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I
1. INTRODUCTION

The effective ness of millime ter wave (mm—wave) guided
weapon systems may be limi ted by the abi l i ty  to adequate ly
perform the targe t acquisit ion function . Pre sent mm—wave
technology provides for the detection of moving targets in
clutter and of stationary targets in low clutter. Only
limi ted classification is currently attai nable ; basically,
classification with mm—wave sensors is limi ted to moving
versus stationary targets and ground versus air targets.
There is a need for a mm—wave target acquisition system that
provides for the detection of both moving and stationary
targets in all clutter envi ronments and that also provides
for classification to the recogni tion leve l , with further
classification to the identification level (1FF) being
highly desirable.

It is believed that the desired target acquisition
capabili ty may be achieve d via the implementation of a
multiple discrimi nant system. Multiple discrimi nant
processing is based on the premise that effective
classification can be achieved by the logical and/or
statistical processing of reasonably independent sets of
radar discriminants . Such a system , is depicted in Figure 1.
A millime ter radar is used to obtain returns dependent on
target/clutter characteristics. These are then processed,
usually with respect to time , to produce derived
discriminants such as doppler spectra, cross polarization,
etc . The se discrimi nants are the n processe d to obtain
numbers re prese nting the physical charac teristics of the
targe t , such as size , veloci ty , etc . The job of the
classifier is (1) to compare the features with those of
training targets stored in the classifier memory, and (2) to
reach a decision, ideally based on exact target
ident i f ica t ion.

Dasarathy1 has made a simulation study of three basic
classification techniques: (1) the maximum likelihood
classifier; (2) the nearest neighbor classifier , and (3) the
linear classifier. Each technique was shown to be
potentially useful.

1. B.V. Dasarathy, TARECS: A Target Recognition System for
Identification of Land Targets in Combat Environments
Using Millimeter Sensors — A Simulation Study, M&S
Computing, Inc., Report No. T—CR— 78—20, September 1978.
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The purpose of this report is to delineate explicitly
the implementation of these three classification techniques
for radar systems for target classification and , further, to
assess the applicability of microprocessors to these
classifiers. Section 2 of this report presents a brief
review of nomenclature relating to classifiers, after which
a report section is devoted to each of the three
classifiers.

The maximum likelihood classifier is presented in
Section 3; it is shown that the assumption of Gaussian
distributions of features results in low memory storage
requirements and small computational loads. In Section 4
the basic nearest neighbor technique is shown to be
simplistic in implementation but it results in high memory
and computational requirements. The linear classifier,
discussed in Section 5, is found to lie somewhere between
the previous classifiers in terms of assumptions and
computation.

In Section 6 an effort is made, through an example, to
assess the implementation of each classifier using available
microprocessors. Section 7 presents an overall summary of
the report and gives conclusions drawn from the analysis.

2. CLASSIFICATION TECHNIQUES

The three statistical classification techniques studied
in this report use pattern recognition or statistical
hypothesis testing in algorithms which lend themselves to
implementation in field system mircroprocessors. The
computing power and memory storage capabilities of current
microprocessor chips are well suited for complex analyses of
target signatures.

Statistical techniques can be divided into two classes:
parametric and nonparametric. Parametric techniques require
a knowledge of the probability distribution of the target
signature and that this distribution be mathematically
defined. For example , consider the radar cross section (RCS)
of a given target. The RCS measured is a function of aspect
angle, and the observed aspect angle (under battlefield
conditions) will have some probability distribution. If one
could measure the RCS of various targets in a combat
scenario and obtain enough data, the RCS probability density
of each target class could be plotted and a mathematical
representation be found . Ideally, the probability density
would be mathematically simple, such as the Gaussian

5
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distribution . Experimental data indicate that, for the
e xample of RCS , this is not likely to be the case .

Parametr ic  technique s lead to the highest re liabili ty
of c lass i f ica t ion but  also requi re the most knowledge of
targets and that the knowledge result  in  wel l—def ine d
probability distributions . Nonparame tric techniques, which
do not specifically require knowledge of the probabi li ty $distributions , are useful when target signature statistics
are highly comple x or cannot be reliably defined. This is
the situation most likely in the real world. Given an
ini tial  set of t raini ng data for which the targets are
labe led , a noctparame tric algorithm determi nes the most
likely target  type for a gi ven i nput.  It should be mentioned
that error analysis (decision reliability) is possible for
parametric techniques, whereas, for nonparametric
techniques, only empirical error analysis is feasible .

