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- ABSTRACT

A production system is modeled as an activity
network using a dynamic activity analysis. The
nodes of the network represent component activi-
ties which produce final products, intermediate
products (inputs to other activities), or both,
according to intensity functions varying with
time. The arcs of the network indicate where
transfers of intermediate product occur . These
transfers of intermediate product can be modeled
two ways: either as discrete units on an event
basis, or as continuous flows. In the former
case, a generalization of critical path planning
is obtained, whereby variation in activity inten-
sities allows variable resource load levels and
production durations. The intensities provide an
added degree of flexibility for production plan-
ning, smooth loading of resources, etc . In the
latter case , linear programming may be used to
allocate resources so as to maximize throughput,
minimize production costs, and make determina-
tions of capacity and efficiency .
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1. General Dynamic Act iv ity Analy sis

The dynamic activity analysis for production has previously been set forth

in references [10) and [11], in which the structure of the dynamic activity

analysis was presented as an example in the theory of dynamic production net-

works. This chapter is adapted from reference 110) to develop the base for 
- -

concepts and procedures presented in following sections.

A production system is modelled as a network of activities which are

deno ted by A 1, . . . , A~ . Figure 1.1 displays a typical configuration for art

activity network. Each node represents an activity, which produces final pro-

ducts, intermediate products (inputs to other activities), or both. The arcs m di-

cate activity dependencies , ie , where in the network transfers of intermediate

product occur. In the figure, activity A provides intermediate product inpul to

A3, while A 2 serves A3, A 4 and A 7, etc. The double-stemmed arrows indicate

activities producing final products; in this case , A 5, A6 and A 8 all produce final

output. Restrictions on the network structure appropriate to modeling certain

kinds of problems will be discussed in the following sections.

In addition to the input of intermediate product, activities require exo-

genous inputs for operation, ie, resources not produced by other activities. The

operati on of each activity is allowed to vary over a discrete time grid

ton0, 1. 2, . . . , where ott each interval ( t—1 , t) , t= 1, 2 , 3, . . . , inputs (exo-

genous and intermediate product ) are applied at uniform rates , and charged at

time ( i—i ) .  Outputs of production during this interva l are forthcoming at time

t, at which time they may be transferred as intermediate or final produ ct . or

held as part of accumulated inventories.

The operati on of each activity A, is measured in terms ~ an intensit j~i~7c-

• tiOn

L
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A 1 A 3 A5

Figure 1.1
Example of Production Activit y Network
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:, (t ) , t=0 , 1, 2 .

whose value at time t, taken in conjunction with technical coefficients , indicates

production input during [ t ,t+ 1) and activity output at time (t+1). In this

fashion, activity intensity is taken to be constant on each interval [t~, t+ 1) . The

technical coefficients are defined as follows:

(a) c C ’) ,  t=O , 1, 2 , . . . , i=1 , . . . , 1’V, where c, C’) is the amount of output of

activity A, at time t per unit intensit y of activit y A,. If the output is a siz-

able discrete unit , c C ’)  is understood to be the fraction of a unit com-

pleted at the time t per un it intensity of operating A, ; otherwise , it

represents amount (in bulk ) . In most applications, these output coefficients

are constant in time or perhaps are direct functions of cumulative produc-

• tion (to indicate “learning curve ” behavior) , but are expressed most gen-

erally as functions of time.

(b) a,k Q), t=0, 1, 2, . . . , k=1 , 2, . . . , NK, 1=1 , . . . , N, where a ,k ( t )  is the

• amount of exogenous input k required at time t per unit intensity of

activity A , and the index k spans all NK exogenous resources required by

the production system. As with the output coefficients , these input
• coefficients are typically constant in time or perhaps direct functions of

cumulative production (indicating “learning curve ” behavior ) , but are

expressed most generally as functions of time.

(c) a ,~(t)~ t=O, 1, 2, . . . , i~~1 i\~ j~~1 , . . . , N, where ä 1 (t )  is the

amount of intermediate product from activity A~ required at time t per unit

intensity of operating A ,. (In the case of discrete intermediate product

transfers , constant transfe r coefficients ~ relate the number of units of

intermediate product from activity .4~ required per unit output of activit y

A,. See Chapter 2.)

—
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These coefficients are nonnegative with the following restrictions:

(a) c, C ’)> O, t=O . l , 2 

(b) For each i?~0 and each 1=1 
\T

, there exists a positive coefficient

a.k ( t )  for at least one k € (1 iVK }

(c) For each system exogenous in~~t k € {1 . . . . , NK ) , there exists t~~O and

at least one activity A,. / € ( 1 , . . . , N }, such that a k C’) is positive.

The activity intensities :, ( t )  have natural bounds , since production cannot

be carried out in stantan~ousIy. These bounds , denoted by

~(t ), 1=1, . . . , N, t=0 , 1, 2 , . . .

result from the available workspace and other limitations not considered as exo-

genous input. Of course , particular allocations of exogenous input s may limit

intensity further.

A productio n plan is a specification over some finite period [0,T) of the

activity intensities 

T—1

i — I  , . . . , .V

Such a specification determines the production system demand histories for

exogenous inputs (resources) as well as the output histories. For exampl e , the

~~~~ demand for exogenous input k during the interval [t ,t+l) is given by

and for the ca~e that activity A~ is the only activity producing final output , and

A v produces only final product , the production system cumulative output dur-
• ing [O.D is given by



:~ ( i) c~- ( t + 1)
1—0

- 
To be feasible , a production plan must of course satisfy constraints con-

cerning intermediate product transf ers , available exogenous inputs , et c., which
- are discussed in followin g sections. Expression of such constrain t s and further

development of the model depends considerably on whether the transfers of

intermediate product are considered to be large , discrete units  transferred on an

event basis , or are viewed as continuous flows. The former point of view seems

appropriate for detailed modeling of large-scale construction such as shipbuild-

ing, in which virtually no work on the installation of various systems can beg in

until  large assemblies such as the hull  structure are completed. On the other

hand , the latter point of view is more appr opriate for production processes

where either output has no discrete nature or else a consi derable number of

• discrete output units may be produced ~n a single t ime interval. Such would be

the case for aggregate plant s , food processing plants , paper production, and

many other examples.

• In the sections that follow , the model is developed first for discrete
- • transfers of intermediate product. Starti ng with simple extensions of Critical

• 
Path Methods , the model is generalized into a fully dynamic structure with

intensity histories , output  streams, and product inventories. A transition is then

made to continuous product flows for the final development of the model.
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2. Dynamic  Produ ction Planning with Discrete Transfers of Intermediate
Products

2.1. Nature of Discrete Product Transfers

For the discrete model of product transfers , we shall assume output of
each activity is measured in discrete units , and that product transfers can only

occur in integral amounts of such units. For each activity A,, product transfers
from every activity A~ supplying A, are required for A, to initiate produ ction of

each output unit , according to product transfe r coefficients

~
, i= 1, . . . , N, j�i,

where is the number of output units from activity A~ required in the produc-

tion of one output unit by A,.

Note that in the discrete model , product transfe r coefficients are not
transfers per unit intensity . However , as the intensity of activity A, is increased ,

more frequent product transfers would be required of ~~ implying greater

intensity for A~. Such activity interacti on is entirely similar in the case that pro-

duct transfers are modeled directly proportional to activity intensity (continuous

flow model , Chapter 3).

Discrete product transf ers are intimately relat ed to the notion of pre-
cedence in critical path methods. That is , the work package of A, producing one
unit is preceded by the work package of A1 producing ä~ units. In order to
more fully develop this relationship, it will be instructive to turn to critical path

• techniques , and to consider extensions of such techniques in th e spirit of the
dynamic activity analysis.

L. , ~~~~~~~~~~~~~~~~~~~~~~~~
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2.2. Activity Analysis Extensions of Critical Path Techniques

2.2.1. Review of CPM

PERT and CPM are network planning techni ques for project managemen t .

These techni ques are usually applied to one-time efforts , i n which similar work

may have been done previously, but it is not bein g repeated on a production

basis.

Critical path methods involve both a graphical portrayal of the interrela-

tionshi ps among the activities of a project . and an arithmetic procedure which

identifies the contributio n of each activit y to the overall schedule , as briefl y dis-

cussed below.

In a CPM project network , nodes denote activities which require time.

manpower , and facilities to complete , as illustrated in Figure 2.1.~ The arrows

indicate work flow dependencies , eg, activit y A ,  must be completed before

activity A4 is performed. To maintain correct network log ic , cycles are prohi-

bited. An activit y is thus any portion of the work that may not begin unti l  other

portions are completed.

Each CPM activity A, has a time assignment t, which is an estimate of the

duration required to complete that portion of project work represented by the

activit y. The basic scheduling computations are a forward pass and a backward

pass through the network. Typically , start times for the ini tial activities (in the

figure , A and A 2~ are given data, 
so that the forward pass is performed first.

Based on the given start times and activit y durations , the forward pass corn-

putes the earliest start and earliest f inish times for each node (ac t ivit y ) .  Simi1ar ~y .

when finishing times for final nodes (in the figure. A~ and ~~ 
are specified or

- In mo~; pr~senution~ of CPM. ~he :~ es 1 flodes and arcs ~re re~er se~ from t~,e ~~~ _s~u ‘~er~ E ther
format can be used n pract ice. See reference t~

] -

I 
_- . • -._ .

~~
‘•‘. - - . . —

________________________ ___________ —
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Figure 2. 1
Example of CPM Network
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comp uted by the forward pass, the ba ckward pass can compute th e latest start

and Iwest / ini s/z limes for each node. The times are lat est in the sense that  if

an~ ~‘ere later , project f inishing times would not be met.

Comparison of backward and forward pass resu lts will indicate that  cer t ain

paths through the network will be critical. That is , start and finish times for

activities on these paths any later than the earliest times ~v ill cause later proj ect

finishing times. Other paths will have slack , whereby nodes on such paths

could have larger t ime assignments without  impacting these f in ishing times.

Alternatively ,  the start ing times for such nodes (activit ies ) could be delayed.

In general, the critical path P between an init ia l node and a final node is

the longest path through the network connecting those nodes. wh ere the length

of the path T(P) is the sum of the time assignments of nodes on the path P.

The slack of an alternate path P’ between the same two nodes is given by

T (P ) — T (P ’) .  The scheduling slack s, of a node A, is the min imum slack value

of all slack paths containing that  node , and is given by the difference between

the late and early start (or finish ) times for .4 , .

Associated with each activity are requirements for manpower and other

resources. A determination of start and finish times for all the activities allows
• the computation of resource demands by the project for a given schedule. The

variation in resource loading resulting from shifting slack activities between

early and late start can be studied. See references [5 .6. 12) .

2.2.2 . Activi ty  Intensities

The fixed time and resource assignments to each activhy in critical path

• techniques imply fixed application rates of resources. Ordinari ly ,  in a construc-

t ion project , one has the f lexib i l i ty  to vary such rates to accomp lish level ing of

resource ut i l iza t ion ,  ba lancing of interdependent processes. etc. As a fir st

L __ _ _ _  
-~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



extension of critical path methods , we shall make the resource assignments to
each activity variable , according to the following restrict ed dynamic act ivity
analysis.

We consider a critical path network of N activities A A~ modelin g a
construction project in which ,VK exogenous resources are utilized. The rate of
application of resources to each activity A, can be modeled linearly in terms of
a strictly positive intensity variable :, taken with technical coefficients defined as
follows:

(a) c, = fraction of activity A completed per unit intensity, per unit time,

1=1., . . . , ZV.

(b) a~. = amount of exogenous resource k applied to A, per unit intensity, per
unit time , i=1 , . . . , N, k=1, . . . , NK.

The intensity assignment :, to activity A, is maintained at a constant value

between start and finish times for A,, but the parti cular level of intensity is a
decision vari able. In this way, the time assignment to each activity A, becomes
a variable , given by

~, = ~~ i=l , . . . , N. (2.1 ); c,

Typically, for each activity A,, there is some maximum practical rate at

which that activity may operate , implying an intensity bound 
~~~~. These bounds

— reflect the conditions peculi ar to each activity such as available workspace.

Up to this point , this analysis resembles CPM time-cost trade-off pro-
cedures (see refer ence [ 5) ) ,  in which activity durati ons may vary between
“crash” and “normal” durations, and there is a linear relation between activity

duration and costs of resources used. However, in our formulation , the rela-
tionship between the level of resources demanded by each activit y and activit y

- 

-:
~~~

__

- ~~~~~~~~~~~~ ~~~~~~~~~~L~~~~~~-- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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duration is made expli cit , so that between the start and finish times for an

activit y A , , the rate of application of resource k to activity A, is given by

a k:a k = —i— , k=l , . . . , NK, i =I , . . . , N. (2.2)
ti c’

Pictorially, the “resource box ” assigned to an activit y can be “flatt ened and

lengthened ” (while keeping the area constant ) by decreasing activity intensity.

as shown in Figure 2.2.

By develo ping technical coefficient data and defining intensities , one can

then vary activity intensities to accomplish time substitution of activit y loadin g.

