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A b s t r a c t

An e s t im at o r  of t he  a sympto t i c  var iance  of (a ran doml y s topped)

l inear  combinat ion  of a f u n c t i o n  of order s t a t i s t i c s  is considered and i ts

asympto t i c  n o r m a l i t y  i~ s tudied under  appropr i a t e  r e g u l a r i t y  cond i t ion s .

f A comparat ive stud y of the  r e g u l a r i t y  condi t ions  p e r t a i n i n g  to  the

asympto t i c  no r m a l i t y  and s t rong  convergence of l i n ear  combina t ions  of

f un c t  ions of order s t a t i s t i c s  and t h e i r  es t imated asympto t i c  var iances  is

also made.
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1. l nt r o du c t I on .

Le~ t {X 1 , 
1 1)  he .i st’~~t i e i i t ’ c of I n ( Iej )(~ii( lcu t an d

(dent  I ca 1 l y d 1st r thu  t t’d r z indom v.i r I al i t  es ( I  . I . d. r • v . ) w i t  ii a cont  I nuous d i

t r i b u t  ion f un c t  ion ( d i )  F , dcl m e d  ott t h e  rea l I I n c  K — (- - .
~‘ ,~“) . For every

u (~ 
I )  l e t  X~~~1 , . . . ,X be t h e  o rder  s t a t  1st ie s  c or i e s p o i i d i u g  to

X , . . • ,X and con s ider  t h e  s t a t  1st Ics
1 n

i~~
I 

i
I
~ c1~~j h ( X ,~ j )~ 1 k n , (1 .1 )

wher e {c1~~1, I I < n ; ii I } I s  a t r i a n g u l a r  • i r r a v  of ( k n o w n )  real

c o n s tan t s  and h is a spec I f  led fu n e t  Ion . A c t u a l l y ,  i t  we let  g — h o F t

and 1. F (X ) , I I n (so t iSit .
~ 

art ’ t 1it ~ ord ered
n , i n,t -— - u , 1 n ,n

r • v. of a samp le of  si ~e n f ron t lie nil I f o r m  (0 , 1) d f ) , we ~n ;iv r e w r i t e

( 1 . 1 )  as

n ’ i;~~~ c~~~g( ~), 1 k n. ( 1 . 2 )

Under su i t ab l e  regular  It  y cond I t  (ot is  (en g and t lie c ) , f o r

k /n  Ci (0 ci < 1) ,

~~
0n k  — ~t ( c t) ) / e ( c ~)  ~ N( O , i) ,  (1. 3)

where fo r  ecich ci ~ (0 , 11 , ~i (a )  ( a s v mp t o t  Ic  me •in )  and e~ (a)  (as mpt ci_t ft

var ia n ce) are fu n e t  lou n is of g and t h e  score f i i n t ’t Ion 3 ( w h i c h  I~ ’nt ’r a t t ’s

the c 
~~

) . (I . 3) has been proved und t’ r d (ve r se  r egu lar  i t  v cond I t  ions h

a host of research workers (viz.  ( 1 , :1 , 6 , 5 , 6 , 7 , 8 1) . St i~~lvr (l%~ ) has

a I no øhown tha t  under s u i t a b l e  r egu lar  I t  y coud it  ions ,

ii Vzir(T %~~k )/ o 2 (ct ) 1 as ii •“ . ( 1 . 4 )

Let { i .  ii ~ 1) he a class of s top p ing t lines , wher e , for  each it 
~~~
‘ 1) ,

i is (h e’ ! m e d  in terms of X , • . . ,X and i t  annume~ va I t ies In
it 11,1 n,n



2

(1 ,... ,n}. Gardiner and Sen (1978) have shown tha t  i f  n~
1
i ~ ci ( (0,lJ

and the regularity condit tons pertaining to (1.3) hold , then

— LI (n~~~ ) )/ o (c ) N(O ,1), (1.5)

whi i Ic If n~~
t ( t — na ) ~ 0, t h e n  In (1. 5) . ~t (n 1

i ) may also be rep lac ed

by ~~~~~~~

In a v a r i e t y  of prac t (cal app il ea t ions , p(ci) can be related to the

basi c (viz., location or scale) parameters of F , and t hereb y ,  conf id en ce

I n t e rv al s  or t e s ts  of s t g nif  ieanc e  f o r  
~
j (

~~~
) can be t r a n sm i t te d  to y ield

paral  lt~l conc lus tons fo r  these  p .t r amet e~r s .  In  t h i s  c o n tex t , one c o n f r o n t s

the  problem of est imat Ing O 2 (~, and nat  ur a l  est I t na t o r s  of 0
2

(c i )  can

he der Ived f rom t he rn  samp le. T h e  object  of t h e  p resen t  inves t  igat  ion is to

9
consider such an estimator of e (ci ) and to s t u d y i t s  asymptot  IC n o r m a l i t y .

Along w i t  ii t he  p r t ’l im m ary  not Ion s , t he  m a i n  theorems ate presented in

Sect ton 2 and t h e i r  p roofs  are’ cons idered In Sect Ion 3. SectIon 4 is

d evet e~d to  some gener al  rem;I rks Inc I tid lug  :t conpz ir a t I VL’ St tidy of t he

rcgt i l  . tr l  t y  con d It i o n s  per t  a t i l i n g  t o  the  a lmost  sure  (a .s. ) convergence and

asympto t  ic normal  it y  of T k and t h e  est ima to r  of L’ (a)  . For t h e  coo—

ventencc  of p r e s e n t a t i o n , some of t h e  t e c h n i c a l  i t  I cc; are post p on t d  to tl~c

A p p en d i x .

