7 AD=AOT4 846 MICHIGAN STATE UNIV EAST LANSING DEPT OF STATISTICS =-=-ETC F/6 12/1
ASYMPTOTIC NORMALITY OF A VARIANCE ESTIMATOR OF A LINEAR COMBIN==ETC(U)
JUL 79 J C GARDINER: P K SEN NO0014=T79=C=0522
NL

UNCLASSIFIED RM=389=REV

END 1
DATE

FILMED

|1~79 ‘
Doc




ﬁ*

I

|l o
= E
[IL25 fra e

HII







RM-389 JCG-1 PKS-1
November 1978
Rev. July 1979

ASYMPTOTIC NORMALITY OF A VARIANCE ESTIMATOR OF A LINEAR COMBINATION
OF A FUNCTION OF ORDER STATISTICS
By
Joseph C. Gardinor*and Pranab Kumar Sen
Michigan State University and University of North Carolina, Chapel Hill
Abstract
An estimator of the asymptotic variance of (a randomly stopped)

linecar combination of a function of order statistics is considered and its
asymptotic normality is studied under appropriate regularity conditions.
A comparative study of the regularity conditions pertaining to the
asymptotic normality and strong convergence of linear combinations of
functions of order statistics and their estimated asymptotic variances is

also made.

TAcCesGhen For

KTIG  Gomal

DOC TAB
Unauncineed
Jua\&l\ﬂa\i*“ua»..a-v-‘
kvallnhiliﬂx—ggggg'-—‘ Hh renraigs
Avallund/o¥ it .
D‘.t apoc ‘1\ | "“‘T 10
. ¥
A 11-‘!‘4\ ‘ R f \
AMS Classifications: 60F05, 62G30 ‘K

-

Key Words and Phrases: Asymptotic normality; asymptotic variance; almost
sure convergence; empirical distribution; linear
combination of order statistics; quantile process;
stopping time; Wicner process.

*  Resecarch supported by the Office of Naval Rescarch under ONR Contract
NOOOL4--79-C-0522.
DISTRIAUTION 51 ATEMENT
Apgsoved for public release
Distthuton Unl\.m ~d

———— e —.

o~

e e st

e i




1. JIntroduction.
Let {Xl. i > 1} be a sequence of independent and

ident Ically distributed random variables (f.i.d.r.v.) with a continuous dis-

tribution function (df) F, defined on the real line R = (-~,»). For every

n (> 1), let X“’l,....X“’“ be the order statistics corresponding to
Xl,...,Xn and consider the statistics
-1 K - g
T"'k n ){L] cn,ih(kn,i)' 1 < k <n, (1.1)

where {C“ L 1 <i<n;n>1} is a triangular array of (known) real
»
: -1
constants and h is a specified function. Actually, if we let g = h o F

and ¢ = F(X are the ordered

1 < i n so that ¢
n,i u,i)‘ = = (s¢ ’

3
n,1’ '"n,n

r.v. of a sample of size n  from the uniform (0,1) df), we may rewrite

(1.1) as
-1 _k b

. - > 2 (¢ < K <. .2 ’

rn,k % ) cn,ii"(“n,i)' Sxhan =14 1
Under suitable regularity conditions (on g and the . ‘). for
k/n > a (0 <a <1),

l,(T = pla)) /o) » N(OL ), (1.3)
- n,k L

2
where for each a € (0,11, u(a) (asymptotic mean) and o (a) (asymptotic
variance) are functionals of g and the score function J  (which gencrates
the cn i). (1.3) has been proved under diverse regularity conditions by
’

a host of research workers (viz. [1, 3, 4, 5, 6, 7, 8]). Stigler (1969) has

also shown that under suitable regularity conditions,
2
n Var(T_ ,)/o (a) »1 as n » o . (1.4)
n,k

Let {In. n > 1} be a class of stopping times, where, for cach n (1),

o\ and it assumes values in

1 ig defined in terms of X goes
n n,l n,n

i ——————————— . ' 4 I W—



2
{1,...,n}. Gardiner and Sen (1978) have shown that if n_l1n B a € (0,1]

and the regularity conditions pertaining to (1.3) hold, then

n (T"’Tn - u(nﬁlln))/o(a) i N(0,1), (1.5)

while if u_H(ln - na) R 0, then in (1.5), u("~11“) may also be replaced

by ua).

In a variety of practical applications, p(a) can be related to the
basic (viz., location or scale) parameters of F, and thereby, confidence
intervals or tests of significance for p(a) can be transmitted to yield
parallel conclusions for these parameters. In this context, one confronts
the problem of estimating oz(u} and natural estimators of oz(u) can
be derived from the sample. The object of the present investigation is to
consider such an estimator of oz(u) and to study its asymptotic normality.
Along with the preliminary notions, the main theorems are presented in
Section 2 and their proofs are considered in Section 3. Section 4 is
devoted to some general remarks including a comparative study of the
regularity conditions pertaining to the almost sure (a.s.) convergence and
asymptot ic normality of Tn,k and the estimator of cz(u). For the con-
venience of presentation, some of the technicalities are postponed to the

Appendix.

