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ABSTRACT

In certain applications involving reflection from smooth convex surfaces ,

the conventional geometrica optics method (GO) is not sufficiently accurate.

In this paper .i generalization if the conventiona l GO formulas is presented and

closed—form expressions are derived. The derivation of the generalized geo—

~nctrical optics(GGO) formulas is based on the Fresnel transformation between

~~~~ planes , one of which contains the spectral point , while the other passes

through the observation point. The method developed herein improves the

accuracy of .i,) without paying the h1~ h numerical cost of the physical optics

inte~ r:*tion. It is important , in particular , for computing the reflection

ch a ra c t er i s t~~~s ..‘f n u m e r t c a l v specified surfaces .
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1. INTRODUCTION

Most of the d~ ffrection—theor.tic approaches to high—frequency

scatterin g from a smooth conducting reflector involve integration over

the current induced on the reflector by a given incident field (1]. The

most straightfo~~ard of these approaches is the Physical Optics (PC)

approach , wherein the currents on the reflector are approximated by the

currents calculated from the theory of Geometrical Ontics (GO). If no

characteristics of the integrand can be found that will permit simp lifica-

tion of the P0 integral , it is often necessary to employ a “brute force”

integration which turns out to ‘-‘e Lengr.hv and laborious . However , if the

reflector surface is doubl y convex , i.e., non—focusing, the P0 integral

can be as~mptoticallv evaluated at high frequency ua ing the method of

scat io nar : phase. The asymptotic physical optics yields closed—form

expressions that are identical t.. those given by the ray method .

H~~ever , in certain applications , the ray method result is not

uufficien tl~ accurate , and the  higher  order corrections to GO are necessary .

The classical way to obtain higher order GO terms is to expand the electro -

magnet ic field in a high—frequency aa~~ptotic series of the form

— exp (— ~~ s ’ rf l  ~ r )  (i . :-

where s is the p hase func t ion and are am~1it’.ide vectors. Usi:~g ray

techniques , Lee :2 ,3 was able to obLain explicit fo rmulas for calculating

the first two orders in (1.1) of the fiel d ref e”t ed from a conducti ng

surf . ’p : .~ in ~er~ s the ~-.~er.t fie .i and ~‘ e surface ~r-~~er ti es a~ the

3. . -~----—-.-. .- . ~~~~~~~~~~ -_ _. .



...—.-- ..-—-——-. ..---~ - -- — — -. -..- , --—--.- —-.—.- .--., .-.-.-.-.---.,-.. .--—-- ..—-.-. -.-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

,——.———- -- -- .- - — -.

specular point A. ~See Fig. 1.) However , continuation of the amplitude

vectors e from the specular point A (z— z~
) to the observation point P

entails the use of recurs~ un re lat ior ~s o f  the form :

— ~~~~~~ DF(z.~~~
) ~.1..2a)

~ ( i : )  — ~ ( z  ) DF(z,~ ~m )

— 1 . 2  ~F :,z’~ ~e (z ’ ) i~ ’ — 1 . 2 , 3 , ... (1.2b j

where D F :,~~) th the ~ tv er~~~nce f a c to r  It ’  be exp icit v def ined ~a :erl

m d  ~ and ‘ t ’ ~:) are given ~~~~

( z )  — :e x , v .~t )~ ( 1.3a )
x v 0

~
:.• ; ( .~ — ~~~~~ x ,v . z ) i  (1.3b )

x —‘.‘ —O

Thus. although the - ‘,~~ f~~e LJ s a re  expressed o n . ’.’ ir~ term s of  the axial coordinate

t~ e t ransverse coord f nates x and v enter pi~.cit ~ v i r t o  the picture through

..; 
. (~~~~~ .

The thte gral g in the transport equation (1.2) are not generally amenable

to evaluation i~ c losed for-n . This is si~pl~ because the z—dependence of

~~~~~~~~~~~~ ( . )  jg not ~enerai1” known .
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Figure 1. { h — f r e ~ ue~ c’ ~ca t t e r t n g  of  an electro~agret~ .:
f~~e id  from a smooth :o nvex conductthg su rf  ace.
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‘h C purpose o f  t hIs paper Is t o  overcome this di fficult y . Simp le

cl o’ied—:orm expressions :or ~m generalized GO tle iJ at t:~e observation

point P are derived by combining t : ie  concepts of geometrical optics -with

t:~e Jtffrac t ion theor ’- . To t r ~~~~ end , th e expression for the tield

amplitude is expanded as a Ta’ b r  series in terms of t:’ .t ~ coordinates trans-

verse to the ray dtrecr ion . It turns out that the coe f f ic i en ts  of this

Ti’.~~’r serIes ire functions of t : 1e r i J : L  of curvatu re  R 1 and R , ~u A.  The

fie Ld amplitude ~redicte~ by t:r.s method ~t t :~e -ob.~ervat~ on point P i~

equa l :~~at 3 re d tc t ed  ~“
. GO augmented by a correctio: -~ term that Is o~

—1
- ~~ie r  i. re~~~it i - : e ..- ~~~ t erm.