2. Pt-el Im i n a r v  not  ions and t h e  ma in theorems .
Def inc  g as in after (1.1)

anti assu me t h a t  for  every 0 C (0 ,12 ) ,  g is of bounded v a r i a t i o n  ill

(0 , l — i ~) . For cacti it (
~

- 1) , d e f i n e  J on [0 , 11 by lc t . t  lug  .1 (t) =

c 1 for  ( 1—1) /n  t < i /u , .1 1 it m.d J (0) c . Al so , le t
U, n n ,

F
11 
(t ) n 1 ~~~ I (t  < t ) , t i.. [0 , 1] be the emp I r [cal d f .  Then T k

in (1 .2)  can be expressed as

- ~~~~~~~~~~~~~ -~--~~~~- — - —  -- ‘ -. -. —
~~~~~~~ - .  -



(1. 1
(
k
) 

•1

T J ~ J ( t ’  (t  ) ) q ( t  ) d l ’  C t ) .  (2 .1)n ,k 
0 1)

We clef Inc a bound in~ f un c t i o n

B(~~, a) = ( B ( t , a) M t 
1( 1 - t ) 2 , t ( (0 , 1) 1  ( 2 . 2 )

where t t (0 M “) , a (a 1 , a , ) and a1 ,.i , are real  numbers .  Also , fo r

f i xe d  
~~
(‘ 0) and 

~~~~~ 
0 ) ,  we def ine

q~ = {q ( t )  = ( t  ( l~~t ) 1 ~~~
’
~
” , t ~ (0,1 ) 1 .  (2 .3 )

Then , we make t h e  f o l l ow i n g  assumpt  louts

[A l l :  ~ B( •  , a) for some a (a1,a ,)

[A2 I :  There cxist s  a J , def  [tied on (0 , 1) , such t h a t

< B ( ,  ii) and I~~I B ( ’ , h). V it , ( 2 . 4 )

where b (b1,b2) wi th real b 1, b 2 and except on a set of t ’s of 1st—
meas u re zero , bot. it j is con t Inuou~ at t and J ~ 3 tin I fermi V In  sent’it

neig ht ho rhood of t as u ~

For each ci € (0 , 1] ,  let us then  d e f i ne

2 

i i ( ~~~) : ~~ 
J ( i ) g ( t ) d t , ( 2 . !~)

ci (ce ) — J f (s A t — st) .J  ( s ) J (t ) d g( s ) d g ( t ) ;  a A it = m in ( a ,b ) .
0 1 0

Note that I f

a
1 

+ b 1 
ci ,, + b2 — 1/2 (2 . 7 )

,1
then J B (. , h) q

5
d g < ~‘ and i t fol  lows f rom assump t lens Al  , A2 t h at.

0 2both ~~~ (c~) and ci (ci) are f i n i te and then  ( 1  . 3 )  ho his [ cf .  Shorack

(1977)1. I f , in addit [en it
1 

u~ ci 1. (0 , 1) ~iiid g a d m i t s  a der iv a t  ire

_ _ _ _  _ _ _  
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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at or n~~
’ 
(i — l i t )  0 ( 1 )  and F ~~ ~~~~~~ tntt ous .i t ci t ~~ ( I  .

oht ci ins [ct. (ar~l ti t er & Sen ( I9 7~t)

in t lte’ c u r r e n t  p.Ipt ’ r , we eons [tic i t tt ~~ t o i l  owing cc; t I m at  ci• t’  .‘ ( , )

~ 1 i~ 
t r (s ‘ t )  — r (s)1 ’

11
(t)l. 1 (r( ~;))J (:‘ (t~~)~k( ~h~(t ) (.‘.8~

wIt t eh t  t~.tii j  I c.t ’ he writ (en ci ; ;

* *~ ~ I 
t; ~ t 

e
11 1

c
11 

( u ( i  A j) — 1.1 I I i i ( X
11 ~

h ( X  . ) 1 [ h ( X  t-I~ 
— i t ( X  1 t , 

~~~
‘ . I))

whet- i’ n — ira x ( h: I anti r () (u 1 ) Al~~e , .1 s in S i’ ;  ( I  ~~~~ ~n , k it p

(~~) can hi’ tnt erpre t (‘3 a;; the Cclnd it ien.t I V II ’ I .51i t’ Ot itT 
* 

~~ iv i’;;
ii •u

X ~~~~ , I it f-k and k I I - On u m .u in cotic i’m i ;; 1 0 st tud V I e ~ c u Ia r it v

~ottcl i t  ions p e r t . I  Lu tug to t Itt ’ ctsvmpt ot Ic i;ctm.t l i t v ct it ~ (3~ (a)  - -

For t h i s  purpose Wi’ ne’ed ;;oir~’ .i~liI it ional r eg u l a r  it v eoud it lou t ; ; :

[ A l ] :  n~ J t . 1 1~ (r ~~
( t ) )  — .i ( l ’ (t  ) l  dk ( t )  0, it

(A4 ] : except on ci set of I t ;; o t J me .isu mc ~~ t ’ i t ’ • 3 ‘ ( t

(d/ d t  ) .1 ( t  ) exist cc and i e d i t  itiu~ tt~ cit  I , and t om ,~~ ‘s’

c (c
1

, c , ) ,

I~’ I Li ( . , c)  whu ’t - i’ 0 — c 1 
— tt~~ , c , — b , 1 , (_ ‘ . I t)’~

wi t It h d e f i n e d  lii [s:’ 1 .

Let t i c ;  now w r i t  e I f i t i  t lit ’ i i l t ’Il t i t  V t t u n e  t i On en (0, I ) •ca~t i i ’

‘ Id . ~~~~ ( I  — 11 .1 ; (.‘ . ii)

l,
1

( t )  - - J (~~) d t~. i. ,~~t )  2 J ( 1 ) tI g. (1 t I ;  ( ‘ . I . ’l

L
() 

“ 1 • i •I ( I )  + 1~~S l~,~~) . ( - ‘ . 1 1 )

_ _  _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~
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Dt’t i i i t -

i iJ f is t —

(1 (1

Theut • we hu ,uv e t lie t oil ow l  u

Thei ’rt ’m I . Suppose t h at  A I • A 7 , A I . iflt i  A-~ it ~’ i~l •uttd

f B(., t ’)q~ d lg I S. ‘ . (i ’ . I

1’htt’u , bot Ii o (1 ~ atid ci i c  I l i i i t t ’

I,
— 

~~ t l ’ t) I- ~ 
~

‘ i~(0 i)

