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NOMENCLATURE

a, b internal and external radii (m)
c elastic •vi scou s interface radius (m)
e deviatoric strain
h height of test spec imen
p hydrostatic pressure porous material (bar)
r radial coordinate (m)
u radial displacement (m)
v velocity (m ~.I)

I’ X 2~ .5 3 deformed coordinate positions
A, C, ~ S0, / material constants
8, k, F time functions

4 0 principal difference value of deformation rate tensor (~.1 )R rate of deformation tensor (sd )
F-’ undetermined time function
G shear modulus (bar)
H( t) Heaviside step function
P external pressure (bar)
PC nominal track pressure
5 principal difference value of stress tensor

.deviatoric stress tensor
Cauchy stress tensor (bar)
volume (m 3 )

W stress power
X 1, X2, X3 undeformed coord inate positions

yield stress (bar)
0 densit y ratio

o rate of change of density ratio
shear strain rate

C strain
€ strain rate (s i)
p mass density (Mg m 3 )
a stress (bar)
r shear stress

6 spherical coordinate angles (rad)
acce leration potential (m 2 ~.2 )

Subscripts
a inner radial position

a b outer radial position
interface position

p i-j th components of a tensor
m matrix material
o init ial value

radial coordinate component
I, 2. 4 principal values
• 0 coordinate component
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CONVERSION FACTORS; U.S. CUSTOMARY TO METRIC (SI)UNITS OF MEASUREMENT
These conversion factors include all the significant digits given inthe conversion tables in the ASTM Metric Practice Guide (E 380),which has been approv ed for use by the Department of Defense.Converted values should be rounded to have the same precision asthe original (see E 380).

Multiply By To obtain

inch 25.4~ millimeter
foot 0.3048~ meter
foo t 3 0.0929O3O4~ meter 3

pound.mass 0.4535924 kilogram
pound-force/ inch2 0.0680 bar
gallon 0.003785412 meter 3
degrees Fahrenheit = (toF_3 2)/1.$ degrees Celsius
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A VOLUMETRI C CONSTITUTIVE LAW
FOR SNOW SUBJ ECTED TO LARGE
STRAINS AND STRAIN RATES

Robert L. Brown

1. INTRODUCTION here assumes no interaction between pores, whereas
medium-density snow has a high degree of intercon-

Snow is a granular or porous material compr ising an nection of pores. This results in a stress intensification
ice-air mixture. Because of its high porosity, it is cap- in the matrix material and reduces the material stiff-
able of undergoing large volumetric deformations .that ness from what the present analysis will indicate. To
arc largely irreversible. Since snow is so highly corn- take these effects into account , a scale factor and a
pressible , its density should natura!ly be expected to work-hardening term must be added to the derived
be a central property which is used to define other constitutive law . This will be discussed in more
properties such as shear strength and thermal conduct- detail later. Carroll and Holt (1972) used a similar
itivity. Indeed, a close relat ionship between density approach to analyze successfull y the response of
and many of the mechanical and physical properties of porous aluminum to trans ient loads. In their work ,
snow has long been established, although density alone they assumed the material to be an elastic , perfectly
is not an adequate parameter for characterizing the plastic material ,t whereas in the present study a rate-
mechanical properties of snow , dependent response of the material must be considered.

Since densit~ (or porosity) is an important para- This report first considers the constitutive law for
meter , the volumetric propert ies o snow will be ana- ice. Since relatively high strain rates and predominantl y
lyzed in this report. In particular , an attempt will be compressive states of stress are considered here, a
made to develop a volumetric constitut ive equation relatively simple form avoiding tensorial arguments
relating material porosity to pressure loading. Special is used. The report then considers a detailed develop-
attention wi ll be given to monotonic loads ~enerating ment of the const itutive law for snow , followed by an
strain rates ranging from a low rate (10-i ~. I )  to rates evaluation of the results and a discussion of some ap-
above lOs 1 . plications.

