
AD—Aol’. 803 NAVAl. RESEARCH LAB WASH!

LASSIF lED

I

0*~ C Ip F ILM(D I

I 

END

______ 1 -79
QOC

II



• c ~~ 
~2 8  ~i25

_______ 
I - ~~~~ 22

• , II~I~0

~~I.8

11111’ .25 IfIIIi~
4
~ WI1~

6

V ~



- 
—-

~~~-‘—~
-
~~~~~ _-~~_.;_- - -  ~~~~~~~~~~~~~ .—-—

p

~ /‘j
’
~, NRL Memorandu~~~~~~~~~~1

~~~~~~~~~~~~~~~~~~~~~~~ JRLV~~L?”

Electron Beam in the Absence of an External

~ ~~~~~~ ~~~~ Guide Field
J. D./SETrnAN , K. A~ bERBER ,~~~~~~~~~ECTOR1 . A. E.froBsoN / CExperimental Plasma Physics Branch t) r~’~ ~~~~

‘

Plasma Physics Division ~~~~ \~
• 

—

• I ~~

~:~
— t~~&~ ”

3 NAVAL RESEARCH LABORATORY
Washington, D.C.

Approved for pub~k release; distributIon unlimited .

79 10 09 045

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



SICUnITY CLAS S IrS CATI ON Or is IS PAGE (W~i.n Do.. EnS.’.4)

DED(
~
DT l~gCIlTAy l ftIJ oar ~ 

READ INSTRUCTIONS
,~ r w . i’~j~..v n’I-’~ I ~~ U l~#I~ U ‘~ BEFORE COMPLETING FORM

I . atP)~~T NuMS(~ 2. GOVT ACC ESSION NO 3. ~ LCIPIcNrs CATA I.OG suMoin

NRL Memorandum Report 4071
4. TITLE (aid S..b,Ssl.) S. TYPE or ~ EP0~~T S Pca *oO cavEn ~ o

EQUILIBRI UM AND PROPAGATION OF A ROTATING Interlin repOrt OR a continuing
RELATIVISTIC ELECTRON BEAM IN THE ABSENCE NRL problem.
OF AN EXTERNAL GUIDE FIELD ~ ~~~~~~~~~~~~ ORG. ~ LPO~~T NUM SEN

1. AuTNOn(.) S. CONinA CT O~ GRA NT NUMS (P(a)

J. D. Sethian , K. A. Gerber, D. N. Spector and A. E. Roboon

I. pcNronM uNo OnO a N,ZAr l Ow NAM( ANO ADOnESS 10. PAOGRA M ELEMCN1 PnoJtCT . TA SK
A REA S WO RK UNIT NUMS(~~S

Naval Research Laboratory!
Washington , DC 20375 NRL Problem 67H02-28B

II. CONT~ OLI.SNG Or rI C E NAME ANO AoO RES$ 12. ~ EPOPT DATE

Office of Naval Research September 28, 1979
Arlington, t/frgtfl ia 13. NUMSEn or PAG E S

14. MONITORING AGENCY NAM E S AOORESS(SI dSll.,.al I,.., Contc.SUn~ OffIc s) IS. SECURITY CLASS. (.1 tAt . .~p..t)

UNCLASSIFIED
ISa. occ LAssl r ,cAr Io N/000NGRA0ING

SCHE DULE

4. OI$TRI.IJTION STATEM ENT (at SAl• R on,t)

Approved for public release; distribution unlimited.

17. OI$TRISUTION STATEM ENT (at A. ab.f rac t s.iSo.~d S., Stock 20. II dIIt .~ait I.e., Report)

IS. SUPPI.LNENTARY NOTES

IS. KEY ~ OROS (Continu, on .,o.a. old. If n,cSSSo.y .14 Sd~~itfy by block nu.,bo.)

Electron beams
Rotating beams

S A S~ T RAC T (ConthN.. en r•~ Ira. old. It n.c... ay aid gd.ntgty b~. block n.aib .I)

~~~ThIs paper describes an experimental and theoretical study of a charge.neutralized, hollow,
rotating relativistic electron beam propagating inside a metal tube in the absence of an external

• magnetic guide field. A model has been developed In which the radial equilibrium is derived from
the force balance on the beam interacting with its self.fleld , and the velocity of propagation of the
beam Is derived from the power balance. The experimental results show close agreement with the
prediCtions of the model.