The ~~~~ t [ c c  eon; ;  t i lt ’  i t ’d i i i ( l i e  ut ’~~t s~~e t i o u . Wi ’ m , uv t i -ma iL lie me I hat

in ( -
‘ . i i  t t hi-oug ht ( .‘ - I -~ • I w.’ l et .1 ( t ‘1 0 1 ot  I a (wi t t ’ui 0 S. a S. 1)

citi t l th’it~ t t ’ I lit’ t c ; ; t u  i t  Ing t -xp r csz ;  ion in (7. li  ~ l’v ‘
, t l ieu ( .‘ . I I t)  Ito I u S  t d l

~~ 
(a)  — ~ (a) ) / . i1,’uce , I oi t i i i ’ saku’ ot lm~t I I c it v • we coil;; ( i i  01 t ilt ’

c asi ’ of ~ — I and * f t ~ 1 not .t t (u ’ it . l  I c’ot t V u ’f l  j e ’~~~~’ , wi It ~ ~~ (~~) 
~

—

I t II

( t )  2 We may .11 50 t ~‘ma t k I i t c i  t wht ’nt ’vi ’ i i 
~ 

l i i  (.‘ . 1 ) is  t n t  t ’g t .ib 1 t-

w i t h  rt ’$pu’e I I C t I t s ’ S [gu i -il Ifli ’.i ;i it  I t ’ g en (0, 1 ) • .t t)lu’rt’ t t ’ S V  ci,  I , ’uu I I o is ot

(7 .  1 •~~) can h ’  obt a t i t e ~ i . Pet tue  t’ui ( t t  , I )  b

t~~( t )  — f i.
11(s

)d~~ .~). [) S. S. i .  ( 7 .  1 ’ )

Then , a ~e’ut es I i  t an u-al c u t ia I on 1 t ’ , t t i ; ;  tic ; ( o

— (~~(~ ~ it - ~~~~ ~~ 
) • . (7 .  ~~

Now ho t  it; ; supposi ’ (I S. I .inj set o o ( II 1 . I i i  ( I t . ’ St  . i t  t ’ —

U ii ii

t’ 1 A4 we cus; ;uImu ’ add I t  I ~‘ui ,i i i  v h at  .1 Is cout t I lUl t ’tl$ ~i t ~ ,u ud .1 51

nut i t  ~‘mm Iv  i i i  som e lit ’ tghbut i -hu t oul ot  a ;is U “ . Fo t t ~ ~0. a 1 we del i tie

+ + I1. 1
(1 ‘I — .‘J J

(~~) d~ and l.
~ ~~ 

~ I) 
. l e t  

~~~ 
t,a ’t ‘1

J J (s A t - st ) 1~~ (s) i.~~(t
(1 0

-~~~~~~
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‘lhucot cm 2. WI t ii I hi’ re ma rks  not e~l .ibu ’vc ;c cI l ’ [ t o ’ ; t ’ t h u ; t t  A l  t i i r c i~~h u A~. h o hi

t o~ t ’t h - r  w i t h  ( 7 . 1  ‘i)  . Theui b i t t  hi  o ( ~ . )  . uu , l ( a)  c i te  f liii t e  a nd i f , in

cult! it tout , it 1 a (It t-ui

*~~ 
-) — L

it — o~ ( i i  u ) ) / 1 ( a )  ~ [) ( 7 . 1 9 )

whi t Ic it n~~ ( t  n t ) ~ (I and g c i i i ; ;  I t ; ;  a d i - r i v a t  I re  at a t h eut  in

(7 . I ~)) ~ (it t )  m,i~ ’ a I so he I’ t ’j i 1 :;~ - ed by ~ ( a)

-~ . F to t ’ t cc o t Thee; cuts

N o t e  t h at  by ( 7 . 4 )  auth (7 . t)~~

0 o’(a) ~ I •r s ( I — t ) . 1 ( s) J ( t ) d t ~( ; ;) d g ( t )
0 - c ’  I ‘a

(ci -t

2 ( J  ( t  ( I — t )  3 ( t )  ~d~~g (t  ) Y

< 2 (f (t( 1 t) }~I J ( t )  d H )
7

, V a ~ (0,11

< 2H - (~ Bq~ d~ gjr . V a L (0 ,11. (3 .1)
0

c i
Now (7. 1 ‘)  ensures t hit’ 1 u’c ; s ru ’c; t r Ic t I ;‘e coutd it ion J B~~~d J g “ ciutil S t t

-) 0
~~ (a )  ‘— -‘- I or every ci C. (0 , 11. S in I l a t h- , on not lu g  t h a t  t inder  ~?.I ’).

hr (2 .  ii), (2. I:) and (7. I I)

S. M {  (1 t) }Th~(t , 1’), V t C (0, 1) ,  fo r  sorc ’ H -‘- , (~~.7)

we hiav ’ by  (2. l4~, and (3.2),

I) -)

S. ~ {t ( i — t ) 1  1L 0(t ) i d ~g(t ) )~
J 0

~ ~i -)

S. 2(l’l’ J {t ( .I — t ) } ~~h~(t , h ) d~ g ( t ) ~~Y
0

-,

S. 2M (/ B( , b)q1 iI~ gj) S. ~~ by (7 .  Ut) ( L .~)

~ 

—--. --- - ._ --.--—
~~~—-—-——.——- —— 

~~~~~~~~~~ 
—



_____________________________________________________________________

7

Note  that  by ( 2 . 6 ) ,  ( 2 . 1 1 )  and ( 2 . 1 2 ) ,

2 ,1
a 2 J f c ; ( 1 —t ) J ( s ) J ( t ) d g ( s ) d g (t )  = -

~~ J L 1 ( t ) d L 2 ( t )  . (3.4)
O cs- , t - c l 0

Again , If  we d e f i n e  for each n I and t E U. , ~ 
) ,

n , l n ,n

t

L~~~1 ( t )  2 f  ( I _ i -
1~

)J 1~
(I’ 1~

)d s and L
1~~2

(t) = 
2J  

r1~
J

~~
(r

~~
)d g. ( 3 . 5 )

~n , 1

with bet ii ~ , iui.i  I, set equal to zero otherw ise , we may wri te

- (i/2)f L~~ 1 ( t ) d L ~~ 7 ( t ) .  (3.6)

From ( 3 . 4 )  and ( 3 . 6 ) ,  we have

— ~,
2
) -~ 

~ 
(s~~ + S1,2 + R I , (3.7)

where

= 

~~~ 

n½ (i~
11 1

( t )  - L1
(r ) ) 3 L 2 ( t ) ,  (3.8)

sn 2 = L1( t ) d ( n (1 1( t )  - L 2 ( t ) ) } ,  (3 9)

R1, 
= f n.