~
‘
~‘ie 

~~~~~~‘ t~~’ .~~’ pr - u~~~.-  t’d b’. ~::e presen : met~~’d ‘.‘.‘r t’ :e c~~ . 4 t 0 . 3 i

—et~ od can ‘e ex” ained as :cl s. rhe ~O nethc~ exp resses E~
’
P~~. the

reflected f~ e .j ~t ‘. In terms o: that at a single point . viz ., the specular

poInt A . ot t::e :ef ecting ~ur tac e 
—
. the ot’~er :and . the tedious but ~cre

exact ?‘~ Inte~ ra ~~ ‘r~ ss eg S M In :er.~ oi the current on the :ho’
~e su r face

:. he present ~ct .- ~~. ~~~~~~~ ~:ves ~~ in ter s of - ì ~ atc : - :  of urrent

m d  t~ e spe c ~~ar ~ot;~t ~\ . t~ ere~’” i~ prov~~ g t .~e accuracy of T’~) without raving

t -e  .g~ ~ - rt ~rt  a L ~t of ~~
) .

~ ~~‘i rIqon ‘ t’.een : i e  ~i f f e ~~~nt a o t’ r ’x :~ ..- l t t’ ~et :~cds .~~o-: :n

— : r ~’ ier ~-” eLe tronagnetio ;oatt erIn ~ is given in ~~‘e  I.

A n ~~pe rta nt  feature of the present method i~ :~ at it can ‘-e as soc~ u tei

w I : n  the aunc~~j ng ~ethod recently ~eveloped by Mit:r~ and ~ushdi [.~ th at

~~~‘~~.mc cec t’e search ror the specular point A , and is suited , in part icular ,

to ~itua t tons where th e ref ecttn ~ surface Is specif i ed -~n1 numericali..

Com *sequent iv . ~
- - .e r et .e c t e d  f I e ld  :o~v ’mt ation ~- t t h  generalized GO ‘an “e

carried ~~~ cry •f f I : ie n t lv .

- - - - —---- - - - -rn----—— ~~~~~~~~~~~~~~~~~~~~~~~~~ —
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2. ON THE . L T I .~~E VARIATION - F  rHE GO FiELD

T h t s  sect ion presents a brief su~~~rv of basic GO formulas. It a l so

serves is a O l u e  to t:ie amp btt ude dependence on transverse coordinates tna t

I l  ~e . i d opt e u  In ~e ct i on

ror t :~e t~~~e - -on - . mt ion ex, [ ‘ t i ,  a t ’’tcal -ica ar con~ onent o t  a

: t e l d  s . t ’ .en 0’? [5~

— A~~ (z~ Dr (z ,z , - ,±x-[ — ~ks (r J (2 .1)

r — x ,v ,z ’) V. t ’~e p o st t  ton vector rectangular ”~’n~ il coord~~ates

4 s e e  Fig. 2 ) .  c o t n~ t d e s  s- : t : : :~~e ax~~a ray  ~h~~- h  passes through t~~e o r t g t n

t:~o t - ~ teasured -o ’.. i t :. ei-  :r. :‘ie ~.t r e c t ~~on . m v e  ~ ro p a g a : to n  f r o~

— k - ) . 

~~
‘

~~r)  Is t :e  n : a s e  f cr.-’ t t o :’. g t - ~~n b~

2.2

• [ x  v ~ t v ~~s t~~e t r l n s .’ e r s e  oor~~inaV.’ s x and v of the ‘e n c t ’..

2 x 2 — o :r:x Q ‘~~~~~ - e  c .r’ m : . r e ~~a : r . x  o: t e . % ‘ .‘ f ’ - ~~: , g~~’ - en re a t : . e
S 

.~ .mg- ~’1 :’r

0 — -

—

L ° ~~~

— 

-- -- --- -- -- - - — -  -- -‘- -— - - - - ‘ --- -~~~~ - - -~~ -- —
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where and R , are t he principal radii of curvature Icr the wavefront .

— D Ft z ,~~. 1 is the diverg ence factor or the pencil given by

r Jet ~~( :)  1
:~F ( :  • z [ Jet Z J)j

r (R
1
+z

0
) (R ,+z

o
)
1

• (R
1
+z) (R

2+z)J 
(~~~)

ro r oon’.’entence . ‘.-e express the dtvergence t ic to r  as S ?roduct ot tvo factors

— .i ) d (2.5)

vhs re

a ,  - 

[
~~~::~
] 

1/2 

(2 .6* )

and

1 1 2

~~ ‘ 
—

- mn- i ~,. ic- “e ‘-iewed ~ i e— ns ’. -naL Itcer go n :~ : i c t  r~ assocVmte : .tth

th e princ ipal ~Irect Ior .s.

Appl icat Ion to electromagnetic waves requires , f o’urse,the Inc ust~ n

- f  t n~ oiarI z a t t ~’n and, therefore,an extension of (2.~~ to a v ector for m .  The

e ect romagnet t :  f i e lds E r  and H(r can “c wr i t ten as

______ - - ~~~-- — --- .- -
~~
- -- ~~--- - --



_ —-- ,-—-—‘- ._ — - 
‘~- - - --—.—--—.-.--.--‘---—

9

E ( r )  • •( exp ( — j k s ( r ) i ( 2 . 6 )

H(r — ht r~ CXP t — j k s ( r ) J  ( 2 . 7)

where the phase f -unctIon. s r ~ is again given ov ( 2 . 2 )  and t ie  ampl it ude

vectors e~r~ and h r )  are related via Maxwell’ s s~~ 4 c Ions  ~v

e • . :~ — 
~~

- (
~ 

. h ) )  ‘ 2 . 8 )

— 4
h — ~

. 
~~~
‘. . 