Use of statistical pattern recognition techniques
usually implies that the fundamental data is directly
related to identifiable physical characteristics. There is
another class of techniques , syntactic pattern recogni tion
techniques , in whi ch a target signature is broke n down into
a combi nation of substruc tures or primitives for which the
relationships to physical characteristics are not readily
apparent. For an unknown target, the classifier searches for
these substructures and uses algorithms (grammar rules) tp
test for various target types.

3. THE MAXIMUM LIKELIHOOD CLASSIFIER

The maximum likelihood classifier , or Bayesian
classifier , requires a probabilistic description of the
target signature , i.e., it is a parametric technique . Any
target signature which is aspect angle dependent can in
principle be applied to this technique , so that the
probability distribution contains both the angle dependence
of the target signature and the probabi lity of aspect angle.
In practice , comple x targets will not have signatures which
vary smoothly with aspect angle.

As an example of this classification technique , consider
the radial ve loci ty dis tr ibut ion of movi ng targets obtained
from doppler sh i f t  freque ncies. Assume that a s u f f i c i e n t
quanti ty of trai ni ng data is available and that the data
fortui tously can be f i t ted by a Gaussian distri buti on . Use
of the Gaussian (or Normal) d is t r ibut ion s implif ies  the
analysis , because the data are completely described by two
parameters , the mean , z , and the standard deviation, g .  We

6
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consider two target types, tanks and jeeps, wi th tank s
moving more slowly than jeeps. Assume the following data:

Mean velocity of tank s = = 16 mph

Standard deviation of tank velocity = - 5 mph

Mean velocity of jeeps = p 3 = 35 mph

Standard deviation of jeep velocity = — 10 mph

The Gaussian probability density func tion is

— (v—p)~/2cy
2

e (1)
vr

~~~

and this funct ion is plotted for the assumed data in Figure
2. The functions plotted in Figure 2 are known as a
~osteriori conditional probab i l i ty densities, because they
indicate the probability of a target velocity being �v ,
giv en that the target is known . We denote these by

p (v/T) = 
1 

- e~~~
_

r)
2h/2aT

2 
(2)

1 
—(v— p ) 2,20 2

p(v /J) e . (3)
71a

3
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If we take a measurement  on an unknown targe t and obtai n
velocity v (here v is a numbe r — not a variable), wha t we
would like to know is: (1) the condi tional probability ,
P(T/v), that the tar get is a tank , given that the velocity
is v , and (2) the condi tional probability that the target is
a jeep, P(J/v ), gi ve n tha t the ve locity is v. Base d on these
proba bili ties , we can then make a decision whether to fire a
weapon. For example , if P(T/v) > P (J,v), then we wil l  shoot
at the target.

Addi ti onal informa tion tha t we ge t from the training
data are the uncondi tional a priori probabilities , P(T) and
P(J). P(T) is the probabi lity that any given target in the
field is a tank; P(J) is the same for a jeep. (We maintain
the simpli fication that there are only two types of
targets.) For this example , we assume tha t the average ratio
of tanks to jeeps in all the battles we have moni tore d is
three to one . Thus P(T) = .75, and P(J) = .25. [Note that
P(T) + P(J) = 1.]

Finally, we de f ine  the uncon di tional probability that
any veloci ty measurement we make yields the value v; this is

p(v) = p (v/T) P(T) + p(v/J) P(J). (4)

The Bayes ’ Theore m is then used to compute the P(T/v) and
P(J/v). The Bayes’ Theorem for tanks is

P(T/v) — 
p(v/T)P(T) . (5)

p (v)

and for jeeps is

P(J/v) — (6)

The decision rule is: We fire if

P(T/v ) > P (J/v ) . (7)

9



Using Equations (5) and (6), this becomes

P (v/T) P(T) > P(v/J) P(J) , (8)

where the p(v) terms in the denominators have cancelled.

I

We can extend this treatment to N target types denoted
by A1,i = 1,2 ...N.

Equation (4) becomes

p(v) - ~~ p(v/A1) P(A1) . (9)
1—1

We compute all the p(v/A i) P(A i), and the target is
classified as A~ if

P(v/A~)P(A~) > ~(v/A1)P(A~) for all I # j. (10)

I

For the Gaussian distribution, the computation is
simplified by taking the natural log of both sides of
inequality (8), giving the decision to fire if

(v—p3)
2 /a 2 

— (v_P
T)
2 /a~ > C (11)

10 

-~~~~~~~-- -~~~~~~



— .. - —-----~ 
________________ 

11
where

C = 2 in {a3 p(J) /a~ P(T)} 
. (12)

I
We can also introduce a predetermined “cost of decision”

into the maximum likelihood classifier by de f in ing n j as
the cost (0�ri~ � 1) of classifying the target as Ai
when it is, in reality, A.1. For example, rTJ would be
the cost incurred by classifying a jeep as a tank. This cost
would be higher than correctly iden ti fying the jeep (rjj),
since ammunition is wasted on a non—threat. Since
identifying a tank as a jeep could be fatal, rJT would be
very high.

For N targets (Ai,i = 1, 2, ...N), it can be shown2
that the cost of a decision is minimized if the target is
identified as A~ by determining the minimum value of R~,
i.e.

R~ < R1 for all I # j  , (13)

where

N
— ~~ P(A~) ~~ P(V/A~) . (14)

J 1

For our examples of tanks and jeeps,

— P(T)r~~p(v/T) + P(J)rTJP(v/J) (15)

2. H.L. Van Trees, Detection, Estimation, and Modulation —
Part I, John Wiley & Sons, Inc., New York, 1968.

11
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T 
and

R3 = P(T)rJTp(v/T) + P(J)r33P(v/J). (16) H

From Equation (13), the decision is made to f i r e  if

P(T)r~~p(v/T) + P(J)rTJP(v/J)< P(T)rJTp(v/T + P(J)r33P(v/J) (17)

or if

P(T)p(v/T) (r~~ - r~~) > P(3)p(v/3) (rTJ - r~~) . (18)

If tanks and jeeps had the same threat potential, we would
assign VJT = rTJ = 1 and rTT r 73— 0. Equation (18)then reduces to the previous dectsion rule given by Equation
(8).

Now consider the possibility of using two target
signatures in a maximum likelihood classifier, say radial
velocities, as before, and radar cross section (RCS). Again,
we measure arbitrary RCS’s of tanks (N measurements) and
jeeps (M measurements) under battlefield conditions and
obtain mean values.

~T N  ~1j
(RcS)Tj 

ii3 =~~ E (RCS)3 (19)

• and standard deviations

12 
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,-,
~‘

aT = —
~~~ [~T 

- (RCs)T]2 aj
’
-~~~~~~~ ~ — (Rcs)J]2 (20)

We assume tha t the join t probabili ty densi ty is given by the
b ivaria te Gaussian dis tr ibution, where the correlation
between veloci ty and RCS is zero; 3 tha t is, the veloci ty
and RCS are independent in the probability senèe. The
conditional joint probability can then be written as the
product of two univar ia te Gaussian distribu tions, namely ,

2 2 —
_(v_ P

T) /2a
~ — (RCS — 

~T 
)2/2aT (21)

1 e ep(v,RCS/T)
2ITaTGT

and

1 —(v—p )2/2a 2 _ (Rcs_p ) 2/2a 2

• p(v,RCS/J) = e e . (22)
2m~3a3

’

This result can be extended to any number of target
signatures as long as they are statistically independent. If
the signatures are not independent, the multivariate
Gaussian distribution must be used, and the covariances and
correlations must be determined . For the case of the two
signatures, velocity and RCS, assumed independent, the
decision rule is: Fire if

• 3. Alexander M. Mood and Franklin A. Graybill, Introduction
• to the Theory of Statistics, McGraw Hill Book Company,

Inc., New York , 1963.

13

~

-.

