" AD=AO75 219 HARVARD UNIV BOSTON MA GRADUATE SCHOOL OF BUSINESS ==ETC F/6 12/1

' EQUIVALENCES AND CONTINUITY IN MULTIVALENT PREFERENCE STRUCTURE==ETC(U)
MAY 79 P H FARQUHAR, P C FISHBUR NOOO14=78=C=0638

UNCLASSIFIED HBS=79=47=REV

NL
L [ ]
| oF |
“Rors219

END
FiLMED
11-79




. —
e ——

DG fiLE copy

\ . i ‘
i
. )

Work\ng Paper

ADAOCT75219

Division of Research

GRADUATE SCHOOL of BUSINESS ADMINISTRATION
HARVARD UNIVERSITY

Soldiers Field
Boston, Mass. 02163

DDC
, e nn [l
’{ 0CT 19 1979 U
ST g.iLbLJLJuU
ﬁ | A
| .
= J‘. DISTRIBUTION STATEMENT A

Approved for public releansg
Distnbution Unlimited




EQUIVALENCES AND CONTINUITY IN

MULTIVALENT PREFERENCE STRUCTURES

Peter H. Farquhar and Peter C. Fishburn

HBS 79-47

December 1978
Revised May 1979

Harvard University

Graduate School of Business Admin. Murray Hill, New Jersey 07974
Boston, Massachusetts 02163

This research was supported in part by the Naval Analysis Program, Office of
Naval Research under Contract #N00014-78-C-0638, Task #{NR-277-258 (Farquhar) .

Approved for public release; distribution unlimited.

All rights reserved. Reproduction in whole or in part is not permitted

without the written consent of the authors, except for any purpose of the
United States Government.

Bell Telephone Laboratories, Inc.

W, e

St
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In assessing multiattribute utility functions, the valence approach
partitions the elements of each attribute into equivalence classes on the
basis of conditional preferences. Attribute interactions are reflected by
these equivalence classes, so the functional forms of the utility representa-
tions are kept simple. This paper establishes equivalence relations for multi-
valent forms of additive independence, utility independence, and fractional
independence, which lead to several new utility representation theorems. We
show also that several simple partitions are not possible in multivalent pre-
ference structures if the utility function is continuous. These results should

simplify the testing and assessment of utility functions when the attributes
are interdependent.
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Decision problems are usually complicated if there are numerous

alternatives to consider, large uncertainties about the eventual outcomes of
different alternatives, or several attributes on which to evaluate the con-
sequences of each alternative. In many cases, multiattribute utility analysis
Is an appropriate methodology for handling these complexities. This methodology
provides systematic procedures for examining preferences for outcomes, attitudes
towards risk, and value trade-offs among attributes. The principal goal of a
utility analysis is to produce a mathematical representation of preferences
that will aid in the evaluation of risky decision alternatives.

Most previous research in multiattribute utility theory has focused
on the decomposition approach. This approach prescribes how to divide the
assessment of a decision maker's utility function into several steps, if certain

"independence axioms"

hold among the attributes in the decision problem. Each
step requires either the determination of scaling constants or the estimation
of conditional utility functions involving one or more attributes. The decom-
position approach often simplifies the evaluation process in decision making,
because less effort is required in completing these steps to assess a multi-
attribute utility function than might be expended in other methods of evaluation.
One drawback to the decomposition approach in practice, however, is
that no independence axioms will be verified in some decision problems. This
situation may occur if for some reason it is undesirable to conduct independence
tests or if certain axioms are tested and subsequently rejected. Each set of
axioms corresponds to a particular utility decomposition, but in the absence of
any empirical verification one must guess at the form of the utility function.

Depending on the nature of attribute interrelationships, simple approximations
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to the utility function may prove highly unsatisfactory. Since tests of inde-
pendence axioms require moderate effort from both the analyst and the decision
maker, it is advantageous to have other approaches available.

This paper discusses a valence approach for assessing multiattribute
utility functions. This approach partitions the elements of each attribute
into equivalence classes, called orbitals, such that preference orders con-
ditioned on the elements within each orbital are identical. Unlike decomposi-

tion methods that use independence axioms over whole attributes, the valence

approach considers multivalent independence axioms for which particular indepen-
dence relations hold on the restriction ol each attribute to any of its orbitals.
This approach makes axiom tests much casier for the decision maker. Since
preterence interdependencies among attributes are reflected primarily in the
orbitals, attribute interactions are readily interpreted and the functional

torms of the utility representations are kept simple. Farquhar [6] illustrates
the valence approach with single-element conditional preference orders and de-

rives several utility representations with multivalent utility independence

axioms.
The purpose of this paper is (1) to establish equivalence relations i
for generating the partitions in various multivalent preference structures, k
and (2) to examine the implications of continuity on possible partitions. We
define equivalence relations that produce multivalent forms of additive inde-
pendence, utility independence, and fractional independence, which lead to

several new representation theorems. On the other hand, we show that some sim-

ple multivalent preference structures cannot occur if the utility function is

g —

continuous. These results should simplify the testing and assessment of utility

functions when the attributes are interdependent.
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« INTRODUCTION TO MULTIVALENT PREFERENCE STRUCTURES
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Thus two elements z' and 2" in 27 belong to the same orbital 1ift .= >,