Snow is idealiied as a suspension of air vo ids or
pores in an incompressible elastic-viscop lastic material , 2. MATERIAL REPRESENTATION OF ICE
and the change in its porosity is characterized in terms
of the col lapse of these air voids under compressive Previous studies by Dillon and Andersland (1967)
loading. This is done by cons idering the compressive and l-lawkes and MelIor (1972) have indicated that
loading of a thick-walled hollow sphere of polycrystal- polycrystalline ice under uniax ial tension and corn-
line ice. This model, while necessarily a rather simplistic pression possesses a rate-dependent yield stress. Ad-
one, does contain the essential features of material ditional experimental work by Haynes (1976) has cx-
porosit~ and the properties of the matr ix material . It tended the previous work to stra in rates in excess of
also reflects the physical processes which are necessary 1.0 s~ - In tension, ice generally fractures at high strain
to produce mater ial flow to reduce pore size , so that the rates , and this critical stress is not strongly rate
basic form of the resulting constitutive equation should ____________________
be correct. An elastic, perfectly plastic material behaves as a linear elastic

Some simplifying assumptions made in t he analysis ma teri a l until a yield condition is reached . Thereafter , under
- continued loading, the material deforms in a nonh ardeninghave to be accounted for. In particular , the model used manner.

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ on-’ ~~~~~~~~~~~~~ s - ..- -
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r = C~~ (2.4)
I60

- shear strain rate, C is a material constant and n is a
- scalar, Equations 2.1— 2.3 were chosen, since they

- - acquire a straight-line form on Figure 1 and fit the

~~~~~~~~~~~~~~~~~~

7 
where r and y are, respectively, the shear s tress and

- 
data better than Glen’s law. Glen’s law does work
well at lower strain rates, however , and in many cases

40 - is mathematicall y more tractable than the form of eqs
• 2.1 - 2.3.

• ~ 
Consider now a compression test on polycryst.alline

ice. The only nonzero stress component is o,~ , where
Ai~~ Skoffi Nab (s ’) the x-direction is the axial direction of the compression

test. The deviatoric stress tensor is
Figure 1. Variation of axial yield stress with axial
strain rate for polycrystolline ice 11mm Dillon and = i~~ 

.i_ (t~ a) 1 (2.5)
Andersland(1967)/ . 4” “' 3 “ '_,

~

dependent. However, under compression, the critical where rr implies the trace of the tensor, 1 is the identity
stress shows a definite ra te dependency, even at the tensor, and,~ is the Cauchy stress tensor therefore
rates studied by Haynes (1976). The present study has the components
primarily concerns the compressive properties of ice
for in termediate-to -high deformation rates. 20xx 0 a

Based on the experimental results indicated in Figure 3
1 (Dillon and Andersland 1967, Haynes 1976), the fol-
lowing constitutive relation is assumed for polycrystal- 

— ~~~~ 0 (2.6)line ice: S,, = 0

S=2Ge S~~ Y (2.1)
°xx0 0 -  —

3S = Y  (2.2)

The rate of deformation tensor iswhere

1’ 50 ’b-C in (AD) AD ~ 1 (2.3) ~~ , 
= 

~ (
~~~

+
~~~ ) (2.7)

-~o~ 
c~ and A are material constants; 5, e, and 0 are the wher ‘

princ ipal difference values of, respectively, the deviatoric 
e ~ is the gradient operator and “is the velocity

vector. Since the material is incompressible, the diver-
stress tensor, deviatoi’ic strain tensor, and deviatoric gence of the velocity field is zero,
defo rmation rate tensor ; and G is shear modulus. For
instance, i f S 1 and S3 are the maximum and minimum
principal values of the deviatoric stress tensor, then V.” 0 (2.8)
S = S~ ~S3. Similar definitions hold for D and e. The
matrix mater ial, ice, is assumed to be incompressible, and it can be shown that,~ has the components
so that the devia toric values of the strain tensor and
the deformation rate tensors equal the total strain and
deformation rate tensors.

The above equations are essentially those of an
elastic-viscoplastic material, so that the material behaves

reached, whereupon plastic deformation ensues. These
elastically until a rate-dependent yield condition is

equations are somewhat different from Glen’s flow law,

2
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of snow, particularly in the serb critical grain bonds
where massive localized deform ations take place. Thus,
the constitu tj ve equation fin~t l y formulated for snow

F may have to be empirically adjusted with a Wor k -hard-
D - = 0 ‘2 

ening term .
‘I ~ This problem has also been encountered in the field

of powder metallurgy where a porous metal with an
1 ~~~ elastic , perfectl~ plastic matrix material shows con-0 0 — 

~ 
siderable’ work-hardening character istics. Quite pos-
sibIs the large strains occurring in high stress regions

The principal difference values , S and 0, are , respect- such as grain bonds are of such an order of magnitude
ivel ’. that the matrix material does work harden . Also,

quite possibi’, the actual description of the deformation
s process is incomplete. At any rate , the work-hardening

characteristics of porous materials such as powdered
aluminum are not pred icted b’. experiments that have

o - 
~~
. 

