3, pp. 421-
428, 1966.

Y. C. Ho, A. E. Bryson, Jr. and S. Baron, '"Differ-
ential Games and Optimal Pursuit-Evasion Strate-
gies," IEEE Trans. Auto. Control, pp. 385-389,
Oct. 1965.

R. M. Howe, "Guidance,'" Chapter 19 appearing in
System Engineering Handbook, ed. by R. E. Machol,
W. P. Tanner, Jr. and S. N. Alexander. McGraw-Hill,
NY 1965.

S. S. Hu and M. L. Thompson, "A Direct and Analyti-
cal Solution for Space Flight Guidance Functioms,"

AIAA Aerospace Sciences Meeting, 1966.

L. A, Irish, "A Basic Control Equation for Rendez-
vous Terminal Guidance,'" IRE Trans. Aerospace and

Navigational Electronics, pp. 1006-113, Sept. 1961.

W. H. Ito and J. E. Tushie, "P-Matrix Guidance,"

AIAA/ION Astrodvnamics Guidance and Control Conf.,
Aug. 1964.

A. Ivanov, "Radar Guidance of Missiles," IEEE Inter-

national Conf., pp. 321-335, 1975,

J. E. Kain and D. J. Yost, "Command to Line-of-
Sight Guidance: A Stochastic Optimal Control

Problem," AIAA Guidance and Control Conf., AIAA
paper 76-1956, 1976.

J. E. Kain and D. J. Yost, "Target Estimation in an

ECM Environment," J, Spacecraft and Rockets, pp.
492-498, Aug. 1975.

M. Kim and K. V. Grider, "Terminal Guidance for
Impact Attitude Angle Constrained Flight Trajec-

tories," 1EEE Trans. Aerospace and Electronic
Systems, pp. 852-859, Nov. 1973.

P. V. Kokotovic and R. S. Rutman, "Sensitivity of
Automatic Control Systems (Survey)," Automation and
Remote Control, pp. 727-749, April 1965.

J. H. Laning, Jr. and R. H. Battin, Random Processes

in Automatic Control, McGraw-Hill, pp. 239-247,
1965.

E. B. Lee, "Recent Development in the Theory of
Optimal Control and Their Application,' Proc.

Technical Seminar on Cuidance and Control, Hunts-
ville, Alabama, Aug. 1969.

I. Lee, "Optimal Trajectory, Guidance and Conjugate

Points," Information and Control, pp. 589-606,
1965.

10

M. H. Liu and K. W. Han, "Model Reduction of a Non-
linear Control System," J. Spacecraft and Rockets,
pp. 786-788, Dec. 1975.

A. S. Locke, Guidance, D. Van Nostrand Co. Princeton,
1955.

D. F. McAllister and E. E. Schiring, "Optimizing
Thrust Vector Control for Short Powcred Flight
Maneuvers," appearing in Space Electronics Svmposium,
ed, by C. M. Wong, American Astronautical Society,
1965.

B. A. McElhoe, "Minimal-Fuel Steering for Rendezvous
Homing Using Proportional Navigation," American
Rocket Society Journal, pp. 1614-1615, Oct. 1962.

J. A. Meyer and J. G. Bland, "Minimum Information
Terminal Homing Guidance," Nat, Elect. Conf., pp.
703-708, Oct. 1966.

J. F. Muller, "Synthesis of a Guidance System for a
Short Range Infantry Missile," J. Spacecraft and
Rockets, pp. 314-317, March 1969.

S. A. Murtaugh and H. E. Criel, "Fundamentals of
Proportional Navigation," IEEE Spectrum, pp. 75-85,
Dec. 196¢C.

N. Nagarajin, "Discrete Optimal Control Approach to
a Four Dimensional Guidance Problem Near Terminal
Areas," Int. J. Control, pp. 277-288, Aug. 1974,

G. J. Nazaroff, "An Optimal Terminal Guidance Law,"
IEEE Trans, Auto. Control, pp. 407-408, June 1976.

N. J. Niemi, "Investigation of a Terminal Guidance
System for a Satellite Rendezvous,” AIAA Journal,
pp. 405-411, Feb. 1963.