-

on P

In the preference structure (Y, 8, [2]), valence refers to the

cardinality of [Z]. At one extreme, the preference structu.c is tofvalens
1+ at the other extreme, complete dependence of Y on 7 occurs when
1
L

its of a

ther .

refore, cover an entive spectrum of interdependencies between attributes

Instead of using conditional preterence orders to determine (7],

{ <

wo

I single-element subsets of Z, Multivalent preference structures,

in obtain the same partition by using equivalent transformations of conditional

itility tunctions. For example,

Detinition 2: The relation :.f:'_‘:'_‘:. equivalience (UE) on 2 is defined bv

z"(UE)2" {ff there exist constants a and b with b > 0 such that

u(y, 2") = a + bu(y, z'") for all v € Y.
Note that z'(UE)z" iff >,, >_'., « 50 the equivalence classes generatoed

by (UE) are precisely the orbitals in |Z] above.

Although multiple-element conditional preference orders [1-4, 9-
can partition 7 into orbitals, it is simpler to use the corresponding equiv
lence relations. With single-element conditional preference orders, there
no advantage in either approach over the otherv.

Equivalence relations lead directly to multivalent independence

axioms. Utility equivalence, for instance, leads to (cf., Lemma 1l in [6]),

. .

Definition 3: Y is multivalent wutq

tu tndependent of (2], denated by

Y(U1){Z], 4ff [2]) is a partition of Z such that for all Z € [2],

Y

&=

is
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{tf u(v, 2) b K2 + Bo(rIuly, B) for a1 ¥ £ X, 1)

where 2 is fixed arbitrarily in 7, and a, and B, are real functions on 2 with

\ -
Analogously, Z(UI)[Y] iftf [Y] i4s a partition of Y such that
for all ¥ Ul
Y& % LEE uly, x) w & (¥) .11\\'\11\\", 2) for all = © 2, ()
where Vv 18 tixed arbitrarily in Y, and a, and :\'1 are real functions on Y with
l
y
Univalent utility {ndependence is the same as ordinarv utilicy
independence [13, 15, 17}, However, multivalent independence axioms vield
tepresentations of multiattribute utility functions when ordinary independence
tail. For example, Farquhar [1l, 6] proves (see Mever [lo] also),
OREM 1 Let u be a von Neumann=Morgenstern utility tunction on the outcome
we Y N I, Suppose YWD [2) and Z(UD)[Y]. Then there exist real functions
wmd B, on Y with 8, > 0, real functions &, and 8, on 2 with 8, > 0, and
. \ < \ . X e
mtets k depending on only the sets Y X Z, where Y £ [Y) and 2 ¢ [2], such
that u has one of the following additive-multiplioatinve representations fox
vl Y and 2 € 2
& X
ulv, 2) “l\\\ oG s ade. X)), (5a)
uly, z2) = “l\\.‘ + .il\v\u\\‘, 8), (Sh)
uly, z) = o,(2) + R.(2)u(9, &), e

u(v, 2) = %k +

(v)B,(2)[u(¥, B) - k1. Cd)

N
“1
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‘hese additive-multiplicative representations are readily determined from the

assessment of several constants and conditional utility functions [6].

2.  MULTIVALENT ADDITIVE REPRESENTATIONS

Additive representations have received considerable attention in
utility theory because they are so simple and easy to use. Fishburn [7-11],
Pollak [17], and others describe independence axioms that produce additivity.
When these axioms do not hold, however, it is often possible to obtain a multi-
valent additive representation. This approach offers distinct advantages over

nonadditive utility decompositions which rely on more complicated sets of axioms.

Definition &4: The relation ive equivalence (AE) on Z is defined by

' - ' 0 N , 0
' (RE)=" LFE wly, 20 = uly, 2"} = uly . z™) - uly , =9, (6)

’ 48 ol ity . T
or all v Y, where y is fixed arbitrarily in Y.

Additive equivalence induces a partition on Z which characterizes

the following multivalent independence axiom,

Definition 5: Y is multivalent additive independent of [Z), denoted

Y(AL)[Z], 4ff ([Z] is a partition of Z such that for all Z € [Z],

A ) , ~ - > -
z el 1ff uly; 2) = uly, 2) = u(y(. z) - u(yo. 2) for all vy £ Y, (N

Q N . 2 > & ;
where v and z are fixed arbitrarily in Y and Z, respectively.

Analogously, Z(AI)[Y] iff [Y] is a partition of Y such that

tor all \\ e (Y],
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s N { -
Farl ulys 2z) - udy, 2) = uwly, 2 ) - u(d, ) for all 2 Z

ind 2z are fixed arbitrarily in Y and Z, respectively,

We note that one univalent additive independence axiom (that is

.

in (7) or [Y] = ¥} 1in (8)) implies the other., Thus if we

Q ] \ 0 , % : .
z when [Z] = {(Z}) or v = v when [Y] = 1Y}, we obtain the usual addi-

presentation,

Q 0 0 0
uly, z) WY, 2 ) +tuly, 8} = uly , z27),
vyEY and 2 €& Z. The utility function is often scaled so that
\

)
4 equals zero in (9).