Preliminary notions and the main theorvens.
eliminary notlons and the main theorems

.
~——

Define g as in after (1.1)
and assume that for every 0 € (0,%), g is of bounded variation in
(0, 1-0). For each n (> 1), define Jn on [0,1] by letting Jn(t) =

c for (i-1)/n <t < i/n, 1 <1 <n aud Jn(O) . Also, leot

n,i gl

lxn

l"(t) =n ¥ I(C",i <t), t € [0,1] be the empirical df. Then Wn,k

in (1.2) can be expressed as




T = Jln (n) 1 (r : 2.1
o Ju l"(t))q(t)dl"(t). 2.

We define a bounding function

-=a -a

B(-, a) = {B(t, a) = M ¢ l(l—t) 2

« £€ 0,35} (2.2)

where M0 < M < @), a= (.'Il.:'lz) and ay,a, are real numbers. Also, for

fixed B(> 0) and §( 0), we define F

az = {ag(0) - ea-01"%2 ¢ o, (2.3)

Then, we make the following assumptions:

~

[Al]: Igl < B(+, a) for some a = (:11.;12).

[A2]): There exists a J, defined on (0,1), such that
[3] < B(-, b) and |Jn| < B(*, b), Vo, (2.4)

where b = (bl’bZ) with real bl,b2 and except on a set of t's of |[g|-
measure zero, both J is continuous at t aund Jn *J uniformly in some

neighborhood of t as n » o,

For each o« € (0,1], let us then define

a
un(u) = I J“(t)g(t’)dt. (2.5) 3
0
2 O (a
o (a) = J J (s At = st)J(s)I(t)dg(s)da(t); aAb = min(a,b). (2.6)
070 3
Note that if
ag+by=a,+tb,= 1/2 - § 2.7) ;

1

then J B(-, h)q&ldlgl <o and it follows from assumptions Al, A2 that
0

both u“(a) and 02((\) are finite and then (1.3) holds [c¢f. Shorack

(1972)]. 1f, in addition n-'lxn Rac (0,1) and g admits a derivative
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-4

at a or n (l“ - na) = Op(l) and g is continuous at a then (1.5)

obtains [cf. CGardiner & Sen (1978)].

|
In the current paper, we consider the tollowing estimator of o (u):

~2 A O
u"(u) [ I ll“(s At) - l“(s)l“(l))J“(l‘“(::))J“(E‘“(t))J_v,(.-:)dg(() (2.8)

0’0
‘ which can also be written as
% bl * l * l
o -2.n - n -
(@) = n ") X - > iaA - AN
‘n(‘ i=1 i1 tn,i‘n,_]["( H ””h(\n,iﬂ)
h(X h(X - X o 2.9
( n.i)H l(\:\.jH) h(\u.j)l lu ( )
® ) ;
where n = max{k: £ <al and r =0 (n 7). Also, as in Sen (1978),
u, k n P
N
0" (a)  can be intervpreted as the conditional variance of a7l « Biven
- n,n
{X s 1l < 3 <tk and k > 1}, OQur main concern is to study regularvity
nkk, |
. N, o2 2
conditions pertaining to the asymptotic normality of n (\*“(d) - 9 a))s

For this purpose we need some additional regularvity conditions:

1
W _ _ y
[A3]: o J() I.‘"(l"(t)) - J(l“(())}d!g(t)’ X 0, as n » o,

[A4]: except on a set of t's of Ig] neasure zero, J' ()
(d/de)a(t)  exists and {s continuous at  t, and for some

c = (¢ .(‘,)\,

14

lJ'l < B(', (“) \\'h\‘l'l‘ 0 X (‘l - l\l. Cy = h.' < l, ('.‘.ll“

with b defined in [A2].

Let us now write 1 for the identity function on  (0,1) and let

. = 1, . = - 5 8 2
I(” 1.J, l(_” (1 1) (2.11)
1 t
= .2 . A N { ™ 2 . M < < : ) 4
l.l(z) f' l(g)d,,. l;,_t) L, '(l)"*" 0 <t 13 (2.12)
. - Py y + N J. % “
Lo 111(1) L, ) .




Det ine

1 1
\? - J J (s At - sl)lo(n)L)(()dg(s\dg(l). (2.14)
0’0 ¢ :

Then, we have the tollowing.