~

• • -

~

.•—•-

~

. , ~~~~~~~~~~~~



-~~--~~~~~~

I

(v—p ) 2 (RCS—p )2 (v—p ) 2 
(RCS—p ) 2

+ J 
— 

T 
— 

T 
. (23)

a3
2 2 

aT aT 
2

where 
- 

1

C -2 
in) :;~1 

~~T) (r~~ = :~ L (24)

If we extend this result to N target types, A1, i = 1,2,...N, and M independent target signatures, a~,i = 1,2,
...M, the general decision rule is: The target is A~ if

N N
R~= ~~

P(A.K)rJkP(alFa2~
. amIA.K)<Rj= ~~ P(A )r12,p(a1,a2,... a~(At)k—i

(25)

• 

, 
for all i * j .  We can write

1 M —(a —p )2/2a 2

• 
p(a1,a2,...a~/~~) = 

(2,r) Mh’2 -j-
~
— e ~ 1k 1k 

(26)

• 
~~a 

~~~~~

1k
i—i
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where

1’lk is the mean of the ith signature ai for target
type Ak ,

°Ik is the standard deviation of the ith signature
f or target  type Ak ,  and

M
U X

1 
= . X

3
. .  X

M
i—i

Then Equation (25) becomes

N /M \1 M -(a -p )2/2a 2

E P(A.K)r 
k’~~ 

a k’ iT e ~ 
pk pk

k—i ~ \p.1P
/ ~~~

< L P(AL)r
iL(~~a

qi ) 
~~~ 

_ (a q_P q&) 212aq&
2

• (27)

The flow diagram of Figure 3 shows how a maximum
likelihood classifier might be implemented.

4. THE NEAREST NEIGHBOR CLASSt~FIER

The nearest neighbor classifi~ r is the least complicated(most straightforward ) of the three classification
techniques but also involves the most memory storage and
computational load. It is a nonparanetric technique in which
all the training data is stored and used in classification ,

• 
. as opposed to the maximum likelihood me thod , where all the

traini ng data is reduce d to three numbers per target type
for each target  discrimi nant (mean , standard deviati on , and
a priori probability).

15
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I

Considering the same example as in the previous section,
we have tanks and jeeps with radial velocity as a
discriminant. The data stored in the memory consists of
measured velocity values and the target observed for each
value. Consider the following data taken at random in a
hypothetical battlefield scenario:

Tank Velocities (mph ) Jeep Velocities (mph)

V1 2

V2 5 V16 = l9

• 6 • 30

• 9 . 35

• 10 • 40

11 V20 = 50

14

15

16

17

• 18

22

. 23

• 24

• V1~~~~ 25

These numbers were chosen to somewhat resemble the Gaussian
• distributions of Figure 2. In each memory location, we store

• the measured velocity v~ and the associated target type,Ak . For an unknown target wi th velocity v , we compute all
Iv — vjl and search for the minimum. If

17
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Iv — v3 1 < I v — v1 1 for all i 
~~~ i , (28)

the target is iden ti f ied as the one associated wi th v~ .
For example, if v = 27 mph , the “nearest neighbor” would be
the tank at 25 mph . For v = 20 mph, the nearest neighbor is
a jeep at 19 mph . This is the classical NN (nearest
neighbor) rule. If we think about all of the target data
being plotted on a velocity l ine, the nearest neighbor is
the data point closest to the unknown. The a priori
probabilities are taken into account by the number of tank
neighbors being larger than jeep neighbors by three to one.

Clearly, a lot of data and high precision (several
significant figures) are desirable. Also, one must make
provisions for several targets having the same velocity. To
avoid this problem, one can invoke the k—NN rule. If k is,
for example, 11, the 11 nearest neighbors of the unknown
target would be found . The unknown would be assigned to the
majority class of these nearest neighbors; if 6 or more
nearest neighbors were tanks and 5 or less were jeeps, the
unknown would be classified as a tank.

One can inject the threat potential assessment into the
computation by assigning a constant to each target type,
v1. Since tanks are a greater threat than jeeps, we might
assign tanks a factor of rT = .8 and jeeps a factor of

= 1. The decision rule (28) becomes

r~ Iv — v~ I < r1 Iv — v1 1 for all i 0 j. (29)

• The net effect is to make tanks appear to be nearer
neighbors than they actually are.

Also, one can set thresholds for decisionmaking , below
which no decision is made. In the classical NN rule, one can
require that the nearest neighbor be “close enough” to the
unknown. For the example given, the threshold might be set
at Iv — v11 = 2 mph. If the nearest neighbor were more
than 2 mpri away, the unknown would not be classified . In the
k — NN rule, k = 11, one might require more than a majority ,
say 7 out of 11, for a decision.

Another technique which can be used is the weighted k —

NN rule, in which the k nearest neighbors are weighted
• inversely proportional to their distance from the

unclassified target. For example, we classify the target as
a tank if

18
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Provisions must be made for the computational problems
resulting from Iv — v~ I 0.

The uti lity of the NN classifier becomes more apparent
when extended to more than one target signature . If there
are M target signatures (features), instead of being a point
on a line , each traini ng target measurement becomes a point
in M—dimensional feature space . Nearest neighbors are then
determi ned by their distance in feature space from the
unknown .

Consider the two—dimensional classifier using target
ex ten t in ele va tion , z, and azimu th , y, determined from
angular  profi le and range data. Plotted in two dimensions,
typical training data might resemble Figure 4. For this
case , the decision rule is

< d~ for all I i# j , (31)

or

• 
~~~~~~)2 + (z-z.)2< ~~~~~ )2 + (z_z~ ) 2 

