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Abstract

In assessing multiattribute utility func tions , the valence approach
partitions the elements of each attribute into equivalence classes on the
basis of cond it ional preferences. Attribute interactions are reflected by
these equivalence classes , so the functional forms of the utility representa-
tions are kep t simple. This paper establishes equivalence relations for multi-
valent forms of additive independence , u tili ty independenc e, and fractional
inde pendence , which lead to several new utility representation theorems. We
show also that several simple partitions are not possible in multivalent pre-
fer ence struc tures if the utility function is continuous. These results should
simplify the tes ting and assessmen t of u tili ty fun ct ions when the att ribu tes
are interdependent. 
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I ) cc is  i on prob I ems a re  u su a  l i v  comp Ii cated If t h er e  are  tiume rot is

( ‘ 1 n a t  xv t s t~ c n s  ~~h r , la rge un t ’ e r t a i n t  ics abou t  t h e  ev e n t u a l  ou t c om e s  ot

J i cr en t  i I t  ern ;L I • Or SeVt ra 1 a t  t r I b ut  es on w h i c h  t o  eva I ua to  th e  c on—

of each a l t e r n a t i v e . In many cases , m u l t i a t t r i b u t &  u t i l i t y  a n a l y s i s

I S  411 pr o~) r i a t e  m V t h O d t ) l t ’~~v t or lia n d i  hip the se  ( (4 t np l ex i t l e s .  This  m e t h o d o l o p v

~ roy iP~ Sv s n a t  i c ’  r oeedu  res fo r  examir i  1mg pr o  f t ~ r en ct s f o r  ou tconies , a t  t i t  udes

~e w l rd s r i s k , a~td v a l u e  t r a d e — o f f s  i~t ’ l i  a t t r i b u t e s .  The p r i n c i pal  goa l of a

u t  i i i  v , 4 ; i a  v s  j ~ is  pr o d u c e  a tna t l i em ;i t  ical r e p r e sen t  a t  ion of p r e f e r e n ce s

I ~ia t  ~ i l l  i i  i n  t h e  va I na t  ion o r i s k y dec i s i o n  a i t  e rna t ives

p r ey  i~~u n  r~~eca r ti in  mu i t  l i t  t r i b u t  t U t  1 1 i t Y  t l i ( O r v  has t t ~t’tise d

on t he  . Tb is  a p p roa c h  pr esc  r I ~es how t o  d i v i d e  t he

45 ~ -
~ sm~~ii t o t a dcc i s ion maker ‘ s u t i i i t  v f unc  t ion  i n t o  severa l  s t eps • i t  e er (a  i n

‘ i nde~’e n d e n c c  lx  ioms ” lio l d among the  at  t r i b u t e s  I n  t h e  doe i .s ion  pro)) i em. Each

s 
~ p rep t ires c i t  tie r t he  d e t e r m i n a t i o n  ot sea I lug c o n s t an t s  or the e t t  Ima t i o n

of et~nd i t  ioaa I ut  iii v f um e  t ions i n v o l v i n g  one or more  a l t  r i b u t  es . The dee em—

es i t  ion  ~ip p  roa ch  o t t en  s imp l i f i e s  t he eva 1 nat ton process in d is ion  mak i up .

‘~~~~~t a  sc Ic ss t o r t  is r e q u i r e d  in  c o m p l e t i n g  these s t ep s  to assess it mu it i —

at  t r I ~~i i c U t  i i  i t  v tine t ion t han  mig ht  be expended in o t he r  me thods  of ova l nat  ion .

One drawb ack  to  the  decomposi t ion  app roach  in p r a c t i ce , however 
* 

i s  
V

h a t  no i n d e p e n d e nc e  axioms w i l l  he v e r i f i e d  in some dec is ion p rob lems . Tb is

t i . I t I ~n un iv occur  if f or  some reason it is u n d e s i r a b le  to c on d u c t  independ ence

‘.s I s  or i f  cer a in  ax Ions are  t e st e d  and subsequent  Iv  u- e l  oc t  ed . Each  set o

a x i o m s  cor responds to  ii p a r t i c ul a r  ut I ~ i y decompus I t  ton , hu t  in  t h e  absence  o

any etno I r I cal  ver  if icat ion one must  guess at the fo rm of the ut  I I i t y fum e  t ion .

!)cp cr id lug on t h e  n a t u r e  of attribute interrelationsh ips , simple appr ox ima t ions

_ _ _  ______ V
_  _ ~~~~~~~~~~~.



t h e  u t  I I  i t v  f un c t  Ion may prove hi gh l y  unsa t i sfa c  t o r y .  Since  t e s t s  of m d i —

‘t n d c l u e e  axioms require moderate effort from both the analyst and the d e c i s ion

maker , i t  is advan t ageous  to have ot h e r  approaches a v a i l a b l e.

This  paper discusses a * : V , o i .~ :t~~ro~ o 1  fo r  a s s e s s i ng  m u l t  i a t t  ribute

Ut ili Iv t u n e  t i o n s .  This  approach  p a r t  i t  Ions the  e lements  of each a t t r i b u t e

i n t o  e q u i v a l e n c e  c lasses , ca l l e d  c 1 ’ V~~~~~~~~ z~~
’
~~ u , such tha t preference orders con—

P i t  i on e d  on the e l em en t s  w i t h i n  cact i o r b i t a l  are identical . Unlike dec omp o s i—

I ion  n s t  hod~ t h a t  use independence axioms over whole a t t r i b u t e s , th e  v a l en c e