Theorem 1. Suppose that Al, A2, A3 and A4 hold and

1
I B(e, Mg dfg| < ~. (2.15)
0 et

- ~
Then, both o"(1) and 7 are finite and
", P
n (\\“(H Can ‘~ N(O, D). (2.10)

The proot is considered in the next section.  We may vemark here that

in (2.11) through (2.14), if we let J(t) = 0 for t > a (vhen 0 < a < 1)

Bl

and denote the resulting expression in (2.14) by 7, then (2.10) holds for
0\

2 2 ;
“"(\\“(n) =~ 0 (a))/y . Hence, tor the sake of simplicity, we consider the
W\

~ &

2
case of o = 1 and, for notational couvenience, write u"‘U) ot N
1

¥ >
o (1) = 0. We may also remark that whenever L fn (2.13) is ianteprable

0

with respect to the signed measure g on  (0,1), a more convenient torm of

(2.14) can be obtained. Detine ¢, on (0, 1) by

Q

t
(30(t) fo l.(‘(s)\lg(:{\. 0<t <l (2.17)

Then, a pedestrian calculation leads us to

2 . W ! . 2 & R
Yy = f Lu(t)dt - ([ hu(t\d() ‘ 2.18)
0
R 2, -1

Now let us suppose 0 < o < 1 and set o8 » u‘ (n \‘\. ln the state-
\ \ 1

ment of A4 we assume additionally that 0 dis continwous at o and J“ »

uniformly in some neighborhood of o as n > . For t € (0,0)  we detine
o

+ + ¥ 2
L () = '.*J .1(2)(lg and 1.; =1, .12” + l..‘\ll.,). et (v (o) )€ o
t
O A1
+ o
(8 At - soL L O ).
0o \ 0
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Theorem 2. With the remarks noted above suppose that Al through A4 hold

2 + g P e
together with (2.15). Then both o (a) and ' (o) are finite and if, in

addition, n-ll" B a then
& wk e A
non -t RNV PRICIS (2.19)

: & = Al 3 2 S
while if n l:(1“ -na) Ro and g adwits a derivative at  a then in
: 2, -1 2
(2,19 o"(n "v ) may also be replaced by o7 (a).

3. Proofs of Theorems.

Note that by (2.4) and (2.0),

9
0< o lal =2 [ s(1-1)J(s)d(t)dg(s)dg ()

O<s<t<a

i Y 2
< 2(J {t(=-0)) I [d]a) ]
0

A

1 ‘
Y | 2 :
?(I {tQ-0) ' [Jd{gD", ¥ a € (0,11
0

{A

8 1 ;
2M"(J Bq5(l|g‘.|)2. Vac (0,1]. (3.1
0

1
Now (2.15) ensures the less restrictive condition J qud]g! < o« and so
2
o7 () <« for every a ¢ (0,1}, Similarly, on noting that under (2.15),

by (2.11), (2.12) and (2.13)

RS

* 1
ll.o(t)[ <M {t(1-t)} *B(t, b), Vit € (0,1), for some M < «,(3.2)

we have by (2.14) and (3.2),

2 1 )
v s 2({ {t(l~t)}l’ll.0(t)ldlg(t)l)‘
JQ
» ! N Y 4
< 2(M f {t(1=-t) )} 'B(t, bd g(t)')'
0
&2 5
< 2M (S B(e, I\‘,)ql‘dh“l)u < wy by (2.15) (3.3)
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Note that by (2.6), (2.11) and (2.12),
2 1 1
g = 2 Py s(1-t)J(s)J(t)dg(s)dg(t) = E[ L](t)sz(t). (3.4)
O<s<t<l 0

Again, if we define for each n > 1 and t € (&n X,

£
,1' "n,n

n,n t
Ln.l(t) = ZJt (l-r“)J“(r“)dg and Ln,Z(t) = ZJ{ F“Jn(rn)dg, (3.5)

‘n,1
with both Ln \ and Ln , Sset equal to zero otherwise, we may write
A2 1
™ (1/2)}0 l‘n.l(t)dl'n,?‘(t)' (3.6)
From (3.4) and (3.6), we have
h 22 o o
n (on - 07) = 2 tsn,l + S“’2 + Rn}. (3.7)
where
g
R (L, (0 = L (0)any (), (3.8)
: y
= f — 4
S“’2 Ll(t)d‘n (Ln,Z(t) L2(t))}‘ (3.9)
Loy
G !0 n (L“,l(t) - Ll(r))d(L“,z(t) - Lz(t)). (3.10)

Let (Q,8,P) be the underlying probability space and let U" = nl’([‘n - 1)
be the uniform empirical process on [0,1]. Suppose U denotes a standard
Brownian bridge process on [0,1] defined on the same probability space.
[(2,B,P) may not be rich enough to support U. However, by one of the

usual techniques of embedding [cf. Shorack (1972)], we may construct another

.

