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\ - ABSTRACT

A production system is modeled as an activity
network using a dynamic activity analysis. The
nodes of the network represent component activi-
ties which produce final products, intermediate
products (inputs to other activities), or both,
according to intensity functions varying with
time. The arcs of the network indicate where
transfers of intermediate product occur. These
transfers of intermediate product can be modeled
two ways: either as discrete units on an event
basis, or as continuous flows. In the former
case, a generalization of critical path planning
is obtained, whereby variation in activity inten-
sities allows variable resource load levels and
production durations. The intensities provide an
added degree of flexibility for production plan-
ning, smooth loading of resources, etc. In the
latter case, linear programming may be used to
allocate resocurces so as to maximize throughput,
minimize production costs, and make determina-
tions of capacity and efficiency.
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1. General Dynamic Activity Analysis

The dynamic activity analysis for production has previously been set forth
in references [10] and [11], in which the structure of the dynamic activity
analysis was presented as an example in the theory of dynamic production net-
works. This chapter is adapted from reference [10] to develop the base for

concepts and procedures presented in following sections.

A production system is modelled as a network of activities which are
denoted by 4,,..., Ay. Figure 1.1 displays a typical configuration for an
activity network. Each node represents an activity, which produces final pro-
ducts, intermediate products (inputs to other activities), or both. The arcs indi-
cate activity dependencies, ie, where in the network transfers of intermediate
product occur. In the figure, activity 4, provides intermediate product input to
Aj, while 4, serves 43, A4 and 44, etc. The double-stemmed arrows indicate
activities producing final products; in this case, 45, 45 and 4y all produce final
output. Restrictions on the network structure appropriate to modeling certain

kinds of problems will be discussed in the following sectioas.

In addition to the input of intermediate product, activities require exo-
genous inputs for operation, ie, resources not produced by other activities. The
operation of each activity is allowed to vary over a discrete time grid
t=0,1,2, ..., where on each interval [r—1,0, t=1,2,3, ..., inputs (exo-
genous and intermediate product) are applied at uniform rates, and charged at
time (r—1). Outputs of production during this interval are forthcoming at time
t, at which time they may be transferred as intermediate or final product. or

held as part of accumulated inventories.

The operation of each activity 4, is measured in terms of an intensity func-

tion




Figure 1.1
Example of Production Activity Network
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(b)
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5(1), 1=0,1,2, ...,

2 whose value at time ¢ taken in conjunction with technical coefficients, indicates
production input during [7,r+1) and activity output at time (s+1). In this
fashion, activity intensity is taken to be constant on each interval [r,r+1). The

technical coefficients are defined as follows:

c;(), t=0,1,2, ..., i=1,...,N, where ¢ (¢) is the amount of output of
activity 4, at time ¢ per unit intensity of activity A,. If the output is a siz-
able discrete unit, ¢;(z) is understood to be the fraction of a unit com-

pleted at the time ¢ per unit intensity of operating A4,; otherwise, it

- represents amount (in bulk). In most applications, these output coefficients

are constant in time or perhaps are direct functions of cumulative produc-
tion (to indicate "learning curve" behavior), but are expressed most gen-

erally as functions of time.

a (1), 1=0,1,2,..., k=1,2,...,NK, i=1,...,N, where a, (1) is the
amount of exogenous input k required at time ¢ per unit intensity of
activity 4,, and the index k spans all NK exogenous resources required by
the production system. As with the output coefficients, these input
coefficients are typically constant in time or perhaps direct functions of
cumulative production (indicating "learning curve" behavior), but are
expressed most generally as functions of time.

a1, t=0,1,2, ..., i=l,... N, j=1,...,N, where a,(r) is the
amount of intermediate product from activity 4; required at time ¢ per unit
intensity of operating 4,. (In the case of discrete intermediate product
transfers, constant transfer coefficients a; relate the number of units of

intermediate product from activity 4, required per unit output of activity

A,. See Chapter 2.)
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These coefficients are nonnegative with the following restrictions:

(@ ¢(1)>0, 1=0,1,2,..., i=1,...,N

(b) For each 720 and each i=1,...,N, there exists a positive coefficient
a, (1) for at least one k € {1, ..., NK].

(¢) For each system exogenous input k& € {1, ..., NK}, there exists >0 and
at least one activity 4,. i € {1, ..., N}, such that a, () is positive.

The activity intensities z, (1) have natural bounds, since production cannot

be carried out instantaneously. These bounds, denoted by
Z(t), i=1,...,N, 1=0,1,2,...,

result from the available workspace and other limitations not considered as exo-

genous input. Of course, particular allocations of exogenous inputs may limit

intensity further.

A production plan is a specification over some finite period [0,T) of the

t=0, ..., T-1
[:,(l)] .
e N

Such a specification determines the production system demand histories for

activity intensities

exogenous inputs (resources) as well as the output histories. For example, the

demand for exogenous input k during the interval [z,r+1) is given by

vV
2 (a0

i=1

and for the ca.e that activity 4y is the only activity producing final output, and

Ay produces only final product, the production system cumulative output dur-

ing [0.T) is given by

e i A S e e O oy D it i
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To be feasible, a production plan must of course satisfy constraints con-
cerning intermediate product transfers, available exogenous inputs, etc., which
are discussed in following sections. Expression of such constraints and further
development of the model depends considerably on whether the transfers of
intermediate product are considered to be large, discrete units transferred on an
event basis, or are viewed as continuous flows. The former point of view seems
appropriate for detailed modeling of large-scale construction such as shipbuild-
ing, in which virtually no work on the installation of various systems can begin
until large assemblies such as the hull structure are completed. On the other
hand, the latter point of view is more appropriate for production processes
where either output has no discrete nature or else a considerabie number of
discrete output units may be produced in a single time interval. Such would be
the case for aggregate plants, food processing plants, paper production, and

many other examples.

In the sections that follow, the model is developed first for discrete
transfers of intermediate product. Starting with simple extensions of Critical
Path Methods, the model is generalized into a fully dynamic structure with
intensity histories, output streams, and product inventories. A transition is then

made to continuous product flows for the final development of the modal.
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Dynamic Production Planning with Discrete Transfers of Intermediate

Products

2.1. Nature of Discrete Product Transfers

For the discrete model of product transfers, we shall assume output of
each activity is measured in discrete units, and that product transfers can only
occur in integral amounts of such units. For each activity 4,, product transfers
from every activity A; supplying A, are required for 4, to initiate production of

each output unit, according to product transfer coefficients

a; i=l,...,N, j=i

where g;; is the number of output units from activity A required in the produc-

tion of one output unit by A4,.

Note that in the discrete model, product transfer coefficients are not
transfers per unit intensity. However, as the intensity of activity A, is increased,
more frequent product transfers would be required of A j» implying greater
intensity for Aj. Such activity interaction is entirely similar in the case that pro-
duct transfers are modeled directly proportional to activity intensity (continuous

flow model, Chapter 3).

Discrete product transfers are intimately related to the notion of pre-
cedence in critical path methods. That is, the work package of A, producing one
unit is preceded by the work package of A , producing a@; units. In order to
more fully develop this relationship, it will be instructive to turn to critical path

techniques, and to consider extensions of such techniques in the spirit of the

dvnamic activity analysis.
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2.2. Activity Analysis Extensions of Critical Path Techniques

2.2.1. Review of CPM

PERT and CPM are network planning techniques for project management.
These techniques are usually applied to one-time efforts, in which similar work
may have been done previously, but it is not being repeated on a production

basis.

Critical path methods involve both a graphical portrayal of the interrela-
tionships among the activities of a project, and an arithmetic procedure which
identifies the contribution of each activity to the overall schedule, as briefly dis-

cussed below.

In a CPM project network, nodes denote activities which require time.
manpower, and facilities to complete, as illustrated in Figure 2.1.* The arrows
indicate work flow dependencies, eg, activity 4, must be completed before
activity 4, is performed. To maintain correct network logic, cycles are prohi-
bited. An activity is thus any portion of the work that may not begin until other

portions are completed.

Each CPM activity 4, has a time assignment ¢, which is an estimate of the
duration required to complete that portion of project work represented by the
activity. The basic scheduling computations are a forward pass and a backward
pass through the network. Typically, start times for the initial activities (in the
figure, A, and 4,) are given data, so that the forward pass is performed first.
Based on the given start times and activity durations, the forward pass com-
putes the earliest start and earliest finish times for each node (activity). Simularly,

when finishing times for final nodes (in the figure. 4, and Ag) are specified or

* In most presentations of CPM. the roies of nodes and arcs are reversed from the roles usad ere. Either
format can be used in practice. See reference (3]

AR s AR Ve o P
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Figure 2.1
Example of CPM Network




computed by the forward pass. the backward pass can compute the latest siart
and latest finish times for each node. The times are latest in the sense that if

any were later, project finishing times would not be met.

Comparison of backward and forward pass results will indicate that certain
paths through the network will be critical. That is, start and finish times for
activities on these paths any later than the ea;liest times will cause later project
finishing times. Other paths will have slack, whereby nodes on such paths
could have larger time assignments without impacting these finishing times.
Alternatively, the starting times for such nodes (activities) could be delayed.

In general, the critical path P between an initial node and a final node is
the longest path through the network connecting those nodes. where the length
of the path T(P) is the sum of the time assignments of nodes on the path P.
The slack of an alternate path P’ between the same two nodes is given by
T(P)—T(P'). The scheduling slack s, of a node A, is the minimum slack value
of all slack paths containing that node, and is given by the difference between

the late and early start (or finish) times for 4,.

Associated with each activity are requirements for manpower and other
resources. A determination of start and finish times for all the activities allows
the computation of resource demands by the project for a given schedule. The
variation in resource loading resulting from shifting slack activities between

early and late start can be studied. See references [3.6.12].

2.2.2. Activity Intensities

The fixed time and resource assignments to each activity in critical path
techniques imply fixed application rates of resources. Ordinarily. in a construc-
tion project, one has the flexibility to vary such rates to accomplish leveling of

resource utilization. balancing of interdependent processes. etc. As a first
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extension of critical path methods, we shall make the resource assignments 1o
each activity variable, according to the following restricted dynamic activity
analysis.

We consider a critical path network of N activities A4 1» ..., Ay modeling a
construction project in which NK exogenous resources are utilized. The rate of
application of resources 1o each activity 4, can be modeled linearly in terms of

a strictly positive intensity variable z, taken with technical coefficients defined as

follows:

(@) ¢, = fraction of activity A; completed per unit intensity, per unit time,

=l ... N.

(b) a, = amount of exogenous resource A applied to A, per unit intensity, per

unit time, i=1,...,N, k=1,...,NK.

The intensity assignment z, to activity A, is maintained at a constant value
between start and finish times for A, but the particular level of intensity is a
decision variable. In this way, the time assignment to each activity A, becomes

a variable, given by

t = ——, i=1,...,N. 2.1)

Typically, for each activity A4,, there is some maximum practical rate at
which that activity may operate, implying an intensity bound Z. These bounds

reflect the conditions peculiar to each activity such as available workspace.