I O . 4 C  h cons  iders ”~a ‘ i  c’ t ~~~ 
V . ~~ V~~~~~ , 

~~~ axioms for  which p a r t  Icu l  a r I n d ep en —

deuce r~~1at ions ho ld  on the restriction o; each attribute to any of i t s  o r h i t a l s .

‘ h i s  a op r oa eh  makes a x i o m  t e s t s  mu ch t i N i e r  f o r  t h e  Pee i s  ion r r t k i r . S i n c e

p rt  ~ rt ncc in t e r d ep en d en c  ies among a t  t r i bu t e s  are r e f l e c t e d  pr im a r i lv  in t h e

rhital s , attribute interactions are readil y interpreted and the functional

-runs e t  t h e  Ut ii  i ty  r ep r e s e n t a t i o n s  are kept simple. Farquha r lb  I i l l u s t ra t e s

he v.1  ence approach  with single—element conditiona l preference orders and de—

r yes sev e r a l  Ut  i i  it s ’ r e p r e s e n t a t i o n s  w i t h  m u l t i v a l e n t  tit II it’~’ independence

I X  101115

The purpose of this paper is (1) to establish eq u i v a l e n c e  r e l a t  tolls

o r p e n e r a t i n g  tIie~ p a r t i t i o n s  in various multivalent preference s t ruc tu res ,

and (~~) t o  e x am i n e  the imp l i ca t ions  of continuity on possible partiti ons. We

P e t  i ne e q u i va l en c e  r e l a t  ions t ha t  produce mul t iva lent  forms of add it ive  i n d e —

pc nde .nc e 
* U t i i i  t v i ndependence ,  and fract iona l independenc e , wh I cli l ead  t o

si v er a  I n e w  r ep r e s e n t a t i o n  theorems . On the o the r  hand , we show tha t some sim-

ple  m u l t i v a l e n t  preference s t ructures  cannot occur if  the u t i l i ty  f u n c t i o n  is

out inuous. These results should simp l ify the testing and assessment of u t i l i t y

f u n c t i o n s  when t h e  attributes are interdependent.
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On t he’ ot h e r  hand , ‘ lh ( ’OrOlTl 2 can he ex t end t  to ii a t  tributes wi t Ii

1 11(1 I V  i d i i , i  I in d ep en d e n t s s ’  assutn I ) t Ions whert’ Y ~- X 1 
and Z X

1 or i = I n .

I’ ! t t t S  a- :‘ .
‘ a ’ tl “:s -‘ ‘ - ,

V’~ V V  V~~~ V 5 5 ~ V , ~iV 1l ’rt ( t - hold s on X whenever

:‘. . (,\ l ) ( X ~- H  f o r  a l l  i = 1 , . . . , n.  A spi ,’s ’ i : u l t y p e  of  I n d i v i d u al  i ndependence

t -  u ir e s  p ar t  i t t  o t t ~~ ~‘1 t h e  t t t t r  i h ui e s  [X 1 I , . . . , [N 1. su ch tha t [X 11 Is

t’xp r s-- -a-it’d b~ FX ( ) I [X 1 
N N t x 1j ~- [X .~~1] N [ X l  for a l l

I = I n. ‘- ‘ t a ’  : z I : ’ s~~- ? ‘ :S41 ~~( t ’ : ’ , - a t , 1-P ~~s~~~l s ’ ’ ;‘a ~~~~~~~~~~~~ h o l d s  on X 1f f

N . ~A i  l i x , 
~~ 

1 t or Ii.! I = I , . ..,  n .  (P l r r [ ’ j t I t  hoe independence assures t i  s t ; t h i t ’

t i l  s t r u - t i r t ’  on i n d i v i d u al  a t t r i bu t e s  t h a t  is not h ie c s ’s st i r i  ly  f o u n d  i n

, u i I ’ t t  ~orv n i r t  i t  l ou t s  of X 1.

\~~ ‘ use V~~ r r -1 a t  ivt’ ln de pen d e uce  in e s t a b l i s h i n g  ano t l i er  type of

i t  ‘ 0 1 1  c u t  , t ’ I d  i t  ii’s ’ r t ’p r & ’s€ ’n t i l t  t O f l.  I,~~t (x . , ) d e not e  the  O u t c om e
i ( i )

( :~ , , ..., s~, ,  x ., , ~ ) where ~~ . o X . ,  X . C [Xi, for a l l  ~ Ii— I L i -i-- I I t  3 .J .1 1 -

-u id  I I , . . . , i i .  From Definition 5 , X .(A 1)IX
(1) 1 f or al l  i 1 , . ..  , ii ,

i f  iu i d ou i l i ’  i f  t h e r e  e x i s t  p a r t i t i o n s  ~I the attributes [X
1 1 , . . . , I X ] ,

sii , h t hat for t i l l  I FX (1)l~

c X
(I) 

1f f  u(x ., x
~~

) - u(x~ , 
)
) u (x~~~, xl) - u(x

1
0
, X

(
J

)
)~~ (1 6)

fc’r i l  I x . i X
L I

T ! i i - O R I N 4:  I t t  u he a Von Neumann—Mor genstern utility func t ion on the

- ‘ V t t ( ’ (ume space N = X
1 ~ • • N x •  Suppose that X~ (AI)[X (-n)] for al l  

a. For t: [X
1
], u has the following 1r5’4// !‘V I I S H V  1 ! ! ”  7 ’ ’

7 1 5 ’  t 1 ’ t , ’ ~ ‘u on each X 1 
X • • X

0 (1
t i ( x

1 
, . . . , x )  = 

~ 
(x 1 

) + . . . + ~~ (x) + u (x1 
, . . . , x ) , (17)
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wh e r e  ‘i . ( N . )  u ( x , ,  ~~(
T

)
) — u (x 1

0 , ~~(
l

)
)~~ for x 1 ° and 