* % %
probability space (2 ,B ,P ) where the distributions of our original
variables are preserved and which is rich enough to support U.] Let Q
be the class of all nonnegative, continuous q on [0,1] which are bounded

below by functions q nondecreasing (nonincreasing) on  [0,%] ([4%,1]) and
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1
P
satisty f qQ “dl < ». Let uq(’,‘l',) - .-:up{,'!'(!)—p,(t),/q(t): 0 <t < 1}
Q0
be the usual sup-norm metric. Then, it is known that for each q ¢ Q

vq(liﬂ,[‘) = op(l) and r,\q(U“.O) Op(l) = ,\q(ll.O). (3.11)

Note that by our detinitions,

y n,n :'n,n y

) = T = - 1 i < - ' )=a(r g

e “n,l l1) (t Un n“n)(h . Jt ti-Ein (Jn('n) 1“1\))("
4

“n,n \ "rl
+ f (1-I)n (J(l‘n)~J)dg - n J (1-1)Jdg,

t t‘n,n
for t € [& P
Ned NN
rl
-n’ | (1 - I)Jdg, otherwise (3.12)
t
y "( rt
- L 1J q ¢+ J. R - JAT RR
LR n,2 l.') “_ ln n(ln)“‘ J‘. . n( n) “n” g
“n,l 1,1
£
t T e X
+ J 1 nl’(».l(l’“) - J)dg - nl} j I Jdg,
{ )
t'n,l :
for t € [ -
Nl n,n
y t
=1t f 1Jdg, otherwise. (3.13)

0

Substituting (3.12) in (3.8), we write

o S - SN

“n,1  “n,1 “n,1 “n,1 b5, 1) (3.14)

X 1l
Betine ('l B Jo{[t Uddq}\“';’. and let \n,l' \l\,) denote the indicators of

“‘n,l' i‘n,n) and [t, & ), t € (0,1) respectively. Then

n,n




1 1
(1)
iy < IB (- ( ! ( ) J (') - W
lsn,l ‘l' = [ B{ 'Q)XH,ld'q‘{J l)‘n,2ln n(ln) ; ,dfq!}
0 t
1 o 1 A
+ J IB(*,b)x dlql{r iUJ dlq{} (3.15)
e |
(4] t
(1) (1)
= +8 say,
n,l11 n,12’ oy
where in 1 is the indicator of the complement of [§ 1 &n “) relative
(1)
JsXd)e B & 3 S ote é r = e = > re
to  (0,1) To handle sn,ll note that for . 1 and Xu,2 1 we have
. = < ] = 0 . i - > 3.16
lxn,ZUan(ln) UJ! w— Iln (‘B( B IJn(In) Jl'Un‘ . .

Furthermore,

J (T ) — JI < 2B(I' ,b) v B(I,b), and since 0 < T < 1, in
non s T G n
the range under consideration, we obtain by Theorem 2 of Wellner (1977)

that there exists a set A C @ such that P(A) = 1 and for each o € A

there exists an integer n for which n > n implies
w o w

lan(rn) - J] 5_M°B(-,g)q&/§ ' (3.17)

}5—6/4

0 . 2%
where M (< ) is a constant and q = {I(l1 - I) . For such @ and

n, therefore, from (3.11) and (3.17), the right hand side of (3.16) is

bounded by

0
pq5(Un,U)B(',2)qs + M pa(un,om(-,g)q12 = op(l)n(-,g)q& (3.18)

whenever  x =1 and x = 1. When =1 and ¥

= 0, however
n,1 n,2 n,l n,2 <

the left hand side of (3.16) is again dominated by OP(I)B(',E)qS. We note
that Fn > I niformly on [0,1] and thus by [A4], Jn(F“) +J (a.s.),

pointwise a.e. Iq[. Since g" - -+ 1 a.s. and from (3.11) we have for
’

ac . ' I A B a.s. i ise a.e. . Hence
each t € (0,1), xn,2Un n(I“) » UJ (a.s.), pointwise a.¢ [g‘ Hence

the dominated convergence theorem applies and for each t € (0,1), we obtain




A —

10
: B
13 (r) - vwil .
xn,l(t)f I)(n,2‘n “(l") U7,d]q| " (3.29)
Again for each t € (0,1), we have using the upper bound in (3.18)
| 1
| . . . - |
f 1B ( ,g){f ]xn'2uan(1n) uJldlqgl}
t
1
8/2 L
< {10 - D}Y“B(*,b)q, {| B(*.b)g,alq|} 0 _(1), (3.20)
P R7 9y 4 Ry p
where the right hand side is a lg,—intcgrablo function. It then follows

from (3.19) and the dominated convergence theorem that S;lil Bo as
#

n > @,
T - (1) 3
0 handle Sn 12 ve write
£
(1) )nrl 1
Sn.12 = f 18('r2>d|q!{[ [ufB(-,b)d|g|}
L 0 &
1 1
+ f IB(-,g)dlq{(( lutr e pyalgly . (3.21)
£ ‘t

n,n
The first term on the right hand side may be bounded by
&
r n,l 1 ;‘
IB(-,Q)quI{J {10 - 1)} B(-,Q)q&dlql}pq (U,0)
4