DO , 
~~~~~~ ~473 EDITION or I NOV 81 IS OUOLCTE

S/N 0 1 0 2 - 0 1 4  6801 I
SECURITY CLAS SIrI CATION or THIS PA GE (She., 0.. . tnt., .d)



CONTENTS

I. INTRODUCTION  1

II. APPARATUS  2

Ill. RADIAL EQUILIBRIUM OF THE BEAM 3

IV. PROPAGATION OF THE ROTATING BEAM 7

V. FURTHER EXPERIMENTS 11

VI. CONCLUSIONS 13

REFERENCES 15

APPENDIX 17

Accession For
t~TIS GIM&I
DOC TAB A
U~~ u~~unced
J~xst i f i c at i on __

~ By 

_ _ _ _ _ _

Avai l  ~~~~i!1 C odes
1~va11 and/or

Dis t special

H __

in

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _



~.- -——— -..
~—~

EQUILIBR IUM AND PROPAGATION OF

A ROTATING RELAT IVISTIC ELECTRON BEAM IN

ThE ABSENCE OF AN EXTERNAL GUIDE FIELD

I. Introduction

Rotating relativistic electron beams have been the subject of a nun*,er

of experimental and theoretical studies ,’9 princi pally concerned with the

use of such beams for heating plasmas. The rotating beams are usually

created by passing a hollow cylindri cal beam through a non-adiabati c magnetic

cusp,’°’1’ and are propagated down an axial guide field into either plasma

or neutral gas. In neutral gas, the self-field of the beam can readily

exceed the applied field , and thus reverse the direction of the field on

axis. In plasma , field reversal is more difficult because the induced

plasma currents tend to neutralize the beam current; it can be achieved ,

however , by making the rise time of the beam long compared with the transit

time of an Alfven wave across the radius.’2

It has recently been demonstrated that an intense rotating relativistic

electron beam can propagate in the absence of an external guide field , inside

a metal tube filled with neutral hydrogen gas.ti The rotating beam was

formed by creating a hollow beam in an axial magnetic field and passing it

through a ‘half-cusp ’, in which the field was brought to zero in a distance

less than the beam electron gyro-radius. In the absence of the applied

field the radial equilibri um of the beam was determined by the axial and
Note : Manuscript submi tted July 5, 1979.



azimuthal fields of the beam and the induced wall currents . Since the total

flux was zero, the axial fields Inside and outside the beam were in opposite

directions, and thus produced a reversed field configuration. This config-

uration was then maintained for some 18 )jsec after formation by plasma

currents induced when the beam had left the system. Thus it was demonstrated

that the rotating beam could be used to set up a plasma in a reversed field

geometry inside a closed , initially field-free metal tube. The present

paper describes further experiments on the generation and propagation of

rotating beams and compares the observations wi th the predictions of a

simple theoretical model .

II. Apparatus

The experimental apparatus Is shown in Fig. 1. The rotating beam is

produced by injecting an annular beam from the modified TRITON accelerator

(V ~~
‘ 900 kV , I ‘~‘ 80- 110 kA, t ~ 100 nsec ) through a half-cusp magnetic