~~~
. fix ed ar bitraril y

in  I, . - t a d  N . ,  respectively , for a ll I = 1, . . . ,  n.

i’ r o o l :  S i n ce X . (AI) [X
(1) I for all i = 1 , . . .,  n , (16) g ives

u ( x , . . . , x ) = ~ . ( x . )  + u(x .
0
, x~) for all x C N , . (18 )1 fl 1 1 1 1 1 1

I f  i = 1 , ( 1 5 )  g ives  u ( x 1, . . .,  x )  = &
1 (x 1) + u( x

1
0 , x2 ,  . . . ,  x ) .  With 

V

i = 2 t ad x
1 

= x 1
° in ( 1 8 ) ,  we subs titute for u(x

1
0
, x2 , ..., x )  in this

I t a t  - c  n a t i o n  and obtain u(x 1, . . . ,  x )  = &
1 (x 1

) + ~ 7 (x
2 ) + u(x

1
0
, x2

°, 

x ) .  Successive substitution in (18) for I = 1 , . ..,  n y ields

‘~~lt ~ re-sa L t  in (17). I

When [X = fx , } for all i = 1, . .. ,  n , we le t ~~~ . = x .° in eitheri 1 1 1

( I s )  or (17) and obtain the usual additive representati on u(x 1, • . . ,  x )  =

0 0 0 0u(x 1 , 
~(i) 

+ ... + u(x , X
(

_
) 

) — (n—1)u(x
1 , . . . ,  x ) .  In general , howev e r ,

t h e  r t’S- r- ’sV ’ntatiou in (17) may require several condit ional utility func—

ti - ’ns ‘n each attribute , while the represen tation in (14) requires only one

& o t t d t t t t ’ n a l  utility function on each attribute.

There’ are other sets of axioms that give multivalent additive

represen ta t i ons , but we do not discuss them here. Further details are

in [4—7 , 9—11].

3 .  MULTIVALENT FRACTIONAL REPRESENTATIONS

A h s :, , t r V t n b ( V is a collection of n—dimensional vertices of the

form (ti
~~ 

a )  where a . £ {0, l} for all j = 1, . • . ,  n. A J ’r’c 7 o t 7 ~Of l0 i’

‘ - a  ‘ - ‘ i ” ~~,’ -0 , or f r ac t i on , H 1 on dimension I is a subset of hypercube ver t ices

satisf ying

- - ~~~~~~~‘
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I i  , . .. , .~~~~~, •  t ) H I ttitti je ’s ( ; i  
~~~~~~~~~~~~~~~~~~~~~ i ) e’ ii , ,I n I I I ii

(1  ~i \

‘ u  . i  ;‘ - t i ’t I cu  I t  r I = 1 , . . . , n , whe re it , — I — a . -1 1 r~ i t  l o s t  I! - t t is ’re ’I o r , -I I
V ‘‘I it, i Ill S i t fla ’St CIt, ’ Ve rtex on - i i i ’ , ’  I—t ab ,’ ol ,~ i v p t ’ rc u h e.

‘ alt s!, ’ t  t I l e ’  a t I , t a~ u t  nei l i p ! e— ( ’ l & ’me ’nt c t ’t t d  it i o u t , t  1 pr et ert’nc’e

‘rds’rs t’as,’J on I r,lc I i t i t i t i  I li\’pe ’re’uhe’s [ 1— 4 . ‘I’he~ e’ t r u e  b ’tt .t I orders vivid
- i  i- i :  o’t c  ot  inds ’~~t -t td, ’ti1 ’5. axioms for m o d e l i n g  attribute lnte’rta’ t ions.

V i t t ‘,‘,t I i lls ’ t’ re I , i t  I i t  id nun I t iva 1 e’uit  i iide’iuendeiie’es ax Ions for I rae I i  tu na  I
t t V I , , t a V I l S , V V ; t , , V d i t t , - t s t ~’d n e x t

A - ‘ 
‘ V 

1- ’ ’  - ‘~~ a I” i t -  a f r , t s ’ I louia I hvp er cuhe ’  s’s ’Il t t t  in  lug  t he’
apex ( I  I I . I , - t  F’ , tk’ntits’ t h e  n u m b e r  of ve’rt I t ’ s’s in  F

1 .

“ f t  I i  i t  I t ’ll (~: au 1, 1, 1 s, ’ 
0 

= (x
1 x

0
) is f i x t ’d Ill N .  l Ilt ’ ‘ 1’ 7~~~’

a ( > - x — . F’ . I i u i d ’ i5 ’~’d sif l  P~ , isv t1i~ pre fercuc e’ or de ’ r on P for  a

~~ N -  a nd tiu ’ I itit il f r t u ’ t i , t u i  F , ,  where  I = I ti , is tl e f i u i c ’ J 1w

5
1

1 
1 >~ ~~~ 

~~~ 
p 1 ~~~ > r , ( 20)

I or  p - p .  
l 

. F , and r , ar e  lo t teries on P d e f I n e d  byt I 1 -

~ ~~~~~ 

(x
1

1
. . .. ,  X 1 1 ~~~~~~~~ , 1)~~~~ . 

h
+ 1 

( . ‘ I . i

h h h -1 1 ~— i  I 1+ 1 i~I ~~~~~~~~~~~~~~~~ , p . , x~~~1 x • ( .