B. Paiewonsky, "Optimal Control: A Review of Theory
and Practice," AIAA Journal, pp. 1985-2006, Nov.
1965. :

H. L. Pastrick, "Filtering Inertial System Errors to
Improve Terminal Sector Navigation," Proc. South-
eastern Svmp. Svs. Theory, 1974.

H. L. Pastrick and R. J. York, "On the Determination
of Unspecified te in a Guided Missile Optimal Con-

trol Law Application,"_Proc. 1977 IEEE Conference on
Decision and Control, 1977.

C. Pfeiffer, "A Successive Approximation Technique
for Constructing a Near-Optimum Guidance Law," Int.

Astronautical Conf., Astrodvnamics, Guidance and
Control, Miscellanea, pp. 285-291, 1967.

D. L. Pitman, "Adjoint Solutions to Intercept Guid-

ance," AGARD_Report: Guidance and Control of Tac-
tical Missiles, May 1972.

J. E. Potter, "A Guidance-Navigation Separation

Theorem,' AIAA TON Astrodynamics Cuidance aad Control
Conf., Aug. 1964.

R. A. Poulter and G. M. Anderson, "A Guidance Con-
cept for Air-to-Air Missiles Based on Nonlinear

Differential Game Theory," National Aerospace Flec-
tronics Conf., pp. 605-9, 1976.




;f
{

i
2
|
_;
|

i

D. L. Quam, '"Missile Aerodynamic Sensitivity
Analysis," AIAA Preprint, 1978.

J. R. Radbill and G. A. McCue, Quosilinearization

and Nonlincar Problems in Fluid and Orbital
Mechanics, American Elsevier, New York, pp. 1-21,
1970.

E. R. Rang, "A Comment on Closed-Loop Optimal Guid-
ance Systems," IEEE Trans, Auto. Control, pp. 616-
617, July 1966.

A. G. Rawling, "On Nonzero Miss Distance," J.
Spacecraft and Rockets, pp. 81-83, Jan. 1969.

A. G. Rawling, "Prediction of Terminal Variables in

Homing," J. Spacecraft and Rockets, pp. 764-766,
June 1970.

A. G. Rawling, "Nonlinear ProNav and the Minimum

Time to Turn," J. Spacecraft and Rockets, pp. 198-
201, February 1971.

R. W. Rishel, "Optimal Terminal Guidance of An Air
to Surface Missile,” AIAA Guidance, Control and

Flight Dynamics Conference, Aug. 1967.

D. M. Salman and W. Heine, "Reachable Sets Analysis
— An Efficient Technique for Performing Interceptor/
Sensor Tradeoff Studies," AIAA Guidance and Control
Conf., AIAA paper 72-825, 1972,

C. E. Seal and A. R. Stubberud, "Final Value Control

Systems," appearing in Advances in Control Systems
Theory and Applicatien, Vol. 8, pp. 23-52, 1971.

L. P. Sheporaitis, E. C. Balbirnie and G. A.
Liebner, "Practical Optimal Steering for Missile
Terminal Guidance," AIAA Guidance and Control Coni.,
AIAA paper 76-1917, 1976.

J. Shinar, "Divergence Range of Homing Missiles,"
Israel J. Technology, pp. 47-55, Vol. 14, 1976.

G. M. Siouris, "Comparison Between Proportional and
Augmented Proportional Navigation," Nachrichten-
technische Zeitschrift, pp. 278-280, July 1974.

G. L. Slater and W. R. Wells, "Optimal Evasive
Tactics Against a ProNav Missile with Time Delay,"

J. Spacecraft and Rockets, pp. 309-313, May 1973.

K. Smith, "A Comparison of the Control Problems of
Missiles and Manned Aircraft," J. Royal Aeronautical
Society, pp. 177-185, March 1962.

J. L. Speyer, "An Adaptive Terminal Guidance Scheme

Based on an Exponential Cost Criterion with Applica-
tion to Homing Missile Guidance," IEEE Trans. Auto.

Control, pp. 371-375, June 1976.

J.'L. Speyer, "A Stochastic Differential Game with
Controllible Statistical ©:rameters," IECE Trans.
Sve. Sciences and Cuhern-tie s, pp. 17-20, June 1967.

N

e Vo SEE{larst, i ' pve. ol

wieh i e vy LR A
i el

Yoo

11

D. V. Stallard, "Discrete Optical Terminal Control
with Application to Missile Guidance," Joint Auto.
Control Conf,, pp. 499-508, 1972.

