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I
I ~~~~~~~~~ ~~~~~~~ ~~~~~~~ ~~~~~ ~~~ II Of a two-task inveeti-

gation Into the application and implementation of advanced discrete
guidance and control theory and analysis to a United States Arv~y• I idseile system of the future. Task I was completed during the

I period 7 August t~~ough 30 Septeivber 1979 and is described in
Applied Control Systems Dynamics Ccmparij Report ACSD-78-2, dated

I September 1978.

Durin g Task II a stability analysis, emmiary, and implementa-
tion associated with the discrete control for a missile system was

I p~~~~~~d via the parameter space technique. Emphasis was placed
upon the development of analytical tools to perform the design and
analysis of the system. The three design tools developed under

I this contract are described :

~/~
p SAM~, an Alternative to Sampled-Data S(gnal Flow (h~aphs ;

I ‘~‘2. Deter minati on of Digital Control System Response by
Cross-Multiplication; ~~~~

I ~~~~ Sampled-Data Analysis in Parameter Space .

The three techniques have been cast in a form amenable to imp] .-

I 
mentat ion within digital computers or desktop calculators. ~~~~~~~~~.

Also, during Task II , a technical seminar was conducted for
selected aei~ ers of the Guidance and Control Directorate. In
addition, s~~narized within the report are the presentations pm-I par ed by Dr. Seltzer and trips ~~~ertaken in its behalf .

~ t~Fiis docunicr t hai besa appr oved~~
— for pu~.. ’~C re~0aaO and sale; L~
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SECTION I. INTRODUCTION

I A, Study %j~ ctiye

The purpose of this study is to investigate the

I application and implementation of advanced discrete guidance and
control theory ~~ analysis to a United States ArII5r !~ ssile System
of the fu~~~e. An aim of this investigation is to achieve modularity

I of the guidance and control system fimotians . The e~i result of
thi s study is the ai~ 3ysis and preliiidnary desigu of a discrete
(or digital) guidance and control system (or systems) that can be
used for a U. S. Ari~~ Guided 1~.ssile System.

I The study effort is composed of two tasks described
in the Scope of Work , contained in Technical Requirement T-(~.O7~

I entitled “Application of Discrete Guidanc. and Control Theory.”’The requirements imposed by these two tasks are contAt nad in the
- referenced contract document and re-stated (for o~~v~~1ence of the

reader) below.

I Task I requirement.:

I ?,.] (btain or derive several candidate guidance
and control laws applicable to boost, coast, and ter minal flight
phase s of a long range ground-to-ground missile system.

I %.2 Obta in or deriv, mathematical models of the
missile iyetem applicable to the thre, flight phase s identified in
Subsection 1.1 above • The models ehaU include significant dynamics

• of missile plant , sensors , effeotore, on-board ca~uter or processor,
I and external disturbances (such as aerodynamics). In particular,

identify ax~r significant nonTh~øarities in the model. Since a major
• portion of this modeling already exists in-house, this task shall be

I oriented to extending that currently av~1 L.hle.

~.3 Mathematically cast the several candidate

I guidance and contr ol laiie, Subsection I.]. above, in a form amenable
to their implementation in an on-board computer or processor.

Task U requirements:

I ~ .t Emtend the guidance and control laws of
Subsection 2.l and Subsection ~.3 via the parameter space techni que

I for the ana lysis and desigu of digital oontrol systems. Investigate
the capabilities and limitations of this techni que to the discrete
control system of the missile developed in Subsecti on ~.3 and can-
pare the result, obtained through the use of extant sampled -dataI technique s.

1 
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I• ?.. .5’ Combine the outputs resultin g from Sub-
sections ~:.2 , Z...3, and ~ • ~S above so the dynamics of each system

I m ay  be detervzLn ed analytically, using both emd~sting and newly-
developed digital and sampled-data techni ques .

1 2.6 Deleted by Contract Amendment , Modification
I No. P00002, dated 31 January 1979.2

1 2.7. Document in complete detail the modeling,
analysis, and simulation resul ts described in Subsections Li.
throug h 2.~ above.

I 2-.~ Conduct a technical seminar for selected
members of the Guidance and Cont~o1 Analysis Ch oup, Guidance and
Control Directorate (DR11~C—TON) . The purpose of the seminar is
to develop a design expertise among members of the aroizp to enable

I then to design and evaluate discrete guidance and control systems.
Both existing and newly-developed sampled -data techniques will be
described and discussed in detail with practical applications con-

1 ducted during the course of the 55m1{nlir conference.

B. Study Schedule

I The requirements of Task I were completed during the
• period , called Phase I, 7 August 1978 (date of contract initiation )

• thr ough 30 September 1978. They are reported upon in Applied Control
I Systems Dynamics Ccuipany Report ACDS-78-2, dated September 1978,

entitled : “Application of Discrete Guidance and Control Theory.
Technical Report : Phase I.”3

The requiremen t. of Task U are to be completed during
the period , called Phase U, that culminates in twelve (12) months
duration. This is construed to mean the period ending 6 August 1979.

I It began with Amendment 1, Modification P00001, effective 20 October
I

I C. Contents of Report

This technical report covers the effort performed in
• completing the requirements of Task II of the study, i.e., Phase II .
I As stated in the referenced contract requirement ., the documentation

11 • at ~~~ te~~~~~~ ~~~~~ ~~~~ include, but not be limited toj~

I a. A stability analysis, swtmmry and implementation
5 of the discrete control for the missile system applicable via the

parameter speos technique. The results and comparisons made for the
extant sampled -data technique shall be documented .I

1 2
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F ’it ’
b. A~~ simulation iriit4~1izing operations.

c Ax~y simulation imput parameters required
and their formats.

d , A~~ ana lytic result . produced.

e. Operating instruction s for a user of the• i computer simulation(s) generated.
1- f. (deleted)

I i g. Sumeary of computer simulation rums, results,1 ~ 4 and ana lyses performed.

The documentation shall cover work done to perform
Task II from 20 October 1978 (begtiwrI ~g of Modification P00001 of
the contract) ~mti1 completion of contract. The required documenta-
tion shall be a technical report to be delivered to the Guidance and1 Control. Analysis Group (DRDMI-TC21).

I
I
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SECTION II. DE OP~1I~T PROGRAM FOR ADVANCE GUIDANCE & CON’~~OL S!ST~1

I The definition of the development program for the Advanced
I Guidance and Control System was developed during Ta4 I and may be

found in the referenced technical report : Phase 1.3 The original
I development program, then entitled “Development Program for an 0ptii~1Digital Guidance and Control System for U~ S. Arr~y Future ~tssilee”

is included as Appendix A of that report. That development program
cc~~~isee the framework within which the study is being performed .I A summmmry follows of that program.

The U. S. Parr 5r ~asaile Research and Devel~ ,mant C~ ir~ &
I (N~~ADCOM) recently embarked on a task to develop an Advanced Guidance
I and Control (G&~) System for future U. S. Ar~~ Modular ~ .ssiles . The

intent is to “leapfrog ” systems currently under development. The reason
for embarking on this task is that e,d.sting weapon systems may be ser-

I icusly degraded in engagement s against target. with predicted character-
istics of the 1990’s and beyond and in the battlefield environment s of
the time frame . It has been establi shed that the guidance laws currently

I In use may not be adequate to control these dynamically elusive threats .
1 Thus, it is projected that fundamental advances in G&C systems theory

are required to enhance the effectiveness of future weapon systems.
Additionally, missile airframe and propulsion systems may require

1 advances co~m~nRurate with predicted target scenarios. In particular,
air defense weapons currently in R&D may be serious ly hampered in the
combat scenarios envisioned • Pr om an overall system viewpoint, this

I task shall address the issue of creating new theory in the GI~& area
• to meet the high performance threats of the future . Pr om the systems

requirements, the objective clearly emerges to develop and validate
research that will enable the digital optimal guidance and control of
future U. S. Pirr5r Modu lar ~~.aeiles • The work that has taken place to
meet this objective began In fiscal year 1979. It began with a con-

• tinning definition of the dynamics of predicted future targets . This
I was followed by pert ormmdng and documenting an extensive search of
• literature pertaining to the theory and implementation of missile

guidance laws. A trade study was conducted to compare capabilities
I of the guidance law classes, leading to the selection of an optimal
I formulation of the advanced guidance law. Development began of analyti-

cal models of candidate future missile and subsystems (to enable realistic
G~& system research). New digital control theory also was developed

I with an eye toward simplifying elusively difficult mathematical tools
4 for designing digital systems. For example, an alternative to the

usual ly difficult and cumbersome digital signal flow graph method of
p design already has been developed • Th fiscal year 1980, it is planned
t to fur ther extead and develop new digital (sampled-data) theory.

Computer software will be developed to implement these (and other)

1 theoretical advanced analysis tools. Guidance law performance indices

1
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will be evaluated, and the need for on-board state estimation techniques
will be deter mined. Para llel to this effort , fluidics technolo~~- will

I continue to be developed. Beyond fiscal year 1980, candidate advanced
I GM~ systems configurations will be defined and a figure of merit developed.

Advanced analysis and sjm~1ation techni ques will be used to evaluate
t the candidate G&C systems. Addition~Uy, the merits of advanced elect-
I r~~~cs, fluidics , and distributed controllers will, be evaluated.

The foregoing G&C efforts are being conducted within the TecImolo~ r
I Laboratory of M~~ADCON. The Advanced G~~ System program is defined
• within the G€& Directorate. It is being Implemented by both in-house

engineers and by contracted effort at universities and local Industry.
I It is to support this Advanced G&C System program that the contract
1 described by this technical report was made.

The participation of the G&C Analysis Ch’oup in the

I Advanced GI!& System development has been thr ough the assignaent of
particular areas of research and development. The assignments are
indicated in Appendix A of Technical Report : Phase I and in Appendices I
and J of this report. Progress has been indicated by individual oral
quarterly repor t. to Mr . Russell T. Gambill. It Is planned to formalize
a progress iepor t at the end of fiscal year 1979 by the Guidance and
Control Analysis Group.

I
I
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SECTION III. SURV~~ OF PERTfl~~IT STATE-OF-~~~-ART

I A~ rei,orted in the Technical Report: Phase I, the U. S.
• Air Force present ly is investigating and developing advanced digital

guidance and control c~~cepts for air—to—air missiles. Dr. Seltzer
has maintained close li~4 son with the principal investigators at the
U. S. Air Fbrce Armament Laboratory, Eglin Air Force Base. Of parti-
cular interest has been their development of an al.gcTithm to predict
“time—to-go” (remaining time of flight). This Important parameter is
needed by both optimal guidance law formulations and Disturbance
Accomodating Contr ol formu lation s • It presently i. being investigated
for applicability and ease of implementation.

I An awareness of the rapidly changing state-of-the-art
has been maintained by Dr. Seltzer , partial ly through his participation
in American Institute of Aeronautics and Astronautics (AIAA ) conferences

I pertinent to the subject at hand (see Section VII) . This is augmented
by extensive selected readin g of pertinent literature and technic al
publications.
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SECTION IV. PERFORMANCE R~~U~~~~~T5

H I
As a result of extensive studies of predicted future

target charact eristics conducted by personnel of the Guidance and
Control Analysis Gr oup, Dr . Seltzer conduc ted extensive discussion s
and ana lyses of the gathered Information with these personne l and
perso nnel of the Depar tment of Defense (see Section XI). The results
were the following:

1 1. The surface targets of the 1990’s era pro-
bab ly will. be capab le of being engaged by surface-to-surface missiles

i now in the field or present ly under development .
4 2. The aerial tar gets of the 1990’s era that

may be too elusive dynamically for surface-to-air missiles present ly
under development are:

a. Tactical bal listic missiles ;

I b • Aircraft (manned or unmanned);

c~ Cruise missiles; and

I d • Remote pilotless vehicles (RPV’ s).

• The predicted large number of RPV ’s probab ly dictates their engage-
I merit by less expensive weapons than a guided missile. Hence, the

first three predicted future target classes are considered to be
those that must be engaged by an Advanced Guidance and Control System.

I Hence , it is their charac teristics that are used to define the
• necessary performance characteristics of the Advanced G&C System

and it. missile. To this end , a design point for the proposed
future missile is developed as follows:

Mach No. : IL
Lateral g’s: 12
Altitude : 70,000 feet .

It is expected that these value s will be exceeded by a significant

I marg in, e.g., pezi~aps 20 g’e.

In an atte mpt to deternin e analytically if such per-
formance requirements ar e feasible , the Aerobs’l1lstics Directorate
was contacted • Members of that Directorate are now investigating
three possible candidate missile configurations with the hope of
determining one (ox’ more) that can meet the desired characteristics.

I They are shown in Appendix K.

7
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SECTION V. GUIDANCE AND CONTROL LAW EL~TENS ION

I A. Introduction

Mathematical models of candid ate guidance laws
1 were categoriz ed and described in Section IV of the Technical
I Report : Phase 1.3 A means of extendi ng guidance and control

laws is developed in Part B of this section . It is then applied -

• ‘via the parameter space technique in particular - to a selected
I model of a future missile system, using as a basis Section 1V
I of the Technical Report : Phase I. This is perfo rmed in Part C

0±’ this section . The results are then compared with those that

I would be obtained by extant sampled -data techniques.

B. Desi~ i Tool Development

J As a means of meeting Section 2 .IL of the referenced
Scope of Work in Technical Requirement T-0l07, three new design and
analysis tools were developed by Dr . Seltzer . They are described
smmiaril y in the following three subparagraphs and In detail in

1 Appendices A, B, and C of this report.

1. SAN: An Alternative to Sa1npled-Data Si~ i*1I
In Appendix A, an alternative to the use of

1 Signal Flow Graphs (SFG ’s) and Mason’s Gain Rule (Formula) is
• presented to use in the analysis of complicated sampled-data

digital control systems. Usually in such systems , block diagram

I algebraic manipulation may become unwieldly, particularly whari
such systems include multiple loops and samplers. The Systematic
Analysis Method (S.~N) may be applied to such systems (as well as
to simple single-loop feedback systems, of course) . This is shown

I in Section II of Append ix A. Also shown is how to apply SAN to
make use of Modified Z - transforms (Section V of Appendix A) .

The advantages of using SAN are that the
cumbersome application of Mason’s Gain Formula can be avoided.
Further, the entire method of draw ing Slgr~l Flow Graphs may
be circ~mivented. Since only the equations describing the system

I are needed for SAM, even the customary block diagram is not needed.

If the analyst prefers to use one of the Signal

I flow Graph (sFG) methods, a modified SF0 technique is also described
(Section flI of Appendix A) • It is simpler and less cumbersome to
apply than the conventional SF0 method which, for purposes of con-

I 
parison, 1. described in Section IV of Appendix A.

8
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I All three techniques are applied to two examples
I in Append ix A. This Is done to better describe the applic ation of SAM

and the modified SF0 and to help provid e a basis for the following
comparison of the thre e methods.

I The Systematic Analysis Method (SAN) can be used
to determine the states of a digital system in terms of that system’s

I transfer func tions and the imputs to the system. This , of course , can
also be done by the applic ation of other methods, such as signal flow
graph (SF0) techn iques. The usual advertised advantages of the latter,

1 when they are compcired to block diagram or algebraic ~~i~1~pulation, are
1 that they are particularly amenable to the an alysis of complicated

systems.

I It is demonstrated in Append Ix A of this report
that SAM can handle digital system analysis as capably as can SF0
methods . It has the advantage of not requiring the cumbersome Mason’s
Gain Rule. It hence avoids the oft-c~~ritted errors associated with
SFG analysis; such as over—looked closed-loops, non-obvious forward
paths, etc.. As with SFG’s, a block diagram is not needed - the

1 system equations are sufficient.

Fi~~l3y, it is demonstrated that SAN is easy to
implement. It appears to take less lengthy analytical m~inipulation.

If the analyst prefers using SPO’s to either block
diagrams or algebraic manipulations, a modified SF0 technique is pre-
sented. It is based on SAN techniques. As such , it is systematic.

I ‘While the SFG’s produced by this technique are usually different fran
those produced by standard SF0 techniques, they yield the same results.
Mason’s Gain Rule is only applied at one stage of the analysis in the

I modified SF0 technique - as opposed to the sta~~~d SF0 technique which
I requires several applications of Mason’s Gain Rule.

I In conclusion then, an alternative to the Signal
Flow Graph (SF0) technique has been presented and compared to a standard
and a modified SF0. The alternative, termed Systematic Analytical
Method or SAM, is claimed herein to be simpler and more straightto rvard

I to ii~plement then the SF0 methods. Not only does it appear to be quicker
to use in system snaly~is, but it obviates the cumbersome use of Mason’s
Gain Rule. For the analyst who desire. to use SF0 technique s, a modified
SF0 technique is presented. It is systematic and reduces the number ofI required applicatio ns of Mason’s Gain Rule.

I
1 9
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2 • Deternii mtion of Digital Control System Response
~~ Cross-Maltip3.jcation.

In Appendix B, a means is described for tht~1~i1~ng
the response of a digital control system from it. closed-loop transfer

• function. It is assumed that the closed -loop transfer function is
I available in the z- or modified z-transform domain. The numerator

and denominator of each side of the transfer function are cross-multi-
plied . The Real ~~anslation Theorem is then applied to the result,

I yielding a differe nce equation In the time-domain. This may be
I solved for the system response In terms of the reference (or other )

input (s) to the system as well as In terms of system state initial
conditions.

I Tw~ different modifications to the basic technique
ar e descr ibed: one using the submultiple method and one using the

I modified z—trans form technique. These are applied ‘when it is desired
I to determ ine the intra-eampling responses of the system.

I All three techniques are applied to a single example.
I A sumna ry of the techniques and their application is provided at the

conclusion of the report.

I Tb has been assumed that a given digital or sampled-
I data sy~temi can be described by a closed-loop transfer function that

relates a single controlled output of the system to a single reference
input. If there is more than one input, the technique can also be

5 applied to the resulting sum of closed-loop transfer functions relating
the contr olled output to each of the inputs. Although the repor t refers
only to a single controlled output , the techni que can be applied to find
~~ system state if it is related to the input, to the system In the z-
dom dn. These relati onship. may be derived by using aI~r of the standard
techniques (such as sign 1 flow graphs) or by the newly developed
Systematic Analytical Method (SAN) technique .

Several analytical techniques for obtaining the response
of a digital control system have been descr ibed. They are based on a
single principle: cross-multi plication followed by applications of the
real tr anslation the~a’em~. Each is applied to a single example. As a
starting point for application of each of the techniques , it is required

I that the dynand.cs of the digital control system be described In the z-
or modified a-.don*in.

The advantages of the three techni ques aver extant

I nl ssIc~l ~~~hods are:

a. The response may be obtained for any determ inistic

I reference input into the system as long as it. value i~ ~mown at the
sampling instants • It need not be describe d by a differential equation,
and the s-transform f o r  a specific reference input need not be determined
before obtninlng an expression for the response.

_ _
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b. Initial conditions and instantaneous changes
can be accomaodated readily - by the equations obtained thro ugh use of

I the cross-multiplication methods.

c • The difference equations obtained are parti-

I cularl.y amenable to progra madn g on a desktop calculator or digital
computer.

d. A detailed Icncwledge of the theory under ]~ing
I digital or sampled-data control systems is not required (although it
I certainly is helpful) by the analyst in order to apply the recipes

described herein .

1 3. Sampled-Data Aneiysi~ in Para~neter Space

In essence, the parameter space techni que provides theJ digital guidance and control system designer with a means for detexinl-artrig
the stability and dynamic characteristics of a digital control system
in terms of several selected system parameters. The method require .
that the system characteristic equation be available In the c~splex

I s-domain. It is this capability that makes the method more powerful
than most design teci~~ques (which describe stability in terms of only
one variable parameter or gain).

The parameter space method provide, an analytical tool
developed for use in control system analysis and synthesis. Although

‘ 
not necessary, its application is facilitated by augmenting the analyti-
cal results ‘with graphical portrayals in a selected multi-parameter space.
The method req uire, that the control system be described by a character-

I istic equation which, for sampled -data or digital systems , may be eipr.ssed
lfl the z-d~~~1n . The techni4ne is based on the analysis and synthesis
method s for linear and nonlinear control system design wb~ch are amply
described in Siljak ’s excellent monograph on the sub ject . Referenc e 7
describes the application of the technique to the analysis and synthesis
of linear sampled -data contr ol systems.

(~ice the system characteristic equation has been obta ined,
the parameter plane method enables the designer to evaluate graphical ly
the locations of roots of the equation. Hence, he may design the con-
trol system in terse of the chosen perf ormance criteria ; e.g., absolute

‘ 
stability, damping ratio, and sett ling time. He is able to see the effect
on the characteristic equation roots of changing two adjustable

I
I 
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parameters . Siljak further simplified the design procedure by intro-
1 ducing Cheby~hev functions into the equations, thereb y putt ing them
I in a form particularly amenable to their solution by a digital computer.

The method has been extend ed to portra y the effect of vax~ing the
sampling period . The extended method permits one to see the effect

I of the choice of values assigned to the sampling period on absolute
and relative stabil ity. Also, the recursive formulas shown therein
are simpler In form than the Chebyshev functions of Reference 7.

I The resulting formulation is deliberately cast In a form that makes
it particularly amenable to solution by a digital computer or a desk
calculator, again emphasizing the interplay between analysis and com-

• puting machinee. t~hen portrayed graphically, the results show the
dynamic relation between the selected parameters and the character-
istic equation roots, as a function of the nondimensional independent
argument, ~~~~ Hence one readily can deduce the dynamic effect upon
the system of various o~~~inations of values of the selected para-
meters def(nlng the parameter space.

The history of the continuous-time domain
version of the parameter plane technique is well-described ‘with suit-
able references in Reference 6. Briefly smssarizing that history, in
1876 I. A. Vis1megradsI~ of the Leningrad School of Theoretical and

I Applied Mechanics developed and used the first version of the para-
I meter plane techniques to portray system stability and transient

char acteristics of a third order system on a two-parameter plane.
i In l9l~9 Profes sor I~ I. Nelisark of the Russian School of Automatic
I Control generalized Vishnegradsicy’s approach to pez~~.t the decom-

position of a two-parameter domain (D) describing an nth order system
into stable and unstable regions. Th. technique was called D-decom-

I position. During the period 19~9 through 1966, Professor D. ritrovic,
• founder of a Belgrade group of automatic control , extended the method

to enable the analyst to relate the system ’s variable parame ters to
i the system response , using the last two coefficients of an nth order
I char acter istic equation. Begirnil -ig in l961~, Professor D. D. Siljak,

then a student of ~~.trovic ‘s at the University of Belgrade, generalized
the method and called it the Para meter Plane method • His method per-

I mitted the ana lyst to select an arbitrary pair of characteristic equa-
tion coefficients (or parameters appearing within the coefficients )
and portra y both graphically and analytically the dependence of the

• system response upon the selected para meters . The method was extended
I subsequent ly by Siljak and others to encompass a host of related pro-

blems. In 1967 Professor J. George modified the D-decompoeition method
to enable the portrayal of the absolute stability region In a multi-

I parameter space (George also showed how to portr ay contours of relative
stability, as did Siljak) . All of the foregoing work is carefully and
completely referenced within Reference 6. In 1966 and subsequent ly,

I
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Seltzer has applied the parameter space method to the design of
• nissile, aircraft , and satellite controllers including systems con-
I tn1i~1 ‘~g one or two nonlinear ities; the ana lysis of the dynaad .c effects
• of the nonlinear “Solid Pr iction” (Dab].) model for systems with ball

bearings, such as control moment ~ roecopes and reaction wheels; and
the specification by the system designer of the dymnic structural

I flexibility constraints to the struct ur al designer . Most of this work
has appeared in the technical journals of the I~ZE, the AIA.L, the
International Journal of Control ,, and the journa l, Computers and

1 ~~~~~~~~~~~~~~~~~~~~ A portion of the history that has not been
reported upon previously (with one exception to be noted ) is the con-
trol system work conducted by the Germen rocket scientists in the ear ly
l91&O’a at Peeneniund e. There , Dr . W. Haeussermann and others app lied

I the D-decompoeition technique to the design of the V-2 Rocket , following
Dr. Haeussermami’s earlier (pm-World War II) application to the contr ol
of an underwater torpedo. This work was not published in the open liter-
atiu’e because of nation al security constraints. ~1hen the group came to
the United States to work with the Arn~r B~1i4~tic Missile Agency (first
at Fort Bliss, Texas, then at Redstone Arsenal, Huntsville, Alabama),

I Dr. Haeusserznazm and his aasociate~ continued to apply the method to
I U. S. Arn~r Missiles ~nd later to NASA space vehicles). Again, national

security (this time, another nation) precluded publication In the open
literat ur e until ].9~7•1 0

I In 1961& Pr ofessor Siljak published the first
application of the parameter plane technique to sampled-data systems.7

I As mentioned above, this was extended In References 8 through 9. Tn
• 1971 Seltzer presented an algorithm for systematically solving the Popov

Criterion applied to sampled -data systems. Applications of these sampled—
data parameter space techniques are found in References 8, 9, and U.

In sumuary, an analytical. method for portraying
stability regions in a selected parameter space is described far a digital

I system. The method requires that the system characteristic equation be
I available and expressed In the complex a donain. It also is possible to

apply pole placement to obtain desired dynamic characteristics using this
1 modified parameter space technique • The advantage of the technique over
1 existing ciassica]. sampled-data methods is that the stability and dynamic

It response characteristics are expressed in terms of several (rather tha n
merely one) selected parameters. Alao, the sampling period, T, need not

~ I be expressed numerical ly before the design technique begins, giving the
I system designer one more degree of freedom.

1
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C. Survey and Implementation of Discrete Control for
Missile S7stems via th~ 7ara3neter Space.