~~ + (‘ . (2. 
~)

where  I~ :ne :re~~ space wave impedance. The second terms in (2.5 and

(2.~~) a r e  ne gLe cted .n:er tie c asstom ~J ‘nroxI~ attcr..

To resolve the ampl Itud e vectors e r )  and hi r l  Into longitudina l

a-id t ransverse components wit:: respec t to the paraxial ray through r , we

need to introduce three local orthonorms base vector s at the point r . ~ ith

tne .i~ d o f  (2.2) and (2, ‘ w e  find the  unit vec to r  in the di rection of the

paraxial ray as

- •

- 

z 
+ R,~ z 

- 
~~ - - 1 2  (R,+z) 

Z

(2. 10)

-- -- -~~~~~



_ —  ~~~~~~~~~~~~ 
- — o ’ :~~~~~~:;~~~ ..T - ~~~~~~~~~~~~~~~~~~~~~~~~ 

10

Since is a perturbation of th. axial unit vector ;, its component in. the

z direction is given to the order of ~ ~, wh i l e  its components in the directions

transverse to are given to the order of only. This means that I

eq ual to unity correct to the order of 
~
J3 .

Now we c onstruc t the two orthogona l directions and -
~~ transverse to

- s

•

~~ 

- (I - 1/2 J x - l~ 2 
~R 1

+z~~ ( R +z )

— ~~
—

~~
-— 

~.2.ll )

• x..’ - ‘,. -- — - / -— x- ~~~1 — b  -

R 1~~z )  R 2 ’’z - —

(~~~~~)

The triad. (:
~~~

. :,. ~ 3
i s a t i s f i es  the o rtooncr r .a i~~t :ond : t to r ts :

(: - - , ) — • ) x ~~ ) k. ; — 1. 2 , ) (2.13)

- 
- is tn e ~r ‘neoKe r ce lta and O i x ’ ) ~en -ote ~ te r~ s o f tie ~rder of

ii

~
‘ v -di to. • .- • 3.  For the speci al case ~-ier. r is -n the axial ray

(x ~~~. v•I0~ . tie o c i ~ ‘ as e v ec to r s  
~~i’ 

,, :~~) coincide with the pencil

base vector s ‘x , ~:, z ) . At  any point in tne pencI l,  we represent the amplitude

-:,cto r as

_ _ _ _ _ _ _ _ _  
~~~~ ---—- - -~~ -~~~ - - - - ~~~~~ - —- —~~~~~ ~~~—— -~~~~~~-— - -



11

.(r) — + e 2 ’2 + e
3
:

3 
(2.14)

where e
1
, e~ ) are the transverse components , and e

3 
is the longitudinal

component of e with respec t to the direction of wave propagation . Substituting

2 .1 0), (2.11) and (2.12) into (2.l.~~, we have

— 
~ Ni — 1/2 

(R
1
:z):) e~ 

- 1/2 
(R
1
+z) (R~~i) 

e,

+ (R 1’z) C
3

- - (R 1-’ :) (R ,+z) 1 ~R ,+ z v  2

‘~~~~~~~~~~~~ eR ,~ z 3

- x
— - (R 1

+z) C
1 

- 

~~~~~ 
e ,

+ ( 1 — 1;2 
~~~~~~~~~~~~ 

— 1’ 
~~~~~~~ 

)

• x e~ ~ V + z e’
3 -

Whi e the amplitud e of the scalar ray op t ical field (2.l is independent of

t °e transver se coordinates x and v , Eq uation (2.15) reveals tha t the

_ _ _ _  _ - - - _ ~~~~~~~~~~~~~~ - - ~~~~~ - - --—--- - - —--~~~~~~~~~~~~~~~ ~~~~~~ _ - - -  --~~~~~
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amp litude vector ; is a func t ion of the transverse coordinates. If we ignore

the transverse depend enc. of the local components e
1
, e , and e 3,then the

pencil components ~~ e
2 

and e~ are second degree polynomials of

and j-
~~~ 

- Using this result , we will assume a generalized ray optical

1 2
field of the fo rm

m~~~2
— ( A~~~ z) X

m
V
n) .XP t—iks(rH 2.16)

— 0,)

which reduces to the classical ran optical field when x • • 0.

--4 __ _ - _ - _
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3. FIELD T RANSFORMATION BEThtEN NO PLANA R APERTU RE S.

This section is devoted to a brief presentation of some notations

and definitions which art needed for t.ie following two sections . The

roader can f ind a detailed descri p tion of the material of this section in [6)

and ( ‘ J .  Let f (o ~~) renresent a field distr .hution in the — t~ plane , whose

transverse -ooriinates x
1,
, y~ are given hv the vector

• [ ~ - The Fourier trans(:rm pair is

• t ( .  — :: f V j  e - d~ (3.1)