½ (L 1, 1 (t )  - L
1

( t ) ) d ( L
112

(t) — L 2 ( t ) ) .  (3 . 10 )

Let (c2 , IL!’) be tlte u n de r l y ing p r o b a b i l i t y  space and let U = — 1 )

be the u n i f o r m  emp irical process on [0,1). Suppose U denotes a st an d a r d

Brown ian bridge process on 10 ,1] clef m e d  on the same probability space.

( t ~ , i~, P) may not be rich eutotugh to suppor t  U. h owever , by ouie of the

ustual techniques of embecid lug [cf. Sltorcick (197?)], we may con sc ruuc t another

* * *probability space (P~ , L~ , 1’ ) where the d 1st ribut ions of our orig inal

variables are preserved and wh ich is rich enough to suppor t  U . ]  1.ct Q

be tlte class of alt nonnegative , can t lun ious  q ott (0,11 whticlt are bounded

below by func t ions ~ nondeercasing (nonin creasl;ig) on (0,L] ((,,I)) and

— ~~~~~~~~~~~~~~~~~~~~~~~ 
—

~~
--  - 

i_~~ _ __~~ _- -
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~1 ~~~~~~~

sat I ; . ! V J q d l  -- - I d  ( I  ,~~) ; ; u i ~ ’~ i~~t ) — ~~~( t  ) /u z~~
) 0 t S. I

(1 1

be I hi t ’ u sua l  sup—i t oL ;n  m e t r i c .  ‘(‘hen , it is kuiown t h a t  t e t  t ’clc hu q i. Q

~ (U , U )  o ( I )  au ;! ~ ( U .0) - -  () (I) , (U ,O) - (1 .11)q ii P q i t q

N o t e  t h~t t by our  Jet  iii i t  ~~;t~~; ; ;

( n i t , f il , it

it ( I .  — L ) = — I ii 3 (1’ )d ~, ~ ( 1 — i  ) u i  (3 ( ‘  )—J (I’ ) ) t 1 ~- n ,1 1 it i t  U it U 11

r
’_

u1 , ui Ii’
I ( 1 — I ) n  (i ( 1’ ) — • j ) ~ I u  — n~ II ii -
t

it i ii

for t ( , ~i t ,l uu ,ui

1’
— U  1 1  — I )  ~~~~~ • ot ucu ’p.’.’ t s~ - ( . 17)

~ ci~~ ( t .  - 
- . 1 1 • ~ (I ~~~ I i i t ~~ (3 (~ 

- 3 11’ ) ) J a
i t , -  — j it ic  i t  it it it

f
t 

~, 
(‘11.1

4- J - 

1 ui ( ‘  — ~i) ~l-~ — n J I ~~~~
1~ ;t

it • I

tt~t~ t E I~ • ~n , l ui ,it

= — u, ~ J lJdq , ; t t I u c ; ’.~ is;’. ( .1. ii)

~c ubc ;t  i t u t . iutq (3. 1’) in (3 .  t l)  , Wi’ w u i t o

S = -I + ~~~~~~~~ — . (3 .1- . )
n ,l u ,l n ,l n , l n ,I

tt t ’f i n k ’ 
~

. = UJd;i l~lt,., and let ~~~ • 
~~~~~ 

ti;-c co t  t ’ t h e  , :c , i  ~- t t  s .c ;-

E. • ~. 
) and ft , E~ ) , t E (0 , 1) rc - - l’ i -ct  ivi ’iy .n , 1 n,fl 11 , 11

—-- -~~~-_.-~~~~~~~~ --- —.- .-- .- -- - -  . — ----- -- ---- —- . . — _ . .----- - - ____________
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t s 1~~~ 
- S. J 114(. .~~ ) x

11 , 1d~q {f \ 1 1 2 V 1~
J 41 (J

~~
) - UJ Id~q I

~1.
+ J IR (.,I)t~ i d1

~~u I  { J i t J J i d~5~ ’ ) (3 . 1~> )
I) t

= + :.s -
n , 11 ii , l~’

where ‘
~ 

is the  indic-ttor of the complement of f F ~ • F. ) re lat  iv;
n , 1 n , t

t o  (0,1). To handle n Ot e  that. for x 1 au ;J 
~ 

— I we have
n , 11 n , 1 i t , .

Li 3 (I’ ) — U J I  S. — ( i I [ l ( . , b)  + i~ 
(r ) — ~Hu (3.16)

- 
it, a’ it it 31 — it it fl U

F u r t her m o r e , 3 (1’ ) — 3 < 213(1’ ,b) V B (I ,b) , and since 0 -
~ r ~- I • in

it ii ui~~~ 11

t he  r au t qe  under cons i5lerat  ion , we obtain  by Theorem 2 of Wel l i ter  (197 1)

that there exist.s a set A C IZ such t ha t  I (A)  = 1 and for  each ~ E A

there exi s t s  an integer it for  wh ich  it it impl ies
(it - (it

— M
0

B ( . , h ) q ~~/q , (3.17)

0
where M (.c =s) i s  .u i - O i l S  t ant  and q { I (I — I )  I . For such ut and

it , t h e r e f o re , f r om ( 3 . 1 1 )  and (3. 17) , the ri ght  hand s ide of ( 3 .  1( -) it ;

bounded by

Pq
(U

fl
? U ) B ( • ~~~)q~ + M

0
~~~~~(U , 0 ) R ( . ,h ) q ~ = O (l)B(.,h)c1~ (3 18)

whenever  x,,, 1 
= 1 and x~~, 

1. when 
~~~~~ ~ 

= 1 and X~ , 2 
= 0~ however

the  left hand side of (3. 16) is again dominated by 0 (1)13 (~ ,b) q~ . We note

that I’ I ni fm -rn ly on [ 0 , 1 1 and thus by 1 A-l i , .T ( 1 ’ )  3 ( a . s .

~x~i ntw is . ’ a - C. q . S itice 
~~~~, ~ 