1. Introduc tion

t In this section, the results of mathematical
- - models of Sections 17 a~~ V of the Technical Report : Phase I are

used to demonstrate the application of the newly-developed digital
a2x1 ssmpled..data t~J ~~ques. A simplified planar model of a missile
system is used to demonstrate the application of the three design
and anal ysis techniques described in Par t B2 above. It is described
by the block diagram of Figure 1, where 0(s) is used to portray the
tr ansfer function describ ing the characteristics of the plant. For
lucidity, aerodynamics are neglected and the coefficients of the
equations describing the dynamics of the system are assumed to be
time—Invariant. The symbol Cy~,(s) is used to represent the transfer
function associated with a zero order hold In a digital computer.
Trapezoidal integration is used to appr~~ inate the mathematics assoc-

- .  iated with taking an integral of a state and is represented by the
transfer function (in the complex s-domain), D(z). These three transfer
functicms may be written as

G(~) 
~~~~~

. , (iv—i)

• — 1 
:~~

T 
, (Iv-2)

D(~) - . (lv-3)

The onboard digital computer sampling period is represented by the
synbol T, and symbols s • s r e~resent the c~~~lex Lap lace (s) and
a variables, where

d.
a — e~~ • (17—14)

C~i Figure 1, contr ol gaina are r.1~reeented by sy±ols ai, a0, and a
The attitude of the missile is represented by B, and the overdot re~I’e-
sante the time derivat ive of the symbol beneath it.

114
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The approach taken in this , section is to :

1 a. First determIne the systeti closed-loop
transfer function.

b. Then deter~dne conditions to ensure system
stability.

I a. Finally, determine representative system
I responses to given inputs to the system.

In each of the three portions to the approach, the
I methods developed under th is contr act will, be applied. It is at thi s

paint that one sees the logical need far the development of three tools.
“SAfl” was developed to prov ide a better means for obtai ni ng the closed-

I loop transfer function. The para meter space techni que was developed to
I provide an efficient means for deter ntLthn g conditions that tnsure eta-

bility (and that also can ensure a desired system response). The cross—
a ~miltiplication technique was developed to provide a relatively simple
I means for determining the system response. It is stated that these

thr ee techniques appear to be superior to Iciown extant methods. An
Indication of this superior ity will be provided suninarily within this

I section at the c~~~lusion of each of the above three steps.

2. System Closed-Loop Transfer Function.

1 The system closed-loop transfer function will now
be derived by applying the “SAlt” technique described In Appendix A.
The System Equations (see Step No. 1 of the SAM procedure) nay be

I written directly upon inspection of Figure 1.

E (iv-~)

I B~~- X 2 - X 1*

• • 0hoX2 (17-7)

I a, 1 ~ 3*dt - - a 1D4~X2 (17-8)

I a ,1 ~~ *dt - - G~~X14
B~ - X6 — a0X3 + + a1X~ 0 (17-10)

• ~ • x 7 - a x6 (17-u)

, 1
i 15
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e — 18 — X7/~ ( 17—12 )

9 * 1 9 X7* (17 13)

+ 110
k 0ho19 (Iv-i?~)

The overb ar over a state Indicates that th. state ’s value at the
begliinl-ng of aw sampling period is held (at that value) until the
beginning of the sampling period . The asterisk foUowing a state
indicates the instantaneous value of the state at the Instant of

- the aasnned sampling impulse, i.e., it indicates the pulsed trans-
form of the variable . All states are considered to be written in
the laplace domain, i.e., the usual notation Xj (s) has been short—

- - ened to X~ far convenience.
• ! ~ii. Modified System Equations (see Step No. 2 of

the SAN procedure) corresponding to the above System Equations may
be written directly from the System Equations.

E • X~ - Z + 18 (Iv $x)

(Iv—6x)

13 - cL~~X1*

I~ a a_1D*X2

- a_1 G~~D*X~ * ~~~~~~

- 

~O~-3 + X~ + ai Xi~ (IV—1(Xa)

9 • 17 — (GOho)(aoXl* + ~~1D*X1* + a1 17*) (17—uN)

9 — X~ • aO(GGhOIs)Xl* + a ,1 (ocL~c,/s)D*Xi* (IV—22M)

.

I 9 * m X, X~* (Iv-13x)

~ X10
_ G

hOI
7* ( iv-iI~x)

UI 
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The Pulsed System Equations (see Step No. 3 of the
1 SAM procedure) corresponding to the above equations may be written

directly fran the System Equations.

1 ~* .x ,* .X ~i +x 8* ( P )

(17-61’)

T X3* - Gho*X~* (17-71’)

- a ,1D*X2* (IV-8P)

X~* - a 1D*%0*X1* (17-91’)

j x * a a ~,13*+ x~*+ a 1x,o* (rv-iop)

17* 0%o*(a0X1 * + a..1D*X1 * + aiX7*) (iv—iiP)

9* - 18* - ~~ho’~ )*G~ohi + a 1 D*11 * + a1 17*) (17-121’)

I x9* - x 7*

1 110* - (iv..~J.~p)

For convei~1ence~ one may define G1 (s) as

I d. a 1
— 0G~~/s • - . — . 

_________ ‘ ( 17—15)

I which leads to

G1 (z) — • (1—z~~)

I - 

~~~~~~~~ 
)/(~~ )

2

One may define G2(s) as

I 
~

(
~
) 

~~ho(~
) — (1 _s_i )

~$ r — ~2T/(z ’1 ) (17—16)

I 17
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The apezod.dal. appr~ d.mation for the integration operation (see
Section V of the Tecind.cal Report : Phase I) nay be written In the
z—d oinsin as:

D(z) — ~ r(z+1 )/ (z—i ) (17—17)

Making use of these definitions , one may substitute them Into the
Pulsed System Equations to obtain

- 
G2*~a~4a_iD*)11*

and, after some algebraic manipulation, one obtains the closed-loop
transfer function ,

1 2 (zi~) 1 p (z+i )]
____ — 

- L ~~~ (z—i )2j ~a0 + 
~~~~~ (Z—1 )i ( 17—19)

a1Cj1 , 2 (z+i ) 
~ ~ 

(z+i )1
+ (z_l )

I
~~~2

T (z_i ) 2 L a o +~~~a 1 (z—i )J

I If one defines the dimensionless gains , 1cr,, k~, kd, as

j - ~~oc2~~ ~ (17-20)

1 
and 

d. 

~~~1c2T3 , ( 17—21)

I Icd• a 1 c2T , (17—22)

I 
one nay rewrite Equation (17—19) as 2

1 2 3
9(z) (k~ 4iCj)Z + 2kjs - (k~,-k~) ~~~ c~Z

1 x r y — 
C.E.(~ ) — ________

where the denoitdiiator C .!.(z) of the closed-loop transfer function

I is the characteristic equation for the system, i.e.,

Cj .(z ) — s~ + (k iCi,+k,j—3 ) 52 + (2k 1,-2Içj4~3)z + (-1c,~,4icj 44c~j -1)

I _~~~~~ jz 3 
.

18
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The characteristic equation will be used in the sequel to determine
conditions to ensure system stability. The closed-loop transfer
ftmction will be used to determine the response of the system.

The question is now asked : “How well does S~%N
I compare to other methode far determining the closed—loop transfer
I ~~i~ction~~ Several means will be exanin ed briefly for comparative

purposes. They are (1) the well-known and oft-used Sigr~il Flow
(~ aph (sPa) method ; and (2) block didgram manipulation.

I Even if the modifications put forth in Section UI
of Appendix A are implemented , the SF’) methcd is tedious and amenable

1 
to mistakes (such as not recognizing the e~dstence of loops on the

I. graph) . u sing the System Equations (17-u) through (IV-1J~) and the
Pulsed System Equations ( IV—~P) through (17-lid’), one may construct
the modified SF’) found In Figure 2. ~1ason ’s Gain mile (also fow~1I in Appendix A) is then applied as follows.

There are three loops on the SFG.

I Loop No. 1: A closed-loop beginning and ending
at 17* with a gain of K1 - a1 G2*.

I Loop No. 2: A loop passing through 11*, 17*, 18*,
and back to X1* with a gain of K2 - ai Gi*G2*(a~ + a ..1D*).

I Loop No. 3 : A loop paesing tbrough l1*, X8*,and back to l1*wi t h ag a l nof K3 - 01*(a0 + a ,1D*).

I It is observed that Loops No. 1 and No. 3 do not touch each other .
The value of ~~~~

. (actually, th e  characteristic equation) is found to
be

A — 1 - - K2 - K3 + K1 K3

I — 1 - a1 02* - + a_1 D*) ‘)1 * (a1 02* + 1)

+ a1’)l~~ 2* 
~~a0 + a_1D*)

I — 1 — G2* - (a0 + a_1 n*) a, *
This may be shown to be identical to Equati on (IV-21j ) which is the
systemi characteristic equation found by applying SAN.

It I 
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Returning to the SF’), one sees that there are two

1 forward paths from ~~I to 8*. Along the first forward path ( the

1 upper of the two),

- 
~~~~~~~ ~~ 

+ a 1D*) (17-26)

and
— i • (17—27)

I Along the second forward path (the lower one),

I ~2 - G~* (a4~ + a...1D*) (11-28)

and
I A 2 — i  — K 1 . ( 17—29)

I The expression far the closed-loop gain between X* and 8* Ia

9* M1A1 +i~2A2

I
— 

a,G1*a2* (a0 + a_1D*) + 01* (a~ + a 1D*) (1 - a1G2*)

I
‘)i~ 

(a0 + a

I - 1 - a1G2* - Ca0 + a_1D*) 01* 
( IV..30 )

I It is seen that Equation ~IV-30) may be manipulated so that it is
identical to Equation (17-19) obta ined by using SAN.

The same result may be obtained by block diagram

I and/ar algebraic manipulation. Since this technique is well known,
it will not be described her e. Suffice it to say, it can become
tedious .

I The advantage s that SAN appears to possess are that
it can be applied to a system having any- level of ccmple~~ty or order.

I 
It is not subject to not recognizing a path or closed-loop (not always
obvious) on a SF’). Because it ie systematic , it is less amenable to
errors by the user.

I 20
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_ _ _  _ _ _ _3. System Stabilit~r

The conditions for stabilit y of the system are now
determined by using the par ameter space technique described in
Appendix C. It will be applied to the chxacter istic equation (I7—2i~).
Since it is a third order polynomial, it has three roots - either all.
three are real or one is real and two are complex conjugates .

The z 1  boundary is found by substitut ing the value of
unity for z in Equation (IV -21~) , yielding

(17—31

The z — 1  boundary is found by letting z—1 in
Equation (IV -2I~), yielding

-i kd~~
2 . ( 17—32)

The complex conjugate root bc~ndary (associated with
the unit circle in the z-domain) is found by substitut ing the value,

z i — R 1 + i I~ (1 — B2)½ (17 33)

1 for each value of z ~ (where j is an integer ) appearing in Equation ( W—2~ ),
where values of R 1 and I., corresponding to the unit circle boundary may
be found from Table 1 (sue Appendix C for how these values may be obtain ed)
and B is defined as co~~I!. (Recall s may be defined as s ~ +

I Values of R j, I j, and

1 _  _ _ _ _  _ _ _  —

I 
i R~ I

i 
_____________________

1 0 1. 0

1 B 1

1 
2 2B2—1 2B k + k~ + lcd —

~~

3 hB3—3B ~~2_~ 1

21



-v~n~~ _ _
__ 

~-- -~~~ - .- 
~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
- 

—-- - — - - - -— —— ----—--- — . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

I
I
I

The result is an equation containing both real and inaginary- quan-
I tities. If the reals and the inaginaries are separated into two
I 

equatio ns, one obtains the following two simultaneous algebraic
equations :

I R — t3R3 + + ~1R1 +~~~R0 o

and

I — r 3 i3 + ~2I2 + t1 ]~ + — 0 . ( I7—3 L~I)

I Substituting the values from Table 1 into Equations (I7-3ti), one may
obta in

R —  (B+1 ) (B—1 )k~ + B(B+1 )ki + B(B—1 )kd + (B—i )2(2B11 ) — o (17_3~it)

I I - Bk~ + (3~1)l~ + (B—1 )kd + (B— 1)(2 B— 1 ) — 0  • ( I7-3~ I)

• Since there ar e two equations, they may be solved for az~ two pare-
1 meters contained within. The two control gains , k1, and lcd, Th5~~ be

the selected two . If one uses Cramer ’s Rule to solve for k~ and lcd,
one may obtain the Jacobian ,

I (B+1 ) (B—1 ) B(B—1 )
J - — 1-B7c?vBci . (11—36)

I B (B—i )

The parameters (control gains) may be solved for , obtaining

I —B(B+1 )kj —(B—i )2 (2B+1 ) B(B— 1 )

— (B—1 ) (2B —1 ) (B—i )

L 1 ]c~~~
— 1 — B  ( 17—37)

1 and
(B+1)(B—i ) —B (B+1 )k.1 — (B—1 )2 (2B+1 )

I B — (B+i )kj  —
kd s 

J

i
i 

— + ~~~ • 
(11-38)

ILi ’ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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A summnary of the three stability boundaries in the lc~,, k~, lcdI parameter space is:

z— ”l : k~~~~0 ,

I z — i : kd 2

z—e
~~~

: lc~~— l-B ,

H kd~~~~~~~~ kj + ( 1 _ B)

I Although these may readily be shown In three -space with-roper
graphics , they are shown in this report in a k~, ic.d two—space (or

I plane) on Figm~’e 3 for several values of kj (i.e., kj — 0, 0.1 , and
o.S). The shadin g ru les described In Appendix C are applied to
determine the stab le and unstable regions . The number of stable
rocts in a particular region are denoted by an encircled number .
The ~~ogram for obtainin g numerical values for generating these
c~~’ves, using a Rewlett-Pac icard 9100B calculator , is fow~ In
Appendix D.

If the root locus technique . were used to plot
the dynamic characteristics of the system, this could be aceoin-
plished only after two of the three parameters were assigned

1 numerical, values, thus losing a considerable amount of potential
information. Also, the n~~erator and denominator of the root locus

• equation would have to be factored into first and sec~~~ order terms
• I to determine locations of poles and zeros. For example, if kA were

selected as the variable parameter (gain), the root locus equation
(obtained from the characteristic equation) would be:

I (~2 —2z + i)
0(z) — d_ (1739)

I + 0Cp 4
~~j 

_3)~2 + (21c~ +3)z

The corresponding root locus equation for the selection of is

I equally cumbersome:

(z 2 —2z + 1 ) k ..
a(z) — — 

2 (iv—~o)I z3 + (kj4icd _3)s + (2ki—2ka +3)z + (k~ ’k~— 1)

I
23
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If one were to use a Bode plot , one would also have

to factor the -~~~1ate ecuations into fIrst and/or second order
I parts, again hav:thg (In most cases) to resort to numerical values.
j Such i~ the nature of most claseical techniques , where as the para-

meter space technique permits the retention (and hence genera lity)
of several generic (rather than numerical) values of gains . In this

I study, the dynamic characteris tics of the system have not been speci-
‘ fled , although Appendix C tells how this can be done (essentially

using pole placement technique). In that case , the parameter sp’ice
1 techni que ~wovides additional strength, since a numerical value of
I the sampling period (T) need not be specified before design con!nences.

• If one wishes to resort to array techniques (i.e.,
I the sampled-data analogue of the Routh-Hurwitz Criterion), one may

use the Schin’-Cohn Nethod, the more versatfie Jury’s Test, or the
considerably more versatile Raible ‘s Test. ‘

~ Even In the case of
I the latter, the use of the table (when implemented ‘with a digital
I calculator or by hand analysis) Is cumbersome, as shown in Table 2.

• MBLE 2.
I Raible’s Test

a3 a2 a0 lCa aO,’a3

I aóka aika a2lca —

I b0 b1 b2 - kb .b 2/bo

b2kb bi lcb -

— 1c0 — c1/c0

I c1k0 -

I d0 -

I The values of the coefficients In Table 2 are fo~~ in Table 3.

I
I 
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TABLE 3.
Raible ‘s Test Coefficients -

a~ b~ cj

0 ‘kp4’ki4kd’l a,-a4jIca bo”b2kb c0 Cikc

1 1. 2kj—2kd +3 a2~~ika b1 _b11% -

i kp4ici+lcd _3 

I

1 — _ __ __ _

To use the Raible’s Array of Table 2 for determining the conditionsI that ensure stability, one determines the values of parameters that
cause b0, CC, and d0 to always be greater than unity. ~~ile on the
surface this appears to be simple, the actual implementation requires
great algebraic effor t (unless numerical values - with their

I attendant decrease in generality - are used).

I l~. System response

The system response to an input is now determined,
using the cross-multiplication method described in App~~~ix B. It

I will, be applied to the closed-loop tr ansfer function of Equations (17—23)
throug h (IV -2b). Cross-multiplication of the terms in Equation (17-23 )
leads directly to the equation ,

J z38(z) +~~2z29(z) ~ t 1 z9(z) +108(z) —

i —~2z~~(z) —‘5~ 
aX(s) —~~~(z) . (17-441)

If one solves Equation ( IV-111) for the value of e(z) that is the
coefficient of the highest power of z (in this case, three ), oneI obtains

I 
e(z) — — ~~~~~~~~~~~~~~~~~~~~~~~

[t 2~~ 9(z)41 a
2e(z)+~o~~

38(z)I . (IV—1~2)

I 
- -

1
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Equation (17-112) may be put In the form of a difference equation,
i where the symbol O~ denotes the value of 9(t) at the instant, t”kT,
I k an Integer, and 1~ denotes the value of t(t) at time t’.kT:

- — [~ 2Xk_1 + “ 1~1c—2 ‘~‘I1t—31
- [~ 2~k_1 + 

~1 ~k-l ‘
~ 0~k-31 . 

(Iv—1~3)

The power of the differe nce equation is respectable in the era of
digital machinery. For example, in the case of Equation (IV-li~3),

• any value of 9(kT ) may be foiu~i if only the next earlier values of
1 9 are known. ~L~iis may be done for ~~~ reference input signal , 1(t),
• whose value is Iciown at the sampling instants t-kT. In other words,

contrary to many e~d.sting methods for determinin g system response,
I X(t) need not be specified in mathematically closed-form. lat us

dwell on thia power brief ly. Suppose the initial condition for the
missile system under study herein i~ denoted as e~, i.e., the value

• of the mi.ssile attitud e at the instant of tine t 0 . Using Equation ( 17-113)
I and asewidng that t 0  was selected (as it sure ly can be) at an instant
• before which the state e is at rest, or zero , one obtains the value

of e at the next sampling instant , t-T:

I 9i - 2~O - ~ 2~0

Knowing 9~, one may again use Equation (17.442), this tine to find the
value of Oat time t 2 T , i.e.,

- ~2 — ~2~l ~~~~~ — 

~~2~1 +~ 1e0) .

I Sii’~ilar1y, values of $ may be deter mined at later sampling instants
of time in this recursive maxnier. This form obviously is amenable

I to implementation in a digital computer or calculator.
• As a simple example of the application of the technique,

assume the system is oanrmizled to follow a unit step input applied at

I time taO, i.e.,

x~( t ) — i v t ~~o

I - o v t < o  • (17-116)

I
I
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The response to the step input may be determined readily fron
Equation ( 17-1i3) as:

I (ic—O ) 
~o — (17—117)

I (ic—i ) 
~i — 6 2’O a Icr, + ki (17—118)

(k=2 ) 
~2 ~ 2” ~ i ~~2~1 — + 3Ic~ — 1281 ( 17-119)

(k—3 ) 03 
a 

~~2 ~~~i ~ �~ ) — (t 2e2 + 9~) — L~k~ — (t2e2 +~~~o, ) (w$o)

I (k~13) — - 

~~~
9ic_, ~~1e1~_2 +~‘oe~c.,3 ) .

Equations (17-117) tbrough (1741) may be progr ammed on a~~ digital

I machine. A program for calculating values of 9(kT) is found in
Appendix E.

1 As an independent check on the response values
I obtained, the initial value and stead y-state value of e(kT) may be

determ ined by applying the sampled-data Initial. Value and Pinal Value
1 Theorems to the closed-loop transfer function of Equation (17-23).

I Ini tial Value Theorem:

I urn ea(t) — u r n  0(z ) — u r n  (6 252 
~~ +6 0YX(z) (]y~42)

t~~O Z ’P °° 5 P (3l,~~~~~~~~ +~~2~
2 

~~~~ ~~
•
0 .

I The answer is dependent on the form of 2(z). For a ~~~t step function,
Equation (17-116) may first be tra nsformed into the a-domain, yielding

1(z ) - 
(1—1 ) . (1743)

I Because of the natur e of the feedback signal in the missile case (see
Figur e 1), the value of ~ (z) should be assigned a negative sign. If
the negati ve of Equation (1743) in inserted in Equation (1742), the

1 jnit~ l value of øw(t ) is seen to be zero.

lirn e*(t) — him (i —z 1 ) 0(s)
1 t 9ø°
1 

- - (?jL) ~~~4k1)z 2 + - (kp_Icj) 1 X(s) (Iv $h)z - ~p 1 ~~ ~~t 2Z +~* 1 Z +
~~~~ .i
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• Again, if the theorem is applied to the case of a unit step input

to the system and the negative of Equation (1743) is substituted
into Equation (17411), the resulting steady-state value of e~’(t)becomes

~ 
him e~(t) — 

k~ + kj  + 2lCj — kp + ]Cj 
— 1 • (Iv’$5)

t -
~“~~ 1 “1 2 ~~

‘1 ~to

- The prog ram found In Appendix E has been applied to the design
example, ass’i~dng a unit step input. Th~ result has been plotted

I ~~ as Figure 11.
I
I The brief discussion found in App~~~i~c B of other
I — techniques that may be used to determine the system response is

sufficient to convince the reader of the advantages of the cross-
multiplication technique. Hence, they will not be applied to the
design example.

H 

I
H i

H I

H ’ 1
I
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• SECTION VI. TEC!U’IICAL S~~~IAR

1 A technical seminar was conducted by !~~ . Seltzer for
I selected merters of the Guidance and Control Analysis (h oup, Guidance

and Control Directorate (DRD~!I-TGN). The purpose of the seminar was
I to develop a design expertise among members of the (h’oup to enable then
5 to design and evaluate discrete (i.e., digital) guidance and control

• systems. Both existing and newly-developed sampled -data techniques
were described in detail with practical applications conducted dtu~&ng

I the course of the seminar conferences. In particular, the new tech-
I niques described in Appendices A, B, and C of this report were fully

developed for the part icipants. The duration of the seminar was 123
contact hours .

The contents of the seminar are described In the following
1 outline format.
I A. Introduction,

J B. The sampling process.

1. Mathematical description of the sampling process
in both the tine and the frequency domains.

1 2. The Sampling (“Shannon’s”) Theor em.

C. The ideal sampler: the impulse sampling approximation,

1. Motivation,

1 2 • 1~athematica]. description.
a. Time domain1

I b. Frequency domain.

i (i) Fourier analysis1
(2) Laplace analysis,

1 (
~

) Complex convolution,

(a) Closed form.

I (b) Series form ,

D. Comparison ‘with carrier-modulated systems1

- 1  29
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E. Z-transform analysis of linear sampled -data systems,

- 
- 1 1. Introduction to, and derivation of , the z—transform,

2 • Evaluation of z-transforms~

1 3. MappIng from the complex a-plane to the complex
s—plane,

~ 
I~. Theorem s of the s—transform.

- 

~~. The concept of pulse trans fer functions .

6. Z-domain transfer function relationships between
cascaded elements.

1 7. Idmitations of the s-transform method .

8. Determination of the control system response
1 between sampled instants.

a. Use of the submultiple method.

b. Use of the Modified and the Delayed s-transfor ms,

9. !odffied s-transform theor ems.

1 F. Data reconstruction , emphasizin g zero-order and first-
- order ho2~is.

• I 0. Sampled-data systems: Deter mination of outputs and
other states of digital contr ol. systems.

1 1. Block diagram manipulation and algebraic mani-
I pulation.

2. Signal Flow Ch’aphs and Mason’s Gain Formula,

• , I a. Conventional (B.C. ‘Cue) technique,

1 b, Seltzer ’s technique.

3. A newly-developed systematic algebraic mani-
- pul.ation technique termed “SA14~’ (Systematic Algebraic Manipulation).

H t 30
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H. System Response.

1. Conparison of second-order response for:

a. Continuous system,

b. Sampled-data system without data holds,

c, Sampled -data system with zero-order holil,

2. Stability and other dynamic determinations,

a. J~~y~s Test,

b. Raible’s Teet~
c. Mapping from the complex s-pl~~ to the

complex w- and r-plenes.

d. Extension of the Routh -Hurw itz Test to the
w- and r-dcnains.

e. Effect of pole-zero locations on system
dynamic response (in the s-domain).

f. The root locus method (in the z-dc’~ 1n)
for sampled -data systems.

g. The Nyquist Criterion,

h. The Bode dia~gram.

i. The gain-phase plot (!~ chols’ Chart).

j . The paramet er space,

3. Response between sampling instants•
a. Submultiple sampling method.

b. Modified s-transform method,

a. The newly-developed cross-multiplication
method.

I ~: 
d. Hidden instabilities~

• 31
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I,, Coz~,1usion,

1. Design example .

1 2. Comparison of classical techni ques.

I

a
I
I
-u
~1
1
1
1
I
I
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_ _SECTION Vfl. M~ RICAN mSTITuT~ ~~ A ERONAUTICS AflD AS~~ONAUTICS
(AIAA) ACTIVITIES

During the contract period , Dr . Seltzer has supported
certain pertinent AIPA activities . This has taken the following form.

• I A. AIAA Aerospac e Sciences Meeting

1 Dr. Seltzer was selected to organize the Guidance
and Control (G&~) sessions at the AIAJt Aerospace Sciences Meeting
held in New Orleans, louisiana, 1~-l7 Jannary 1979. Also, at that
meeting, Dr. Seltzer pre sented a paper co-authored by Dr. Haro ld L.
Pastrick (Guidance and Control Directorate, U. S. Army Missile

• Research and Development C~~ ami) & Professor Michael Warren(Univer~ity of Florida in GainesviUe)~, The paper was entitled
• I “Guidance Laws for Tactical Missiles”. -

~
‘ It includes a comparison

J of guidance laws applicable to short range tactical missiles.
These laws are se~~ierxted into several, classes and the principles
underlying each class are discussed . Specific attention is given

I to the structure of the guidance technique and the requirements for
its implementation. Evaluation and comparison of the performance
of each guidance 1a~ versus the cost of implementing it are con-
si~1ered . An ertensive bibliography of relevant literature is
included. A copy of the paper is included as Appendix F.

i B. AIAA GuI.daxice and Control Conference

A paper co-authored by Dr. Pastri ck and Dr . Seltzer
has been accepted for delivery at the AIAA Guidance and Control Con-

1 ference to be held 6-8 August 1979. The paper is entitled “Future
U. S. Army Missile Guidance and Control Systems”. It described the
task that was recently begun by N]RADCON to develop an advanced G&C

i system for Future Army Modular Missiles (see Section II of this
I report). The paper defines the problen and described the approach

being taken as part of a seven-year program to develop a viable
future G&C system. The preliminary results that have been achieved,

I as ‘well as projected results , are to be presented .

I
I
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SECTION V~~~. SIG—D EVALUATION

On 19 Jazmary 1979, Dr. J . B. Huff , Director of the
Guidance and Contr ol Directorate appointed a teem to conduct an tn—

-, depth review of the digitally-controlled SIG-D program (Appendix a).
The team was placed under the leadership of I~~. Russell T. Gambill.
Because of his experti se in the digital control field, Dr . Seltzer

• was designated to evaluate the theory and design portion of the SIG-D
— program. The f~~ial review took place during 5-9 February 1979.

Uritten reports were submitted by each of the ten team members to
Mr. Gumbill who combined them into an overall report entitled

• “SIG-D Red Team Report~ dated 21 February 1979. Section II of the
report entitled “Theory and Design” was prepared and submitted by
Dr. Seltzer. A copy is included in Appendix G.

I
1
I

H
H

I
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SECTION I~. ~~~LF~~E ~HITE PAPER

I A “white paper” was prepared by Dr . Seltzer describ ing
how the Guidance and Control (G&C ) Analysis Group’s Hardware-in-the-
loop (HW]1) siim~ilation facility is u ~d to meet that Group’s H~~IFThE
mission. In particular, the m~xn~er in which the G&C Analysis Group
met the objective outlined in the “Low Cost Laser Seeker Evaluation
Test Plan” was addressed • The paper was generated to meet the sharp
criticism leveled against the HWU facility by Mr. Art ICendell,
Rockwell International - Co1~ni~us. A copy of the paper is included
in Appendix H.

I
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SECTION X. ~ tES~ 1TATIOMS

Several presentations were made during the course of
the contract period to demonstrate progress on tasks associated
‘with the contract.

I A. Presentation to Dr. j . B. Huff and Dr. Richard Hartman.

On 10 May 1979, a presentation was made to Dr . J. B.
Huff , Director of the Guidance and Control Directorate, and Dr. Richard
Hartman, Director of the Research Directorate , and members of their
organization s. The piu pose of the brief ing, held at Dr . Huff’s reque st ,
was to assess the program status of the research on the Future U, S.
~Army Modular Missile “Advanced Guidance and Control ” and to describe
the program plan s. To meet this request , Dr . Seltzer orga nized the
pre sentation to cover the following topic s.

a. Prog ram objectives

I b. Program plan

• c. Initial achievements and status

I d. Proj ected accomplishments

e. Program implementation.
I A copy of the vu-graphs used in the presentation is inclnded in Appendix I.

I B. Presentation to Advanced Sensors Directorate.

As a result of the above presentation , 7~ . Har tman set

I 
up a presentation for member s of the Advanced Sensor s Directorate on
13 June 1979. The purpose of the presentation was to describe the
Advanced Guidance and Control program, to describ e the thre ats that
the program addresses , and to enlist the assistance of Advanced Sensors

I per sonnel in the program. The description of the program was presented
by Dr. Seltzer - and the descripti on of the threats and their analysis
was made by Mr . Ray Maples. Copies of the vu-graphs used in the pre-
sentation are incladed in Appendix J .

I
I
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• S~~TION XI. TRIPS fl~ SUPP(ET OF ~~ CON~~tCT

Several trips were made in support of the contract
during the implementation of Task XI.

A. Trip to Eglin Air Farce Base.

On 12 October 1978, Dr. Seltzer jo ined I~~. Thzssell
T. Gambill and k ,  Harold L. Pastrick at Eg:L in Mr Forc e Base.
Their major contact and source of technical and program information
was 2nd Lt. Tom Riggs, U. S. Air Force, Air-to-Air , Systems Analysis
and Simulation Branch, Air Force Armament Laboratory, Air Force Systems
Covrmnd , Eglia Air Force Base, Florida. Information was exchanged
between the principals mentioned in considerable detail . Continued
exchanges of information were sought by the Air Force personnel present.

In addition to considerable in-house effort , Eglin
• Mr Force Base has contracts with three univers ities ( Alaba ma, Florida,

and Texas) and three members of industry (OrinCon, Sd , and TA.SC ) to
study advanced digita l G&C for air -to-air tactical missiles.

• I
• The Eglin pers onnel expressed a desire to develop a

me iorandun of w~lerstanding with the U. S. Arn~r iI~ ACOll to formalize
a joint effort in the development of advanced digital G&C systems.
Dr. Seltzer was requested to write a first draft of the agreement.
This was presented to Lt. Riggs dur ing a visit to I-W.ADCOM on

J 21 March 1979. It present ly is under review at Eglin.

B. Trip to the Pentagon.

I On 22-23 April 1979, Dr . Seltzer visited the ~irector
of Land ‘:Tarfare, I-s’, Charles Bernard , of the Office of the Under
Secretary of Defense for Research and Development, and members of his

I staff . The pur pose of the visit was to deter mine future targ et
I characteristics so that performance requirements night be determined

more realisticall y. ~‘1hile the maj or portion of the discussions was
classified, an abbrevi ated, unclassified set of performance require-

I ments has been developed far use in this contract (see Section 17) ,

1
1
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SECTION XII. SUI~1ARY

• ~ I This report contains the documentation performed during
the period 20 October 1978 through 7 August 1979, and referred to herein
as Phase II. It is intended to meet the documentation requirements
specified in Farm 11s23 and in the Documentation Addendum to Form 1li23
found an pages 17 and 18 of the contract (Reference ~) and the require-
ments that c~~~~1~e Task II of the Statement of ‘dark of Technical Require-

r ment No , T-0107 (Reference 1)~ Ihe latter have been repeated (for the
~. I reader’s convenience) in Section I, Part A.

Task I docunQntation requirements were met by the
I 

Technical Report: Phase I.’ Sore of the Statement of tTorlc requirements
have been au~nented subsequently by this report.