- .. - ~~~~
f t c )  • ~ ~~~~~ • .

~~~~~
- 

~~ . FN~ e ~ dt .3.2)

where is .i two-  kI~ ens iona l v e c t o r  in the spectra l domain, given by

— 
[ ] , and the superscrIpt  T on a vector indicates t hat  it is transposed .

The field distrIbution f , (c. .) in the plane due t o  an aperture

dis trIbution f0 3
) in the plane • -~ (see F t~~. P ts given by the Fresnel—

‘i rchof: integral H. Eq. ~.S).

— —

f ,(. ) • - 
— f (. ) e~ ~~. ( 3 . 31 .( z -r - .. 0

vi ere is the free—space ‘ :ave length , k • ° - -  Is :~ie ree—spa ce wavenumb er- .

and R IS t ie ~tstan ce between the points (o fl , z~~ and 
~~

. p .) ,  given by

— - — :~~
‘o 

I (3 .,)
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If we use the Fr-camel approximation

(z
1-z0

) 
‘ i~~o~ 

> (3.5)

for all and of interes t , we can express (3 . 4 )  as

R (z
1
-z
0
) + + 2 ( z

1-~~~
) - 

1~~~)~ 

-

SubstitutIng iL~~) into (3.3- and rtaking use of ( 3 . 1) ,  we f inally arrive at

1 k -

~ e~~ ~~z ’ - z ) I (3 .~~)

where the spec tral domain vector - u s d  in the definition of the Fourier

t ransform is given by

— :. y  1 ( 3 . 8)

E-~-:a r ion (3.~~) :an be expressed In an equivalent form of a Presnel t ransform

~~ but t ie  above form Is sufficient for our present purposes. n the next

two sections, we -~i l1 make use of (3.~~) to der ive the ;~c fotmulas .

‘.5

- - - -- - - - -~~~- - —- --_— - --~~ -_— — 
—-~~~~----
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.~~ . APPLICATION OF FIELD TRANSFO RMATI ON TO A GO FIELD.

In this section , we will show that if a ~av opt ical field exists

~ t the aperture plane z • z , then subject to the Freanel approximation , the

f ield ~ t the aperture plane z • 2
1 

will be that ray field predicted by

geometrical Optics. This result is important in its own right and serves as

a prel iminary to the results to be obtained in the following section. From

( 2 .1)  and (2.2) , a typical scalar component of a ray optical field at an

ap erture plane z - can he ~:ritten as

- 1--I- —
a 

~~~~~~~~ exp ~~j k 
~~~~~~~~~~~ ~~~~ 

) I I

where ~~ . is the curvature rnatrix of the wavefront at the plane z —

~ -~ b s ti t ut in g  (-..1) into (3. ’.
~ yields

- 
~e~~~~~1 A ))(z~ ) 

~~ 
~~ S z .-Z )

P 
~~e

h/2
~~ ~~ (. .~~

vie r e

• 
~~~~ 

-
~~ ~~ 

-

~

--- --

~~~~. -

w ’.~re i s  the unIt matrix , and -~~~~~~ is a complex covariance matrix for the

cer-’-oe.in :wo—dInen~ Iona1 Gaussian distribution

—~~~~

- 
—

~
- e 0 

- The Fourier transform c- f  the above
2 det ~~ 

- -

ilstr jbu t ion Is given h-o C81.

- 
_______________ -- - _  _ _ _  - -— - -~~~~~- - •  

—
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- 
( 1 -l/2.~~ ~ -1/2 ~T i _ ] ~

~~ 1) 1/2 J - C

3u ’stituting (-. . -.) into (...2) and making use ot (...3), ye finally arrive

at

— _ , — - —
, a —

—1k:, —

~~ 1 

- ---—-
~
-- 

‘~ ~~~~~~ - ~~~~~ - 1
— 

A ~~~~~ e e — 1 —
- . ) — —— ——— ---—— .. . 5)

• • I
d e t i 0 ~~(z , — :  - +

~~
) I 

—

~ ‘ere we have made use of

1 2
t iet ~~~ • ( d e t  ~: ‘ • j  —

~ ¶ d e t t ~ t : 1— z ~~)

.~e no w proceed :, soc -v ~t expression (..5) for f , ‘ 1~ 
reduces t o  that

pre c t e ~ b’. ~eo~ e t r I ca l  opt ics.  n view of ( 2 . 3 :  we o-ta in :

+ 0~
-
~~ 

-

—

- - ~iceq uer.t1v, we get :

_ _ _ _ _ _ _ _
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~~~~~ 
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~~~~~~~~~~

- 
1 2 r~,+: ) (R~ -s-~ ) 

2

~Jet 
~~ ~:~~~

-)
~ 

I ) )  - ____

• i D F ( : , . zy i (...8)

and

— 1

~~~~ ~~~~~~~~ s- ~) —

r .
0

•

L 
° R 2~~~1J

v-er e ., is m e  curvature rvttrlx 0: oe -~a :e r -ot a: t :-e plane : •

th e  ii - . c-f .~~~~~~~ and (.. . - ) .  (...5) Is red .- -e .: m~-

• A (: . JF o ,.z~~) exp  ~~~~~~~~~~~~ .;.)) (~~.1O~

.-~l- -’o is -‘e f t e d ~I. t r Ib u t i~ n p r e d I c t e d  -. GO. It Is t~r .-s::og mc note

moa t (. .~~ can  ~e r~~1-~-: e-~ to E~ y a t l - ’n ( 3 . 3~ of  ~5’ . v i c . .