Up to this point, this analysis resembles CPM time-cost trade-off pro-
cedures (see reference [5]), in which activity durations may vary between
“crash” and "normal” durations, and there is a linear relation between activity
duration and costs of resources used. However, in our formulation, the rela-

tionship between the level of resources demanded by each activity and activity
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duration is made explicit, so that between the start and finish times for an

activity 4, the rate of application of resource k to activity A, is given by

a i - ’
za,=—, k=1,... ,NK i=],...,N (2.2)

ICI

Pictorially, the "resource box" assigned to an activity can be "flattened and
lengthened" (while keeping the area constant) by decreasing activity intensity,

as shown in Figure 2.2.

By developing technical coefficient data and defining intensities, one can
then vary activity intensities to accomplish time substitution of activity loading.
This approach contrasts with pure scheduling strategies, which seek to minimize ]
resource peaks by shifting a fixed box for each activity between early and late
starting times. (See references [3] and [5] for discussions of scheduling stra-
tegies; see sections 2.6 and 2.7 for investigations of smoothing and resource

leveling.)

An initial selection of activity intensities
7wzl jml, .. ,N, (2.3)

allows the ordinary CPM scheduling calculations of early (late) start and finish

times and activity slack, using the node durations

vields a minimum project time span.

< ——— i e
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Figure 2.2
Effects of Decreasing Activity Intensity
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The intensity =0 of activity A, is said to be critical if the time assignment to

-1
oy

is such that activity 4, is on a critical path in the activity network. That is, a

-

lower intensity assignment to activity 4, would extend the project time span.

Any activity 4, may be made critical by lowering its intensity assignment

z0to

20

{

-1
+ s,-°c,] ;

where s,° is the slack of activity A4, calculated by the CPM scheduling computa-
tions for the time assignments (2.4). Other activities on the same slack path
would then also be made critical, as their slack would be eliminated. In general,
the slack of a given slack path through the network can be allocated among the
activities on the path, whereby the reduced intensity assignments would
become critical. Eliminating all activity slack in the network leaves all activities

critical.

Reducing activity intensities to criticality tends to smooth project resource
loading histories, as the resource demands of slack activities are reduced to
lower levels. See the discussion and examples in sections 2.6, Smooth Loading.

and 2.7, Resource Leveling. See also reference [11] for further examples.
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2.3. Extension to Qutput Streams

Critical path techniques are oriented to the single construction project
scenario. But consider a production system producing a stream of outputs, such
as a shipvard producing a sequence of ships. One could develop an activity net-
work for each ship, plan the resource loads, and then attempt to overlay these

loads to predict overall vard resource demands.

But desirable elements of the work flow and planning flexibility may be
missing from this approach. Consider the simplistic network shown in Figure
2.3 for producing a ship (activities are nodes, arcs show precedence). After
activity A finishes work on the first ship, activity B and activity C start work on
the first ship. But in view of the sequence of ships to be produced, activity A
would then commence work on the second ship. An extended network is
immediately suggested, whose nodes may be denoted by (i,m), where / denotes
the activity, and m denotes the output unit. For three ships produced by the

above network, one has the extended network shown in Figure 2.4.

There can now be an intensity assignment z;, to activity A4, working on

output unit m, which corresponds to a time assignment

m (26)

to node (i,m) of the extended network.

Technical coefficients can also vary by output unit to admit learning curve
behavior, whereby either the level of resources required per unit intensity

declines or the output per unit intensity per unit time increases. The coefficients

are modified as follows:




', . Q M B . e

—®

Figure 2.3
Simplistic Shipbuilding Network

(&

Figure 2.4
Extended Network For Production of Three Ships
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(a) ¢, = fraction of output unit m, activity 4, completed per unit intensity,

per unit time;
(b) a,, = amount of resource k applied to activity A, working on output unit
m per unit intensity, per unit time.

The time assignment to activity 4,, output unit m, is then given by

by = —— 2.7

:/m CI"I

and the rate of application of resource k is given by
ZimQikm-

The extended network concept allows the integrated planning of a series of
construction projects, effectively treating such a series as a single project. ;
Rather than attempting to overlay or to sequence independently-treated CPM
networks, one could use an extended network for overall resource management
and allocation. See section 2.7 for an example of resource leveling on a two-

ship extended network.




2.4. General Dynamic Model with Discrete Transfers

We now return to the dynamic activity analysis, whereby activities have

o

defined over a discrete time grid r=0,1,2, - - -. Technical coefficients and

intensity time histories

intensity bounds are also allowed to be variable with time. We shall assume

that activity output units are so large that
zZ,()c, (1) < 1 (2.8)

for all activities 4,, i=1,...,N, and t=0,1,2, - - - . (If such is not the case,
a finer time grid may be considered.)

We shall also assume the activity network representation of the production
system is cycle-free. Product transfer coefficients [E,j] are taken to be constant,

so that the arcs of the network, while identifying intermediate product
transfers, also indicate the precedence of work flow. An arc from activity 4,10
activity 4, means that that 4; must complete (7)a,; output units before activity
A, can start production of its nth output unit.

By suitable modification, the extended network discussed in section 2.3 can
be used to explicitly display each discrete product transfer. For each activity A4

and output unit m, the immediate predecessors of node (/,m) in the extended

network are revised to be




(i,m=1), except when m=1: and
(.a,;m), except when a,=0.

In section 2.3, the extension of a critical path network in order to model output
streams is an example of an extended network in which all @, equal zero or

one.

Arcs in the activity network are allowed to represent both critical path-siyle
precedences or true product flow. For example, suppose activities 4, and A;
occupy the same workspace, but the installation of 4, product is required
before the installation of A; product may occur. In terms of the model. we can
think of activity A ,; requiring the workspace with activity A, product installed as
intermediate product input. With this interpretation, an activity, which has a
critical path-style precedence relationship to m successor activities, simultane-
ously produces m distinct products according to its intensity. Each of the m arcs

emanating from the activity represents the transfer of a distinct product.

For other activities, the conception of product flow may be more immedi-
ate, such as the case where activity 4, produces subassemblies to be integrated
into the structures produced by activity 4,. It may be the case that the
subassemblies produced by A4; supply several activities, so that arcs emanating
from A, show flows of the same product to be shared by successor activities.

Calculations for each of these cases of product flow are presented in section 2.5.

Inventories of intermediate products may be subject to storage capacities.
In general, there is a storage capacity for each product type. For the presenta-
tion of calculations in the next section, we shall initially assume that the arcs of
the network represent critical path-style precedences, ie, each arc represents the

transfer of a distinct product. Accordingly. we denote

cap(ij), i=1, ... N, j2i
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to be the capacity of stored output of activity 4, to be used by activity A,
where stored output is the number of units started by A4,, less the number of

output units started by 4, times a,.* To be feasible, a production plan

must satisfy inventory capacity constraints as well as constraints governing the

adequacy of intermediate product transfers. These are discussed = section 2.5.

* In the case that capacity of product storage is unconstrained. the capacity may be set equal 0 some ver:
large number for programming purposes.

e e

Ty e s
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2.5. Dynamic Production Correspondences

Dynamic production correspondences relate time histories of final outputs
to time histories of exogenous resource demands. Their abstract structure is

discussed in references [7,8,9].

Two kinds of correspondence calculations appropriate for production plan-
ning are investigated in this section. The presentation is a generalization of
that in reference [11], in which product transfer coefficients were taken to be

binary, and product inventories were not explicitly considered.

2.5.1. Forward Correspondence

The forward correspondence addresses the following question: for given
time histories of the input of exogenous resources, determine the time histories

of output unit completions possible. Let
X() = {Xl(t), ik ,X\»K(t)], =0, ..., =] SRR 5 )

be the given time histories of resources available for production input during

[0,7). We consider a preallocation of each resource k among the activities,

denoted by

XO(r) = [X_Ol(r), s ,x’b,\-,((z)], t=0, ...,T-1, (2.10)
where

X0, (1) = [XOl_k(r). il ,Xo,v,k(r)]. k=1, ...,NK,

P . v v 54 =1, (2.1D




=

and

2
X0, (1) =X ), k=1,... NK, t=0,.... Tl (2.12)

=1

The full possibilities of production result from the union of the sets of network

output histories obtainable from all preallocations XO (1) of Y(1).

o

will be used to describe the network, with D(ij)=1 if there is an arc in the

An N-by-.Nincidence matrix

activity network from activity 4, to activity A, (e, a, > 0), and D(ij)=0 if
not. As the network is cycle-free, we shall assume the activity ordering is such

that 4, may serve only activities A 2% =l . N

The following notation will be convenient. Let

M, (i) = number of output units completed by activity 4, by time 7 ;
and N,(i) = number of output units started by activity A, by time .

With this notation, when activities 4, and A; are connected by an arc (ie,
D(i,j)=1), the time history of intermediate product inventory of A, to be used

by 4, is given by
inv,(i,j) = M, (i) = a;N, (). (2.13)

The constraints on intensity functions for the forward correspondence are

as follows:
F(l). 24r) 20, =}, ,.. N =, ..., 6 T=1.

F(2). z(r) & Z(1), i=1,...,| V.

SR S—
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FQ3). a, (1) € XO, (1), i=1,...,. Nor=0, ..., g

=1
F(@). a,;c,G+Dz,(1) € M (j) = T a,c,(z+1)z,(7),

1)
r=(
i=}, . ... N, all j such that D(j,i)=1, =1, ..., T—-1, and
a0 £0, 'i=l, ..., N, all j such that D (j,i)=1.