Requirement 2.1 was met by Section III, Part C
of Technical Report: Phase I.

Requirement 2.2 was met by Section 17 of Technical
Report : Phase I and augmented by Section 17 of this report.

Requirement 2.3 was met by Section V of Technical -

I Report: Phase I.

Task II documentation requirements and Statement of Work

i requirements are to be met by this report .

Requirement 2.t~ is met by Section V, Parts A and
B and by Appendices A, B, and C.

• I Requirement 2,~ is met by Section V, Part C.

i Requirement 2.6 was deleted.2

Requirement 2.7 is met by Appendices A through E.

I Requirement 2.8 is met by Section VI.

With regard to meeting the Documentation requirements of
T I
it ~ Paragreph 2.a. A stability analysis, e~~~ary, and imple-

mentation of the discrete control ... via parameter space, including con-

1 parisona with extant methods, is documented in Section V, Part B.

Para~ ’eph 2.b. All simulation ini4~1~’4’ing operations
are described in Appendices 1) and B,
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I Paragraph 2 ,c. All. simulation input parameters
I are described in App~ x1ices D and E.

Paragraph 2.d. Analytical reeuita produced are
I documented in detail in Appendices A, B, and C .

Paragraph 2,e, Operating inatruct~ans are implicit
in the formats documented in Appendices D and E.

Paragraph 2.f. De1eted)~
Paragraph 2.g. Sunn~a’ies of computer simulation

rims, results , and anal yses are documented in Section V, Part C, and
• in Appendices D and E,

In eumnary, this report describes the performance results
of an effort of forty-one weeks duration (Phase II) . The specific State-
nient of Work requirements were met in detail , i.e., the parameter space
technique has been fully developed for stabilit y deter~idnati on of a digital
control system, and the dynamics of a missile system investigated using

• that technique. Also, an in-depth technical sen’l n~1’ describing the use
of digital control techniques was presented. In addition , the Pr incipal
Investigator developed and documented an analytical desiga tool (termed

• I “5A1~”) to enable the control system engineer to derive the closed-loop
transfer function (in particular ) and any selected state (in genar al) of
a digital~y-cantroUed system. Also, he developed and documented a
means (termed “cross-multiplication ”) of finding the response of a digitally-
controlled system. He co-auth ored two pa~..ars describing the work of

I which this contr act is a part being performed by the U. S. Army i~~ ADCO~I
G~& Directorate to develop an Advanced G&C System, both of which were
accepted for presentatio ns at AIAA national conferences. He made several

I presentations to personnel of the G~&, Advanced Sensors, ~~~~~~~~~~~~~
I and Research Directorates describing this work in order to gain their

cooperation. To gain important input s for this work, Dr. Seltzer made
trips to the Pentagon and to Eglin Air Force Base. Also, he performed

I an evaluation of the theory and design of the digitally-controflod SIG-D
as a portion of the formal review of that system. Finally, he wrote a
“white paper” describing how the G&C Analysis Ch oup’s Hardware-in-the-

I Loop simulation is used by that (h oup to meet their ~~ aLF~~E mission.
• I All of the foregoing was accomplished with the ~~~enditure of a~~raxL-

mate~y 1L~OO direct scientific man-hours (the equivalent of l7~ eigtit -
hour days) or an average of apprxthuat l.y 3I~ hours per week far Phase II).

I Included within this time was the preparation and conduc t of ]~3 contact
hours of an intensive technical serd.ziar.

I
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SECTION X~~I. CONCWSIONS

~i 1 The requirements set forth in the contract have been met.

Three major analytical tools have been developed to aid

I the G&C system engimeer to design a digital system. They are :

1. A means, termed “SAIl” , of determining the states
of a digital system in terms of that system’s tra nsfer functions and the

~ I inputs to the system.

2 • A means, termed “Cross-Nultiplication”, for
1 obtaining the response of a digital system from its closed-loop transfer
I function.

• 3. A means, termed “Parameter Space”, for determining
• I the stability and d~’nsnTic characteristics of a digital system in terms

of several selected system parameters.

I The tlu’ee design tools have been compared to extant tech—
I niques ~~ applied to the design of a typical missile system. They appear

at first blnsh to be superior to other classical methods. In particular,
i they have been developed with the aim of being easily implemented on digital
1 calculators or computers.

- I

I
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1. INTRODUCTION

This report describes an alternative to the use of
Signal Flow Graphs (SFG) and Mason ’s Gain Rule (Formula) for
analysis of complicated sampled—data control systems .
Usually in such systems, block diagram algebraic
manipulation may become unwieldly , particularly when
such systems include multiple loops and samplers . The
Systematic Analysis Method ( SAM ) may be applied to
such systems , as well as to simple single-loop feedback
systems. This is shown in Section 2. Also shown is
how to apply SAM to make use of modified z-transforms

- • i (Section 5).

The advantages of using SAM are that the cumbersome
application of Mason ’s Gain Formula can be avoided .
Further, the entire method of drawing Signal Flow
Graphs may be circumvented . Since only the equations
describing the system are needed for SAM , even the
customary block diagram is not needed .

If the analyst prefers to use one of the Signal 
• 

I

Flow Graph methods , a modified SFG technique is also
• described (Section 3). It is simpler and less

cumbersome to apply than the conventional SFG method ,
which for purposes of comparison is described in
Section 4.

All -three techniques are applied to two examples .
This is done to better describe the application of SAM

• and the modified SFG and to help provide a basis for
comparison (Section 6) of the three methods.

To obviate searching for such a description , Mason ’s
Gain Rule is described in the appendix .

2. SYSTEMATIC ANALYTICAL METHOD (SAM)

SAM is implemented by performing the following four
steps. If the equations resulting from the first three
steps are placed in a table of three columns (one for
each step) , they are easily manipulated to perform the
fourth and final step .

STEP NO. 1. OBTAIN “SYSTEM EQUATIONS ”

The equations describing the system are written in
the Laplace domain. If the system is described by block

- 1 diagram , the “system equations ” are written upon
inspection.

5 -
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STEP NO. 2. OBTAIN “MODIFIED SYSTEM EQUATIONS ”

• If any of the “ system equations ” contain terms that
in themselves contain the product (s) of an unsampled
system variable and an unsa mpled transfer function ,
then the unsamp led variable must be replaced by an
expression containing no unsampled variable(s). In
complex systems , this may req uire a chain of several
substi tutions .

An “unsampled variable ” is recognized as one upon
It which the pulse transform operation has not taken place .

For example, when the pulse transform of a Laplace
transform function and/or variable is taken , that operation
is denoted symbolically by placing an asterisk immediately
following the expression , yielding a so-called “starred

• quantity.” For example , the pulse transform of the Laplace
function F(s) is denoted as F*(s) . One manner of expressing
p*(s) in terms of F(s) is

= -4— 
~~~~ 

F (5 + i 2fl nIT) (1)

where T represents the sampling period .

STEP NO. 3. OBTAIN “PULSED SYSTEM EQUATIONS”

• ~~Pu lse transforms are now taken off each side of the
“modified system equations ,” yielding “pulsed system
equations.” Now all system variables , either unsampled
or sampled (pulsed) , may be solved for , either in the
“system equations” or the “pulsed system equations .”

STEP NO. 4. OBTAIN DESIRED INPUT/OUTPUT RELATIONSHIPS

Al]. system variables , both starred and unstarred ,
may be found in either the “system equations ” (Step No. 1)
or the “pulsed system equations ” (Step No. 3). The

- desired i~utput(s) may be solved for by selecting theappropriate “system” or “pulsed system” equations ,
substituting as necessary . This will be brought forth in
the examples .

6
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EXAMPLE NO. 1

Given : The digital system of Example No. 1 is
described by the block diagram of Figure 1.

I • ~~ .

To Find: The continuous-data and pulsed (sampled)
outputs, C(s) and C*(s), respectively , in terms of the
system input R (s) and the system transfer functions
G(s) and H(s).

- .. STEP 1. SYSTEM EQUATIONS1

Obtain these equations dir ectly upon inspection of
Figure 1.

E R - H C  - 
(2)

C = G E *  (3)

~~~ 
E(siA E*(s) 

~ I - C*(S)

J 

I 
- 

____ •

Figure 1. Block Diagram for Example No. 1.

1. Note: In the sequel, the following shorthand notation 
-
.

I ~~. will be used :
I I -

F F (s) =~~~~~~f f ( t )}  , i.e. the Laplace

transform of F (t),

F* ~

4. ~~~ ~
. ( G ( s ) H ( s J ]  ‘

I •~~~~~~ ~~~~~~~~~ • • •• _~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~ • •~~~~~~~~~~~~~
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STEP 2. MODIFIED SYSTEM EQUATION S
3 One sees that Equation ( 2 )  contains a produ ct of

an unsampled ( i . e . ,  unstarred ) system variable , C, and
I, an unsam pled transfer funct ion, H. Since this violates a
j  condition stated in the description of Step No. 2, a

substitute must be found for C. This is obvious in
Equation ( 3 ) ,  which is substituted into Equation (2 )  to
yield the acceptable form ,

E~~~ ’R _ H G E* , (4)

I i .e . ,  it contains no products of unsampled variables and
unsampled transfer functions. The product of unsa iupled
transfer functions, HG ( i . e . ,  H ( s) ]  G ( s ) ] ,  is acceptable .

STEP NO. 3. PULSED SYSTEM EQUATIONS

Take the pulse transform of each side of each of the
“modified system equations , ” making use of the following
rules : 

• 
- -

p .  (RG ] * = (5)
IR G *I * = R* G* ,, (6)
[R *J * = R* . 

- - - 

- 
(7)

(8)
= G* E* ( 9 ) .

The resulting equations from Step Nos . 1 , 2 and 3 •- . can be placed in a tabl e (Table 1), while they are
being developed , for systematic orderliness.

TABLE 1. SYSTEM EQUATIONS FOR EXAMPLE NO. 1

- 
- Sys. Eqs . Mod . Sys. Eqs. Pulsed Sys. Eqs.

= R - MC (2 ) E = R - HG E* (4’) E* = R~ - j~~* E* (8)
. .C G E *  .13) C = G E * (3 )  C* = G * E *  ( 9 )

- 
STEP 4. OBTAIN , C* , C

First solve Equation (8)  for E*

1 R* . (10)

8
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Substituting this expression for E* into Equation (9) ,
I 

one obtains

G 
— 

1R * . (11)
a L~’ 

+ H G *) J

“To obtain C, one substitutes.. .yielding ”

• c = G ( 12)

EXAMPLE NO. 2.

Given : The digita l system described by the block
diagram of Figure 2.

To Find : The continuous-data and pulsed (sampled )
outputs , C ( s)  and C* (s), respectively , in terms of the
system input R ( s ) , and the system transfer functions .

D*(s)

Es (s )

4 j 
_____Vt( s )  _____ 

E(s ) +
+ Y ( s )

j 
G2 (s)

-~ Figur e 2. Block Diagram for Example No. 2.

In the interest of being systematic , the analyst
may wish to assign “ states ” (Xj ) to the various system

• .1. variables. The “system equations” (Step No. 1) are
• written from inspection of Figure 2. In order to im-

plement Step No. 2, the “system equations” of Step No. 1
I must be checked for possible products of unsampled sys-

tern variables and unsampled transfer functions. Two such
products exist: G1X2 in Equation (15) and G2x3 in Equa—

4 tion (16) . The first product is readily manipulated into

9
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I the approved form by making use of the relation between

X2 and X* j . of Equation (14), which is substituted into
Equation (15) to yield Equation (17) . The product , G2X 3,

I is easily handled by substituting Equation (17) into
Equation (16) , then substituting Equation (13) for Xl, and
solving the resulting expression for X4,  yielding Equation

I (18) . This completes Step No. 2 ( the second column of the
array of Table 2) . The third column (Step No. 3) is
obtained merely by “ starring ” each side of each of the
equations in the second column .

I TABLE 2. SYSTEM EQUATIONS FOR EXAMPLE NO. 2• Sys . Eqs . Mod . Sys. Eqs . Pulsed Sys. Eqs .

[ £~~~~X1
a R — X 4 (13) X1 R — X 4 (13) E*~~~ X*1 . R * _ X 4 * (1.9)

- 5*~ — (14) X 2 = (14) E” — X 2* = (20)

I- D~G1X2 + (15) X 3 — D*G1X1* + (17) y* — — D*G1*X1* + X1* (21)

I C — — G2X~ (16) 
— 

G2 (D*G1X1* + R) c. — G~~D~X1~ + (22)

I; 
2 

_ _ _ _ _ _ _ _

where

t G3 ~
.

1
l

÷
2
~ (23)

[ and 
-

(24)
1 + G 2

r To find C* , one merely substitutes Equation (19)
into Equation (22) :

C~ X * — G *D*X * + R *4 3 1 1

= G3 *D*(R * — X4 *) + R 1*

G *D*R* + R *

r 
“ 1

3
+ G 3*D* 

1 (25)

In a similar manner , one finds C ~y substituting
Equation (15) into Equation (16) , substituting Equations

10
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1
1 (14) and (13) for X2 and X1, respectively , and fina lly
• substituting Equation (19) for the resulting Xl*, i.e.

C = X 4 = G 2X3

G2 (D*G1X2 + X1)

— G2 (D*G 1X1* + R — X4 )

G1G2D*X1* + G2R:: =
.

— G3D*X1* +

- •  

G~D~ (R~ — X4 *) + R1. (26)

Since X4* = C~ was just determined in Equation (25) ,  that
value is substituted into Equation (26 )  to yield :

I G ,*D*R * + R, *
C = G3D~ L~* 

- 

( 
1 + G~~ D~ )j +

• /R *  + G3 *D*R * - G3 *D*R* - R 1*\
l + R

l + G 3*D*. )
/G D*

- 
=~~.

3
+ G~*D*) 

(R* _R1*) + R1 (27)

An alternate form for (R* - R1*) may be found if desired :

I G R  \*
1~

_ _ _ _  _ _ _ _ _  

G2R *

• = (1 + G2) 
+ 

( 1 + G)  

- 

(1+G 2)

— (~ ~ ~2 )  
* d. R2

* . (28)

11
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This expression for (R* - R1*) may be substituted into
Equation (27) to yield 

-

G D *
R * + R  (29)T 1+ G3

*D* 2 1’

which may be slightly simpler in form than Equation (27).

3. MODIFIED SIGNAL FLOW GRAPH TECHNIQUE

If the analyst prefers to use a Signal Flow Graph
(SFG) technique, the following modified SFG is proposed .
It incorporates many of the features developed in SAM .
As such, it appears to be simpler to implement ,
requiring the application of Mason ’s Gain Rule at only
one stage of the analysis.

The first three steps are identical to those of SAM.

STEP NO. 4. CONSTRUCT EQUIVALENT SFG 
• 

- •

The equivalent SFG is drawn directly from the
information contained in the “system equations ” (Step No.
1) or from the block diagram.

STEP NO. 5. CONSTRUCT SAMPLED SFG 
-

• • The sampled SFG is drawn from the “pulsed system
equations” (Step No. 3).

STEP NO. 6. CONSTRUCT COMPOSITE SFG

This is achieved by connecting the output nodes. of
the samplers in the equivalent SFG to the nodes
representing those same quantities on the sampled SFG.

- 

STEP NO. 7. 
- 
OBTAIN DESIRED INPUT/OUPUT RELATIONSHIPS

• Mason ’s Gain Rule (Appendix A) is applied to the
composite SFG to obtain desired outputs in terms of
system transfer functions and inputs to the system.

Examples of the use of the modified SFG method
- • follow. For comparative purposes , the same two examples

• to which SAM was applied will be used .

12



- • EXAMPLE NO. 1. -

STEP NOS. 1 - 3. SYSTEM , MODIFIED SYSTEM, AND PULSED
SYSTEM EQUATIONS

Repeat these steps as shown in Example No. 1 of
Section 2 (SAM ) . They are summa rized in Table 1 and
are Equations (2 ) , ( 3 ) ;  ( 4 ) ,  (3 ) ; and ( 8 ) ,  ( 9 ) ,
respectively .
STEP NO. 4. CONSTRUCT EQUIVALENT SFG

The equivalent SFG is constructed direc tly from the
- “system equations ” of Step No. 1, Equat ions (2 )  and

(3). The resulting SFG is shown as Figure 3.

Figure 3. Equivalent SEG for Example No. 1.

STEP NO. 5. CONSTRUCT SAMPLED SFG

The sampled SFG is constructed directly from theI “pulsed system equations ” of Step No. 3, Equations (8)
and (9) . The resulting SFG is shown as Figure 4.

I R* 1 E* G* 1 C*:
1 

°~~~~ ‘~~

_HG*

Note : Encircled number refers to identification of loop .
• Figure 4. Sampled SFG for Example No. 1.

STEP NO. 6. CONSTRUCT COMP OSITE SFG
1 • 

- 

The composite SFG is constructed by j oining the twoI SFG ’s of ~~gures 4 and 5 in the prescribed manner. In

I 
13
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this example a single line connecting the E*’s of the
two SFG ’ s is required (Figure 5) .

-H 

_ _ _  _ _

C

0
1 E *  G* 

_ _ _

C~

_HG *

Note : Encircled number refers to .identification of loop.
- 

Figure 5. Composite SFG for Example No. J..

STEP NO. 7. OBTAIN C*, C 
-I Looking at Figure 5, one sees that there are two

inputs to the system , R and R*. Applying Mason ’s Gain
Rule (appendix), one finds only one possible forward

I path from R* to C* and none from R; hence , k = 1. The
I gain along that forward path , M,~, is seen to be

I 

z~~~= M 1 =
’ G* . (30)

I There is a single loop whose gain is
(31)

I The value of t~ is found to be

I = 1 — K1 = 1 + HG* . (32)
I 

Since the single forward path touches the single loop of
this system ,

I 
~~k ~~l 

= 1.

The gain , M , between C* and the input R* is then
I M = 

M ,~~, 
= 

G* ; (34)
l + H G

14
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• Solving Equation (34) for C~ we obtain the same result as
Equation (11) .

In solving for C, we find that only input R* has a
forward path to C. In this case the gain along that
path is seen to be G (Figure 5), i.e.

M1 G. (35 )

The value of ~ remains the same as that shown in Equation
• (32), as does the value of K remain as shown in

Equation (31). The single f&ward path touches the single
• - loop of the system , so Equation (33) still applies .

The gain , M , between C and the input R* is then

• C M 1~~1 G (36)

Solving Equation (36)  for C one obtains the same result
as Equation (12) .

EXAMPLE NO . 2

STEP NOS . 1-  3 
-

Repeat these steps as shown in Example No. 2 ot
Section 2 (SAM ) . They are summarized in Table 2.

STEP NO. 4. EQUIVALEN T SFG
Construct the equation SFG directly from

“system equations ” (13) through (16) (Figure 6).

Figure 6. Equivalent SFG for Example No. 2.

15
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STEP NO. 5. SAMPLED SFG

I Construct the sampled SFG directly from “pulsed
system equations ” (19) - (22) (Figure 7).

R1*O~~ 

E~~~~~~ j~~~~~ * 1 
pC*

• I Figure 7. Sampled SFG for Example No. 2 (modified
SFG method) .

f STEP NO. 6. COMPOSITE SFG

The composite SFG is obtained by joining the two
- SFG ’s of Fi9ures 6 and 7 with a line connecting the E*’sI (X2 ’ s) of the two SFG ’ s (Figure 8 ) .

•~~L .
I RQ ~ ~~~~

Q
D*~~~~~~~ G

£

1/ 

_1 E* 1+G*D * y*‘R*p w (~1• I~r~ ~~ ~.X’1 ‘ QC *
~~~~~~~~~~~~~
‘ 

1
‘

\
® 

G3 *D* jr

I 
_- -  R1*O~ 1

I Note : Encircled numbers refer to identification of loops.

Figure 8. Composite SFG for Example No. 2l • 

- 

(modified SFG method) .

H i

_ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  .4
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STEP NO. 7. OBTAIN C*, C

From Figure 8 one sees that there are three inputs
to the system : R , R* , and R 1 * . Applying Mason ’ s Gain

- Rule, one finds two forward oaths to C*,one from R* and
one from R1~ hence , k = 2.

--  There are two loop gains , denoted herein as K1 and K2.
The loops are designated by encircled numbers on .
Figure 8, and their gains are

- -  K 1 —G 2, (37)

- - 
K2 = —G 3~ D* . (38)

• 
• It is observed that the loops are nontouching (necessary

information for formulating A ) .  A is thus found to be

A — 1 - C K 1 + K 2 ) + K 1K 2

1 — (—C 2 _G
3* D*) + G2 G 3 * D*

-- 

= (1 + G2 ) ( I + G3~ D*) . 
• 

(39 )

The forward path from R* -to C* may be designated as
k = 1. Since it is touche d by Loop 2 but not by Loop 1,
the value of A 1 is

— l + G 2. (4 0)

• The 
- 

forward path from R * to C~ may be des ignated as
Ic — 2~ Since it is tou~hed by Loop 2 but not by Loop 1,

= A 1 ‘41)

- 

• 

• 

The gain along the first forward path (k = l ) is,
f rom Figure 8,

- M1 G3* D* . ( 4 2 ) ~

t - The gain along the second forward path (k = 2) is

- . M2 — 1 .  ( 43)

17
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• The gain N1 between R* and C* is

1* M A1~~~. C  — 
11M — ~~~~ . —  A

• 

.. 
( ,G3*D*) (1 + G2 )

- .  = f l T + G2 ) ( 1 + G 3 *D*)

G * D *
= r + G 3 *D* . (44)

The gain M2 between R1* and C* is

‘H 2 d. C2* M2A 2
: 1  M 1T A

H 
• (l) (l + G2 )
= (1 + G2 ) (1 + G3

*D*

H 1
1 + G3 *D* - 

(45)

Solving Equations (44) and (45) each for C1* and C2* ,
respectively ,

where . 
-

C* = C1* + C2 * , (46)
one finally obtains

C* = N1 R* + N2 R1*

fG *D * 1
[i~ + G 3 *D*J R* + 

(i~~ G *D *)Rl
*

G *D*R* + R *
= 3 1 ,  4 71 + G 3 *D*

which is seen to be identical with the earlier SAM result
of Equation ( 2 5 ) .

1 18
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‘0

To obtain C, one must first observe from Fit~ure 8
that all three inputs to the system can find their way

-. to the node representing C. The two loop gains , K., and
K., , are the same for finding C*, as is A. The for~ard

.. path from input R* to C, designated as Ic = 1, has a
• 

- -  
gain M1 of

— D* G1 G2. (48)

~
, The gain along the path between R1* and C, designated as

9 ~~~. Ic — 2, has a gain N2 of 
- .

H 
_D* G~ C2 . (49)

Finally, the gain along the path between R and C,

. 

designated as k 3, has a gain N3 of

M3 = G2 . (50)

-

• The k = 1 arid Ic = 2 paths touch both loops, so the values
of A1 and A2 are both unity. The k = 3 path only touches
Loop 1, so the values of A3 is

A 3 = l _ K
2 = l + G 3

*D* . (51)

The gain N1 between R* and C is

1 ~~~. C1 
— 

M 1A 1
A

D*G 1G2= (1 + G2 ) (1 + G3
*D*) (52 )

The gain M2 

::t~~e:

2::* and C isM — ~~~— -

~~ 
_D*G

1 G2— (1 + G., ) (1 + G,*D* ) 
( 5 3)

6
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• 
I The gain N3 between R and C is

3 C 3 M3 A 3

G2 (1 + G3*D*)
— (1 + G2 ) (1 + G3

*D*)

G
= 2 - (54)

l + G 2~

Solving Equations (52) through (54) for C1, C2, and C3,
respectively ,

- where

-- C = C1 + C2 + C3 
-
, (55)

one obtains

C = M1 R * + M 2 R1* + M 3 R

— 

D*G1G2 R* D*G1G2 R1* G2 R

L1 :: — (1 + G2)(l + G3*D*) (1 + G2 ) (]. + G 3 *D~ ).~~ 1 + G2

D*G

- 
(1 + G3*D*) (R * — R 1*) + R1 ~56)

Equation (28) may be used in an attempt to simplify the
above result , yielding

C = (1+:3 * D *j R2 * + R1 . (57)

- 

- This is equivalent to Equation (29) obtained using SAM.

-

~ 20

_______________ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~ —-~~ ~,—,-- ~~ -—- -—-



—- .— , . — . , .-,, —~~~-.— • —, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • _,-_---- -~~
.i.,_ - —— — — • - . • . ..

• - - -  • • - • - - • • - - • - • • - ~~~~~~~~~~~~~~~~~~~~~~~ - ---

‘1 -— 
• —.-- ~~~~~~~~~~~~~~~~~~ -• —

4. THE SAMPLED SIGNAL FLOW GRAPH METHOD

The standard Signal Flow Graph method in use is the
“Sampled Signal Flow Graph Method .”2 So that the SAM
and modified SFG methods exposed in Section 2 and 3 ,
respectively , of this report may be compared to this
standard method, it is described briefly in this
section. The same two examples that have been used

• previously in this report are used in this section to
better permit comparison of the various methods. The

• other popularly used SFG method , “The Direct Signal
Flow Graph Method ,” will not be described herein.3

STEP NO. 1. CONSTRUCT EQUIVALENT SFG
- 

This is equivalent to Step No. 4 of the modified SFG
procedure of Section 3.

STEP NO. 2. CONSTRUCT SAMPLED SFG

Write system equations for all noninput nodes of SFG ,
applying Mason ’s Gain Rule. A “noninput node” is defined
as a node that is not an input node, where an “input ” is
defined as a system input or the output of a sampler.

Take the pulse transform of each side of each of
the system equations .

Using equations noted in the paragraph above , draw the :
sampled SFG for the system.

STEP NO. 3. OBTAIN RELATION BETWEEN SAMPLED INPUTS/OUTPUTS

This is achieved by applying Mason ’s Gain Rule to
the SFG.

STEP NO. 4. OBTAIN RELATION BETWEEN INPUTS!
CONTINUOUS-DATA OUTPUTS

Connect the SFG ’s of Steps No. 1 and No. 2 to
yield a composite SFG.

Apply Mason ’ s Gain Rule to SFG .

2. B. C. Kuo, Digital Control Systems , SRL Publishing
Company, Champaign , Illinois, 1977, pp. 100—105.

H 

3. Ibid , pp. 106 115.

_  
_ _
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a.

— EXAMPLE NO. 1.

See Section 2 and Figure 1 for a description of the
example . -

4. - 

STEP NO. 1. EQUIVALENT SFG

• From the block diagram describing the system
• • (Figure 1), construct an equivalent SFG . This is the

same as Figure 3.

STEP NO. 2. SAMPLED SFG

Write system equations , applying Mason ’s Gain
Rule to equivalent SFG (Figure 3) .

H E = R _ G H E *  (58)

C _ G E *  (59)

Take the pulse transform of each side of the system
equations .

E* = R * _ ~~~i* E* (60)

C * = G * E *  (61)

Draw sampled SFG from pulsed system equationsr (Figure 4 ) .

STEP NO. 3. -

Obtain C*, E* from sampled SFG (Figure 4), applying

- - 
Mason ’s Gain Rule. There is one path from R* to E*; k = 1.

M1 1 (62)

1 loop : K 1 = ~~~~~~~ (63)

, 1  
A = 1 _ K 1 = l + ~~~~* (64)

The forward path touches the loop :

(6 5)

22
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I M
,
~~~~ = i

j
l
~~~~~~~~~~ • (66 )

Solving Equation (66) for E* leads to

R*
— E* . (67 )

t . -

• — There is one path from R~ to C*, k = 2.

M2 = G *  
- 

- (68)

A
2 

— A
1 

(69)
- 

M2~~~~~~~~~~~
2 =~~:*~ (7 0)

I Solving Equation (70) for C* leads to
“a 

- -

‘ I  C* = — R* . (71)
l + G H *

STEP NO. 4. OBTAIN , C , £
- 

Connect SFG ’s of Figures 3 and 4 to form composite
• SFG (Figure 5).

I Apply Mason ’s Gain Rule to Figure 5. There is one
- 

path from R* to C, none from R: k = 1.

1 M1 G (72 )

K —~R~ (73)
- -

(74)

1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
G 

(75)
- 1+ G H *

1 Solving Equation (75) for C leads to

C —  G R* . (76 )I
23 -
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I
1 There is one path from R* to E (k = 2), and one
4 - path from R (k = 3).

I ~ 
(77)

M3 1 (78)

I 
_ _

- 

• (79)

1A13 
l _ K

1 1+ ~~~* (80)

N 
~~~~~~~ ~ — 

(81)
I ~ 

1 + G M *

‘1 ~ ~43 d. ~ = 
t93 

= 
1 + G1* 

= 1 (82)

Solving Equations (81) and (82) for £2 and E3, respectively,
and using the relationship, -

• E = E2 + E3, (83)

one obtains

E R —  R* . (84)
• 

. 

i l + ~~ii* 
- 

- - - -

In this elementary example , it is seen that the SFG ’s and
algebraic relationships are identical to those obtained

I with the modified SFG method of Section 3. Such will not
be the case with Example 2.

I EXAMPLE NO. 2 
- -  - 

- 
-

4’ - 

S•ee Section 2 and Figure 2 for the description of the
digital control system. It is desired to find C and C*

~ 1 in terms of system input R and the system transfer
5 functions.