whe’ I ,  - ( lit ’ stt mni ,u t i~ ‘us u’ itt ~ e’ O\’t ’ i’ - i I I (a 
~~~~~~~~~~~~~~~~~~ ) F whe’n a , = 1 , hV 

I 11 1
intl i~ a l s o  t h e ’  i i ’  ‘uce o t  any  superscript , and when a , 0, b , = 0, Lii

- i l l  ~ I in  ( 2 1 ) .
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l~, - t  I ni t t~ ’ui : Su pp ose  (x
1

0 . 
~ 

is t I xc’tI lii N. ‘liii’ s a t ’ - :  1 V I ’

a ~‘ V . ( l ’ . I  x 1, F 1~ o t t  i’ ,~ f or  .i g i v e n  x~ N1 anti a p r im a l f r t i c t  Ion

, ‘ i  I I U , i s  dt ’ t  i ne’cl i sv

V T , b ii Is
V I I I — I  1+ 1

x - - , F . ) = L ( — I )  u (x 
~~~~~~~~~~~~~~~~~~~~ 

x~~ 1 , p ,  x 1 4 ~1 X

( 2 . ’)

wh~~r, - t i l e ’  sutttnia t t on  r anges  ove’i a l l  (a , t i )  F
1

, , ind h f o r  j ~~ I

i s  tie ’ I I neil , t l u o v e

I- ’ t r ’q t i l i s t r , 2 ]  p rove ’s  t h a t  t h e’ r e l a t i on  ( >~ 
x1, 1 V

~1
I is  ,t strict V

w,-aL - ‘r d t -r  , ‘ t t  1’ - b r  mv x~ K— and any prI~~il fraction F .. 1k’ a l sox i i I - 1

i1 ’ 1 i she’s t h a t  t lie aent ’r at  or f i t i i t ’ t Ion  g
1 

(p
1 x1, 

F
1
) ~

1
( 1

1 
+ ( 1 - t~) q .  X l ,  F 1

) =

~~~ x~~, F
1
) + (1 — ti)g

1 
( i ~ x l ,  F 1

) ,  ( 2  i~i )

iii , “ t i ’ - - “ ‘ a ’  ‘ - a : :  P ’
1 ( >~ 

x~ , F
1

) p~~ iff

~ i (p
1

1 
xp F

1
) > g

1 (i~~~ x1. F ,) * 
(

C C  P 1 . q 1
, P 1 . p 1 P~ and I = I . ...,  n.

l~~ V~~ i i1~ ’ I lie’ V ~7 ( 7 1  ~~~~~~ > of > on P by 
~
, q l t f  q > ~ I

- t I ‘ , q I’ . -\ t t t~~~ t I on is a’ - i’ — t’ -a t  - t ’ :~ ‘
~ ‘ 5 7  for ~ on P 1 f f  i t  Is or d er—

h’ r t ’se r e ’ i t t , - I t ’ r > i ’ l l  I’ . Then the  f o l l o w i n g  r e su l t  sin t i’t insfe i rm at  Ions 2 , 1 01

,i pp I I cab  It ’  , , I rat’ t jeu nti I curd& .rs and t’e’iter:i tors , and Is  used t t i  e’st ab I I  sh

re’prt ’ss’tit i t  jo n theorems.



I ~“.\ I Sii~’t ’o ~~ IS a st r 1 c t weak tsrde ’r On P . Let ~I and ~ , he real

I at& t t s ~~t i~~t ‘ut  I’ . I t  I t t  1 int ’tt r t n t , 4  o r t i e u’— p r e’i- e ’rv l u g  for  > t i n  P . and g.,

Is i ’ t e , i i  md ‘t b - u  — 7 V t , - ’t , - r V i u ~t (o r sle ’t ’ — i e ’vt ’r s in g )  f or  ~ tin j i , t hen  g 1 s tu d g.,

rd i t ~‘d b ’v ~t ps ’s I t  I V e ’ tle ’gat [tie’) I t iie’ar t r ans f ou - mt i t  i t ’n ~ th ere ’ e x i s t

( i t t ’  . l I i i I  5’ w i t h  I) (~
-
~ ‘ 0) su ch tha t g , - e  4- on 1’ . When ev er

a 1 
tai l  t~ , art- t’ouist auit • so let  K = () above ’ .

is’, ’ ‘x ~itt t ;s I i ’s i l l  u s tr a t e  these  d e f t  n i t  Ions .  For s imp l i e  i t  \‘ , let

I’ - 
~
‘ , I ) t ’ I  j U t ’  t h e  .s’ i ’a’ ~~~~~~~~~~ 55 by F 1 {(j- , I) ) for I I, 2. Then

l i t ’ a a’ 7 ’~~, ’’ ‘ t i  !‘,~. i s  i i’ t ’fl by t he ’ cond i t iema l p r e f e r e nc e  or d e r  > in

- al t he - - s r s ‘a - a. a on P~, is m e re l y  the  expec t  t’d U t  l i l t  i’ I unc t ion

~i (  
~~~~

.. ‘1  - ‘ 

~ 
p~~( v) u ( v~ ,-‘) . S i m i l a r l y , def ine ’  t he  ‘ ‘ ;~‘a ’ ’ 

•
‘ ‘?‘ S V ’l  551 by

( I , 1 ) .  ~0 , 0) b r  I = 1 
* 2 .  Then the  V : S ’V i ’ ;V ’ a V : V

’ 
~ ‘- ‘

~~~~~‘ >1 ‘ ‘ 
—

“ti ~~~~ °r a g i v t ’n ‘I, and a fixed iT Z Is clef t iled as fol lows ,

1 (1 - -
‘~~ )

~
. 

° ‘u’ 
j ’  ~

~ ) + ~~~~~~~ 
,O~ > ~~(p 0 z) + 1~~~~l ~O )

ICr 
• 

~

‘

~~
- ‘ P 1. . The - s : :, ; ‘a -

, 

~;‘ ‘a ’ ‘ -~‘ t t a’ Ofl 1’~. is g I v e n  by

~1 (Py k. F
1

) - u ( p 1., ~) - ~~~~~ 
;~0

) •  ( 2 ” )

‘I’he’ d i a g o n a l o rd c’ r In  ( 2 4 )  I s mel t I vat ed by tile f a i l  11 i’e ’ 01

, i s l t l  t i  iv! t 
~~~

. For exa mp le ’, F l s hh urn  [10] proves tha t t o r  z 0
.