field. This field is generated by means of a solenoidal coil around the

carbon cathode, which contains a 15 cm long ferrite cylinder, and a 1.3 cm

thick aluminum plate placed 0.2 cm beyond the aluminized Mylar foil anode,

which excludes magnetic flux during the 400 ~isec rise of the magneti c field.

This arrangement ensures that the field lines emanate perpendicular to

the cathode surface , but are diverted radially outward in the shortest

possible distance from the cathode . Measurements show the axial field goes

from 90% to 10% of Its strength In an axial distance of 2 cm. The axial

component of the beam velocity Interacts wi th the radial component of the

field to impart angular momentum to the electrons. ’5 The resulting

rotating beam Is then Injected Into a 14.6 cm diameter stainless steel

tube containing neutral hydrogen. There Is no externally-applied magnetic

2 
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field in the tube. The principal diagnostics used to study the beam are
magnetic probes to measure both axial (Ba ) and azimuthal  (B 0) f ie lds , end—

on framing photographs to measure the radial position of the beam, and X-

ray studies of the beam density .

111. Radial equilibrium of the beam

A simple model of the rotating beam will be developed here , wi th

emphasis on explaining the macroscopic behavior of the beam. It will be

assumed that the beam is charge-neutralized, but not current-neutralized,

so that electrostatic effects can be neglected and the self magneti c field

of the beam is not signifi cantly modi fied by plasma return currents. In

practice, these conditions can be satisfied if the beam is injected into

neutral hydrogen at fill pressures of about 150 mlorr.

Consider a hol low beam of radius rb, thickness ~ << r~, inside a flux—

conserving metal tube of radius r
~ 

in which the total magnetic flux is zero .

The beam contains N electrons per cm length , all of which have an azimuthal

velocity v0. The average axial velocity IS V~~, which is the velocity of

propagati on of the beam head, however a later section is antici pated by

poi nti ng out that the individual electrons in the beam may move in both the

positive and negative z-directions with velocities much greater than Vb.
For the preliminary ana lysis , the beam is taken to be infinitely long.

The beam current (in c.g.s. units ) is given by:

I = Nevb (1)

and the pitch angle of this current (which is not the same as the pitch

angle of the beam electrons) is given by:

= tan
~~

(v O/vb ) . (2 )

3
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The axial magnetic f1e1d~ Inside and outside the beam are and

respectively, and the azimuthal magnetic field just outside the beam is

B9. The beam is then described by the following four equati on s :

Conservation of flux;

r
~

BZ~ 
+ (r~ - r

~
)B

~0 0

Radial pressure balance ;

N.,m y 2 B2 B2 B2
‘ 0 8  zi ... zo e

2 ~ 
(4)

~
r r b

Ampere ’s Law;

B -B Nevzi zo _ 8 54.I~ 
2!Tr~c

and conservation of canonical angular momentum;