. (32)

Although i t  is not readily apparent from this example , this
simple formulation is flawed in that it tends to weight one
feature more heavily than another. For example , targets are
generally longer than they are high , but not necessarily

19
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Figure 4. Target extent training data .
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wider. Thus , because of var ia t ions  in  yaw aspect angle , we
expect a large range of values for the Yi and a small
range for the z1. Thus, the (y—yi )2 terms will dom-
inate over the smaller (z_z 1 )L terms. This disparity
become s more visi ble i f  we use as fea tures : (1) the radial
veloci ty, which perhaps varies between 5 mph ~nd ~- 50 mph;
and (2) RCS which mi ght vary between 5 in2 and 500 in2. If
we use Equa tion (32), the RCS will dominate over the
velocity.

Clear ly,  some form of “normalization ” depending on the
spread of data will probably be needed. We can “normalize ”
by dividing each feature by the sample standard deviation
for the tar get signature y gi ve n by

(33)

where n = total number of training samples and .M~ is the
sample mean given by

U

~~~~~~~~~~ E yi . (34)
1—i

The decision rule then becomes

_ 
+ (;~~~ 

<
~(~;:‘) 

+ (;:i)

2 
for all I #3 . (35)

For an M—dimensional feature space (M types of target
signatures), Xkj, k = 1,2 . . M, where i denotes the ith
target and xk is the unknown, the decision rule is
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f c,r all I ~ 3. (36)
k—i \ Xkj / k—i \ xkj /

The impl eme n tation of the NN classification is similar to
that shown in Figure 2, except that the computation loop is
traversed n t imes (n = total n umber of tra ining samples )
instead of only N times (number of target classes).
Modifications needed to implement the k — NN rule and the
weighted k — NN rule wil l  resul t in an add itional
computational load . In addition , memory requirements have
increased to nM + 2MN + N, where nM is the number of sample
da ta, 2 MN is the num ber of means and standard devia tions,
and N is the number of weighting (threat) factors.

It should be pointed Out that there are many variations
of the NN classifier which have not been discussed. These
include techniques for reducing the size of the training
data set and computationa l tricks to increase processing
speed.

5. THE LINEAR CLASSIFIER

• With the maximum likelihood classifier , a comple te
• knowledge of the probabi lity distribution of the target

signa tures was assumed , and this assumption resulted in
small computational loads. In the NN classifier , esse ntially
nothi ng was assume d , and memory and computation requirements
were large . The linear classifier is a nonparametric
technique wi th assumptions about the distribution and field
comp utational load~ lying somewhere between the extremes of
the maximum likelihood classifier and nearest neighbor
classifier.

The assumption made in the linear classifier is that the
target classes can be separated in multidimensional feature
space by discriminant surfaces called hyperplanes. To

• understand what the previous statement means , consider the

4. B.V. Dasarathy , A Study of Nearest Nei ghbor
Classification Techniques in the Conte xt of Millimeter
Radar Target Recognition and Selection Applications, M&S
Computi ng , Inc. ,  Report No. 78—0 17 , March 1978.
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two fea ture case of Fi gure 5a where the discrimi nan ts are
measured target extent in elevation and azimuth. In this
case , the “hyperplane ” is a line. We assume that we can find
the equa tion for a str ai gh t line tha t separa tes all the
tanks from all the jeeps ,~ so tha t any unknown can be
classified on the basis of on which side of the line it
falls . In fact, we assume tha t eve n whe n no straigh t line
exists that separates the data , we can apply an algori thm to