a + (~~~~~~
—

~~~ 
)  (

~~- U)
3

- I s  toe c : an:j r  e~~iat m ’ n  f - o r phas e y’nt lnuat ion ~n ‘c’netr~~- a i  opti c s.

‘ - . - -L ~-
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3. EXTEN SION TO GE~ ERALI2ED ~EO~~ TR1CAL OPTICS FIFLD.

In the representation - - .1 ) ~f the ray optical field , t ie amp imt ud e

:u t .r A ,)~ c~ Is a function of the .ixtul coriuoa te oni. . In th is section ,

a ~ener:4 . tca t lon c-f m o at fIeld wil ‘e cons i~ ered , ..oere t ie  :irn~o1~ tude factor

~ I1owed to he a si --log t u n ct i o f l  of toe transverse coorilnates x
0 

anc

Li addl t  ton mc - Its :—  d~~pen Ience.  h1~ ~eiera1 :ced Lk~ flOld whIch was

sug~ e s t e d  h’c Eq. (2.i!~ is repeated here for convenience.

:
~~

(
~~~

) - A ( :
0

) ~~~~ ex p [ -j k~~~~~- ~~ T0 )
~~. (5 . 1

• n 0  ,0

~ assume t oj : —
~~~~ : LeIc (5. 1- oxis s it moe  p l uoc .)( z •’~~) wo i c h  t s  ocr :

t o  r e :  1 e c : o ~: r . i  - - it toe  spo ular ~e t o t  -\ to t o  d o  ‘tr ~~~ o emm c r~~f e c Y .  - -

pr~-’~~e o :  ‘o~~~~ o n :.  (See ~~~~ . ) .  he - c : : :  ~e n t- ~ A : ) , vni~ h are
~n 0

~ - ‘s- . I h . ’.- -—.r ’.ex . -ar . ‘c ex pr e s - ,t. h in erm s c f  m - - e  m o c l c e n t  fIeld - m d  the 1~ c~~

it m oo pc - li t ~~. 
-~r : ic .~ e t c  Is - .-~o :h.~ resu t s  ~:

3 and -. . : mo~ t Oe  ~~~~~~ d~ str~ 
- ‘ o t t o :~~ (c , ) - m m  toe p lait’ ;, ( z — c .) normal

t oe r c t . o c t o :  r i - -  mm t - - e  --t’ser -- .imt -o o- mom

~u ’ stm: .:mo - g (5.. t o  (3.6) v : t’ l o, :

• ~~~~~~~~ e ~ ( O ~~) 
(‘

i . ‘e O~ •
~~~ 

- ./I~~

.o. \ r . . e
i _

~~ 0
h r)~ 

~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~

-- —~- —- —-- -- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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/
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I
/
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Aper :r~ planes ( c : .. ~od .(c c . ) nor~.a to to e r e flecte:
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Is given by ~~~~~~ i..) ).  Equation t S . ) expresses (.) In terms o:

six Four Ier trans~ ortos. The :irsC or these Is given by .. ., as

—1 /2 —l/2~~
’ j 

-
~~

F — )  • — — 

— 
• (5.3)

-
~ 

-

::-~ 0 t I e r f Ice t r aus :  r ts , obtained in A nor.dlx .~ , are

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ • [t x~~~~~~ :/ 2 ( ’_ ) ..
~ re_ s ]  ( 5 . -a

e ‘ 

~~~ 
.
-i] - [: 2 k - .- ) — u

2
v ]  

r 1 -~ (5.~~b )

[I 
— .

‘
2 

T 

~ [
~ 

~~~
y

• 
-

~~ 
~‘2~~- - .- :l- ...r] ~~

‘t) t5. .c)

. : - : 1 . : - . - r - - -
- - ‘-• C 

~~~~ 

— • (‘I ~ 
) 

~: ~~~~ 
r( - ~ )

- 3 f) • .  —- ( 2 . — c )
.1 , 

-

— 
~ m . — I I — ) -

~~. 
) ( :~ I ( -. )x . * I . ) F ( )  ( ~~~. •e~

e -mon ~I -e ~ s~ - r a  s -  a i n- - , b ,  c and -d are gi- -en

-- - -  --—~~~---- - -~~ ---- - - -  ~~- -~~~~- - -- ——~~~~-- - - - — —~~~- --- — —-~~- --—
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c . 
[a

~ 

~
2] 

(5.5

:t :~ .j -‘ r ~e te~ d distributi on at c ~~~~~~ m m  C

• ~~~~~~~ ) exp (—‘ ~~ (: . • 1 2 .. .c H

• 0 . 1

(A  
* 

~~~~~~
- -

; ( .a  A , - • 2~~ A f . (°+-c ) A . )

* k a  A 1 - • .,‘I I A~~~) 
~I

* ( 1 1 2  ‘~~~
- ) A . * 

~~~~ ~1

• ( - ~~
‘. 