~~~~~

. r~B~1 + YmorbvG = 
~~~~~

. r~B~ , (6)

where r
~ 

and B
~ 

are the radius of the cathode and the magnetic field at the

cathode, respectively. The above equati ons are used to deri ve :

B
~0 — tan 2ct(1 ~~~~ - ~ 

½

O w ’  I

r2
= 

~~- (1 - cot 2c* + y/v) (8)

and

2 - 2 + cot 2 c~\ 1 + cot 2 ct +

4 
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~j 2
where v = _!_~ is the Budker parameter (the number of beam electrons per

2m0c rLB~unit length times the classical electron radius) and Be~ 
= 

r’~ 
U is the

w
azimuthal field at the tube wall. Eq. (9) can be rewritten by dividing

through by B8w = 2I / r
~

c and using Eqs. (7) and (8) to get

cr
~
B
~ - (tan 2

~~ (y/v + l)_l\½ (i + cot 2
~~ + (10)

2Ir ~ ~\ 2 / \ 2
B

E l i m i n a t i n g  ~ from Equations (7) and (10), ~~~ can be plotted as a
cr2 B Ow

function of 21r 
c This is shown in Fig. 2 with vi’,’ as the parameter.

Values of c~ are shown on the right hand scale corresponding to vi’,’ =

Results from the experiment are also shown: here the pitch angle was

changed by varying either B
~ 
(circles) or I (triangles) and the

corresponding values of B
ZO

/BOw measured. I was vari ed by changing the

diode current and determined by measuring Be~
. These measurements we re

taken at a hydrogen fill pressure of 150 mlorr, at whi ch the beam current

was equal to the diode current wi thin the accuracy of measurement (no

current neutralization). The experimental points in Fig. 2 fall close to

the v/i = curve , rather than the v/ ’, ’ = 2 curve , whi ch i s the value the

beam would have if propagating freely. This suggests that the density of

the rotating beam is enhanced over the density in the diode , and the

enhancement is larger than the factor of sec a t !t would be estimated

simply from the rotation.

The density of the beam can also be deri ved from Eq. (1) if Vb is known .

As is shown in Section IV , typically, Vb ~ .06 c at 150 mlorr. Thus

N ~ 2. 7 x l0”cm 1 , and v/ y e ~ 25. Also , as derived in the Appendix ,

5
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1beam < thus further enhancing v/y. It thus appears that the rotating

beams in this experiment are sufficiently dense that the v/v terms in

Eqs. (7) through (10) may be neglected. This is equivalent to neglecting

the centrifugal force on the electrons, so that in the absence of

transverse pressure gradients, the beam currents will take up a force—free

configuration. This was pointed out previously by Voshikawa , who

considered the case of a solid cylindri cal beam.’’ In the dense beam limi t,

the pitch angle of the beam is a function of cr
~
Bc/2Irw only (see Eq. (10)

with i/v = 0). This is plotted In FIg. 3.

In the large v/y limi t, severa l conclusions can be drawn. From Eq.

(8) equilibri um is possible only if a > 45°; furthermore, the equilibri um

radius of the beam Is the same as that of a force—free plasma carrying

identical  currents , and, as shown previously, ’3 the radius and magnetic

fields of the plasma currents which persist after the beam has left satisfy

Eq. (7) and Eq. (8) with i/v = 0. From Eq. (9), the axial flux inside the

beam is equal to that inside the cathode to an accuracy of order (y/v).

This means that the field lines are drawn out of the diode and the half-

cusp is carried down the tube at the head of the beam. The small difference
in fluxes gives the electrons, through Eq. (6), their azimuthal velocity

whi ch because of this small difference is only a small fraction of
c (typically, v9 “~ 3 x 1O’cm.sec ’ in this experiment). However, as v9
decreases, N Increases, and the product Mv9 in Eq. (5) is maintained so as

to give the flux-conserving axial field In the beam.

For dense beams such as these, the single-particle picture ’5 of the

action of the cusp on the beam Is not appropriate. In particular , the

prediction of a critlc*1 field Bcrit above which a particle cannot propagate

6
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through the cusp is no longer valid , For a half cusp, 8crit should have

twice the value for a full cusp, and be given by

B — 28ym c2/er (11)cri t o c

where m0, 8 and i have thei r usual relativistic meanings. For the con-

ditions of this experiment, Bcrit 
‘�‘ 2700 gauss , but ful l propagati on was

observed up to B~ ~~
‘ 7000 gauss (extreme right-hand circle in Fig. 2), the

limi t of the cusp field coil.

IV. Propagation of the rotating beam

The measured velocity of propagation , as a function of hydrogen fill

pressure, is shown in Fig. 4. The velocity was determined from the

difference in the time of arrival of the B0 field at two magnetic probes

spaced 15 cm and 65 cm from the diode. Experiments wi th different

separation between the probes confi rmed that the veloci ty was sensibly

constant along the tube. The velocity falls sharply with pressure below

70 mlorr : the beam current i s reduced , both the magnitude and pers istance

time of the induced currents decrease , and no propagati on is observed at