the data which wi l l  gi ve us the “best” line , i.e., the li ne
that will give us the least probability of misclassification.

We now add target extent in range to elevation and
azimu th ex ten t, so that we have a three—dimensional feature
space, as shown in Figure 5b. In this case the hyperplane
is a plane separati ng the targets in space . If we ex-
tend this treatment to M types of target signatures, x1, i
= 1, 2, 3, . . . M , the discrimi nant surface is a “ hyper—
plane ” in M—dime nsional space.

Considering now the treatment of three or more target
classes (number of classes = N), we have the option of
trying to f i n d a discrimi nan t surface for each class which
separate s tha t class from all others , or we can find
surfaces which separate each pair of classes. The first case
requires N hyperplane s, resul t ing  in  a small compu tational
load for de termi ni ng unknowns , bu t the l inear separabi l i ty
assumpti on is like ly to be less valid.

The latter case requires 1/2 N (N —1) hyperplanes and
more computations to determine unknowns. However, i t of ten
gives a higher accuracy, because a given target class is
more l ikely to be linearly separable from each class

• indi vidually than from all other classes lumped together.

The latter case , howe ve r , also opens up the possibili ty
of regions of feature space for which an unknown is not
uniquely identifiable. For example , consider the two-
dimensional feature space with three target classes and

• separating lines shown in Figure 6. Any unknown falling in
the cross—hatche d are a cannot be classif ied.

The Ho—Kashyap algorithm can be used to determine the
hyperplanes,5 and thi s al gori thm is f i r s t  discusse d for

5. Yu—Chi Ho and R.L. Kashyap, “A Class of Iterative
Procedures for Linear Inequalities ,” J. SIAM Control,
Vol. 4, 1966 , pp. 112—115.
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two targe t discrimi nants: extent in azimuth (x) and
ele vation (y) as in Figure 5a. (The x1 and ~i are
normalized as before.) We wish to find the straight line
that separates measurements obtained from in tanks xTl, YT~’= 1, 2, . . . m, and from n jeeps, XJJ , yj~ , ~ = 1, 2,

n. The line equation is given by

ct1 x + ~~2 y + c g
0 = o  • (37)

iiwhere 
~~ ~2 

and cz~ are constants to be determined
from an iteration procedure. We require that all tank data
lie outside the line,

al XT~ ~~~2 YT~~~~aO > 0 f o r a11 i , (38)

and that all jeep data lie inside the line ,

• a1 XJj + a2 ~~~ 
+ a0 < 0 for all j . (39)

Now Equation (39)  can be rewritten as

1 j~ — a2 ~~~ 
— U0 > 0 for all j . (40)
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Thus we have n + m linear equations which may be writ ten in
matrix form as

XT1 ~
‘Tl 1 0

XT2 0

x;n y;n :1 
° (41)

— l  2 >

~CJ2 ~~
‘J2 

-~~~~~~ 
cXO 

0

or A . a> 0 .  (42)

We introduce the variable vector B = B
2 

, •  
~~~~~ 

8
~+i.~such that we must find ~ for which

- 

A a — B = 0 (42)

• and

B > 0 . (43)

“The introduction of the vector fi as an additional variable
plays a crucial role in the convergence rate of the

• algorithm without any appreciable increase in computational
• complexity.”~ Before convergence, A a - B ~ 0, so we

introduce the vector 1 defined by

y = A a — B . (44)
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We also introduce the scalar constant p and the symmetric
matrix S (in this case S is a 3 x 3 matrix). One possible
choice of p and S are

• 0 < p < 2 (45)

S = (A!l’A)~~ (46)

• where AT is the transpose of A ,

XT1 XT2 • •~ 
X
Tfl 

- X
J]• 

- XJ2 ••~~ 
-

AT = 
~T1 ~

‘T2 ~
‘Tn 

- 
~Jl 

- 

~
‘J2 

- 

~
‘Jm

1 1 ... l — l  — l  ... — l

and

( 4~ 
+ 4~ 

+ •. .  x~\ / XTI ~r1 + 
~T2 ~‘12 

+ • • •  3C
~~~ r1 + • •

X~~1 + Xj 2 + • . .  xJ1 YJ~ 
+ • . .. . .  xJID 

yJ
~
I$
~ 

X~~~ + X32 + • .

A
T

A 

XT1 Y~fl + • • •  X
~~~ Ym\\(41 ~~~~ + • • •  Y

~~\ (Y T1 + 
~T2 + ...