A. M. Steinberg and K. Shmueli, "“On the Terminal
Control Problem," J. Optimization Theorv and Appli-
cations, Vol. II, pp. 313-320, March 1973.

A. R. Stubberud, "Theory of Pitch Steering for
Ascent Guidance," MNat. Space Navigation Meeting,
pp. 136~160, March 1967.

L. A. Stockum and F. C. Weimer, "Optimal and Sub-
optimal Guidance for a Short-Range Homing Missile,"

IEEE Trans. Aerospace and Electronic Svstems, pp.
355-360, May 1976,

A. I. Talkin, "Homing by Steepest Descent," IEEE
Trans. Auto. Control, pp. 136-137, Jan. 1966.

W. Templeman, "Linearized Impulsive Guidance Laws,"
AIAA Journal, pp. 2148-2149, Nov. 1965.

L. Teng and P. L. Phipps, "Application of Nonlinear
Filter to Short Range Missile Guidance," Proc.
National Aerospace Electronics Conf., pp. 439-449,
1967.

R. Thibodeau and J. B. Sharp, "PDM Control Analysis

Using the Phase Plane," J. Spacecraft and Rockets,
pp. 1054-1057, Sept. 1969.

F. Tung, "An Optimal Discrete Control Strategy for
Terminal Guidance," Joint Auto. Control Conf., pp.
499-507, 1965.

J. T. Wagner and D. F. McAllister, "Simplified Per-
formance Analysis of Space and Missile Guidance,"

American Astronautical Society and ORSA, June 1969.

R. S. Warren, C, F. Price, A. Gelb, and W. E.
VanderVelde, "Direct Statistical Evaluation of Non-
linear Guidance Systems," AIAA Guidance and Control
Conf,, AIAA paper 73-836, 1973.

J. H. Whiting and J. W. Tube, "Virtual Target Steer-
ing = A Unique Air-to-Air Surface Missile Targeting
and Guidance Technique," AIAA Guidance and Control
Conf., AIAA paper 72-826, 1972.

T. W. J. Wong, "Guidance Systems for Air-to-Air
Missiles," INTERAVIA, pp. 1525-1528, Nov. 1961.

J. Youngblood, "Optimal Guidance of Air~to-Air
Missile," University of Alabama Report, Nov. 1977.

R. J. York and H. L. Pastrick, "Optimal Terminal
Guidance with Constraints at Final Time," J. Space-
craft and Rockets, pp. 381, June 1977.

R. J. York, "Optimal Control for an Anti=Tar~ ‘lounen.'

Final Report, U.S. Army MIRADCOM Contrcoet
ASK 70-78-11=0102, September 1978.

el

Cda il damt oo o o




i e A T o B A T A T

APPEIDIX G, SIG-D EVALUATION




DISPOSITICN FOAM
For use of this form, see AR 140-15, the prapenest agency is TAGCEN.
REFERENCE OR QFFICE SYMBOL SUBJECT
| _ADMI-TGN Redteam of SIG-D Program
TO DISTRIBUTION FROM DRDMI-TG OATE 19 January 79 7!
t | 1. The flight tests of those SIG-D rounds to be launched at WSMR are scheduled to
begin in late FY-79. To insure technical thoroughness and completeness, a team is
E | appointed to conduct an in depth review of the program to date. The review will be
- conducted 8-9 February 1979. i
f 2. The team members are:
| Russ Gambill 6-1187 < Chairman
. Sherm Seltzer 6-5954 L Theory and Design
| Jim McLean 6-2797 I Integration
i Ray Deep 6-5216 X Aerodynamics
{ %ﬁnQ Gerald Matthews 6-1847 G Structures and Launcher
f Niles White 6-2612 X Propulsion
Vic Ruwe 6-3848 “WElectronics and Cables
Jim Brown 6-3643 “WSoftware ,
Bi11 Stripling 6-8331 X Inertial i
Bi11 Malcolm 6-1225 x Control Actuator System :

E | Charles Northrop 6-3556  Testing, Instrumentation
4 and Launch Operations
1

2 /%, ok i

| Director i
| i
{

Guidance and Control Directorate :
Technology Laboratory \
DISTRIBUTION: :
DRDMI-EA, Mr. Northrop
Mr. Ruwe
-TGC, Mr. Malcolm
-TGG, Mr. Brown
-TGL, Mr. Stripling
-TGN, Mr. Gambill
g Dr. Seltzer
b | Mr. McLean
A -TE, Mr. Deep
R -TKC, Mr. White
: -TL, Mr. Matthews