40 cm from the cusp. In this regime insufficient plasma is produced on a

fast enough time scale to achieve charge neutralization ,16  and the beam

expands rapidly to the wall under its own electrostatic forces.

At pressures above 150 mlorr the axial current is uniform along the

length of the tube; the beam is charge-neutralized , and electrostatic

effects are unimportant. However, the beam front velocity is still only

a smal l fraction of the velocity of light. Because the radial field of

the half-cusp is carried down the tube at the front of the beam, and

v8 << c , a newly Injected electron will travel axially along the beam

7
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until it reaches the beam front, where it will be reflected and , in the

process , lose a small fraction of Its energy. (The change in the energy of

a charged parti cle reflected from a mov ing magnetic f ie ld is derived and

discussed in the Appendix.) Returning to the di ode, the electron passes

through the anode foil , Is reflected by tne applied electri c field in the

di ode, and thus re—injected into the beam. Therefore, the beam cons i sts

of an enhanced density of reflexing electrons having a distribution of

axial energies wi th a mean energy eV < eV0, where V 0 is the diode potential ,

and a mean drift velocity Vb = I/Ne. This process is illustrated in Fig. 5.

In the steady state , vb is determined by the balance between the power

being injected from the diode and the power required to establish new beam

and magnetic field. Thus

1V0 = (½ L f2 12 + NeV)v b (12)

where L is the inductance per unit length of the beam, and the factor f

(0 < f < 1) has been introduced to allow for the possibility that a fraction

(1 - f) of the injected beam current may be neutralized by some plasma

return current. In the limit of a large v/i , completely unneutralized beam ,

L is a function only of the pitch angle and may be derived from

r
~ (B2 +B 2)

½ L 12 = 2Trrdr . (13)

By expressing both the magnetic field components in terms of the axial cur-

rent, it can be shown that

L = ~~ (u - 
r~ 

~ tan2 a + 2 log , (14)

8



where rb/rW is obtained from Eq. (8). L is plotted as a function of a in

Fig. 6.

The energy required to produce new magnetic field comes from the

work done by the beam particles as they advance the beam front. Since

vb << c, the beam can be treated as a gas doing work on a piston . The

pressure of the beam is given by

NeVp - ,~g— 1j-~.— , 15

where g is the effective ratio of specific heats and A is the cross-

sectional area of the beam. Then

½Lf2I2vb = PAV b 
= (g_1)NeVv~, (16)

and so from Eqs. (12) and (16), converting to practical units

2(g-1) Z , (17)
C g 30f2L

where ~. is the impedance of the injected beam in ohms and L is in

nanohenries .cm ’.

For a one-dimensional electron gas, g = 3 if the electrons are

non—relativistic , and goes to g = 2 in the ul trarelativistic limit. The

value to be used in intermediate cases is found in the Appendi x, where the

distri bution of electron velocities is derived . The fraction of the

injected electron energy that is converted into magnetic energy is

(g-1)/g, and l ies in the range 67% - 50%.

The role of the self-magnetic field energy in determining the

propagation velocity of a beam through the power balance was pointed out

9 
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previously by Ecker and ~~~~~~~ who performed a similar analysis for a

non—rotating beam, but wi th the assumption that the beam electrons passed

radially out of the beam front to the wall. There was therefore no en-

hancement of the beam density, which is equiva lent to neglecting the sec-

ond term on the r.h.s. of Eq. (12), and the predicted beam front velocity

was given by

...k O.O7Z (Z in ohms, L in nH.cm~’) (18)

which is about twice the value given by the present model . In their

experiments wi th straight, and presumably pinched, beams, Ecker and Putnam

were not able to determine L wi th sufficient accuracy to verify Eq. (18)

quantitatively, al though an increase in ‘,b with Z was observed.

The inductance of a dense rotating beam has a broad minimum of 2.9

nH.cnr’ at a = 55° (Fig. 6). In the present experiments, V0 ~ 900 kV

= 2.6) and the corresponding val ue of g is 2.5 (see Appendix). Thus

Eq. (17) becomes

:~.= 
0.04Z (19)C f2L

The straight line in Fig. 7 represents y
b/c as a function of Z from Eq.

(19) wi th f = 1 and L = 3.0 nH.cm~~. The points represent experimental

results when , with B
~ 

fixed at 4.2 kG, Z was varied by changing the anode-

cathode gap in the diode . While this changed the current, and hence the

pitch angle, these data were taken in the range where the pitch angle was

measured to be 50° < a < 60° over which L does not vary significantly.

10

—-  -—-- -— ~~ - - ~~~~~~~~~ 
-

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—--—.- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~



-— —~ ~~~~~~~~~~
—----. -