+ X31 ~~ 
+ • . .  + + • .. + + • . •

+ XT2 + • • + 
~‘T2 • • YT~\

+ X fl + X J2 + ... X3m)Iç Y j 1+ Y j 2 + . . . Y j~,) (~+~)

(48)

S is then the inverse of the ATA, which is found from the
determinants of the cofactors and the matrix determinant.
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• I t can be shown tha t the al gori thm

(c*)1 + ~ 
= (a). 

+ ~ S A
T I 

~
) , a 0 arbitrary, (49)

+ 1 ~
+ 1+I ’r~

I)#B o>0~~
t arbitrary otherwise(50)

converges to the solution of A a — j3 = 0 in a finite number
of steps provided a solution exists. The subscripts here
denote the number of iterations performed. Initially we
choose P , (ct)0 = ( (a1)0, (c*2)0, (ct0)0 ~ , and
(8)~ = ((81)0, (82)0, + . . . (8n+m )~~} , plug
these i nto Equa tion (44 ) and compu te

• = A (a)0 
— (B)0 . (51)

• Then, using Equations (49) and (50), compute

(a)1 = + p S AT I~0 I ( 52 )

and

(8) 1 = (8) 0 + 
~ o + 1’~’o 1~ - 

(53)

Returning to Equation (44), we find 
~~ 

:

= A (a)1 
— ( 8) i (54)
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and conti nue the prece dure unti l Y~.40 .

Now i f  the re is no soluti on ( i . e . ,  the tank and jee p
data overlap so that the discrimi nant line does not exist),
we can conti nue the iteration process unti l the (a)i do
not change very much from one iteration to the next. For
example , we mi ght stop at the 76th iteration , provided we
have a one percent accuracy:

( a . )  76 — 
( a . )

1. 
(a ) 

< .01 for j  = 0 ,1,2 (55)
j  75

whe re the ctj are the components of the vector ct.

It is clear that even for the case of the two target
types and two discriminants, the computation of the a1,
~ 2’ and a~ for Equation (37) is quite involved and
normally needs to be done on a main frame computer. However,
once the se three cons tants are de termi ne d , the y are all that
needs to be store d in  the f ie ld  microprocessor . If we
measure x and y for an unknown, the target is identified as
a tank if

a1 x + c t1 y + a 0 > 0 .  • (56)

Now consider the problem for two target types and M
types of target signatures xj, i = 1,2, . . . M. The
computation of the M + 1 constants (a1 , a2, . . .
a0) is considerably more difficult because the vectors
involved now have M + 1 components and the matri x S is now
(M + 1) X (M + 1) . The computational and storage
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require me nts for the field processor are not si gn i f i c a n tly
al tere d , however. The decision rule becomes

cz1 x1 + c z 2 x 2 + ... c X X + c I Ø > O  . (57)

Now consider the extension to N target classes. There
will be a plane for each of the 1/2 (N) (N — 1) target
pairs , so that we must store 1/2 (M + 1) N (N — 1) constants
in the f ie l d microprocessor and mus t make be twee n N — 1 and
1/2 N (N — 1) computations. A flow diagram showing how the
microprocessor mi ght be programmed is shown in Figure 7.

6. MICROPROCESSORS FOR TARGET CLASSIFICATION

One conclusion drawn in a recent study of target
class i f ica t ion6 is tha t the use of mul tiple di scrimi nants
is like ly to be essential to reliable classification. The
three independent classification techniques discussed all
appear applicable to multiple discrimi nant analysis. The
nonparame tric techniques are straightforward in their use of
the training data. In the maxi mum likelihood classifier , one
would ideally use ex tensive analysis to f i n d e xact
e xpressions for the probability densities. Howe ver , the
basic assumption that the distributions are Gaussian is more
credible than it might first appear because of the central
limit theorem. For practical applications , the importance of
this theorem lies in the fact that the mean of n random
samples from any distributuion with mean ~L and standard

• deviation a approximates a Gaussian distribution; i.e., the
mean is distributed as a normal variate with mean ii and
standard deviation aI’~,~ 7

• Whi le each of the classifiers appears usable , the
question remains, which one is best? Clearly the answer
depends on the actual di stribution of the data .