" ST way Y AL (o)

|
i — o EERIN\
& | $3)) \ ?
1 Jouol @U\,“v ~allow wve B
| 5 Y. \‘ R\ - Pac (p] v
| ‘“}e,l Fy k\M\_ e il N b L &QV
: - C;Jq) 1'1‘1* s 35 ) PG -
B | - K'JJ;,' EErs §- Tt caViges
| . S e ™yl 5, Ovnx,mw =V T

N—EPLACSS OD FORM 96, WHICH IS OBSOLETE.

W GPO-1978-665422/1 = .

DA 7F. 2496




s s s

i A S T e AR s

II. THEORY AND DESIGN
By Sherman M. Seltzer

1. Qrgapization.

In an attempt to provide the reader with a logical approach to the review
of the theary and design associated with the SIG=D Program, the material comprising
that review is presented in the following sequence:

a. Program objectives,

b. Design approach,

¢. Analysis program,

d. Simlation program,

e. Hardware testing program,
f. Proof of concept,

g Schedule,

h. Summary and conclusions.

2. Program objectives.

As stated by Jack Clayton during the February 8=9, 1979 review, "The SIG=D
Program is an explaratory development effort to investigate the technical risk areas
associated with a low cost surface to surface missile utilizing a strap-down in-
ertial navigation and guidance system." If it is intended to use SIG-D on missiles
other than the particular modified IANCE upaon which design has been based, certain
system alterations probably will be required. As described in the presentation,
SIG=D is tied closely to the characteristics of the modified Lance system on which
it is carried. In particular, the bending characteristics of the modified IANCE
have strong impact upon the SIG-D design. Bending filter design, computer storage
capacity, the isoclation system, and the selected sampling period of the computer
probably all will be affected if SIG-D is used to guide a missile other than the
modified LANCE.

3. Dealgn approsch.

: The design approach is orderly, logical, and being implemented by appar=
ently superb engineers. The immovative analytical techniques that have been btrought
to bear on the SIG-D design are outstanding. An exception to the conservative ap=
proach demonstrated throughout concerns computer memory capacity. It was stated..
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that a margin of 75 words of memory still remains. I feel this is too small a margin
to be entering into the hybrid and hardware-in-the-loop (HWIL) stages of (potential)
design refinement. If additional memory should became required, it may be necessary
to physically add an additional memory module. The possibility of decreasing memory
requirements by performing a sampled-data analysis with the aim of decreasing sampling
period might be considered as an alternative. Bending mode constraints then would
have to be considered also.
At first I planned to recommend looking deeper into the potential problem
posed by heretofore undetected sources of vibration. An example (the only one that I can
think of, but there may be others) is the external cable conduit (or "tumnel"). If
it were to become unbonded from the skin of the missile during the guided portion of
the flight, its vibration characteristics might have an undesirable dynamic effect on
the GiC system. Upon further investigation I found that this problem has been
studied tharoughly. In the case of the cable conduit, the masses concerned are re-
latively negligible.
A design decision made at the outset of the program vas to use the Ring
laser Gyroscope, presumally because of its low cost. According to Mr. Claytom, it
has undergone extensive sled and missile ("UPSTAGE Program") testing, although never
in the strapdown mode of operation. This should be adequate.

4. Analysis program.

As already indicated, the analysis used has been tharough and excellent
in quality. Although I personally am wary of using continuous time-domain techniques
to approximate sampled-data dynamic phenomena, I believe it is Justified in the
case at hand because of the relatively high sampling rate (the latter being set by
the frequency of the highest dominant bending mode). Even the use of a continuous
time-domain describing function analysis appears to have been adequate to predict
the existence and characteristics of limit cycles and was stated to have been veri-
fied by similation. This is a tribute to the engineering judgement of BEd Herbert
and Dr. Paul Jacobs in particular.

Apparently the design team has searched faor all dynamically significant
nonlinearities and has identified only the pneumatic actuator nonlinearity. Cert-
ainly a complete HWIL simulation will show if the search results were carrect (and
I think they are).
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If time were available, I would recommend a mare canventional sampled-
data analysis of a simplified (for analytical tractability) model of the system.
At this late date I think a careful simulation should be adequate.