-
~~ 1 a • . and from (3. 11) we have for

c.tch t C (0,1) , 
~~ 2

U~~J ~~ (r 1~
) Ud (a.s . ) • pointwise a.t’ . (g . h ence

the ’ dominated convergence theorem applie s and for each t E (0,1) , we ~bt a ut

-- - - -- —--- -——-~~~-_ _~ ~~ — .~~ - ~~~~~~
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X 11 , i ( t ) f ~~ X
fl~~

t !
11

J , (I’
1t

) - tiJ~~d~~g~ ~ 0 - (3.19)

Again fo r  each t E (0 , 1) , we have us i rig t h e  upper bound in  (3. 8)

1B( •~)(I IX n 2 UnJri (1’it ) - U J J d J cj f )

< - I)) 
2n(.,b q ~

{J

J
B(.,b)q~~1~ q~~} o u l ,  3.2o

where th~ right  hand side is a jgj—irttcgrablc fu n c t i o n .  It  then follo;-,s

from (.3 . 19) and the do~ninated convergence theorem t ha t  s 0 as
n ,11

n -
~~ =‘.

To ha ndl e ~ (fl we write
n ,12

< I ,b)d~g I {J j u ~iq. ,b )dlg I

+ IB(• ,h)d~q~ (( ~~~: y , b ) d çy ~~} . (3.21)
J tn,n

The f i rst  term on the r igh t  h and side may bc’ bound ed by

IB( ,h ) d~ cj~ {J (‘(1 
— I)) ‘B( ,b ) q~ d~ q~ ~~ (U , 0)

J o t

~
. n ,1 (1

< (J (‘(1 - I ) }~~
”2B ( . ,b ) q 1 d~ g j ) ( f  B ( . , b )q ~ d~ g ) 0  ( 1)

0 ~~ 
4 P

o ( l ) ,  s ince 0 and the in tcgral converges.

The same argument will also show that the second term on the right hand side

of (3. 21) is o ( l ) . Hen Ce , f inally it follow s from (3.15) that

-
~ ~l 

= UJdg ]dL2 ,  as n -4- ( 3 . 2 2 )

Next , we note that by ( .A3 1 and the definition of ~~~~~

—

~~~~~~ 
:-.

~~ ~~~~~~~~~~~~
-- 

~~~~~~~~~ 
--



— ---~~~~~~~~~~~~~~~
- 

- . -~~~---

11

I s~
2
~ i < ( I B ( . ,b)d ~ g~~( ( 1-  I )n~~J (1’ ) - j c r  )~~d~g~~}

1 

I
l

n ,1 — J o “ n

1
< {I(l - I)}~

”2R (.~ b ) q~d 1 g I )( ( n~( J ( r )  - J(r )fd~gf )— J o J o

= 0(1)0 (1). (3.23)p

(3)
To handle S we note that  it may be written in the fort:cn ,1

1, 1
= J dL

2
(t ) X i(t){f x~~ 2(1-I)U ((3cr ) - J)/(r - I))dg} (3.24)n,1 it n n

0

- where the indicators x~,,1’ x r-~,2 were defined preceding (3.15). Define
1f {I (1 — I)UJ ’dg}dL.

2
. Then

0

(3) Cl)IS fl ,] ~2 — n ,13 
+ (3.25)

where

~1 1( 1) 
= I IB( d~g~{I (‘-‘) I x U (J(I’S~~~13 

~~ 
~~~~~~~ n ,2 ~ (3.26)

1 el
= I Il3(.~~ )x~~1dk1{J

(1_I) !UJIldi~~I}. (3.27)n ,14 J 0

The analysis of
n , 13 is very similar to that of S~

’1 
• Note that

n , ll

1.1(r ) — 

~1/I” — I I  < B ( r ,c) v B ( I ,c) by fA4j. Once again since 0 < r < 1

in the range under consideration in (3.26) we may invoke Theorem 2 of

* *Wel iner (1972) : for some A l~ with rCA ) = 1, there exists for each

* *w E A , ar-u integer n 
* 

such tha t for n > n 
*w w

f~~( r )  — J 1/ I r  — II < M
0
B( .,c)q~/q (3.28)

where M
0 

(< to ) is a constant and q is defined as in ( 3 . 1 7 ) .  By steps

similar to (3.16) through (3.19) for 5 U) 
and the continuity of 3’, we

n ,1l
obtain , for each t E (0 ,1)

________ ~~~~~~



k , ti (t)I U — 1 ) 1 x
11 , LI

,
( .) ( t ’ ) - J ) / ( I  - I) — 1l.PJ d ~ q~ 

1~ • (L? )

Fiu t t ht. ’t mo u t ’  ju t v ie’w of I t \4  I ,

~~~~~~ ~~ (1 I) 
~~~~~~ 

( 3 ( 1 ) - -  3)! (I - ,  I) — U . I ’  j e t  ii

(1(1 - 1 )  ~~S/ . ’
13 

~~
• ,h)g~~ (1 -~ 1 ) 1 4  (. 