(, -W ) 1 f f  > = ,~‘ . Hence V and 7, t i re ’ a d d I t i v e  Independ en t  i f

.i t s l  t a i l y  i t >~~ ~s fo r  a l l  1 1 7.. In genera l , N . an d X 1 a t e’ a d d i t i v e ’

4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- ~~~~~~ ~~~~~~~~~~~~ ~~~~~~~ —



‘ -~ - V

— It ~ —

i - n i  , ‘ t a - t t 5 l , ’t t t  I f  in,! o n l y  i t  >, x~~, 1- ’ . ) V~~ for sil l x1 t X~~, w i t e ’re ’ F’
1 I s

- t i iv V T  :tI,I 1 r I V t I cu ll w I t h  F
t ~ I

X I • we ti e ’ I lilt’ sin equ I v i l  dut ’ e re 1 sit ion tine! ~i mu I t  l v i  I e’nt I n d e p e n —

b ’s, t ’ ~ I , ‘n I , ‘t ’ I i- ,tt ’ t_ I tuna 1 hype’ iV , ula ’s

5~~ V 
~~ t o n  ~ Suppo se ’ F ~~ a pr imtt  I t r , I t ’ t Ion b r  a c~ iven I = 1 i i .

(‘ i t ’ ’ r e ( . i t  b i t  ,
‘ ‘ - ‘ :  ‘ ‘ - ‘ : - ,‘ :~ :‘~~ , : , ‘ ,~~ :-s ( F F)  on X— with r e s p e c t  t o  F’ , Is  d e f i u t e e l  liv

( ! l - . ” x~~’’ i t  I t h e r e  ‘ x i  s t  c t ’ u i s t s i n t s  ,t stu d h with ii I) such t h a t

- (x  N T ” , F - 
) a + he( I x  x~~’ , F .~ t o r  , i l  I x , t K . . ( , ‘ .~S I I ‘ I  I t 1 1 1

c I Ii ,t I I t t  I I i t t ’ q I l  e- . i  h e - u s c , - iii Ih ’t  l i t  I I ~ s ’ f l  - ‘ I s  .t spec ’ j u l  c a se ’ of

rat ’ t I V ~~~~~ ( ‘s h i l l  e’ , i  I e ’i l ce ’ . We observe’ ~i l Se ’ t h a t  I , enumst I su it1 t lit’ p r e ipe r t  les

i n  ( .‘ impl y t li ,tt x~ 
‘ (b- ’l-~)x1 ’ it f ( 

~~ 
x1 ’ 1? >~ x~~~, F’

1
) .

1 ,’! I i i i t  l o u  i t :  14 t 1 1 ’ t ’ t ’se l’~ is a pr iin.tI ¶ rae t Ion for a tti ve’ui I I ii.

1 1 1, 11 K . i s ’- : . . ?  :‘ ,‘ st  ‘‘I’ s ’? - ‘ ‘ : - ,‘ , 
‘ , 1 ’ : V : , l ’ , ’ :Vi , ’a V ’ ot  1X 11 wit hi respec t t o  F’ .

V l V - t t V ’ ( e d  isv  K , ( 1 - i )  L x - - 1 ,  I I  intl oiilv if [N1 ] is ,u pti u ’ t i t  It iul of X 1 such tha t

,t ’t l  \T I liT ] .

\l it t  g
1

(x . jx 1.  F 1
) a 1 ( x T )  + K 1 (x 1) g . ( x . x 1, F . ) ,

I , ’ r i I I x
1 N • is-li e ~~~ I s f I xvei a rh it  ra r l i v  I n  X 1, and ct and ~ ,i u ’e

I e . i  I I l e s t ’ I o u t  S on K- w i t  ii K (1 .

Pu i e’ , t  I t’nt  I r u e  joust I indepenel e’nce Is  t he same’ is  ore! I nitt y I t i c  I I e’na 1

I f ldept ’n deiu ’e  [ I — I . Al  though mu i t  lviii e’nt f ra c t i on a l  independence ax [turns 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—



cai t I t - ed t. o many interesting view tepresent,ut Ions. we ’ consider only tile’ dIagonal

r~t c t  ion here ’ and illustr ate ’ the  r e s u l t s  for  two attributes [2 , 9 — 1 0 ] .

blIb- 0~-~EM 5: Let u be a von Neumaun—Mor genster n ut i l itv functIon on the outcome

s ’ - I , e  ‘
~
‘ ‘- Suppo se ’ tha t V ar i d 7. are m ut t  i v al en t  d i a g o n a l l y  Independent of