Fhe (univalent) additive representation in (9) is a special case ot

-i Let u be a von Neumann-Morgenstern utility function on the

space Y X Z. Suppose that Y(AI)[Z] and Z(AI)[Y]. Then u has a

N ~

€ Yepresentation on Y X 2 such that for all v € Y and

e ‘ € LY] and Z € [Z],

0 Q0 . Q 0 IR N
z) = uly, z) +uly, 2) = u@ @, z) - wly , z) + uly, 2)

)

1, ( - N

s ¥» 2 , and z are fixed arbitrarily in Y, Y, Z, and Z, respectively.

Since Y(AD[Z] and Z(AD)[Y], equations (7) and (8) imply

0 " ) g . =
uly o z) + uly, 8) - uly , 2) for all Ky, 2} €8 ¥ R Z,
0 " g 0 - & >
= wly, ) + a9y, 2} -« ulY. ) for all (v, 2) ¢ ¥ % Z,

Q0 Q0

where (v, z7) is fixed arbitrarilv {n Y % Z, Replacing z by 2 in (12) and

substituting this result into (11) vields equation (10). -

e




Theorem 2 yvields a spectrum of multivalent additive representations.
) ' 3 g , y ) - ) N
we noted earlier that if either [Y] = {Y} or (Z] = {2} above, then (10) re-

z) -

’

. A 0 (
duces to the usual additive representation, u(y, z) = u(y, z ) + u(y

ily , z). At the other extreme, if each orbital in [Y] and {Z]

contains
exactly one element, then (10) triviallvy hecomes uf{y, z) = u(y, 2). Thus multi-
valent additivity ranges from full additivity to none at all.

Fhe assessment of (l0) requires one conditional utility function

()

( Q ) 5
each attribute, u(y, z ) and u(y , z), and the utilities of the representa-
tive outcomes (¥, z) for each Y X Z. Thus the assessment effort is comparable
that required of the usual additive representation, though the number of

mstants needed increases with the number of orbitals in {Y] and [2).

One can also obtain a multivalent additive representation from

1eO T when (v) 1 on each Y € [Y] in (4) and B, (2) 1 on each 2 € [Z]
tn (5). These assumptions lead to the multivalent form in (5a), which is

quivalent to (10). Further details are in [6].

Extension to more than two attributes

Suppose the outcome space is X = Xl K X\' The multivalent
1

tdditive representation is easily extended to n attributes by letting Y '\T
ind Z X, for 1 ='1; ...5; 0 i Theorem 2.

i

; 0 0 0 ; ; : P o

Let x = (x, , ..., X ) be fixed arbitrarily in X, and define

L n
0 0 0 0 [} T ’ > .

2 s (X, v wwny XK 20 Npoagy wewy Xo ) FOE L 1o wsny e Then from
(i) 1 i-1 i+] n

Definition 5, X; is multivalent additive independent of [Xi]. denoted

:\'-i(,\n{xi]. if and only if [.‘(i] is a partition of X{ SEE L = Ly weey U

~

such that for all Xi £ ['\i}'




. £ X 3 T & -) - u (=) = : ¢ =y - u(x ; )
i i i \i ».\.\!.. '\i U(\i' .\(:\ ) '“‘\'l' .\.l? )

Y & X- X7, where X, is fixed arbitrarily in X..
4 1 2 1
OREM Let u be a von Neumann-Morgenstern utility function on the outcome
i
i ice X Xy ¥ ceo X X o Suppose that X-(AI)[X.,] for all 4 = 1, ..., n. For
n i i s
.1y u has the following multivalent additive representation on each
X . e
L. 5 MRS O L‘(\‘)*. = 5 l(_\;)+\'.(~\,, ....{‘, (14)
n n o n 1 n
' v\\ N Q0 Q n oy
‘ e ) 0 OO o it ST O o ), and where x, and X. are fixed
P, i (i { (i i i
vitrarily in X, and X., respectivelv, for { = 1, ..., n.
since X+(AI)[X,] for i = 1, ..., n, equation (13) vields
(K3 esns X J = .Y + alx. . =) for all x- € X-. (15)
] n . i { i i
wWhen i 1, the above equation becomes UK.y weny X =8 () *
i n 1 1
12 Y S ' [ .
e DR ~-."‘. With 1 = 2 and $, = X%, lo (15), we obtain an expression

u(X;y, X,4 ..., X ) and substitute it into the last equation to get

. . o A
1,5 casy X ) = -.I\.\'.') + Q0% + ulX,; X,5 Xgs seay X ). Repeated substi-
| n 1 2y g 1 2 3 n
tution in (13) for i = 1, ..., n thus yields the result in (14). 8
In Theorem 3, the Jjoint multivalent additive incependence assump=-

tion X+ (AI)[X,] for 1 = 1, ..., n produces a representation requiring the

i
tssessment of one conditional utility function on each of n attributes,
ind the utilities of the representative outcomes (ﬁl. «ses X ). This assess-
n

ment requirement is far less than that required by most other nonadditive

utility representations.