~~~~~ 
- (2.10) been run on the solid matrix material.

2 ~x
3. DEVELOPMENT OF THE VOLUMETRIC CON.

In the results reported in Figure 1 , strains were all STITUT IVE LAW FOR SNOW
small , so that the axial rate of deformation component

is approximately equal to the axial stra in rate Consider now the deformation of a thick-walled
e 5~ . For uniaxial compression . eq 2. 3 becomes hollow spheie of an incompressible viscoplastic material

3 with the constitutis - e relation gist - n b’. eqs 2. 1-2 .3. The
= S~+C1n (_ — D~~) . (2 .11) initial internal and external radii of the sphere , a

~ 
and

are chosen so that the correct material pot osity
• - - • results, In this paper , the density ratio is defined asBy adlusting eq 2 . 11 to fit the compression data

represented in Figure 1
a~~~2i (3 .1)

S0 = l x i O 6 Nm 2 P

where p and Pm are , respectivel’ . . the mass density of
C = I .16 5x 106 N m 2 (2.12) the porous material and the matrix matci ia$ , ice.

Under an external time-dependent pressure loading,
A = 3.3x 10 s. the internal and external radii a(t ) and b ( t )  change

with time, The deformation is sphericall’. s’. mmetric .As can be seen in F igure 1, this equation represents the so the deformed coordinates of a generic point can be
test results quite well . There is an appreciable amount expressed as:
of scatter indicated by the vertical lines. This is to be
expected, as there may be a good degree of variability r = r(r 0, t)
in freezing the ice , in forming the specimens, and in
testing. However , the average results appear to be 0 (3 2)well approximated by the constitutive law , -

The constitutive law , eqs 2.1-2.3, does not involve a 
—work-hardening term . Previous experimental studies —

on ice by Dillon and Andersland (1962), among others,
have not indicated strong work-hardening character- where r 0, Oo, øo are the undeformed spherical coor-
istics for ice. However , there are no published data on dinate positions, and r , 0 , 0 denote the deforme d coo r-
ice involving large strains in excess of several hundred dinate positions.
percent. Therefore, it is qui te possible that at large Incompressibility of the matrix material requires
stra ins ice does exhibit work-hardening properties. the Jacobian of the deformation to equal unity ; i.e..
Such strains certainly do occur during f inite compaction

r 2 ar _ 
3 3‘A work-hardening material Is ore that stiffens u nder plast ic T 

— 1. ( -
deformation. 0 0

t 
_ _  

3
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Integration s uelds Fully elastic phase

r~-8 ( t)  ~4) In t his phase , the str a ins a re  assumed to be nI in-
ules irnal. I herd ore the three strain components arc

where S is an unknow n funct ion of time. lhi~ equa-
t ron can he dut Ie rcnt i.t ted tw IcC. Thus results in r • f~~~~~ u ~ (3.9)

r = + 
~~~ ~3~~

) ss he re u is the radi.i l disp lacement : and if a is small
‘
~ r5 3r 2 compare d wi th r , a = r—r 0 mas he approx imated h~ the

CS pi t’ss Oil

tur the radial acceleration . The acceleration can be
expressed in terms of an acceleration potential ~ (r . t )  u = —~!I. (3.10)

(3 .6)—

For small strains . r 0 di t t e r s  h~ .i small amount from
therefore , in this sect ion the dist inc non wil l he dropped.

B’. doing this , the following can be arr ived at for all The strains becomea~~ r~~ b

2 9 (3 . 11)
~~~~~~~~~~~~~~~~~~~ (3 .7) r

18,~ 
3r

- 8 (3. 12)-

The above results are strictly of a kinematical nature 
— — 

3
and depend only on the constraint of material incom-
prcssu biluty. In addition, materia l incompressibility ma~ Since the material is assumed to I-ic linearl~ e lastic .
be used to arr ive at the following relations, the constitut i se equation acquires the form

b 3
a = , a0 = b~/ ( b~.-a~ ) (3.8a) Sr = 2GCr = 4G 8’ (3 r 3 ; (3 .334 )

(b~ -a 3 )

0
~ ~~~~~ , b3 = 

a0a 
(3.8b) 

= 2Ge0 = — 2G 8/ (3r 3 ) (3. 13h)

(a~-1) (ao-1)
S~ = 2Ge0 = -2GB/ (3r 3 ) (3. 13c )

8( r ) = ~0 (0~ .-~~ 
- (3 .8c) where Sr. Sf1, S~ and t- r. e0, e~ are , respectively , the

(a0—l  ) deviatoric stress and deviatoric strain components. Since
the material iS incompressible , the volumetric strain is

As the external pressure P increases , the deformation zero , and the hydrostatic pressure p cannot he evaluated
proceeds in three distinct phases: w ith the constituti ve equation alone.