=1
F(G3). ¢, (t+D)z,(t) < cap(il) + @, N, () — IZ clr+lisis),

=0
i=1, ..., N, all | such that D(i,l)=1, t=1, ..., T-1, and
¢ (=0 € capCiph), i=1,...,! N, all | such r);azD(i,l)=l,
where
M, (i) = Max {n integer| n< Zr,c,(r)z,(.-—l) ,
=1
=} ....%,
My(i) =0,
and
N, (i) = Min {n integer| n> ZI ¢(r)z,(r=1)},
=1
t=1,...,T,

A'o(l) - O

(2.14)

(2.15)

(2.16)

(2.17)

. -
Ty
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The constraints F(1) and F(2) allow non-negative values for intensities
less than or equal to the upper bounds. Constraints F(3) limit intensities 1o
levels allowed by preallocation. Constraints F(4) limit intensities to levels al-
lowed by available intermediate products, while constraints F(5) insure that in-

termediate product inventories do not exceed capacity.-

A production plan satisfving constraints F(1) through F(3) is said to be
Jorward feasible. Clearly, the output histories one can obtain are not unique.
As an initial approach, we shall consider a greedy policy, ie, when an activity is
called upon to operate, it runs at maximal intensity. Such a policy may be cal-
culated forward in time, performing the four steps of the algorithm shown
below at each instant of time. It will be convenient to keep track of cumulative

production using the variables
cum, (i), i=1,... N, 1=12,...,T,

where

cum, (i) = Z’:,(.-)c,-(.--H). (2.18)
=0

The greedy algorithm for the forward correspondence is then as follows:

Step FO. /nitialize My(i) = Ny(i) = cumy(i) =0, i=1,..., N,
and set =0.
; Step F1. For j=1,...,N, setZ,(1)=
\ RSR—

i s s PR i S i . ! st
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X0, (1) M (i)~a, cum,(j)
Min .’j(t). Min bl sl , Min L i/
k=l,....] VK| ay (1) all | a,c,(1+1)
such that :
D(,j)=1

Step F2. Set Z‘\'(l) - f\([)

Step F3. For i=N-1,N=2,...,1, setz,(t)=

cap (i,j) + Ej,[ﬂ(i)+N,(/’)] - cum,(i)
Minz.(1), Min

all i ¢, (1+1) ’
such that
D(ij)=1
where
1 if z;()¢;(e4+D+cum, () > N, ()
:B(J) b 0 if not » (2.19)

an indiciator variable, shows whether activity 4; initiated production of a new

output unit during the current time period.
Step F4. Set N, () = N,(j) + B()), allj,
where B(/) is defined by (2.19). Set
M, 1G) = M) + a()), all ],
where

1if z;(1)c; (e+1) + cum,(j) > M,(j)+1
a(j) = 0 if not ’ (2.20)

is an indicator variable, showing whether activity A, completed production of

an output unit during the current time period. Set




cum, (i) = cum (i) +z ()¢, (t+1), i=1, ..., N.

Increment r—r+1. Stop if t=T. otherwise, go to Step 1.

Steps F1 and F2 insure the intensities do not exceed levels allowed by
intensity bounds, available exogenous inputs and available intermediate pro-
ducts. Step F3 insures that intermediate product inventories do not exceed

capacity. Step F4 updates inventories and increments time.

From the calculated intensity histories, one can observe the earliest start-

ing and finishing times of each output unit by each activity. In fact, the array
i=l, ..., v
cum,(l)]
t=0, ..., T
indicates the time unit by time unit progress of each activity.

One can also obtain the system use of resources from the intensity his-

tories. During the time period [7,¢+1), the actual use of resource & is given by

$ 2 (0, (0.
i=1
In the case where activity output supplies both intermediate and final (net)
product, or in the case where activity product is shared by two or more follow-
on activities, a preallocation must also be made of such output. The constraints
on intensity functions and the forward greedy algorithm can easily be modified

to handle the above cases.

As an example, suppose activity 4. produces one product which supplies
final output as well as activities A, and A, Let 6.0, =1,2,...,T,
denote the fraction of the output history of A . going to final output at time .
where 0<3,(r)<1. Let A (1), t=1,2,...,T, i=y, y+1, be non-negative

real numbers denoting a preallocation of 4. output at time t among 4, and




A . as intermediate product input. These cozfficients satisfy

A (D + A0 (D) =1 =580, 1=1,..., T. (2.21)

For simplicity of exposition, we shall assume no activities other than 4 _ supply

A, and 4, ,. We denote
cap(w)

to be the capacity of stored output of 4. to be used by 4, and A4, _,, where
stored output is the number of output units for intermediate uses started by A4 .

less the number of output units started by 4., times a, ., and less the number

D U

of output units started by 4, times @, .

The forward correspondence constraints F(1), F(2), and F(3) on intensity
functions require no modification, but constraints F(4) and F(5) must be

altered as follows:

F(4)'. Same as F(4) for i=y, y+1. For i=y,y+1, we have

=]
a,.¢,(t+)z,(0) < M(w,i) = X a,.c(z+1)z(5),
=0

r=1,...,T-1, and
a.c(1)z(0) <€0.

F(S)'. Same as F(5) for i, For i=m, we have

1
S AL+ D e (4D (0) €
[=y

v+l =]
cap(m) + Y @ N (1) - t IZ A (4D e (z+1) (7)),
I=y [=y =0
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t=1, ..., T-1, and
v+l
Y A (De(Dz(0) < cap(w),
{=y
where
=l
M, (m,i) = Max {n integer|n < IZ A, (D (z+1)z(s)}.
=0
=], ..., 4 (2.22)
1"10(17,i) s 0, (223)
and
=l
N, (i) = Min {n integer| n > Iz ci(r+1)z,(7)},
r=(
o) SIENSRREPR 4 (2.24)

The steps of the forward greedy algorithm are modified as follows:
Step FO'. Same as step FO., except initialize My(m,i)=0,
i=y,y+1, in place of My(w).

Step F1'. Same as step Fl., except for j=y, y+1, set ) =

X0, (1) M(z./) = @ _cum.(j)
AL[I"I .:/(.[), 1;‘«1/’7 \I\[ Jk ] t J y=Cum)

ay(t) a.c (1+1)

e e —————— A - G e e =




Step F2'. Same as step F2.

Step F3'. Same as step F3., except for i=m=, we have z_(1) =

Minimum of Z_(1) and

cap(m) + ilﬁj”[BU)-i-;\'l(j)] i yi“il.s,,j(.-+l)c,,(r+l)::(r)

I~ J=y7r=0

+1
3 AL, (4D e, (1+1)

J=y

where B(/) is defined by (2.19).

Step F4'. Same as step F4., except in place of M, (%), we

set
M (7D =M=D + a(zm,l), I=y,y+1,
where
{i
1if YA, G+De, (7+1D)z,(7) > M, (7,i)+1
r=(
a(Tf,I) — 0 lf not. (2.26)

Production systems in which an activity produces several products, each of
which serves several follow-on activities, are handled in an analagous manner,
whereby each product must be preallocated among uses. For simblicity of
exposition, in algebraic presentations in the remainder of Chapter 2. it is
assumed that each arc in the production network represents the transfer of a

distinct product (eg, critical path-style precedences).

The greedy policy can also be calculated starting at a time point with pro-

duction in progress. This is done by appropriately initializing the arrays of
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cumulative activity production,

[cum,(i)]. {M,(i)}, and {.\’,(i)],

in step FO. of the algorithm. In this way production replanning required

because of work interruptions or design changes can be accomplished.

As the forward greedy policy assigns activity intensities at the upper
bounds allowed by constraints F(1) through F(5) at each instant of time. the
throughput of production is maximal for the preallocations made. The full

spectrum of output histories obtainable from the vector X(r) of histories of

exogenous inputs is only realized when, in addition to the alternatives for preal- |

locating exogenous input histories and transfers of activity outputs as inter-

: mediate products and net outputs, one considers also the operation of activities

SIS

with intensities less than-the maximal values calculated by the greedy policy. In
particular, the preallocations, in conjunction with the intensity bounds, will
ordinarily be imperfectly balanced so that some activity intensities may be
operated at less than the maximal intensities during certain periods and still
vield the net output streams calculated by the greedy policy. Such shifts in the
intensity functions and the related input histories represent time substitutions of
the input histories applied. Time substitutions are studied in sections 2.6,

Smooth Loading, and 2.7, Resource Leveling. i

In the special case that product inventories are not capacity-constrained.

and intensity bounds, technical coefficients, and resource preallocations are con-

stant in time, the forward greedy policy is equivalent to a CPM forward pass
through the extended network, with time assignments !
| ¥ R B (X0 ||
, b = = Min{z,, Min (2.27)
¢ k=l, .. ... VK| ay

R (T

% e — | . P o B i s
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to each node (;,m) of the extended network. This result also holds when
technical coefficients and intensity bounds vary by output unit, as discussed in
section 2.3.

2.5.2. Backward Correspondence

The backward correspondence addresses the following question: determine
the activity intensities so that given dated sequences of net output units may be
obtained. We shall assume one or more activities produce final outputs.
Retaining the property that any activity 4, can supply only activities A; for j>,
the ordering of the activities may be made SO that

A, i=NN-1,... ,N—=p+1 (p21) yield final (net) outputs.

In the case two or more such activities produce the same final output, we
shall assume a preallocation of net. output requirements is made among these

activities, so that one may express output requirements as time histories

{0,—(0}

of cumulative output that must be completed by each final activity
4;, i=N=p+1,...,N. For example, suppose activity 4, must complete two

units by time 25, one more unit by time 30, and a fourth unit by time 45.

Then the time history {Q\-(z)} is constructed as follows:

4 if 1245
.. 3 if 30< <45
Uv() =13 if 251 <30 (2.28)
0 if r<25.
Mq-——-—-—:;~- AT » L ans o oo




31

The significance of lU'\‘(’)l is clear; if the cumulative production of activity A\

at a given time 7 does not equal or exceed 0‘\'(0, the production plan would be

infeasible.

As a first approach it will also be assumed that none of the activities pro-
duce the same intermediate product, ie, there are no alternative processes in
the production network. This simplifies the calculations, because then one
need not attempt to apportion among alternative activities production of pro-

duct needed by follow-on activities.

Calculations for the backward correspondence are made backwards in time
from some time horizon 7, by which time all output must be completed. We
again assume a preallocation of the services of fixed capital equipment and

other resources, denoted by
[X'Ok(z)], k=1,...,NK, t=T-1,T-2,T-3, - - -.

The constraints on intensity functions for the backward correspondence are

then as follows:

B(1). z,() >0, =T-1,T=2,..., i=l,...,N

B, 200 Kz, =T=1, 7=, ..., /=], ..., N

B(3). a,(Dz(D) € X0, (D), t=T=1,T=2,..., i=1,....N,
k=1,...,NK

A 2 =1
B4). ¢(t+1)z,(0) € UAT) = U() = X ¢ (r+1)z(7),

T




TS

|

t=T=2.T-3, ..., i=N-=p+1, ...,. N, and

ez (T=1) < UAT) = U(T=1), i=N—=p+1,...,. N

=1
B(3). ¢(t+Dz, (1) € GME, () = T ¢ (r+1)z(s),

T=i+]

i=1,...,N, all j such that D(i,j)=1, 1=T-2,T-3, -

: I=] ,
B(6). a,c,(t+1)z,(1) < cap(il) + NB(I) = 3 G, c,(=+1)z,(7),
r=(+]

i=2,...,N, alll suchthat D(il)=1, t=T-2,T-3, ...,

T

=1
MB(i) = Min{n integer| n >y C,(.-+1)z,(.-)],

il K B e e RS

is the number of output units started by A, after time 1, and

T=1
NB(i) = Max[n integer| n< 'Y, c,(7+1):,(.-)].

T=

=], 0=30=3 ...,

is the number of output units completed by A4, after time .