~~~1’~ k 3 c , j  l~~~( I) (i . ~ho)

a t t e l  ( h i t ’  i iqhti  h and ; ; i d c  i t ;  a e j j  — j u t  eq i ~h 1 c t t t t t - t  ion . l i t -n c . ’ t , t ’tii (3 . - ‘ ‘ 4 )

5tnd th e’ (tonI i t , , ,  I e.i eoutvi-u e - u t c *  - t heoucu i t  we ci .t a i i i  ~ 
( 1)  1 o ~~n , 1 1

1-’ t , i. , 1 ly f ront ( ~.2 1) dud I A-I I

‘ut ,I I
5
n ,14 

~ 10 l B ( . ~~b ) d ~~~l ( J  ( 1  - 1) j ( J j t ; ( . ,~ - ) d Is ; I }

I J l t 4 ( .~ i ) ) d l ~~I { J  (~ — 1) jL 1 j t ~(’,,)tl j t i j ~~ ‘ 
(1 .11)

F. I
it • It

rind ii;; it, I he t rea t mt-i t t  ed ( 3 . 2.1 ) the ’ I u t . t  I e~ I~ Ofl t htc ighi t hiauid :1 i d -  of

3. 31) may be hound - 1  I y

~ 
‘n , l ~1 ~J Ill (. ,h)~ I ~d i — 1)  ( ,e) .~, dj  .~~j )~‘ (11 ,0)

0 t

•
u-i ,I - I

S. 
(f (1(1 — I) )

I c / 2 1~( • b )~~~t I j ~ I) ~ 
(I — 1 ) 1 4  ( , c ) q 1 d ( q  h o C  I )

o ( 1 )  , 11 .i u i -c the ju t leg i t i  - ou i v - i . i t . - . mid F. 0~p n ,1

‘(‘lie’ r ; . , m u& ’ ,,r (lttuiK’iit ap~tl i es I o t h e  t ;ceotud I r irr or, t tic’ r i glu I hand si (l,~ of

I. 31) arid tic we have 0 mid 1i~ ~f l (~0 ii nail y 1t e.n~ ( L 2’.)

ph p 1
~ (3) h~ J J (1 — I ) ( I ,I ‘dq h i t .) • (3 . 3))

I) t

Iii I In.’ A 1 pt’nd i x , I .t’mma I , WI’ show S~ ’~ ~ .e; Il “ . ‘l’ltut ;; I rent ( 1 . .1)

( 3 . 2 1 ) , (3.~~~) and f lit ’ ,iho vt- , i t  t o t  lo ws t h a t

. .

~ 

- ~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~. . . . .~~~~~~~~



1 4

~11,1 ~ 
— ~~~ Ii 

~~
. (I . I I )

‘I’l ie’ ~tttaIy;; i t ;  of S i t ;  out t i t - l y  .in i I uqoti:; , ,tunl h t . ’ ; i t  • - , i t t  ( h i . ’ 1 1 1

t crc- :; I of I t- c’V it y , We em i t  I he I~ ‘1 a i i : ;  an I pi cs. ’itt e u )  y ( I t t ’  1 t i t u l  i c- i l  i t

~~ 
~~~~ ~ 

~‘4 
,It; ii “ , ( ; 4 ) )

where’

= 
1o 

ln
i

hltuuld t  ~~~~~ = l l ,
1

L L 1  d’i . (L 4~~)

1-’ i u u . i  Ii y , a V&~ u-y hit i i . i  v ,uui, t I yt; 1 cad:; to t lie cot t c - 1 ci: ;  i t  ut t hi ~, I

l( 0 .tti ii ‘ “ . C 4 . U ’)

l ieni- c’ from ( - 
-, ) , (3 .  3) , ( 3 .  4- 3 )  and ( 3 . . i t ~~) We ’ oht a j u t  t h a t

— o )  ~ e, ( .  — t. • (~4
) ,tS Ii ‘ ‘ . ( 3  U /)

In 1.e’mnia 2 of the’ Appendix we sh ow t h a t

1-
I ~~~i 

1~~~~ ) = f ii1~~ lq ~~~ ~~~~~~~~ ( 4 . 4~O

-the re’ 1~() ~ t t  d e f i ne d  lty (7.1 4) . Thn ’re fore  v i t l u  dot j u t - e l t ’~ ( . ‘ . 14 )  •

lt~~; t h e ’  norm.i I d i n t  r ib t u t  ion w i t  hi  rn t ’aui 0 ,un.1 vat - I , i u i , ’e ’ ~ • Q. 1-~ - i t .

T h e  ~~~~~ f of 1’hii’oi t’uii ~ h’~ oct -e e l- ;  very iniie ’h .i1or ~ ; t h u . - - - in - 1 ~tt . ’; ;  m i t  a

W I’ oili it :;e’tln ’ d e t ,u  i i  h it ’  re ’ . l ’t ) i  t t ’5 ~ ‘e ~td i it.; l e t  ( .‘ . 1 7) ,uu tel ( 4 . “1 we the ’ t i  in’ t . ‘t

t’,ti -h t  it  “ 1 ,

ii 4

* 

~~~ C t )  ( 1  - 
~~~~ ~~~ 

f’ ) .t~ , I or I ( ~~~~ ~ 
1 , (3. 4, 1 )

wi t It I. (‘r 4 L1i1 1(1 ~ O t c ’ ( i t  h t e , - u ’  I: ; . - ,uui d
n ,1

( t  ) 7 f ( ,~ 
dq,  lot t ( ((l ,1H1 

~ 
I • ( ~~ . -10)

b 

w i t h  I .~ sot equ .i I t o  ;~e ’ u e~ et t l t e t w  i t ; . -.



— — . — --‘... , ,flfl .__ 
— —-.

1 4

Fo r s .im l ’ 1 i c i l y  we ’ :;h t I I t s t  I t o  t , ~ f op  3 i t t  I i t . -  t a - ej u t - )  - ~~ a-

0 
~ J~ ~~iI , L~~ ri , -, 

ai tc l  ~
2 (n 1

1 ,1
) = 1/7 J 15

1
d . .  ( i . -~ ~ )

‘lhtt’ r’ f t ’~ .- ( - o r u , - sI t o t , l l u g  t o  (3 . 7) 1 h t r o u e j h i  ( 4 . 10)  we’ ha’st

* )  ~) —t  * * *n (e ‘ — o ’ ( I I  1 ) ) ‘~ (5 I S I R ) (1 ,47)uu ii 11 , 1 ii ,~ U

w luc u - e
ii t

* f II * *
S~ 1. ~ ~

‘rt .1. 
— t~ )dl ., • C ~ 4 3 )

ul I

S ., 10 L
1
d ( i u ~~( i , -- 1

2
) ) , ( 4 . 4 - i )

it I

* I’ ~ * *— J i t  ( 1 — 1 h It ) ,  ., — I ,). ( 4.-1~~)ii ) it~~l I n ,~ -

i t t o  cit  ‘i -out~ ‘ ‘~ it tou t  cot 1.- e’5~ oitd i Itij t o  ( 4 . 1 7) uca l:;

— I  —1
U -I U I

~ ~~~ I 
- ~~~~ - 0 t ~~ 0