~~~~

The pressure was 150 mlorr, at which f ~ 1.

As the pressure is increased above 150 mlorr, induced plasma return

currents reduce the net beam current to below the injected beam current.

From a compari son of the net and injected currents , f is found to fall

to about 0.8 at 400 mTorr . At this pressure Vb is observed (Fig. 4) to

increase by 56% over its value at 150 mlorr, in close agreement with the

prediction of Eq. (19). The increase in velocity wi th pressure is there-

fore consistent with the increase in the degree of current neutralization .

With the diode Impedance held constant at Z = 7 ohms, the pitch

angle was varied by varying B
~
. The points in Fig. 8 show the observed

‘,b plotted against measured values of B
~0
/Be~

. The sol id line shows

the prediction of the model , using Eq. (19) with L derived from Eqs. (7),

(8) and (14), and wi th f = 0.8, appropriate for the pressure of 400 mlorr

at which the results were taken. The results of Figs. (4), (7) and (8)

all show excellent agreement with the predictions of the model .

V. Further experiments

Al though all the results described so far are consistent wi th the

theoretical model , it is desirable to have more direct evidence to sup-

port the claim that the beam is In fact made up of reflexing electrons.

To this end two further experiments were carried out.

In the model the distinction is made between the pitch angle of the

current a = tan ’(vO/vb)) and the pitch angle of the beam electrons

o = sin ’(v9/$0c), where 80c is the injection velocity. To measure the

pi tch angl e of the electrons, 6 m dia. lucite rods were placed across a

diameter of the tube, and , following the method of Roberson et al .’° it

was possible to deduce the direction from which electrons struck the rod

11
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by measuring the resulting damage pattern. When a, derived from magnetic

field measurements, was ‘~~ 60° , it was found that 8 ‘~ ‘ 5° ± 5° . This is

consistent with Vb ~ 0.1 c, and a density enhancement of the rotating beam

of about a factor of ten.

For the second experiment, a 1 m dia. tungsten wire was placed across

a diameter of tube, 25 cm from the half-cusp , and the X-rays from the wire

were detected by a collimated scintillator-photamultiplier with a response

time of ~ 5 ns. Signals from the X—ray detector are shown in the upper

traces of FIg. 9; the lower traces show the current in the di ode. The

X-ray signal at fi rst roughly follows the current , but starts to fall at

a time which corresponds to the time of arrival of the beam front at the

conducting screen which defi nes the end of the tube. As can be seen , the

fall in the X-ray signal occurs later when the end screen is moved further

from the diode, and in both cases the width of the X-ray pulse is less

than that of the diode current. This result is interpreted as a reduction

in the density of beam electrons when the front reaches the end wall and the

reflection process ceases; the axial current is then carried by beam elec-

trons wh ich make only one pass down the tube with their full Injected

velocity, and the beam density falls to a fraction Vb/BOC of its former

value. S ince v0 is not changed , the azimuthal current that maintains the

axial magnetic field is now carried mainly by plasma electrons.

No attempt has been made to interpret the X-ray signals quantitatively:

since the reflexing electrons have a large velocity spread (see Appendix)

this would be a very diffi cult task. However, some coninent can be made

on the decay of the X-ray signal. I.f electron reflection cease d at the

instant the beam arrived at the end screen , the density decay time would be

12
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about the transit time of a beam electron , which is a few nanoseconds.

The decay of the X—ray signal is 15—25 ns , suggesti ng that the reflection

process does not terminate abruptly. This can be understood by considering

the approach of the rotating beam to the conducting end screen: the radial

magnetic field at the head of the beam (Fig. 5) cannot penetrate the

conductor and becomes compressed, acting as a barrier to the passage of the

beam electrons. Electric fields will be induced that maintain the current

with plasma electrons, and a rather complicated situation arises that delays

the complete “opening ” of the magnetic field. Thus the beam electrons

cannot enter the end screen instantaneously. A simi l ar situation arises

when a thin (25 u) titanium foil is placed in the path of the beam: experi-

ments show a rotating beam will not propagate through the foil , whereas a

non—rotating beam penetrates wi thout diffi culty. The difference is

attributed primarily to the radial magnetic field at the head of the

rotating beam.

VI. Conclus ions

This paper has described a theoretical and experimental study of a

charge—neutralized , hollow , rotating relativistic electron beam propagating

down a metal tube in the absence of an external guide field. A model has

been developed in which the radial equilibrium of the beam is derived from

the conserva tion of flux , particles , and canonical angular momentum , and
the velocity of propagation of the beam is derived from considerations of

power balance. In the range of interest , the beam is found to propagate

quite slowly (Vb ~~~ 0.05 - 0.1 c) and have an enhanced density over that of

a freely propagating beam. This density enhancement arises from multiple

reflections of the electrons between the beam front and the diode , and can

13
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be sufficient to make v/y >> 1. In this case the currents of the beam

take up a force—free configuration , and the axial magnetic flux inside the

beam is almost the same as that initially in the cathode. This leads to

a picture of the propagating beam stretching the magnetic lines of force

from the cathode, the velocity of propagation being determined by a balance

between the power injected from the diode and the power required to create

new beam and the associated stretched magnetic field. This model is found

to give good qualitative and quantitative agreement wi th experimental

results.