On the other hand, Theorem 2 can be extend¢ ® to n attributes with
individual independence assumpt fons where Y - Xi and 7 L= fiop 4 = 1 5 .. n,
i
Thus individual multivalent additive independence holds on X whenever

Xi(Al)(xf] for all i =1, ..., n. A special type of individual independence

requires partitions of the attributes [Xll, Salers [Xn], such that [X{] is

xpressed by [X - X s e R X Xt fi é

expressce ) ! (1)] [ l] [ !_1] [x1+l] [Xn] or all

i =1, ..., n. Correlative multivalent additive independence holds on X iff
XitAi‘]X(I)) for all i = 1, ..., n. Correlative independence assures a stable

orbital structure on individual attributes that is not necessarily found in
arbitrary partitions of XT'
We use correlative independence in establishing another type of

multivale additive > 'sentat i Le S d > the e}
muitivalent additive representation. et (xi, X ) enote the outcome

(i

..., %) where %, € X., X. £ [X.], for all j#d
n ] J J 1]

A ~

X X
’ 1' {41’

anddii=al s Clie s e Erom Defindtion’ 5 Xi(AI)[X I Torsal g =l ST,

(1)

if and only if there exist partitions of the attributes [X]], P [Xn],

such that for all ﬁ(}) ¢ [X(E)]’
x= € X,= iff u(x., x=) - u(x,, X,+.) = u(x %, x=) - u(x 4 R ,=y)
i (i) i fi? (i) iy i (G

for all x,. £ X..
i

THEOREM 4: Let u be a von Neumann-Morgenstern utility function on the

outcome space X = X, X ... X Xn' Suppose that Xi(AI)[X(T)] for all

1
=it vass By FOT ﬁi £ [Xi]’ u has the following multivalent additive
!
representation on each X, x ... x &,
: 1) n
( ) = B (x) + ... + 8 (x) + ulx,” x ")
UlXpy eeey X = A (x, v a (x, Uy eeey X )

(16)

L)




e

y ; g (a1 0 o
where zi(xi) 2 u(xi, x(?) - u(xt s X(I))‘ for X4 and X fixed arbitrarily

in X, and X,, respectively, for all i =1, ..., n.
i i -

Proof: Since Xi(AI)[X(;)] for all 1 = 1, ..., n, (16) gives

2 0
n(xl. oy 1 xn) = li(xi) + u(xi . x{) for all x, € Xi' (18)

F = . A 0

i =1, (18) gives u(xl, deas xn) = al(xl) + u(x1 > Xoy eees xn). With ‘
: 0 0
2 = 9 3 e : - 5
i 2 and X, X, in (18), we substitute for u(x1 s Xos ey xn) in this

0
o) ’

r4

last equation and obtain u(xl, waies xn) = ﬁl(xl) + &2(x2) + u(xlo, X

S xn). Successive substitution in (18) for 1 = 1, ..., n vields

the result in (17). 8

When [X,] = {X.} for all i = 1, seey Ny we let X, = x,o in either ]
b i 1! i
(14) or (17) and obtain the usual additive representation u(xl, ot xn) =
0 0

0
) ) + ...+ u(xn, X(3) Y= (n=1Dalx, sty X ). In general, however,

the representation in (17) may require several conditional utility func-

n(.\:] y X

tions on each attribute, while the representation in (14) requires only one

conditional utility function on each attribute.
There are other sets of axioms that give multivalent additive

representaticons, but we do not discuss them here. Further details are

in [4-7, 9-11]. 3

3. MULTIVALEN

e, IT_FRACTIONAL REPRESENTATIONS

A hypercube is a collection of 2" n-dimensional vertices of the
form (8.5 v an) where aj £ {05 1} for all j = 1, v.sy 0 A fractional

hypercube, or fraction, H

; on dimension i is a subset of hypercube vertices

satisfying




P
(a1 T oo somy B B H. implies a ar o o wrig S e H
l’ Al 1' ., ‘) 1 ‘ ( l\ . i‘ l] l:.
(19)
ror a particular { = l{ ..., n, where ”i 1 - :x{. A traction H, therefore
i
contains at most one

vertex on any i-edge of a hvpercube.

One can define a class of multiple-element conditional preterence
orders based on fractional hypercubes [1-4]. These fractional orders vield
4 variety of independence axioms for modeling attribute interactions.
Equivalence relations and multivalent independence axioms for fractional
hypercubes are discussed next,

wtion Fi is a fractional hypercube containing the
apex (1, .. L) T

denote the number of vertices in Fi.

RS < Q 0 Q
Detinition 6: Suppose x = (x

[ v oees X ) is fixed in X. The fractionql
n
wer (> '.\‘T. I-'l.\ induced on P
1

(O

( by the preference order » on P for a
Xy

i

given x- ¢ .\'i~ and primal fraction F,, where i = 1, ..., n, is defined by
i 1

, 0 : =
Ix=, F.) F F 20)
Py e i Pl Py LE 1 > i (
O 1
for p. , p,” € P¢ . F, and F. are lotteries on P defined by
1 \1' 1
b b a b b
v b ] 1~1 { i+1 e APy 1)
Fi Fooy s sees Xy v Py s X voeees X, (214
11
REE 3 g g . By ot . b1 5 hn\)
i I-‘ig R R e % Py L O A d