This approach contrasts with pure scheduling strategies, which seek to minimize

resource peaks by shifting a fixed box for each activit y between early and late

starting times. (See references [3] and [5] for discussions of schedulin g stra-

tegies; see sections 2.6 and 2.7 for investigations of smoothing and resource

leveling.)

An initial selection of activity intensities

= ;0, i=1 N, (2.3)

allows the ordinary CPM scheduling calculations of early (late) start and finish

times and activit y slack , using the node durations

= , 1=1 , . . . , . V. ( 2.4)
:,oci

In particular , operating all activities at their intensity bounds. ie,

, i 1  , ~75)

yields a minimum project time span.

S
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Activity .4 ,
Demand For
Resource k

:
‘
, < :,

z,a,k

— ___________________

Activity A,
Duration

z,c,

Figure 2.2
Effects of Decreasing Activity Intensity
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The intensity :,0 of activit y A , is said to be critical if the time assignment to

A, .

(:0c ) — 1

is such that activity A, is on a critical path in the activity network. That is , a

lower intensity assignment to activit y 4 , would extend the project time span.

Any activity A, may be made critical by lowering its intensit y assign ment

+ S,0c,1~
l ,

where s,0 is the slack of activit y A, calculated by the CPM scheduling computa-

tions for the time assignments (2.4) . Other activities on the same slack path

would then also be made critical , as their slack would be eliminated. In general ,

the slack of a given slack path throug h the network can be allocated among the

activities on the path , whereby the reduced intensity assignments would

become critical. Eliminatin g all activity slack in the network leaves all activities

critical.

Reducing activity intensities to criticality tends to smooth proj ect resource

loading histories , as the resource demands of slack activities are reduced to

lower levels. See the discussion and examples in sections 2.6 , Smooth Loadin g.

and 2.7 , Resource Leveling. See also reference [11] for further examples.

L. ~~~~~_ • .•  —~~~-~~~~•.  I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _
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2.3. Extension to Output Streams

Critical path techni ques are oriented to the single construction project

scenario. But consider a production system producing a stream of outputs, such

as a shipyard producing a sequence of ships. One could develop an activit y net-

work for each ship, plan the resource loads, and then attempt to overlay these

loads to predict overall yard resource demands.

But desirable elements 
•
of the work flow and planning flexibility may be

missing from this approach. Consider the simplistic network shown in Figure

2.3 for producing a ship (activities are nodes, arcs show precedence). After

activity A finishes work on the first ship, activity B and activity C start work on

the first ship. But in view of the sequence of ships to be produced, activity A

would then commence work on the second ship. An extended network is

immediately suggested, whose nodes may be denoted by (i ,m) , where / denotes

the activity , and in denotes the output unit. For three ships produced by the

above network, one has the extended network shown in Figure 2.4.

There can now be an intensity assignment :,,,~ to activit y A, working on —

output unit in, which corresponds to a time assignment

= 
1 

. 
(2.6)

to node (i , rn) of the extended network.

Technical coefficients can also vary by output unit to admit learning curve

behavior , whereby either the level of resources required per unit intensity

declines or the output per unit intensity per unit time increases. The coefficients

are modified as follows:

L _ _ _ __ _  _  _  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Simplistic Shipbuil ding Networ k
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Figure 2.4
Extend ed Network For Production of Three Ships
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(a) c,,~ = fraction of output unit in, activity A, completed per unit  intensity,

per unit time:

(b) a,kfl, amount of resource k applied to activity A, working on output  unit

in per unit  intensity, per unit time.

The time assignment to activity A,, output unit in, is then given by

(2.7 )
,m ~i,n —

and the rate of appli cation of resource k is given by

Z,m ~ikrn ’

The extended network concept allows the integrated planning of a series of —

construction projects, effectively treating such a series as a single project.

Rather than attempting to overlay or to sequence independently-treated CPM
networks, one could use an extended network for overall resource management

and allocation. See section 2.7 for an example of resource leveling on a two-
ship extended network.

L



2.4. General Dynamic Model with Discrete Transfers

We now return to the dynamic act ivi ty analysis , whereby activit ies have

lntensir ~’ time histories

defined over a discrete time grid t=O, 1 , 2, ‘ ‘ . Technical coefficients and
intensity bounds are also allowed to be variable with time. \Ve shall assume
that activity output units are so large that

~ ( t) c , ( t)  < 1 (2.8 )

for all activities A,, i—I , . . . , N, and t=O , 1, 2 , ‘ ‘ . (If such is not the case ,

a finer time grid may be considered. )

We shall also assume the activity network repr esentation of the production

system is cycle-free. Product transfe r coefficients 
fr,~~

} 

are taken to be constant ,

so that the arcs of the network , while identi fying intermediate product

transfers , also indicate the precedence of work flow. An arc from activi ty A1 to

activity A, means that that A1 must complete ( n) ~ ,~ output  units before activit y

A, can start production of its iith output unit .

By suitable modification , the extended network discussed in section 2.3 can

be used to expli citly display each discrete product transfer. For each activit y A

• and output unit in, the immediate predecessors of node (/ , i;z) in the extended

network are revised to be
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(i ,m— 1) . except ~ hen in= 1~ and

(J .~ ,~in) , except when ~ ,=O.

In section 2.3 , the extension of a critical path network in order to model ou t pu t

streams is an example of an extended network in which all 5,~ equal zero or

one.

Arcs in the activity network are allowed to represent both critical path-style

precedences or true product flow . For example , suppose activities A, and

occupy the same workspace, but the installation of A, product is required

before the installation of A1 product may occur. In terms of the model, we can

think of activity A~ requiring the workspace wit/i activity A, product installed as

intermediate product input. With this interpretation , an activity, which has a

critical path-style precedence relationship to rn successor activities , simultane-

ously produces in distinct products according to its intensity. Each of the in arc s

emanating from the activity represents the transfer of a distinct product.

For other activities , the conception of product flow may be more immedi-

ate , such as the case where activity .4, produces subassemblies to be integrated

into the structures produced by activity A1. It may be the case that the

subassemblies produced by A~ supply several activities , so that arcs emanating

from A, show flows of the same product to be shared by successor activities.

Calculations for each of these cases of product flow are presented in section 2.5.

Inventories of intermediate products may be subject to storage capacities.

In general, there is a storage capacity for each product type. For the presenta-

tion of calculations in the next section, we shall initially assume that the arcs of

the network represent critical path-style precedences, ie , each arc represents the

transfer of a distinct product. Accordingly. we denote

cap (i , j ) ,  /= 1 

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~ •~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - —
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to be ~he capacity of stored output  of activity A , to be used by act ivi ty  A
s,.

where stored output is the number of uni ts  started by .4 ,. less the number  of

output units started by .-

~~
, times ~~~ To be feasible , a pr oduction plan

1—0. . . . T—I

•

must satisfy inventory capacity constraints as well as constraints governing the

adequacy of intermediate product transfers. These are discussed section 2.5.

In the ~~se that cap,1~ itv of prod~tct storage is unconstrained. the ~ p.1city rru~ be ~e, ~~~ to ~~~ er :.
ur g e  number for progr~rnmtng purposes.

_ _ _  
_____________________ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 
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2.5. Dynamic Production Correspondences
p

Dynamic production correspondences relate t ime histor ies of final outputs

to time histories of exogenous resource demands. Their abstract structure is

discussed in references [7 ,8,91.

Two kinds of correspondence calculations appropriate for production plan-

fling are investigated in this section. The pr esentation is a generalization of

that in reference L i i ] ,  in ’which -pr oduct transfe r coefficients were taken to be

bi nary , and product inventories were not explicitly considered.

2.5.1. Forward Correspondence

The forward correspondence addresses the following question: for given

time histories of the input of exogenous resources , determine the time histories

of output unit completions possible. Let

= {x 1 ( r ) , . . . , X~~ (t)}. t=O , . . . , T—1 , - (2.9)

be the given time histories of resources available for production input during

LO , 7). We consider a preallocation of each resource k among the activities,

denoted by

= 
~~~~~~~~ 

. ~A~~~~( t) } .  t=0 , . ..  , T— 1 , (2.10 )

where

XOk ( t )  = {xo l k ( t) .  . .  . . XO vk ( t) } .  k 1 , . ..  , 1VK ,

t—0, . . . , T— 1 , (2.11 )

L _ _ _ _



— ~__ - - - - — _ ---~~~~ ~~~~~ - - -

2 1

and

= Xh ( i ) , k= 1 K, !=0 . T —l .  (2 .12 )

The full possibilities of producti on result from th e union of the sets of network
output histories obt ainable from all preallocations A~~(/ )  of ~~(,) .

An .\~by- .V incidence matrix

— {D ( i . J ) J

will be used to describe the network , with D ( i ,j ) = l  if there is an arc in the
act iv ity network from acuv 1t~ A, to act ivity A~ (ie , ~,, > 0) and D ( ij ) = 0  il

not. As the network is cycle-free, we shall assume the act ivi t y ordering is such

L 

that A, may serve only activiti es A1. j > i, 1=1

The following notation will be convenient. Let

M~(i) = number of output units conipk ’red by activi ty A, by ti me t :

and N,( i)  = number of output un its star ted by activity A, by time t.

With this notation , when activities A, and A1 are connected by an arc (Ic .

• D ( i ,j ) = 1) , the time hist ory of intermediate product inventory of A, to be used
by A1 is given by

inv1 ( i ,j )  = A~f, ( i )  — ~~~~~~ ( 2 . 1 3 )

The constraints on intensity functions for the forward correspondence are
as follows:

F ( l . .  :, ( r )  ~ 0, 1=1 . t=0 T—1 .

F ( 2 ) .  :. ( r )  ~ ~(r) , /=1 , 1=0 T —l .

~~~~~~~~~~~~~~~~~ ~~~~~ ~~

- —  •~.—-_-.._•.—- —• .-._-__— - .-——.-.—•—-_— . .- - —  ._ - -~~~~~ -—_- — ., -——_-•—-..-—__ _•~--—-. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~-•.



22

F ( 3 ) .  a,k ():, ( 1 )  ~ .VO,1 U) , i =1 , . . . , . V, t=0 , T— l .

F(4) . 
~ ,c, (t+ 1) :(t )  ~~~ .%I , (j )  — 

~ ä~,1c1( T± l) :  ( r ) ,

/ = 1 1V, a/I f such f/ tat D 
~~

, 1) = 1, t = 1. . . . , T— 1. and
p

~ 0, /=I , . . . , . V, al/ f such i/zat D~j,i)=1 .

- I—iF( s) . c, ( t + 1) : , ( :)  ~ cap (i ,l)  + a,,~\’,.~.1 ( l )  — 
~~~~

, . . . , j V, a/I t such th at D (i , I) =1 , t= 1, . . . , T—1 , and

c,(i):,(0) ~ cap(i , l) , 1=1 \‘, all !  such that D (i , l) = 1,

where -

= Max {n integer j /i~~~~ci (r)z (r—1)J.

t =1  T, 
. 

(2.14)

M0 (i)  0, (2 .15 )

and

N, ( 1)  = Miii { ii integer ii c, (r) : , (r

t=l T, (2.16 )

= 0. (2.17)

____________________________________ ~~~~~~~
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The constraints F ( 1)  and F (2 ) allow non-negati v e values for intens i t ies

less than or equal to the upp er bounds. Constraints F (3) l imi t  intensi t i es  to

levels allowed by preallocati on. Constraints F (4 ) l imit  intensit ies to level s al-

lowed by available interm ediate products , while constraints F(5) insure that  in-

termediate product inventori es do not exceed capacity :-

A production plan satisfying constraints F ( I )  through F ( S)  is said to be

forward fi ’asib/ e. Clearly , the output  histories one can obtain are not uniqu e.

As an initial  approach , we shall consider a gr eedy polic y . ie , when an act ivi ty  is

— 
called upon to operate , it runs at maximal intensi ty .  Such a policy may be cal-

culated forward in time , performing th e four steps of the algorithm shown

below at each instant of time. It will be convenient to keep track of cumul ative

producti on using the variables

cu,n,( i) ,  1=1 , . . . , N, i=1 , 2 , . . . ,

where

cuin1 ( i )  = ~~:, (r ) c1 (r + I ) .  (2. 18)

The greedy algorith m for the forward correspondence is then as follows:

Step FO. Initialize M 0 ( i)  = .V0 ( i)  = cwn0 ( i)  = 0. i=1 . . . . , . V,

and set t=0.

Step F l . F o r j = i  N, set f 1 ( t) =

—— 
• 

-

_ _ _•