The radial equation of motion is
(1) an initial purely elastic phase ,

aa, 2
(2) an elastic-plastic phase with an elastic/plastic 

~~~~~ 7 = Pm T (3.14)

interface at r = c , where a ~ c ~ 1’, and
whic h may be put in the modified form

(3) a fully plastic phase.

(3 . 15)
During the first two phases , the strains are assumed to ~r ~r
be small , but during the fully plastic phase, large strains
can be incurred. Each phase is now considered separate-
ly.

4
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for wh ich the boundary conditions arc: This equation is the same as Carroll and Huh’s ( 1972)
result in their study of porous aluminum.

Or =0 (3.16)
Elastic-plastic phase

P(t) r = b, (3 .17) Equation 3.19 indicates that the maximum stress
occurs at the inner radius. Yielding then initiates there;
and, as the pressure P(t) continues to increase , a yieldIt should be noted here that pore pressure is assumed surface r c( t) ,  propagates radiall y outward. The yieldnegligible. Under extremely large rates of loading or condition given by eq 2,3 is reached at a critical pres-near low density ratios (sa y I <ae~ 1.2), the wisdom of sure P 1 when the principal deviatoric stress difference ,this assumption may be questionable. This will be dis- 
~~~~ 

reac hes the critical value Y, which itself is ratecussed in more detail later, Integration of eq 3.15 dependent.results in:
Assume now P ~ P~ and that yielding has propagated

out to a radial distance c , a~ c~ b. For r~ c , an inelastic
p fr, t )  = Pm ukfr~t)th(t) (3.18) 

Stress state exists , and for r..c , the material is elastic.
When analyzing the outer elastic zone, the following

where h(t)  is a time function. Since a~ 
= S1 —p, boundary conditions apply:

Gr =Pm i
~(/4h +4G8/ (3t 3 ). (3.19) o. = — P( t) , r = b  (3.24 )

Applying the boundary conditions gives the solution = -P~(r) , r = c (3 .25)

P(t) = Pm(~ a b ) ~~~~~ (~~ - L). (3.20) Sr 50 =2~~= Y, r = c. (3,26)
~ a2

~~~ C3
—

. 

—ia can then be expressed directly in terms of P(t) by At the interface of the elastic zone and plastic zone , the
making appropriate use of eqs 3.7 and 3.8. These, stress must sat isfy the yield condition. In the yielded
combined with eq 3.20, yield zone, eq 2.3 gives

2 -, - 4G(a0-a)P(t) = r Q(a, a, a)+ — (3.21) ~ r = = I(.5o+C 1~ AD) (3 .27)
3a(a-1)

which remains valid as tong as the loading is monotonic.where
Consider first the yielded zone, where the constitu-

tive law is defined in terms of the deformation rate
tensor . The principal rate components are , if v0 and

~ 4/ 13 (a0_ 1 )26’3 J
v0 are zero,

Q = —e~a—1 )’1’3 _~~l.I3 j (3,22) Dr r  = avr /ar (3.28)

+ !. ~j2 (a—i ) 4/3 
~a

4’3 J . 000 = “r I” (3.29)
6

04,0 = Vr It. (3.30)Equation 3.22 describes the material volumetric response
to a hydrostatic pressure loading, The term P(t) re- 

The shearing components are zero, Since the deforma-presents the actual pressure in the matrix material. - -Carroll and Holt (1972) have shown that the average t ion is viscous, a Eulerian description can be used here.
pressure in the porous material a(s) is approximately Incompressibdity requires that the divergence of the

• velocity ~rector vanish; i.e.,

( ~‘ P/cr. (3.23) avr 2 vr 0
As long as the material does not yield, eq 3.21 des- a,- 

~
‘

cribes the time-dependen t response of the material.

S
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F ’(r)  - ln( ( 
~~4 

I / l ) f2 (5 0.~
.) +3Cm Simplified equation

(s— I If “ is considerably smaller than G, it can be shown

) 1/ I that the strain’ . incurred (and therefore a-a ) will heI I 
~~~~~~~~~~~~~~ 