(2.29)

(2.30)

The constraints B(1) and B(2) limit activity intensities to non-negative

values less than or equal to the intensity bounds. The constraints B(3) express

the exogenous input limitations due to the preallocations of resources. The

constraints B(4) require in cumulative terms that the output histories for the

final products of the network do not exceed the histories
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{(:’:(1)}, i=N—=p+1,...,N,

sought for these products. The intensity functions permitted by B(4) need not
satisfy equality for all periods, since storage of final product is permitted. By
extending (backward) the number of time units used, cumulative requirements
can be met by storing final products produced earlier. Similarly, constraints
B(5) require in cumulative terms that output histories of activities producing
intermediate produ ° do not exceed requirements demanded by follow-on ac-
tivities. Again equality signs need not apply for all time periods. due to the
possibility of product storage. Constraints B(6) insure that intermediate pro-

duct inventories are not driven beyond capacity.

A production plan satisfying constraints B(1) through B(6) is said to be
backward feasible. Clearly, the jnput histories are not unique. We shall again
consider a greedv policy, ie, when an activity is called upon to operate, it runs at
maximal intensity. Thus the latest starting times for activities which allow the
realization of the given output schedule will be calculated. In this way the
shortest time spans to produce the given output amounts are obtained. It will
be convenient to keep track of cumulative activity production backwards

through time using the variables
cum, (i), i=1,...,N, 1=T=2,T<3,T~4,...,

where

I=!
cum, (i) = 3 ¢ (z+1)z(7). (2.31)

rmia]

The greedy algorithm for the backward correspondence is then as follows:

i st
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Step BO. /nitialize MB(/) = NB(j) = cum, (i) =0, i=1,...,. vV,

and set 1=7T-1.

Step Bl. For i=N=p+1, ..., N, set () = 1
U(T)=U (1) =cum, (i) a, MB(j)—cum,(i) i
Min|z.(1). ‘ ST O i B s o
¢, (r+1) all j ¢, (1+1)
such that
D(:j)=1

For i=1, ... ,N—p, set ;(1) =

a.MB(j)—cu 5
Min|z (1), Min [a.ll U cum, (i ]

all ¢, (1+1)
such that
D(i,j)=1
Step B2. Ser z{(1) = %,(¢).
Step B3. For j=2, ..., N, set z;(1) =

cap )+ NE() +a ()3, cum, ()
Min)z.(t), Min p i j)+ NP +ali)—a, cum,(j

all j a;c;(r+1)
such that
D(j)=1

where

Lif z,(D)e,t+1) + cum, (i) > NB(i)
a(l) = 0 if not ’ (232)

an indicator variable, shows whether activity 4, completed an additional output

unit after time /—1 over that completed after time .

Step B4. Ser N2, (i) = NB()) + (i), all |
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where a(/) is defined by (2.32). Set
ME, (i) = MB(i) + B(i), alli
where
1 if (e, () +cum, (i) > MB(j)+1
B(i) = 5 i not - (2.33)

an indicator variable, shows whether activity A, started an additional output

unit after time r—1 over that started after time . Set
cum,_ (i) = cum,(i)+z,(t)c,(t+1), i=1, ..., N.

Increment r—¢—1. Stop when
{cum,(i)}, i=N-=l+p,...,N,

are all greater than or equal to the desired number of output units; otherwise,

go to Step 1.

Note the strong similarity of the backwards greedy policy calculation to the
forward greedy calculation, the former essentially a "backwards through time"
version of the latter. The actual cumulative output completion schedules for

the activities are given by
{f’,(t)], tm b=, 0=3, ..., i%} . . N
where

. ot |
V() = 3 o (e41)z (), t=T,T~1, ..., =1, ..., N, (2.34)

Ty
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and u is the earliest time period at which the backward greedy algorithm makes

calculations. The system use of resources is given by

N
2z (Day, )

=]

for each resource k=1, . .., NK, during each time period [1,r+1).

From inspection of the output completion histories
[f/,m], t=T,T-1,T-2, ..., i=1,...,N,

the backward greedy policy yields the late start and late finish times for each
output unit produced by each activity. This is entirely analogous to the early

start/finish data generated in the forward correspondence case.

e

To extend the backward correspondence results further. suppose two
activities producing intermediate product produce the same output, say 4, and
Aq4y. for 1ISa<N-p. Then the constraints B(5) are modified for i=a and

i=a+1 to

a+l axl T-1
BGS). % ¢ (+D)2(0) € 8,0t MEL () =5 5 (D)2 (7)),

i=a I=a r=(+]

all j such that D(a,j)=1, t=T-2,T-3, - - .

Note that coefficients @, , and a,,,; must be identical. In order to

i
accomodate such substitutable activities, some kind of policy rule is needed.
Ordinarily, duplicating processes can be ordered by their efficiency, say 4,., is
more efficient or more preferred for whatever reason. Then one may replace

B(5)' by




T=1
B(5)". Cou1(t+Dz0i1() € T 0ariME 1 G) = L couilr+llz (7).

r=1+]
all j such that D(«,j)=1, t=T-2,T-3, ...,

and

=1 o I=1
2 CQ(T+1):Q(7) S a/_m,l.vW,B;,l (J) i 2 C(’(+l('—+1):u+l(7)’

T=/ T=/
all j such that D(a,j)=1, t=T-2,T=3, - - -.

With the addition of such a policy rule, a backward greedy solution is then

made determinable for a system with alternate processes.

The full spectrum of exogenous input histories which can achieve the out-

put schedules
{1:’,(1)], i=N=-p+l1,....N,

is only realized when, in addition to the alternatives for preallocation of final
output and intermediate product among alternative activities, and of exogenous
resources among the activities. one considers also the operation of activities
with intensities less than the maximal values calculated by the greedy policy. In
particular, reduced intensity assignments allowing more favorable activity and
resource loading without violating project due dates are investigated in the fol-

lowing sections.

In the special case that product inventories are not capacity-constrained.
and intensity bounds, technical coefficients, and resource preallocations are con-
stant in time, the backward gresdy policy is equivalent to a CPM backward pass

through the extended network. with time assignments
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Ly = —| Mim{Z, Min (2.35)
¢; kel .. ] VRl ay

to each node (i/,m) of the extended network. Late finish times for nodes (/,m),
i=N-p+1,...,N, and the various values of m, are specified by the due date

histories

[[A/,»(!)], i=N=-p+l1, ..., N

That is, a cumulative output requirement of m units by time T from activity N

means node (N,m) has a late finish time 7. For each such finishing node, there

are critical paths through the extended network to the finishing node which can

be determined by usual CPM procedures.

The above result also applies in the case technical coefficients and intensity

bounds vary by output unit (see section 2.3), whereupon the time assignment

-1
]] . (2.36) |

to node (i,m) is given by

1 . = : Xolk
iy = —| Mimz,,. Min
k=1

cim

2.5.3. Inventories and The Extended Network

We have seen that when intensity limitations and technical coefficients are
constant in time, and there are no intermediate product inventory capacity con-
straints, the forward and backward correspondences may be calculated using

CPM techniques on the extended network.

It is also possible to use such path methods when there exist capacities for

such inventories by making some modifications to the extended network. For

example, suppose activity 4, supplies activity 4;, and the inventory capacity is »
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) units. This means activity 4, cannot have completed any greater number of
output units than #» more than activity A, has used as input, ie, node (/,A) must
start no later than node (1’,k-21'_,,+n) starts, k=1, 2,... . This implies all predeces-
sor nodes in the extended network of (j k) also precede node (i.k~z7/,+n). If

the extended network is modified to show these extra precedences. the network

logic will then prevent inventories from exceeding capacities.

In summary, for the dynamic production system model with discrete pro-
i duct transfers, the forward and backward greedy policies constitute a generaliza-

tion of critical path procedures, in which activities have variable intensities. out-

put streams are allowed, and product inventories with capacities are treated.
However, it shares the severe limitation with CPM that a preallocation of

resources is made, determining maximal activity output rates.
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2.6. Smooth Loading

For either forward or backward correspondences, an initial greedy calcula-
tion will vield a production plan with the shortest time span to produce a given
number of output units, for the preallocation of resources among the activities
that is specified. However, such schedules can have undesirable, jagged activity
loading characteristics, and one would want to reduce loading levels for

smoother behavior without extending the project span.

Hereafter we shall assume resource preallocations and intensity bounds are
constant in time, and technical coefficients are also constant in time or perhaps
vary by output unit, indicating learning curve or other behavior. These restric-
tions facilitate the study of the smoothing problem in terms of the extended
network. Before presenting an algorithm for smoothing, we shall consider a

simple example.

Returning to the simplistic shipbuilding network presented in section 2.2,
we consider the extended network for building three ships with some specific

technical data and intensity bounds, as shown in Figure 2.5.

The activity intensity histories are sketched for the early start and late start
schedules in Figure 2.6. Starred "boxes” indicate output units during which
activity intensities are critical. Note that an activity may be critical during pro-
duction of certain output units and non-critical at other times. In this case, the

shortest time span is 13 time units.

We see that, in both schedules, "gaps" exist in the intensity histories,
where loading ceases for an interval, and then recommences. It is apparent that

serial connection of activities with different output rates causes jagged loading.

In the spirit of critical path techniques, one could consider shifting produc-

tion activity between early and late start schedules to achieve less jagged load-

ing. Indeed, for this simple example, it is evident that a combination of early
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Activity Network

B4
A4 D4

Cy

Output Rates: ¢y =cg=cc=cp=c¢c=1

Intensity Bounds: =, = % Ip = % Ic= -«II )= % - _;.
Figure 2.5

Production Data For Simplistic Shipbuilding Network

—— ——————
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-4(t)  Early Start Schedule (Forward Greedy Policy)
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Figure 2.6

Intensity Histories For Production of Three Ships
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and late start schedules can produce level activity loading (eg, activities 4 and B
early start, activities C,D, and £ late start). But such a schedule does not
exploit the fact that activities 4, B, D, and E are noncritical at certain times,

and therefore resource loading levels of these activities could be reduced.
The duration per output unit of activity D could be increased from two to

three time units (ie, zp 4, zp 5. and zp; could be reduced from % to %)

without violating the critical path schedule limitations. A lower level of
resources could then be committed to activity D without slipping the schedule.
However, such a change would eliminate slack for activity B, and thus no

reduction in intensity of activity B could then avoid extending the project span.

Alternatively, the intensity of activity B could first be reduced from L to * A

3 10°

but then the intensity of activity D working on the third output unit (zp 3= %)
would become critical.

It is clear that there is no unique procedure for smoothing unless there is a
priority or weighting scheme for the activities, ie, some clear mathematical
objective. We shall consider the natural goal of smoothing to be to minimize
activity intensity peaks, where activities are weighted according to the following
formulation, in which output coefficients have been generalized to admit learn-

ing effects.