~~~

_

~~~~

r

~~

i

~~~~ 

. •~~~~~~~~~ . ~~~~~~~~~~~~~~
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— 
XO,~ ( t )  .ij, U) .....

~~~~,, cunz, (j )
.~Iin : - ( t ) , Miii - 

, Mm -

k — I  K ~m all ‘ ~~c, (t + 1)
such that
D ( 1 ,)) — 1

Step F2. Set :~~( i)  =

Step F3. For i= N—1 ,N—2 , . . . , 1, set z, ( t) =

cap (i ,j) + ,~ [/ 3 (1) +N, (1)] — cu,n, (I)
Miii !, (t ) ,  Mitt

al/ i c, ( t + I)
such that
D ( i .j ) — 1

where

1 if :~(t)c~(t+i)+cumn ,(J) > N, (J )

/3(j) = a if not 
(2.19)

an indiciator variable , shows whether activity A~ initiated production of a new

output unit during the current time period.

Step F4. Set N,~ 1 (j)  = N,(1) + /3w , a/I f ,

where /3(j) is defined by (2.19). Set

M1+1( i ) = M ,( j ) +a W,  al/ f,

where

I if :~( t) c 1(t +l)  + cumn,(j )  > ~t-f ,(j ) + 1
= 0 if ,i~~ 

, (2.20)

is an indicator variable, showing whether activity A1 completed production of

an output unit during the current time period. Set

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

- 

_ _  _ _ _ _ _ _ _  
~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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cunz~~1 ( i)  = cunz~(i) +: , ( t ) c , ( t ± l) , /=1 .-V.

Increment t—t+1. Stop if t = T~ otherwise , go to Step 1.

• Steps Fl and F2 insure the intensities rio not exceed levels allowed by

intensity bounds, available exogenous inputs and available intermediate pro-

ducts. Step F3 insures that intermediate produ ct inventories do not exceed
capacity. Step F4 updates inventories and increments time.

From the calculate d intensit y histories , one can observe the earliest start-
ing and finishing times of each output unit by each activit y . In fact , the array

I—I 
- curn , ( t)

—0 T

indicates the time unit by time unit progress of each activity.

One can also obtain the system use of resources from the intensity his-

tories. During the time period kt±1), the actual use of resource k is given by

N

i—I

In the case where activity output supplies both intermediate and final (net )

- . 
product , or in the case where activity product is shared by two or more follow-
on activities , a preallocation must also be made of such output. The constraints
on intensity functions and the forward greedy al gorithm can easily be modified
to handle the above cases.

As an example , suppose activity A r produces one product which suppli es

final output as well as activities .4~, and A ,,~ 1. Let & ..(t ) ,  r =1 , 2. . . . , 7’,

denote the fraction of the output history of A ... going to final output at time r .

where 0~~&~Jt)~~1. Let ~, ( t ) ,  t—1 , 2 , . . . , T, iu~y , y+I , be non-negative

real numbers denoting a preal location of .-L output at time t among ..1,~ and

L _
~~
-_
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A . as int ermediate product input. These coefficients satisfy

+ 
~~~~~~~~~ 

I — &. ( t) , t 1  T. (2.21 )

For simplicity of exposition , we shall assume no activities other than A supply

..1~ and ~~~~ We denote

cap (~
)

to be the capacity of stored output of A r to be used by A~ and ~~~~ where

stored output is the number of output units for intermediate uses started by A

less the number of output units started by A~ times ~~~ and less the number

of output units started by A 7~ 1 times ~~~~~
The forward correspondence constraints F( 1) , F(2) , and F(3) on intensit y

functions require no modification , but constraints F(4) and F(5) must be

altered as follows:

F(4) ’. Same as F(4) for i�y, y+l. For i=y,y + 1 , we ha ve

a,r c, ( t+ 1) : , U) ~~~ M1 (rr ,i)  — Za ,r c, (r+1); (i-),

T—1 , and

~ 0.

F (5)’. Sante as F (5) for I � ~~~~. For I = ~, we have

v.a. I
~ .~~,(t+1)c..Jt+1):.(t) ~I _ v

~~ i — I
cap(i~

) + 
~~~~ ~~~~~~~ — I ~/—y ~—0

---
f

_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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t=l , T—1.  and

‘1+1
I ~ ri (1 ) (1L-~.(0) ~ cap Ur) ,

• where

M~Ur ,i) = Max {n integer~,7 
~~~ Z i (7)c r (7+1):~~~)} .

z= 1 T, (2.22)

M~,&r , i) = 0, (2.23)

and

I—I
N1 ( I )  = Mitt ii integer ii ~~ c, (r+ 1):, (r )

7— 0

t=l T, (2.24)

N0(i)  = 0. (2.25 )

The steps of th e forward greedy algorithm are modified as follows:

Step FO’. Same as step FO., except i,zitia li:e M0 (
~~, i) =0,

/ =y ,y +I , in place of M0(~ ).

Step F l ’ . Sante as step F L . ,  except for j =-y, y±l , set (r) =

~1i,z U), .%1/n 
XO k ( t )  t1,( -rr ,j )  — ä~,...czi,n ,( j )

J k — I  K a1~
( t )

• ~~~~~~~~~~~~~~~~~~ --
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Step F? ’ . Same as step F2.

Step F3 ’ . Same as step F3., except for i=~~, we have :r ( t )  =

~iinimwn of ( t )  and

+ 1,—i •cap ( rr ) + ~~~~ /3(j )+~V1(j ) — 
‘

~~ Z.~r, (
~ +1) cr (r+ 1):...(r)

I

where /3(j ) is defined by (2.19 ) .

Step F4’. Same as step F4 ., except in place of ~~~~~~~ we

set

M1(ir ,l) + a(~r ,1) ,  l=y ,y +l ,

where

1 if ~~~~/(r+1)c.T(r+1)z~,.(r) > M1 (~~, i) + 1
• a(7r ,l)  = 0 if ~~~~~~~ 

( 2 . 2 6 )

Production systems in which an activity produces several products , each of
which serves several follow-on activities, are handled in an analagous manner ,

whereby each product must be preallocated among uses. For simplicity of
exposition, in al gebraic presentations in the remainder of Chapter 2 , it i s
assumed that each arc in the production network represents the transfe r of a
distinct product (eg. critical path-style precedences).

The greedy policy can also be calculated starting at a time point with pro-

duction in progress. This is done by appr opriately initializing the arrays of

• 

• • ~~~~~~ • • ~~~~~~~ 

~~~~~~~ ; ~~~~~~~~~ .- -• • ...4L& , 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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cumulative activity production .

{cunh t ( i) } .  ~~~~~~~~ 
and {. Vi ( i ) J ~

in step FO. of the algorithm. In this way pr oduction replanning required

because of work interruptions or desi gn changes can be accomplished.

As the forward greedy policy assigns activity int ensities at the upper

bounds allowed by constraints F( 1) through F ( 5)  at each instant of time, the

throughput of production is maximal for the preallocations made. The full

spectrum of output histories obtainable from the vector ?(t) of histories of

exogenous inputs is only realized when , i n addition to the alternativ es for preal-

locating exogenous input histori es and transfers of activity outputs as inter-

mediate products and net output s , one considers also the operation of activities

with intensities less than ~the maximal values calculated by the greedy policy. In
particular , the preallocations , in conjunction with the intensity bounds , will

ordinaril y be imperfectly balanced so that some activity intensities may be

operat ed at less than the maximal intensities during certain periods and still

yield the net output streams calculated by the greedy policy . Such shift s in the

intensity functions and the relate d input histories represent time substitutions of

the input histories applied. Time substitutions are studied in sections 2.6 ,

Smooth Loading, and 2.7 , Resource Leveling.

In the special case that product inventories are not capacity-constrained ,

and intensity bounds , technical coefficients , and resource preallocations are con-

stant in time , the forward greedy policy is equiv alent to a CPM forward pass

through the extended network , with time assignments

XO L.
= — Mitt ~~~, .1,1/n ( 2 . 2 7 )

C,- k — i  . . VK a k

~~~ ...~~ _t••.___ ,



-
— .

30

to each node ( i ,m) of the extended network. This result also holds when

technical coefficients and intensity bounds vary b~ output unit , as discussed in
sect ion 2.3.

2.5.2. Backward Correspondence

The backward correspondence addresses the following question: determine

the activity intensities so that given dated sequences of net output units may be

obtained. We shall assume one or more activiti es produce final outputs.

Retaining the property that any activity A, can supply only activiti es A1 for j > i,

the ordering of the activities may be made so that

A,, i . V ,N— 1 , . . . , N—p+1 (p~~ 1) yield final (net ) outputs.

In the case two or more such activities p;oduce the same final output, we
shall assume a preallocation of net. output requirements is made among these

activities, so that one may express output requirements as time histories

of cumulative output that must be completed by each final activity

A,, i =N—p + 1 , . . . , N. For example, suppose activity A~ must complete two

units by time 25 , one more unit by time 30, and a fourth unit by time 45.

Then the time history 
{
~ / ~~( t )}  is constructed as follows:

4 if t~~45
3 if 30~~t-< 45U~ ( t)  = 2 if 25~~t -<30 (2.28 )

0 ift<25 .

•

~ 

1~~~~~.~~~~ ~~~~-

~ 

-. - ~~~~~~~~~~~ -‘• —~- - ----.,•-
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The si gnificance of {U ~ (t ) }  is clear; if the cumu lative production of a ct ivi t y  A~

at a given time t does not equal or exceed U~ ( t) , the production plan would be

infeasible.

As a first approach it will also be assumed that none of the activities pro-

duce the same intermed iate product , ie , there are no alterna tive processes in

the production network. This simplifies the calculations , because then one

need not attempt to apportion among alternative activities production of pro-

duct needed by follow-on activities.

Calculations for the backward correspondence are made backwards in time

from some time horizon T, by which time all output must be completed. We

again assume a preallocation of the services of fixed capital equipment and

other resources, denoted by

k=l , .  . . , NK, t= T— 1 , T--- 2 , T-- 3 , . . .
~~~

The constraints on intensity functions for the backward correspondence are

then as follows:

B( i) .  :, (t ) ~ 0, z= T— l , T—2 , . . . , 1=1, . . .

B(2) . :, (t )  ~ ~ (t), t= T—l , T—- 2 , . . . , i=1 , . . . , N.

B(3) . a,k ( t):, (t)~< XO,k ( t) ,  t T—1, T—2, .  . . ,  i 1 , . . . , .\~

k—i , . . .  , NK.

B(4) . c, (t+l ) :, (t )  ~ ~~( T)  — U,U) — 

— •- - - . - - - — • —  - 
•.J_•__ _ . - - •• ——• - ‘~~~~~

.--
- --—..~ ~~~~ - --~~-~~ ~ --- -~ -- •—

~ 
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i =T—2 , T—3 . /= .V—p + 1 ’, and

c, ( f l : 1 ( T — 1) 
~~~ 

L ’, ( T)  — U, ( T— fl . / = .\‘—p —- l .

T— 1  . 
-

B(S). c,(t+1):, U) ~ ~~~iP +i (J )  — 
~~~ c, (r +1) : , ( r ),

7 1+I

I = 1 V, all j  such 1/tat D (i,j) = 1, t = 7’— 2 , T— 3 .

B(6) . ~1c, (t+ 1) :, (t )  ~ cap(i,l) + N,B (l)  —

1=2 N, al/ i  such t/ z a tD ( i ,i) =1 , t= T—2, T—3 , . .

where

= Min{n integer I n ~ Tic, (r+1):, (r) }.

: =T— l , T—2, T-- 3, . . . , (2.29)

is the number of output units started by A, after time t, and

1\r,B(~) = Max it ilzteger l
7 _ i

t =T—1 , T—2 , T—3 , . . . ,  (2.30)

is the number of output units completed by A, after t ime t.

The constraints B(1) and B(2) limit activity intensities to non-negative
values less than or equal to the intensity bounds. The constraints B(3) express
the exogenous input limitations due to the prea llocations of resources. The
constraints B(4) require in cumulative term s that the output histori es for the
final products of the network do not exceed the histories

—•—---—- -
-
~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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&~ U) , / = .V —p ±

sought for these produ cts. The intensity functions permitte d by B (4 )  need not

satisfy equalit y for all periods , since storage of final product is permitted. By
extending (backward ) the number of time units used , cumulative requirements

can be met by storing final products produced earli er. Similarly, constraints
B(S) require in cumulative terms that output  histories of activities producing
intermediate produ - do not exceed requirem ents demanded by follow-on ac-

tiviti es. Again equality si gns need not apply for all tim e peri ods , due to the
possibility of product storage. Constraints B(6) insure that intermediat e pro-

duct inventories are not driven beyond capacity.

A production plan satisfying constraints B ( 1) through B ( 6) is said to be

backward feasible. Clearly, the input histories are not uni qu e. We shall again

consider a greedy policy, ie , when an activity is called up on to operate , it run s at
maximal intensity. Thus the latest starting times for activiti es which allow the
realization of the given output schedule will be calculated. In thi s way the

shortest time spans to produce the given output  amounts are obtained. It will

be convenient to keep track of cumulative activity production backw ards

through time using the variables

C Uf l1 1 ( i ) ,  i=1 ~V, r= T— 2 , T—3 , T—4 

where

cum~( i)  = 
T
~~~c, (r + l) : ( 7) .  (2.31 )