( 1 4 ~ ) quite small during the first two phases oi the deiorm-(o(a— I)) ~~ J ation. If such is the case , these two first phases of
defor mation can he neglected by representing the

As indicated h~ eq .3 .4 3 , the pressure response of thc material as .u rig id-plasti~ material;
material ,rnsusts of two par ts: (a) .i quas i-st. ut ic p.ur t

Aand (b) .u d~inamic p,trt .is represented I”. the .tcceler- a 00P
ation potential ~~ 01 P~ (

~‘b ~‘4’~ )/0 -
I he acceleration te,m can c.i’.il’ be shown to be - A ~o = Op ..p( (3 .46)

P m ( ’~~~~~
) Pm4 ~i

.3(ao -i ) h a ,i~in (_
~ .4 12(50_fl

3e a-i

+ 
P mU o (~,.4 ,,1 4 )~ 2 (3.44) +ClnI~~~

tt)
~~J/ 

exp(-~ .!!_) ~~~ (3 , 47 )18(Qtr l ) 2 a(a— 00
A -where a ,und F, .ne express ible in terms of ~ hS ciJ ~~ where p~ is thc critical stress at which the malt ix

I he acceleration term becomes significant only at ~1aterial f i r st become’. lulls- yielded . 
~~~, is found lit

very high load r,utes which involve signilicant inerti.il sett ing - = h in eq 3.42 to i~ld
elfect s , including shoc k w.Ives, impact , etc. Presently
we ,ure concerned wit h quaci ’s latuc Io.id situations so ...Lln (_ ~~L~ I 2(S0—C )Ptthat the acceleration terms mat’ he neglected. .‘.0~As indicated in section 2 , sonic modification of the
constituti ve l.iw is needed to reflect work.hardening 

________effects and to provide sonic correction for some sri the +C In (L~0)~ Ie~ . (3.48)
( — I )

simplifying assumptions used. By adding such a work-
hardening te rm , /ex p(-4,a/a0), and by making use of 4. COMPARISON W ITH EX PERIMENTAL DATA
eq 3.24 . eq 3.43 c.iu be put in the following form:

5o. ~ and -I are given in eq 1 1 2. the irnh other
A I
p = in(_514

J 
2(S0—C)+c In ~~~ I, ~~ 

materia l constants that need ti’ he evaluated are / and
3a a—I o(a-1) 4,. the tWo - w in k-hardening coeffici ents . Based on data

supplied lit Ahelc and t.nr~ (1976), these two coet-

(3.45) lic ient s were found to he:

where 4, and / are material coefficients , Ihis work- / -

har dening term is of ,u nature consistent with the term
used by St Lawrence and Bradley (1974), whit noted 4, “ 28 - (4 .1)
that (;ilnun (1969) used a similar term i~r lithium
fluoride tr y -s t a ls to ,l(count for variations in the mobile Eq .1.48 was adiusted to d.uta (Abele and (o~ I 976)
diskication velodty. In porous snow , wor k hardening for snow at — 10°C and with ,in initial density of 400
may he due to excessive amounts iii inter-granu lar kg m’s .
mof ion that would not be present in solid polycrystal- the variation of the pressure ‘with a can then he
line it-c . SI. Lawr enc e and Bradley (1974) addresse d calculated by means of eqs 2. 11 , .14 7 and 4 .1 and
this ques t ion in ,i mitre thorough manner. In addition, compared wit h the data supplied b~ Abele and Gow
the model used here is rather ideal in the sense that (1975 , 1976). The details i’.f the expel iuriental w o,k
isolation of the pores us assumed, so that the eFfec t of are given in the reports of Abele and i.trW , and the
one pore on anot her was neglected. reader is referre d to them for a mor e involved des-

cription of the experimental setup. Briefly, the tests
consisted of high-rate axia l compression tests in which

7
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the specimens were constrained laterally in Teflon- a was readily calculated by eq 4.6, and eq 3,47 was
lined aluminum cy linders. As a consequence, the then utilized to find the variation o1~~and a for a
deformation resulted in large, easil y measured volu- given rate. Figure 3 shows the comparison of theory
metric deformations, with experiment for snow at —1 0°C and for three

Consider now the problem of the uniaxial com- initia l densities. The data acquired by Abele and Gow
pression of snow. If we take the x 1 direction as the (1975 , 1976 ) included a variety of strain rates , since
axial direction and the x 2 and x 3 directions as the two dif ferent specimen sizes and crosshead speeds were
lateral directions of a cylindrical specimen, the motion utilized. The data shown here reflect rates in the
can be described by the equations (see Fig. 2): neighborhood of a ~~ jo s

t .
The data available from Abele and Gow (197 5, 1976)

= X 1 +Xt (1—X 1 /h 0) measured only o
~

, the major principal stress , whereas
the hydrostatic pressure ~~ r 1/3 (0 1 *02+03) was

= x2 needed. Therefore, a series of experiments was run