Let p, be the smoothing weight for activity 4, i=1, ..., N. Each p, can be

thought of as a capacity cost for activity 4,. Let

[Z,], I=l, T ,.‘V,

denote the peak intensities encountered by the activities. We consider a net-

work of .V activities each producing .V.W/ output units. Using the notation of

o o




section 2.3, in which z,, denotes the intensity assignment 10 activity 4, working

on output unit m, we wish to

N
Minimize 3 p,Z,

=]
subject to
(i) z,. € Z, i»Y, ... N m=l, ... NM

(i} Z. < R L PSS, 1

77 e BPE [

(,m) on P =<im“im

for all paths P from a starting node to a finishing node, where T(P) is the pro-

ject span for path P specified by the initial greedy policy.

(v) z,, Z, 20, i=1,...,N, m=1,...,NM.

The above program may be reformulated by substituting time variables

t , i=1, ..., N m=1,...,NM, (2.37)

2 1
im

“im Cim

for intensities, and by making the substitution

B, = —Zl— i=1,...,N, (2.38)
as follows:
N P,
Mok
{inimize ’E—Bi

subject to

S —
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S() B =cptyy O, i=1, ... N m=1,... NM

L

S22 ¢ptin 2 —, i=1,.... N, m=1,..., NM.

$G3 % € TP,

(i,m) on P ZimCim

for all paths P from a starting node to a finishing node. where T(P) is the pro-

ject span for path P specified by the initial greedy policy.

s@ t,, B =20

We now have a convex objective to be minimized over a linear constraint
set. Efficient algorithms exist for solving problems of this form, such as the

Frank-Wolfe Linearization Algorithm. See references [1.4].

Many of the time assignments r,, may be critical in the initial greedy calcu-
lation, and so the smoothing program may be further simplified by eliminating

such variables. A substitution of slack variables ]

Sim =ty = ——, i=1, ..., N, m=1,...,NM, (2.39)

is also efficient, eliminating the need for constraints S(2). These steps
effectively reduce the problem to consideration of a subnetwork of the
extended network, namely the network of nodes which have slack for a greedy
policy production plan. We shall refer to such a network as the "slack subnet-
work". Constraints S (3) would then effectively consider only slack subpaths of

the extended network, ie, paths in the slack subnetwork.

In general, the program calculates a minimal set of activity intensity

bounds
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Z|Z==, i=1,..... N

sufficient to meet the greedy output schedule. For our simple shipbuilding
example. only the peak intensities of activities B and D can be reduced without
extending the project span. The amount of reduction of each would, of course,

depend on the relative magnitude of the smoothing weights chosen.

For further improvement in activity loading for the given resource preallo-

cations, one must consider extensions of the project span. Indeed. a sensitivity
analysis could be conducted by incrementing the project span length in con-

straints S(3) for more reduction in loading peaks.

B
|
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2.7. Resource Leveling

We have seen in section 2.6 how activity loading may be smoothed for a
given resource preallocation. A smooth-loaded production plan offers technical
improvement over the greedy plan in terms of the loading of machine services
and other resources preallocated to each activity. We now consider the prob-
lem of improving the economic efficiency of the production system in terms of

the nerwork resource loading behavior.

It is important to distinguish two different categories of resources, storable
and non-storable. Storable resources are materials "used up" in production,
which can be stored from day to day before use at negligible costs. For such
resources, we shall assume the behavior of loading histories is insignificant
from a cost standpoint, so that only the total amounts used are of economic
concern. In considering various time substitutions of the greedy production
plan which meet the same project schedule, the integral of each resource his-
tory remains constant, and so no economic improvement is gained from time

substituting demand for such resources.

Non-storable resources are the services per unit time of machines and

labor. Such resources cannot be "hired and fired" with the ups and downs of
system demands, and consequently resources adequate to meet peak demands
must typically be maintained for the life of a construction project. Hence
economic improvement of a production plan comes from time substitutions

which reduce loading peaks for non-storable resourcss.

Such motivation for driving down resource peaks while attempting to avoid

slippage of the project schedule has been well recognized. Many efforts on
r scheduling activities, ie, shifting activities between earlyv and late start. to
improve resource loading are contained in the literature. See references [3.6].

However, our approach here will be to consider the improvement possible by




i€

decreasing activity intensities (ie, increasing time assignments to the production
of output units). For a node (i,m) of the extendad network, the reduction in
demand level for resource A resulting from increasing the time assignment 7,
is given by

d [ Ak ] e Ak (2 40)

d[lm { im C/m t /’/271 CII"

In the analysis of resource loading, trade-offs between resources often
arise, whereby replanning to mitigate peaking behavior of one resource may
transfer peaking problems to another resource. In the following analysis, peak
costs for each non-storable resource are introduced to properly weigh such

trade-offs.

2.7.1. Peak Pricing Model

Let N§ < NK be the number of non-storable resources, and renumber (if
necessary) such resources k=1, ..., NS. Let p, be the price per unit capacity
of resource k, k=1, ..., NS. Each p, represents the cost of maintaining a unit
of capacity of resource k (eg, the salary of a laborer) for the life of a project,
where such capacity is required to meet peak demands. We now consider the
programming problem to accomplish a maximal amount of resource leveling
(for these peak prices) of an initial greedy production plan, without violating

production due dates. Let
A, k=1,..., NS,

represent the peak demand per time unit for exogenous resource & by the pro-
duction system. For a production system in which each activity produces N.M

output units, the objective is to
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NS e
Minimize 3 pA,
k=1

subject to

ROH--'F ¢ & T

(,m) on P
for all paths P from a starting node to a finishing node, where T(P) is the pro-

ject span for path P specified by the initial greedy policy.

NM N a.. _ i
RQ Y X % 5(im, 7)< Ay,

.

m=] =1 ‘im%im

k=1,...,NS, =0, ..., T—1, where

1 if (i,m) operates

d(i,m,7) =1 during [7,7+1) (2.41)
0 if not.
RO b= ol . N sl N
zl m

R@4) t,, A4, >0, i=1,... N m=1,...,NM

/\'=1, o g ,.'VK.

Here constraints R (1) insure no project slippage. where the time assign-

ment to node (i,m) is ¢, (ie, the intensity assignment to node (;,m) is

).

m CII’I

The constraints R(2) define the resource peaks {4,}. k=1,...,NS The
objective minimizes the costs of resource peaking.
Relating node start times to a time grid #=0,1,2, ..., T—1, as is required

by constraints R (2). is a difficult task. The best approach in the literature uses

e ———————




integer variables, making the problem too large to solve for all but the smallest

time grids. (See references (3] and [6].) The approach taken here is to solve a
sequence of subproblems approximating the exact formulation, in an effort to

converge to an optimum.

Peak Pricing Procedure

In each subproblem, constraints approximating the constraints R (2) are
applied only to nodes which operate inside of the regions of peak resource
demand for the solution at hand. The smaller, approximate problem is then
optimized. Inspection is then made to see if peak regions have shifted, and, if
so. to redefine the set of active constraints for the next subproblem. This pro-

cess continues until no peak movement is observed.
Step 0. Preallocate resources and compute the greedy policy production plan.

Step 1. From the resource histories of the current solution, identify peak time
regions of each resource to be priced. The region specification is somewhat
arbitrary, but should include peak and near-peak time points and exclude time
regions of low resource demand. Regions not priced are likely to experience
higher levels of resource utilization in the next solution. See Figure 2.7 for an

example of region pricing.

Based on these region definitions, compute

1 if (i,m) operates in a peak

d(i,mk) =1 region of resource k .
0 if not
i=1,...,N m=1,... , NM, k=1,...,NS (2.42)
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[B(i,m,k)}, il N o mel o NM k=, \S,

have not changed since last iteration, stop:. otherwise. the subproblem to be

solved is

8F -
Minimize 3 pyAy
k=1

subject to

() - % b % TUP),

(i,m) on P

for all paths P from a starting node to a finishing node, where 7(P) is the pro-

ject span for path P specified by the initial greedy policy.

NM N Qo _
Gi) X 2. e S5 mEY & A,

m=1 =] wm Cim

k=1, ...,NS.

, i=1, ... N m=l,..., NM.

3,20 i=1,...,N, m=1,...,NM,

Equivalently, we may solve

AY N NV a mk 1 e
Minimize f DD MR ( 8Ciym, k)
k=1 =] m=] Cim S/‘m+Lim)

subject to




M) % 5,€8TP=- T L.

(,m) on P (e,m) on P

for all paths P from a starting node to a finishing node, where T(P) is the pro-

ject span for path P specified by the initial greedy policy, where
L e
L,™= [:,C,,,,] ,i=1l ..., N, m=1,...,NM, (2.43)

are the lower time limits, and

S ™= b = Lo, =l . N el N (2.44)
are the slack variables.
M) s, 20 i=1,... N m=},... NM

The subproblem has been converted to a nonlinear objective subject to
linear constraints, and so may be readily optimized by algorithms such as

Frank-Wolfe. See references [1.4].

Step 2. Set 1, = 5, + L;,,, and go to Step 1.

m
At each iteration, resource peaks are "priced” down, whereby peak heights

are reduced, but often peaks are shifted in location. The pricing scheme
[6(i,m,k)l, i=1,....N, m=1,...,NU, k=1,..., NS

is then changed to reflect new peak regions for another iteration. When peaks

no longer shift, the procedure terminates.

In each iteration, optimizing the subproblem makes all nodes in the
extended network critical. This can be seen by noting that any slack on a
start-to-finish path could be allocated to those activities operating in a peak

resource region, thus decreasing the objective. Thus the procedure looks only

e




among solutions in which all activities are critical all the 1ume.

The procedure is similar to a relaxation method in optimization. as the
constraints approximating R (2) are applied only to nodes for which such con-

straints are "tight" in the current solution. Relaxation methods of optimization
are formally guaranteed to converge to an optimum only when convexity of
constraints is assured. This is not the case here, and it is not difficult to con-
struct a simple example which will cause the procedure to cycle two solutions.
However. the pricing policy may be readily adapted to allow the immediate

escape from such a cycle, by simply pricing peak regions from both solutions.

Activity loading may not necessarily be smooth from resource leveiing.
However, loading for a given activity 4, can be made smoother by introducing
a high price p, on a real or fictitious resource k that is used by A4, and not
shared with other activities. In the special case that each resource is unique !o
some activity, the resource leveling problem reduces to the smooth loading
problem discussed in section 2.6. Further resource leveling requires a longer
project span, and it may be useful to study the trade-off of resource peaks with
project time length. The mathematical formulation can be easily modified to
address such a problem by introducing a cost rate y per unit time on project
length. For simplicity of exposition, let us consider a production system for
which the extended network has only one starting node and one finishing node,
and for which the time T required to complete V.M output units is the length to
which an opportunity cost y would apply.

The Peak Pricing Procedure can be applied to this problem by modifving

the subproblem of Step 1 to

s B e
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Minimize Py = Lmk) + y
A=] (=] m=]| Com (Sm|+L1m)

subject to

MY 3 5.%5T- % L.