The greedy alg orithm for the backward corresponde nce is then as follows: 

~~~—~~~~~~~--~~-- 
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Step BO. lnitial~:e Af ,b ’( ,  ) = \.B(,-) = cu / n , ( i)  = 0, 1=1

and set r = T —1 .

Step B 1. For i= X—p + 1 , set (t) =

(I, ( T) — L,~ ( t) — ci,,n, ( i) 5- , .%118 (j ) —cu,n ,(A-f in :, ( r )  , , A-f in ‘
c, (t+ I)  a// f c1 (t + 1)

such i/la!

For 1=1 V..—p, set ~, (t) =

— 5- M~(/) —cum , ( i)Mitt U) , Al/ n ‘~~

a/l j c, (t+ 1)
sue/i i/la!
D (i .j )  — I

Step B2. Set :1 (t) =

Step B3. For j =2 N, set

Mitt (t), W/,i 
cap (i, j) +N f l ( i) +a (j ) _~~.cu,n,U)

a// j  S-, c - ( t + 1)such 1/la! -‘ ~

where

I i f :, (t) c, (t+ 1) + cuin,( i)  > N~ ( i)
cr (i )  

0 if not , ( 2 . 3 2 )

- 

. 

an indica tor variable , shows whether activity A, completed an additi onal output
uni t  after time t— 1 over that completed after time t.

Step B4. Set .V,~~ (i )  = 1yB(1) + a (/ ) ,  al/ i,

- • -•
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where c~( i )  is defined by (2.32 ) . Set

A-11~_ 1 ( i )  = 1%fB (~ ) ± j3 ( i) .  a/l i,

wh ere

1 if : , (t ) c, (t) + cum 1 ( i)  > M f l (j ) + l
= 0 if ~~ 

, (2.33)

an indicator variable , shows whether activity A, started - art additional output

unit after time t— I  over that started after time t. Set

cum1_ 1 (1) = cum1 (i) + : , (t ) c,- (r + 1) ,  1=1

In crement t—t —1.  Stop when

( i)  }, i=N— l+p 

are all greater than or equal to the desired number of output units; otherwise ,

go to Step 1.

- 

- 
Note the strong similarity of the backwards greedy policy calculati on to the

forward greedy calculation , the former essentially a “backwards through time ”

version of the latter. The actual cumulative outp ut  completion schedules for

the activiti es are given by

{ C; ( t ) } ~ t =T , T—1 , T—2 , . . . ,  /= 1 V.

where

= ~~ c1 ( i - + I ) ;( r ) ,  t=T , T—1 / 1  , (2 .34 )

L - ~~~~~~~~~~~~~~~~~~
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and p. is the earl iest t ime period at whi ch the back~~ard greed~ aI~or ithm makes
calculations. The system use of re:ources is given by

f_ i

for each resource k— i  , . . . , ~\‘K . duri ng each tim e period [1, 1+ 1) .

From inspection of the output completion histories

{ cY !)}~ t=T, T—1, T—2 , . . . ,  1=1 

the backward greedy policy yields the late start and late finish times for each

output unit produc ed by each activity. This is entirely analogous to the early
start/finish data gener ated in the forward correspondence case.

To extend the backward correspondenc e results further , suppose two
activities producing intermediate product produc e the same output , say 

~~ and

~~~~ for I- ~ a< ;V—p. Then the constraints B( S) are modified for i=a and
i c ~+I to

B ( S )’ . ~~
‘c, ( i + I) :, ( t)  

~ +i~ I~~ (1) — 
~~~~~~ 

c, (r+1) :, (~ ) ,
i—a , a  r~~ +1

all j  such f /i a ! D (~ ,j ) = I , r = T— 2 , 7 ’ 3,

Note that coefficients 5,~~a and 
~ i. a+1 must be identical. In order to

accomodate such substitutable activities, some kind of policy rule is needed.
Ordinarily, duplicating processes can be ordered by their efficiency, say A~~ 1 is
more efficient or more preferred for whatever reason. Then one may replac e
B ( S )’  by

________________________________________ - ~- - - -—-
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B ( S ) ” . ~(,~ t ( t + l) : a~ l ( t)  ~ ~~~~~~iM~~ i 
( j )  —

all )  SUCh i/tat D (a J) 1. t T—2 , T—3 .

and

~ ~ .~~ 1 MP +1 (j )  —

a/ I f  su ch i/tat D (cr ,j ) = 1, t =T—2 , T-- 3 , .

With the addition of such a policy rule , a backward greedy solution is then

made determ inable for a system with alternate processes.

The full spectrum of exogenous input hist ories which can achieve the out-

put schedules

i= .V—p+ I 

is only realized when , in addition to the alternatives for prea llocation of final

output and intermediate product among alternative activities , and of exogenous

resources among the activities , one considers also the operation of activities

with intensities less than the maximal values calculated by the greedy policy. In

particular , reduced intensity assignments allowing more favorable aCtivit y and

resource loading without violating project due dates are investi gated in the fo l-

lowing sections.

In the special case that product inventories are not capacity-constrained.

and intensity bounds , technical coeffic ients , and resource prea llocations are con-

stant in time , the backward greedy policy is equivalent to a CPM backward pass

throu gh the extended network. with time assignments
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t,,,, = A-f in ~~~~, Al/it 
AO~ ~ 

(2.3 5
C, 

- k— i K

to each node (i , m) of the extended network. Late finish times for nodes ( i , in) .

i= .V—p + 1 \-
~, and the various values of in, are specified by the due date

histories . 

I

{ &~(i)}. i=X—p + 1 V.

That is , a cumulative output requirement of in units by t ime T from activit y .V

means node (.-\~,n) has a late finish time I For each such finishin g node, there

are critical paths through the extended network to the finishin g node which can

be determined by usual CPM procedures.

The above result also applies in the case technical coefficients and intensit y

bounds vary by output unit (see section 2.3) , whereupon the time assignment

to node ( i , in) is given by

1 XO k 
-i

tim = — A-flit 
~~~~~ 

Mitt 
- 

‘ . ( 2 . 3 6 )

c,-11, k — i  x a,~ 11,

2.5.3. Inventories and The Extended Network

We have seen that when intensity limitations and technical coefficients are

constant in time , and there are no intermediate product inventory capacity con-

straints, the forward and backward correspondences may be calculated using

CPM techniques on the extended network.

It is also possib le to use such path methods when ther e exist capacities for

such inventories by making some modifications to the extended network. For

example, suppose activity A, supplies acti vity A~. and the inventory capacity is ii

_________________ _ _ _ _ _ _ _  _ _ _  _ _ _ _  ~~~~~~~~~~~~~~~~ _ _ _ _ _
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units.  This means activity .4 , cannot have completed any greater number of

output Units than ii more than activi t y .4~ has used as input , ie , node (j, k) must

start no later than node (i , k~ä 1~+n) starts , k= 1 , 2 This implies all predeces-

sor nodes in the extended network of (j , k) also precede node ( i ,k~5~,+n) . If

• the extended network is modified to show these extra precedences . the network

logic will then prevent inventories from exceeding capacities.

In summary, for the dynamic production system model with  discrete pro-

duct transfers , the forward and backw ard greedy policies const itute a generaliza-

tion of critical path procedures , in which activities hav e variable intensities, out-

put streams are allowed , and product inventories with capacities are treated.

However , it shares the severe limitati on with CPM that a prea llocat ion of

resources is made, determining maximal activity output rates.

-

_ _  --- - --- ~~~~~~~~ ~~ - -~~~ - - --~~~--~~~~ -~~~~~
. - -—
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2.6. Smooth Loadin g

For either forward or backward correspondences , an initial  greedy calcula-

tion will yield a production plan with the shortest time span to produce a giv en

num ber of output units , for the preal location of resources among the ac t i v i t ies

that is specified. However , such schedules can have undesirable , jagged activity

loading characteristics , and one would want to reduce loadin g levels for

smoother behavior without extendin g the project span.

Hereafter we shall assume resource preallocations and intensit y bounds are

constant in time , and technical coefficients are also constant in time or perhaps

vary by outpu t unit , indicatin g learning curve or other behavior. These restric-

tions facilitate the study of the smoothing problem in terms of the extended

network. 
- 

Before presentin g an algorithm for smoothing, we shall consider a

simple example.

Returning to the simplistic shipbuilding network presented in section 2.2 ,

we consider the extended network for buildin g three ships with some specific

technical data and intensity bounds , as shown in Figure 2.5.

The activity intensit y histories are sketched for the early start and late start

schedules in Figure 2.6. Starred “boxes ” indicate output units during which

activit y intensities are critical. Note that an act ivity may be critical during pro-

duction of certain output units and non-critical at other times. In th is case, the

shortest time span is 13 time units.

We see that , in both schedules , “gaps” exist in the intensity histories ,

where loading ceases for an interval, and then recommences. It is apparent that

serial connection of activities with different output rates causes jagged loading.

In the spirit of critical path techniques , one could consider shifting produc-

tion acti vity between early and late start schedules to achieve less jagged load-

ing. Indeed , for this simple example , it is evident that a combination of early
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:4 (1) Early Start Schedule (Forward Greedy Policy )

I 
1

Z~ ( 1)  
______________________________________

1~~~ : 1 ~~~ ~~~~~~~~~~~~~~~~~~~:~ U) _____ _____  _____

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  I

~D + {~ -

~~~ r~i 
10

:~ (t) Late Start Schedule
i i Slack:

A~~~~~~~~~~ ~~~ 
.2 (  , , , ~~r (A ,2)2

:8 (t)  
2 4 6 8 10 (

~~3) 3

tTh JJ I I I 1 Slack:
, I , I i f  (B, i)  1

— 
.~ 2 4 6 8 10 12 (B , 2) 1

(B .3)  1

® + { t i I t ~~~~, L i ~~~ , 1 i ~~~ i l i , , S i a c k :
:D(t) _ _ _ _ _ _ _ _ _ _ _ _ _ _ Slack:

• , (D , 1) . 3
8 10 12 14 (D . 2)  2

:E U) __________________

02{ 1 i I I I ~ SlackStO 12 14 16 (E , 1 3
(E . 2)  2

Fi gure 2.6
Intensity Histories For Production of Three Ships
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and late start schedules can produce level activity loading (eg, activit ies A and B

early start , activities CD , and E late start ) .  But such a schedul e does not
expl oit the fact that activities A, B, D, and E are noncritical at certain tim es ,

and therefore resource loading levels of these activities could be reduced.

The duration per output unit of activity D could be increased from two to

three time units (ie , 
~~~~ ~~ and :D 3  could be reduced from ÷ to

without violating the critical path schedule limitations. A lower level of

resources could then be committed to activi ty D without slipping the schedule.

However , such a change would eliminate slack for activity B. and thus no

reduction in intensity of activity B could then avoid extending the project span.

Alt ernatively , the intensity of activity B could first be reduced from 
+ 

to

but then the intensity of activity D working on the third output Uni t (:D 3 = 4)
would become critical.

it is clear that there is no unique proced ure for smoothing unless there is a

priority or weighting scheme for the activities , ie , some clear mathematical

objective. We shall consider the natural goal of smoothing to be to rninimi:e

act ivity intensity peaks, where activities are weighted according to the following

formulation, in which output coefficients have been generalized to admit learn-

ing effects.

Let p, be the smoothing weight for activit y A,, i= 1 , . . . , . V . Each p, can be

thought of as a capacity cost for activity A,. Let

i=i 

denote the peak intensities encountered by the activities. We consider a net-
work of .V activities each producing ,‘v1~f output  units. Usin g th e notation of

L 

- -
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section 2 3 . in whi ch :~,,, denotes the intensity assi gnment to activit y A , w orking

on output uni t  in, we wish to

V

A-li;ziini:e ~~p ,Z, -*
‘—I

subje ct to

U) :,~, ~~ Z,, i = 1 , . . . , . V, in = 1 

(ii ) Z, ~ ~~, /=1 N.

(iii) E - ~~
(i.m)  on p ~~~~~~

for all paths P from a starting node to a finishing node , wher e T(P) is the pro-

j ect span for path P specified by the initial greedy policy .

(iv) :~,,,, Z, ~ 0, i = 1, . . . , ~V, in = I , . . . ,~~~V.% f.

The above program may be reformulated by substituting time variables

= 
- 

1 
, i= I ,  . . . , N, ,;,=1, . . . , NM, (2.37 )

~ iIn ~ ilP!

for intensities, and by making the substitution

B, = -
~~~~

-
, /=1 , . . .  , N. (2.38 )

as follows:

Minimize ~~~~
-
~~

—

i_ I DE

subject to

-~~ ~~~~~~~~~~~~~~~~ 
____iI —- —- -~~—~~~~~ 

-
~~~~~ 
- -

~~~~~ 
- - —-~~~~ ~~~~~~~~~~~ 
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S ( 1)  B — c,,~ 1,,,, ~ 0. i 1 . ,  iii = I ‘A-I.

5 ( 2)  C,,?,!1,1 ~ .1~, 1=1 , . . . , V, iiz= l . .~1.

5 (3)  ~~
• 

~~~~~ on /~ 
•~1fl7 C~fl~

for all paths P from a starting node to a finishing node, wh ere T (P )  is the pro-
j ect span for path P specified by the initial  greedy policy .