L STEP NO. 1. EQUIVALENT SFG 
- — -

This may be drawn directly from the system equations
summarized in column 1 of Table 2. It is shown as

j  Figure 6.i i ,
’ 

24  
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L
STEP NO. 2. SAMPLED SFG . -

- 

Write system equations , applying Mason ’s Gain Rule
to SFG of Figure 6. There is one - path from R to E (Ic = 1),
one path from R to Y (Ic = 2), and one path from R to C
(Ic — 3). There is one path from E* to Y (Ic = 4 ) ,  one
path to C (Ic = 5), and one path to E. 

--

- 

- 

_ U3ing the techniques that are by now well established
in this report , 

- -

- -  M1 = 1 , (85)

M2 = l , 
- 

(86)

M3 G2 (87)
i .  

-

• 
N

4 
= D*G1 (88)

N
5 

= D*G1 G2 - 
(89 )

M6 
_D*Gl G2 , 

- -  -

K1 = —G 2 
- - 

. (91)

A = l — K 1 1 + G 2, - . -
~~~~

.

~~~~
- -- -

~~ - (92 )

- - 
~~~~~~~~~~~~

L i d E l M lAl = l~~~ G2 ’

M2 
~~ ~1 M2A 2 

= 1 + G 2 
‘ 

- 

(“)

d. C’ M3A 3 
= 

G2 ( 9 6 ) .

_:i
~
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I
I M5 g.  £!. M5A 5 

= 
D*G1G2 , (98 )

6 d. E2 M6A 6 
_ D *G2G2

N — = 
A 1 + G  (99)

- 
- 

One solves Equations (94) and (99) for E1 and E2,
respectively , and using the expression ,

1 E — E1 + E2 , (100)

I . —

one obtains E:
- 

I
-
~~ E = M.LR + M UE*

- -  

- 

D*G G
— R — 1 2 E*— l + G 2 l + G 2 -

— D*G 3E* . (101)

One solves Equations (95) and (97) for and Y2, and
using the expression,

= .~.l + Y2, (102)

one obtains Y:
a.

Y = M2R + M 4E*

D*G
- - = R2 + 1 + G 2 

E* . (103)

1~

26
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Simj~lar1y , one solves Equations (96) and (99) for
C and C’, and using the expression ,

• 
C = C1 + C2, (104)

one obtains C:

C M 3R + M 5E*

H • G R D*G G2_ 2 + 1 E*
1 + G 2 l ÷ G 2

= R1 + D* G3E*. 
(105)

Take the pulse transforms of each side of the
Equations (101), (103), and (105).

= R2* 
— D*G 3E * (106)

j 
- - .  

/ G  \~ 
- -

= R2* ~ (~l + G 2) 
D*E* (107)

C* 
(1~~~~~2)*+ 

(l~~~~~2)* D*E * 

-

= f t *  + G3
*D*E* (108)

Draw the sampled SFG from the pulsed Equations (106)

j through (108) (Figure 9). Note this is not the same as
the sampled SFG that resulted from using the modified SFG

H method of Section 3. However , the final answer~— the
desired responses will be the same , as will be seen in

1 
- 

the sequel.

1

f 27

Lk . L 
• .~ -—— -— - --~~~~~ - - - - — -- • . -~- - - . - • - • - • ----.--——-• •-----— -



TI~~~~~~~~
— — —— —— .a~~ S——— ——

‘I

~~ 

~~~~~~~~~~~~~~~~~~~~~~~~ 

.. pc*

Note : 
- 

Encircled numbers refer to identification of loops.

~
. Figure 9. Sampled SFG for Example No. 2

(standard SFG method).

STEP NO. 3. - 

-

a Obtain C* from the 
- 

sampled SFG (Figure 9), using
Mason ’s Gain Rule. There are two inputs: R1 * and R2

*.
They have two forward paths to C*; k = 1 and Ic = 2,
respectively . Again using techniques that have been

a. 
well established in this report: 

-.

— 
M1 = 1 , (109)

N
2 

= D*G 3 *, 
- (110)

1 
K =_D *G * (111)

A —  1 - K
1

= 1 + D*G 3*, (112)

A
1 

= A , 

- 

(113)

(114)

I • 1* M A  -

M —  ~~~~~~~~~~ = 1 , C• 1 -- - 

1

2 d c2
~ 

M2A 2 
_________• M~~~~~~— ”  A = _ _ _ _  

-. (116)
J 

2 1 + D *G3*I
I 28
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I

One solves Equations (115) and (116) for C1* and C2*,
- I  

- respectively . Using the expression ,

C~ = C1* + C2*, - (117)

one obtains C*:
— 

—

C* = M1R1
* + M2R 2 * . (118)

Equation (118) may be manipulated into the same form as
Equations (25) and (45), if desir~d , by substituting
the expression (resulting from Equation (28)].

R* — R , * = R2* (119)

into Equation (118): 
-

- D*G *
C* R * +  R *1 l + D * G 3 * . 2

R1*(l  + D*G3
*) + D*G 3 *(R * — R

1
*)

— 

- 
1 + D * G 3

*

• R1
* + D*G 3 *R*

= 1 + D*G 3 * 
- (120)

- 

- 
STEP NO. 4. OBTAIN C

Connect the SFG ’s of Figures 6 and 9 to obtain a
composite SFG (Figure 10).

29 
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0

Note: Encircled numbers refer to identification of loops.

Figure 10. Composite SF0 for Example No. 2
• 

_ _____- -- 
(standard SF0 method) . 

- .

Apply Mason ’s Gain Rule to Figure 10 to obtain C.
There are three inputs to the composite sys tem: R, R1 *, and
R * • There is one forward path from R to C (k 1), fto for—
Jrd paths from R1*, and one from R2* (k = 2 ) .  

-

• M1 = G 2 
- 

- 

(121)

M2 = D*G1G2 
— 

(122)

_ _ _  
- -

There are now two loops (see Figure 10): . 

- 

(123)
- 

K1 
_D*G3

*, 
- 

- 
- .

K2 = G2, 
- 

.

~~
= 1 —  (K1 + K

2
) + K1K2

•~ 
- 

_ 1 - ( _ D * G 3 * ~~ G2 ) + (_D*G
3

*) ( G )

= 1 + D*G
3* + G

2 
+ G,G~~*D*

— C]. + D*03*) (1 + C
2

) ,  (125)

30
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(126)

A
2 

= 1, (127)

M1 ~~ C
’ 

— 
M
1

A
1 — 

G
2
(l + D*G

3
*) 

— 
G

2 (128— — 
A 

— (1 + D*G
3

*) (1 + G2 ) — 1 + 0
2 
‘

H M2~~~~
C M2A2

- 

R2 * A

D*G G
2 

-

= 1 (129)
(1 + D*G

3
*) (1 + G

2
) 

-

Using the expression , 
-

H C = C 1 + C 2, 
- 

(130)

and solving Equations (128) and (129) for C1 and C2,
respectively,one may obtain - - - -  - -- - _  -

G2R D*G1G2R2*
H C = 1 + G +

(l+D *G *) (l + G )

H 
— 

- 

G3D*R2* 
- -.

- — R1 + 
1 + D*G

3
* (131)

- 

It is noted that the values of C* and C just obtained are
the same as those obtained using the SAM and modified

• SF0 techniques. 
- -

5. APPLICATION TO Z- AND MODIFIED Z-TRANSFORMS

In the SAM and SFG techniques for obtaining sampled—
data outputs of a system , that form has been indicated
as C~ or C*(s). The z—transform of C*(s) is merely
written as C(z) . Hence , anywhere an expression C*(s)
is found , it may be replaced by C(z) if it is desired
to work in the z-domain rather than the s-domain.

~ :. 3].
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If it is desired to find an output expression in
modified z transform , that is denoted by the symbol C(z,m)
This form may readily be obtained from the expression for
a sampled output , such as C~ or C*(s) , by noting that such
outputs appear to be equal to the product of an unstarred

~- quantity and a starred quantity . Let A (s) represent the
unstarred quantity, and let B*(s) represent the starred

T quantity. Then variable C* (s) may be written as

C~ = Ce (s) = A(s) 3*(~ ) (132)

If one recognizes that A ( s )  or B* ( s)  may be equal to 
-

~~~~~~~~~~~~~~~ (132) will always hold. . - - - -

I — 
The modified z-trans form may always be Obtained 

- -

from Equation (132) by performing the following
transformation: 

- -

C(z,m) = A(z ,m) B(z), (133)

where A (z,m) represents the modified z-transform of the
quantity A (s), and B (z) represents the ordinary z-transform
of the quantity B (s). This technique appears to be an
attractive alternative to obtaining modified z-transforms

- through SF0 techniques (which may of course be done) .

- 
6. COMPARISON OF METHODS 

-

I The Systematic Analysis Method ( SAM) can be used to
determine the states of a digital sys tem in terms of
that system ’s transfer functions and the inputs to the

I system. This can also be done by the application of other
methods, such as SF0 techniques. The usual advertised
advantages of the latter , when they are compared to block

- 
diagram or algebraic manipulation , is that they are

I particularly amenable to the analysis of complicated
systems.

I It has been demonstrated in this report that SAM
I can handle digital system analysis as capably as can

SFG methods. It has the advantage of not requiring
i the cumbersome Mason ’s Gain Rule . Hence , it avoids the

• L oft—committed errors associated with SFG analysis , such
as overlooked closed loops , nonobvious forward paths ,

-
~~ 

etc. As with SFG ’s, a block diagram is not needed ; the
I system equations are sufficient. Finally , it has been
-i shown that SAM is easy to implement. It appears to take

- • less lengthy analytical manipulation.

1 . -  -
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If the analyst prefers using SFG ’s to either block
• diagrams or algebraic manipulation , a modified SFG

technique based on SAM techni ques is proposed . As such ,
- 

- - • it is systematic. While the SFG ’ s produced by this
technique are usually different from those produced by
standard SFG techniques , they yield the same results .
Mason ’s Gain Rule is only applied at one stage of the
analysis in the modified SFG technique , as opposed to
the standard SFG technique which requires several
applications of Mason ’s Gain Rule.

7. CONCLUSIONS 
-_ - - - 

-

An alternative to the Signal Flow Graph technique
has been presented and compared to a standard and a

.~ modified SFG. The alternative , termed Systematic
Analytical Method or SAM, is claimed herein to be simpler
and more straightforward to implement than the SF0 methods.
Not only does it appear to be quicker to use in system
analysis , but it obviates the cumbersome use of Mason ’s
Gain Rule .

— For the analyst who desires to use SFG techniques ,
a modified SFG technique is presented . It is systematic
and reduces the number of required applications of
Mason ’s Gain Rule.

S

t

1

I
.1  
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9 - APPENDIX A - REVIEW OP MAS ’S GAIN RULE

4 N: The gain (transfer function) between two nodes
on a Signal Flow Graph (SFG) .

Ic: The number of forward paths leading from all
-- system inputs to a particular selected output. •
a .  

MIc: The gain along the kth forward path.

A1 - E (all individual loop gains)
- 

+ E (gain products of all possible combinations
of two nontouching loops)

- Z (gain products of all possible combinations
- - of three nontouching loops)

•
+ ...

A = Value of A for that part of the graph not
touchiI~g the kth forward path.M . A
- 

M — E  A -- Ica.

— 
-

I —

H I
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I i .  INTRO DUCTION

- This repor t describes a technique for obtaining the res ponse ofa dig ital control system. it is
assumed that  t he closed-loo p transfer function is available in the z- or . modi fied z-transform
doma in. The numerator and deno minator of each side of the transfe r function are
cross-multip lied . The Real Translation Theorem is then app lied to the result , y ielding a

differe nce equation in the time-d omain. ‘This may be solved for the system response in terms
of the refer ence (or other ) input(s) to the system as well as in terms of system state initial

conditio ns.

I Two different modificatio ns to the bas ic techni que are described ’ one using the submulti p le
- method and one using the modified i-transform techni que . These are app lied when it is desired

— 

to determine intra-samp ling responses of the system. All three techniques are app lied to a
- single example. A summary of the techni ques and their app lication is provided at the

- conclusion of the report.

$ 2. RESPONSE AT SAMPLING INSTANTS

I It is assumed that a given dig i tal or sampled-data system can be described by a closed-loop
transfe r function that relates the controlled output of the system to the reference input. I fthere

- 

I is more than one input , the techni que can al so be app lied to the resulting sum of closed-loop

J transfer functions relatin g the controlled output to each of the inputs. Althoug h t he report
re fers only to a sing le controlled output . t he technique can be applied to find an~’ system state if

- 

I 
it is related to the input s to the system in the z-domain. These relationshi ps may be derived by

I using any of the standard techniques (such as signal flow grap hs or by the newly developed
SAM (Syste matic Anal ytical Method ) te chn i que .

- i  1 - - - -

~~~~ 

- -

It is assumed that the state whose response is desired is denoted in the z-d omain as C(z). where

C( z ) ~ . (1)

I
I. 13.C. Kuo , .‘I,itiIt s,.~ tinti ,Sinilie’tIc ‘i Stn;t~tit’d.fluta (‘ ,flt r(li St .IIemt. I’rent,cc4t a II , \c~ Jer~~

y .

2. S. M . ScII/lt. ’~ I I! -lit - - I /1,rli,ll I I , ’ / t )  Stmy’it d— !)a~, - .‘,,uI ri (i ra f ’hs . I - S ~\ r i t ty \I s~ ik P - ’  ~ ir~ h .tnd P - pin~nt
Com,n~,nd. Red~t ot * c .\ r~enaI . -~L& h~ima, 1~ ch ni~aI k~’r - - ri t . ’-I.4’) . \ I I~ )7~ .
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- a.

The script z denotes the operation of taking the z-transfor m further assume that  there is only

one input into the system: R(z),

- ‘  where

( 2 )
R ( z ) ~• ~~{r (t ) }

The relationshi p between C(z) and R (z) usually can be expressed as a closed-loop transfer
function (or several such transfe r functions) which is a ratio of two polynomials in i. i.e.,

M j  

-

~~~~~ a .  z
- I . C ( z )  

— j = O  (3)
R ( z ) N

E bk z
k=O

w here coefficients a~ and b~ represent the system parameters. The procedure for finding the
response at samp l ing instants —- by the cross-multi p lication method — consists of three steps:
Step I. Cross-multi p ly the numerators with the denominators of E qua L io n (3 ),  y ielding the
express ion ,

k~~~ 

bk zkC(z) = a~ z 3 R ( z)  (4a)

b0C(z) + b 1z C ( z )  + ...  + bk zk C ( ~~) ~ . . .  + bN z
NC(z)

= a 0 R ( z )  + a1zR(z) + . ..  + a . z ~ R ( z ) + • . .  + aM z R(z)

( 4b )

~

—-‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
-
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1 Step 2. Each side of Equation (4a~ or (4b) is divided by bN zN . The resulting equation is then
A solved fo r the C(z) term that is not mult ip lied by a non-zero power of z, E quation i.e.,

:;~~~~~~

C ( z )  = 

a0 z~~R(z) + 
1 z~~~~R ( z )  

+ ... + ~ z~~~~R ( z )  
+

T aM ZM~
NR(Z) 

b0 
~
—Nc~~ 

b1 z1 C ( z )
+ 

~~~~~~ k-N 

- 

b~ _ 1 

—

I ,. z C ( z )  — — z C ( z )  . (5)- 5;

Step 3. Apply the Real Translation Theorem to Equation (5), recalling that

~!
—1 

{cz~} 
= c*(t) 

~:~~~~0

c
~~
T) ~ ( t—n T)

( 6a)
and

~‘{c t_kT
} 

= z~~C(z). (6b)

The asterisk is used to indicate a variable that has been samp led. a nd â(t-nT) denotes a Dirac
function occuring at the instant t nT. The resulting value of c(nT) at each samp ling instant.
nT, then becomes

c(nT ) = bN 
r ( ( n -N )T]  + r ( ( n - N + 1 ) T ] + . . .

+ ~1 r~~(n_ N +j ) T ]  + ... + ~~Lr ( (n_N+M ) T ]

1 ~~~~~~~~~~~~ cN n -N ) T]  -

. 

~~~~~~ c( (n -N+1)T]  -

:i — c [ ( n — N + k ) T ]  - • • ,  + c ( (n - 1)T] , (7 )

5

~~~
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where j, k , M. N , and ii are integers .
The advantages of the form of Equation (7) are three-fold:

• The value of c( nT) . for any t n T , may be obtained for an~’ for m of r(t), whethe r or not
it is hz-transformab le. ”

• The expression for c(nT) does not have to be recalculated every time the form of r (t)
cha nges, as is the case when the response is determined by the partial fraction , power series , or
inversio n formula methods

• The form of the expression for c(nT) permits the inclusion of initial conditions , such
as c(O), if they exist.

FICTITIOUS SAMPLER

Figure 1. Closed-loop sampled-data system.

Examp le I. Given the closed-loop sampled-data system of Figure !, ‘the closed-loop transfer
fun ction easily is found to be:

C ( z )  
- 

G ( z )  (8)
R ( z )  — 

1 + H G ( z )

if G(s) and H(s) are given to be

GIs) = 1/ s(s  + 1)

and

= 1, (9)

J 1 I 
. 6
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respectively, their z-transforms are

z (l_ e T)
G (z )  —T (10)

.(z — 1) ( z — e  )

and

}I G(z ) = G(z). (11)

if one substitu tes the expressions of E quatio n s(J O) and ( l  1) into Equation (8), one obtains the
closed-loop transfe r function ,

C ( z )  
= 

(]. — e~~~) z 
—T • (12)

R ( z )  z — 2e z + e

One may now apply the three steps prescribed for the cross-multi plicatio n procedure ,
obtaining:

Step !:

z2C(z )  - 2e Tz C ( z )  + e TC ( z )  = (l_e T) zR(z) • ( 13)

.. 
Step 2:

C( z )  = (1 — e T)z~~R(z) + 2e T z lC ( z )  — e Tz 2C ( z )  . ( 14)

Step 3:

c(nT)= (1 - e T)r ((n-1)TJ + 2e Tc ( ( n- l) T ]  - e Tc [ ( n - 2) T] .

(15)

If , as in pp. 145-147 of Kuo ’s book , r(t) is assumed to bea unit step input , the system is assumed
to be init ially at rest , and the sampling period T is assumed to be I second , app l icat io n of

7 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4.

Equation ( 1 5)  readily yields the followin g values for c(nT) :
c(T) 0.6321, the value of c*(t) at I Sec.
c(2T) = 1.0972 the value of c*(t) at 2 sec.

V . c(3T) = 1.2067 , the value of c*(t) at 3 sec.
c(nT) = 0.6321 + 0.736 c[( n-l)T] - 0.368[c (n-2)T], the value of c*(t) at t n sec.

These values correspond to those obtained by more tedious means in pages 145-147 of Kuo ’s
boo k.

- 
1 3. RESPONSE BETWEEN SAMPLING INSTANTS USING THE

SUBMULTIP LE METHOD

If it is desired to find the intra-samp l ing response of the same type digita l system descri bed

• in Section 2, it may be accomp lished by apply ing the submultiple method found in pages 83-86
of Kuo ’s book . Briefly, let c j~ ) represent the value of the response c(t) at the instant , t =

‘

~~~ 

(!~) , where n-I represents the nuthber of intrasamp ling responses desired (n is an integer
with value greater than unity). If in is an integer , th e samp ling period w ithin which the
submult ip les are to be determined is denoted as ml. The z-transform of c (

~J may be found
fro m the ordinary z-transform in the following manner. In essence, c is the output of a
fictitio us sampler which samp les n times as fast as the real samp ler. The z-transform of that
output is defined as

: 7 ~(c(!~!)}~~ C ( z ) ~ = C ( z )

T—Tn (16)

where

- z ‘17

• - I .  and

T
fl 

= T/n . (17b)

Now the closed-loop expression of Equation (3) may be altered to read

i M
• C (z )  a •  zn = ~~~ ~ (18)

- I R ( z )  
~~ bk z

fl
k

— ~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _
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I
1 The submulti p le moditication to the basic method also consists of three steps.

I Step I. Cross-multip ly the n umerator s and denominators of Equation (I S),  yieldi ng the

exp ression,

- ‘ ~~~~~~~~ N . 14

~~~ bkzfl

kC(z)
fl 

= E a~ z~~R(z) (19a)

k=0 - j =O

or
k

b0C(z)~ + b1z~C(z)~ + •..  + b~z~ C(z)~~+... + bNzfl
MC(z)

fl

= a0R(z) + a1z~R(z) + :~. + ~~~~~~ R ( z ;  + ... + aMzfl
R (z).

• I Step 2. Each side of Equation ( I 9a) or (I  9b) is divided by bNz ”~. The resultin g equation is then

solved for the C(z)~ term that is not multiplied by a non-zero power of z~, i.e.,

C ( z ) ~~ = ~~ ~
-N R(z) + ~~~~~- z;

(
~~~~ R z  +

+ ~~ 
— (N—j)~~~~ +

T • •

+ ~~~z~~ (
~~

M)R z  - ~2. ~~
_N 

C(z)~

[1 ~ 
— ~

(N
~
l)C(~~ —

I - 
~~~~~~ Z:

_ (N k)C (Z): - - bN l  z~~ ’C ( z ) ~~. (20)

~1 

-—•~~~~~•—- -• .- •• ~~~ • •• •-~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •—~~~~~~
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Step 3. Similar to the procedure of Section 2, t he value of c(t) at the n” submultiple of the
samp ling instant rnT is:

• U . ~~ r [( m
~~~ T]+ ~~ r [( m_N+1)T] + ...

~n / = n bN fl

1! + ~j. rbN 
-

+ ...  + r [
(m-N+M) T~

J ~~ ~~ 
[( m_N+ 1)T] 

+

-• 
~~ [

(m_N+k)T] - ... - -1 
~ 
[(m~1)T] • (21)

where all values of r[.] are equal to z~ro except for those values of r at integral multip les ofT,
i.e., j

- OV L not integers 
‘

‘‘ r(.~T) = -

.

r(t) (22)
t~~ T for 1. = 0, 1, 2 (integers)

•
1 . • and j , k, M, m, N , n are integers.

Example 2. The same sampled -data system is used in this examp le as in Example 1. It may be

I shown, for the example at hand , that

C( z ) ~~ = G ( z ) ~~ E ( z ) , (23)

where G(z)~ is found in the same manner as demonstrated in Equation ( 16). From Figure l i t  is
seen that

R(z)
E(Z) = 1 + HG(z) (24) • 1

Substitution of Equation (24) into Equation (23) leads to

C(z) G(z)
I , .  n = (25)

R ( z )  1 + H G ( z )

10
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Rep lacing z by z,~ and T by T~ in Equation (10) leads to the expression ,

z~~(l — e’T n)
G ( z )  = —T • (26)

‘~ (z~ - 1) (z~ - e n)

If one substitutes Eq uations ( 17) into E quat ion ( l  I)  and substitutes the resulting equation and
Equation (26) into Equat ion (25). one obtai ns the closed-loop expression ,

C( z )  z (1 — e Tn) (z — 1) (z — e T)
R(z) (z~ —l)  (z~ _e Tn) (z~ 2fl _2e _T

z~
fl+e

_T ) 
. (27)

The denominator of this expression is of course (when equated to zero) the characteristic
equation. It may be expanded into the following polynomial in z~:

2n+ 2 -T 2n+1 -T 2n• D (z ~ ) = z~ - (1 + e n) Zn + e n z~

— 2e~
Tz~~~ 2 + 2e T (1 + e~~~ )z~~~’

_ 2e
_ (T+T

n~~n
fl

+ e Tz 2 - e~
T (1 + e Tn) z - ~ e 

(T+ T~ ) 
•

— - 

• 

- • - •  
- fl 

—
. (28 )

- 

Similar ly, the nu merator of Equ ation (27) may be expressed as the pol y nom ial ,

N ( z ~ ) = (1_e Tfl) 
[~~

2n+]. ( 1 + e ’T ) z t~M~+ e
_T

z ]  . (29)

1~

II

_ •~~~~~~~~~~~~~~~~
•
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__ 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~

- -- - -- - - —

___________________________ •—.-.—-———— -——-- - — — -#————•——— •.—.•. - __ __ — - —  . .t. —‘ ~~ .— -‘. -. aS—- ~~~~~~~~~~~ .
- ..._. __ _ - -~

L

1. Step I. If Equa tions (28) and (29) are substituted into Equation (27) and the resulting
numerators and denominators cross-multip lied , one obtai ns the equivalent of E q uation (I 9b):

z~
2
~
”2cCz~~ 

- (1 + e T
~) z~

2’
~
’
~~C(z)~ + e Tnz~

21
~C(z)~

• :: - ~~~~~~~~~~~~~~ + 2e ’T (i + e~
Tt
~)zn

1
~~~c(z)n

- -2e 
..T+Tfl)z~~C(Z)~

• + e Tz~
2C(z)~ - e T(l + e

_T
~)z C(z)~ + e T+T

~~C(z)~

= (1 - e’T~) (z~
2’
~~
’R(z) - (1+ e T)z~~~~ R(z)

+ e Tzn R(z)]. 
• (30)

Step 2. If one applies the procedure of Step 2 to Equation (30) one obtains
I -

C(Z) (1 — e T
~t) I Z ~~~~~~

1 R(z) — ( 1  + e T)z~
_ f lW

R(z)

- 

+ e’Tz 2
~~~~ R(z)] + (1 + e T1~)z~~

lC(z).~

H - e TflZ 2C(Z) + 2e Tz~~
flC(z)~

- 2e T(i + e Tn ) z~~~~~~~
) C( z) + ~e~~ T+T~~ z~ -

~ 

‘
~
‘
~~~

2
~C(z) 

— e ”z~~
2
~C(z)~

h: L + e T(l +

— e 
T+T~~ ~~ 

-(2N+2)c(Z)

-- (31)

- t
12 
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I Step 3. Finally. one may apply the procedure of Step 3 to obtain the time-domain difference
equation that yields the val ue of c*(t)  at the instant  of time , t , where in is any desired
integer. - 

- 
-

-

~~ ~ ~~~~~
. c ~~~~ (1 - e Tn ) {r 

[(m_ 1)T ] . (1 + e T)r  [(m_n+ 1)T]

I Ii. e_T
r [(Itl_m_ 1)TJ I

— 

.

~~

- + (1 + e”Tn) c [(m 1)T]~ e
_Tnc [m ;

2
T]

I ~i u + 2e TC [( m~~~ T]

- 2e T (l+e Tfl.)c 
[

(m_n_ 1)T]÷ 2e~~ T4T& c 
[

(m_ n_ 2 ) T ]

I 
- 

- e Tc [(m_ 2n) T] + e T (l + e
_T

f l ) c [(m 2~~~1)T]

— e~~ T+Tn ) c E m 2 : 2 )T ]  . (32)

¶ Again , as in Kuo ’s book and in Ex am p le I. it is assumed the system is at rest initially , and the
- I sampling period I is one second. One may desire to know two intra-sa mp ling values of the

output c*(t) . In that case, n = 2 + I = 3. If one substitutes these numerical values into E quation
- ~

- 
(32), one obtai ns the equation ,

c(~~~~o .2835r (~j i)-o.4866 r(~~i)
- 

+ 0.1043r(E~i)+ 1.7165

I _ O .7l65c~~~~~~+O.52 72 c(~j i)_ 1.263Oc( !~~±)

~ 
j  +0.5272c (!!!j.~)

~ I 
_ 0.3679c( ! .~.) +O.63 15c(~j i) _ 0 .2636c (~j !) 

. (33)

~iI
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It is worth while to pause a moment and consider the power of the difference equation just
obtained. First , the output  c can be obtained for any deterministic reference input r( t) .
It only need be specified at the sampling instants. Second , ini t ia l  conditions or instantaneous
changes can be accommodated readily by the equation. Third. difference equations are
particularly amenable to programming on desktop calculators or digital computers. These
three advantages are not enjoyed by all methods found in the standard textbooks for

- determining the state (s) of a samp led-data system. The submultiple method does suffe r from
the drawback of having to specify beforehand the number  n-I of the intrasampling instants for

— . which it is desired to know a give n state, such as c(t) in this case.

In the case at hand , a brief demonstration of the calculation of c(t) at instants t 0 , T~’3,
2T/3. T,..., is provided below. A unit step input is assumed so that the results may be

- - compared to those of Ku o in pages 195- 1 98 of his hook. The symbol c denotes the value
- _ of c(t ) at t (~J sec.

m 0 :  c(0) 0
m 1 :  c ( 1 1 3)  = 0.2835 r(0) + 1.7 165 c(0) = 0.2835
m=2: c(2/3) = 0.2835 r ( l / 3 )  + 1.7 165 c( l / 3)  = 0.4866

- • 

m 3 :  c( 1) = 0.2835 r(2 3) + 1.7165 c(2/3) - 0.7165 c( l / 3)  = 0.632 1
• rn=4: c(4/ 3) = 0.2835 r ( I)-0.4866 r(0) + l .7I65 c( l ) -O .7 165 c(2/3)+0.5272 c( l / 3 ) = 0.8407

m 5 :  c (5 / 3)  = 0.2835 r(4/3) - 0.4866 r( l / 3)  + 1.7 165 c(4/3) - 0.7165 c(l) + 0.5272 c(2/3) -
1.2630 c( l/ 3 )  = 0.990 1

m 6 :  c(2) = 1.0972
m 7 :  c(7/3) = 1.1464

. m 8 :  c(8 , 3) = 1.18 16
m 9 :  c(3) = 1.2067

4. RESPONSE BETWEEN SAMPLING INSTANTS USING MODIFIED
Z-TRANSFORM METHOD

If it is desired to find the intra-samp l ing response of the same type of di gital system
• described in Section 2. it also may be accomplished h app ly ing the modified z-transfo r rn

method. In this method it is necessary first to determine the modified i-transform equivalent
of the closed-loop transfer function of Equation (3). The reader ’s mind will be refreshed (as
needed ).

14

I_i L~ -.~~~~~a -- �..~ .. — — - ~~• ~~~~a—. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_ _ _ _ _ _ _ _  TTTTT ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~

— -,-- -

~~~~~~~~~

I

Let c(t) denote the response ofa di gita l syste~; and c*(t) its samp led output.  The value o f ct t )
at the insta nt of time , t=( n-.~)T. is the value of c(t) that has been delayed by an increment of

—- time ..~T. The latter is represented symbolically as c(t-~~T). If the relation ,

m = 1 — 0 < r n < 1  , (34)

is used , the val ue of c(t) delayed by an amount ..~T after the sampling instant , t nT. may be
denoted as c [(n- I +m)T]. The z-transform of c[(n- I +m)T] is termed the modified i-transform
( ~‘m )  of c(t), i.e., 

-

-- ‘~~{c (t — T ) } = ~~(c [(n— 1 + m ) T ) }  =
- (35)

C ( z ,m) = C ( z ,~~)~~~~~ 1-rn 
.