U~ 
~ - 1)  u t~ (~l~~ 

~~~~~~~ 

- - . 1 ( t ,,) )  .1

4 f ( 1  - 1) r ,  ( ‘ I  (F ) - . i) d g , t ( I L , , n 1
) U ii  , l u

ii -c

= —
~~~~~ L (1 - 1)~1dq , I ( (0,L I . ( 3 . -I t - )

Si t i e ~~’ U n (‘- .1 ) h>y - ,s~;cuni I ) (  li ‘It ,utiil 
~~~~~~ 

~ I ~ t he’ so I ort wi t i cli

ut ~~ i c 
~, has prohal i i  i t  y w it  i e ’h t end:; to eric ,u ; U -‘ . ‘l’hte arq ume ’t i t

U u i ,ii

t i - t e d t e ’ .‘x ;im inc  ( . 3 . 14) uuow app] ic: ; w u I hi cii l y lii i nor une.i .i F i - . t t  c ’3 :  ; •

i u t t ; t  u u t c c ’

— t  — I — i
it u ii i U

I U
,4
.1
,1 (I ,1

)d~; — J tidde i l ~‘ 0 , ( 3 . - h i )
‘it ,)



15

,tut ~l I he’ u~ u.t~ .crl5j unte ’ui t

1

sttow ; t ht ~it ~tr~v l i l t il n~~ I U

di , (f Uddcj ) ~ 
~~ f dh~,{f uJd.; }. 3.48

t 0 - 
t

— i
H 1 3) 4

I,jke’wise’ h (. 1 — ~~~~ (J~ ( I ,~
) — .1 (E’~, )d 9 } ~ 0 mid

it ,1 t

— 1  — 1

1:1 i - i)n ½ ( J ( i ) - .1)dq ) ~ r ( 3 . 4 9 )

~ti , 1

wh ere

* 
(dl (U

J dL 2 {J ( I  — I )U J ’dg } . ( 3 . 5 0 )
0 t—1( Ii I

i t ,) n
Fin , I ly n~ J 

dI.
2 

.1 
~~ 

(lq ) ~~ 0 , by the argume nt ii Le’mnt i I of t h e

Append ix. Fi-om C 3. 46) t :hi ro ugh (3 .  4~1) we obtain

* ) * *sill -- ~~ 
— 

‘ ( L S I )

* *Fi u i , t l I y for S - a u t e l  R the t-esul t s a cc’n,2 ii

* ) * * * )
S (~ + (. arid R 0 C 3.  52)n ,- 3 4 ii

where

* + * (U +
= L

1
UJdq and (,~~ IL 1U.Jdq . ( 3 . 5 3 )3 J o J o

Henci: from (3.42), (3.51) auid ( 3 . 5 2 )  we get

4~ *2 2 —1 * * * *
‘ — (P (ii T ) )  

~2 
— + t

.3  ~

A minor modification of Lemm a 2 of I lie Appendix wil l show t hat

— r~ + + ~~ ~ UL~dq,

_
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mt.l I tic ,:; I lii ’ Ii u - I j ’, i i  1 04 Thteou i ’itt 2 i t -  p i  ~~‘s’ .’:t . h-’oi thto s,’e’eiit,l i - -u I

utt ’c’51 out l y e , ~~tr~~p t j~~e ’ I hat  ( c i  it  ~ t 
~~~

‘

(.~
“ (u i ~ - ( . t ) )  - 

~~~~ ( I )  - I - ; )  

~~~~~~~~~~~ 

3 - 
~ ~ n~ft 

~ 

1 
2

w i  t ht t i it u t h a t -  cx~ ’t -: ~ s i o ; t  i t  u i ‘ .. ~ .‘w • t o t  f ir ;t t o u t  we ’ nay

use t he .t t quuneu t t  ot I emma 1 to - -5. i’s.- th u. , I i t  .-.t t tvc  1 t 3 i ~~;’ ( e )  ~— -  t .‘ in  ~‘t ohab II u ( y

a :; it -‘‘ . For ( I i  e ’ ; ~~’e — . ’i i ,1 I t - i  in ( l i t ’ .-td.l i t  i o : u . t  I ,i - - . u t mj ’ t  i out : ~ out q mtd i
U

q i’s’.-: ;

i_t i  I t, —II~ j 1
) di , I “ e ’ ( l  ‘l it ~3 ( t t  t )  — .~~( a )  I

ut
_ 

I

0 ( 1 )  l t ~~ it  — a .: ‘ I a )  4 o U )

(I)

ht. ’ii ’c’ i ’iic ’~ it &’nt ,‘ I S ~‘ t ( ) V e ’it

Son Ic )~ I ’ t t ( ’ t i  I ut ’tn;utks

( e t t t , ;  i t ier  t h it ’ l o l l ow i t t ~’, e ’x ;urn lt h t .  l e t , . . . ,X Ito 3d rv ‘ s w I t  It d l  F’

;t it . I E~ X 1 -“ f or  SOuttt ’ i 4.  Wt ’ ~l t ; t I l  ‘ouus lite r t he s:uinp I t ’ ‘ s l i  3 , 1 1 1 c c

-, U - t

(4 .1) ~— l  V (X — X )
i— h ~

whut ’io  X ~~~ X I s  t lie samp I o me ’a i t .  TIie ’u lit ( l i e  net at  lou t  ~ f

cui~ 1 we ’ have ~~~ : I or a I I  I , I I S. fl and g F . No te I h a  I

Ej ‘ (nip I h’s I ( in  I ( 1 - 1 )  j i~ ~(I):~ “ 0. ‘i’huis g j  ii t it i (0 , 1 )
I ~0f , l--

with a
1 •i~~~’ h / .  A l s o  .1 3 ’ —  1 so that h~ — b , = 0  mud A l , A6

ho 1.1 I i  iv  I;li iv. Thiei - e’lt ’i t- I t we t a k e  ~ ~u ie ’ht t h a t  1 / t  ~
- 1 / - I  .S we hav e