5(4) t,111 , B, ~ 0.

We now have a convex objective to be minimiz ed over a linear constraint

set. Efficient algorithms exist for solving problems of this form , such as the

Frank-Wolfe Linearization Alg orithm. See references [1 .4] .

Mart y of the time assignments t,,,, may be critical in the initial greedy calcu-

lation , and so the smoothing program may be further simplified by eliminating

such variables. A substitution of slack variabl es

- 
- = — 

— 

1 / = 1 m =1 NM, (2.39 )
-

~~

is also efficient , eliminating the need for constraint s 5(2) . These steps

effectively reduce the probl em to consideration of a subne twor k of the
extended network , namely the network of nodes which have slack for a greedy

policy production pl an. We shall refe r to such a network as the “slack subnet-

• work” . Constraints 5 (3) would then effectively consider only slack subp aths of

the extended network , ie , path s in the slack subnetwork.

In gener al . the program calculates a minimal set of activity inte n sity

bounds

_  _  j

~ 

_ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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sufficient to meet the greedy out p ut schedule. For our simple shipbuilding 
-

example , only the peak intensities of act ivit ies B and D can be reduced without

extending the project span. The amount of reduct ion of each would , of course , -

depend on the relati ve magnitude of the smoothing weights chosen. -

For further impr ovement in activit y loading for the g iv en resource preallo-

cati ons , one must consider extensions of the project span. Indeed , a sensitivity

analysis could be conducted by incrementin g the project span length in con-

straints S (3  for more reduction in load ing peaks.

----

~
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2.7. Resource Leveling

We have seen in section 2.6 how act iv i t y  loading may be smoothed for a

given resource prea llocat ion. A smooth-loaded production plan offers t echnical

improvement over the greedy plan in terms of the loading of machine services

and other resources preal located to each activit y.  We now consider the prob-

1cm of impr oving the economic efficienc y of the pro duction sy stem in terms of

the network resource loading behavior.

It is important  to distinguish two different categories of resources, storable
F and non-storable. Storable resources are materials “ used up ” in production .

which can be stored from day to day before use at negli gible costs. For such

resources , we shall assume the behavior of loading histories is insignificant

from a cost standpoint , so that only the total amounts used are of economic

concern. In considering various time substitutions of the greedy production

plan whi ch meet the same project schedule , the integral of each resource his-

tory remains constant , and so no economic improvement i~ gained from time

substituting demand for such resources.

Non-storable resources are the services per uni t  t im e of machines and

labor. Such resources cannot be “hired and fired” with the ups and downs of

system demands , and consequently resources adequate to meet peak demands

must typically be maintained for the life of a constru ction project. Hence

economic improvement of a production plan comes from time subst i tu t ~ons

which reduce loadin g peaks for non-storable resources.

Such motivation for driving down resource peaks whil e at tem pti ng to avoid

slippage of the project schedule has been well recognized. Many efforts on

scheduling activities , ie, shift ing activities between early and late start , to

improve resource loading are contained in the l i teratur e.  See references [3 .6] .

Howev er , our approach here will be io consider the improvement  possible by

L.. - ____ ~~
—

~~~
--- - —

~~ -~~~~ 
___________
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decreasing act ivi t y  intensit ies ( ie, increasing time assi gnments to the pr oduction

of output  units ) .  For a node ( i , ,n) of the extended network . th~ reduction in

demand level for resource k resulting from increasing the time assignment t ,,,
is given by

d a fl?~ = — . (2.40 )dt,,~ I,,?? C,,,, t,,~, c,,,,

In the analysis of resourc e loading, trade -offs between resources often
arise , whereby replanning to mitigate peaking behavior of one resource may
transfer peaking problems to another resource. In the following analysis , peak
costs for each non-storable resource are introduc ed to properly weigh such

trade-offs .

2.7.1. Pe ak Pricing Model

Let NS ~ NK be the number of non -stoiab le resources , and renumber (if
necessary) such resources k= 1, . . . , NS. Let Pk be the price per unit capacity

of resource k, k=1 , . . . , NS. Each Pk represents the cost of maintaining a unit
of capacity of resource k (eg, the salary of a laborer ) for the life of a project ,
where such capacity is requir ed to meet peak demands. We now consider the
programming problem to accomplish a maximal amount of resource leveling
(fo r these peak pric es) of an initial greedy producti on pl an , without vi olating
producti on due dates. Let

‘1k’ k= l , . . . , NS,

represent the peak demand per time unit for exogenous resource k by the pro-
duction system. For a production system in which each activity produces .VA-I
out put units , t he objective is to

_______ ~~~~~~~~~~~~~~~~~~~ - __ ~~~~~~~~~~~~~~~~~~~~~~~ ‘ -
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_Vs —.t Iin/,n/:e 
~k — I

subject to

R ( l)  ~~~ i,,,, ‘~~ T (P ) .
(i r n )  On P

for all paths P from a starting node to a finishing node , wher e T ( P )  is the pro-
j ect span for path P specified by the initi al greedy poli cy.

N.t~f V a- - —

R (2) ~~ 
“~~~~ 

~(i,,n, -r) 
~en — I  , — I

k=1 , . . . , NS, i-=0, . . . , T—1 , where

1 if (i, m)  operates
= during [r , 7+i) (2. 41)

0 if ito,.

R (3) t,,,, ~ 
, /= 1 , . . . , N, ,n=1 ~~~~~~~~~

~ C,m

R ( 4) t,,,,, A~. ~ 0, 1 = 1, . . . , N, in = 1 

k= 1 -VK.

Here constraint s R ( 1) insure no proj ect slippage , where the time assign-

ment to node (i ,m) is t,rn (ie , the intensit y assignment to node (i , m) is 1
1,,,, c,,,,

The constraints R (2) define the resourc e peaks (. -i~}. k=1 , . . . , . VS. The

objective minimiz es the costs of resource peaking.

Relating node start times to a time grid ~=0, 1 , 2 T — 1 ,  as is required
by constraints R (2 ) , is a difficult ta sk. The best approach in the l i terature uses
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integer variables , making the pr oblem too large to solve for all but the smalles t

time grids. (See references [3] and [6] .) The approach taken here is to solve a

sequence of subproblems appro ximating the exact formulation , in an effort to

converge to an optimum.

Peak Pricing Procedure

In each subpr oblem , constraints approximating the constraints R (2 ) are

app lied only to nodes which operate inside of the regions of peak resource

demand for the solution at hand. The smaller , approximate problem is then

optimized. Inspection is then made to see if peak reg ions have shifted , and , if

so, to redefine the set of active constraints for the next subproblem. This pro-

cess continues until no peak movement is observed.

Step 0. Preallocate resources and compute the greedy policy pr oduction plan.

Step 1. From the resource histories of the current solution , id entify peak time

regions of each resource to be priced. The region specification is somewhat

arbitrar y, but should include peak and near-peak time points and exclude time

regions of low resource demand. Regions not price d are likel y to experi ence

hi gher levels of resource utilization in the next solution. See Figure 2. 7 for an

example of region pricing.

Based on these region definitions , compute

1 if (i ,m)  operates in a peak
8 ( i , ,n, k)  = region of resource k

0 if  not

i=1 , . . . , N, ,n= 1, . . . , NAI, k=1 , . . . , NS. (2. 42 )

If the

_ _  

~~~~~
, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3 ( 1 , in , k , i = I . . . . , ~V, in = I .V’J, k = I . S .

have not changed since last iteration , stop~ otherwise , the subprob lem to be

solved is

vs —

.-l Iininzi:e ~
k — i

subject to

(I) E tj fl7 ~ T(P ) ,
(i ,ipt ) On P

for all paths P from a starting node to a finishing node, where T (P )  is the pro-

j ect span for path P specified by the initial greedy policy.

~‘\f V a
( 11)  L “i’ 3( 1, in, k) 

~ut—i i— I tmz Cin,

k= 1, . . . , NS.

(iii ) I,,,, ~ , 1=1 -V, iti= 1 ~Vit—f.

II??

( iv ) t ,m ’ ~ k ~~ 0, = 1 , . . . , N~ iti 1 , . . . , .\A’I,

k= 1 , . . . , NS.

Equivalentl y, we may solve

.Y5 -~~~ ~~I a k 1.‘~‘uini,,ii:e ~, ~~~ Pk ‘“‘ 
( 

5(/ , in, k
& — I — I in — I C1,,, S,,,, + 

~~ tm 
/

subject to 
, 

—

_ _  

_ _
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.~f ( l )  ~~~ s,,,. ~ T ( P )  — 
~~~~~ L ,, ,,

,.m I on P (I . in ) no P

for all paths P from a starting node to a finishing node, where T (P )  is the pro-

ject span for path P specified by the initial greedy policy , wher e

— 
L,,,, = 

1~~ 
c,,,,) 

— 

, / = 1 , .. ., A’, in = I V~-1, (2.43)

are the lower time limits , and

s,,,, = 1,,,, — L ,~ , i= 1 A’, in = 1 .~-1, (2.44)

are the slack variables.

Al (2 ) s,,,, ~~ 0, i = I , . . . , N , in = I , . . . ,A ’AI.

The subprobleni has been converted to a non linear object ive subject to

• linear constraints , and so may be readily optimized by algorithms such as

Frank-Wolfe. See references [1. 4].

Step 2. Set t,,,, s,,,, + L,,,,, and go to Step 1.

At each iteration , resource peaks are “pric ed” down , wh ereby peak heights

are reduced, but often peaks are shifted in location. The pricing scheme

3 ( i , in , k)  , / 1  ,. ...N . ,fl 1 , . . . , A’.~I. k 1  , . . . , ;VS,

is then changed to reflect new peak regions for another iteration. When peaks

no longer shift , the procedure terminates.

In each iteration , opt imizing the subprob lem makes all nodes in the

extended net work critical. This can be seen by noting that  any slack on a

start-to-finish path could be allocated to those acti vities operating in a peak

resource region , thus decreasing the objective. Thus the procedure looks only
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among solutions in which all acti vities are critical a/I the nine.

The procedure is similar to a re laxation method in optimization , as th e

constraints approximating R (2 )  are applied only to nodes for which such con-

straints are “ t ight ” in the current solution. Relaxation methods of opt imizat ion

are formally guaranteed to converge to an optimum only when convexity of

constraints is assured. This is not the case here , and it is not difficult  to con-

struct a simpl e exampl e which wil l cause the procedure to cycle two solutions.

However , the pricing poli cy may be readily adapted to allow the immediate

escape from such a cycle , by simply pricing peak reg ions from both solutions.

Act/ v/tv loading may not necessaril y be smooth from resource levelin g.

However , loading for a given activity A,- can be made smoother by introducing

a high pr ice p~ on a real or fictitious resource k tha t is used by .4, and not

shared with other activities. In the special case that each resource is uni qu e to

some activit y, the resource levelin g problem reduces to the smooth loading

problem discussed in section 2.6. Further resource leveling requir es a longer

project span, and it may be useful to study the trade-off of resource peaks with

project t ime length. The mathematical formulation can be easily modified to

address such a problem by introducing a cost rate y per unit  t ime on project

length. For simplicity of exp osition , let us consider a production system for

which the extended network has only one starting node and one finishin g node ,

and for which the time T required to complete A~%l output units is the length to

whi ch an opportunity cost ‘y would apply.

The Peak Pricing Procedure can be applied to this problem by modifying

the subprob lem of Step 1 to .

~~~~~~~~~~~~~ —- _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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VS • V . V t / a
- - - tink -) ifuzinn c’ ~ ~ , 

5 ( i . in,k ) —r -y T
& —i ~ i m = i ~ n’i ~~~~~ 

+L. ,~~ I

subject to

Al ( 1) 1 
~~~ s ,,, ~~~ T — 

~~~~~

— ( ‘ .in i  DII P ( i, lfl 1 on P

for all paths P from start to finish.

Al (2) s,,,, ~ 0, /=1 , . . . , N, in = 1 —VA!, T ~ 0.

Note that only one additional variable occurs in the modified formulat ion , and

the remainder of the procedure could be applie d as before.

The comments in section 2.6 regarding reduction of the smooth loading

program to consideration of only the slack subnetwork for the greedy produc-

tion plan apply as well to the Peak Pricing Model. The subprob lem of Step I of

the Procedure can be effectively restricted to nodes which in i t ia l ly  have slack.

as time and intensity assignments for other nodes are fixed. Of course , the

resource loads for the entire network must be used to determine peak regions.

2.7.2. Appli cation to Ship Overhaul

The Peak Pricing Procedure was applied to a network consisting of 15 1

activities modeling a ship overhaul. Exogenous inputs to the activities con-

sisted of labor hours of twelve different craft shops , such as pipefit ting , weld-

ing, electrical work, etc. For such inputs , a reduction in resource peaks ~ as

equivalent to a reduction in staffing requirements for the overhaul .