~~~ 
( 2 

A~~, * 1/2 a (o
~~- ) ‘::~ 

x

- I l  ~ ) A , • ~ * 1/2 ~~~~~~~~~~ 
~~~~~~~~ 

v~

• 1 2 
2 

.-
~4~~- )  \ • • ( a ) ’ ~ lf .~ (b4~~

i ’

( 5 .~ i) 

~~~~~~~~~~ — - - - -  — - -~~~~~~~~~~ - - - - - - - - —  ~~--- -— —- _-- - - - - - - -~~~----
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2 3

Equation (5.6) ts the GGO formu la we had been seeking and it has

a to rn  suitab 1~ for computational work. However , additiona l insight into

t ie ph~.- s i ca l  interpretation of this formula can ne gained by writing (5.6)

to a special form as follows . If w e c hoose (x ). v0
) as t ie principal

directions (x
)D. ~~~~~~ 

5 and c become zero while a and J reduce to a
0 

and

J~ given by  Eqs. 2.6a) and (2.bb), respect ively . W* then have

• a~ d exp ( — 2 k :
1 1/2  ‘~~D ‘ i D ~~

1

o~’om < 2

(
~~~

x
1D (d )

—
~~ ~~, ‘a A~~,( : )  + d~ A

D
.: . ( 5 )

K - _ -  - -

- oc --- in Appendix B that (5.6) and 5. 7) are equivalent , i.e.. t he GGO

for’.,ula tova r lant to a rotation c - f  the transverse axes.

on the GGO formula are in order:

1) Poe to the transit IvIty of the Fresnel tra n sfcr ~ opera tor ,

- me expression for f , (. 1~ 
in terms of f (;y is self—consistent .

we Fresnel—transform eithe r f
0
(c~~ of Eq. 3.1) or of

Eq. ( 5.~~ to obtain f ,(:,) at z — 
~2’ 

we arrive at the same

res ult. This is proven in Appendix C.

2~ The classical GO ampl itude term , viz. ~~~~ is dominant. For

a d-u ~’1v divergent pencil R
1’O, 

R,-)), this term decreases

H

~ 

- -_ - - - . - - - --
- - -—~~~~~~ --~~~~~~~~~~~~ -~~~~~~~~



~~~ - - - — -  

with the pencil advancement as does the divergence factor

~~~~ The decay of the higher—order amplitude terms is

proportion a l to 4~~m~~ 
~~~~~~ hence this decay is higher for

a larger ~‘i.

3) The amp lit ude at an axial point is given by

j tz
1
—2
0 D ‘ D

A00
1 z

)
’ — 

k 
(a A 20(z0

) d~ A~,(z0
) )

S~~h s t m t u t t n  :c- r and f we - ar .  w r i t e  t t exp lici tly as

— z  ) R ,+:
— - ~ . ~~~~~~~~ A~~0

( c  •~ 
~~~~~~ 

A~ 2(z)) I (S.8b)

T~m~ ‘-GO -r~~1itude result ~Iffers fr on the 4’ result A~~ (z ,.~
)

by a term of order C
1

. For large Z
1 

and tI n ite and R,,

the GGO amplitude expression asymptotically t o r n  ~

A00
z f - 

~k
1 

( R
1
*:, A~ c- (z0

) + (S ,~ z ,, A~ ,(z 7 )J (5 .9)

~ The correctio n term in ( 5 . 8)  can be obtained iron the transport equation

(1. 251 f c - r  • 1 if we have the following two conditions :

. - 2—

- — + —i . . — ( 5 .  10)

-_— - -_ - — -  — - - — --_ —.-- - - — ~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~ - - -
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b) The transverse second partial derivatives of have

the follow ing z—dependence.

1 2
R1+z

2 
• 2 A~~~( z ~ • I 

~R ,+z~~ ~R14z~~ 

A :oH (5.lLa
.x_

D - -

1:2 1/2
R+z

— 2 A~~~~z )  • 2 ( -
~~~~~~~~

) j~~ -~~) 
~~~ (z

0
) (5 .l lb )

The type of :—dependence indicated by 
~5. 1-~ is the same a.

those indicated by the paraxial-ra” analysis (Eq. (2 .5) and

by the Fresnel transform analysis 1Eq . (5 . . ) .  As po inted

out in Section I . it was the non—avail abilit~- of t~me z—dependence

of - e
1 

that prevented a closed—form evaluation or higher—order

~~
‘ fields at the observation point. 

-~~~~~~
._.

~~~~~~~~
-
~~~~~~~~~~~

_-_
~~~ 

- - - -—~~~
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APPENDIX A

COKPUTATIC)N OF THE FOURIER TRANS FORNS IN EQUATION ( 5 .2 )

Th~ :ir st  of tie Fourier Transform s in Eq. (5.2) is given ~‘ -

— —T • —
F(m) • F ~exp N1/2 ~~) I

— 
2~ exp (—1/2 ~

T ~— 1 
~ 

(A.l)
(d er !~ )

1/2

L~s ing 1..)) and t5.5 ), •~e can exnress the 2’ 
2 ,.atr4_~

• _ L _ ) 
~~

‘ 

a
2 1 

• [1 1 (A. )
- 

~~k L  
dj L~ ~‘J

so that tA.l ~ can be rewritten as

• 
• , exp (—1:2 12~

-.)-Y- + a~ ~~~~~) i  (A.3)
(d et )~~ 

— —

sow . - ewr t ting  ( 3 . 1  as

-

F() — ~(: I . ~)
) — 

. .
- f .