6. Robert G. Shackelford and James J. Gallaghe r , Isolation,
Classification and Location of Targe ts with Mill imeter
Systems, Contract Report for US Army Missile Research
and De ve lopment Command , Advanced Sensors Di rectorate ,
1978.
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Dasarathy,1 in a p r e l i m i n ary e f f o r t, has compared the
three techniq~.~es using artificiall y genera ted da ta for
target extent in azimuth , eleva t ion , and range. He found no
sign i f i c a n t d i f f e r e n c es in the recogni t ion  ra tes for the
classifiers. Na tura l ly , the resul ts of any simula tion wil l
depend heavily on how the test data is generated , so that
actual data will be required for any final rating of the
classifiers.

To assess the applicabili ty of microprocessors to f ield
class i f ication, consider the case for five target types and
five target discriminants. Since we might expect that no
classification improvements result from training data less
than 1 degree apart in aspect angle,6 let us (assuming some
target symmetry) take n , the total number of training
samples , to be 900, or an average of 180 samples per target.
The number of constants stored in the microprocessor are 75
for the linear classifier, 85 for the maximum likelihood
classifier, and 4 ,555 for the nearest neighbor classifier.
The point of these results is that, as far as computation
and memory requirements are concerned , if one is going to
use the linear classifier, one might as well also use the
maximum likelihood classifier (and vice versa); and if one
is going to use the nearest neighbor technique , one might
as well use all three classifiers. The use of some combin-
ation of the classifiers would seem optimum, since if
neither of the faster classifiers (maximum likelihood and
linear classifiers) gave a firm decision, the MN classifier
would be available. Otherwise, one could use a majority
rule, or a weighted majority rule if the classifiers could
be rated according to their expected performance.

A microprocessor to be used in such a classification
system would require a reasonably large permanent memory for
the storage of constants and computation programs, but a
relatively small temporary memory. Temporary memory is
usually referred to as RAM (random access memory), which
provides immediate access to all memory storage locations.
The permanent memory is called the ROM (read only memory)
which may be programmed by a mask pattern in the last
manufacturing stage or may be programmed in the field using
suitable equipment. In the latter case, the memory is called
a PROM (programmable read only memory). Program data stored
in the ROM cannot be altered and for that reason is often
called firmware. Memory storage is measured in bytes
(computer words) usually of 4 or 8 bits (one bit = one
on—off switch).
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There are currently available single board microcom-
puters (Motorola, Texas Instruments , Zilog, etc.) which pro-
vide 8 k byte PROM capacity (k = 1,024) and from 512 to 4 k
of RAM, all at a nominal cost of $300 (for a quanti ty of
100). The PROM capacity would appear to be adequate for the
example given, since 3,477 bytes would be lef t for program
ins tructions af ter the storage of 4 ,715 constants.

7. SUMMARY AND CONCLUSIONS

This report addresses the subject matter in a highly
fundamental manner. The basics of the three classifiers have
been presen ted , but no attempt has been made to consider
other classification techniques nor to expand on the three
classifiers discussed . An obvious extension of the
computerized classifier is one which continually updates the
data base as targets are successful ly iden ti f i ed in the
battlefield . It has been shown, however , that there exist
three classif ication techniques which can be easily
implemen ted to experimen tal data from mm wave radars.

To implement the maximum likelihood classif ier, one
makes a broad assumption about the training data and boils
the data down to very few numbers; the result is low memory
storage and very few computations needed for classification.
The validity of the Gaussian assumption is questionable but
is given some credence as a resul t of the nature of random
variables.

In the nearest neighbor classifier, no assumptions are
made , and all of the training data is retained . Many
repetitive but simple computations must be performed to
classify a target.

As a result of extensive preprocessing of the data, the
linear classifier requires low memory storage and has a
computation load intermediate between the nearest neighbor
and the maximum likelihood classifier. Although the
calculation of the constants representing the discriminant
hyperplanes is complex , the use of these constants in the
field classifier is straightforward .

It has also been shown that currently available
microprocessors have sufficient capabilities to implement
the classifiers for field radar systems. It is felt that
the small size, high computing power, and low cost of

34



I

microprocessors will dictate t he i r  use in mi l l imeter  wave
target acquisition systems.

Fi n a l l y ,  i t  is concluded that  a program needs to be
car r ied ou t to in teg ra te a microprocessor in to an ex-
perimen tal mm wave radar system to allow an evalua tion of
the various target signatures and classifiers. Experimental

• target signature data are required to effectively assess the
utility of the classification techniques.

*
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