Jo t

Bx-,g)qkdlgl)op(l)

n,l 1
< (f {xe = x)}a/zs(-,p)qLdlglx(J
0 S 0

= op(l), since {n 1 B 0 and the integral converges.
’

The same argument will also show that the second term on the right hand side
of (3.21) is op(l). Hence, finally it follows from (3.15) that

o T
s'' ) B =1 | viaglaL,, as n > =, (3.22)
n,l 1 0/t 2

: 2is faud 2
Next, we note that by [A3] and the definition of Sé ;,
.




!!Illlllllll-""'F"'F"""-"""""""""""""""""""l~

11
(2) 2 2 N
Isn,ll i Jo IB(°,9)d|q|{Jt(l - Da’la () - a(r ) |d|g]}
1 5/2 S0
< (f {11 - 1)} B(.,Q)qld[g[)(f n [Jn(rn) - J(rn)ld[g[)
0 . 0
= O(l)op(l). (3.23)
To handle 813; we note that it may be written in the form
iy ot L
San = Io dLZ(t)Xn,l(t){Jt Xp,21-DU I ) - 3/ - 1I))dg} (3.24)

where the indicators Xp 1t X were defined preceding (3.15). Define

1 1 n,2
e I {J (1 - I)UJ'dg}sz. Then

“ 0/t
3) (1) (1) _
ls“ll i Czl S'Sn,13 * Sn,l4 ’ (3.25)
where
(1) 5 1
s - J IB(-,b)x dlql{J (1-1) |x_ .U (I(r )-3)/(T -1)-u3'|a|q|},
n.13 0 n,l - n’z n n n (3'26)
(1) - o 1
®n,14 ~ IOIB"vR>xn,1dIQI{ft(1—1>Iua'ldlgl}. (.27
(1) (1)

The analysis of S is very similar to that of S Note that

n,13 n,11°
]J(Pn) - J)/)Fn - I] < B(I ,c) v B(I,c) by [Ad4]. Once again since 0 <T <1

in the range under consideration in (3.26) we may invoke Theorem 2 of

* *
Wellner (1972): for some A <  with P(A ) = 1, there exists for each

* *
w €A, an integer n _ such that for n > n

w w

*

’J(F") - a[/[rn - 1f < mBCLgla/a (3.28)

where M_ (< «) is a constant and E is defined as in (3.17). By steps

(0]
(1)

similar to (3.16) through (3.19) for Sn 1 and the continuity of J', we
1]

obtain, for each t € (0,1)
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1
; i A G o B 3 9
x""(t)L(l l)]xn.)ll“(.l(ln) H/C - 1) - U lalgl ¥ o . (3.29)

Furthermore in view of [A4],

]
w(-,,h,)lL(l - I)I)\I".‘,U“(J(l‘“) = HAE - T - uat|dlalt
§/2 :
< {r@1 - 1)} "lx(-.Lg)\l,{J (1 - l)H(-,}‘-)\h‘qu,}O}(l) (3.30)
4 ]

0
and the right hand side is a |q|—inlm_nubl«- function. Hence trom (3.29)
: ’ (1) p
and the dominated convergence theorem we obtain 8§ 13 0 as n » ®,
n,

Finally from (3.27) and [ A4

(1) n,l 1
g I lll(',}g)dlqllj (- Do, 0d|al}
s, 0 t
1 1
+ f Jn(-,p)dlql{j (- nule(,oalalt, (3.31)
: t
n,n

and as in the treatment of (3.21) the first term on the right hand side of
. - L

(3.31) may be bounded by

n,l 1, 5 /4
( m(.,p)dlqltf '@ - 0B, g dlal Y (0,0
0 t £ %,
n,1 1
s 8/2
< J fxtl -~ B l‘("b)d\,‘llﬂl)(J 1= e, qdafalo ()
0 0 . !
o (1), since the integral converges and ¢ B 0.
p n,l

The same argument applies to the sccond term on the right hand side of

(3.31) and so we have S’(‘Jid N 0 and hence finally from (3.259)
’
1 |
3 2 L
S( : N Cw. [ ([ (1 - l)lk"d(l}d!.,) - (3.32)
n, 2 0 44 y

4 .
In the Appendix, Lemma 1, we show Sl(l : R 0O as n >, Thus from (3.14),
’