3
) e -

c c

• ~~~~ f ( x .v .)  sx p (~~(x ~~ 
- 

~~~~~~
- ) I  ~~ dv

0 
, A . ..(

~~ man arrive at expressions for the last five transforms in Eq. (5.2) by

different ia~~in~ A .3) or equ ivalenti-: (A.4 with respect to ~~, 
- , • and

S

~~
- . res pecti v el - .

_ _ _ _ _ _ _ _  
J
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- - -

2 7

F (x
0 
exp (— 1/2  ~ ~~~ —j 3F(~~,n)

— j/2 
~~ ~ 

+ (8.h-) ii F() (A .5)

F ~~~~~~ exp (—1 /2  ;~; i~. ~~ — —i

— if2  [ ( c ~~~ ) + 2 m 2 ~I F (m) (A .6)

2 - , —T • —
( x

3 
exp (— 1. .

o
)I — — 

-

— 
~~

-‘
~~ 

— 1 -
~~. + ( .~~

+- . )  - rJ F ( c  (A.f l

2 - —T • -

• (v  
~ 

~~~~ f — 1 / _  
3
)1 — — 

2

- 

~~ 
- l/~ t ( -s. ) I + 2 

~2 
- )

~~J F l- ) (A.8)

-1 • -. T(r . -)

F ( x ,3 v
0 

exp (—1 / 2  0 0 H o~)I — —

• ( 1/ 2  (~~
. .) — 1/4 (2i~~ + (~~4.~~) . ) ( ( : s...)  4. 2 m )  Ft- ) (A.9)

L ~~~~._____ ~~
_ _ .

~~~~~~~~~~~~~~~ - -  -
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The expressions given in (5.3) can be derived by making the following

substitutions in A.5) through (A.3)

(A.lOa )

z 1— z
— 

jk 
~ d (A.lOb )

— b (A.lOc )

- • • c (A .lod)

I — —‘s------ x (A.lla ):,— z 1
t- 3

- v (A.llb):
1

2 ) 1

~nIch are t he scjU~r equivalents of (A.2) and (3.8). The results of this

appendix - -an also be derIved in a concise manne r by taking the first two

Fr4che t derivatives (1)1 of both sides of Eq. (5.3) with respect to the

vector :

T
- 

L . ~~~ - O
e 1 • — i ( . )

I
• j/2 

~ ‘ 
•
:
_1 

I F -  (A .12)

L -- -_ — _ _ _ _ _ _ _ _ _ _ _ _ _  -
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1 ~T ~ 

—

F [~~~ ~~~~ 

I .  . 0~ 
— —

— 1 2  .—L 
+ :. ~~I F(-

- 1/4 ~~ ~ ~
_ iT

~ —I 1 
+ 

~~i
T
~ F(~~ (A.13)

where

• 
T.*~~~ [:;J -

- .-

0~~ O I 2LX ~v
0

-~~~~~~ )~~~~ [ : ~ 
:~!]

• • 
-~~~~~

-
~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and

- 12a b+~.~

’
)

+ 
__ i

I — ~~~~
Z

O [ b+~ 2d
_j

Equation ~~.12) Ls equivalent to Cqs. (~~.5) and (A.6), while Eq. (A.l3)

is equivalent to Eqs. (A. 7), (A.8) and (A.9).
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APPENDIX B

INVARIANCE OF THE GGO FOR.MIJLA TO THE ROTATION OF THE TRANSVERSE AXES

Consider the case when the transverse directions (x ,v) do not coincide

with the principal directions (x.D. v
D

l or the wavefront but make an angle

- . with respec t to them ‘Figure 5). T me coordinate vectors

- [~] 
and — [ ‘s] -ire related by

• 
~ 

(8.1)

— ~T 
~

- 

( 8 . 2 )

-~iere t o e  t ra n s f o r m~~~t ion ma t r i x  T is a init .1r- - ~a t r ix  ~i—-en by

— L ] B . 3 )

where C -it, nd s For cos~ m d  S s tand s f c - r  Sj f l • .

Sinc e the phase quadratic for~ 1 2 is invariant t - ’ rc-tation

c - f  t ie t r m n s - e r s e  axe s [ ~ J ,  we have

1 2  
~ ~OD~ 3 1/2 .:P~

T I )D — 1’ :
1 

~~~,

from w h ich  we ch ta j n

•
- — . . 

—- - -~~~~~~~ — ----- -- ‘----- - ---‘----— --—------------ - - - ———--------~~ 
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y

-_ _  _ _ _

- x
0
C

Figure 5. The transverse axes (x . v~ make an angle - ,

w i t h  the principal axes X
D~ ~~~~~~~~ Here ~

denotes -cc - s . and S denotes sin.. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - - - --~~ 

-
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Cs rng expression (2.3) for and expression ( 3 . 3 )  to r T, we rewrite as

r .2 .2 1 1
R ,+! .~ R 2+~~ 

(~~~ -~;~~
-
~ ~~~~~~

- I

— 

~ 
‘B .5)

~~~~~~ (2...), (2.~ and (8.5) — c rc~ - r 1 t e  c’ .Il) to (~~.23) as

— + S ‘. ( B . b )

— — S -  3. 1

~~~ — — (B. ~)

— — 

2 )

~ 
— * 1) 1 a ’ 

~

• r — 
1 2 

• d~ — (B . -~)



_
_;

~ 

~~~~~~~~~~~~~~~~~ - - - ~~~~~~~~~~~~~~~~~~~ : ‘
~~~

~c- t iat (B.c’ ’ t o  (B.~~) can be rewr~ :te n i,.