The IMU mounting plate and vibration isolation system are critically
impartant to the performance of the G&C system. This fact has been duly recognized,
and supparting analysis has been conducted. Extensive analysis (supported by
hardware tests—==see section 6, below) has been performed to validate the system
design, using the NASA Structural Analysis (NASTRAN) program. This analysis in-
cluded the identification of a number of the relatively lower longitudinal and
tarsional normal (free-free) bending mocdes. The analysis was perfoarmed far both
loaded (i.e. "powered" flight) and unloaded ("post-cut-off") motor case conditioms.

5. Simlation proeram.

Usually simulation and analysis are held to a minimum by program man=-
agers. In this instance, there appears to be an over-abundance of simulation pro-
grams, although this situation is the result of an orderly progression from all-
digital simmlations toward an HWIL simulation. There was some indication that
agreement between the various MIRADCOM and Vought programs does not exist. The
reasons for this disagreement were explained during and subsequent to the farmal
presentation. Of course, ultimate agreement must be sought. The hybrid and the
HWIL simulations are extremely valuable design tools. It is my opinion that not
enough time is allocated for their use. It is not apparent why the rush, when
much valuable infarmation should be forthcoming from the use of these two simulations.

6. Hapdware testing program.

Apparently the pneumatic actuatar cmact&istics have been confirmed
by actual test. It also was stated that the isolator characteristics have been
confirmed by test.

In support of the vibration analysis (see para.4, above), vibration
testing was performed on a suspended post cut-off-configuration (i.e. empty motar
case) of the modified IANCE missile. There was reasonably close agreement between
analytically=derived results and these test results. Apparently monetary and
schedule constraints precluded a test of a simulated boost configuration (i.e.
similated propellant characteristics) as well as tests to confirm predicted to~
rsional characteristics. In view of the previocusly noted agreement between an-
alytical and test longitudinal vibtrations, this is probably an acceptable risk.
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7. Proof of concept.

If the time allotted to HWIL and hybrid simulations is lengthened, and 5
if additional vibration analysis is perfarmed, there appears no doubt that the ;
design concept can be proven sufficiently for flight testing to begin. With a
few minor exceptions, simulation results appear to agree: these exceptions | 1
should be explained. It was not shown if the several error analysis discussed ’

were in agreement.

8. Schedule.
As already indicated, it is my opinion that the schedule is too tight
to permit adequate hytrid and HWIL simulation.

9. Summary apd conclusions.
The review was extremely well-conducted and presented ample evidence of

a thorough, well=concieved and implemented design. The SIG=D design team is to be
commended for their fine work. The following recammendations summarize the few

shartoomings associated with the SIG=D theory and design.

a. Prepare a contingency plan to cope with the possibility that
insufficient computer storage capacity may exist (para. 3).

b. Conduct a careful analysis of the dynamic effects of the digital
phencmena as manifested in the HWIL and hybrid simulations. Be careful to discrim- ! ]
minate between simulated on-board sampling phenomena and those sampling phenomena :
that arise because of thedigital computer used for the simulation (para. 4).

FRTRREPAP———

¢ Allot more time in the schedule for an orderly, indepth use of
the hybrid and HWIL simlations (para. 5). :
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UTILIZATION OF HARDWARE-IN-THE-LOOP SIMULATION FOR HELLFIRE TASKS

| Guidance and Control Analysis Group
! Guidance and Control Directorate
! Technology Laboratory

1.  Purpose

The purpose of this paper is to describe how the Guidance and Control
(G&C) Analysis Group's Hardware-in-the-Loop (HWIL) simulation facility is
used to meet that Group's HELLFIRE mission. In particular, the manner
in which the G&C Analysis Group meets the objective outlined in the "Low
Cost Laser Seeker Evaluation Test Plan" will be addressed.1

It is the intent of the G&C Analysis Group to support the evaluation
of the two low cost laser seekers currently under consideration for use in
the HELLFIRE Modular Missile System (HMMS). This evaluation is being conducts:
under the direction of the Optical Guidance Technology Group, Advanced
Sensors Directorate, DRDMI-TEQ. That Group is responsible for determining
how well each candidate seeker meets the seeker specifications. The G&C
Analysis Group is responsible for comparing the two seekers in a facility
that simulates the missile system and its dynamics under predicted environ-
mental conditions. Further, the GXC Analysis Group must maintain the
technical capability to monitor and spot-check the contractor's [Rockwell
International, Columbus (R.I.C.)] technical development efforts and to
assess his technical approach, particularly when he recommends altering it.
It is the responsibility of R.I.C. to determine quantatively how well each
candidate seeker meets the seeker specifications.