(3.22), (3.23), (3.32) and the above, it tollows that

T A il " TOUURVRSINRENPRRETINL __‘_j
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s R ¢
S ot <4 as n o+ o,
n,1 2 TR (3.33
The analysis of ‘:\ , 18 entirely analogous, and hence, in the in-
.

terest of brevity, we omit the details and present only the final result:

1,2 . e * iy 8 RN, (3.34)
where
1 )
(’3 = IO l.llh)dq and I.4 = L) ll.l\m'dﬂ . (3.35)

Finally, a very similay analysis leads to the conclusion that
l)
R. "0 as n * @, (3.30)
Hence from (3.7), (3.33), (3.34) and (3.30) we obtain that
b A2 i B
n (un - 0) & WG = 8. * 8o+ ¢ ) as n > =, (3.37)
In Lemma 2 of the Appendix we show that
(L, ~ 8y * g ¥ I.d) : [ Ul,odq S, say, (3.38)
Q0
: : ; : 2 s 1 .
where 1.0 is defined by (2.13). Therefore with y detined by (2.14), 8
o
has the normal distribution with mean 0 and variance vy . O.E.D.
The proof of Theorem 2 proceeds very much along the same lines and so
we omit some details here.  Corrvesponding to (2.12) and (3.5) we define for

ceach n > 1,

-1
n 1
* n -l
' - ? . i N ' ¥ > ’ <
In,l(” [t (1 l“) "(i“)du. for t ¢ H.“" n lnl (3.39)
*
with scl equal to zervo otherwise and
n,l
=
L
% n 3
1 t) 2 Joo.dg, for t € (O,n 1, 1,40
l,n( L () g n '3.40)
*
with I.I - st equal to zero othorwise.
AN
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For simplicity we shall write l.l for ).| o in the sequel.  Now
’
*2 ; S 2, -1 .
= 7 , é : 2 PR L PO {
A Y n,l“n,;’. ind o (n ‘n) 1/ ‘.ld 2 (3.41)
0 0
Therefore corresponding to (3.7) through (3.10) we have
h, w2 2, -1 * * *
n (o -0 (n "t )) = K (S t S + R ) (3.42)
n n n,l n,2 n
where
-1
n q
* LA ®
S =% ' - ' '
1,1 n “n,l 1])(1l2 . (3.43)
0
~1
n 1
% i = y }
S L.a i - L 3.4«
n,2 l({" ('n,z 12) 4 (3.44)
(4]
-1
n 1
* SR *
R 4 ~ L )d(u - L.). L4t
3 0 n “n,l l)(“n,l’, 12) (3.4%)

The decomposition corresponding to (3.12) reads

= =
n o n

= ® n n 1,
‘)([."'] = Ll) : —J‘ UnJ"(ln)(lq + Jt (1 = 1)n (Jn(l“)nl(l”))d-l

-1
9
n N ‘ . i
4 (L = I)n" (J(r' ) = J)dg, t € [£ ., n 1)
n n,l n
t
-1
n o1
y n
-n f (1 - I)adg, t € (0,“'_n 'l % (3.40)
t ’
< -1 p ; P ;
Since n In »a (< 1) by assumption and {\“ - % 1, the set on which
'
ll—]l" < {‘n % has probability which tends to one as n » @,  The argument
’

used to examine (3.14) now applies with only minor modifications.  For

instance

-1 =] -3
n 1 n 1 n 1
n n n .
an{ U J (T )dg - uaag) ¥ oo, (3.47)
- 2 nn n
{ { t
n,l
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. =1 D
and the usual argument shows that provided n l“ >«
-1 -1
n 1 n°x
n n Q a
) *
f dL)(f uJdqg } B Ll = f dL){I uJdqgl. (3.48)
A =i 0 it
-1 -1
n 1 n 1
n n y ,
Likewilse dL. { (L-I)n"(J (I') = J(r )dgl B 0 and
£ 2 n'n n
n,l t
-1 -1
n 1 n 1
n n % o i
[ dL?{[ (1 - Dn"(@(' ) - J)dgl B 62 (3.49)
£ Y n
n,l
where
& a a
(,2 = I (11-,){J (1 - T)ur'dg} . (3.50)
e
4 n 1

n,l n
Finally nl,f dI.2{J J(?)dq} B 0, by the argument in Lemma 1 of the
0 t .

Appendix. From (3.46) through (3.49) we obtain

* y *
S I’ e i 3.8
n,l LQ 1 ER S0
* *
Finally for § and R the results are
n,2 n
* y * * ¢
g 5 s By * T, Emd R L (3.52)
where
* e * i :
. = L. UJdg and ¢, = IL UJdg . (3.53)
3 0 1 : 4 0 1

Hence from (3.42), (3.51) and (3.52) we get

N, %2 2, -1 P *
n (0" - 07 (n Tn)) > %(cz Ll + ty + 0.