Although the overhaul was a single output  constructi on project. the con-

cept of activi ~y in tensi ty  adjustment for resource leveling could be applied. As

only a single ship was being overhauled, the activity net’~ork would serve as

_ _ _ _ _ _ _ _  — - - -- .
~~~~

- 
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the extended netw ork for application of the model.

Shipyard data on estimated man-hour  effort from each shop and estimated

durat ions for the act ivi t ies  were available. From these data . irnen si t v measure-

nients and technic al coefficients were developed as follows. Among the variou s

shops. the shop with th e greatest man-hour effort in a given activity .-l , was

selected to be the “lead shop ” for .4 ,, wher eby the intensity : ( r )  of .4 , on day

would equal the lead shop man-hour s applied on day z.

The output coefficient c, for a given activity A, was taken to be

‘ 

c, = [total lead shop titan-hours needed to finish

so that

(1) c, = (fraction of A , completed on day t) .

The assumption was made that app !ication of man-hours from other shops
is proportional to lead shop effort, so that input coefficients were taken to be
simple ratios of total activity effort , ie,

— 

( total ‘nan-/ tours of s/t op k needed to f in/s/ i  .4 ,)a,k — ( total lead s/ top m an-/tours needed to flit/s/i .4,)

which implies

:, U) a,& = ( man-/ tours qf shop k app//ed to .4, on day t) .

Since the arcs of the activity network represented solely criti cal path-sty le
precedences. the pr oduct transfe r coefficients were simply defined by

— 
I if D(

~, / ) = l
0 if not.

_ _ _ _ _ _ _  I ~  
_ _ _ _ _ _
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It was assumed that  act ivi ty intensit ies could not exceed levels implied by

the yard ’s estimated durations , but that  act ivi t ies could operate at lower intens i -

t ies , Ic, require longer dura t ions.  The intensi ty bound for each act ivi ty  -i , was

thus calculated to be

= (c , )
~~

( es i/ii ,at ed duration of A , ) ’

( tota l lead s/ top man-/ tours iteecle d to f l i t / s / i  .4 )
(estimated duration 0/ .4 , 

) ‘

As discussed ear lier , trade-offs between the various resources are a key

feature of resource leveling, whereby rep lann ing to reduce p eaking behavior in

one shop may increase peaking problems in another shop. To value the relativ e

expense of load peaks , capacity prices Pk were devel oped. These prices were

chosen to be the sum of average wage and overhead rates per man-hour  for

each shop. In this way . more incentive was provided to level-load more

“expensive” shops.

FORTRAN IV computer codes to calculate greedy policies and to minimize

the nonlinear program in each iteration of the Peak Pricing Procedure were

applied to these data. An initial forward greedy policy run was made to predict

shop loads for an early start schedule based on the shipyard ’s planned act ivi t y

durations. (Resource preallocations allowing activi ty operation at intensi ty

bounds were assumed.) This run established a project time span of 370 work-

ing days. The Peak Pricing Procedure could have been immediately applied to

the slack subnetwork , but instead , some observations about the nature of the

overhaul served to reduce the problem size.

As is typical of construction projects, resource loads were high in the mid-

dle of the project durat ion , but low near the beginning and end of the proj ect .

Acti vit i es near the start or f inish of the overhaul  consisted tar gely of tests and

~
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•
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~
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~
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inspections , which , whil e requir ing t ime to perform , were not lab or-intensive.

It was clear that  rep l anning could not shift shop ~ ork load peaks to the very

early or late stages of the project , and that  operating act ivi t ies  dur ing these

periods at lower intensi t ies  could not serve to reduce workload peaks.

For this reason , the slack subne twork under consideration was reduced to

that  consisting of activities whose start times and slack possibly allowed them to

operate in the middle range of the project where resource peaks could occur.

The reduced network for application of the Peak Pricing Procedure then con-

sisted of 33 activities contained in 48 slack paths.

The computer code used in the Peak Pricing Procedure applied the Frank-

Wolfe linearization algorithm , which computed a solution within a 1% tolerance

of the optimum for each subprob lem . (See reference [1] .) Peak resource

regions were defined to be all work days where resource demand was within 4%

of peak demand. 
. 

—

After four iterations , peak reg ions stabilized , so that no further  improve-

ment was possible for the Procedure. Each iteration had re quired about 10-15

seconds effective time on a CDC 6400 comput er. Figure 2.8 compares work

loads of the mechanical shop for the greedy production plan and the resource-

leveled production plan. As can be seen , considerable improvement in shop

loading has been made. Overall , a 38% improvement in the objective function

was made between the initial greedy run and the last it eration of the pricing

procedure. In view of the man-hours involved in the project (on the order of

100,000) , such leveling was significant.

Considerable replanning of activities to lower intensi ty levels was made by

the Pricing Procedure to obtain this improvement.  Undoubtedly,  there are
- - practical lower l imits  on act ivi ty intensi ty for many of th e act ivi t ies ,  for such an

overhaul.  However , such l imi ta t ions  could be easily incorporated in to  the

L~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . . . J
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modei in the form of lower boun ds (u pp er  bound s)  on acti ~ :t~ i n t e n s i t\  dur a-

t i on ) .  The constraints .t I I I ) — M ( 2 )  for the Pe ak Pr icin ~ Pro cedure ~ould on~
requir e additional l inear constraints  expressin g upper l imits  on slack a llocation

to activities so bounded.

A shipyard ordinari ly has a number  of overhaul projects to be performed at

a given t ime , and it is desirable to perform an integrated planning effort to con-

t rol overall resource loadin g. To dem onstrate the extended network concept .

th e subn etwork of 21 activities conc ernin g overhaul  work on the pro pulsion

system was programmed for two ship overhauls.  In actual practice. required

overhaul work varies from ship to shi p, which could be reflected in the techni-

cal coefficients. For this exampl e , two identical propulsion sy stem overhauls

were considered, so that

— —i 2 —

and

c’,1 = c,2 = c,,

and

= a,/~-~~ = a,~,

for each propulsion sv~tem activit y A , and each resource k, where ~~~~, c, and a~
are the data used in the full , 151-activity shi p overhaul network. -

The Peak Pricing Procedure was applied to the extended network of 42

nodes for this problem. Fi gure 2.9 compares workloads for the shipboard

mechanical shop for the greedy pr oduction plan and the resource leveled pro-

duction plan.  This result is typi cal of the smoothing obtainable when two ships

under construct ion interface. Pr oduction p l ann ing  which is done merely by
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over lay of a plan for a sing le ship is bound to involv e the kind of unsrnoothed

peaks shown.
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3. Dynamic Production Planning With Cont inu ous  Flow Transfers of In ter-

mediate Product

We have seen how the Discrete Transfe r Model pr ovides considerable

detail concerning discrete interactions between production activities. However ,

providing such detail necessitates considerable computational complexity. Such

calcula t ional difficulties can be reduced by considering a limiting form of the

Discrete Transfe r Model , in which intermediate product transfers are linearly

proporti onal to activit y intensity. As will be shown , the same form of linear m e -

qualities as in the Discrete Transfe r Model governs this Continuous Flow

Model. The linear inequalities have been adapted from those presented in refe r-

ence [10] , and have been extended to include product inventories and classes

of exogenous input. It will also be shown that treating product transfers as con-

tinuous flows allows further development of the model , including allocation of

resources by linear programming.

3.1. Development of Continuous Flow Model

For the Continuous Flow Model , we shall initially assume that each

activity produces a single product , to be shared as intermediate product input

by follow-on activities , and/or transferred as final product. The case where an

activity produces a distinct product for each follow-on activity, as with critical

path-styl e precedences , will also be discussed. It will also be assumed ini t ia l ly

that no two activities produce the same intermediate product. As in the

Discrete Transfe r Model , inventories of intermediate product awaiting transfer

shall be subject to storage capacities.

The activity network will now be allowed to contain cycles , representing

more complicated activit y dependencies. Leon t ie f- like int ~r -industry flows can

then be modeled dynamicall y , as well as such phenomena as recycling.

.— . - -— —- ---—-—-. ----~ --- i _~~~
_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~



~~~~~T e :IT~TT TT 

€ 4

Resources for exogenous input  are divid ed into two categories , storable and

non-storable. Storable resources would include materials such as steel , lumber.

fuel , etc , while non-storable resources would include services such as various

kinds of labor hours or machine hours. It should be noted that l imitations in

the availabili ty of storable and non-storable resources constrain a production

system in different ways.

Non-storable resource limitations Constrain the sum of activit y resource

demands at each time period. These limitations constitute capacity constraints.

Storable resource limitations , however , constitute inventory constraints ,

whereby the sum of activity resource demands at each time period is limited by

the available inventory of stored resources.

For a production system with a time horizon T, we shall use the following

notation for the set of tec/mical li,nitations, L ( T) :
t— O . i , 2  T—i

(a) 
~~(t) , the activity intensity bounds ;

I — i  V

r— O , 1 ,2 T— i
(b) Xk (t )  , the time histories of non-storable resource exo-

k — i  NS

genous inputs, NS ~ NK;

t— O .i T— i

(c) Yk ( t)  , the time histories of storable resouce exogenous
k— .VS+1 VK

inputs , where

1”k ( r)

is the cumulative amount of resource k supplied during [0 , t) ;

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 
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(d ) un,° , the ini t ia l  inventor ies  of ac t iv i ty  pr oduct ( p erhaps u.l l 

zero) for intermediate uses; and 

T —1
(e) c a p ( t)  , the capacities for storage of act ivi ty  produc t.~ 

For convenience , the intensi ty :, ( t )  of activity .-1, , 1=1 on each

time interval [t . t+1 ) . t =0, 1 , 2 T—1 , shall be part i t ioned into effort pro-

ducing intermediate produ ct , : / ( t) ,  and effort producing final product , :F t l ) .

where

:,‘(t) + :f (t ) = :,(i). (3.1 )

Of course , :,‘(t) or :f ( r )  may be zero for all t should act ivi ty  A , produce only

final or intermediate product , respectivel y . With this notation , a production

plan

t — 0  T — 1

:,1(t) ,  : f ( t)
1 — 1  

is said to be feasible jbr L (T) if the plan satisfies the foll owing set of linear ine-

qualities , A ( L ( T) ) :

V
A ( L ( T ) )1 .  La ,k ( t) :, ( t )  ~ X~.(t), k=1 , . . . , . VS, t= 0. I T—l .

i-’ l

p V p
A( L ( T )) 2 .  Z a k (r ) : , (- r ) 

~ ~ i~
(--) , k=.V5+1 K.

t=0 T—1 .

— 
Ii .1 ~rnu-u~~ 4n’eriior~ ~ not tpu~ii~ .-.ons:r,i ,ried the ~i~ a~ ltv ~u . ~‘e ~ei ~~~~~~~ it’ ~~~~~~~ ‘~efl- .~~~~~

‘Cr prn~ r Jmrn i n~ ~‘urposes.

L - -
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P — .’

A ( L ( T ) ) 3. ~~.(~-~:, ( r )  
~~ i,~-f 1 ± ~~

-~~1 i = 1

j l  ~, 1= 1 . T—l , and

~ ~~~ 1=1 .

‘ — I

1 — I  I
A (L(T))4. m v 10 + Z c , (~ + 1) : J ( T)  — 

~~~ Eö,~
(-r ) : , ( r )  ~ cap , ( t ) ,

r— O r — I  “-I

j =1 , . . . , ~V, r=1 T—1 , and

~ ~
.o — 

~ (0):, (0) ~ cap , (0), J = I 

A ( L ( T ) ) 5 .  :f(t) + : f ( t)  = :~( t ) , j=1 ‘V. 1=0 T—1 ,

~~ ;(t)~ j= 1 1V, t=0 T—] ,

:j ( t) , : f ( t)  ~ 0, j=1, . . . , 1V, t=0 T— 1.

Constraints A (L(T))1 and A(L(T))2 express resource limitat ions. Con-
straints A ( L ( T ) ) 3  insure adequate intermediate product input exists to support

production activity ,  while con straints A (L ( T ) ) 4  insure that invent ories of inter-

- mediate products do not exceed capacities. Finally, constraints A ( L ( T ) ) 5  limit

intensities to non-negative values less than intensity bounds.

In the case an activity A (~ produces a distinct product for each follow-on
activity,  the constraint set .4 (L ( T)) is modified as follows. Let

iI :%~~, ( t )

_ _ _  

S i
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denote the inventory of product produced by .-1~, for follow-on act ivi ty

.4 ,  / �~~ at th e time 1. Similarl y , let

ca/),~, (1)

denote the capacity of such inventor y.  Then for j =~~, constraints A ( L ( T ) ) 3

and A ( L ( T ) ) 4  are revised to the following:

A ( L ( T ) ) 3 .  ~~~~~~(r ) :, (r )  ~~ inv~~, + ~~c,, (r± 1) :~ (r ) ,

i�a , 1= 1 T—1 , and

5,a (0) , (0) ~ Inv~~,, i�c~.

A(L(T))4’. i,zv~~, + ~~c~~~+ l) : ~~
( r )  — ~~~~~~~~ ~ cap ~,, ( t ) ,

i�a, 1=1 , . . . , T—1 , and

inv , 9 ,  — 

~ a (0~~, (0) ~ cap,~, (0) , i�cx . 
-

In the case two activities produce the same intermediate product , say

and ~~~~ the constraint set A ( L ( T ) ) can also be easily modified. For this

case we shall assume the combined storage capacity

cap~
(t) + cap ,~.,1

(t)

is available for storage of such product. Then for j=a and j= c~+ 1. constraints

A ( L ( T ) ) 3  and A ( L ( T ) ) 4  are revised to the following:

-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~T~~1~i
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-
, 

~t -’- I r — 1  u- . IA L ( T ~~3 ’ . ~ ~~~~~~~ ~~ ~ ~~ iin~~ ±
~~~~1 ~~ 1 , t t  r — O ~~~t

1 . T—1 , and

a 1
~ ö,~ ( 0) : (0 ) ~ ~ in i) ~.