— C
- + S~

— S i C

b — c • ISC i- - :  — -

Ne x t  .e t c  e t c~t’ .tn -  - i d t ’ - c-cf t t o  i en t- ~ In tie two - ‘or m a te ~~~ tee s

‘ s~~:c.Z 1 5 . 1 > . i - 0 a .lr cor~pc-nent o t  t o t .  amplitud e -:e~-tor can he expre’.sed as
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-
‘ ~ I 
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[ ~~~ 

~1I ‘
~~ 2 ‘J 
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~~ 

(B.~~~a’

r ‘~~~. / 2

• 
~~c- “
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‘ [ . I ~~~ 
~~I j 

~ 3. h)

~~~~~~~~~~~~~ ~
‘ - - ~ a,~ing -i ce -f (8.1). -
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~~~ (3. 11.-i )
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2 
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is

A , . — 
.2 

A 20 + 
.2 — CS A 11 

(8.11!)

~ur task now ~s ~~ - ‘ show tha t the scalar ampl Itude h
1 

is  the same when expressed

eithe r oc - o r lina t e sys tem.  In vt ew oI (5.” and ~5 .,
), -.-e want to show that

• :~r I A
D ( o  ) (a”x 1m ~- mn 0 .) -~~ U

— 
~ 

~~~~~~~~~~~~~~~ 

.~~~ A 9 : , ’ + •.
, 

~~~~~~~~~~ 
) (8.12)

and

- ~~~~ 
, * + 1 2 ~~+- 

~ 

)

• a A , - ,‘2 ( -
~~~ ~ A 

1 J x 1

~ ~~/2 
- - - )  \ . • ) A .

— ~ ~~~~~~ 

• I,.. - — - r  4 1 2 a . -

+ ‘ . ~
-‘-“c ) A - ~ - t A - I I  h—c ) A ‘ V

1

• ~l / 2 a -~~~ - - )  A ,~ 1 2 d  ~~~~ ‘H ~2~~2 
• ~~~ 

(~~~~ ) )  A .,]

(8.13)
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ar e equal.

Subst i tut ing 18. 2 )  and (6 .11’ in (B.12) we get
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~~ + J~ S~~ A , 1

~
2 . 
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1
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* -1~~~ -~~ 1 x , 
~~~~~ 

( - S  x
1~~~~~

v
1
)(2 SC - .-\~~,-A , • ~~~ A ,~~~ (E .~~~ ’

-ehi b reduces to (3.:)) by virt ue c - t  ~~~~~~~~~~~~ t o  8.4’). This ~hows that

representIng t’~e ~~ t - -~~~uia re ativ e to the pr Incipal axes (x ~~, V
D

) is

eq-2i:a ent to  repre sent in g it relative to any other set of c-rthogonal axes
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APPENDIX C

TRANSITIVITY OF THE CGO FORMULA

Due to the transitivity of the Fresne l transform operator (6). the

expression fo r  f
1
L

1
) in terms of f

Ø
()

) is self—consistent in the sense

that tf we Fresnel—tran sform eithe r f O
,~~0

1 o~ Eq. (5.1) or f
1
(~~1

) of

Eq. ~5. T )  to obtain f~~~~~) at z z,, we arr ive at the sa~~ result. In

v iew of the results in Appendix B, we lose no generality in the following

proof if we take the transverse coordinates as the principal ones.

Starting f r om F 
3

1. ) I and using Eq. (5. ) we can write

— .m exp (—jk (:~ • 1,2 
~~~iD ~~~~~~~

• A~ (z~~l - .i~ X
iD
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- ~~~ iD ’

-

~~ z~ _z) 
•a~~ A~~., ~z~~’ 4 dT 4 A~~, - z ’  

I - 1 .2

ncr e

-i
. 

• -
~

----—---- - (C. I a)
t I

i — 1 . 2

and

~~~ (C.2b )

• 1,2
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Starting f rom f 1(.c
1
) of Eq. (C. l)  , we can rewri te f

2
J~~) as

i / I
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(R

1
+z

1
) (R )+2

1
) 

—

~~~~~~~ ~~ 
-

• 
~ ~~~~~~~~ 

~~~~~~~~~ J
)1 

d01 
exp t — j k  (z 2 + 1/2

(z) a~~ d~~ [;~::~ ~~~~~~~~~ ~J

- —
~
- ---- 
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A~~c- ~:., ) + J ) 1 A~~ (:~~

) )

z
2

~

:
L [~:4~ A9 1, 

(:
i
) + 

~~~~~~ 
A~~2 ( z

l~~ ) (C.3) 

i red uce s to
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~~ 2 )2 
exp t—i k 

~~2 
+ 1 2 ‘3 2D~~
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To show the agreement of Eq. (C.4) with Eq. (C.2) for i 2 , we need o~ ly

to consider t:~e term , which is

(:
1

—z 0) (R +z) + (z, z
1) (R

1
+z

0) D— — ( ( — ) (R + z ) A  ( a )k (R
1
+z1) (R1

+z
1
) 1 0 20 0

(z
1
_ z,)) (~~

+)
~~~ + (z ,—z

1) (R
1

+z) 
D+ ( 

~ R ,+~~1 ) (R .,+z1
) 

) (R
2
+z
0
) A01 (a

0
) I

~ (z ,-z
0

) R
1
+z
0 ~ 

R
2
+z0 D— — 

It ~ R1
+z~ 

A ,0 I Z ~~~) + 
R
2
+z

2 
A02 (:~ ) J

( .  — :  1
• -1 ~~~~~~~~~~~~~~~ f a , A~0 

(z o ) + d 2 As,, (z0
) (C.5)

The ‘roo f ‘f t ranpjtjvj:’.~ of CCO form ulas Is cosirlete,
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