A minor modification of Lemma 2 of the Appendix will show that

y * * * * R o
(63 8y * 83 % 5y = | Ukde,




|
‘r
|
I
|
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and thus the first part of Theorem 2 is proven. For the second part we

. -1
nead only recognize that fov n \"\ a,

-1
" X |
o ) . . ‘
“\,(\‘2(" ]l ) = o7 (a)) ~~L‘nl’( J da) ( J dg) - 1/2 ns 1. dl,
n (1) (2) 1 2
Q =1 =3
n 1 n 1
n n
with a siwmilar expression it "-1‘“ > a. Now, for the first tom we may

use the argument of Lemma 1 to show that it converges to zero in probability
as n > o, For the second term the additional assumptions on g  and R

gives

O
|nx’f Lidn, | < O(l)nslq(n e ¥ « gtatl
o (S n
n 1
n

< (\(l)nl’!n_lx‘ - nHu’(n) + nl‘il)l

s © (1).
‘\

Y

Hence Theorem 2 is proven.

[

1. Some general vemarks.,
Consider the following example.  Let xl....,x" be iid rv's with df F

sle |¥ .
and |~.|\l| < for some v > 4. We shall consider the sample variance

n

. "2 Sl e e

(4.1) LR ) (.\{ - }\"\

i=1

vhere Xn - an ,\":_‘ X‘ {s the sample mean.  Then in the notation of

Theorem 1 we have (*“ The L tor all i, 1 < i <n and g = l-‘_l. Note that
.

BIX, [T <« tmplies  lim e(=t)|F" ) |" = 0. Thus lg| <D on (0,1)
04, 1~

with ap = oa, - 1/v. Also J = J“ = 1 &0 that hl = b, = 0 and A3, A4

hold trivially. Thevefore if we take § such that 1/v = 1/4 = & we have

§ >0 provided v > 4. By an integration by parts (2.15) holds.
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Now l.0 of (2.13) reduces to
1 1
L. (t) = =21 " (t) + ?I r 1(S)dﬂ.
Q0
0
. -1
For simplicity let us take nxl = 0 s0 that [ F " (s)ds = 0. Then in (2.17)
S ¥ 4
we may take GO(I) = —{F "(t)}7. So we obtain ° = Uy = © where
h 2 L 2 ;
Mg = hk‘ and o7 = h\\ = 0 (1). Hence Theorem 1 yields j
N2 2 4 =
n (\\n - 07) '3 N(O, W~ ), (4.2)

a result which is obtainable under the assumption r = 4. In this context

Theorem 1 "just fails" to yield the slightly stronger counclusion.

The above example presents a very interesting observation pertaining to
the different sets of conditions that suffice to yield the almost sure (a.s.)
convergence of the statistics 1h|ﬁ their asvmptotic normality and the
s

b )
asymptotic normality of the estimator ”ﬁ of the asymptotic variance. We

have noted that if Al, A2 obtain and (2.7) holds then

1
k J B(-, b)qv‘lgi‘« © (1.3)
0

Y
and both u“(l) of (2.5) and o (1) of (2.6) ave finite aund

I\S(T - lI“(l)) l‘ N(O, 02(1)). (4.4)

n,n

Under Al, A2 (2.7) ensures the finiteness of un(l\ and (4.3) that of 0?(1).
To obtain the asymptotic normality of the variance estimator of ﬁi(l\ of
(2.8) we imposc the additional assumptions A3, A4 and replace (4.3) by

the stronger condition (2.15). The a.s. couvergence of T“:“ has been

studied by Wellner (1977). 1f Al, A2 obtain and a b] = a, 4 b? Ll

then u“(l) is finite and




: ¥ Y ). < l\
l"-" lln) a.5. X {4.5)

9
Sen (1978) has obtained the a.s. convergence of o (1) following a dif-
n
terent techuique.
For the "stopped statistics" 'I'l their asvaptotic normality is
1,1 s
n

devived in [2). Again if Al, A2 obtain and (2.7) holds

1 2
‘n))l‘ N(O, o7 (1)) (4.6)

Y r o
n( & “u n
n

- y
| provided n lx“ R ac (0,1) and g adwmits a devivative at a  or
A, -1 > : \
" ¢n ln - a) = Up(l) and g is continuous at  a.  In the latter casce it
L_, -1 ) -1
we further assume the stronger condition n’(n e ™ D B o then ;xn(n 1")

in (4.6) can be also replaced by u"(\\)-

The a.s. convergence ot ‘l" . can be discussad along the lines of
1 bl
) -- : |
Wellner (1977) assuming n 1 ) S 0y
n a.s.