to measure lateral stress as well as axial stress so that

= X (4 2) Abele ’s and Gow ’s data could be adiusted to reflec t
X 3 ~ 

- 

~‘rathcr than 01. It was found that

where X 1 , X2, and X3 are the undeformed coordinate O.6o 1~~ ’iM.98o1 (4 .7)
positions, x 

~
, x 2 and x 3 are the deformed coordinate

posit ions, t is time , A is the crosshead velocity (constant . -
- . . - . . . . for all the experiments run, thereby fairly well bracket-
in this case), and h is the initial specimen height. The -

- 
0 

- . ing the data report by Abele and Gow (1975 , 1976).
Jacobian of the deformation gives . . - -One interesting result was observed in the testing

program. In tests involving “old” snow , the lateral
I =&~= 1—(X/h 0)t (4.3) stress was found to be about 90% of the axial stress,

P but for tests of “new ” snow , the lateral stress was
only 3040% of the axial stress. In each case, unbonded

and therefore the density is snow (sifted within two hours of the time of testing)
was used, so that the difference between the lateral

p = p0 I i  — (A 1h0) t 1.1 . (4.4) stress in the old snow and that in the new snow must
have been due to differences in crystal structure ,

The density ratio, however , is primarily crystal shape. The old snow had undergone
equitemperaturc metamorphism , and the crystals had

0 = 
~~ 

(1 — (X/ h 0)t I (4.5) a spnerical shape. The grains, therefore, were capable
of rolling and sliding relative to each other , thereby
accommodat ing a lateral motion to produce a large

and Its rate IS lateral stress. However , new snow, w ith its complicated
grain structure , would not allow this , thereby producing

a = _!~~ . . (4.6) a smaller lateral stress.
As can be observed from Figure 3, t he comparison

between theory and experiment is quite good, with
The constant rate tests do give a constant density the essential characteristics of the deformation being

ratio rate. Note, however, that the rate of change of represented by the theory.
density is not constant. For this set of experiments ,
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Figure 3. Comparison of theory with experimental data Figure 4. ComparIson of theory with laboratory
for snow at - 10°C at three Initial densities. and field data for A and B: Natural densifica-

f/on of snow deposits. 1, J, and L- Un/axial
compress/on of snow. [ .‘ Calculated values
of plane ‘.ww Impact.

Figure 4 compares theoretical pressure curves with At rates characteristic of stress waves , therefore , one
data collected and summarized by MelIor (1974). This might be able to assume a constant yield stress and
figure contains results of laboratory studies as well as achieve a simplified version of the constitutive law
field data relat ing density to gravity induced pressure. given in eq 3.48. However , for lower rates , say in the
Once again the theory looks quite reasonable compared range 1O 5 ’..l~~k10, the rate dependency is significant
with the data. It should be remembered that some of enough that such a simplifying procedure would not
the data shown in this figure represent uniaxial stress be recommended,
conditions , and that the actual hydrostatic pressures Figure 6 gives an indication of j ust how effectively
are only one-third the values shown for these data, snow can absorb energy during compaction . In par-
Therefore, some of the experimental curves would ticular , this figure shows the work required to compac t
move down vertica lly relative to the theoretical curves, snow to a terminal density of 700 kg rn’3 for a range
However , since there is such a diverse range of load of initial dens it ies and densiiy~rati o rates. One can see
histories , temperatures, and time ranges contained in immediately that initial density has a dramatic effect
Figure 4, any meticulous adjustments would not on work required to compress snow. Density-ratio
necessarily change things that much. What can be said, rate is also significant but certainly much less so than
though, is that eq 3.48 appears to be functionally initial density.
correct for snow with initial densities exceeding 300
kgm’3 .

Figures S and 6 further describe some important 5. APPLICATION TO VEHICCE
properties. The deformation rate dependency is iI- MOBILITY PROBLEMS
lustrated in Figure 5. For snow with an initial density