(i,m) on P (,m) on P

for all paths P from start to finish.

M(2Y s 20 i=1,... N m=l,.... NMT20.

m

Note that only one additional variable occurs in the modified formulation, and

the remainder of the procedure could be applied as before.

The comments in section 2.6 regarding reduction of the smooth loading
program to consideration of only the slack subnetwork for the greedy produc-
tion plan apply as well to the Peak Pricing Model. The subproblem of Step 1 of
the Procedure can be effectively restricted to nodes which initially have slack.
as time and intensity assignments for other nodes are fixed. Of course. the

resource loads for the entire network must be used to determine peak regions.

2.7.2. Application to Ship Overhaul

The Peak Pricing Procedure was applied 10 a network consisting of 131
activities modeling a ship overhaul. Exogenous inputs to the activities con-
sisted of labor hours of twelve different craft shops, such as pipefitting, weld-
ing, electrical work, etc. For such inputs, a reduction in resource peaks was

equivalent to a reduction in staffing requirements for the overhaul.
Although the overhaul was a single output construction project. the con-
cept of activity intensity adjustment for resource leveling could be applied. As

only a single ship was being overhauled. the activity network would serve as

e —— o o A el - ~ — g ———




wm
Oy

the extended network for application of the model.

Shipyard data on estimated man-hour effort from each shop and estimated
durations for the activities were available. From these data, intensity measure-
ments and technical coefficients were developed as follows. Among the various
shops. the shop with the greatest man-hour effort in a given activity 4 was
selected to be the "lead shop” for A4,, whereby the intensity z (1) of 4, on day ¢

, would equal the lead shop man-hours applied on day .
The output coefficient ¢, for a given activity 4, was taken to be
-1
¢ = [Ioml lead shop man-hours needed 1o finish A,| ~,
so that

s, ()¢, = (fracticii of A, completed on day t).

The assumption was made that application of man-hours from other shops

is proportional to lead shop effort, so that input coefficients were taken to be . |

simple ratios of total activity effort, ie, “‘

(total man-hours of shop k needed to finish A,)
(total lead shop man-hours needed to finish 4,) '

a, =

which implies ’
s (D a, = (man-hours of shop k applied to A, on day t).

{ Since the arcs of the activity network represented solely critical path-style

precedences. the product transfer coefficients were simply defined by

! _Jrifbptp=1
f “ =0 if nor.

i e —— - omae
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It was assumed that activity intensities could not exceed levels implied by
the vard’s estimated durations, but that activities could operate at lower intensi-
ties, ie, require longer durations. The intensity bound for each activity 4, was

thus calculated to be

T = (c) " Yesumated duration of A)~" =

(total lead shop man-hours needed 1o finish A,)

(estimated duration of 4,)

As discussed earlier, trade-offs between the various resources are a key
feature of resource leveling, whereby replanning to reduce peaking behavior in
one shop may increase peaking problems in another shop. To value the relative
expense of load peaks, capacity prices p, were developed. These prices were
chosen to be the sum of average wage and overhead rates per man-hour for
each shop. In this way, more incentive was provided to level-load more

“expensive” shops.

FORTRAN IV computer codes to calculate greedy policies and to minimizs
the nonlinear program in each iteration of the Peak Pricing Procedure were
applied to these data. An initial forward gresdy policy run was made to predict
shop loads for an early start schedule based on the shipvard’s planned activity
durations. (Resource preallocations allowing activity operation at intensity
bounds were assumed.) This run established a project time span of 370 work-
ing days. The Peak Pricing Procedure could have been immediately applied to
the slack subnetwork, but instead, some observations about the nature of the

overhaul served to reduce the problem size.

As is typical of construction projects, resource loads were high in the mid-
dle of the project duration, but low near the beginning and 2nd of the project.

Activities near the start or finish of the overhaul consisted largely of tests and




inspections, which, while requiring time to perform, were not labor-intensive.

It was clear that replanning could not shift shop workload peaks to the very
early or late stages of the project, and that operating activities during these

periods at lower intensities could not serve to reduce workload peaks.

For this reason, the slack subnetwork under consideration was reduced to
that consisting of activities whose start times and slack possibly allowed them to
operate in the middle range of the project where resource peaks could occur.
The reduced network for application of the Peak Pricing Procedure then con-

sisted of 33 activities contained in 48 slack paths.

The computer code used in the Peak Pricing Procedure applied the Frank-
Wolfe linearization algorithm, which computed a solution within a 1% tolerance
of the optimum for each subproblem. (See reference [1].) Peak resource
regions were defined to be all work days where resource demand was within 4%

of peak demand.

After four iterations, peak regions stabilized, so that no further improve-
ment was possible for the Procedure. Each iteration had required about 10-15
seconds effective time on a CDC 6400 computer. Figure 2.8 compares work
loads of the mechanical shop for the greedy production plan and the resource-
leveled production plan. As can be seen, considerable improvement in shop
loading has been made. Overall, a 38% improvement in the objective function
was made between the initial greedy run and the last iteration of the pricing
procedure. In view of the man-hours involved in the project (on the order of

100.000), such leveling was significant.

Considerable replanning of activities to lower intensity levels was made by
the Pricing Procedure to obtain this improvement. Undoubtedly, there are

practical lower limits on activity intensity for many of the activities, for such an

overhaul. However, such limitations could be easily incorporated into the
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model in the form of lower bounds (upper bounds) on activity intensity (dura-
tion). The constraints M (1)=M(2) for the Peak Pricing Procedure would only
require additional linear constraints expressing upper himits on slack allocation
10 activities so bounded.

A shipyard ordinarily has a number of overhaul projects to be performed at
a given time, and it is desirable to perform an integrated planning effort to con-
trol overall resource loading. To demonstrate the extended network concept.
the subnetwork of 21 activities concerning overhaul work on the propulsion
system was programmed for two ship overhauls. In actual practice. required
overhaul work varies from ship to ship, which could be reflected in the techni-
cal coefficients. For this example, two identical propulsion system overhauls

were considered. so that

l.||
I

A1
I

ta

and

and
Ayl = Qg2 = Qs

for each propulsion system activity 4, and each resource A, where =, ¢, and a,

are the data used in the full, 151-activity ship overhaul network.

The Peak Pricing Procedure was applied to the extended network of 42
nodes for this problem. Figure 2.9 compares workloads for the shipboard
mechanical shop for the greedy production plan and the resource leveled pro-

duction plan. This result is typical of the smoothing obtainable when two ships

under construction interface. Production planning which is done merely by
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overlay of a plan for a single ship is bound 10 involve the kind of unsmoothed

n2aks shown.




3. Dynamic Production Planning With Continuous Flow Transfers of Inter-

mediate Product

We have seen how the Discrete Transfer Model provides considerable
detail concerning discrete interactions between production activities. However,
providing such detail necessitates considerable computational complexity. Such
calculational difficulties can be reduced by considering a limiting form of the
Discrete Transfer Model, in which intermediate product transfers are linearly
proportional to activity intensity. As will be shown, the same form of linear ine-
qualities as in the Discrete Transfer Model governs this Continuous Flow
Model. The linear inequalities have been adapted from those presented in refer-
ence [10], and have been extended to include product inventories and classes
of exogenous input. It will also be shown that treating product transfers as con-
tinuous flows allows further development of the model, including allocation of

resources by linear programming.

3.1. Development of Continuous Flow Model

For the Continuous Flow Model, we shall initially assume that each
activity produces a single product, to be shared as intermediate product input
by follow-on activities, and/or transferred as final product. The case where an
activity produces a distinct product for each follow-on activity, as with critical
path-style precedences, will also be discussed. It will also be assumed initially
that no two activities produce the same intermediate product. As in the
Discrete Transfer Model, inventories of intermediate product awaiting transfer

shall be subject to storage capacities.
The activity network will now be allowed to contain cycles, representing
more complicated activity dependencies. Leontief-like inter-industry flows can

then be modeled dynamically, as well as such phenomena as recycling.




Resources for exogenous input are divided into two categories, storable and
non-storable. Storable resources would include materials such as steel, lumber.
fuel, etc, while non-storable resources would include services such as various
kinds of labor hours or machine hours. It should be noted that limitations in
the availability of storable and non-storable resources constrain a production

system in different ways.

Non-storable resource limitations constrain the sum of activity resource
demands at each time period. These limitations constitute capacity constraints.
Storable resource limitations, however, constitute inventory constraints,
whereby the sum of activity resource demands at each time period is limited by

the available inventory of stored resources.

For a production system with a time horizon T, we shall use the following

notation for the set of technical limitations, L (T):

t=0,1,2,...,T-1
(a) [E‘,—(r) , the activity intensity bounds;
() SO A
1=0,1,2,...,T-1
(b) [Xk(l) , the time histories of non-storable resource exo-
R, ..., NS
genous inputs, NS < NK,
r=0,1,..., T-1
() {Y.(1) , the time histories of storable resouce exogenous
k=NS+1, ..., NK

inputs, where

2’: Y, (7)
=0

is the cumulative amount of resource A supplied during [0,1;

e e i i i i . I : Al s
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(d) mrlO] ., the initial inventories of activity product (perhaps all
=] N

zero) for intermediate uses; and

=0.1, ..., T-1
(e) cap,(r)} , the capacities for storage of activity product.*
[E 3 SPRe N
For convenience, the intensity z, (¢) of activity A, i=1,...,. \, on each
time interval [,7+1). r=0,1,2, ..., T—1, shall be partitioned into effort pro-

ducing intermediate product, :,’(r), and effort producing final product, = (1),

where
2/(t) + 2f(1) = z,(s). (3.1

Of course, z/(1) or zf(s) may be zero for all 7 should activity 4, produce only
final or intermediate product, respectively. With this notation, a production

plan

(=0, . T-1
[:,’(r). :,F(r)]

is said to be feasible for L(T) if the plan satisfies the following set of linear ine-

qualities, 4 (L(T)):

AY
ALML T au(0z00) € X (1), k=1, ... NS, 1=0.1, ..., T-1.

=]

:
ALM2L ¥ Tam):() € 3 V), k=NS+1, ..., NK.
r=0 j=] =0

I 4 product inveniory 15 not capacity-consiraimed. the capacity may he set equai (0 some very lurge number i
for programming purposes.




i \ =1
ALTN3. 3 a0 < im)+ L e, (e+D)/(r),

=] =] =0
o PR N, 1=, ..., -1, and
N
2.a,0):,(0) < l'n\jlo, Jj=1,....N.

=1

~1 .
A(L(T))4. im'jo + /Z q,(7+1):jl(7) -3 Za,j(.-):,(.-) < cap, (1),

=0 =] /=]
J=1, ... N, =] _. .. T—1, and
h
inv? — 3,a,(0)z,(0) < cap,(0), j=1, ..., N
: =1
ALM)S. ) + (0 =50, j=1,... N, 1=0,...,T-1, y
() < cke), =1, . .. N WG -1, .