t ab  ( I , u’ s ’ sp e ’c t lye l v . Then u has a ‘va i t  i :‘a ~~~~ t V~
-
~~~V s , : ‘a5: -

- 
t ’ ‘S’ i’t ’:t, ’fl ta :‘~ ‘a

,‘t’, c - a l t  ~ ‘ :‘~. ‘~~ v ‘: ~‘t’ [  and 7, a [ Z )  ,

i i (s- , z)  = u ( v . z
0

) + u ( v
0

, z )  + ~~~1 ( v ) I ~5 ( z - ) ,  (2 5 )

is- -crc - - u (~~~. i )  — u (~~ , ~~ )
) — u ( v

0
, ~) for arbitra rily f1~ ed ~ in V and

i l l  - .  . inc l

I f  z 1 (AE )z ~ fo r  y ~ I ,

K I v )  = 1 0 0 1
V 

t i t
V~~y _ , _ 

~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i f  not :. l ( A E ) z 0 for  v a Y ,

u ( v , ) — u ( v , i ) — u ( v  • a )

I i f  v ’(A E ) v 0 for  z e Z ,

~ ( ‘ 1  = 1 (1 1 0 ( ‘Ql’ )‘ 2 “ 
y~~~~~~~.~~~~~ — u ~(y  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i f  no t  V

1 (A E )v0 for z a
- u (y

1 
, :~) — u ( y  , z

0
)

- - 1) 1 0 1 , 0 0
b r  ,! - -; t I u c t v , y C V , and .~ , c Z , with u (y  , 7 ) 0.

R~’ i t s - i r k s :  Flit ’  m u l t i v a l e n t  diagona l representation in ( 2 8 )  r equi res  sit  most

t h e ’  ,t 5Vi e’ sst lte ’Tlt 01 four condi t ional  u t i l i ty  func t i ons , u ( v , z 0) 
* 

u ( v , a ’ )

s , a nd t t ( \ l , ~ ) . and the u t i l i t i e s  a ssi gned to (~~, b~) in 1’ \ 7. This

a-  a.’s~smt ’t i t  r equ i r emen t  Is i d e n t i c a l  to t ha t  of the add i t  ly e—mu I t  ip I teat Iv~’

r . ’p re ’se’n t ,t  t Ions In Theorem I when cer t a i n  as~ :f~ ~~~~~~~~~~~~~~ V
’ 

~~ l assuTu ipt ions

ire  met ( se ’ t ’ Corel  I , ir v  1 in [ i i ] )  , Special  t’ase’s of th e’ mii i  t iv iu  l en t  ci tagonal



— —

i , ‘ ; ‘s  , ‘—, s ’ I u L , t ~ I~ ’ : t  \ ‘It ’i,! t lie ’ t , ’ t t s t s i i i  t ” )  . l’lie’ ~‘rd iit.tu ’~’ ii t , t , ’ , ’ts a l t s ’ p u e ’st ’s t t , u (  it ’ll

‘ ‘ - t I l T S  I f I’ = ~~~~~ ( 7 1  ‘ In  ‘l’h et i r eni  5.

For coi ls  I S t e ’fls ’V w i t  Ii o t h e r re sei l  t s iiwt’ lv tni~ ‘SWs ’ ,t t  t r I1 ’ s t t  s ’s , I l i e ’

5 p t  O s  t isis! K in (2  T’ ) 
~tre de ’not i’d isv i i n s t  cad of i . \ 1 50 , P

5-Sta’’t t s ~S ,~ i ss a t 1’. i n t ’, gene ’ r at , ’r t’uflc t ions .

‘ t V - o f :  S t  l Is t ’ 1’ t a d  , ‘ i r . ’ ::u l t Iv , i  1 cu l t d i agona l  lv  indep t ’ntl ent  oI  ‘I aiuti  I ll

t l i ’ 5 ’ ‘s’ , l h - I  i n  i t  I t ’ll ~ I ts tp b i t ’s V

= -~~, ( , ‘ )  + K , t,,’’l g
1

l~v ,~1 te r a l l  ~ ‘ a I , .‘ t ‘ , I, ~t ’ t~~

~~~~~~~~ ~~ (~~b + K
1
(v)tt,,(z ~ for all i’ \‘, .‘ -

‘
.

s ’ ’  t,, 2 ’ ’I , we’ lIs ’t e hi , i t  c (y  z ’) u ( ‘s’ , ,‘) — ii ( V  , 1 t ile ! t’ 
* 

, V

U (V . — :1 . l ixc ’re’ foi’t’ , (~~ I1.i) and ( 0b\ a i ve ’

ii v , ,‘l a , ( i l ) + K , ( a )  u (  v , ,~) + (I — K ,( ‘ ~, h a

u ( V , , ) = ( t i )  + -~~
1

(~~~’ u U ( V . ~) 
~ 

( l - K ~ (v ~~ ) I i ( ” , ,“u~ ¼ l l b )

t 0
- r , ’:s: (, t I i ~ We’ t ’, t ’ t  L ’x p u ’e s st  t o ns  I t ’t u(~~, ~

) Sti l t !  t i ( v  • 
‘
~~ t o  scib st  t t u t t ’ i nt o

‘ I  hi ) .1 I I t ’ r some ’ s imp I i  I I s ’ .i I iou , Wi’ it~ t a In t l ie I o I I ow I n t~ i n  I c’ t ’ litt ’ s! i . 1 5  e i t ’ ttII

it ~ v , a )  ~ ~v)  + 
~~~~~ 

+ K
1 

( v ) - ~ , ( a 1 c t (~~, 2 )

+ K
1
(v ) (l-- K 2 (a))ii(~~. 

~.0) + ( 1 - K
1

( v ) ) K , ( . ’) u ( v
0

, ~

(v )’u ( l-K ,(.’))u(v
0
, ,‘~~ ) or ,~ 1 I v Y , a .

I t  We sc, i l e  the’ u t i l  i t s ’  fu nt ’t lt i n so t !i . t t  u ( v 0, ~~ ) = 0 , t h e ’ last te ’riw

yin I shes and ~32) give’s

- ~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~ 
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fly , ~ I i~~ I \ ~~ 
~ 

0 l
h i

~~~~~~~
, 

0
Y + I t , ( a )  ~ K , ( , ’ ) u t i ’

1
, 2~~1

+ ;~ (\ ‘~~K 2 ( :~ [u (~~ . •~ — t t  ~~~ ,~H — u (y
1
. 5) , ( I  ~

¶ V t ~ , i  1! v Y , t s i ~ ! a t .1. F l u e  first ~~‘ i I l l  ~‘u i t lie r I ~l i t  i : t  ( ~ t ’,~s u - u  i s  t t (v

1. - It ’ !t ¶ , ‘ s  
— 

‘a ’  ¶ t , r s s  I l l s  \ a - :  t i  a ~~ 1 t~~e’is’ I se ’ , I i t t ’ sc’~ t’iisI I t ’ tSS , ibs ’~ ’ e’ e ’ s~it , i  i s

I t 0 0
a )  I t ’ ’:n ~ ~‘ I s t )  i,’ s t h  y . If K (u(~~, .‘)  — u (v . .: — c i t ,~~’ • 

,‘ ) ] .