It also may be shown that

C(z,m) = z 1 
~ {c(t+mT)} = Z 1

~~ c [(rn+n)T] z~~ . (36).

Alternately, C(i,m) may be derived through its complex convolution definition:

C(z,m) {c(t_
~

T)x
~T(t)}(z..z

Ts

:: = [~
{c(t—

~~
T)}..({c7T(t)}] I~=~’~ 

(37)

:. 
C(~ )C

_
~

T 1_e _ T J _ 1d~ 1z~~Ts
-- c-1~

- - 

where ui(t) represents a train of impulses each with a unit area , the star symbol (*) denotes the
co mplex convolution op eration. .~~ denotes the operation of taking the Lap lace transform. e
denotes the abscissa of convergence (a posi t ive real number), and ~ represents a dummy
complex variable.

- - Equations (35) - (37) reoresent two methods of determining analytically the modif ied i-
I transform ( I t  is recommended th it one look ;t up in i mod ilied z tra n sfo r n-i tahk if ori~. is

I ~ - •~~~~~~~~~~~~~~~~~ 
‘ • — . ~~~~~ • • •. ••~~~~~~~~~~~~~



availableL The above relationships may also be used to determine the modified z-transform of
the tran sfe r function. G(z. in).

- 

For the purpose of exposition , assume the modified z-transform equivalent of the closed-
- loop transfe r function is known and is

• M

1 a .C ( Z , m )  
— ~=O (38)

- R ( z) — N
E bk ~k

-. k=o

• 

- - where a~ and b, may be functions of m. The cross-multi p lication techni que is similar  to those
two previously described.

- Step I . Cross-multi p ly the numerators and denominators of E quation (38), yielding the

- 
expression , 

-

- i - N M
-

• 

~~ 
bk ~

k C(z,m) =~~~~ a~~z
3R ( z )  (39a ,

- 
k=0 j=0

-
~~ 

- b0C(z,m) + b1zC(z,rn) + b2z 2c(z ,xn) + ... + bk zkC ( z , m)

+ • • •  + b  ZNC(z ,m) = a0R ( z )  + a1zR ( z ) + . . . + a ~~Z~~R ( Z )

+ . • .  + aMz R(z). (39b)

- 

Step 2. Each side of Equation (39a) or (39b ) is div ided by bNz N . The resulti ng equation is
• then solved for the C(z, in) term that is not multiplied by a non-zero of z, i. e.,

C(z,m) ~~ Z
NR(~~ + ~~~~~~ z~~~~~~ R(z) + • . .  + Z

H N N - N

+ • ..  +~~~~~~~ z (
~~

M)R(z) - z C ( z ,m)

16
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1 
+ ~~~ z~~~~~~~C(z,m) + . • .  + ~~~ z C(z,m) +

b z 1C(z,m)
• 

] 

• 
( 4 0 )

Step 3. The inverse z-transfor m of each term of E quat ion  (40) is determined , using the

inverse of Equation (39b),

I c [(n_ 1) T ,m]EC [(n_ 1+m)T]= j~~ 
r [(n_ N )T] ÷ ~i r [(n-N+1)T]+

+ ~.i r [(n_ N +j ) T ]+  ... + ~~ r [(n-N+m) T]
• (41)

r ~ b r
-< ~i cL (n_ 1+m_ N )T .j+ tzi c [(n+m -N ) TI+

“N

+ c [(n_ 1+xn_N+k T] + ... + C [(n_ 2+m) T] }
I where j, K, m, M , N are integers.

1 Example 3. Again , the same sampled-data system is used in this example as in Examples I
and 2. The modifi ed z-transfor m method will be applied. A llct itious time delay , ~~~~~~ is

1 placed following the forward loop gain . G(s) . and a fictitious time advance (of the same
magnitude as the time delay is p lacedjust before the feedback loop gain H(s). The closed-loop
transfer function that results from these two addition elements being added is

1 C(z,m) G(~~,r1i) 42
R(z) — 1+HG(z) • ~

Usi n g Equation (9) for G(s) . one may obtain G(z, m):

I G ( z ,xn) 
~~~ ~ S( S  ~ 1)} 

(43)

• 1 = 
(l_e mT ) z  + (e ’mT _e T )

(z— 1)  ( z_ e T )

‘7 
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The value for HG ( z is given in E quation (9) - (10) which, with Equation (43), may be

substituted into Equat ion (42) to yield

C(z,rn) 
— 

(l_ e mT ) z  + (e _mT_e _T)

R(z) 
— 

( z_ 2 ) (z_ e T)1l ~~(1_e T) z

L ( z—1 ) (z_ e T)

— 
(l_ e mT ) z  + (e _mT - e T)

z — 2 e  z + e

It may be observed that  Equation (44) is in the same form as E quat ion (38). Hence the
operations denoted as Steps 1, 2, and 3 (above) m a y  be applied.

Step I . The numerators and denominators of Equat ion (44) are cross-multi p lied , yielding

C ( z ,m) — 2e T z C( z ,m) + e T C ( z ,m)

= (l_ e _mT
) z  R ( z )  + (e mT _ e T )z 2R ( z ) . (45)

Step 2. Each term of Equation (45) is divided by z2 , and the resulti ng equation is rearranged
to solve for C(z , m):

C ( z ;m) = (1_e mT ) z ~~ R ( z) + (e mT_e_T
) z 2R ( z)

• - - (46)

+ 2e Tz~~~C ( z ,m) _ e Tz 2 C ( z .,m)

• Step 3. Equation (46) is now transformed into the time domain. r esulting in the following
d ifference equation:

c [ (n — 1 +m ) T 1  = (]._e mT ) r [ ( n — 1)T]  + (e mT_e T ) r [ ( m — 2 ) T ]

+ 2e T c ( ( n _ 2 + m ) T ]_ e T c [ ( n — 3 + m ) T ] •  (47)

18 . H
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— During the n” samp ling period. i.e.. (n- l )T�t<nT , where a is an inteeer . one lets in assume

• values bet~s een zero and one to find the intrasampl ing values ofc(t ). For instance h i t  is desired
to verify the values obtained in Example 2. let m I ~ 3 and 2 ;3 and var~’ the integer n

- - - incrementa lly, starting at n 0 .  Again , for simplicity , let T = I second

n = 0: c ( m — 1 ) . = 0

n = 1: c(m) = (1_e _m
) r ( 0 )  = 1_e m

m = 0 (check case)- : c(0) = 0

-~~~~ m = 1/3: c(1/3) = 1 — 0.7165 = 0.2835

m = 2/3: c(2/3) = 0 .4866

m = 1: c(1) = 0.6321

‘- n = 2: c(1+m) = (l_e
_m
) r(1) + (e

_m_e~~~) r ( 0)

+ 2e 1 c (in )

1 m = 0 (check case) : c( 1) = 0.6321

- 
m = 1/3: c(4/ 3 )  = (1_e V3) + (e ’3-e~~~)

- + 2e~~ c( 1/3)

= 0.8407

m = 2/3: c(5/3) = (1e 213) + (e 2”3-e~~ )

• 

+ 2e c(2/3)

= 0.9901

H m = 1: c ( 2 )  = (1-e~~) + ( e -~~
1) + 2e~~

- c(1) = 1.0972

H IH _ i  . 19
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I
n = 3: c(2+m) = (l_ e _m ) r ( 2 )  + (e

_m_e~~~) r ( 1)

- _ + 2e~~’ c(1+m) —e~~ c ( m )

in = 0(check case) : c(2) = ( 1—e 0 )

+ (e 0-e~~~)

+ 2e~~ c( 1) — e 1 c(0)

= 1.0972

- 

in = 1/3: c(7/3)  = 1—e~~
”3 + e~~~

’3—e~~

- + 2e~~ c(4/ 3 )  —e~~ c(1/3)

= 1, 1464

m = 2/3: c(8/3) = 1-e 2”3 + e 2’13 -e~~

+ 2e~~ c(5/3) —e~~ c(2/3)

H = 1.1816

m = 1: c(3)  = 1—e~~ + e~~ —e~~ + 2e~~ c(2)

- e ~~~~c( 1)

= 1.2067 •

etc.

5. CONCLUSIONS

Several analytical techniques for obtainin g the response of a di gital control system have
been described. They are based on a sing le principle: cross-multi plication followed by

- app l ications of the real translation theorems. - Each is applied to a sing le ex amp le. As a s tar t ing
point for application of each of the techniques , it is required that the dynamics of the di gita l

- ~ 
control system be described in the z- or modified i-domain.

II 20
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- The advantages of the three techni ques over extant  classical methods are:

• The response may be obtained for any determinist ic  reference input  into the sy stem as

- 
long as its value is known at the samp ling instants. It need not be described by a differential

• eq uation , and the z-transform for a specific reference input need not be determined before
• 

- 

obtaining an expression for the response.

- • Initial conditions and instantaneous changes can be accommodated readily by the
equations obtained throug h use of the cross-multi plication methods.

• The difference equations obtained are part icularly amenab le to programming on a
desktop calculator or dig ital computer. -

~ ~. • A detailed knowled ge of the theory underly ing di gital or samp led-data control sy stems
is not required (althoug h it certainl y is h elpful) by the analyst in order to apply the reci pes
described herein.

I

I
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• This r eport ~~-~~crth~~s a t~~c .i~ ’i~ Thr ~et~ rn in ing th -~-

am~ dyriar~ic oh: ic~~ r is t ics  o~’ a dig i ta l  c c-:~trcl ~~r st e~ in tcrr s a~’
“

~~~~~~~~

p v~r~ 1 ~el~ cted ~“ e ~ ~ar~ r~eter s .  The ~ethàd r~~~~ r:~ ~th~ t

the ste~ ch~.ra cter i s t ic  ~ouat ion be available in th~ ~~~~~~~~~ ~n

example iz~ prov~ de~ to ~~~ elucidate the t~ chnioue .

It is this capab ility that r~a~:es the nethod nore pov~’e:~~ui than r~~st

d~ si~ n techni~V~s (which dazcrihe stability in torr~s o~’ only one vari~~~le

para~ eter~~~~~r gain) .
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z:c~ I~ T i. I::TRC~UCT IcN

/ ~~~he parare:~ r spa c~~~~P~~dJ P~°Y~~’ an analyt ical  tool developed

j for u~ e in ccntrol system analysis and synthesis .  Although not necessary ,

its ap~~lication is faci l i tated by augmenting the analytical  results

with- graphical portrayals in a selected mult i~ parameter space.

The method requires that the cor.trol system be described by a character—

I istic equation which , for sampled—data or digital syste~~ , ~~~~~~~~~

-~ essed in~~~~~~~the z-doriain . The technique is based on the analysis and synthosis n~eth~~.s

- f o r  linear and nonlinear contr ol syste~i design which are .

amply described in ~i1jak ’s excellent r:ionograph on the subject.1

- Reference 2 describ~~~~

I - ~~~~app licat ;o;t o~ the t~chi i ~~~ie to the anal ysis and synthes is of line ;~r s~mnp icd- data control
systems. - - -

r j ’  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

dan pin r t’~ d ~ C ~I I~~ 1 n~ is ~~ 10 tht. J~~ I C  T l_  ~C t~ L IO~

- 

- roots ~f U n~int ~ two ~~~~~ f)ara 1~ iars . Sil iak fu r ther si:~ phmi ~J t~ e c !asi~ :i pro:~dure 1),e p~ ~~ ~~~~
by intr o~!ucin ~ Clteb ;~ -

~~~ fun cti ons ii , to the equ at iomi s tharc l~y çtit~in~ thc~u in a L~ m

k p att i cuIari y a m ~nahle ta th .~it S~~atiO~i a d ig ital cempui~’r. . 
-

Th~kJ The rncthod has ‘occu e’.tc ud~ i to NIr iray the etl~ct of v~.i -~ th~ ‘amp !i~t~ r’crioa. —~ ~~~~~~~~ 
-

-to 
~
‘

~~~ 
or.~~~~~~ see the ef fec t  of the choice of values assigned to the

I sampling period on absolute and relative stabil i ty. ,tlso, the recursive

formulas shown therein are simpler in form than the Ch~ b:,~shev func t ion s

of Ref. 2. ~~~ Tue re ~~~ I nutat ioa i:. d~libe r l tel Y C~~7,’~ 
1M1;~th.~’ ~~~~~~

- -
. ~~~ ~~~ - :~ di~:tal COmI ~, ~r 0. ~‘ ‘

. . 
— - %~j  5(. .L L ‘ . — - - l -

cnl asiLtii
~
. tl

~~ 
1~~~~~~~ I

— !
~~ Y ~~~~~ a;ialy s~’ and eompuJ ~~ ~~~~~~~ 

~‘~~~~Whcn p’,rtrayed gra~i’ica12.y, the

results show the dynamic relation between the ected -,-.r~-.etar.5 ~rd the
. ~~~~~~~~~~~~~~~~~~

r 
~ 

characteristic eouation roots , ~s a function o~ ~7~~ i:::.eper.der .t ~~~~~~~~

/ W~T.  Hence one(ça~~~ec~~co c~~.ily t ~e dynanic offect upon the sy~.ter of various

1~ 
combinations of values of the ~:oiacted par~ r :etc-rs dnf inir~ the pttra~otar space.
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¶me history of the continuous—time domain version of the

;arameter plane t !-chr.ique is well-described wi~~ ‘~~able references

~n 1~~7o
-.n Ref. 1. Briefly summarizing that history , .~~~. 

,~~shnetrradskv o~~ -
~~~ ve~~~oeo a±o

q.the Leningrad School of Theoretical and Applied L:1echanicsñ~.~se~ ~~~~~~~ 
-

-first  version of the parameter plan e tec hnique to portray system

“stability and transient characteristics of a third order system on

a two—parameter plane . In 1949 Professor Yu I. Neimark of the Russian

School of Aut omatic Control generalized Vishnegra~ sk~
1s approach to permit

the decompoóition of a two—parameter domain (D) descr ibinz an nth order systen

into stable arid unstable regio~~~~~

che technique was called D—decoriposition . During

the period 1959— 1966 ?rofescor D. ?Jitrovic, founder of a Belgrade

group of au tomatic con trol, extended the method to enable the analyst

to relate the system ’s variable parameters to the system response,
-7

using the last two coefficients of an nth order characteristic equation .

Beginning in 1964, PrOfessor D.D. Siljak, then a student of Vtitrovic’s~

at the University of Belgrade , generalized the method and called it

the ~ararteter Plane methor.~ H~~~~.ethod ~~rmitt ed the analyst to select
arac:~~-is~~ic u~~~Lor .

an arbitrary pair of ‘oe~ :~~ci er . t s  ~or p~~ -~ :.;e~ ers appearing wi th in  the

coefficients) and portray both graphically and analyt ica l ly  the d epen d-

ence of -the syst~m response upon the selected parameters. The

method ~~~~~~~~~~~~~~~~ ~xtcnd~~~by ~i l jak and others to encompass

a host of related problem~~
— the ~~~~~~~~~~~~~~~~~ method to

J .  (eor~ C modli led 
. 

- 

~~ cn in a nu14par~ ri~~ t~’
absolU’4 e stabilitY ro~

enable the portrayal of tne 
~ eiative 5tability,

+ or 4raV 0ofltOUL ~ O~
space (George also showed 

ow ~o

as did Si l jqk ) .  All of the for c~oirig ~‘or~ is carefully an~ completely refercr.c~~

~~~~~~~~~~~~~~~~ ithin Rof .  1. In 196  suhseaucntly, ~oltzer has aPplied the parameter
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space method to: the design , of missile, aircraf t , and satellite controllers ,

including systems containing one or two nonlinearities; the analysis of the

dynamic effects of the nonlinear “Solid Friction” (Dahi ) model for systems

with ball bear ings , such as control moment ~ ‘roscopes and reaction wheels ;

and the specification by the sys tem designer of the dynamic structural flexibility

constraints to the structural designer. Nost of this work has appeared in the

technical journals of the ~~~~ the A IA.A. , the ~~tn~patio~a1 Journ.~~ cor.trol,

and the journal ,C~ ”~uters & Eleotric~I Er~~ r.c.~ Jn~ .A portion

- of the history that has not been reporied ~tpon~~~i i th  one exccption;’to

be noted ) is the control system work conducted by the German rocket
— scientists in the early 1940’s at Peenemunde. There , Dr. ~4 . ]iaeussermann

and others applied the D—decomposit!on technique to the design of the

V-2.Rocket, following ~r. Haeussermann ’s~~ ~~~earl ier~~~~~~~~pre-

world “ar II) application to the control of/~~ derwater torpedo . This

work was not published in the open literature because of national

security constraints.  “hen the group came to the U nited states t o

work with the ‘~r~y ball~~stio ~‘~issi1e~~~gency t f i rs t  at ~t . bliss, Texa s,

then at Redstone ‘~rsenal , Hunt sville , t&labama), Dr. ~aeussermann and

- his associates cor.tinued to apply the method to U~ ~ rmy missi les

(and later to NASA space vehicles). again, national cthis time , anot her

nat ion!)  security precluded publication in the open l i terature unti l

I 1957.

~~ In l96L~ Professor Si1j~ ~~ .~~~~the first application of the

parameter plane techr .ique to sampled—data systems . ~ s mentioned

above , this was extended in R e f .  3 4 .In 1971 seltzer presented an

algori thn for ~y s t e nat i ca ll y  ~o lv ir g  the Popov Cri~~ r ior~ a~ pl ied to

L sampled—data  sy~~—~ mr~ . ‘~pp i ica tions  of those saripled—da ta p~trameter

space t~ chn iqucs  ~ire found in ~~~~ 3, 4 , and 6. 
- 

-

-- ~~~~— .—~——---- —
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SLOTiC~ II .  ~~LL~ TIC..L :: :Li:::::;.R L_~

~~he t echr .iquc r~qu ir ~’s that th c contr oi sys~ m b~ dcscribcd by a charac teris tic e~u~t~ic~n i~~~

~~~~~~~ the :-dom~un. Two adju stab le pararne~ers (1~~ . k 1 j are se!e~t~d,
and th~ char~cte~i~,ti~ ~~~~ t tof l  (CE)  is rcc~s! in te rm~ of them; i.e.

ci~ = 
~~ 

= . (I)
. 

j~ o

/ = )~ (d~ ~~~, k3) (2~
/ . - z = ~~Ts = (3)

r = rR, (i, ,, T) e
_
~~

T, (4)

= B(:,w ,. T) = cos O = co~(~ ,T~ ~~~~~~~~~~~~ 
~ L~~s (5)

where c-’~ ~iid T represent the dan~p ing r at io , natural fre qu en cy . and ~~~~~~ ~criod .,
rest e .-tivcllTo transfo rm th~ ch :tracter ist ic equati on from ~n nth ordei p’~.L~~om1al

- 

algebraic equation , z~ may he defined’l~~~ ~.n ~~~~~~ Of 
-

~~~~~~~~‘r~~àl d~ ~‘oprefen ~~ all s~’~ t~~ p~ r :.r~e~~er~ o~ h~ r than

“~al ~nr1 ir a ~~inar~T p~rts ,. R~and I~ i

-~~~~ z~ ~~ R . + i  I~~~. 
V)

It re~ c~il:’ fol o~-rs~~~~~~frO2 ~ 2q. (3) th~ t the va~l~~~ Of R~ and I~

are
- 

R .  = ru 
~‘c~ 

(7F.)

J
and 

I~~ = r i sin~~~ . 
(71)

‘
~‘~~~~-~~~~ ~~~ 

( )  are ~~t i~ f..ctOr:’ f:-r ~~~~~~~~~~ 
:e vaiu~~ ~f~~~~~ ’.d

I~ , a s~ t o: recurji~
re ~Thr~~tl2-s c_n ~e -~~ ‘~ ‘.~~d ~~ ~re 

a_ c~
_
~

_

- I — .
~~~,,-. ~- A --

~~ ~~~~~~~ 
r’’ ~~

-- i~r~ n -blC to I pl~ :-~e ~~~~~ n ~n 2. ~t :top •_ ~~~~-~~~_~~
. ~~~~~~ ~r ~~~~ 

.
~~-

- - ‘ “  . -‘ ‘  - -  - —~~~~ 
(
~

) -‘
~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~ ~~

-

— ~— - . — ‘ -.~~~~~~~-- - -~~ - 
S  -

- I ~ ~~ 
X .._ -, = - --~~

‘—-~~‘.~~ 
— :‘ ~~~ : ; .  , ~

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- ‘~~~~~~~~~- : -. . j
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1 -
~~d i~)J~ ~~~~ ~ro ob~~~n~d frc:-~ t~. 

‘?f~~~t~~n of z

~~~ ( 3) ~~~~~~ .~~~”i ~ =0 , t~~ vt~1u~ af z~ i~ un ity  _nd , f rom q.

z° = R 0 + I L-~ 
(9)

or

- # i = R 0 
(i 0P~)

t - . 0 = I~ .

When j= 1, th~ value of z 3 is , in ~ul~ r form ,

z = z = r cos G +lr sin ~

= R  + i I  . (i:)
1 1

Hence ,

-

~~~~ 

R1 = rB - (12R)

and 
= r’~~~~

1 
. (121)

- I - It wil L turn out to be uceful in tho seauel  to obs erve from Lq. (
~

)

that t~ radical~ J~~~~
’
, ap~ ears ~s a fac tor  in each v2,ue of I~ .

Solely for simplicity, it nay be factored out by ~~ fi ning  a new tarn ,

I 
I
~
’ = 

~~~~~~~~~ 
. ( 1 3)

I ~ ~~~~~~~~~ ~ub~t it u tcd into Eq:._ - (I~ and the rea l ~tnd inia ~inary n~tr t s of th~
rcs ul t in~t cqu ~aion ~‘te ~sc~a ,atc d . two sinit ~ laneou -; al~chrai ~ equ~u ion~ are obtain ed.

These two ~O~tat ions cont~~~~ the ac~ zstable par~~ .~~t~~rs , or variables ,,
~~~ ~~~~~ rvo ~ ~~~~L)

J kG , k 1 • ence~~tt-t o ~wo euuatior.s may be solved e’xplicitel y for

and k1 as functions of the other system parameters (d
i

) an d , in part!—

- 
-

. J cular , as func tions of the~~~~~~~~~~~~~~~~~~r.de;erder~t argurner~t,u~ T.

It is this lott3r oboervatlon tha t forn~ The ~~~~~ of t~ ~1 -oe :i~~~~t~~ .
’;

~~ ~~r ~~~~~~~~~~~~~~~~ ~~ t~~~~~~I1~~~~~~~ T 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~
r ~~~~ L O) J .~”v ~’~ ~~~~~~~~~~ ~~~ c~ t10~ 0f ~ ~j~~

’
~ r ~ w,,~ o;:~7~

•z
~-fT j 7

— — 
- 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~ — - ---— — - —--- :- _ _ _~,& - — ‘----—~ --- -— —‘ - -— — - _ _ __ ._____, -  ~a ._____,_  — —.—,--~-_ -— —————-.- ~~-~~ —------—— _———--——— -_- ‘- . —-— ~~ — -— -~— -— _,.,a,~
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S~CTIC~ 11. ST~~ ILITY ~~~~~~~~~~~~~

The r~ethod involves the ~efInitioi of stability 
boundaries cn

a nul~~ par-ameter (to include k0 • k~, 
) ~pacc-. Thoc~ boun~.2~ries ar~

found fr an the pa ir of sinu lt-~ine OU S algebraic equat ions th~ t re~ u . t

from the foLlawin~ operations on the c;sten chr~-ctoriStIC e a t ~.Dr~

written In terms of the ccrnplox \‘ariable , z.  u~-t!on (6 )  Ic ~u~ stit—

uted into characteristic equation (i), and th e r~~~~ t in~ real an d

ima~~ir.arV ij-arts ar~ separated and equa t~~ t~ ~‘-rn ’ . r-

a1~cbraic equation s nay b~ solved f-or ~~~ 
2 :1.

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~ Y ‘‘
~~ 

-‘ ‘-~i~’’:’. ~~ -y;:, ‘/ ~~~~~~~ 
-‘‘

~~~ ~~~~~~~~~~~~~~~~~~

Th~~-e nay be as :-:any ~i four stability bo~~~ciZ~ries f-o r ~-.rLy syate::

- described by characteristic equation ( i ) ,  al thou~ h it is nct ~- eCe~~~~~~

for all four to exist. -

1. Cne stabili ty ~n oun ~ ary separates the stable coaplex

c o u ~ate ;airs of ro2t~ ~--‘-n the ur.st:~blo or~cs. It ccns!sts of a

rr.a~ of the un it  circle~~~~~~ .~~ ~~l~a~: z— ~ lane onto a oc lec ted  (such

i~-~ , :-:~ ) .ran~t~r ‘~‘ao .

~~~~~~~~~~ 
‘, ‘

,.‘ ~~~~ 
~~~~~~~~~~~~~~~~~ 

‘fli ~~ O”~

~ —~ crisider t e oft—occurrirg case where the coeffic~ erts of

F the powers of z in the cha.pacteristic equation are linear combinations

of k0 , k1 , i.e. -

J’.: ~ ~ # 6 - kt ~ , (i~~

where a~ • c~ represent all system parameters other than k0 ,
In thi3 case the two sinultaneous equations resulting fron the rca]. and irr.~.ginary ,

I respectively, parts of the characteristic equation assun~e the form,
Re [c.-E.1 i~~ + m..c~:Q, t

’
i ’ R ~~

- ~~~~~ 
~ J a i i 2 a +  .,.C2,Q (i ~~)~~~ 

-

~~~~~~~~~ 

-

~~ 

-
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~ 
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C~P)~Th~r(

’J -

— and may be solved for k0 and k1 readily by applying C~J?r.er’ 
s Rule , yielding

& 
B,C2 — 

13.C,

- 

(1,) 

-

* 
‘ J = 4 1B2 — 4 2 131 I~~)  

- .

- I A, = ~ ~~~ 13~ = ~ b- g, C2 = >2
j =O ~ J~~O ~ j 0  ‘

• N A p
- 

- A 3 ~ 
a1I~ I3~ = ~ t~I~ c2 = E c ,, (I ~

)
j~~O ) J~~O ~ i O  ~

j~~ere J represents the Jacobian associated with the pair of algebraic

equatiOflS..~~ - -

(~T0 fin~ the stability bouncL~ry i-n r ju est i cn , one neroly sets

equal to zero in the ~.e fin i t ions  of :-nd I~ i~~ed 
- 

in o’:tainin : h~

- and in Ecs. (i6) — (i”). The ansult is a boundary in the k6 —

Darane~ er niane that is dafined in turns of ‘atom Daranetei’s dj

tin the ~enaral ~‘as~ — —  p~’e L~ , (2) ~~~~~ : . -ci~~ a - eofEo . (~ -~;~~~
and th e !~ J e p e n d e n t  ar~u- -~nt , ~~~ 5.-v~ :“~~-~:nt is V

in. valuc~ b et’,-,~ en z~ ro ~~~~~~~~~ ~~fin!n: the ’ c ;n ~~.ry

tar s of k,, ~1nd k 1. If t I n  c oe f f i c ien t s  
~~

, b~ , ~.nd c~ contain

expo-nent ~ al t~ r-a~ ;-.~ -th T a:-’-
~’arin-~ i~- tha expon~nnto , then each e:-:r:n—

ent n - r  ‘cc re~)laccd by its ao;;er saries and truno:ted ac -crdin~: t::

the an~’ur-ncy thnt is desired . If the t-’:o ;ra:net~-:’s ~~ u-nd k~ do not

n r - n r  lth~ar1y as ~:-:rre.-aed in cj . ( I L ~. )  , they ~~~~L • - ::_ y be ac lvod  for

~ : ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

by ; :.tb. . t i tu t !n  ~~~~ . (6) into t:~ie c~Ior_ c ri~ tic -~au~ti:o (:)

-~ ~
— - ) ‘ • : - ~‘ - ‘ -~ ~ ‘~~~~-“ ‘1 a “~ 

-~ ~ - “-~ - - —‘~~• ~~~‘ -~ 
- 

~— — “ -

~ 
: - 

Y:~~~~~~~~~~~~~~~~ 

~~~~~ 

, q - _ — ‘ _ . - ( . — ‘  - . —, ‘
— - 5 - / \ .  / 5
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2. Th n next  two s tab i l i ty  boun lariss are those sep~ ratin :

the stable real r o ot s  fr on t:-Ic unatab le ones .  These co-:prise a map - in~
of the z=i -r d  z =—1 po int s  fr om the  z — p l a n c  on t o  -the ~~~ ectad  pa.rane t~ r

space . Thece are foun d r - d i y r y  c~~~~ti~ -t t i : :=1 ::nd z=— ~~, rc~-pe ct ive ly,

into  the c r~.Ct 7 r i c t iC  e qu at i o n  ( i )  .
~~~~~~

‘ 
— oh of the two r

: 

e~uatj~—no r~n~uLt~ in a de f i n i t i o n  of The t’.-;o roal r o o t  boundaries

in -the selected p:--.r aneter space .
OT -

3. The four th  boundary is a n ~ in j  The c -endit i on s tha t

cause the two simultane ous al~ ebraic equati ons(used~~ - tc def in e the
-, co-r~lex con j -u~ ate root  boandary ) to become de~~en-~ent .  In the case

where k0 and k 1 aarear l inearly as in ~q. ( 14) , this caao is found

by d~ temmir~in~-~ the condi t ions  that  cause the Jaccbian of Eq. (
~~~)

to become id~ ntically e qual to zero.

