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PREFACE

E . Compact microwave antennas formed from resonant microstrip elements
| have recently attracted considerable attention because of their
simplicity and conformability to shaped surfaces.

The Department of Transportation has been especially interested
in this type of antenna for possible application with the Global
Positioning System (GPS) and in aircraft satellite communications

systems.

The work reported in both Volumes I and II of this document is
aimed at providing a general theoretical framework useful for analyz-
ing and/or synthesizing microstrip antennas and arrays. The work was
completed and this report prepared by F. R. Morgenthaler under the
direction of TSC Technical Monitor Leslie Klein.
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EXECUTIVE SUMMARY

Microwave antennas formed from resonant microstrip elements have recently
attracted considerable attentiun because of their conformability to shaped sur-
faces, and their compactness and simplicity.

Although calculations based upon relatively simple theoretical models
for the microstrip resonators appear to be in reasonable agreement with the
experimental results available for comparison, it is of interest and benefit
to critique the approximations that “ave been employed. This is so, because
high performance from an array of elements often can be difficult to achieve
unless higher-order terms pertinent to a single element, and mutual couplings
among elements, are properly understood.

With this goal in mind, we first present a general approach that, in
principle, would give a complete description of the radiation fields from any
microstrip antenna consisting of one or more perfectly conducting metal patches,
deposited upon the surface of a dielectric slab backed by a perfectly conducting metal
sheet. Certain of the patches are presumed resonant at microwave frequencies
of interest.

In particular, we review and then employ an important equivalence
theorem that allows the radiation 'ds to be calculated from the components
of electric and magnetic fields that are tangential to any surface enclosing
all of the radiating currents and charges.

The approach used is first to find the modal structure within this
surface (as «ffected by assumed fringing and radiation of the outer fields)
and second to calculate these effects in a self-consistent manner.

Specifically, we develop formulas to estimate the strength of the

electric charges and electric currents that are present on the top of the

vii
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structure consisting of coupled A\/4-resonant microstrip patches, the dielec-
tric layer, and the ground plane, and the components at the radiation field
arising from the currents.

In order to accomodate dual-frequency operation, Ball Aerospace Systems
Division has developed a stacked element concept in which the smaller high- ’
frequency patch is placed above the larger low-frequency one.

Because this is an important concept, we develop a transmission line
model of this element with distributed coupling and solve for the
excitations in both patches when the drive frequency corresponds to
either the low or high resonance condition, We consider the cases of
substrates both with dissimilar and with identical dielectric properties.

Throughout, emphasis is placed on developing equations describing both

the near fields and the radiation fields; from the latter it is a simple mat-
ter to calculate radiation conductance, efficiency and pattern.

As an aid in these endeavors,we develop,in the Appendix A, a novel approx-
imation that helps provide physical insight with respect to field patterns,
coupling between patches and the like. For rectangular microstrip patches,
the approximation allows sihple analytic expressions to be obtained for the
electric and magnetic field coupling coefficients between patches.

As an important by-product, several new approximate formulas are ob-
tained that very accurately predict the characteristic impedance and phase
velocity of microstrip transmission lines of arbitrary width when the dielec-

tric constant of the substrate is also arbitrary. A comparison with other

formulas established in the literature reveals that the relative accuracy is
within 1-2 percent,

In an effort to highlight the fundamental formulation and facilitate
use of the key results, especially important equations have been placed within

a rectangular box outline.
viii




1. INTRODUCTION

Microwave antennas formed from resonant microstrip elements have recently

attracted considerable attention because of their conformability to shaped sur-
faces, and their compactness and simplicity.

The early work of Deschamps] was extended by Munson.2 Itoh and Mittra,
Sanford.4 Neinsche],5 and more recently elaborated upon by Sanford and Klein.6

9 10 n

Howe]].7 Agrawal et al.? Derneryd; Lo et al.,

James et al. ' and others.

Although calculations based upon relatively simple theoretical models
for the microstrip resonators appear to be in reasonable agreement with the ex-
perimental results available for comparison, it is of interest and benefit to
critique the approximations that have been employed.

This is so because high performance from an array of elements often
can be difficult to achieve unless higher-order terms pertinent to a single
element and mutual couplings among elements are properly understood.

With this goal in mind, we first review a general approach that, in
principle, would give an exact description of the radiation fields from any

microstrip antenna array consisting of one or more perfectly conducting metal

patches, such as that shown in Fig. 1, deposited upon the surface of a dielec-

3

tric slab of finite extent and of thickress h, and backed by a perfectly conducting

metal sheet. The sandwich structure is surrounded by free space.

The basic characteristics of microstrip lines are developed in Ap-
pendix A by novel approximations that help provide physical ‘insight with
respect to field patterns, coupling between lines and the like. For the

present discussion, such details can be postponed.

i M
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FIGURE 1. BASIC GEOMETRY OF MICROSTRIP PATCH
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Although the actual sources of E and H consist of free electric
currents flowing on the conducting surfaces, free charge resident upon them,
and polarization current and charge on and within the dielectric slab, it is
permissible to utilize fictitious magnetic current and charae densities
(5*. p*) (in addition to electric current and charge densities (3, p)) to
equivalently represent the sources at points external to them.