(21b)

where the summations range over all (al‘ .%oy 1\“) £ F{: when ;1i =1, b

a, =0, b, = 0, for
i h|
all § ¢ £ In (21,

«

indicates the absence of any superscript, and when




A
o o : . 0 0 :
Definition 7: Suppose x = (x] s s xno\ {s fixed in X. The generator
function ""iwi!'\'T' Fi‘, on l’xi for a given X7 ¢ XI and a primal fraction Fi,
for £ = . .y n, is defined by
a b b b b
" . i 1 i-1 i+1 n
g, (p, |x=, F,) = -1 > S atg
i Pyl%y { > (=1 “((\ : il » Pyr X4y & » ¥ )
(22)
where the summation ranges over all (a\‘. et .'ln) ¢ Fi' and h’ for j # {
is defined above.
Farquhar [1, 2] proves that the relation (>{Ex.f' Fl) is a strict
weak order on }‘\ tor any X7 ¢ XT and any primal fraction Fi' He also
i
establ ishes that the generator function gi(pilx? Fl) is
"-..‘f":.": £ ( = Grd XTH 3 =
..\(!p.\ (1 \\)qiix.l Pi)
ag x=, F ) + - a)g x=, F ), 23a)
“‘i(pi[‘(i' }i) (1 ()"i(qtl\i Pi) (23a
. 0 ;
and order-preserving: pil (>1‘x-i-. Fi) pi( 15w
1 . 0 5 97
y - y > y X=, % 23h)
gy (py lxi. lj) 8 (0 lwi F) (23b
0 1
SOF Pyr Q4 Py » Py Pxi afnd 4 = L, .. O

" : 5 * * I g
Define the dual order > of >on P by p > q 1fE q >l‘ tor
all p, q € P. A function is order-reversing for » on P 1ff it {s order-
* - 3
preserving tor > on P. Then the following result on transformatiouns {2, 10]
is applicable to fractional orders and generators, and is used to establish

representation theorems.




T

LEMMA 1: Suppose » is a strict weak order on P. Let gl and g, be real
r4

functions on P. If 3 i{s linear and order-preserving for » on P, and 85

is linear and order-preserving (order-reversing) for » on P, then Rl and g,

ire related by a positive (negative) linear transformation: there exist

constants @ and B8 with 8 > 0 (8 < 0) such that £, & + Hgl on P. Whenever

> ¢, 8, and g

| 8, are constant, so let [ = 0 above.

Two examples illustrate these definitions. For simplicity, let
X =Y x Z. Define the apex fraction by Fi = {(1, 1)} for £ = 1, 2. Then
the arex order on P

v is given by the conditional preference order )»7 in

(1), and the apex gemerator on PY is merely the expected utility function

ulp., Z) L o pyMuly, z). Similarly, define the diayonal fraction by
Y VEY Y : ? : -
'a»'l_ (1, 1), (0, 0)} for 1 = 1, 2. Then the diagonal order ( >l bz, Fl)

: ; o) .
> _o on FY for a piven z € 7Z and a fixed z € Z {s defined as follows,

1 Q0
p\ >3.:0 pY kLS
1 1 ] 0 0 1 0 1 1 0 53
5(py s 2) + 72-(va. v B) gy 2) 5y 2D, (24)
0 1 3o
for Py » Py | VY. The diagonal generator on PY ig given by

g, (pylzy F ) © ulpy, 2) - u(p ). (25)
4‘] Y . ] Y' \r' /

The diagonal order in (24) is motivated by the failure ot
Trie it : . 0 1 .
additivity. For example, Fishburn [10] proves that for z , =z A

“ t by
1 S, e . -
2 (AE)z iff :>7, % s d. Hence Y and Z are additive independent it
= Y

and only if :>7 gt ™ ¢ for all z € Z. 1In general, Xi and XT are additive




independent if and only if (>i'xT, Fi\ = ¢ for all X7 + XT' where Fi is
any primal fraction with |lx: - 1

Next, we define an equivalence relation and a multivalent indepen-

dence axiom for fractional hypercubes.

Definition 8: Suppose l-‘i is a primal fraction for a given 1 =1, ..., n.

The relation fractional equivalence (FE) on X; with respect to F{ is defined by
x-i-'k!‘l-l)xi" itt there exist constants a and b with b > 0 such that
e (x,Ix=", F.) = a + bg.(x !x-,-', Eo ) for all x. & X,. (26)
it (s AU i i |

We note that utility equivalence in Definition 2 is a special case of
fractional equivalence. We observe also that Lemma 1 and the properties
in (23) imply that \?'(Fl’.)x—i" iff (>iix7'. 1-‘1) = (>i,x¥". F{).
Detinition 9:  Suppose Fi is a primal fraction for a given i = 1, ..., n.
Then xi is rultivalent fractionally independent of [XI] with respect to Fi'
denoted by ?\’i\l"l)l.\-,l-]. it and only {f [XT] is a partition of X¥ such that

for all X- ¢ I\TI'

b
Py

. - - o 3 (x~ N 27)
iff Li(xilxi. F.) aj(xi) + bi(xi\gi(xi|xl. o (27

1 i

for all xi ¢ Xi. where 52? is fixed arbitrarily in "ET' and di and Bi are

real functions on \; with ‘S{ > 0.