3

>.  Appendix
(1)

Lemma 1:  Under the hypothesis of Theorem | oand 8 \ defined by (3.12)
LS S LAl Bl SR n, )

and (3.14), we have 8§ (4) IN 0 as n -+ o,

e ——— n,l

e e Bl o A4 :

Proof. We first write S in the form

el n,l
L (4) () L (4) L (4)
s = = (S 8 i s (5.1)

n,l n,ll n,12 n,l13
where

i 1
(4 _ (“"J n,n qu)(( (1 = 1)ady),

“n,l1 g
1 ¢
; n,l n,n
¢ r\'Xl,l 1
S(‘xiw = n J ’leq{I Q1 - Daaql,
n,12 0 t

() IR ‘
Sn, 13 ° n J: l.lddift (1 - Dadgl.

n,n




Therefore,

§
n,n 1
4) 4
|S,(\ kX (nl’f‘,. IB(',Lv)d]qI)(J: (1 = 1)B(-,b)d]g]). (5.2)
. n,l “nen
Now
£ £
s 3 1
e IB(,brdla] < ¢ ol Bl 1l‘ls(-.b)d!q{. (5.3)
£ s = TNE ) =
n,1 ik
and
1 1
§/2- §/24
J (1 - nB(,Ddlg]l < (1 - ¢ % et U Sn(-,b_)q dla!,
; = - n,n ; e
‘n,n n,n
(5.4)
and therefore from (5.2),
(4) b fs'n n n . 8§/24% |
Is | <= i@ - n'Bedlal {1 - 1} R(*,bq,dla]
n, 11 s - =
n,1 “n,n
L4 1
_ *n,n §/2 | 4 a 5
< s . 01q. Q| 3(- - ¢
(L {r(x - 1)} “B( ,L,)\.L‘i,vl)(f: B(-.R)qdlahn’ (1 e
n,1 “n,n
= "p“)“p‘”op“) - op(l).
T . e te) ‘o , : . Al < .
The argument for S s entirvely analogous while for § - the steps
n,1l3 : n,12
2 -~ 3 3 - e 3 - - g - ‘(4) }: s
are similar except that we use ni = 0 (1). Hence S : QO fo
n,l1 p n,li
i=1,2,3 and the lemma follows from (5.1).

Lemma 2. With ¢

1'«'.2.«"3,('.4

equation (3.38) holds.

Proof.

«'.3 + :‘l.

Also from (3.22) and (2.32)

_(Viv(lfr__ii\_l‘idh}’\_ﬂ__in_ (3.22), (3.32) and (3.35)

From (2.11) and (3.35) we have

dg.

j]
= L,UJ! (5.5)
0 L)

,,)d_\“,L

&

1
ud! .
I( ( (5.6)

M




Integrating by parts, we obtain

R

te1
! (:)d)_) I(: 0

1 -1
£y = L, ™ L UJ! .dg + L,(t)({
2 L) 2™ (2) 2 j(

we shall show

{l
J,

lim I..‘(l\ U.l;.,)dg 0

wvhere the limit dis taken in cach of the two cases

what tollows this is to be interpreted whenever the limit

stated.

» O

20

(5.7)

and t = lI-. In

is not explicitly

Now for ecach t ¢ (0,1)
1 t 1
'!1,‘“)[ vadg| < 2 (U,n)(f ]I}(o'[:\\i:\)l)(’ h(-,l\»\qkd:ﬂ;)- (5.8)
g t Ty 0 t ’
In view of relations similar to (5.3) and (5.4) the function on the right
hand side of (5.8) is dominated by
,'t % 75 1
| setsal
. (0 fvaa - Y "Rmee,wqdlah () BreewIgqd]al), (5.9)
| | " S i RSNy ikt
, Y0 1
' and so by (2.15), (5.9) must vanish in the limit as t » 0+ and t -~ 1=,
. Henco
|
| 1
' 1im 1-,‘(t)J Uadg Q (5.10)
3 t
Aocain for cach t € (0,1)
{l t "1
Il.‘(t)J (1 - Dutag! < 2p (u,n»({ (s ,malal) (l~-1‘!\(-,_t\‘)qsd|q;),
2 t W, Jo 18
(5.1
and the function on the rvight hand gide of (5.11) is dominated bLv
t 872 1
‘[ B = B} "“‘nL“\lx;‘n'wf”f A= DR Qg dfal). (5.12)
0 t




21
It follows from (2.10) and (2.15) that (5.12) vanishes in the limit as
t >0+ and t > 1-. So
1
lim LB(t)I (1 - IJuag‘dg = 0. (5.13)
t

1
But (5.10) and (5.13) imply (5.7) and therefore . - Cl = I LZUJE“)dq'

0
Hence using (5.5) and (2.13),

which is (3.38).
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