2.  Background
A comprehensive HWIL simulation was developed to perform guidance and

q control system design verification and optimization of both autopilot and
: seeker for a laser semi-active terminal homing weapon system.2
The facility consists of the following major components: {
a. A Xerox Sigma 5 digital computer with 64K words (32 bits) of
core memory. The major tasks performed by this computer are to simulate




U

the missile aerodynamics, and rotational and translational dynamics, and
kinematics, and to provide commands to the gimballed mirror and the laser
designator.

b. Two Comcor Ci 5000 analog computers interfaced with digital
computer provide a hybrid computer simulation. The analog computers simu-
late missile rotational dynamics and can simulate autopilot, actuator, and
seeker dynamics when some or all of these items are not included within the
overall HWIL simulation.

c. A laser target simulator consisting of a pulsed laser beam
which is reflected onto a trans]ucentiscreen by a gimballed mirror. The
changing distance between the missile and the target is simulated by varying
the laser spot size and the energy density.

d. The three-axis electrohydraulic gimballed Carco flight table
simulates missile angular motion. The laser seeking tracker, which senses
the laser spot through the translucent screen, is mounted on this table.
This component provides steering signals to the actual or simulated auto-
pilot and actuators.

The HWIL simulation was first put together in 1969 to evaluate the
(then) SAM-D missile. It originally consisted of an SDS 930 digital computer

interfacing with a Comcor Ci 5000. The Carco flight table also was
incorporated into the simulation. In 1970-71 the facility was improved

to permit the evaluation of the Terminal Homing Accuracy Demonstration
(THAD), which was the predecessor of HELLFIRE. The improvement consisted
of incorporating a laser terminal homing capability. By early 1971, the
facility consisted of the Comcor Ci 5000, a newly incorporated Sigma 5
digital computer, the Carco flight table, and the laser simulator. In

the 1971-72 time frame, the facility was used to evaluate two competing
(Texas Instruments and Martin-Marietta, Orlando) proposed COPPERHEAD
systems. In May 1973 it took on a true hardware-in-the-loop character.
Both Texas Instruments and Martin provided 12 missiles each to be evaluated
competitively for the advanced development phase of the COPPERHEAD program.
Also when these two companies bid for the engineering development phase of
the COPPERHEAD program, the HWIL facility was used to help evaluate the

two potential contractors' technical capabilities. Finally, it was used
to support the source selection evaluation board (SSEB) in evaluating the
two (R.I.C. and Hughes) competing bidders.

2
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Presently, in addition to HELLFIRE support, the COPPERHEAD program
also is supported using the HWIL facility. Each produced COPPERHEAD
guidance and control unit (including the seeker and the autopilot) on the
Carco table and subjecting it to a standardized test at each of three
roll angles, from which it is determined whether the unit is functionally
operable. .

3. HELLFIRE Program Suppor

The HWIL facility is being used to support (by performing evaluations
and selected analyses) the engineering development phase of the HELLFIRE
program. It is also intended to use the facility to evaluate and compare
the two (R.I.C. and Martin) competing seeker systems. Rockwell will
evaluate the two competing laser seekers by measuring their characteristics
and simulating their in-flight operation on their own HWIL facility. The
G&C Analysis Group will evaluate each of the two laser seekers by using
their HWIL facility and determining which system performs best under
simulated flight conditions.

The G&C Analysis Group's HWIL simulation facility has the capability
of permitting that group to meet its assigned HELLFIRE mission of
evaluating and comparing the two competing laser seekers. As such, it
can provide information which will enable the group to determine which
system has the best chance of meeting the total system requirements.