0 pu ov lih t - wi ~
. S. 4, Ilv aut ( i t t  e’~~r ai I~~it It ’s ’ pa t t ti (2 .  i ’i )  Iteilel s.

~~~~~~~~~~~~~~ — . . ~~~ ._ — -~~~~~ - _ _ -
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Now i,~ e I ( ,‘ . I 1) t-.’d net ’ s t .‘

+ :1 F~~~(~~)d: ; ,
J~~

Fou s i m p i i c i t v  I . -t c’s take ’ I~X 1 
(I so t lt , it f F~~~(s) d s  0. The ut l i t  ( . ‘ . I l

1 -) -)

we ’ uti.iy ta k e ’ ;
~~

( I  ) “ —{ I-’ i, ) I ’ . So we’ oht a u t  -
~~

‘ 4L ~ — o wItt ’u-c
4 ~ -)

3 4 EX .nid .~~
‘ F:X~ - ‘ ( I )  . Ii t ’uuec The ’o u e ’m 1 y j t ~ ids

-) 4n (o~ — .~~) 
~ 

N(0 , 4 1
4 

— o ) , ( 4 . - ’)

a re sit l I which  I: ; obt a [ut ah ) c ciutele r  t he  ;tss i impt  ion r 4. Iii t i i i  S cent ext

Tlieort ’iu 1 “ I n st  ía i Is” t o  v i e ’ Id the  sI  I ghu t I v  st reuige ’ u conclus ion .

1’Ii(’ above ex;untp it’ pre sent s a Ve ry jntt’i~e’st ing oitse’i’vat Ion p~~ t a hi I ng to

t h e  d if ft’re’nt set (if i- et Hel i t  l ou t s  t h at  stiff Ice’ to v te ’l .1 t Ito a lmost  St iVc’ (a . s,  )

ce nt ’s’.’ rgeuice of (lie’ st i t t  i s t  .‘s T , I he’ u- i i5VU t~ I cit ( e ~ no rena lit v and I ht’

asyenpt ot Ic uiorm a l It v oi t i t e  est l u n a t e ;  1Y et I lie’ ;usvmp t  ot to  var lanc e ’. We

h ave no t eel that if Al , A2 oh t ii in  and (2. 7) h ot els  I lion

~1

J )4(. , h)q d~~’~ ‘- “ (.1 . ~3 )
()

auth bo t h ~t (  I) ci (2. 5) and e’ (I) of (2. ( )  st - .’ I lul l o and

tt
’ (T

1 1 1~ 
— 3l~~( I) )  

~

‘ N(0 , •
())) (4 .4 )

tinder Al , A2 ( 2 . 7 )  ensure:; ( lie ’ I l i t i t e n e ’ss ol ~i ( i )  and ( 4 , 3 )  th t :~ ci

To oh I a En I lie’ asymp I ot Ic norma l i t v of I lie’ v a t -  I ;tncc t’st l u;t ;i I ot ot .

~~

‘ ( I )  it t

(2.8) we’ lmjto se t in’ add It lena 1 ; t sscumpt  lou t s  A ) , A4 and rep lace ’ ( 4 . 3 )  by

t he  st rongt’r COli c1 I I  Iou (2. I ’t) . ‘rho a • s . coutvergt ’ui ce of 
~~~~ ,~~~ 

ha: ;  bt ’e’~

RtcIc l i eeI b y We’l l i t e r  (197;). 11 Al , i~ 7 oht a tu i antI a
1 

4 hi
1 

;t .~ + h~ 1- - .”

I hint ~u ( L )  Is  f l u  I t o  mit t

_  -_______ .5 ~~~~~~ 



1 t~t

( I  — ~ ) 0. (4~it , it  it .1 .

Se ’ui ( ( d P /~~~) i t . t ; ;  obt  .t  i u t t ’ tl t h i e  a , : ; . O o u t V t ’ i ; ~e ’ t 1 c e ’ e ’~ .~~
( 1)  t e l  i e w I t t ~ t i  ill —

I o c c u l t I o ’ l u i t  i t l u t i ’

}-‘et i -  t l ie  ‘‘st et p ~:e’ e( ~~t , I (  I st  1 .5 ’’ 1 1 tu e  i i - J sv u :u i ’ t o t  i t ’ Il t ) i uti . i  1 ii V I S
11 , 1  - -

it

3 or i’s-ed [ii  -~ I — A t  In I t~ A l  , A ’  eli t _ i  In  t a . !  4, -’ . 7) l it ’ 13 ;;

t1 ( 1  — 3 t (ul  ~~)) N(0, ( ,) ~ (~ - (,)

pr ey [dccl ~~~~
1 -

~ ~ a ( (0, I) and ~ ads it ;; , t  dci  i v a t  E v e a t a

ii
’
~ (n 1 1 — — ( 1 )  an d g j y ;  coil I i inieci ;~ ,i t a . In I lie I at t e’i cas t ’ i t

we’ furt her assume ’ t he ’ s t  roul~~e’ r couid i t  I C I I I  i t  ( i t  
t

i
lt 

— 0 (lieu; 3 d (i t  
I )

li t (4.6) .~~tn ho .u l so  I op h a e ’cd by

The a .  • cetl\’ t ’ r gcu t c t ’ i t t  I can be cli :;e’tu~:ic’d .tI m u d ’, I lie 1 I ii.’s el
n , I

~~~e’ 1 tutor (1977) ;t sstt ln tug  ii a
ii

~‘
.

l , -nu u~ I : 3 uK ieu : tlit ’ i iypot  l i e - - ;  i t ;  c i t  i’t t co u  ‘;;t I t : s~ S d c i  ir t c .1 t t v . 1 2)

, t ~~ .l ~ .l , 14)  , we have 5 0 , e :;  i i
- - . _ - .- it , I

I’ roof .  We f i us t w y i t t ’ s ( ‘1) 
iii tin’ t .‘ urn
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