1or a linear sampled—d ata control system to be st able , it is

necesoary that all ro ots o~ the characth-ristic equation lie within

the unit circle on the z—pl ane . If the system is low— aacs in nature ,

I the stable region is boun ded by The semi—ci rc le  de f ined  by the up~ er

half of t~a~ unit circ~~~~ (part 1, above ) and the singular it ies aseociate d

w i t h  z = 1 (part 2, above) and J=0 (part 3, above). Th~ nap—inc of
t h n : e  b oundar ies  onto the parameter snace will  bound the stable re~;ion ,

I if one ex i s ts .  Tha t re :ion is determined  by ap;lyin~ a sh~ din~ c rite r ion

• or u sin-~ a test  point .~ if the ~~-acoh!an is - r~ ater  than  zero , then

t:ne stable re~ ian (if it exis ts)  lies to the  l e f t  of the  compl ex

1 con~ u -~ te root  boundary as

• ~~~~~~~~~~~~~ left s ide of tl~ ti :~’: k dot ’ b ie  cru~ -hat~ wd to ~iiea w a ~‘oti ni~’ry associawJ ‘.- ith

‘ 
doul,c. or eomp!ex c-j niu~ ate. ro~’ts. If t~ie J c~.bian t~ k’~ than ~~ro. t~~ s~ab~e r~~ t’n
to th: i khi.) Sin~L~ c. s—I t~’ ieh in~ is u~~l on the two e~atours .i oc~:,~al v. ith t~~: r::~l
roots. Ih~ Side of th ~ c,~, ituu r on ~~ikh to p~a~ th~ cro~~- at~h ;n~ is de:erm ir.~’d 1’)

I requirem ent th: ’~ c-ri~~- Ii ;nch in~’ be ei rn t int tou~. or on the ~ t ti ~ ~de. ci it ; : COfltoU ’- :‘ .~~ the
ifltCrSeeti(’a~ c ’r’:’- ; - lIit ~a~Z to = ~~

- I ~ind — I are appr oad ~ d akl:a~ .~ther the

• I conipl ex root or tc ~ 1 root ~~~~~~ b~u , d ~1;y . 
~~

• •  t:._ •~;a~ :~ I (‘ - —~~~~ ~~~~~~~~~~~ ~o ~~~~~~~~ 
- ._ : )

- —~~—- - — • - -
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- 
I sinCular case when J=O , the shadin ~ ~~~~~~~~~~~~~~~ cuIt i~ & boundary

is determined in a similar ~~~~~~~~~~~~~~~~ er , i.e. the side

on which to shade the boundary is •d~ ta rmined by the ~hysical rcouirement

tha t the number of stable rocts  :eust never becone ~~~~ t :n_n zero as

one moves across a stability boundsry. This J=O case may arise for

a particular frequericy,~~ , or for a Darticular C O : I b l n a t -Ofl of sys tem

paramet ers .  Th& l a t te r  :- i tuaticn. Ie included in the ‘1:crk repor ted  up~ n

-

~~ - -  in “ef.  7. - 
- 

-

U 

_  - — —~~~~~~~~~~~~~~~ --~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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•~• ~~~~ J. • .s — ~j  - — -

i-i

Cuce th-~ ;t•~- ’ -
~ r o - i~n , If -‘

~~~~ ex i -~ - - , ~~~ ~--~e~ d ;~~:-nined i-n the

selected par~ m et t ~r s~D n ce , -the dyna:iic cr t rans ient  chaz’actcristic~

•- of the system- cnn be spec i f ied  in terms of the l~ ca-tions of the root s

of the characteristic equation (pole p 1_ cement ) .  For t~ e

complex conj u ~ ate ro -ts , these locat ions  are def ined  in terms of damping

ratio ~~) ~~~ system natural frequency ~~~~~~~~~ Ccnt our s  of constant  ~

- 
are dct~ rr iined a~ functicri s of W1,,~ and T in ~recicely  the ~are e man - er

that the complex conjugate stability hou rdary was d e termine d except

- that is not  set equal to zero.

• ~~Thc r~-aJ root locutiot~s corresponding to values of :  when 0 equals cr and

I - — ~~~~~ be plotted on the p:ian~eter plane by sctt tlg equal to a po sitiv e or ne~ati v~ real
constaiu . suh sti tu ti ne iha~ value into ~~~~~~~ I;, at~d soIvin~ for k. as a (unct ion of k0.

• • Each resuhing contour corresponds to a location of a real root in the :-do~iain . When
- :  - -  

-

I 
- • -/ 

- 

- 

J~o 
•
~*, 

0, 
- 

- 

-

and when : —~~. 
- 

- 

-

r i  (n — 2);2
• ~ .. 12~~~~’ — L ‘/(2j -- ~~~ = o, n cv~n (at)

J — o i— u -

(ii — 1 ) 2

5 ~~ — 1(ij+ ~~~~~~~~~~ 
= 0, n odd

i .o _______________
whcre~ is a pos itive ical ntimber ~~~~~ 

—

~~~~~~~~~ 
-

Va1u~~ 1 nspo nd in~ to desired real r a n t  locat ions  nay be

su~~~t i~;ut~ d i :to ~q~ .(zo ) — (2:) to obtain yar anet er  space con tou r s

cs r rnspondir . C  to t c ~ e locat icns~~~~;w the dyn am ic  e f f e c t  of any

choc-~n desi :-n n oin t  in the ~arane ter  s-on-ce r aor be ~;necifie d in tc-r::’s

~~~~~~~~~~~~~~~~~
~ fhc a,~al ,~i~ i l te~ ;; ;  ~~; ~~~~~~~~~ ;~.r  c ’~! L- ~ ~~ d’ :~~:~~

-
~ to ~-~s~rse tt ~_ ~~~~ of s~:~~ l—

[ 
I taneousir et~;;~~in .: th r e~ c~n~ruI toni : 2~ : e: ~nd t !- :  I i ’ ~~ Nt 01. \ O~ t ~ \I~~t

convention :.I teeIini ~n; - ‘ ‘‘~~7 r~ t t t~~_ ‘~~~~~~~ V~ t~~O21 Ci C~ i~~~ t ‘ ‘ I ~ia i ~~~r _’ C ; o~)C ~~‘tt ~ r~
pal -an-teter and d~-i n t  ~‘ : ‘  ~-~1 - ~t - -  ~~~~. ; : ~~~ : -  p : i t ~ -

~~~~
- I~’ ~

- —
• 

- - •  - ‘ 
~

• —  - -- S
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I
so~’et irie s the system ~ararieter s  may he - manipulated within the equat ion s

defin ing  the stabi l ity  and dynamic contours so tha t more Than t.;o

I parameters (such as k0 , k 1
) may be used to def ine a p~rameter space.

f £~fl examp e of a three—parameter  space is provided ~~~~~~~~~~~~ ~~ t

- q Som etimes it is ec~iicd th~ the seit i tn ~ ita~e of the s:.stem be Ie~s than a prescrib~d
valuc. This cot-rcsror~d~ to rc qu :r ir.~ tnat :I~ rcat part of the roots of the ch iracter istic
equation be lcss than a jnc scri ra d nc’ otive real constant. A boundary corresr ~cnding to thi s

- - — requirc inent can be drawn on the param~t:t- t’~anc by mappin g a circle of cc~ ‘stan u r ad iu.~
(br a ~ho~t-n ~alues ci. ,ft - m y ~l 1)  from th~ i-~ t at tc  OfltO t~i e r ar ;tm etc r  p !ar~c~

exist lot C~~t t i i  ~~L ntz th i .~~‘ i iur o~. ~hoit “d ~ ok it tie of transicr ~ r~ no h t i c
valid to assuma a ~ecoi~d or~i~r system! Hov.’ever. a siInp~: ~~~~~~~~~~~~~~~~~~
made(b~~i~~ el~ hxI~in~ at the ( l iUe r ence equation rept -esent ing the sy~trm respon se.
estimatIng v. hen inc o’-crshoot wi ll oceua and f l le t t iae  a corrc~ ,ondtut ~ !;n: on tii ~ r~~a-

- meter plaiw . Th~ ~~~~~~~ i:~~ i~ ~~~~~~~~ i~~th: sta ~c resp~ :~~ri:~ he
found From the open loop transfer fttnct~on and inc assumed forci :~g func t ions in the
conventional mannet~ - -

“S

1’

- - - - —
~~

- -- -----~~~~~~ -~~~~~~ -~~~~~--~~~~~
-
~~~ ~~~

. -
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~~~~~~~~~~~ CO sid t n i  that por~~~~~-s~~~~~~~~~~~~~~~~~

-I rotational dyramics ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~- - 
It is shown in block

diagra m form in Fig. 1 • The p lant to be con-

- 
- - Gi ll) G4 ( i l

i~ ~~~~ j~EIh—
- ! ~cls) ~~~~~~~~ :~~~~

‘
~~~~~~~~~~~

ut

Gç (si

:- 
_

- 

- 

- 

.__

. 
~[ ~4.j ~~~~_ ot i

- 

rig. t Block Diagrarl ~~~~~~~~~~~ ~~~~~~~~~~~~~~

troUcd Is represented by the transfer functIonS , -

G4(s) a ~(s)/T c(5) 
— 113y5 ~t3) ~

m d  -

- 

G5(s) a ~~s)/~ (S) - ~/s ~tM~) ~

JI ~~~~~~~~~~~~~~~~~~the ~~ -j n~t~d to r~ - Q , ~ir4 th~ OVCr G Ot • representS

the derivative w i th  respe Ct to t iee. The two

fsçnsors tha t r:c~ .urC ~tt it i ’dn (~) and att itu~C rates
( . )  are as s u rci to he p erf e ct ~:ith u n i t y  tr~!. cr

June t ~~~ I ;~: GC-t IC~ 1d d i i i  i L~ c ont ro l )  .‘r dty -

velops the CO Ii~~ndCU control torqu~ fi
C.i i the input

states ~ and ~. and thC ccr. :~uniCd att it ude 5i~~r,a)

~c c 10(s) rc~ rc-sc ntS a zero-Oroer t:o)~ in tue
c

~

nputor :

a (~-c
T
~)/S, 

(b) . -
where I Is the s.~I~’p~e ~eric’d of the on.board dl(iltal
conputcr. 1t-ie P I E)  ccntro ~ a) rithai is  reprC~cfltCd

by G)(s ) and ~&(~
)

p ~ . . 
- 

-

* whe re )
~ç~ ard )~ arc the post ti ofl ar~i intc~

ra1 feed-

back gala S ar~ 
-

~ :: 
G&(s)

L where ~~ Is tt’e ~e riva t 1v e fct~ t’aCk qain (riore

co:~umcnt~ cafl~
-U the ra te  çn ..~.
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The third order characteristic equation is Eq. (1) with n’-3, where the coefficients

- 

of z~ are in the form of Eq. (~+) ,  i.e.

• ~~~~~~~~~~~~~~~~~~~~~~~~~~
-—- 

~~~~~~~~~~~~~~~~
- v0 a ( a - b 4 2 c - f l ,  C . . ’

- .(-2a + 2c + 3), (~~°t) . 
- 

- -

- ‘~‘2 — (a + b~ - 3), 
- (30)

- 

(31)

Piodified gains a, b , c are defi n ed as

a a r.,~ T/J~, 
(31~) ~

,_ b a K~T
2/2J~. 

(~3) 
- -

- 
C a K1T

3/4J~ -

. 

(:3’~ 
( ,c.

- W The st~hi t i ty  boundaries are prct~nted in ter~s
of a , b. c, and ~~ by observir .~i tz’3t the roots

- (in this case t hr ee) of a characteristic equation
representing a stable )inear s~r-p)ed-d.3ta controi

• - system rust a ll )ie w itn in the unit circle in the
z—p )one. : tt is assur~d that the syste~i

- 
possesses lou—pass fi l ter cha racter i stics so that

- on’y the prirary strip (corresponding to 0 < 0 ‘
- • 

- - need be cons idered. Tha st~b te re~ic.n
may be defined by rappin g its three bou ndari es fr~~ the z—plane onto the

a,b ,c parar~ieter spaee by first considering parameters a,b to be k0 , k1 in Eq. - 
-

c: .,
• The bounda ry at a +~ I s f ound by ~ubst 1tUt ing

that v alue for a Into the C.L, yielding the s ta—
- blUty boundar y

_ I
i . - c 0  .

- The boun~~rY at a — -1 Is found by ~ub stltu ting

that value for a Into the C.L, yie)d~rig

a 2 .  - - -

~ The corptex coCl i;l’~ate rout stabIl ity boundary

~~~ 

- ~ay he found by Sc t it tuj z t’qua 1 to c&’ ..‘,~I 4

* I sin t- ,11 in thc C.1 . t~owe’sCr , at this pn in • - it iS convenient

to use the recursive forr~ulas of Eq. (~~~ ) and transform the C.E.

, into two al~ehraic equations by separating the real and irnagirary

parts. ir they are solves for a and b and the associated Jacobian J, one obtains as

- - 
thc cccmplc:c conjugate root stability bc’uviary,

a ((1 + B)/() — C) J c 4 ( 1  — L’), ~~~~ ~.

b — c + (1 - C ) ,  - (i~)
and 

~~~~~~~~ -~~~~~ ---, - - - - ~~~~—-‘ --~~- —~~~~~~ - rn -
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-

~x a . ~ation of Eq. (~~~)reveals that the  s t ab i l i ty  boundary associated

-~~ with ‘the sir.~ ilar case J=O only occurs when B=1 , which is the already

considered z=1 case.

4 th~~ s~ ~~1ft) boundaries of Eqs ~~
), ( ,~~~(37)~~3~~- can be pløttcd on a thrc-c-din~ension~)

plot wi th axes a, b , C. A s~Ctch of these bound-ar ies Is shown in Fig. Z . The stability region Is

- —a ,.• ~ sTt.OILITY -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(C - 

-

- I I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. 

-

I ‘J e \
2 :~iI ‘.>_ .~~.

-
~~_ -; . . - . - . . 1 ”

~~b

- - I ~~~~~~~~

(
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ UhOAH~~~~~2)

FIg. 2. Stability Coundartes In 3-Dimensions

found by a7~lying ~~~~~~~~~~~~~~~~~ or by
using cne or t are tc~t ~othts (kn~;-n to to stable ,
to lie on a ,stabi h ty b;und.~try, or to b~- un-stable). If J-0 tl.e stable region (if It

existc) 1 i~-~ to the left of the r.r,r ~.l ‘•, c~nj~I’;~I toroot stability tioiimd.i r j  of Uqs . (~ ‘~~(J~ 
, ~:(or ~,,T) increases; the left t :-~e of tte lIre ;~double cro~.s—hatr.hed to ir.~icate a ~~ ir’~..ry a .so—

d ated wi th  do~b1e, or co-.plei con) uJ- m ’.’:, roots .
If J~O, as - i n thIs cas e,  the stTh)e r’:’; C r.fl ) j~~to th~ r.l~m ht a rcS ttt c rir~ht ~lde of th~ i~~~’~~ ~~~

double cross-~~tclmed. ~t r’i1 e c— n s s - ~-~~ c n t r . ’; is
used on tI- a contours of L~s. 

(
~~)~- (~~) ~~r.1dt c-d —.

• with singie root I ’jn’~ar~c~. fr-c s;’c or the
Contour on ~.hi crt to p 1 tue cro~s-~-tt chir.g Ic
dCtCrrir,Cd by U -c requt rc~

-
~~it ~ the :  c : o : : — r I - C  t.hir~g• b~ contlmiou- s. or c-n trr: ~~— c s1e: , ~f tre con-

tours as the lntcrso- :tie~o corrcs:sn~ ir,~ to
2 ‘ 41 (-D 0) ~~ -1 (• ‘- n j  ~rc a rc-acr.es
a)r.ng e ithcr tnn ce- - ~I •~ root or r~-~l rc~ t s t a —
b iti ty t~~~~-:ry. U~ m r ; thm~ cr i t ’r v - , r~ st a r i e
reqion is fouril tO ~C ~~~~~~~~ by Y i -: i plane ,
the a — 2 ~~~~~ ~r.d U -’ c- cr-ic s ; - ~ U• ’i - ~J tJ
1cis. (

~i).’f~~)~ 
) - t ’~r”- ‘ -~

y t~c l -~~-~ fer a
• as a fun~ tic -n of 1., rcsul ti r .G In the r~ lc~

A
. Cxprctston

~~~~ ~~~~~~ - I-- ~~~~~~~~~~~~ - —- - - -— - —-- — ~~~~~~~~~~~~~~~~~~ la [L~,~j~L • ~~ L.  
- -
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Then , usl r ,g (qs . (ct) , (t3), and (Z 6). one obtains

H • l i m b — c

H 0~~ 0 
-

- Urn a . - Urn c C(4/32 )_ (2 /3)4(0 2/36)~~ ..)....

- 

0 ..- 0
- 

~~.0

~For c = 0, Eq . (27) sti ll holds (recognize K j 0

Is real l y tha case one is interested in). Then,

- 
using Eqs .(19c ) and (?2.) , one obtains

- Urn a u r n  (K 03/4J ~~~~~~~~~~~~~~~~~~~
‘-  0 .0  0 .0  1. v

‘ Urn (K 1O/2J~u~)C2-(2~
2/6)4(C4/72)- -. ~~~ 

(91)

H - :
- 

For the l -Imltlnq case of 0

Urn a Urn {uu+B c/ u-~~ +(i-B} 2 ~
0—-it  0~’i~

-

~~~ 

- and -

~~~~~~

Urn b Urn (c -i l-C) c+2 -

H 0 - u
The results of the foregoing are sketched graph-
ically In two dimensions on Fig.~~, for the cases
where c 0 and wnen C 1 0.

~~ The design tcc hr1i q~e c-~rp1oys the poie place—

rnent a p ,roach. It Is tasUi on the pre - -~1se th~~ t

the d-ir~~iC t-c h4vicr of
~~~~~~~~~~ ~ t .e - ::.tion or ~~~~~ ri.~~-~

C a Cu ch~r~iC’_e r;~.tiC ecua ti c -n . Tn3 ~~~i~o-I She-V’S
both an~lytm c aHy ~r1d grc~h Icall Y the direc t

correlation between these roots and the control
- gains and sa—p le period of the contro ller. The

4 
design techr.i~ue thon involve s the spocif~caticn
of the charactcri stic ceuct ion root lcr.~ticns ard
the suLisequent detcrri~nation of tre contro systc~

- gains and sarpie period needed to atta,n th -CSC
locations. The control sy~t em cesiqnar tren r-u~t
determine the sysze~i response resulting frc-~m using

F I these nurerfcal va~ues ~nd assess its ~~quacy.
- 

~ If it is not adequat e. he usua l y re l Ies c-n nis
experience to re-lacntc trie roots to irpro’/O tee
response in the rancor desired for his part~cuiar

I sy 5t e~ j t . e . ,  fe stc -r se:t l ir.q tire , lower paa~
overs hoat . etc. ). It is ass~ ’ad th~t one wis hes —

the pair of cc~piex conjugate poleS of the C.C. to

res;’.~ , c.e w~ i~ ‘:-~n be rcc .S~t ied oy Ioc~ ting th~I 
domin-~te the djra-i;c rcs~on~e of the cvstcra

. This

thi rd ( re e l )  reot.

j  First considcr the pair of coo~plex conju ~~to roots . Cne r~ay use

a U?) , subctituting :1~i 
respeofive ~~~~~l~ O U5 2J~g~~~3 V~~~~ 4~~~~(~~~~~~~
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Fig. 3’Stability Boundaries In 2-Dimen~lons

-~ Upon exarninin~ the nature of the equations for a,b, one sees that they are functior~

-
~~ 

of r , B, and c , or ( £inally~ functions of ~ , ~ , c • 
-
. 

-

—— ~~~~~~~~—
— For each value of ~ , b versus a may be dctcn~ir.cd

-3 analyt ically and plotted gra p hica ll y as a funct ion
- of 0 for a given val ue of c. This nay be repeated

for a nu ther of va lues of C. ~ew the va luc of C
may be selected (for ~elc- ctc-d value s of c) that

I - best -oc t s iIhdte~er des ign cr i t~ r 1-~ -~.e c~c OSCS.
— In effect , s~ iect i r- ;  ~ a;’~ c i l l  e l s e t r c~~SC 5.e

real root locat ion. Th i s r ; ’y  ba sr~~ n by d~ Sig-
natl;I] the re al root of t~~ C .1 .  as a 11, ~hcre

-o
2R~~~~~~

a C  ‘ (‘1-p )

LI 
. and o, roprescn c the d~~~: c i r g  f~.c- to r. Gee

kl~j———— 
Suhst (tutc Eq. (‘t?~ into C.E. (I) and solve for b ,

_ _ _ _ _  - -_~~t _ — 
5------ ___-~~~ _-_ — - - -— - - --- —- - - ___ 5 _ _ _ _  

- ~



J - b a ((l_6)/l+6)3a4(2fO_6)]c_ (
~
l_ 6)2/(1+6))

,,?)

One sees that Eq. ~*~) yields a strai çht line cc-n—

j -~~~~~~~~~~~~~~~ tour of b vs. a for a giv e-n val ue c-f c and a given
value - c-f ~~ . Thus, for r ~ivon v~iue ~‘ C. where

(37)43~ C ~- e - ~ to-j r ~f Eq. (9~) crosses the 
c.contour of

ne cotains a VV~1Ue of 3 for the given
value o c ~ro those specified values c-f ~ and 6.
Frosi Eq. (L). c c:ay he dcter~irc d as a function of
the char~ctc-ristic equation root locations:

C — (
~ + - 2a + l)(l — 6)/4,

a’ wnere o and ~ are the real ~nd ira;in-3ry parts ,respectivel y,  of the pair of ccrplcx conjugate
— roots of cheracteristic equation (1). For a

spe c if i c -c’ loc-lt ion (m ,~:) c-f t~~ ra ir of co~p]ex
conjugate roots , a vc -iue for c Is ~~~~ t c -~~~l i s l , ed  by

- Setting a va lue fur 6 (locatIon of the real root).
—- 

- An edditirjnol constraint Is Imposed by Shannon ’s
Sampling Theorem:

-

~ W ( ii~/2 , - 
- (cc))

— . - where Is defined in Eq. (5) and ~ /2i~ Is the.sampl i ng frequency, -

- 2n/T.  
~$I)

-a  - 
. -  - .

From Eqs. (co.~— (S i ), ~~~~~~~~ th i s  constraint
— -  

may be rcste ted as
- ,  - 0<1T ,

The stable region portrayc-d in FIgs. 2-3 may
be shown for severa l ~e ic-e -ted va l ues  of c on
Fig. ~ using Eqs. (8. )  and (se). As c increa ses

—— In value , the stable region shrinks in size ar.d
the ~ con tours lie fui -the r to the ri g ht. ~.r.en
c 0.6 , the r. — 1//2 contour li e-s entirely to the

—. - 

. 

~~~( )  
rc~iou dis pea r s er.tir !iy (

- - - The application of the foregoing technique wi ll
now be s~rra rizcd . -

- 1. ea~~d on desired system response
a— characte rist ics , tcnt~ L~-.-c-i y sel ect b c - a  tic-es for

the tIi:~ee roo ts of ~ e crara:~cris:ic c-c uat ion .
Although the zeros of the svs ter ~ Cha ra c ter is t ic
cqu atior . also af fect ti e d1ra—i cs . ac-erec t of
the poles will do min antly ~ffcct  the dyr.aric -s.

a. A root location crlte!ia mi ght be
— -  to select num erical v a l ues for ~ an o 

~~~
.

- - b. Then qualitative ly det~ rr~ire hew
much Integral gain is desired for ti :- ’ ty;es of

— d ls tut -h~nce inp uts ex ’cc ted . This gives an irdi-
Cat ion of t hc valu e o~ c to use .

C. Deterrine c~rputcr cosign c-or-
Str ain ~~. Cr-c mi~;-~t Lie to select l. -ree a
of T as puss~~io t~ r , ; - r n z e  c 1—ba ~rd rc ery

- cap ici ty rc-q uf lc r-e r. th .  

-- -- - ----- - -—-—--—- — —.—--~-.-- -~- -
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1’

2. Using the value of c te r tat ivel y
established in pare~ra2h lb above, plo t t~e sc-a-
bibity Lounde— i cs -

~~ ~~ b vs. a p~ro- -c-ter p1~ re ,
- I using tc~s .  ~~~~~~~~~~~~~~ Then plot tr.c d,~~i rcc-

- , j ~—cont~u r (at a fu~~ ~ ~r of arg -~~
--c ” . r~T )  c-~ the

b vs. a pa ra-~-c .te r plane , using Eqs.~
t —

~)-.—(~ç),

3. Using various values of 6. clot 6— -

contours on the some plot , usi ng ~q. (‘~J. -

4. Find an inters ection of a t~.contc.urwhich çives a desired velue for L-,T (ur~ fleece T,
s ince t~-~ has airceuj been specified ) a~i-i 6 .  I i

j  -

-f cencral , if ~S -. 0, its cff~-ct on the systc’l/ dyn. ;;~iCS is sr -a ll cc~;’ar~d to the c- (fcct uf the -

J pair of co~:plex conjugate poics ( pb o c c d t~v ~~~ t).

S. Check the response of the system using
the values of a, b • c , ~nd ~T (and her~cc r~~, Kj ~

~o. and 1) asso c iated w i t h  t~:C selected inter-
sect ion. If it is uns~ t~sfactc ry, re it C rat c the
above procedure, se lect iny another vOluc oi C.

-

~~ 1 - 
- 

-

If the design procedure ‘~mcrc merely to 
rpe cafy

the three root locati ons (s~ :h as in tCi :~S Or - ~~,

B, 6 or :,, 6’fl T , ~), itera t or~ wo uld not ~-2 required.
UnfortunatelY, in  dcs~~n practic e one ~- us t  exe rc ise
cnglr .ceriIv., judc~~~r-t in :clc ti r-9 the u~ree root
loca tions , giving rise to t.~rat ,’ ,e desig n ; ro—
cedures such as t~-c c~-~ ou tlined above . I~o~.cvor ,

~~~~ ãfl~ther-POS51bi~l~i-tY-cO ’lS exist. If the re al rOrjt -

Is placed r.~-ar tlc~ crig~r~ of the z-pl~ r.~ (a • 0),
and if the pair of cc:-~plex conju~c-te rootS are
locate d nc-ar the unit circle in the z.~,iane (i.e .,
specifyir-g ~~ ~-rJ)’ the )at ~er two re-Ots will
domina te the sys tc-m resso-se. Thee. the
already dev~lopcd tc-cls for specify irg the sy~ten
respe use (such as de ter ~in in 9 exp l ic i t l y th-~ . -

• .maximum overshoot and t~
-.e settlir ,i tj~:- ~ c f  seco nd—

order systeos may be app lied handily. Tne foregoing procedure

may be a~iplified through the appl icat ion of real ist ic  nurrmrical values

ror the system parar~et ers . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~

av~ a c~-rtrc~iier r-aturai fr~:uc~cy (LTd of six
rad,s, and that t~e -:- .t of ~r-crtia (J-- about

~ 3Q~ 
— 

q r ~~~~, ~s - ~that ntt-~ral cc-nu- ol i~ :csirc o to dri- .-a to rero
the effect c-f constant ir.~ j t  d istur~~’-ccs. Thi s
means a ron-zero va lue of c is cc-~irc -d. If a value

- of r, of 1 /12 is selected , and if t - c va lue of 5 is
desired to be kept as close to zero as poss iLil e ,

- It is i r~~b ied from Fig. 14c that, for ~ 0, r-~intersect ions of the t-contour occur ~-h~n c ‘ 0.2.
Hence , a value of c • 0.1 is chcsen . Tic srallc st
value of ~ ~.l-,osc corrcs;orid-~n- ~- li r c intersccts
the c-contour, with a reassr~ble fact~r of safety ,Is 6 0.4. Thy v~1u~ of ~~T — 1.2 is en t r :  c- -

- 
contour ~t the in rs t ~ t~~: , y iuboi~~ a va lue- of
0.20s for 1. Corre~~ur~ i:’- v a l :s or a ji -

~u r
1.41 ar -i O.C-~ , r~~~~L:~~~- - , -~~- . T hrs  r - ; - - ’j o s~ t of
g- lri v~-lucs of 1. -~ x l~ - .•nfr~1 , l ,i., x
ll.n/ r~

d .s , ar.~
j 2..~ 

-~ ) , t ’ 
~. -r - ~~s , i  ... f - r  - , f~ , ~~~r0, re~~~~ :c - - .- c )- . ~f rc- ’.; ~r- ’.o ~c - . , .t ~~~~~~~ a

- la rge r ~~~~~~~~~ c f  i r t c . - -~ - - ~‘ f l  1 , : -  - 
~ J r.~~Ct ~S~ ~

-
,

— -  
- 

a ba r gai - v - - -~ of c (~~-~ ~~~~~~~~~~~~~~~~~~~~~~~ ~- .~ lcr -

v al ue o~ m~ ~-e -.~l~ Lie ,
~~ucte-~ . 