The flight table used in the HWIL simulation facility is a modified
2-axis (pitch and yaw) Carco model. The bandwidth of that table has been
found to be adequate for the class of seekers being tested. For example,
a 30° phase shift existed at 2 Hz in the original uncompensated flight
table. However, for several years the flight table has been compensated

to provide the proper (i.e., 0°) phase shift at that frequency. Performance
has been established over a 60 db range, which meets the specification.
4. Proposed Hardware-in-the-Loop Modifications

In addition to the existing modifications, laboratory conditions
surrounding the HWIL are constantly evaluated with the objective of
improving facility performance in a cost conscious manner.

Labislon s
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Modest improvements have been incorporated from time to time,
i - such as the recent addition of anti-reflective material (for the wave
length we are using) for use on the floor. A list of other modifications
under consideration follows. Several of these improvements could be.
implemented in time for the impending seeker evaluation.

(1) The room containing the facility could be renovated to remove
contaminating inputs to the systems being evaluated. Where feasible,
mobile equipment that does not need to be in the room (such as work benches
and consoles) could be removed and placed outside the room. The ceiling
and walls could be covered with an anechoic material to absorb unwanted
inputs. A sliding screen could be installed to separate the laser area
from the seeker - Carco table area. Personnel not absolutely needed in the
room during simulation runs should remain outside the room. Those who
remain in the room should remove, cover, or mask light-colored reflective
clothing. This entire set of improvements could be implemented in a short
time period.

(2) A "Warm-up" period could be used to heat up equipment, build
up energy levels, and in general permit transients to die out. This should
be done before using laser pulses in order to provide better repeatability
of results. This improvement could be implemented immediately.

(3) A study could be made for improving the dynamic response of the
Carco table when the roll fixture is attached.

(4) A similar (to the above item) study could be instigated to
determine if the mirror system dynamics should be improved.

(5) An analytical study of a means of improving the dynamic range
of the Carco table is being conducted recently be Dr. S. M. Seltzer (a
consultant to the G&C Analysis Group).

5. Conclusions

The hardware-in-the-loop facility will continue to be used to support th=
HELLFIRE program. Selected scenarios and trajectories that are within the
capabilities, geometry, and optics of existing equipment will be utilized.
It is felt that by so doing, the stated HELLFIRE mission can be accomplished
by the Guidance and Control Analysis Group.

e .| " R - o o Y g _— i
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APPRNDIX K, PLANT MODEL FOR ADVANCID GUIDANCE AND CONTROL SYSTEM j
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DA ‘% 2496 #GPO-1975-665-422/1002

Dr. Seltzer/dt/6-5954

1. As a result of target predicticns and meetings among the G&C Analysis Grouo and
the Aeroballistics Directorate personnel, the following decisions regarding the
Advanced G&C System have been arrived at:

a. As a design goal, the shape of the missile that is to carry the Advanced GsC °*
System is to be as clean aerodynamically as possible. Three possible shapes are to be-
considered by the Aeroballistics Directorate in their studies supporting the develop-
ment of the Advanced G&C System. They are:

1) Low aspect ratio long-cord delta configuration (Fig. 1). This shape is ;
similar in apoearance to a dart. Maneuvering is proviced by hinged aft-tabs.

2) Flared-skirt extendable wing surfaces confiquration (Fig. 2). This con~
figuration derives its stability from the flared arft-body. Wing surfaces are extendec:
when control (maneuver) authority is desired — typically at the terminal phases of
the trajectory. ;

3) Lifting body configuration (Fig. 3). This is to obtain more efficient
coordinated ("bank-to turn") control maneuvers. Body lift is achieved oy using ellip-:
tical or triangular half cross-sections.

b. Design Point.

The following design point will be used by Messrs. Dave Washington and Jimmie °
Derrick (Aeroballistics Directorate) to generate aerodynamic coefficients for G&C :
Analysis Group simulations.

1) MACH No: 4
'2) Lateral g's: 12
3) Altitude: 70,000 ft

It is expected that these values will be exceeded by a significant margin, e.g.
perhaps 20 g's.

2. When the Aeroballistics studies have been completed, the G&C Analysis CGroup's
simulation development will begin. The analytical models of the plant developed by

M i T T ———
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LOW=-ASPECT-RATIO LONG-CHORO DELTA MISSILE CONFIGURATION
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FLARED- SKIRT - STABILIZED MISSILE CONFIGURATION WITH
ALL-MOVABLE FORWARD SURFACE
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