Although the model is derived in the limi t of a very thin annular beam,

photographs of the plasma created by the beam show c5/rb 
‘
~‘ 0.2 and the beam

itself may be somewhat thinner , so the applicati on of thin-beam model to

interpret the experimental results is justified.

The model is useful when considering the applications of rotating

electron beams. One applicati on is the creation of magnetically confined

plasmas inside closed metal systems, such as imp loding liners ;’9 another

application is the collective acceleration of ions trapped in the potential

well of the negative space charge which exists at the head of the beam .2°

In the latter application , the ability to control the beam front velocity

by changing the pitch angle of the beam current may prove especially useful.
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Appendix

The velocity distribution of the electrons in the beam will be derived

by tracing the path of electrons on a z - t  diagram (Fig. 1Q) as they make

successi ve reflecti ons from the beam front and the diode. All motion is

assumed to be in the axial (z) di rection, whi ch is j ustified as long as

v~ >> v8. The beam front moves with constant velocity vb = ~c , and Its

path is represented in Fig. 10 by the line F, which makes an angle
= tan~’~ with the time axis. Injection of a constant-current beam

begins at t = 0. Each electron is injected with velocity 80c, and after

1, 2 ... n refl ections from the moving front has velocity 8,c, ~2c ...
respectively. Each collision with the beam front results in a reduction

in the velocity of the electron; each reflection from the diode is assumed

to change the sign but not the magnitude of the electron velocity .

The path of an electron that makes its (n+l)th coll ison wi th the

beam front at time t = T is represented by the line P. The time tn at which

this electron made its nth col l ision can be derived geometrically from

Fig. 10. Thus:

T ta n q  - 

T t ~ A lsin en sin(e~ + 4) — 

cçs • sin 2&~ ( )

where 8~ = tan ’~n. From thi s we derive

t,,~ - 
tan e

~ 
- tan • - 8n -

r tan on + tan
~~~~~ +~~ 

(A 2)
n

Repeating this process we obtai n
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~~~~fl— I. 

= . ~~~~~~~~~~ (A 3)
(~~ 

+
~ ) (

~~ 
+
~ )n n— I.

where tn_I is the time of the (n_l)th coll ision with the front. The

time at which this electron was injected is thus given by

= T.B~ .B ,~_ 1 B ,.B0 (A 4)

where B1 
~~~~~~ 

A (
~~ 

1 , n) and B  = 1  - ‘
~~-— .