Univalent fractional independence is the same as ordinary fractional

independence [1-3]. Although multivalent fractional independence axioms




can lead to many interesting new representations, we consider only the diagonal

fraction here and illustrate the results for two attributes (2, 9-10].

THEOREM 5:  Let u be a von Neumann-Morgenstern utility function on the outcome

space Y X Z. Suppose that Y and Z are multivalent diagonally independent of

[Z] and [Y], respectively. Then u has a multivalent diagonal representation

on each Y x 7, for ' Y] and 7 ¢ i

aly, 2) = uly, 2 + a0, 2) + 88 (B2, (28)
\ o 2 0 Q@ = : Sl
where u(v, 2) - u(¥, z') - u(y , z) for arbitrarily fixed ¥y in Y and
in f, and
l if zl(AE)zO for y € ¥,
(v) e il 0 0 i R (29a)
“A}“~fj)“:~yj)3~fkgf:~5£l6i~ifl if not ZI(AE)ZO fox: ¥ € Y,
t uly, z7) = ul$, z27) -—uly, z)
1 if yl(AE)yO for ¢ E i.
B.(z) = _ 0 s ol ” (29n) |
2 Y 2 2) Cuky o B} WL 2 ) 5¢ per g (ABYS For z & Z,

u(yl, 2) - u(yo. z) - u(yl, 20) ‘

i 0 1 g 0y -

’ e 2 0 :
for distinct v . v € Y, and 2, = € Z, with aly 4 2 ) L

Remarks: The multivalent diagonal representation in (28) requires at most
gk 0 1
the assessment of four conditionmal utility functions, u(y, z ), u(y, z),

l) '\' A "
uly ', 2z}, and u(y‘. z), and the utilities assigned to (9, 2) in Y x Z. This
assessment requirement is identical to that of the additive-multiplicative
representations i{n Theorem 1 when certain uniform prefevabi{ity assumptions

are met (see Corollary 1 in [6]). Special cases of the multivalent dlagonal




representation yield the forms in (5). The ordinary diagonal representation

. - ') - "‘ B
occurs if (Y] = (Y! and [(Z] = {Z} in Theorem 5.

For consistency with other results involving twoe attributes, the

subscripts of a and R in (27) are denoted by i instead of i. Also, Fi is

suppressed in writing generator functions.

Proof: Since Y and Z are multivalent diagonally independent of [Z] and [Y],

respectively, Definition 9 implies

g. (viz) = a.(z) + S‘(z)nl(v z) tor all vy e Y. B2 € Z, (30a)
g, (z|y) = \1(v\ 5 Sl(y)gq(z?§3 for all vy £ ¥, = & Z. LI0b)

)

o3 N S Q |
From (25), we note that glky}z) = uy, 2) = ufy, 2z ) and g,(z|v)

)
uly, z) - u\y(. z). Therefore, (30a) and (30b) nive

N 3 0 /2
uly, 2) = &, (z) + B (2)uly, 2) + (F=B,0(2))Yulys; z°), (3la)

" ) "
uly, 2] = xl\y\ + Sl(v\u(v, z) + (l—blkv)\u(vt. z). (31H)

= z z - 0 3 .
From (3la) we get expressions for u(¥, z) and u(y , 2z) to substitute into

(31b); after some simplification, we obtain the following intermediate result,
u(y, z) = o, (y) + a,(z) + Bl(y\SW(ZSU(Q. z)
A o Yu (9 _0) 2 8. (2)ulv?. 3)
+ nl(y)(.~b1(z) ulyy ) + (l—o‘(v 8,(2uly,
(\ ] N ~

+ (1—31\V))(1—B,(:)\u(y0, z ) for all y € Y, = & 2. (32)

’ 0 0
[f we scale the utility function so that u(v , 2z ) = 0, the last term

vanishes and (32) gives




19 -

) )
uly, z) = [xl\\') + ;(1()')\1(\‘, .'t(\] = s (R 6 ﬁ‘('/)u(_\'(. 2)]

N

> A h Q0 0 .
+ :\I\\'\h,(.{\[u(_\-, Z2) - u(¥, z) -uly , 2)],

> e - - 0
for all y Y and z € Z. The first term on the right in (33) equals u(y, z ),
et : : 0 .
which tollows trom (31b) with z = 2z ; likewise, the second term above equals
Q . : 0 o N 0 0 a
u(y , z) from (3la) with vy = y . If ¢ [u(¥, 2) - u(¥, z) -u(y, 2)1,

then (33) yields the desired representation in (28).
I'he expressions for :’I(_v) and 8,(z) are obtained by solving the
o 4 : i : e 0 e ;
equations generated by (30a) with distinct y , ¥y € Y, and the equations
1

: ) : 0 = 5 4
generated by (30b) with z°, z= € Z, respectively. The results in (29a,b)

tollow directly by substitution of each generator function. =

Theorem 5 generalizes to n attributes in a straightforward manner
using the assumption of correlative multivalent diagonal independence. Fur-
ther representation theorems are possible with multivalent independence

ixtoms based on other fractional hypercubes.