0, f 20 j=1,... N =0,..., Tl

Constraints A(L(T))1 and A(L(T))2 express resource limitations. Con-
straints A(L(T))3 insure adequate intermediate product input exists to support
production activity, while constraints A(L(T))4 insure that inventories of inter-
.- mediate products do not exceed capacities. Finally, constraints A(L(T))3 limit

intensities to non-negative values less than intensity bounds.

In the case an activity 4, produces a distinct product for each follow-on

activity, the constraint set 4 (L (7)) is modified as follows. Let

inv, (1)

e
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denote the inventery of product produced by 4, for follow-on activity

A, i#a, at the time « Similarly. let
cap, (1)

denote the capacity of such inventory. Then for j=a, constraints A(L(T))3

and A(L(T))4 are revised to the following:

=1
ALY, Ta.(:50) < imd, + 3 e (c+Dzl (7),
r=] =0

iZa, t=1,...,T-1, and

a,0:0 < i, iza

@, ¢’

(=t
ALNG. i) + ¥ e (r+D):l(7) - Z':E,a(r):,(.-) < cap, (1),

=0 T=]
iZa, t=1,...,T-1, and

invd . — a_(0)z,0) < cap, (0), iZa.

In the case two activities produce the same intermediate product, say 4,
and A4,,;. the constraint set A(L(7)) can also be easily modified. For this

case we shall assume the combined storage capacity
cap,(t) + cap,.;(t)

is available for storage of such product. Then for j=a and j=a+1, constraints

A(L(T))3 and A(L(T))4 are revisad to the following:

=0 s . 0~

OB A T 1 ' o - = s A
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s ST N e

! \ ax] =1 a+l
ALTNS. ¥ Ta.r):xt) € Timd+ F T ci(r+1):(e),

r=] ;=] I=a =0 /=a

i=1,...,T—-1, and &

\ a=]
23,00z0 < ¥ imp.

(=] Jj=a .
: |
a+l =] a+l g
ALMN. T imd+ T Tor+D:f0) - 3 3T a,():() €
o r=0 j=a =1 /=]
a+l
2eap (D), 1=1,...,T-1, and ;
J=a
a+l V arxl
> im?—3a. 0:0) < Y cap;(0).
J=a =] J=a
o 1
Note that it is required that a, ,(¢) and &, ,,,(¢) be identical, because the
same product is produced by 4, and 4, ;. .

In any case, 4(L(T)) constitutes a set of linear inequalities. For simpli-

city of exposition, we shall assume in what follows that each activity produces a

single product and that no two activities produce the same intermediate pro-

duct.

It should be noted that in the case the activity network includes cvcles.
there must be non-zero initial inventories of intermediate products for input to
the activities comprising such cycles. Otherwise, constraints A(L(T))3 would
force zero intensities for these activities for all time. The relationship between

| the magnitude of the initial inventories

and the final output realizable from the network is discussed in section 3.4.

we

R e




L e

SESEE

69

Although not required, resources could be preallocated through time
among the activities as in the Discrete Transfer Model, and simulation of the
production process could be performed using greedy policies 10 determine the
resulting maximum throughput, or minimum project span to reach a given out-
put accumulation. In reference [10], greedy policy algorithms for the Continu-
ous Flow Model were developed as part of an effort to demonstrate the com-
plexity of dynamic correspondences and the dependency upon resource assign-
ments. (These algorithms require a cycle-fres network.) However, our approach

here will be to consider the allocation of resources by linear programming.
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3.2. Output Maximization

Assume the production system can produce P 2= 1 final products. A
specific product mix may be desired. and we shall consider the problem of max-

imizing the scale of this product mix accumulated by a time horizon 7.

For this purpose, let zy_, be a variable indexing the amount of the pro-
duct mix accumulated by time 7. The amounts of the various products will be

related by coefficients
EA\"&'LP' p=l, « v . ,P,

where @y4y ,Zv4) is the amount of product p accumulated. These coefficients

specify the product mix to be produced. For convenience, we define constants

1 if 4, produces

A(ip) =) product p R TR R (3.2
0 if not

indicating which activities produce each final product.

The maximum accumulated output of a specified product mix at time T
from production activity during [0,7) is given by the optimum of the following

linear program.
Maximize zy.y

subject to

I=1 N
() Fyerpive € XL 2 AGPU+DAD), p=1, ... P

1=0 /=]

=0, ..., T-1
(ii) {:,’m, :,F(r)] e A(L(T)),

e P ———— e e
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and v+l ? 0. ’»

In general, the program involves (N)(7) + 1 variables (plus slack vari- J

ables), with up 1o
(NKXT) +3(NI(T) + P

constraints. Clearly, the time horizon (ie, the number of time grid periods) is
the most sensitive factor in terms of the problem size which can be handled.
The constraint set 4 (L (T)), consisting of a mixture of inventory balance equa-
tions, and capacity and resource allocation constraints, has a structure which

can be exploited as follows.

Note that the slack variables for constraints A(L(T))3 represent the inven-
’ toriess of intermediate product stored during the intervals [n7+1).

t=0, ..., T—1. Calling these variables
[/‘nv/(l)], =0, ...,T-1,

we may rewrite constraints A(L(T))3 and A(L(T))4 as follows:

V
ALMN3. Za,(0z0) - ¢;(1)z;(1=1) = invl(1=1) + imj/(l) =0,

(=]
1 J=1, ., .., N, t=1,...,T-1, and
v
2a,;(0)z,(0) + inv/(0) = /nvj-o, F oo TERPRPRE V.
[=]
: ALT)4. i) € cap,(6), j=1,...,N. 1=0, ... T—1.

With this rewriting of the constraints, it is evident that the constraints

AL(TH1. A(L(T)H4 and A(L(T))5 apply only time unit by time unit. while
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constraints A(L(T))2 and A(L(T))3 link variables through time. Hence the
constraint matrix exhibits partial block diagonal structure, as shown in Figure

3.1. As can be seen,
2(N)X(T) + (NSH(T)
constraints comprise the block diagonal structure, with
(N)(T) + (NK = NS)(T) + P

linking constraints. Good potential is thus offered for application of an efficient
large-scale programming procedure, such as decomposition. (See reference
([4].) Using decomposition, at each iteration, up to 7T independent subpro-
grams, each with (2N + NS) constraints, would be solved. In the case intensity
bounds, resource and inventory capacities, and technical coefficients are con-

stant in time, these subprograms would have identical constraint matrices.

As opposed to maximizing the throughput of a given output mix. one
could consider maximizing the value of output produced. We suppose each
product p has a unit price ¥, which indicates the value added in manufacture, or
sales price, etc. Then the maximum value of output accumulated from produc-
tion activity during [0,7) is given by the optimum of the following linear pro-

gram:

P T=1 X
Maximize 'y, ¥ Y v,AGp)c,(t+1)zf(1)
p=1 1=0 i=I

subject to

2 [) SRR T-1
[:,'(r), :,F(t)] € A(L(T)).

-
hahiciiataca VI " o i i s
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Output Mix
P Constraints

Inventory Balance For
Storable Resources and
Intermediate Products
(NK — NS + N)(T)
Constraints

Capacities For
Non-storable Resources
and Inventories, and
Intensity Bounds

(VS + 2N)(T) Constraints

=0 =1

Figure 3.1
Structure of Constraint Matrix For Output Maximization
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apply here as well, as only the product mix variable and its P constraints have

been deleted.

Modification for Intensity Lower Bounds

In many production systems, indivisibilities and other conditions make the

operation of certain activities infeasible at very low intensities, ie, activities

must either be "shut off" or operating above some minimum intensity level.

While such constraints are non-linear, the following formulation converts the

output maximization problem to a mixed integer. linear program for which

branch and bound solution procedures exist.

Suppose activity 4, has intensity lower bounds
k), =4, . .. T,

perhaps constant. Define a new binary variable

1 if 4; is operating
8,(t) =1 during [1,1+1)
0 if not

The following constraints are then added to the formulation:

2;(r) - 7;(1)8;,y £ 0, 1=0,1, ..., T=l,
= okt) 21} = Fj(l)[l - Sj(l)] S0 e T
8.(1) £ 1, integer.

J

This constraint formulation implies

8, (1) =0iff z,(t) =0, and

(3.4)

(3.6)

PRI

e A A O I ARt e




8;(t) =1iff z;(1) 2 z;().

For each activity with lower bound constraints on intensity, 2(7) added con-

straints and T binary variables are introduced into the formulation. As before.
the density of the time grid limits the size of the problem which can be solved

when such constraints are present. |




-
i

o

3.3. Cost Minimization

In section 3.2, the forward-looking problem of maximizing the throughput
of production on a fixed time interval was examined. In this section, the
backward-looking problem of determining a minimum cost production plan to

meet a given demand schedule for output will be investigated.

[t will be convenient to express output requirements for each product type

in cumulative terms. Let
U,(n, 1=1,2,...,T, p=1,....P,

denote the required cumulative production of product p by time . A demand

schedule for the production system implies constraints

=1 N -
Y 3 AGp)e(r+D:zf(z) > V), sl o P,

=0 /=1 g
t=1,...,T. ‘ 3.7

Here we allow final products to be produced in advance of required schedule
and stored as inventory, although such inventories will be subject to holding

costs, as discussed below.

Cost Formulation

The objective of the formulation will be to minimize costs for storable and
non-storable resources, and for intermediate and final inventories, subject to
vwecting the demand schedule. Each of the cost categories is discussed below.

rable resources have capaciy costs corresponding to the peak
rescurce  As these resources cannot be accumulated.

pability 10 accommodate peak loads.
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Storable resources, however, have prices. Unless purchasing or delivery
constraints exist, only the cumulative demand for such resources determine
costs for such resources. If input coefficients are constant or vary only with
cumulative activity output (eg, learning curve effects), costs for such resources
are constant over all production plans producing the same total amounts of final

products.

Inventories of intermediate product may - also have capacity costs
corresponding to the peak requirements for storage of such products. Inven-
tories of final output, however, should bear an 6pporlunity cost to properly
discourage holding of excess inventories of final products. In this way. the
trade-off between efficient production loading, and the maintenance of final

product inventories in line with product demand, can effectively be made.

Assuming linear capacity costs, the cost minimization problem can be for-

mulated as a linear program as follows.

Let
cr=ct.. ... cts|:
be the vector of costs per unit capacity for non-storable resources: let
ol [ I ci) :
be the price vector for storable resources: let

f:

]

foi. - ksl

be the vector of costs per unit capacity for storage of intermediate products;

and let




be the holding costs for final products per unit time.