~— I  I—ct —

t — 1  a -’— 1 rA( L ( T )) 4 ’ . ~~ i,z v ,0 + ~~~~ c, (r + l) : / ( ~ ) — 
~~ Z f f 1 ( - - ) : , ( r )  

~~
i—a ~~~~~ J~~~k T 1  , — i

U + I
cap ~( t ) , i=1 T—1.  and

_I ~~U

ct+ 1 ni- i

~~ uzv ,0 — ä,~ (0) :, (0) ~ Z cap~( 0) .
j a  i — I

Note that I L is required that 
~~~~~~~~~~~ 

and ö, L ~÷, ( 1)  be identical , because the

same product is produced by A
~ and A~ +,.

In any case , A (L (T ) ) constitutes a set of lin ear inequalities. For simp li-
city of exposition , we shall assume in what follows that  each activity produces a

single product and th at no two activities produ ce the same intermediat e pro-
duct.

It should be noted that in the case the activity network includes cycles.
there must be non-zero initial inventories of intermediate products for input to

the activities comprising such cycles. Otherwise , constraints A ( L ( T ) ) 3  would
force zero intensities for these activities for all time. The relationship between
the magnitud e of the ini t ial  inventories

in ~~~

i — I  

and the final output  r ealizable from the netw ork is discussed in section 3.4 .

~ 

~~~~~ _ _ _ _
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Although not required , r esources could be pr ea llocat ed throug h t ime
among the activiti es as in the Discrete Transfe r Mod el , and s imulat io n of the -

pr oduction process could be performed using greedy policies to dei erm~ne the

resulting maximum throughput , or min imum project span to reach a g iven out-
put accumulation. In reference [101, greed~ po l icy a lgorithms for the Continu-

ous Flow Model were developed as part of an effor to demonstrate the corn- - 

j

plexitv of dy namic correspondences and the dependenc y npon resource assi gn-

ments. (These algorithms require a cycle-free network .) However , our approach

here will be to consider the all ocation of resources by lin ear programming. 
-

~~~~~~~~~~~ _ _
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3. 2. Outpu t Maximization

Assume the production system can produce P ~ 1 final products. A

specific product mix may be desired, and we shall consider the problem of max-

imizing the scale of this pr oduct mix accumulated by a time horizon T.

For this purpose. let :~~~‘ i - j  
be a variable indexing the amount of the pro-

duct mix accumulated by tim e I The amounts of the various products will  be

related by coefficients

- 

~~~~~~~~~ P 1 ’ . . . .P.

where ä\~~,~~:v+, is the amount of product p accumulated. These coefficients

specify th e product mix to be produced. For convenience , we define constants

I if .4 , produces

~ (/ .p) = product p , i = I, . . . , N, p = I P. (3 .2)
0 if not

indicating which activities produce each final product.

The maximum accumulated output of a specified product mix at time T

from pr oduction activit y during [0 . 7) is given by the optimum of the following

linear program.

Maxiini:e :~+,

su bject to

T— 1 V
( I )  ~~~~~~~~~~~ ~~ ~ .~(i,p)c , (t+1):f (t) , p= 1 P.

,~ 0 i—I

i 0  T —I
( i i ) :~( t ) , :,‘~( t )  € A (L  ( T) ) .

— —I  
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and ~~~ ~ 0.

In general , the program involves ( . \) ( 7) + 1 variables ( plus slack vari-

ables) , with up to

(NK) (T)÷3 (~V)(T)+P

constraints. Clearly, the time horizon (Ic , the numb er of time grid periods ) is

the most sensitive factor in terms of the problem size which can be handled.

The constraint set A (L  ( T) ) , consisting of a mixture  of inventory balance equa-

tions, and capacity and resource allocation constraints , has a structure which

can be exploited as follows.

Note that the slack variables for constraints A ( L ( T ) ) 3  repr esent the inver t -

tories of intermediat e product stored during th e intervals E t , t + 1) .
1=0, . . . , T—1 . Calling these variables

invj ( t)  , 1=0 T—1 ,

we may r ewrite constraints A ( L ( T )) 3  and A ( L ( T ) ) 4  as follows:

A ( L ( T ) ) 3 .  ±~~,~
(t ) :, (t )  — c~( t) : 1 ( t — 1 )  — m i z i ’f ( t — l)  + inv,l (i ) = 0,

j=1 i-V, 1= 1, . . . , T—1 , and

~~~,(0):,(0) + in~J ( 0)  = in~
0 , 1=1 V.

A (L ( T)) 4 ,  invJ( 1) ~ cap , ( t ) , 1=1 , . . . , N, t=0 T—I .

With this rewr j tj n2 of the constraints , it is evid ent that the constraints

A ( L ( T ) ) 1 .  A ( L ( T ) ) 4  and A l L ( T ) ) 5  apply only t ime unit  by t im e uni t .  whil e

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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constraints A ( L ( T ) ) 2  and A ( L ( T ) ) 3  l ink variables through time. Hence the

constraint matr ix  exhibits  partial block diagonal s tructure , as shown in Fi gure

3.1. As can be seen ,

2 CV )( T )  + (N S) ( T)

constraints comprise the block diagonal structure , with

(N) ( T) + (.VK — ~VS) ( T) ± P

l inking constraints. Good potential is thus offered for applicati on of an efficient

large-scale programming procedure, such as decomposition. (See reference

[4].) Using decomposition, at each iteration, up to T independent subpro-

grams , each with (2N + NS) constraints , would be solved. In the case intensit y

bounds , resource and inventory capacities , and technical coefficients are con-

stant in time , these subprograms would have identical constraint matrices.

As opposed to maximizing the throughput of a given output mix , one

could consider maximizing the value of output produced. We suppose each

product p has a unit price v1, which indicates the value added in manufacture , or

sales price , etc. Then the maximum value of output accumulated from produc-

ti on activity during [0 , 7) is given by the optimum of the following li near pro-

gram:

P T— I V
Maxinzi:e ~ ~~~ v~.~(i ,p) c , (t+ 1) : f ( t)

p—I t—0 i — I

subject to

1—0 T—I
: 7( t) .  :f(t) A (L  ( T) ) .

I— i  

The remarks about problem size and structure concerning the previous program

L _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _
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Output ~Itx
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- - -

Intermed iate Products
C\K — \S + ~V)(T)
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- 
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Capacities For H:: - -
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Figure 3.1
St ruc t ure of Cons t rain t Mat rix For Outp ut Maximiza t ion
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app ly here as ~ ell , as only the product mix variable and its P constraints have

been deleted.

Modification for Intensit y Lower Bounds

In many pr oduction systems , indivisibi l ities and other conditions make the

operation of certain activities infeasible at very low intensities , ie, activities

must either be “shut off” or operating above some min imum intensi ty level.

While such constraints are non-linear , the following formulation converts the

output maximization problem to a mixed integer , linear program for which

branch and bound solution procedures exist.

Suppose activit y A~ has intensit y lower bounds

:~(t ) ,  i=0 , I T— 1 ,

perhaps constant. Define a new binar y variable

- I if A is opera r ing
= during [t , t + 1) (3.3 )

0 if /101.

The following constraints are then added to the formulation:

— ~- ( t ) 6 , ( f )  ~ 0, t=0 , I T—1 . (3 4)

— :~(t ) + :~(t )  — 

~ (t )[1 — 61( t ) J  ~ 0, t= 0 T— I .  ( 3 . 5 )

~ 1, integer. (3.6)

This constraint formulation implies

= 0 1ff :~ U) = 0, and 

4
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= l i ff  :, ( t )  ~ :~( t ) .

For each activity with  lower bound constraints on in tens i ty .  2 1 T) added con-r . straints and T binary variables are introduced into the formulat ion.  As before.

the density of the time grid l imits the size of the problem which can be solved

- 
when such constraints are present.
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3.3. Cost Minimization

In section 3.2 , the forward-looking problem of maximizing the throughput

of production on a fixed time interval was examined. In this section , the

backward-looking problem of determining a minimum cost production plan to

meet a given demand schedule for output  will be investi gated.

It will be convenient to express output requirements for each product type

in cumulative terms. Let

U~( i ) ,  t= 1 , 2 , . . . , T, p=l P.

denote the required cumulative production of product p by time t. A demand

schedule for the production system implies constraints

i — I  ~r

.~(i,p )c, (-r+l):f (r) ~ U~,,(t), p= 1. . . . , P,
-—0 i—I

t=1 T. 
- 

( 3 . 7 )

Here we allow final products to be produced in advance of required schedule

and stored as inventory, although such inventories will be subject to holding

costs, as discussed below.

Cost Formulation

The objective of the formulation will be to minimize costs for storable and

~~~~ . ‘ - , ‘ , rj 1~Ie resources , and for intermediate and final inventories , subject to

~nev -~ the Jc -na ’-~.~ s~h edule  Each of the cost categories is discussed below.

• ~,c e’” u r - .~~ ~u~ e :;~z. ‘
~ ~~s~’s corresponding to the peak

\~ l-’ e~c -:so~ r~e~ ~~nn i~t he acci.mu lated .

jpjbil rt ’~ to tt~~r~ - peak

___________________ 
~~~~~~~~~~~~~~~~~~~~~ --—------ ------- -
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Storable resources , however , have prices. Unless purchasing or delivery

constraints exist , onl y the cumula t ive  demand for such resources determine

costs for such resources. If inpu t  coefficients are constant or vary only wi th

cumulative activity output  (eg, learning curve effects ) , costs for such resources

ar e constant over all production plans producing the same total amounts of final

products.

Inventories of intermediate product may - also have capacity costs

corresponding to the peak requirements for storage of such products. Inven-

tories of final output , however , should bear an opportuni ty  cost to properly

discourage holding of excess inventories of final products. In this way . the

trade-off between efficient production loading, and the maintenance of final

pr oduct inventories in line with product demand , can effectivel y be made.

Assuming linear capacity costs , the cost minimizat ion problem can be fo r-

mulated as a linear program as follows.

Let

= (c-i. , . . . ,

be the vector of costs per unit  capacity for non-storable resources : let

= . . . , c~-)~
be the price vector for storable resources: let

. ,

be the vector of costs per unit  cap acity for storage of intermediate products :

aiid let 

ct).

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~
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he the holdin g costs for final products per un i t  t ime.

To serve as variables in the minimiza t ion ,  let

T =

denote the peak amounts of non-storable resources required per u n i t  t ime: let

= 
~.\S+ I

denote the total amounts of storable resources required by the project : let

c?ip = 
(cap i 

denote the re quir ed intermediate product inventory capacit ies~ and let

= fiiz ~~~~t inr ~ ( i ) ) ,

denote the inventories of final products in excess of the demand schedule at

time t, f or t= 1, 2 T.

For given intensi ty  bounds 

T— I

~~ (t)

i — i  

and ini t ia l  intermediate product invent or ies

{int i
~}

the minimum cost production plan meeting the output  schedule

i— I T

L
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is given by th e op t imum of the following l inear  program.

.tlii,iin,: ’ ~~~~
‘
~~ V + + ~~~~ ± 

~~

subj ect to

i — I  ~VCl.  ~~~ .~(i ,p)c 1 (r+1):
1
~(r) 

— in~( ( t)  =

r—0

• . . , P , t=l 7:

V
C2. ~~a ,~( i) :, ( t)  

~ X~
, k=1 1VS, 1=0.1 T—l.

I — i

T— I V
C3. 

~~~ ~~a,k ( t) : , ( t )  = 
~k ’ k= .VS+l , . . . , .VK.

t=0 /—I

C4. ~~~~ ,1 (t ) :l ( t )  — 

~ (t)z~(t—I) 
— i uv j ( t— l )  ± invj ( ) = 0,

j 1  , . . . , N , t 1  T— 1 , and

+ i ’wJ (O) = inr ~°, j=1 ‘V .

C5 . iizrj (t) ~ cap,( t ) ,  j = 1 , t= 0 T— l.