— -~~~~~~~- - -~ rn --
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~~CTI~N VI. CC~CL~SI~~~

- 

An arta l—irtic al r~iethc ;d for  por~ ra~-ing stability r3g ions in a~ so l c~cted

parameter space hz. s ‘b~ cn shown for a di~ it~ l sy~ t~ m . The r~ethod raq -c-i res

tha t the system char~ct~ristic ~q tation be ________________ 
_______

in the cor.lpiex z— do ~ ain . It also is po::~ ible~~~-~ ~ :t~ :r~ -~~~i~ ed ~~ -~~::ic

- characteristics US1:~ this modified ~ai’~r-ieter space techn ique . The

advanta:e of th~ t~~ hr.icjue over ex i s t ing  cil-ceical s~~~p 1ed—th.ta ::ethcds

is tha t the stability and dynamic r esp onse ch~ ract~ r i s t ic s  are expr es-ed

in terms of several (ra ’ther than merely  one ) selected pararle -ters.

- .  .~tlso, the sa~rnlirt~ ~eriod , T, need not be ~-xpressed nUmerically before

the desi gn technique be ins , givir.~ the system d?si:ner one more

• - degree of fr ~~ d om.

~
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AF:-~~T~ IX. DLi ~ IV~~ TICN CF ?~~~CUR...IVE R L .~~TICr;S

~~ ~ T It is ~ossible to obtain al:~-~braic recursive relations for 
.the

- - -

r:al and ima~ inary parts of the complex vari2-~ble , z , when it is raised

to the ~ower (j  is a positive inte:er). From Ec. (3 ) ,  z is defined

as the vector (or comple:: yariable),

Ts 
= r e 1

~ = r cos ~ ~~~~ in~~ . -

(1/ The r ?al a~-d ima~-i--~ary parts of z~~~~~~~~~~~in~ d as and I~ ,

I respeq~iVeiy, i.e.

~~ . 
-
. 

- = + * 
(;..~~ )

If j =1 , .—q . (2~~) ’ ~-:c c:~~s idontical wi th  ~qS ~~~~~~~~~~ to

(~.4R)
and 

I1 = r ~ j -B . (~ 4I)

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ = cos , le~ ds to

If j = O , then q. (:~3) ~~~~~~~~~ 
-

z0 = 1 = R 0
+ 1 1 0 ,  L~5)

or -

R0 = 1

- 
- and

H 10 = 0 .  (~~~I)

f /1 ‘
~~‘ / / J~~ ~~ i--, ‘ / _~~~~ - j  ! 1~~ ~~/ /  ~~~‘ ‘ / -

.

/ re  r-T - - -: - -  f - i ~~~~~~ ~~~~~~~~~ ‘~T’.d’ I, ~- i - /  1 /  ~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~I .. 
-

= ~~~~~~~ - -~~ -i. .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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I 
2~~

= ~ ..2 
~ (c~ s ~ + I :~in ~

) — ~~~~~

= 7~rBz — r2 . (“7 )

Cne —~ay now : i ~~y e~ ch t-~ ’m of q. (~ 7) ~~r ~~~~ to yield

= 2r3z h — (.-~3)

~ubst itu t i~n of q. (~~~3) irtto~~ -~. 
(.-~~) , let~ i-~: ~ = k-I . k , and

k+1, lea ’r to- -

+ 5. ~~~~ = 2 : ’B (F . + I Li — r2(~~~~ ii
~:_l
) . (~ 9~ —

~e~)ara t~~.y -~: . t f m —  t’~e re,.l ~~~~
‘ 

~—r:~ :i — ~~ 
p_r~: - ,  r~~~:ect :vely, ~f

- Eq. (~9 ) l~ :.ds to the two cq - i a t irns , -

:: - = 2rBR ,. - r2R, :_j  (~ io:~)

and

-. I~ ÷~ = 2rBI~ - r2 I~ _~ . (~dC I)

~
- One may -obc~~-ve the i-’e~ ticml form s of cjs. (~ 1O) ~-r~d write  them

* both ~~ a ~irt~ le eq’~at5 -srt ,

= 4rBI~,. — r X ~ _ 1,  (n : :)

where X~. may be used to ropr~~ ent either R~.. or I~: .Cf o o~:rce the-

-.  ~~~~~ i~riex h may ~e e:-oh~ n:ed wi th  j ,  ir in -~~. (~ ) of h~-
~ t:x t .

If ~~~~~~~ knos-is the two val~i -~s x~. ~~~~~~~~ x1 -~~~ :~. (4 2 .),  ~~~~~~~ 
- 

~~
—

the t~.ir-~ value X
~:+i • ~ .rce ~~~~~~~~~~~~~~ ‘~ : ~re ~~~o --n , i . e .  for

~nd ~~i ~~ c:s. (;~L~) -~n~ c-~6)J, v: v~ l- ’. -~o ~f X~. :.re n;-~~~;d

for :—~~ p~r icul:~r ~~~
‘ol~~ :.t h~ :-~d can be d e t o ~’:~ined r3c~’~r~~i el”

- *  

f:.-D— l — q . (~ iii .

- .

I
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- -- APPENDt( D • PARAi-1L’T~R SPACE PRO~ 1All: ST~.B]LITY REGIOflS

-

‘ 

.. A program has been written for the Hewlett Paobrd
9100B Calculator to map stability boundaries for the ~Td~ssile system
described in Section V, Part C. Since the real root boundary is
known, only the complex conjugate root botmdary need be plotted .
This is the map of the unit circle from the complex a-domain onto

- - - - the selected parameter plane. In the design ~~~~~~~~ the control
gains lcD and lcd are selected for various selected ntnnerical values
of k~ (~n this example, lcj  0, 0.1, and o.~). Imputs required to

- 
stare the program are the numerical value of lCj (which is entered

- in the d stcIIage register) and the starting value of ~T (which is
- 

. nonbiaXly zero and entered in the a storage register). The program
automatically steps the value of ~iT upward positively in increments

- of one (although this value can be altered by inserting a different
runiber into program steps Oc through 10) • The program prints out

- .  values of Ic~ (in the a display) and lcd (in the y display) for each
printed (in the x display) increment of e~T.
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The purpose of this program is to compute values of
the iitssile attitude, 9~, at each sampling instant, t~lcT. In this
case, the response to a unit step input has been computed , using
Fquaticma (lV-1~7) througri (I7-~l) • The program has been written
for the Hewlett Packard 9100B Calculator. The required .3~~uto to
the program are the selocted.numerical values of the control gains,

- lc,~,, kj, and lcd, and the lnd.tial conditions on e at t.0, t T , and
t~’2T. These latter three are calculated from Fquations ( W-1L7 )

- through (IV-li~9), respectively. The program can be easily modified
to accept initial conditions other than 8~~0 and for inputs other
than a unit step input. The program prints out values of 9(kT)

..  for t ~ 3T in the y display. The nunerical value for Icj must be
inserted In program steps ~7 through 5~, • Figure 1~ Indicates a
plot of the outputs of thie program for selected values of Ic1,,
k.3, and kj  (eee Figure 3 for rationale in selecting these values).
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GUIDANCE LAWS FOR SHORT RANGE TACTICAL MlSSILES

H. L. l’astr ick*
US Army M issile Research and Developm~i nt Coctuand

Huntsville , Ala bama
- S. H. Selt ter **

Con trol Dynamics Company
Hun tsvill e , A l a b ama

H. E. Warrent
Universi ty of Florida
Gainesvill e , Florida

Abs tract system . Here tofore these two cla sses of weapons
each were develo ped independently . This research

A comparison of guidanc e laws app li cable to shall attempt to view them as po tentiall y similar: short range tactical missiles is made. These laws systems that utilize dif fe re n t modules such as
are segmen ted into several classes and the princi — propulsion , guid ance , warhead , e tc.
p ies und erlying each class are discussed. Specific
a ttention is given to the structure of the guidanc e The first step in implementing this task was
technique and the requirements for its impleme nta— to conduct a literature survey to establish a tech—
tion. Evaluation and comparison of the performanc e nology base starting point. Constraints on length
of Lach guidance law versus the cost of imp lementing of the paper result in suIrmaricing (alphabetically
it are considered. An extens ive bibliogra p hy o f by au thor) the list to include only those refer-
relevan t literature is inc luded. ences considered ~y the authors to be most relevant .

I. In troduction Following this survey, guidanc e laws were
p laced in five ca tegories and defined mathe.maticaily.

The US Army Missile Research and Development The implementation and predicted p e r f o rma nc e of each
Co~ nand (MIR.A DCOM ) recently began a task to develop category was th€ o investi ga ted and compared in l ight
an advanced guidance and con trol system for further of current and pr odicted hardware and software capa-
Army Modular Missiles. The intent is to ‘leapfrog ’ bili ties . This paper describes these resuits .
sys tems currently under developme nt . The purpose
of this p aper is to describe the work that has been II. Guidance Laws
done within this new task and to provide an m di-
ca tion of future efforts that are now planned. The developme nt of guidance laws for short

range tactical missiles has become a well—researched
The reason for embarking on this task is now topic over the past 25 years. A summary of a

suosnarized. Presen t weapon systems performanc e detailed literature survey , how each guidan ce law
may be seriously degraded in engagements agains t can be imp lemen ted , and guidanc e law predicted per-
targets with predicted characteristics of the l990s formance are described with in the five guidance law
and beyond and in the battlefield environments of cat .~gories stated in the Introduction.
that t ime frame (see , e.g., p. 11 , Avia tion Week
and Space Technology , March 20 , 1978). It has Line— of-Sight Guidance (Command- co—Line-of—Si gh t
been es tablished that the guidanc e laws currentl y and Beats Rider)
in wide use may not be adequate to combat those
threats. Thus , it is projected that fundamental Clemow (1960), in his book Missile Guidanc e ,
advances in guidance and con trol systems theory provides a detailed discussion of beam riding,
are required to enhance the effectiveness of future while Mahapatra (1976) discusses morpho log ica l
weapon sys tems. Additionally , missile airframe design based on beam riding. Clemow (1960) dis-
and propulsion sys tems may require advances co~ nen- cusses command- to-line-of-sig h t (CLOS), while Rain
surace wi th the predicted target scenarios . In and Yost (1976) use this method in their ship
par t icul a r , air defense weapons currently in defense sc enario , using Kalman filters to reduce
Research and Developmen t (Rail ) may be seriously beam ji tter.
hampered in the combat scenarios env sioned . From
an overall systems viewpo int , this task shall At the MIRADCOM , CLOS and Beam Rider (BR) con-
address the issue of creating new theory in the cepts are cach considered a subset of the line-of-
guidanc e and con trol area to meet the high perform- sight guidanc e laws . They differ primarily in
ance threa t of the fu ture as a leading technology their mechanization . The CLOS uses a wire for the
item . Closely associated with It and in parallel transponder link , e.g., TOW or DRAGON. BR may use
wi th the guidance and control effort , weapon sys tem an electro—optical link , e.g. , SHILLE LAGH , and f ly
work shall be under taken to modify airframe and in a directed beam a imed at the target. Generically

- - propulsion modules to be capable of engaging the they are similar and will be discussed as one.
1990s thr oat. General support weapons shall be
viewed initially as a subset ~f the air dafen~e

*Res~ urch Aerospace Engineer . Memb er AI A A .

**Scnlor Scien tist. Assoc iate Fellow A1AA.

tAsaocia te Professor , Elec trical Engineering Department. Member Al A /I.
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T1te in~~ ot sjgh t (LOS) ~u i~i - ~-~ s h c me (CLO S complex than th- p i c t -  h . ‘ a- , th~ i BR mj ~~s $

~ i-t
~ ~R )  is one in which th$~ nj~~s i l  is - ;uidod on an requires onboird I $ $  I - r 

~
- t~a tion sinc e ih~

L(~-; c - uc~.c so as to rem ain on a 1 joe Fd jot n in g the projector does ~~ - - - w  - - - I ~~ nAisil e is l -caL~~I- T I:  I ‘nd the point of control. To Ily along the onc e en rou tt . rh- $ I f  - --  -,‘ , however , does kee p
!.~~

-‘, ‘I~ mis s i le  requires a velocity c~~~~~na nt (V~1 
) t r -~ k of the ~r i ~~ - - - ~ I ; .  r; ompen Sa t es for I t s

;.- - - . -“  icular to the LOS that is equal to the LO S 
~~a 

~~~~~~~~~~~ T o  - - r :  - -‘ r -  -. the guid .fnce signa l

v
~~
! - i t y  described by the relation -

V — R 
P - ’ - - s - ’ - ’ - - - - - flying this guidance

Mi SM 7ST ‘ law - - - - - / ~-: . 4itho ut the man-in-
- th - - - -

- 
~~ ~ - r -~~ , :1-iwless guidance has been

‘~~~~ ‘~~ SM represen ts the range from the missile to th’ -i  F- - - ‘ ut be expected virtually on
-  cz-

_  
I r . - - - ‘ rea~ i~ tic condition where thethe tracking station and ~ rep resents the LOS . - -ST t: : ~: - -  - th e major error source , given

in /-one ra l , the missile flies a pursuit guidance - hns been fired , the perfo rm—
• c~ ’~~-~e at t he initiation of the entry into the berm ia.   -~~--~ t ”  be bette r than 1 f t  CEP with

a t lau nch and f l ies an approximately constant beat- - -  iu l .
in~ c ourse near impac t. This is observed from the
velocity equation ~~~~ . -~ - -

R SM ~~~~~ (19/2) gave a comparison of the
VMI j~ 

VT ( 2) qual~~~~~ ~~i-/ sensitivities of LOS , pursui t , and
ST pro p -ct ,e-’al navigation guidance for air-to—ground

and a i r—to-a i r  missi les.  In another paper in the

- - - -
~ where the range of the tracking station to the tar- sacta repo~ r , Goods tein discusses the guidance and

ge t is given by R ST and V
T 

represents the target control system tradeoffs in missile design.

veloc ity relative to the surface of the earth . Two pursui t guidanc e laws are discussed herein:
a ttitude pursui t guidance and velocit y pursuitFigures 1 and 2 are simplified control block . - - -
guidance. A ttitude pursuit guidanc e tries to keep

F diagrams highligh ting fea tures of the scheme for - - - -the centerline of the missile pointed at the target.
each of the two cases. It should be no ted that the - -

- . In a missile which flies an angle of a ttack whenprojector. mount dynamics in Figure 1 and the tracker - - -. . maneuvering , the velocity vector will always lagmount dy namics in Figure 2 tnay be considerably more

PROJ ECTOR RANGE ZOOM
- ) MOUNT PROG RAM OPTICAL LINK r MEASURED iy

. 

Figure 1. Beam Rider Scheme *

- - TRACKER ,— MEASU REO€
MOUNT “ WIRE

Fi gure 2. Coa~iand-t o-Line-of-Stght Scheme *

*Imp lementation scheme provided by R. H. Farme r , Technology Laboratory, US Army Missile Research
and Development Coi~nand .
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- 
the vehicle pointing direction. Miss distance is a

— strong function of the maneuver capability of the 
~~

‘° —
~- r missile and can be reduced by a fast responding I - r~~~—i 

- - —-.  
j -
:” - •~~7’

- 

high-g vehicle. 

~~~~~~~~~~~~~~~~~~~Velocity pursuit guidanc e attempts to keep the
— -- - velocity vec tor of the missile pointed - f t  the tar- I

get. It is mechaniz ed in some less sophisticated
missiles by mounting a target sensor on an air vane I 

- - - -

- — which indicates relative wind direction. The dif- L - 

~~~~~~~~~~ference between this velocity vector and a true -- - ~~‘ “““~~“~~- velocity vector is the primary error in the scheme . ~~~~~~~~ 
-. 

,
1

The attitude pursuit guidance mechanization ‘- . ~~
“ “

~~
‘.“

- - decouples the angle of attack from the target -‘

seeker and improves miss distanc e performa nc e by
an amount proportional to the vehicle angle of

• attack. Figure 3 depicts two-dimensional geometry Figure 4. Attitude Pursuit Guidance
usefu l for describing the pursuit guidance laws .

* 

/

/

/

)?N

,

~~~~~~~~~~~~~~~
1

~~ 

_ _ _ _ _ _

/ rigure 5. Velocity Pursuit Guidance
I

The performance to be expecte d from pursuit
~~ y guidanc e is indicated in Figures 6 , 7 , a nd 8. These

were obtained for a tact ical  weapon of the class
a Figure 3. Pursuit Guidanc e Geometry known as close support antitank weapon s . They are

I indicative of the quality of per fo rmanc e one may
Neglecting the case of a maneuvering target , expect for these guidanc e laws . Althoug h these are

for simplicity, one notes that simulation results , recent experienc e with fli ght
hardware has validated the s imulated performanc e to

R — VT 
— VH , (3) a high degree of confidence.

The proportional navigation guidanc e (PNC) law
and the LOS rate is - -performance is also indicated; therefore , it shall

I v - 
be described next.

T M  (4)
40 -

For an ideal pursui t , 8 — k. Sinc e — ~., the
I missile will always have to turn during the attack ATTITUDE PURSUIT

except for the case of a perfect head or tail chase.

Figures 4 and 5 present examples of s implified

I 

control system diagrams for the -att itude and velo-
city pursuit guidance laws , respectively. In the 20 -

former , a wide angle targ at sensor is required
sinc e it is typically mechaniz ed to be body fixed. 0
In the latter , a narrower field-of-view (FOV ) sen-
sor may be u t i l ized as a result of the decoup ling 

~o - 
VELOCITY PURSUIT

of the body from the sensor mount as previously
described . In each case , K,~ is the forward guidanc e PROPORTIONAL

gain , and it will differ for each as will the feed- _______________________________
back damping gain K

~
. The guidance filter in 0 4 8 12 16

U Figure 5 indicates that higher guidance gain in the READING ERROR (dii )
velocity pursuit law requires some smoothing to
inhibit noise of the car ~ et senso r optics and its

I 
associated electronics. Figure 6, Performance of Classical Guidance Laws

for a Given Heading ~rro r at First Target
Acquisition

~~~~~~~~~ 3
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• C1onni~, (1960) gives another b aei c derivation
of 1’~C , wh ile Pitinan (1972) cotapiled sensitivity
func tions and projected errors for PNG with gains

ATTITUDE of 2, 3 , and 4. Cal cul-I tion s of term i nal  homing
PURSUIT pa r ameters were in -R LI by Rawlings (l97O ~ . In a 1971100 

- 
I. pap-ar , Ra w lings considered th effects of saturating

aerod yn amic aur lace s on cr~jec tories I b e n  with PNG .E - ~~ 9’  

- 

Many authors have considered augmenti ng P~G to
accoun t for target accelerations . -Arb en t (1970)

$ 80 -- 1O 9s considered making the closing velocity head i ng ra te- 
propor tiona l to LOS l at e  and developed a closed
form expression for a modi fied PNG law. Siouria

Z - (l974~ added an estimate of target acceleration to
~ 60 

-

(,~ - . 
the missile acceleration c ommand to yield an aug-

5 - 
- me nted PNC law. Guelma n used geometric argumen ts

VELOCITY to give the structure of the missile trajectory ;I’,

40 
PURS U IT he showed in 1971 that PNG will almost always result

in an in tercept for a con stant velocity target in5 gs
1972. For cons tant targat accelerations , qualita-
tive trajectories were determined and target acqui-
si tion boundaries assessed . In 1976 Guelman con—
sidered the s tructure of trajectories under true
propor tional navi ga tion guidance (TPNG), where the
commande d acceleration is norma l to the LOS ratherPORTIONAL 
than the missile velocity. In this work he showedH 0 10 20 30 40 50 that TPNG results in intercept only if the initial

TARGET VELOCITY (mph) conditions lie in a well defined subset of the
parameter space, Shinar (1976) considered P~G for
a rolling missile where he considered the cross-

Figure 7. Performa nce of Classical Guidanc e Laws coupling be tween roll and the control system.
for a Given Targe t Velocity and as a Function Slater and Wells (1973) studied optima l evasive
of Con trol Authority (Units Expressed in g ’s) tactics against a PNG missile , incorpora ting a lag

into the missile dynamics , and genera ted two stra-
tegies based upon different optimality criteri a .

100 A comprehensive study of classical (PNG ) and opti-
mal con trol techni ques for terminal homing of cru-

90 - ciforin and bank- to-turn steering missiles was per-
formed by aalbirn ie , Sheporai tis , and Merriam (1975).

- I 80 - CONTROL AUTHORITY 5gS
PNG is a guidanc e law in which the angu lar ra te

of the missile flig h t path is directly porportional70
to the angular LOS rate of change . This is shown
simplis tically in Fi gure 9 for a two—dimensional
case.‘.3z

50

60

V M FL I GHT PATH~~~~~40

30
— I

REFERENCE LINE20

I—10

PROPOR
-~~~ - 0

0 0.1 0.2 0.3 0.4 0.5 F igu re 9. Geometry of Fligh t Path
TARGET ACCELERATION (9)

- The geometry of Figure 9 suggests

Figure 8. Performance of Classical Guidance Laws — N). (5)
for a Given Targe t Acceleration Cossnencing
5 sec Before Impact where 7M represents fligh t path angle relative to

Pro~ortlona1 Navi gatio n Guidanc e a fixed referenc e , r~ represents the LOS relative
to a fixed referenc e , and N is the navigation ratio.

Adler (1956) provided one of the seminal papers A general expression for missile acceleration may
in the srea , considering PNG in three d imensions , be written
Adler provides a readable development of the theory — —

using vector calculus , whereas most subsequent — V~~5 ., R + V~T (6)
authors have considered only the planar case for
simplification. Murtaugh and Criel (1966) provided where ,~ represents tetal mis sile acceler ation ;
another fundamental pa Per develop in~’ three-dimen-
sional P~G for a satellite rendezvous problem. V ,4, the ~nis s tte speed ; M ’ the missile f lig ht

4
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path angle; V
Ml~ 

a unit vector lctcr~i1 to the where E (.) designi tes the expected value operation ,

missile flight pOth and 1, a unit vec tor t.-tngen- Sf and K arc weighting mat rices , x is the state ,

tial to missile ul iF;h t path. The de finiti ons of u is the contro l , and w is a white noise process.-

~~ and 1 yield the relationshi p, i~ ‘ ~ 0. One In most fornulations the dynamics are assumed con—
may implemen t proportional navi gation via the stant to obtain closed form solutions .
relationship (in the Laplace domain )

Bryson , Donham , and Dreyfus (1963) ; Denh am
and Bryson (1964); and Deitham (1964) were among

- 

(krsVs)i 
(7) the first to c ons ider op t im iza t ion techni quesia(s) — kt(~) — 

( I  + ~~ applied to m i s s i l e guidance pr obl ems . In a series
of papers they foremlated and solved the optimalwhere r~~ represents the lateral acceleration in 
control problem with inequality constraints , and

units of g ’s and c represents the LOS error which then applied the result to the trajectory shaping
is measured by a seeker having a Lime lag constan t of a surface-to-surface mis sile for range
of r sec and an e r ro r  of t~~ . The s~~bol k repre- maximization.
sents a guidance gain factor.

Stall ard (1968) gave a good tutorial review of
— By noting that a constant bearing course is classical and modern methods for homing in tercep tor

determined if missile and target are fly ing con— missiles . In an e a r l i e r paper (1966) ,  he dealt
stant speed and neither is maneuvering , it may be with ~-ln autopilo t design. In a 1972 paper , he
conc luded that the LOS at each instant of time applied discrete optima l control to a missile sys-
would be parallel to the LOS at a previou s instant , tern with undesirable stability characteristics ,
Laterall y perturbing the collision course noted by and then modified the d ynamics to yield a new

- 
- 

target and missile positions and XM respectively problem with more desirable characteristics.

yields Z
T 

and Z~ which may be integrated to yield 
An excellen t review of deterministic optimal

- r the missile trajectory using proportional control and its applications , wi th an extensive
navigation: bibliography, is found in an IEEE paper by Athens

(1966) . Another excellent review with extensive
references is in a 1965 A IAA paper 1 Paiewonsk y .

Td 2ZM dZ.F.~ = 
(d

2
zM\ Kokotovic and Ru tman ( 1 96 5 )  provided - survey of

sensitivity methods drawing heavily upon Soviet
- I 

2 + dE -g k-t~ + T

~~~~~~~~~~~~~~
=0 

literature.

Some early authors , in an attempt to justif y
the resulting guidanc e laws achieved via linear+ (~) + skr (~)~~0 . (8) optimal control , showed that their results were
an extension of PNG . Axelband and Hard y (1969 ,

The performar~ce and implementation of the 1970) used linear optimal control to develop what
they called quasi-optimum PNG . As with aln~ost allguidanc e law are best appreciated in thair relation- linear op timal scheme s, time-to-go is required forship to two other guidance laws which are similar in implementation.in that no requirement is established for rang e or

range rate information. Veloci ty pursuit and atti- 
Lea (1969) described several techni ques intud e pursuit are in this category with PNG. The 

nonlinear con trol which extended the linear regu—performanc e is indicated in Figures 6 , 7, and 8. 
lator theory and drew heavily upon recent disser-
tations at the University of Minnesota.Optimal Linear Guidance

Deyst and Price (1973) used linear dynamicsSince the mid-l960’ s the missile guidanc e wi th  a pla nar engagement to develop optimal controlliterature has become increasingly permeated by laws where the target acceleration was a first—techni ques based upon optimal control. The great order Markov process , and found that the saturatIonsuccess found by linea r-quadratic regulator  theory of cont rol surfaces  was an important factor in
— I and its dual analog, Kalma n fil tering, plus the 

modeling a maneuver limi ted missile.
attractive and easily determined form of a feed-
back solution has led to almost all work in this

Na zaroff (1976) formula ted an LQG approach inarea being based upon linear model dynamics , with which he assumed extremely simp l i f i e d  missi le
quadra tic costs and additive Gaussian noise (LQG). dy namics but included ta rge t  acceleration and jerk
Mos t formulations constder terminal miss distance terms , Stockum and Wiener (1976) assumed exponen—and running control effort only in the cost func— 

tially correlated target accelerations in generat—tional . Unlike the standard regulator forma t , a ing an Li~G guidance law . The feedback they obtainedmanning cost on the state is generally not appro- on projected miss distanc e and rate was analogou spriate in this framework. The general optimization 
to time-varying PNG . They compared their guidanceproblem then becomes 
scheme agains t an augumented PNG law.-

1 1 tf ~I Asher and Matuszewski (1974) considered the
I I op tima l control problem where target acceleration

mm E(J) — E~x ’(t f)Sfx(t f ) + 
J~ 

u ’(t)Ru (t)dt was accounted for -as an external disturbance ,

tor problem. they constrained the final miss di s—
u(,) resul ting in a tracking formu lation of the regula-

tanc e to be zero bu t , to achieve this , need ed to
subject to x ( t )  — A x ( t )  + Su (t) + Gw (t) (9) know the target acce le ra t ion  his tory  p rec i se ly .

5
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Balb irnie , Sheporaiti s , and Merri am (1975) position va riable of the missile projected on the
gave a means to obtai n weighting ma trices which ground ; 

~d 
is the derivative of the missile

result in “clas si ca l type ’ control gains in an ~~ to the target velocity projectcd on the ground ;

~ I 

f o rmu lat i on .  Shep orai t i s , Ba lb i rn ic , and Liebri er
(1976) considere d a quadrat ic  cost on the angle of A’. is the lateral acceleration of the missile;

attack. They used a Setond order Me wto n- Rap hson U is th~ body attitude angle of the missile; and
-: 

scheme to solve the resulting optimization problem. ~ is the angle of attack of the missile shown in
Figure 10.