Generalizations

Fractional equivalence and multivalent fractional independence
involve positive, linear transtformations. These definitions, however, can
he extended by considering nonnull, linear transformations. Thus, generalised
oot ol eguitalence is derived from Definition 8 bv replacing "b > 0" with
"b ¢4 0." Likewise, generalized multivalent fractional independence is derived
trom Definition 9 by replacing "aii > 0" with "8{ # 0." There is no effect on

he torm of the representations obtained from the generalized axioms, as indi-

ted by Lemma 1. The orbital structure is diftevent though:




) *
- ¢ X= L0 E ( T 0 |+, F,), .. w373 3 .
X3 : ( > X i) ' Y >i'\i i) ( >i'\i' }.i) . For example,

ind 2" are generalized utility equivalent if and only if either » , = »
’ z 2

x
or >, = >{”. Also note that removing the nonnull restriction in the gener-

Sl o

alized version of Definition 8 gives a relation which need not be an equivalence.

Further discussion on generalized independence and its uses is in [2-4, 10-12].
The assumption that u is a von Neumann-Morgenstern utility function

is unnecessary in all the theorems presented so far. We need only assume that

u is a real function on XI X ... X X . Regarding u as a utilitv function, how-

n

ever, helps in interpretation.

4. CONTINUITY AND MULTIVALENT PREFERENCES

lhe equivalence relations and representation theorems in previous
sections do not presuppose any special structure on the function u or the
attributes Xz. ches Xn. Qur concern with continuity, however, requires that
these attributes be topological spaces. To focus on a simple case, we consider

two attributes Y and Z which are each subsets of finite-dimensional Euclidean

spaces.

[

The function u is continuous on Z iff for each fixed y € Y and

each sequence i:t‘ in Z, it follows that u(y, zt) » u(y, z) whenever 2, =3y

and z € Z. The element Y is a limit point of a subset A of Z iff there is
a sequence 1:[‘ in A such that z, ~ Y. If A and B are nonempty subsets of Z,
then A towriee B, denoted A(T)B, {1ff for every § > 0 there exist z, € A

2 y | . :
and 2, ¢ B such that :fb' - zb{f < §, where !i...ft denotes the Euclidean
O "

metric.  Analogous definitions hold on the attribute Y.

T e
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“ D
mtinuity and additive equivalence
HEOREM 6 Suppose u is continuous on Z and 2z, Zyv Zos wee Ze Ef B og
< t
and z_(AE)z_ for all s, t, then .'\.\F\:l for all £ = 1 2. ... » Similarly,
uppose u 18 continuous o6n Y and ¥, V., V., «.s £ Y. [ v » v and v (AE)v
1 ) t s ¢
r all s, &, then \'\.\?')\'t Fop REE w2l

Note: Hencetorth in our theorems, we shall omit the latter halves pertaining

to Y since they are svmmetric to the first halves pertaining to Z.

'roof: From Definition 4, .'(.-\l",\:'L {68 wmly, 2) = ufy, z2.) =

t
) 0 : s N g ’ . :
(v » 2) -~ u(y , 2 ) for all y € Y, where y 1s fixed arbitrarily ia Y,
ind t 1, 2, s+« « Continuity on & implies uly, z) = uly, .'t‘ -
imfuy, z ) - uly, z )] as s » ©, Since z (AE)z_ for all s, t,
s t s t
\ g 0 0 0 0
v 2 ¥ = wly, z ] = Limluly; 2 ) ~aly; £.)) = uly ", 2) =uly 5 z.).
S t s t t

he proof for \'\.\1*‘\\~t merelyv interchanges the roles of v and z. ]

Additive equivalence (AE) holds on a subset A of 2 {iff z'(AE)z"

for all z', 2" € A. Theorem 6 and the transitivity of (AE) therefore imply

S

COROLLARY 1: Suppose u is continuous on Z. Let A and B be nonempty subsets

' ich that A(T)B, and for some z € 2, let z be a limit point of both A

L B st B

B, It (AF) holds on A and (AE) holds on B, then (AE) holds on A U B.

1t u is uniformlv continuous on Z, one does not have to assume the
existence of a common limit point for A and B in Corollary 1: it A(T)B, the

conclusions follow for additive equivalence. This stronger result rvelies on

—

the special form of additive equivalence, and does not extend to utility and

fractional equivalence.




Yy et

mnot be an orbital of [Z] under additive equivalence. It is impossible to

ture is false: let Y =Z = [0, 1] and define u by
b
uly, z) = z + vz = 1/2) for 0 < v,z < 1. (34)
It is easily seen that u is continuous on Z and each orbital in [Z)--other

1 y

han (1/2}t==has
(Un the other ha
. "

vy in (34),

€ gliven, too.

ntinuity and u
We say
arder > F Qs 1

Y » ¥ E Y such

THEOREM 7: Supp

essentlal, z -

Proof: With the
are sequences of

that u(v, er =

he single-element subsets of Z. The following example shows this conjec-

)

ary 1 shows, for example, that if Z = [0, 1] and u is con-

o

et an open subinterval of Z or a half-open subinterval of 2

1/2, 1]}, for instance, when u is continuous and YO(RINEZ] .