of 350 kg m 3, the stress response is shown as a function One obvious application of this volumetric con-
of density-ratio rate at three different instantaneous st itutivc law involves vehicle mobility in snow. Consider,
densities. As can be seen, a rate dependency does exist , for example, a vehicle travelling at a given speed along
but the importance of rate decreases as rate increas es , a straight path in a shallow snowpack. The vehicle is
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Figure 7, Profile and pressure bulb cross-section descriptions of deformation pro-
duced by trucked vehicle in snow. P’ = Nominal track pressure,

assumed to be tracked. By shallow snowpack is meant the snow beneath the vehicle tracks. Consider a vehicle
a snowpack that is shallow enough so that the pressure that has an idealized track loading, as depicted in I igure
bulb cross section reaches to the ground. Figure 7 7. The track pressure is assumed to build up linearly
shows a typi cal pressure bulb cross section. Harrison’ during the entry portion of the trac k loading. Here
has observe d that pressure bulbs usually have a cross this is assumed to be 0.5 m, wit h the rest of the track
section that is near ly rectangular in shape. Some later- having a length of 5 m. The entry length of 0.5 m i’~a) spreading of the bulb does occur , but the added somewhat arbitrary, since this depends on the depth
cross-sect ional area is in most cases insignificant, that the vehicle sinks into the snow.

In situations where the vehicle is travelling at a The vehicle power associated with snow compaction
uniform velocity and is not experiencing any significant is now calculated. Since the volumetric strains generated
amount of slipping, it can be reasonably assumed that in the snowpac k are large, such an analysis must use a
the vast majority of the energy expended in traversing constitutive equation valid for high strain rates and
a snow field is associated with the energy of compacting large strains. Also, any additional power requirements

— associated with vehicle slippage and drag would have
‘Private Consu ltatIo n , W .L. HarrIson , C R R E L .
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to he added to the results which follow . The inj c rtt
here is to study the manner in which snow absorbs - -
eni’rgs through compaction . I (:, e) to~~(ñr’5 ~o (I ln(_ ~_ )) — 2LS0— ( -

I he stres s power is giren by (5 $)

= ~_ t r l T - f l)  (S I) ihe pressure loading in the material below the trat k
- - is assumed to have the form

where tand ,~ are , res pec ti v el~ , the Cauch~ st i ess ten- ~ ( t)  = I I 41(t t0 ) J + / “/ l ( t—t 0 ) t5 .~ 1
sor and the rate of deformation tensor . tr ( .)  is the trace t o
of the tensor quantity inside the parenthesis. The stress
power i~’ is simply the rate , per unit mass, at which where H( t)  is the Heasiside step function. f igure
wor k is being done internally hs the stress tensor. I-or shows the nature of the pressure distribution under the
a purely viscous material under isothermal conditions, trac L The total work done by th e tiac k to a unit mass
N’ would reduce to the rate of energy dissipation. I- ~ 

of snow is then
a sis ~ot’l.istic niaterial , the stress power would con-
tribute to both the tale ot change of strain energy and Is’ = f ’’ !_

~~(t)  ~Q f t  ~ di (
~ . t o)

the rate of energy diss ipation. 0 P~~
In a unidirectional deforniation, the stress power

associated with ~n ac %~ot~ Is: where t ’ i~ the duiation of time that the snow is oinde,
the trac k . Lquations 5.7 to 5i0 can then be used to

— 
P 

~ ( 5.2) studs the energetics of oversrtow vehicle travel.
B~ substituting the assumed pressure function given

hs eq S.9 into eq 5. 10 and integrating o~ei the time
where v is the vert ica l particle velocity, and ~ is the t ’ the actual work in compress ing a unit nuss of Un-
deformed coordinate position of the particle. The deformed snow is found. This gives a direct measure
corttinu ity equation for unidirectional motion is of track efficiency for a given set of parameters such

as veh icle speed, trac k pressure , trac k geometrs , and
4 + o. (5.3) snow properties.
di ~)s Equation 5.2 gives the instantaneous powei (unit

mass of snow wh ile the nuterial is tinde, the t rack , and
Equations 5 .2 and 5.3 can then be used to obtain this expression can vary considerahls during the inter-

- 
- val t ’ of trac k loading. However , for the pui-pose of