To serve as variables in the minimization, let
¥ [X,. o ,xi\-S]. .
denote the peak amounts of non-storable resources required per unit time; let
Y= (7‘.\'54-1' s % Y.\'l\']-
denote the total amounts of storable resources required by the project: let
cap = [capl. R cap_\-],
denote the requi'red intermediate product inventory capacities; and let
mf(r) = [im'f(l), et im*;f(l)],

denote the inventories of final products in excess of the demand schedule at

time ¢, for r=1,2, ..., T.

For given intensity bounds




o

is given by the optimum of the following linear program.

Ao s S T R s
Minimize CVX + C-Y + Coaap + 3 Chuf()

=]

subject to

=1 N .
Cl. T 3 MGp)e+1):Fe) = mF(e) = O,

-”0 (=]
V... ORI B TRAPER T.
N
C2. Ya, (D) < X, k=1,...,NS, t=0,1, ..., 7y
=]
T=1 N
C3 X Ya,(Dz(t) =Y, k=NS+1,...,NK.
=0 ;=1

v
C4. Y a;(r)z(e) — ¢;(z;(e=1) - iuv](l-—l) + inv/(1) = Q,

i=1

Jj=L ..., N t=1,...,T-1, and

v
Y. a,{0)z,(0) + inv/(0) = invjo. J=1, ... ¥

=]
Cs. invj’(!) & cap ), j=1,...,N =@, ..., T-1.
€6 () + /() = 2,00}, J=i,..., N, t=0,...,T-1,
S & S U, e, L N =, T-1,

c7. ¥ = [Xl. S o B30

T e [}'_\'5_1,1, v} Y\'/\'] 2 0

e ——————— >
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% cap = [c‘apl ..... cap\-] =2 0,
]
: iml(1) = [inr{(l) ..... /'n_;"(-(l)] 20, =0,...,T-1,
| w0 = [mf @, omf0)] 0, =1, .., T,
3
), ) 20, j=1,... N =0,...,T-1

Constraints C1 define the inventories of final products, and constraints C2

é

! and C3 define the peak levels of resource demand. Constraints C5 define the
L

4 required inventory capacities. Constraints C4 and C6 deal with inventory bal-
3

ance and intensity bounds in the same manner as the treatment of the output
4 maximization problem.

It should be noted that the left hand side of constraints C3 can directly
replace Y,, k=NS+1, ...,NK, in the objective function, and so these con- .
straints would not appear in any actual programming effort. Also, the intensi-

ties

would be replaced in all constraints by the sum of intensity effort for intermedi-

ate and final product, ie,
20 + 2F(1) = 2,(r), i=1,...,N, t=0, ..., T-1. (3.8)
In general, the program includes up to
P + NS + 3N|(T) )

constraints. As before, the fineness of the time grid is the most sensitive factor
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in terms of the problem size which can in practice be solved. Figure 3.2
displays the structure of the constraint matrix. As can be seen, a bordered
angular configuration is now exhibited. Although this is a more difficult struc-
ture than that for the output maximization problem. nonetheless it can be
exploited. (See for example the discussion of Ritter’s partitioning procedure in

reference [4].)

The above formulation treats a "long run" problem, in a sense, because the
various resource and inventory capacities are considered to be variables. A
"short run” problem, in which some of these capacities were given data, would
involve fewer variables, but still the same number of constraints. The degree

of difficulty is thus roughly equivalent to that of the "long run" problem.
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Inventory Balance For
'Final Output and
Intermediate Products
(P + N)(T) Constraints

Capacities For
Non-storable Resources
and Inventories, and
Intensity Bounds

(NS + 2N)(T) Constraints

N~ S— — N
1= [=1 ’=2.... ......... ....(=T_1

Peak Resource and Inventory Levels

Figure 3.2
Structure of Constraint Matrix For Cost Minimization
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3.4. Capacity and Efficiency of a Production System

The output maximizing procedure discussed in section 3.2 calculates the
maximum level of output for a specific product mix (or the maximum value of
output) producible in a given time span of production. We can thus speak of a
production system capacity to produce a specific product mix (or maximum

value of products) in a given time interval.

The marginal output return from increasing a resource or inventory capa-
city can be studied using parametric linear programming. (See reference [2].)
Using a parametric right hand side on the output maximization linear program,
it can be observed which inventory or resource capacities, initial inventories, or
intensity bounds, if increased, would increase system capacity, and by how
much. In general, the system capacity is a piecewise linear, concave function of

each such technical limitation.

As mentioned in section 3.1, when the activity network includes cycles,
some of the initial inventories of intermediate product must be non-zero to
support production activity by activities comprising such cycles. The parametric
programming effort described above will indicate what initial inventories are

essential for system output.

The optimal tableau of the output maximizing program shows which
resource and inventory capacities are fully utilized, and which are not. A
resource fully utilized up to capacity can be said to be efficiently used. since a
reduction in capacity would diminish output produced in the given time span.
On the other hand, the tableau shows the amount of slack in resource con-
straints not "tight". Committing the full amount of such resources to produc-
tion activity results in no more final output than if capacities were reduced by

the values of the slacks.




For the given time span and product mix, an efficient set of resource and
inventory capacities is obtained from the optimal tableau, namely, the reduction
of initial capacities by the value of the slacks. This is rechnical efficiency, in the
sense that a reduction in the availability of a resource (without some offsetting
increase in other resources), would diminish output producible in the given

span.

The cost minimization program, on the other hand, determines resource
levels andl inventory capacities which are economically efficient for a given
schedule of final products to be delivered. If the given time length and the
optimal output level from the output maximization program are used as the
demand schedule constraint for the cost minimization program, an interesting
comparison can be made. The levels of resource demand calculated by the
latter program, which are economically efficient, could be contrasted with
resource demands which were calculated to be rechnically efficient by the former
program. In general, these demand levels will differ, because technically

efficient levels are dependent on initial system capacities.

These concepts of efficiency and capacity are dependent on the time hor-
izon T allowed for production, and the time variability of input histories
comprising the set L (7) of technical limitations. In order to provide a connec-
tion with steady state models of production, we shall consider the behavior of a
single-output production system in the case input histories, technical

coefficients and intensity bounds are constant through time.

Using the notation of section 3.2, let

1 if activity A, produces

A1) =1 final product i BN (3.9)
0 if not




The output maximization program for a time horizon T is then

T=1 N
Maximize 'y, ¥ AGiDe,zF(r)

=
=0 ;=)
subject to

t=0, ..., T-1
[:,’(l). :,F(:)] e A(L(T)),

......

k=1, ...,NK Vi I v
Qy . 1@ , and §c; .
I-l ...... V ’-l. ZE A ,.'V [-1 Y

Let

{:*,’(1), :*,F(r)]
e ) A%

be optimal for the above linear program. One way of looking at a steady state

model of production is to regard it as a statement of long run average relation-

ships. For such a model one defines

(Xk; Yk) € R.:‘.K i (b(k'k‘ Yk) € R?




4

g6

-1 .\
¥ 3 AiDes*F)

SX,. ¥ = lim - 2 : (3.10)

This expression is a meaningful definition of the long run average output rate

& (X, Y,) if it can be shown that the limit exists.

We consider the change in output rate (total output divided by time hor-

izon) for a unit increase in time horizon. Let

{ =), **F(z)}

(b RERERE N

notate the optimal intensities for the output maximization program with time

horizon 7+1. Then

]
z z AG Dez* () — = 2 z AG Dez*F)| =
T“"l 1=0 1=1 /e e
\
ka **F =
T+1 E'l AG D e,z**(T) + — T T Z'o E] &€ e s* )
=1 M 1
3 3 AGDez* () - = 2 2 AG, De,z*F ()
1=0 i=] £ ey jmi
AU D BT + mdee 5 $ A Dzl +
T+1 E il e RS
h
2 3 AG 1)cz" o) - 2 ): AG, 1) e;z* ()}, (3.1
T+1 =0 i=1 (=0 =1
Without loss of generality, we may assume
(-1 =0, i=1,...,N, (3.12)

because these variables are constrained only to be non-negative by 4 (L (7)),
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and hence any optimal solution will remain optimal if these variables are set to

zero. We claim that

i /3
’:',’(1). :'f(r)] :

=1..... N
where
z*(1) for0 €t € T-1
=1y ey 5 (3.13)
and
=) for0 <0 € T-1

is feasible for the maximization program with time horizon T+1. Since
A(L(T+1)) includes A (L(T)), it remains to investigale constraints for r=T
Resource constraints A(L(T))1, A(L(T))2 and intensity bound constraints

A(L(T))35 are seen to be trivially true for r=T due to zero intensities. Since
N T=1) =0, i=1,...,N, (3.15)

inventory constraints A(L(T))3 and A(L(T))4 are also satisfied.

Hence

l:’,’(z), :’,F(r)}

is indeed feasible for the program with horizon T+1, and by the optimality of

[:“,’((). :“f(l)]




£8

we have
7 N I=) & _
Y ¥ AV =% 5 AU Bes*f )
=0 i=] =0 =]
TN
€Y T Al (3.16)
=0 /=1
Also,
I=1 N I=t N \ s : d
Y S AGDe ()€ F T AGDes*H D) + X a6 DeZ, (3.17)
=0 =1 (=0 (=1 i=1
where the upper bounds on intensities have replaced =**f(7T), i=1,.. ... N. It
is also the case that
| R -1 :
{:**,’(f), :**,F(i)] € A(L(T)),
=L .. N :

since these constraints are identical to those of 4 (L(7T+1)) up to time (=T-1.

By optimality of

R -1

7y Ry Ay
we have
=] N =1 oy
Y X MDD € Y 3 AU Dez ). (3.18)
=0 =] =0 /=1

From (3.17) and (3.18). we have

lr=1 & T=1 ¥
;z L Alilez" )~ ¥ ¥ &G Dez™ i€ ¥ &G Vs, (3.19)
=0 ;=] =0 /=1 i=]
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Substituting (3.19) into (3.11). we obtain

1 T N
- ¥ % Millcz** () - = Z Z Ali ez *Fm
T+l 55 T 1m0 |=] |

=1 .V
 RETTRITIED L DS B T

T+1 ThT+1) 5=

=]

2 A De,z. (3.20)

=]

T-rl

Replacing intensity variables by intensity bounds in the first two terms on the

right hand side of (3.20), we have

1 N 1 T-1 N l
—_— Z Y AGDe () - = X 3 AGDe =)

I+ =0 /=] T (=0 =] ' i

2% Kt 3.1
T+1 z i, L)ez. (a.21)

As T approaches infinity, the right hand side of (3.21) approaches zero.
We conclude that there is a long run average output rate for a production sys-
tem with exogenous input flows and technical data constant in time. A steady
state model of production may thus be defined from the underlying dynamic

structure.

In practice, this suggests an alternative to the typical econometric steady
state models of production, in which statistical correlations are made of system
input and output rates. Instead. an activity analysis could be performed.
whereupon optimization of the output maximization program with a large time

horizon would provide an estimate of the system's maximum output rate for

given input rates.
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