I ‘a s :  ( 1 v I e ’! 5! s l I l t ’ tie’s I Se l’.’prt ’sentlt i on  i n  ( . ‘S)

F l i t ’ e’\:’rt ’ss “as ~‘u ’ ’ K (v) ,ind K , ( .‘)  i t t ’ o ht a  in e ’d l’v so lv i T t ~~ I l i e ’

t -
~0t,l

t i~ ’:ls at - t i , - r , i t s ’d l ’v 0,i ) w i t h  sl is t I ile’~ v
0
, v a • t i v i s! t h e  e’qu , l t  l o u i s

-
‘ - t~,l I t ’L t b’ i -  ~0!’) a - s t  lt ~~~ a a ,

~ , resl’e’c t i v e  I v . The’ r osu l  in  I .‘~~a .1’

ci ‘ ‘a ,l j Ss t I v ‘ V t O ’  s t  i t  at  I t ’ll of enis ’ Ii gent’ r,t to r talc t ion,

I ’ s ‘ ‘ & ‘SS ~ acti,’ r,t I I at ’~ ; 1 s t TI at  I r i  b it t  c ’S i i i  , t  St  i’,l i g l u t  I orw,ird rn,iUltc’T

I S  5 5 5 1 ’. I :, - ,ts stt 7lb ’t l o t  , ‘ I s’ , ’ t i t  l i t  I V e ’ tim l t  i va  lo ut  d j~igoua I i nel e’iu e’uid e’ne’e .

I t s  T t .’p t ess l i t  j , ’s: t !u~’,’ t  t ’::us i i , ’ ross  l i s l e ’ w i t  hi mu it iv.t 1 em it i nde’i’e’uteh’ne’e

I V ’ ‘~ ~~~~~~~~~~~ Ot t , , 5  ~~ ~ ( j 5~~~ I

,-su ~ - r ,il - , ‘ . i ‘an

t ,ls t I , ‘ a , i  1 t ’V t I  i ’,’ ,t I t ’!t s ’ t’ , l 1 it i  ‘:si t l t i y .i  1 cut  f t ’ a t ’ is ’n.i I I t i~!t ’:s t’titiot t~’e’

51 ~h ii  s’’” It li - i ’ , i i  t’ t i t  t u ’,li’,’;I ortuia t io i ’,s . l’hie’se’ tiet’ 111 11 ions , howe ’vcu - • can

- , - 
‘- ‘V t  t~t:,l ‘,I !‘i’ cons  I th’r I itg tlouinu 11 • i t  Tle ’ar t i’siilS t o r m , t t  tei~s, Titus , 5 , ’’~ , ‘ I ’ S ,  n, ’ ,

- 
“-  - ‘

‘ - ‘ , .‘ - : • “ , ‘ ‘ ‘
~~ r . ‘ is  de ’r ive ’d I ron Pet lii i I I t iui S l’v re ju  I ic i u i~~ “1’ ~ 0” is-i t h u

s ’ . ’ I l k , ’,, 1 st, ’ . :, ‘ : -  ,‘ : .
‘ :::,‘,: “::, : ‘ :.

‘ , - ‘ : ?  “I S V ’’ :, “: .:,  : ‘:,:, ‘:‘ ‘ s . ,  ‘ , ‘ , ‘ i s  Je t  u v e ~!

I u - - ‘t ’ I l i l t  I t ’ i i  ‘~ ‘v r ep  l i t - l u g  ‘‘K 0’’ w i t  It ‘‘K � 0. ‘‘ l it ’ cc i s  ito i ’ I I c c l  ou t

5 h~’ ¶ , m n  ‘‘ I  I l i e ’ i , - S ’ T e ’ I t - s t t  i t  u~~’ t t s ;  tu h t a i n c ’d t torn t h t ~’ e~etie ’u ’ ,i I I ,‘ ‘d  , t X I t ’II t sZ • . IS  h i, 1 I -

- , t t ’ t , t  I . F l i t ’ - ‘ s i t  I I  i i  s t  i’ut’ttii ’e’ i s  cl i  I ¶ e’it ’uu t I

_ _ _ _--_ _ _ _ _ _ _ _ _ _ _ _ _
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-\
~~ ~~ I >: I: . ) C - >~ ~‘, F , ) ,  ~~~~ F

1
) 1 , I - o r  t ’x st t :t 1 ’ l t ’ ,

c s I t e ’i .i  1 ‘ ed 1S t i i  I t  V e’qLl 11511 t ’f t  i t  I l l s !  “I i i v II e’ I t  h er  ~~ ,

- a , , , . .\ ‘ so IT s ’ t o  i t . i  t T’ e titO’,’ I T1~!, t h e ’ nonnu I I  i t ’s I I Ic t I 011 i n  t h e  g e n er —

1 - ‘ , -0 i e :  - ~~~~ “ t  ‘)e ¶ in  I l i o n  S ~ I ye’s ,u re Ia t Ion w h i t ’ Ii ne ’e’d u s s r  !‘~ ‘ , i  it e q u i v a l en c 5’

Fus  ‘c ’ s, - u s a t ” ,: o t t  t :s ’ :s t ’ u . t l  ized i!)Je’;se’tlde tlt’O .tnt l i t s  u se ’s is h i  f 2 —~ , 1 t 1_ I , ’ ] .