The cha?~ge in velocity of an electron collidi ng with the slower-moving

beam front ar ises i n the same manner as in the theory of accelera ti on of

cosmic rays by moving magnetic fields ,2’ except that in the present case the

electron is always overtaking the front and so loses energy at each

encounter. The electrons are actually turned around by the radial magnetic

field at the head of the beam (Fig. 5) and lose energy in the i nduced

azimuthal electric field. At low pressures the axial electrostatic field

of the unneutralized space charge will assist the reflection process, but

in all cases the effect of the collision on the electron can be obtained

by a simple applicati on of special relativity without reference to the

detailed mechanism of the collision . The initial energy and momentum is

first transformed into the frame of the moving front: in this frame the

coll ision is elastic, the momentum changes di rection and the energy is

unchanged. Transforming back to the laboratory frame we obtain the values

of energy and momentum after the collision . It is found2 ’ that

18

_  ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 



.
~

- .
~~~~~~ -

8t_ (1+~
2 ) _ 2 ~

(A 5)
1-2861 1 +8

and
A AZ

y .  1-286. +8
_ _ _  

1~~1 
— (A 6)

1 — 8

where the subscripts i - 1, i refer respectively to the electron before and

after the jth coll ision . Given and 8 we may obtain 8, , 8
~ 
.... 8n by

successive applications of (A 5), and then through (A 4) obtain

-r 

The total number of electrons in the beam at time T is

Nt0t = = NvbT (A 7)

where I is the beam current and N the number of electrons per unit length.

Of this number, those electrons that have made n collisions were injected

between the time and and therefore the fraction of the distribution

that has velocity 8n is

t -t
— n fl-I. (A8n

Eventually each electron will make a collision with the front which reduces

its velocity to less than the front velocity , and no further coll isions

will occur. If the last collision Is the mth , then

_  ..-~ . ., .- .~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~



~- .,- -~~- ~.- .--- . .- . - - - - -  .~ - - .

~m T  (A 9)

Gi ven ~ and 8~ (or y
~ ) we can compute the distri bution of electron

velocities in the beam. Fig. 11 shows the results of a case typical of

the experiment , namely ~ = 0.05, = 3. There are 18 collisions with the

beam front , and therefore 19 velocity groups. For a l l  practical purposes

this may be regarded as a continuum. Note that in this model , where the

front is assumed to have constant velocity and the beam current is assumed

to rise instantaneously, the distribution Is established at t 0 and

maintained indefinitely.

Each group of electrons transfe rs momentum to the beam front as it

is reflected: the nth group exerts a pressure on the front given by

= ~~n(8n~~)~(8nyn 4B n+lyn+i)nm oc
2 (A 10)

where n is the total electron density in the beam. The factor is omitted

for the n = 0 (freshly injected ) group , since the electrons in this group

are all moving in the same direction .

The kinetic energy per unit volume of the ~th group is

f~(y~ — 1)nm0c
2 (A 11)

and so g, the ratio of specific heats of the electrons ‘gas ’ is given by

20
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rn-i

(A 12)
m

0

and the ratio of the mean kinetic energy of the electrons ~ to their

injection energy E0 is given by

— ~f(y -1)
E O~~

— 1 ( A 13)
0 0

Tab le 1 shows values of m, ~/E0 and g for 21 cases covering a range
of initial conditions (y0, ~~

). It can be seen that although in, the number

of coll isions, is sensitive to ~~, the other quantities are not. Note

that in the limi t of 8 ~ 0 and -
~~ 1 (nonrelativistic case), !/E0 

= 1/3

and g = 3, whi l e  in the limi t -
~~ ~ (ul trarelativistic case) !/E0 

= 1/2

a n d g = 2 .

I

21

L _ 
_ _ _ _- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



I

Table I

8 0.025 ~~ ‘ 0.Q5

in E/E Q S in E/E 0 g in E/E0 g

2 26 0.381 2.63 13 0.382 2.61 7 0.390 2.57
3 35 0.11.06 2. 14.6 18 0.4.08 2. 14.5 9 0.11~i.3 2.1+2
4. 14.1 0.14.23 2.37 21 O.4.21i. 2.36 10 0.11-29 2.33

4.~ 0.11.311. 2.30 23 0.11-35 2.30 ti 0.1140 2.27
6 50 0.1142 2.26 25 0.1143 2.26 12 0.11.48 2.23
7 53 0.1149 2.23 26 0.11-50 2.22 13 0.11.511. 2.20
8 55 0.4.51+ 2.20 28 0. 11.55 2.20 14. 0. 14.59 2. 18
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Fig. 5— ifiustratlon of rotating beam propagation model. Solid lines denote magnetic field
lines, broken lines relativistic electron trajectories. For simplicity, the azimuthal compo-
nents of the magnetic field and electron velocity are not shown. (a) beam is injected into• half-cusp field . (b) radial field in cusp causes beam electrons to rotate. The resulting axial
field , B~, closely conserves cathode flux ; beam motion is retarded by the need to supply
the self-field energy. Fresh beam electrons are reflected from the radial field , B~, at the
front , transferring a small fraction of their energy to the induced field . (c) electrons are
reflected in the diode without loss of energy and return to beam front. Reflexing continues
until electron velocity is less than beam front velocity.
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FIg. 7 —  Beam front velocity as a function of diode impedance. Solid line is the
lredlction of the model. L was taken to be 3.0 nH.cm 1 from measured ratios of
~~~/Bg., and FIg. 6. Data were taken at p 150 rnTorr, where no current neu-
tralization was observed.
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