Spe yer (1976) applied his linear-exponen t ia l-
Gaussia n ( LEI. ) controller to a ter minal guid a nce

I

- prob lem . Rather than minimizing the expectation 
,~~~~~~~~TICA M I SS I LEof a quadratic form (as given pr eviously) , ________

- 
- Speyer ’ s LEG formulation minimizes E {~exi t~~;IJ)} 

A~~COS0

where ja is a scalar, The dynamical model is again \ CENTERLINE OF MISSILE
linear. Speyer used a Ka lman filter to obtain I o
estimates of state variables for feedback. His
controller did not enjoy a separation principal;  H A 0

control gains depended upon the f i l te r  State
covariance. Speycr ’s t~G cost functional had the
effec t of very heavily weighing large excursions
and thus reduced the tails of the terminal miss _____________________________• VERTICAL

R E F E R E N C E  ~.7” j. , 
~‘d TARGETdistribution. ________ __________ _________

— Youngblood (1977) used very simplified linear
dynamics to compute inner launch boundaries . Figure 10. Geometry of Tactical Missile
Youngblood ’s report contains a description of the Target Positions
Fletcher-Powell functional optimization method.

This optimal control problem will have a con—
Fiske developed a number of guidance and esti- troller of the form

nation schemes based upon LQG formulations with
varying degrees of model complexity . The closed U C~Y4 + C

~
Yd + C0

9 + C
~’.

A.
’. 

(11)
form solutions for the controllers are given in the
report , allowing one to examine the ef fec t  of model
parameters on the gains. Fiske also presents a where C.~, C,~, C0, and C~’. 

are time—varying coeffi-
stochastic guidance law, wherein the target accel-
eration is assumed to be a first order system cients chosen to minimize the cost functiona l
driven by white noise. In addition , a nonlinear
law , based upon nulling projected miss distanc e t f

- I over a single control interval was given. Fork
and Pastrick (1977) looked at the problem of mini- J — Y~~(t~~) + Y9( t f

) + B f  u
2(t)dt . (12)

mizing the terminal miss distanc e and the deviation 0
of the missile from a desired orientation at the
final time . A form ulation was given for a system Fo r the case where the angle of attack probably- I that had finite tine delay. In fact, the increase cannot be ignored e.g., for the larger tacticaland decrease in time delay had interesting ramifi- miss ile, the system of equations should include thecations on the solution . The angle of attack ang le of attack ~~. In addition , because it isassumption was investigated and , although not feasible to achieve only a small ang le of attack atsolved analytically in closed form , the system was
derived , impact , a reasonable performanc e index to be mini-

mized would seem to be

For completeness , the following example sum-
mar izes a typical optimal control law forruilation. t

f
The geometry of the tactical missile- target posi- 

~ — C
l

Y
~~

(t
f
) + C

2
9

2 (t
1
) + C

3
ci

2
(t

f
) + C4 f  u2(t)dt.tion is given in Figure 10. Assume that the angle

of attack is small and thus can be neglected (this toassumption will be considered later) , and choose
the following set of variables : (13)

- 
-~ The performance obtainable from the optima l

1

~~~ 1

’

~ 1~ 
- ~ 1 guidance law formulated and simu lated for E quation

t m I (13) was comparab l~ and even better than the PNC

‘ ‘ ed ‘I - Y  1. . law in terms of miss d is tance .  Addi t ional ly ,  it
I t is I had the added feature of meeting a constraint or

x L i  (10) the impact angle which the PNG law could not
A
’. I 

I 
A
’. 

achieve. In particular the impact angle was shown
via simulation on an all—digital 6-DOF missileej [ e  j simulation to be within 1 deS of the desired impact
angle and within 1 ft of the desired miss distance.
Other researchers have corroborated these results.

where g the position variable p rom the missile
The performance of any realistic optima l eon-to the target projected on the ground ; V t is the trol law in a missile application is dependent on

po sition variable of the targe t ; 1 is the the estimation of final time or , equivale n tly , on
is
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then calculated . mis estimate works au jte well and Via ch (1977) pres en ted a new augmented penalty

- - time-to—go . Typicall y, an estimate of the range liahisoud (1977) described a dual level , later—
between the target and missile , and the rate of archical optimization scheme based on invariant
change of this range are obtained fr-am radar or imbeddieg which is used to obtain approximate solu-
other ranging devices ; the time-to-go estimate is tions to many nonlinear control problems. Connor

as long as the range and range—rate iniormation -function appreach to optimal control problems .
are accurate. In many instances , however , the data Their formulation is applicable to fin i t e  d inen-
are contaminated by noise either covertly , as in sional optimiz ation problems with terminal
the case of radar janmting devices , or by the pro- constraints.
cessing electronics. This adversely impacts the
estimate of rime-to-go and the optima l control law , Lansing and hartin ( 1965) presented much back-
and missile performance suffers. Pastrick and York ground material on random processes applied to
(1977) present a discussion of several aspects of automatic control. Radbill and ~-IcCue (1970) pro—the problem in the context of a realist ic app lica- vided background mater ia l  on quasi- linearizat icnI L tion and provide analytic computer algorithms for methods in solving coupled nonlinear two-point
~ts solution , as well as a closed—form result, boundary value problems .

— Another more recent attempt to estimate time-to-go
was made by Fiske . He also addresses the possibili ty Chi n ’s book on missile design (1961) has a
of obtaining this variable by an intensity ranging section on missile transfe r  functions which is very

- - I technique, usef ul in assessing the contr ibut ion of aerod ynamic

• factors and control surfaces to missile motion.
Another difficulty with optima l guidance laws Goodste in (1972) provided an overview of missile

is their sensitivity to initial conditions , as control  system development and , in the same ACARLI
shown by York (1978). The primary message therein report , Acus (1972) presented a description and
is the strong need for accurate modeling of the comparison of inertial guidance technology for
system and the importance of the selection of tactical missiles.
numerical quantities for the elements of the weight-
ing matrices in the performance index. III. Discussion

Other Guidance Schemes A survey has been made of guidanc e laws applied
to short range tactical  missiles , and they have been

Whiting and lobe (1972) considered using a organized into five categories for convenienc e of
“virtual target” approach to guidance for a short discussion.
range air’to-gZ’ound missile.

To better place them in relative persp ective ,
Poulter and Anderson (1976) considered a non- Figure Il presents the hardware requirements for

~ 
j linear d i f ferent ia l  gasie framework to derive an mechanizing them . Though the concepts are reason-

optima l steering law for a terminal homing missile , ably self  exp lanatory , it should be noted that the
In a prior paper , Anderson (1974) gave a me thod oi BR and CLOS concepts are configured with aft sensor
updating a differential game solution via linearized and optics while the others are forwa rd . Al so , the
two-point boundary value problems. optimal guidance scheme suggests the need for a

microprocessor to ha ndle the mo re c omplex guidance
For background material , Froning and Gieseking algorithms .

• (1973) gave a description of autopilot steering
mechanisms for bank-to— turn missiles. Gido , J a f f e , Guidanc e concept configurat ion comparisons
and Wilson (1974) provided computer programs to depicted in the Table feature the relative cos t and
produce autopilot designs using both classical (PNG ) other items that show complexity and performance.
and modern (LQC ) formulations . George (1974) dis- With the exception of the microprocessor requirement

- I cussed trend s in IMU , guidance and control hardware .
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Table. Guidinc ,~ concept s conLipu ralion comparison

Ac curacy Gimbal Mechanism Elec t ronics  l ic la t ive  Cost
Guidance Concept (ft) Gyroscope (Sensor) (On-~ oard ) Control EL for t (On-Board)

Att i t ude Pursuit > 30 None Hone Same High Turning 1.0
Acceleration

Velocity Pursuit > 20 None Air Vane Same Required 1.4

PNG < 5 Single Gyro Same Low Turning 1.6
2 DOF Acceleration
Gyro Required

Beam Rider < 2 Att i tud e None Same 0.9 - 
-

CLOS < 2 Attitud e None Same 0.8

Optimal 2 DOF Gyro Micro- High Turning 1.6
Gyro processor

for the optimal guidance law all onboard electronics IV. Conclusion
are relatively comparable. However , it is important
to note that the CLOS and BR concepts have vastly When the performance comparisons and antici- —

more complex ground stations inherent in their pated implementation d i f f i c u l t i e s  are considered ,
mechanizations. For this reason alone , their air- the following conclusion is reached. P~G is a
borne complexity is relatively low and ~ess expen— strong contender but cannot cope with all expected
sive compared to the others implying that their targets of the future . Therefore , optimal guidanc e
ground trackers are not included in that cost is the chosen candidate guidance law, even with its

- - est imate,  added complexi ty  and current  implementat ion d i f f i -
culties . However, these may be alleviated with

Barring unforeseen breakthroughs in the f i f t h  jud icious use of the microprocessor technology now
category (Other Guidance Schemes) , compa rison of enjoying a high state ~f development activity. Con-
performance characteristics favors PNG for defea t ing  siderable e f f o r t  wil l  have to be devoted to over—
ta rgets that are either stationary or moving with a coming what appears to be its strongest short-
constant velocity. PNG is simp le , requires a coming : measuring or accurately estimating the
state measurement that is easily at ta inable , and tim e—to—go.

- I is relatively easy to imp lement. However , for
highly maneuverable accelerating (or decelerating) Bibliography
ta rgets , optima l guidance laws are superior ,
performance-wise , to other forms of guidance. M. J. Abzug , “Fi nal-Value Missile Homing Guidanc e ,”
Further , if miss distance is the only criterion of 3. Spacecraft and Rockets , pp. 279-280, Feb. 1967.
performanc e , PNG is favorable. If other performance

• criteria are important , such as impact angle at the R. W. Acus, “Self-Contained Guidance Technology ,”
target , then these cri teria can be incorporated AGARD Report: Guidanc e and Control of Tactical
into the performance index and optima l guidance Missiles , May 1972.
becomes superior.

- F. Adler, “Missile Guidance by Three-Dimensional - j
As indicated , most linear optimal guidance laws Proportional Navigation ,” J, App lied Phy sics , pp.

require time—to-go to be implemented . Thus far , 500-507 , 1956.
a means of measuring this important variable has not
bee n devised , although considerable a t tent ion has A. Y. Adrienko and A. A. Muranov , “Stat is t ical
been given to its estimation. Development of a Synthesis of a Sampled-Data Terminal Control System
means of measuring t ime— c o-go is an item that will  for Multipurpose Object ,” Automation and Remote
be addressed in the MIRADCOM task to develop an Control , pp. 14-21 , May 1973.
advanced guidance and control system for  future
U. S. Army modular missiles . G. N . Anderson , “A Nea r Optimal Closed-Loop Solu-

tion Me thod for Nonsingular Zero-Sum Differential
Because of the anticipated small size and lig ht Games ,” J. Optimization Theory and ~~plications ,

weight of future microcomputers , maxiiman use will be Vol. 13, Ho. 3, pp. 303-318, 1974.
made of the program flexibility offered by digital
implementation of guidance laws (including state G. H. Andrew , “Control and Guidance Systems with
estimators or observers, if ut i l ized ) and auto- Automatic Aperiodic Sampling , ” 3, Sp acecraf t  and
pilots. It is planned to exploit di gital charac- Rockets , pp. 59-60, Dec . 1970.
terts tics in this task while remaining within the

- 
- - constraints imposed by the digital sampling J. F. And rus , 1. F. Burns and 3. Z. Woo , “Study of

phenomena such as quant izat ion and f in i t e  word Optimal Guidanc e Algorithms ,” AIAA Journal , pp.
length. The d i f f i c u l t i e s  inherent in predicting 2252—22 5 7 , Dec . 1970.
and analyzing the effects of system non l inear i t i es
are compounded with a digital system and must be K. Arbenz , “Proportional Navigation of Nonstationary
addressed in the development of any advanced Targets,” IEEE Trans. Aerospace and Electronic Svs-
gu idance and control  sy stem, 

~~~~~ pp. 455-457 , Jul y 1 9 7 0 .
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II. T~~~~~ORY AND D~~IQ~
By Sherman 14. Seltzer

1. Orianization.
In an attempt to provide the reader with a logical approach to the review

Of the theory and design associated with the SIG-D Program, the material comprising
that review is presented in the following sequence:

a. Program objectives ,
b. Design approach ,
o. Analysis program,
d. Sijm,latjon program,
a. Hardware testing program,
f. Proof of concept ,
g. Schedule ,
h. Sumeary and conclusions.

2. Program obleetives.

As stated by Jack Clayton during the February 8-9, 1979 review, “The SIG-D
Program is an exploratory devslcpient effcrt to investigate the technical risk areas
associated with a low cost surface to surface missile utilizing a strap-down in-
ertial navigation and guidance system.” It it is intended to use SIG-D on missiles
other than the particular modified LANCE upon which design has been based, certain
system alterations probably will be required. As described in the presentation ,,
SIG-D is tied closely to the characteristics of the modified Lance system on which
it is carried. In particular , the bending characteristics at the modified lANCE
have strong impact upon the SIG-D design. Bending f ilter design , computer storage
capacity, th. isolation system, and the selected sampling period of the computer
probably all will be affected if SIO-D is used to guide a missile other than the
modified LANCE.

3. Deai~ i anurc*ch.
The design approach is orderly, logical , and being implemented by appar-

.ntly superb engineers. The ~movative analytical techniques that have been br~ aght
to bear on the SIO-D design are outstanding. An exception to the conservative ap-
proach demonstrated throughout concerns computer memory capacity. It was stated..
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- - that a margin of 7~ words of memory still remains. I feel this is too ~iu~~11 a margin

to be entering into the hybrid and hardware—in—the—loop (MiEj stages of (potential)
design refinement. If additional memory should become required, it may be necessary
to physically add an additional memory module. The possibility of decreasing memory
requirements by performing a sampled-data analysis with the aim of decreasing sampling
period might be considered as an alternative. Bending mode constraints then would
have to be considered also.

At first I planned to recommend locking deeper into the potential problem
posed by heretofore undetected sources of vibration. An e~~mple (the only one that I can
think of , but there may be others) is the external cable ccnduit (or “tunnel”). I!
it were to become unbc~~ied from the skin of the missile during the guided portion of

the flight, its vibration characteristics might have an undesirable dynamic effect on
the G&C system. Upon further investigation I found that this problem has been
stuuied thoroughly. In the case of the cable conduit, the masses concerned are re-

latively negligible.
A design decision made at the outset of the program was to use the Ring

Laser Gyroscope , presumelly because of its low cost. According to Mr. Clayton, it
has undergone extensive sled and missile ( “ P S 1~LC~ Program”) testing, although never
in the etrapdown mode Of operation. This should be adequate.

4. AnaLvsis nro~ ’am.

As already indicated , the analysis used has been thorough and excellent
in quality. Although I personally am wary of using continuous time-daiain techniques
to appr~’ir4~~te sampled-data dynamic phenai~na, I believe it is just ified in the
case at haxd because of the relatively high sampling rate (the latter being set by
the frequency of the highest dominant bending mode). Even the use of a continuous
tiae-d~~~in describing function analysis appears to have been adequat. to predict
the existence and characteristics of limit cycles and was stated to have been van -
fied by s4i~t1~e.tion. This is a tribute to the engineering jodgement of ~~ Herbert
and Dr. Paul Jacob. In particular.

- 
- 

- 
Apparently the design team has esarohed for all dynamically significant

nonlineanities and has identified only the ~~eumatic actuator nonlinearity. Cart-
ainl.y a complete Wd~~ s4I.1l~tion will show if the search results were correct (and
I think they are).
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If time were available , I would rec~seend a more conventional sampled-
data analysis of a simplified (for analytical tractability) model of the system.
At this late date I think a careful .i ilation should be adequate.

The IMU mounting plate and vibration isolation system are critically
important to the performance of the G&C system. This fact has been duly recognised,
and supporting analysis has been c~~ ucted. ~~tensive analysis (supported by
hardware tests—see section 6, below) has been performed to velidat. the system
design, using the NASA Structural Analysis (NASTRAN) program. This analysis in—

- 
; eluded the identification of a number of the relatively lower longiti~I~inal and

torsional normal (free-free) bending modes. The analysis was performed for both
loaded (i.e. ‘powered” flight) and unloaded (“post-’out—off”) motor case conditions.

~~. Siimi1&~i~~ nroprpm.

Usually siLmulation and analysis are held to a minimum by program man-
agers. In this instance , there appears to be an over-abirvience of simulation pro-
grame, although this situation is the result of an orderly progression from all-
digital simulations toward an HW~~ si.mitation. There was some indication that
agreement between the various Mfl~ADC(~)1 and Vought programs doss not exist. The
reasons for this disagreement were explained during and subsequent to the formal
presentation. Of course , ultimate agreement must be sought. The hybrid and the

~34E~ s{’mi
l~atione are extremely valuable design tools. It is i~~- opinion that not

- 
- enough time is allocated for their use. It is not apparent why the rush, when

much valuable information should be forthcoming from the use of these two si~~lations.

6. Hardware testing oroeram.

Apparently the ~~eumatic actuator characteristics have been confirmed
by actual test. It also was stated that the isolator characteristics have bsen
confirmed by test.

In support of the vibration analysis (see para. k, above), vibration
testing was perf ormed on a suspended post cut-off-configuration (i.e. empty motor
case) of the modified lANCE missile. There was reasonably close agreement between

- -
~ 

analytically.derived results and these test results. Apparently monetary and
schedule constraints precluded a test of a s( ilat.d boost configuration (i.e.
aiiralat.d propellant characteristics ) as well as tests to confirm predicted to’.
rsicnal characteristics. In view of the previously noted agreement between an-
alytical and test longitudinal vibrations, this is probably an acceptable risk. 
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LH 7. Proof of eoncent.

If the time allotted to ff sIIL and hybrid simulations is lengthened, and
if additional vibration analysis is performed, there appears no doubt that the
design concept can be proven sufficiently for flight testing to begin. With a

- - .  

few minor exceptions, simul ation results appear to agree: these exceptions
should be explained. It was not shown if the several error analysis discussed
were in agreement.

8. ~~~~~~~~~~~~~~

As already indicated , it is n~’ opinion that the schedule is too tight
to permit adequate hybrid and NIL si-imilation.

9. S’iium~.rv and conclusions.

The review was extremely well—c~~~ucted and presented ample evidence of
a thorough, well-concieved and implemented design. The SIG-D design team is to be
camserded for their fine work. The following recosmieniations sI~~ m1”ize the few
shortcomings associated with the SIG-D theory aid design.

a. Prepare a contingency plan to cope with the possibility that
insufficient computer storage capacity may exist (pars. 3). f -

b. C~ xIuot a careful analysis of the dynamic effects of the digital
phenomena as manifested in the BWfl. and hybrid simulat ions. Be carefu l to disoria-
ainate between slail-&ted on-board sampling phenomena aid those sampling phenomena
that arise because of the digital computer used for the sii,,zlatian (pars. 4).

a. Allot more time in the schedule for an orderly, ii~ epth use of
th. hybrid aid fi~~ , siimiIatj ons (pars. 5) .

~ I
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DRDMI-TGN HWIL Simulation for HELLFIRE

TO DRCPM-HF FROM DRDIII-TGN DATE 15 Sep 78 CMT 1

Dr. Pastrick /nrr/6—5954

1. On 10 August 1978, engineers from the Guidance and Control Analysis Group were
Invited by personnel of the HELLFIRE Project Office to discuss the status of the
group ’s HWIL simulation capabil ity.

2. A paper enti tled, “Utilization of Hardware-in—the—Loo p Simulation for HELLFIRE
Tasks ,t’ has been prepared. It describes how the Guidance and Control Analysis Group ’s
simulat ion facil i ty Is used to meet that group ’s HELLFIRE miss ion , Including the
support of the Low Cost Laser Seeker evaluation.
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UTILIZATION OF HARDWARE-IN-THE-LOOP SIMULATION FOR HELLFIRE TASKS

• Guidance and Control Analysis Group
Guidance and Control Directorate
Technology Laboratory

1. Purpose

The purpose of this paper is to describe how the Guidance and Control
(G&C) Analysis Group ’s Hardware—In-the—Loop (HWIL) simulation facility is
used to meet that Group ’s HELLFIRE mission. In particular , the manner
in which the G&C Analysis Group meets the objective outl ined in the “Low
Cost Laser Seeker Evaluation Test Plan ” will be addressed.1

It Is the Intent of the G&C Analysis Group to support the evaluati on
of the two low cost laser seekers currently under consideration for use in
the HELLFIRE Modular Missile System (FIMMS). This evaluation is being conduct~ .

under the direction of the Optical Guidance Technology Group, Advance d
Sensors Directorate, DRDMI-TEO. That Group is responsible for determining
how well each candidate seeker meets the seeker specifications. The G&C
Analysis Group is responsible for comparing the two seekers In a facility
that simulates the missile system and its dynamics under predicted environ—
mental conditions. Further, the G&C Analysis Group must maintain the
technical capability to monitor and spot—check the contractor’s [Rockwell
In terna tional , Columbus (R.I.C.)] technical development efforts and to
assess his technical approach, particularly when he recomends altering it.

It -Is the responsibility of R.I.C. to determine quantatively how well each
candidate seeker meets the seeker specificati ons.

2. Back ground
A comprehensive HWIL simulation was developed to perform guidance and

control system design verification and optimization of both autopilot and
seeker for a laser semi-active terminal homing weapon system.2

The facili ty consists of the following major components: - - 
-

a. A Xerox Sigma 5 dig ital computer with 64K words (32 bits) of

core memory. The major tasks performed by this computer are to simulate

Lu 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - _ _ _ _ _ _ _ _
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the missile aerodynamics, and rotationa l and transla tional dynam ics , and
kinematics, and to provide commands to the gimballed mirror and the laser

- 
- 

- 
designator.

b. Two Comcor Ci 5000 analog computers interfaced with digital
computer provide a hybrid computer simulation. The analog computers simu-
late missile rotational dynamics and can simulate autopflot, actuator, and
seeker dynamics when some or all of these items are not included within the
overall 1*111 simulation.

c. A laser target simulator consisting of a pulsed laser beam
which Is reflected onto a translucent screen by a gimballed mirror . The
changing distance between the missile and the target is simulated by varying
the laser spot size and the energy density .

d. The three—axis electrohydraulic gimballed Carco flight table
simulates missile angular motion . The laser seeking tracker, wh ich senses
the laser spot through the translucent screen, is mounted on this table.
This component provides steering signals to the actual or simulated auto-
pilot and actuators.

The HWIL simula tion was first put together in 1969 to evaluate the
(then) SAM-D missile. It originally consisted of an SDS 930 digital computer

Interfacing with a Comcor Ci 5000. The Carco flight table also was
incorporated Into the simulation . In 1970-71 the facility was Improved
to permit the evaluation of the Terminal Homing Accuracy Demonstration
(THAD), which was the predecessor of HELLFIRE. The improvement consisted
of incorporati ng a laser terminal homing capability . By earl y 1971, the
facflIty consisted of the Comcor Ci 5000, a newl y incorpora ted Si gma 5
digital computer, the Carco flight table , and the laser simulator. In
the 1971-72 time frame, the fac i li ty was used to eva l ua te two competing
(Texas Instruments and Martin-Marietta, Orlando) proposed COPPERHEAD
systems. In May 1973 it took on a true hardware-in-the—loop character.
Both Texas Instruments and Martin provided 12 mIssiles each to be evaluated
competitively for the advanced development phase of the COPPERHEAD program.

:‘ Al so when these two companies bid for the engineering development phase of

the COPPERHEAD program, the HWIL faci l i ty was used to hel p evalua te the
two potential contractors’ technical capabilities. Finally, it was used
to support the source selection evaluation board (SSEB) in evaluating the
two (R.I.C. and Hughes) competing bidders .

~ 
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-. Presently, in addition to HELLFIRE support, the COPPERHEAD program

also is supported using the HWIL facility . Each produced COPPERHEAD
guidance and control unit (including the seeker and the autopilot) on the
Carco table and subjecting it to a standardized test at each of three
roll angles, from which it is determined whether the unit is functionally
operable. -

3. HELLFIRE Program Support
The HWIL facility is being used to support (by performing evaluations

and selected analyses) the engineering development phase of the HELLFIRE
program. It Is also intended to use the facility to evaluate and compare
the two (R.I.C. and Martin) competing seeker systems. Rockwell will
evaluate the two competing laser seekers by measuring their characteristics
and simulating their in-flight operation on their own HWIL facility . The
G&C Analysis Group will evaluate each of the two laser seekers by using
their HWIL facility and determining which system performs best under
simulated flight conditions.

The G&C Analysis Group ’s HWIL simulati on facility has the capability
of permitting that group to meet its assigned HELLFIRE mission of
evaluating and comparing the two competing laser seekers. As such , it
can provide information which will enable the group to determine which
system has the best chance of meeting the total system requirements.

The flight table used -In the HWIL simulation facility is a modified
2—axis (pitch and yaw) Carco model. The bandwidth of that table has been
found to be adequate for the class of seekers being tested. For example ,

a 300 phase shift existed at 2 Hz in the original uncompensated flight
table. However, for several years the fli ght table has been compensated
to provide the proper (i.e., 00) phase shift at that frequency. Performance
has been established over a 60 db range, which meets the specificati on.

4. Proposed Hardware—in-the—Loop Modifications

In addition to the existing modifications , labora tory condi tions
• 

- 

surrounding the HWIL are constantly evaluated with the objective of
improving facili ty performance In a cost conscious manner.

3
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- ‘I Modest improvements have been incorporated from time to time,

-• such as the recent addition of anti—reflective material (for the wave
length we are using) for use on the floor. A list of other modifications
under consideration follows. Several of these Improvements could be .
implemented in time for the Impending seeker evaluation .

(1) The room containing the facility could be renovated to remove
contaminating inputs to the systems being evaluated. Where feasible,
mobile equipment that does not need to be in the room (such as work benches
and consoles) could be removed and placed outside the room. The ceiling
and walls could be covered wi th an anechoic material to absorb unwanted
inputs. A sliding screen could be installed to separate the laser area
from the seeker - Carco table area. Personnel not absolutely needed in the
room during simulation runs should remain outside the room. Those who
remain in the room should remove, cover, or mask light-colored reflective
clothing . This entire set of improvements could be implemented in a short
time period .

(2) A “Warm—up ” period could be used to heat up equipment , b u i l d

up energy levels, and in general permit transients to die out. This should
be done before using laser pulses in order to provide better repeatability
of results. This Improvement could be implemented immediately.

(3) A study could be made for improving the dynamic response of the
Carco table when the roll fixture is attached .

(4) A similar (to the above item) study could be insti gated to
determine If the mirror system dynamics should be improved .

(5) An analytical study of a means of improving the dynamic range
of the Carco table is being conducted recently be Dr. S. M. Seltzer (a
consul tant to the G&C Analysis Group).
5. Conclusions -

The hardware— in—the—loop facility will continue to be used to support th-
4 HELLFIRE program .. Selected scenarios and trajectories that are within the

capa bili ties , geometry, and optics of existing equipment will be utilized .
It is felt that by so doing , the stated HELLFIRE m iss ion can be accompl ished
by the Guidance and Control Analysis Group.

4
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1 RUC~CMCt OR OFF’CI SYMBOL SSJb J CCT

- riwMI-’IGN Plant Model for Advanced G&C system

TO SEE DISTRIBUTION FROM L~~~4I—~~~N - 
DATE 18 Jun 79 CMT 1
Dr. Seltzer/dt/6—5954

1 1. As a result of target predicticns and meetings an~~g the G&C Analysis Grouo and
the Aeroballistics Directorate personnel , the following decisicns regarding the
Advanced G&C System have been arrived at:

a. As a design goal , the shape of the missile that is to carry the Advanced G&C 
-System is to be as clean aerodynamically as possible. Three possible shapes are to be -

considered by the Aeroballistics Directorate in their studies supporting the develop-
ment of the Advanced G&C System. They are:

1) LcM as~ect ratio long—cord delta conficuration (Fig. 1). This shape is
similar in appearance to a dart. Maneuvering is provided by hinged aft—tabs.

- 1 - * 

2) Flared—skirt extendable wine surfaces confiquration (Fig. 2). This con—
- - f iguration derives its stability from the flared aft—body . Wing surfaces are extended

when ~~ itrol (maneuver) autbority is desired — typically at the terminal phases of
- - the trajectory. •

- 
I
I - 

3) Lifting body configuration (Fig . 3) .  This is to obtain rior e efficient - -

- - coordinated (“bank—to turn ’)  control maneuvers. Body lift is achieved by using ellip-
tical or tr iangular half cross—sections. ~

- 
-

- - 
b. Design Point.

The following design point will be used by Messrs . Dave Washington and Ji ~rnie
Derr ick (Aeroballistics Directorate) to generate aerodynamic coefficients for G&C

- Analysis Group simulations.

1) MICH N0: 4
- 2) Lateral g’s: 12

- 3) Altitude: 70 ,000 ft

- It is expected that the3e values will be exceeded by a significant margin, e.g.
perhaps 20 g’s.

2. When the Aeroballistics studies have been oou~ leted , the G&C Analysis Group ’s
simulation developnent will begin. The analytical ncdels of the plant developed by

;. - P

! 
-

‘U. .

— 
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1 &jaJ~’r: Plant M3del for Advanced G&C Systeme -

Ed Her ber t and Mike Kalange (to be reported upon in the first annual report on our
- 1 progress and achievements, due 1 October 1979) will be used in conjunction with the

aerodynamic data as the basis for the simulation .
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