It V is  sus’ t r  I O Tt  t ~t , i  t u is a von Ne um ann— Met  gen s t e r n  U t  i i  i I V I ur ic  t i o n

15 It 5’I ~ ‘ ,~~~‘S ’~ I S  ‘: ~ fl . t l  1 : h ’  h~’orems pre se ’ii t ed so I a r . We ’ need ~n I t -  assume t t u ,i t

It tS s - i l  I etu ~ ’ I t s i ts os i N
1 

~~ . . . ~ X .  Reg ard  in , ~ u as .1 U t  I I i t  v I u n e t  f e l t , ito w—

s -  ~ ‘‘S lit issI t’Sl ’I c l  i t  i o n.

-. , CON N~ I I I .-~N :~ Ml ’l , ’ l ’ IV \ t l-IN T l’RFF ’i- RENC }- S

1 t ’  t O - I I t t  : e ’ I l s s ’ i~~’ ,i ‘s i  ~‘tts and represon t at i o n  t boo rein s in  pr ey  lou i s

Ss~s’ I . 0 1 5  - 0 ’  n~’ 1 S I t  ‘;lt~’~’s’5e’ silly Si~ e’ s’ 1 ,1 1 St t’Uc I lire ’ Ofi I he f u n 5 - I ion U e~ t t he’

V i  I t  T i I ’ ll s ’ II \ , . . ..  . N . Our cone em wit ii ec~ t1 t i nih tv , however , re’qui re’s t hat I

lIt t ’s~’ 1 I I  i: ’ :It5 ’s I.e t c po I ~’g t s ’al  spaces .  To locus out a simple t ’ ,l s t ’ , we consider

I t.’o ,i t ‘ a : h s s ~~s ’s )
V 

lad 0 is’!i i s ’lt .lre’ e V . i s~h s u b s e t s  of f i n i t e — d i m en s i on a l  Eye 1 idestu

Fit5 ’ I i l ’a ’  t I o n  11 is 0.~’; aa~’:.,’ en 7 I i f  I or each f i x e d  v 0 1 and

55~ V 1It ’5a’(’ (z) I it fellow s that u(v . a )  - tt ~~~ ’ . a) whenever a

u n , :  a 1. 1 b t ~ ’ t ’ ! , ‘m~’:i t  \ is  a . “a ~~~~~~~~~ of a subs et A of 7 1 f f  there is

- 1 5 , -~~ I I t ’t lc  0 V a
, 

-
‘ ill tt Sil t ’ hi t ha t -

~ \ . I f  A and B tire ’ nenempt  v subsets  Si f 7 ,

t h t ’i ’ -\ ~~.
‘ - , ‘ h , detss ’t e ’d ,~s ç i ’ ) P , , 1 f f  for  ever ~’ “ 0 t h er e -’ e xi s t  a

~ 
a A

,t  110 ‘
~ ‘ 0 SU e ’ Ii t list t a — 5S , where  . . . dencut c’s t he’ Eye’ i i  dea n

5 5  r Ic . .- \n , i  I t ’Se’uS de f i n  I t  Ions hold on the ’ sit tribute ’ V .
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‘Vi I I

‘s i  ~ . i t t d  v~ i~~~ , v . i . 11  v 0 5 , !  \‘ ¼ . - \ F ) \  
V

I ’ s  I i i ’ - , I , t a t  ~- t \  5 v l o r  h i  t - -

- e : h, it , s t  ~‘i t I t  115 ‘‘II I’ I I t s ’ re:ns • is’t ’ slat 1 1 I’m i t  t I i ~ ’ I t t  Icr ha I i’ ,’s pe r t  .t i u u i ng

S o  ‘- Tic s ’ I a’i ,li ’, S\l’SIk I s  t c  t o  I ‘ i t ’ I i t s :  l i , t  I V s ’S sa r I .i m i  ~~ I s ’ 1.

1’ ’ t - , ’ : l’ s , ’ 5 ‘
~ e I ut 1 1  i, ’ti , .‘ A! :‘ I t  ¶ ti~~ V • ,‘ ‘

~ 
— 

~~ ~ ‘ 
- I =

I 0 0
- i (V ,‘ — ii (v • a I t s ’i ’ .t 1 1 t’~~~~~ I , w h e r e ’ V i s  I t X e ’ SI i n ’  i t ta r l i v  i i i  \‘

In s! = ‘ , 2 s ,‘:I I :sii: t I V Ofi 7 1 :111’ ! L o s  i u (  v , ‘ — it  ( t 
‘ 

‘ =

‘ t s s t l t i t i , .‘~~~~~ — ,I(,’~, 
‘) V  , i 5  1-1 ‘ , I ” I ! ’tI ’ e ’ ‘ I , ’sl~~~, ’ I s ’r  , i I l  s~ t ,

11 1-1 I i
- -  

- a V . -
. — t t l v , - ‘ 

) I 55 u (i- , ,•~~~~~ — u ( v  , ,‘ I = I I I V  , ,‘~~ — ti~~t’ • a ) 
.

I , - ‘: ‘ - ‘ - - v \t  v Si, ’ i ,  I v t n t  0 mc i l . t i t ’ ,~t ’ S t i le’ r~’ 1 Os ~‘I \‘ ,i n,t .‘ ,
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