ght conjecture that if u is continuous on Z and Y(AI)[Z], then

partition of Z, that is, either [Z] = {Z} or [Z] consists of

>

two elements, namely 1/2 - § and 1/2 + § for 0 < § < 1/2.

nd, [Y] consists of all the unit subsets, since v'(AE)v'" iff

) Many other examples of nontrivial orbital structures can
3

tility equivalence
that z € Z is essential 1iff the conditional preference
n other words, z is essential 1iff there exist some |

1 0 |
that uly , 2) > uly , z).
0ose u is continuous on Z and z, z 2, vow & &y IF 2 iSs

2, and z (UBYg. for all s, T, then 2(UE)z. for all & = 1, 25 <es s
S t -

above assumptions, utility equivalence implies that there

constants a a,, ... and positive constants b Bas «ss SUCH

E* 2 i

a, + htn\\'. :1) for all ye€ Yand t =1, 2, ... . Given




<& B
v\ -
N 1(y , z) by the essentiality of z, and given the other assumptions
¢ 0 . 1 0
above, u(y , z) - u(y , 2z) = lim{u(y , .'r\ - uly , z.)] =
: 1 0 . S 1 0
b _{uly™, 2,) ~uly, 2.))]) = (1im ?‘t\[u(\' s 2,) -uly , z.)]}.  Hence,
1 ()
o A « Uly ; 2) = u(y 2 ) >0
. 1 0 ¢
(e uly , 2,) - uly , £.)
v i b lim b it then follows that lim a, = uly, z) - bu(y, zl) for all
Ve werefore, u(y, z) = a + buly, .-l\ for all v € Y, where a lim :lx‘
) . By the transitivity of (UE), .'(I'.LT).',{ o (S T (S T B
Suppose all of the assumptions of Theorem 7 hold except for essen-
) 1 . 0 1
tiality, so that u(y , z) = u(y , z) for all v, v Y. Then
. ] 0 g ! 0 1 ; ’ . . :
im(t Wy s 2} = uly , 2.0} = 0, For all v, ¥ & ¥, which implies either
) . " 1 0 . 0 IS
it im b 0 or that u(y, z.) = u(y , .'l\ for all vy , vy € Y. 1In the
itter case, u(y, z) = a + u(yv, z,) for some constant a and all v € Y: hence ‘
2(UEY2  and consequently 7(1'“:{ for @bl € =l 2ol v When 1im ht =0,
wever, one can only conclude that u(y, z) = lim a, for all y £ Y. [In
»articular, if lim !\t = 0, u(yv, .',1) need not be constant over Y; when this
appens, it is not true that ?,U'E)zl.
The next result follows directly from Theorem 7 and the transi-
tivity of (UE).
|
CORCLLARY I:  Suppose u is continuous on Z. Let A and B be nonempty subsets
of such that A(T)B, and for some z ¢ Z, let z be essential and a limit
point of both A and B. 1If (UE) holds on A and (UE) holds on B, then (UE)
holds on A \J B.




T

B T VA 5 7

uppose

]
for a given and any primal fraction F, where |F, > 1., Then %
(with respect to z ) if and only if ( > |z, F.) # ¢. From
i i
0
e ! remarks, note that z(AE)z iff (» lz, F.) = ¢. Nonadditivity is
i 4
extension of the concept of essentiality to multiple-element conditional
erence orders
REM 8 Suppose u is continuous on Z and z, :‘I, Z,, .+« £ Z. Suppose that
ix n z, F.) denotes the fractional order on !‘\, for anv
? 1} raction F, where |[F. e If 2 is nonadditive, :{ » 2. and
r a s &y Ehen 2(FEY%. Lok adl B = 102, o
Proof: The proof is wvirtually identical to the proof of Theorem with
\ . - s |
uly, L1 (v, 2z ) replaced by the generator functions g‘(,\"r, Fl) and
s F.), respectively. Note that continuity of u on Z implies continuity
»
The next result follows from Theorem 8 and the transitivity of (FE).
COROLLARY 3: Suppose u is continuous on Z. Let A and B be nonempty subsets

of Z such that A(T)
point of both A and

holds on A and (FE)

== 4 -

ional equivalence

is tixed in Z and (>, z, F.) 1s the fractional order
1

B, and for some z £ Z, let z be nonadditive and a limit
E : ~ 1 -~ I £ “y
B. For any primal fraction Pl where }-1, > 1; 1f (FE)

holds on B, then (FE) holds on A U B.

The extension of the continuity theorems and corollaries to more

than two attributes

follows the development in Section 2. If all the

T L .

o




equivalence relations in this section are replaced by generalized equiva-

'ence relations, the results still hold. As noted earlier, those parts of
heorems 7 and 8 and the corollaries dealing with equivalence and continuity
en Y are omitted for brevity.

The effect of continuity of u on Z is exhibited in the orbital

structure [Z]. The basic results of this section (given some minor regularity

conditions) imply that if a sequence of elements in an orbital 7 converges to
. 5 1x3
an element z £ Z, then z also belongs to Z. As a corollary, if two sequences
of equivalent elements have a common limit point in Z, then both sequences
belong to the same orbital.

These results have strong implications on the

idmissibility of various orbital structures when Y is multivalent independent

of [/f].
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