= _ I~~~~ (5 4) this study , the average power is more me.iningtul. and
Pm this is calculated by dividing the tot.il work pet unit

mass It’ by the time period t ’ required to produce this
Integral ion results in work , Therefore ,

W = -J dt. , (5.5) P=~~~
i

Stt~~~~~~~dt (5. 11)
tOPm I C

- - - gives the power per unit mass and is suhsequentls it’-In the above , the pressure p is a function of time . - ,, . -
- . - ferred to as specific power . The specific power PEquation 3.48 may be inverted to yield would have to be augmented by a factor equal to the

tot al mass of snow under the tracks , if one wanted to
4~~(t , C) ( 5.6) find the total power requirements.

Nominally, a trac k length of S rn was chosen. 1 rac k
where pressure was limited to 5x104 N m 2 , which admittedls

is uncharacieristicaIl~ low when considering militar~
Q(t ,a) = I IF( t , a)+InIa(a—1)( I—In .4 (5.7) vehicles. However , such pressures arc more realistic

for vehicles such as snowmobiles. Initial snow densities
studied range from 300 kg m~ to 700 kg ~~~ and
vehicle speeds are restri.. ted to about 15 m -
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Figure 8. Variation of specific power w ith vehicle speed for track pressutv’.

Figures 8a and b compare specific power require- Notice the tremendous increase inzower when the
ments for two track loadings . A significant variation track pressure is increased from 1x10 N rn’2 to
in power results when the trac k loading is increased ~~~~ N rn’2 . Again, this can be attributed to the
from ~~~~ N rn’2 to 5x104 N rn’2 . In particular , the highly nonlinear rel.itionship hetweenp, ~~, and C in theefficienc y of the lower track pressure becomes increas- constitutive equation .
ingly apparent at higher veh icle speeds. This is due to Figures 9a and h illustrate the s.u iation of vehicle
the decreasing amount of snow compaction that occurs power with initial sflOW density. In Figure a, the
while the sfl oW is under the track as the speed increases. relalionship between specific power .ind densit~ is il-
At the lower track loading, there appears to exist a criti- lustrated for two different s-chicle seloc ities . In I igure
cal spec 4 above which little increase in efficiency is h, the same relationship is shown for three different
achieved w ith higher speeds. For the higher pressure , velocities. As can readil~ he seen, for snow with initial
significant amounts of compact ion continue to occur densities above 300 kg rn 3 , .o track loading of 1 x10~at the higher vehicle speeds. These high pressures , even N m 2 operates fa irly ef t ic ie nt I~ - However , the same
at high speeds , force the vehicle a significant distance cannot he said tot - a tr.ick loading of 5’~10~ N ni’2 ,
down into the snowpac k, thereby expending much where good etfkiencies are not achieved tot ini t iat snow
energy in snow compaction. At lower track pressures , densiti es below 500 kg rn~~.
the compaction becomes muc h less signific ant , and the
vehicle tends to ride up on the pack , which is a much
more efficient configuration.
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Mellor . M . (1974)  A res ,ew of basic snow mechanics. Inter-apparent valid range for initial densities includes 300 kg ,,t7t/~n~/ s~rnpo.tium on %~ t i i t4 Mechanics. Grinde!w ~!d,m’~~ p0~ 60O leg nc 3 , but at very low densities (less Sssiuerta,,d. IAHS -A ISH . publ . no. 114.
than 300 kg rn ’-’), it s doubtful that the physical model St. la*ience ,W. F . ais d CC. Brad le’, (1974) The deforn ialion
used to develop the constitut ive law would be valid, due of snow in terms of a structural mechanism . Inzes-na:iona/

Simoosio m on Sno w Mechanic s, (irj n delwuld, Swif,erI~nd,to a hi~i degree of pore interconnectivity.
IAHS -AISH , pub l. no.1 14.The results of this study indicate that the volumetric

constitutive equation can be used as an engineering
tool, since it does appear to give an accurate descr iption
of the response of snow to volumetric loading and is
not unduly complicated in its simplified form. But
some additional experimental work would be needed
to adjust the equation to various snow types. However ,
in view of the data already acquired by Abele and Gow
(1975 , 1976), the amount of additional data required
to do this would not be very extensive.
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