C6. : J ( t)  + :f (t) = :, ( t ) ,  1=1 , . . . , ~V, t=0 

~~ ~ , ( t ) ,  1=1 . t 0  T—1 , 
-

C7. V = (x 1 . . . . . x~-5) ~ 0,

•v= 
~~~~ ~ 0.

L - ~~~~~~~~~~~~ —-~~~~~- -~~~-~~~~~~~~~~~~~~~~ -— ~~~~~~~~~~~
- -  

~~~~~~
- - -

~~~~~~
-
~~~~~~~~~~~~~
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c~ , = [ cap i . capvj ~ 0.

i~ ’ ’( t )  = ( 1) , . . . ,  i 7~( ( ) )  ~ 0, t= 0 , . . . ,  T—1 ,

= ( i n r f ( r )  . inr~ ( F ) )  ~ 0, 1=1 .

:J ( :) , :fU ) ~ 0, j=I , • . . , N, t=0,..., T— 1.

Constraints Cl define the inventories of final products , and constraints C2

and C3 define the peak levels of resource demand. Constraints CS define the

required inventory capacities. Constraints C4 and C6 deal with inventory bal-

ance and intensity bounds in the same manner as the treatment of the output

maximization problem.

It should be noted that the left hand side of constraints C3 can directly

replace 
~k ’  k=NS+ l . . . . , NK , in the objective function, and so these con-

straints would not appear in any actual programming effort. Also , the intensi-

ties

i—0 

I—i  

would be replaced in all constraints by the sum of intensity effort for intermedi-

ate and final product , ie ,

:7(t) + :f(t) = :, (t ) , i= I , . . . , N, t=0, . . . , T—l. (3. 8)

In general, the program includes up to

+ i-VS + 3 (T)

constraints. As before, the fineness of the time grid is the most sensitive factor

I 

~~~~~~~~~~~~~~~~~~~~ 
_~~~~~~.L_ ~~  — -—
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in terms of the problem size which can in practice be solved. Figure 3.2

displays the structur e of the constraint matrix.  As can be seen , a bord ered

angular configuration is now exhibited. Although this  is a more diff icul t  struc-

ture than that for the output  maximization prob lem. nonetheless it can be

expl oited. (See for example the discussion of Riner ’s part i t ioning procedure in

reference [4 1.)

The above formulation treats a “long run” problem , in a sense, because the

various resource and inventory capacities are considered to be variables. .1

“short run ” probl em , in which some of these capacities were given data , would

involve fewer variables , but still the same number of constraints. The degree

of difficulty is thus roughly equivalent to that of the “long run” problem.

4

__________ 

I

- 1
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Inventor y Balance For :

Final Output and
Intermediate Products

(P —i— j
I~,T) ( 7’) C nstraints

Capacities For
Non-storable Resources

and Inventories , and
Intensit y Bounds 0

(1VS + 24 -V) ( T) Constraints ......

:::::::::::::::— _ : ::::::::_ ~:~
: .::::::- : :~~~:~~-

— ~~~-t=0 t = 1 1r,r 2 t T—I

Peak Resource and Inventory Levels

Fi gure 3.2
Structure of Constraint Matrix For Cost Minimizati on
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3.4. Capacity and Efficiency of a Production System

The output maximizing procedure discussed in section 3.2 calcu lates the

maximum level of output for a specific product mix (or the maximum value of

output )  prod ucible in a given time span of production. We can thus speak of a

production system capacity to produce a specific product mix (or maximum

value of products ) in a given time interval.

The marginal output return from increasing a resource or inventory capa-

city can be studied using parametric linear programming. (See reference [2 1.)

Using a parametric right hand side on the output maximization linear program ,

it can be observed which inventory or resource capacities , initial inventories , or

intensity bounds , if increased , would increase system capa city, and by how

much. In general , the system capacity is a piecewise linear , concave function of

each such technical limitation.

As mentioned in section 3.1 , when the activity network includes cycles ,

some of the initial inventories of intermediate product must be non-zero to

support production activity by activities comprising such cycles. The parametric

pr ogramming effort described above will indicate what initial inventories are

essential for system output.

The optimal tableau of the output maximizing program shows which

resource and inventory capacities are fully utilized , and which are not. A

resource fully utilized up to capacity can be said to be efficiently used, since a

reduction in capacity would diminish output produced in the given time span.

On the other hand, the tableau shows the amount of slack in resource con-

stra ints not “ tight ” . Committing the full amount of such resources to produc-

tion activit y results in no more final output than if capacities were reduced by

the values of the slacks.
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For the given time span and produ ct mix , an efficient set of resource and

inventor ~ capacities is obtained from the optimal tableau , namely , the reduction

of initial capacities by the value of the slacks. This is techizical efficiency, in the

sense that a reduction in th e availability of a resource (without  some offsetting

increase in other resources) , would diminish output producible in the given

span.

The cost minimization program , on the other hand , determines resource

levels and inventory capacities which are economical/v efficient for a given

schedule of final products to be delivered. If the given time length and the

optimal output level from the output maximizati on program are used as the

demand schedule constraint for the cost minimization program , an interesting

comparison can be made. The levels of resource demand calculated by the

latter program , which are economically effici ent , could be contrasted with

resource demands which were calculated to be technica lly efficient by the former

program. In general , these demand levels will differ , because technically

efficient levels are dependent on initial system capacities.

These concepts of efficiency and capacity are dependent on the time hor-

izon T allowed for production , and the time variabilit y of input histories

comprising the set L (T) of technical limitations. In order to provide a connec-

tion with steady state models of production, we shall consider the behavior of a

single-output production system in the case input histories , technical

coefficients and intensity bounds are constant through time.

Usin g the notation of section 3.2, let

1 if activity A, produces
..~~ (i , 1) = f inal product , I = 1 , . . • , N. (3.9)

0 if not
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The output maxi mization program for a time horizon Tis th en

T—t V
)ifa.vj ,n,:e ~~ ~~ .~~ (I, I)  c, : f ( t)

t—0 i—I

subject to

1—0 T— 1
:,‘(t) ,  :f(t) € A (L ( T) ) ,

I—I 

where L (T) consists of the constant hist ories

{~~} 
, {x k}  ,

i 1  N k 1  , . . . , :V S  k . VS+ 1 K

{~~~o} , and {caP1
}

and the constraints A (L (T)) apply according to constant technical coefficients

k—i VK f — I  

a /k , 5.,~ , and c,
I—i  V i—i  i — I  

Let

1 0  T— I
:~/(t ) , :*f(t)

I— i  

be optimal for the above linear program. One way of looking at a steady state

model of production is to regard it as a statem ent of long run average relation-
4

ships. For such a model one defines

(X~, Y~) € R~ ’K 
~~(X k ,  ~~~ 

€

by

L 

- - -—

~~~~~~~~~~~~~~~~~ 

- -— . 
-

________ ~—_--------~- _--~~~_ - - -.~~ -~~~~~~~~~ --~~~~~~
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T — I V

~~~

t ( V A ,  )
~ 

) = u r n  ‘ ‘

~~~~~ . ( 3.10 )
T—~ T

This expression is a meaningfu l defini t ion of the long run average outp ut  rate

~~~~ ~~~ 
if it can be shown that the limit exists.

We consider the change in output rate (total output  divided by time hor-

izon) for a uni t  increase in time horizon. Let

- 
,—0 T

:** 7( t) ,  ....~‘*F (1)
i — I  

notate the optimal intensit ies for the output  maximizat i on program with t ime

horizon T± 1. Then

1 T 
~ 

T—I V
-

~~~~ ~~

- ~~ .~(i , 1) c ,:~~f ( r )  — -~~~ ~ ~~(i , 1) c 1 :*F( t )
‘ ~~~~ t=0 ~— I  ~ i—0  i = 1

a

T±1 ~~ ~~~ 1) c 1 :**f ( T)  + T i  
[~~~~~ 

~~( i , i )c :~~f(t )  —

T—I 
~~

‘ I T—I ~V

~~ .~ (i , 1) c 1 :~f(t ) — -y 
~ 

.~ (i , 1) c ,:~fC’) <

t—0 i— I i’—O /— I

T±1 ,~~ ~~~ 1) c ,:**f ( T)  + T( T+ 1)  Z ~~(i . 1) c ,:*F ( t)  +

I T—1 ~V T—I ~v
~~ ..~ ( i , 1) c ,:~~f ( t )  — L •~(i . l) c ,:*f(t)  • (3.11 )

1 +1 
~—0 ,~~~I t — 0  i 1

With out  loss of general i ty,  we may assume

:*,I ( T _ 1)  0, 1= 1 ( 3.12 )

because these variables are constrained only to be non-n egative by . 4 ( L t T) ) .

________  _ _ _ _ _ _ _ _ _
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and hence any optimal soluti on will  remain Opt imal  if these va r id b l~s are set to

zero. We claim that

i~~0. - - - T
:7(t), : 7 ( t)

i — I  

where

:*I ( t )  for 0 ~ t ~: 7 ( t)  = 0 t=T ( 3 . 1 3)

and

:*f(t) for 0 ~ t ~~~ T—1
:‘f(t) = 

0 t=T , 
( 3. 14)

a 

is feasible for the maximization progra m with t ime horizon T± 1. Since

A ( L ( T + 1) )  includes A ( L ( T) ) , it remains to investigat e constraints for z= i

Resource constraints A ( L ( T ) ) 1 , A ( L ( T ) ) 2  and intens i ty  bound con straints

A (L (T )) 5 are seen to be tr ivial ly true for t = Tdue  to zero in t ensi t ies.  Since

:*7( T_ I )  = 0, 1=1 , . . . , X, ( 3 . 15 )

inventory constraints A (L ( T ) ) 3  and A (L ( T ) ) 4  are also satisfied.

Hence

i—0 T
:7(1) , :~~( t )  

is indeed feasible for the program with horizon T+1. and by the opt i rn~i I i tv  of

- —0 1’

, ( t ) ,  :*~ F( t )
1 — I  
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we have

T V T — l  V
~~~ ~ (~~l ) . : 7 ( i )  = 

~~~

— =0 ~= I  ,=0 - = 1

r .v
~~ .~~( / , l ) c 1:~~f ( t ) .  ( 3 .16 )

1—0 I — I

Also ,

T—1 V T—I  V V

~~ .~ (i , I)c.:~f(t) ~ ~~ .~( i , l) c , :~~f ( t )  + ~ ..~ ( i . 1)c,E~, (3.17)
t—0 —I  1=0 —1 —1

where the upper bounds on intensit ies have replaced :*~f ( T) , i=l , . . . , . V. It

is also the case that

t=0 T — I

{:

**
i
1
~~i~~~ :**f(;)} € A (L ( T) ) , 

-

since these constraints are identical to those of A (L ( T + 1) )  up to time t = T — l .

By op t ima l i ty  of

t=0 T — I

: , ( t ) .  :*f ( t)
,=1

_ 

we have

T —I  V T—1 V
L ~ ~~~ 1) c f *f( ,)  ~ ~~ ~~( i , l ) c , :*f( ,), (3 .1 8)
t— 0 - — I  , 0  1

From ( 3.17 ) and (3.18 ) .  we have

f r— I - V r— 1 v V

~~ .~(i , 1)( . : *F ( ( )  — .~( i , l ) c , :**F ( t )  ~ ~~, .~( i , 1)c.~ . (3.19)
(~~~~i - 1  t”O ‘-I / — I

_ _ _ _ _  . - . - -- - _ - -- - _ - - - p-
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Subs t i t u t i ng  ( 3 .19 )  into ( 3 . 1 1 ) , we obt a in

1 T V 1 r — I  ‘~ 
-

~~ ~~~~ l ) c :~~~~~~/ i , )  — — I. Z ..~ ( i . l ) ~~:4F ( !) ~ <T+ 1 1—0 - -~~ T 
=

- 
-

1 V 1
• T+1 ,~~ ~ ( 1 , l ) ( ~_ , ( T)  ± 

T(T+ 1) ,~~~~ ,

~~~~

, 

~~~~~~~i , 1 ) ~~~~~ _ , ( t )  +

T± 1 ~~ ~ ( i , 1 c ~~. (3 .2W

Replacing intensi ty  variables by in tens i ty  bounds in the first two t erms on the

right hand side of (3.20 ) , we have

1 7’ V T —I  V

T+1 ~ ~~~~~~~~ 1) c , :~~~( t )  — 

~ .~~( ‘ , l)c: ’~(t) ~i— O i l  t O 1

T± 1 
,
~~~~, 

~~~~~~‘, 1)c ,~~. t 3 .2 1)

As T approa ches in f in i ty ,  the right hand side of ( 3 . 2 1 )  approaches zero.

We conclude that  there is a long run average output  rate for a p roduct ion sys-

tem with exogen ous in put  flows and technical data constant in t ime. A s~ea~~
- state model of production may t hus  be defined from th e under lv in ~ dynamic

structure.

In practice, this suggests an alternativ e to the typical economei.ric stead y

state models of pr .’)duct iori . in which stati st ical  correlations are made of system

input  and output  rates. Instead , an act ivi ty  analysis could be p erformed.

whereupon optimizat ion of the output maximizati on program w i th  a lar ge t i m e

horizon would provide an es t imate  of the system ’s m a x i m u m  o~.::;~u i r .~:e ~- r

given inpu t  rat es.
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