Following Chulz, we express Maxwell's Eqs. in MKS units as

1
@
mi

VxH-eoa—t— = (1)
VxE+ “og% = ¢ (2)
gV E = o (3)
Ho V° H o= o (4)

Since these equations are linear, it is convenient to resolve E and H into

components E], H]. due to 5. p alone and EZ' ﬁz due to 3*. o* alone.

Then
R A (5a)
uoH] V xA
& jS :
where Bt r
% qu(rQ. t- "'Qép' )
A(rp,t) = - { e i va . (6a)
v
e t- @)
Vy B~
d’(;‘p't) S l p'('%'.n—c—r’ S va ’ (6b)
. o Qp
c = L is the velocity of light in free space, er is the distance
00

between the source point Q and field point P, and FQ and Fp the respective vector

distances as measured from a common origin.

e e



Analogously,

= A (7a)
eoEz =V xA
Hy = 28% gy (7b)
where r
- 1[5 j*(?‘ s t- —Q'E)
A* = { o C —dv (8a)
(rp.t) 4n er Q
and r
*(F ,t) [ ol o, d (8b)
ve(r _, = - 2 v
p 4n er Q.

v

At a surface of electromagnetic discontinuity at least one of the volume
densities 5, on 5*, p* is infinite and the respective boundary conditions as-

sociated with Eqs. (1) - (4) are

ix(H(yy = Hipy) = K (9a)
ix(E(q) - Egp)) = -k* (9b)
oo (E(1)™ E(2)) = o (10a)
u i (ﬁ(]) - ﬁ(z)) = o* (10b)

where the direction of the normal n with respect to the surface and the de-
finition of sides (1) and (2) are given in Fig. (2). Note that ﬁ(i) should not
be confused with ﬁi; the number in parenthesis refers to the side of the sur-
face. Thus ﬁ](z) refers to the field of Eq. (5a) on side (2) of the surface i
of discontinuity.

Here K and K* are, respectively, electric and "magnetic" surface cur-
rent densities and O and o; are, respectively, electric and "magnetic" surface

charge densities.




Conventions pertaining at a surface of discontinuity. The
unit normal vector n is directed from side (2) toward

side (1).

FIGURE 2. SURFACE OF ELECTROMAGNETIC DISCONTINUITY

(a)

In a; the volume sources J, p,

=0 (1"=0

‘\,.1 .!‘* )‘1* "

J*, o* within the closed

sgrfacg S create E, H outside. 1In b, appropriate sources K, o,

K , s located on the surface create the identical fields out-

side, but E = 0 and H = 0 within the surface.

FIGURE 3. EQUIVALENCE PRINCIPLE FOR ELECTROMAGNETIC FIELDS
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Q(Fq,t- rQE/c)-ndaQ

and w*(rp.t) = - (14b)

4nr .
: Qp

The element daQ is the scalar differential area at any point Q that lies on
the surface S.
Notice that for complex harmonic time dependence, employing retarded

; r
time exp ju(t -( -%P- )= exp(-jkr‘Qp) exp(jwt)

where k = w/c. In this case, the complex vector potentials for sinusoidal

ady state frequency w are

-jkr
( u.e e Ha(re) x da
AGF) = ? 0 Qo 9 (15a)
p 4r er
s
and dk%p- i &
Re(F) - 4£°e I T3 (15b)
P 4nr Qp i

S

It is not necessary to calculate the scalar potentials from the normal
components of the fields, because, in free space, the total fields are expres-

sible_as

-j ¢/kVx (v x A) + /e, VX A* (1€a)

mi
n

jc/kux (V x A%) + W, 9% 7 (1 6b)

x
]

This is a consequence of their having to satisfy the complex form of the free

space Maxwell Equations.




SUMMARY REMARKS

Knowledge of the E and ﬁ fields tangential to any surface, S, enclosing
all currents and charges allows A and A* to be calculated; these in turn allow
the fields to be obtained at any point external to S. When that point is far
from the antenna, even fairly crude approximations of the fields on S will
allow the radiation fields, radiation conductance and pattern to be calculated
in a straight-forward manner.

This information, when fed back, allows the near fields to be calculated
with improved accuracy.

We turn next to the important case of the rectangular microstrip patch
radiator - essentially a A\/4 strip transmission line radiating from the open
circuit end of the resonator. [We employ reasonable approximations to derive
A and R*]. The element is driven at an appropriate distance from the short
circuit end where the impedance allows a favorable match to the input micro-

strip transmission line.

A i
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2. RECTANGULAR MICROSTRIP PATCH RADIATOR

Consider a single rectangular patch of width w and lenath L shorted to
the ground plane at z = 0 as shown in Fig. 4a, b. Assume first that the dielec-
tric constant of the supporting slab is unity.

If the resonator is excited at the frequency for which L is approximately
A/4, the mode pattern will resemble that shown in the figure. In particular, if
h/)x << 1, the fields between the plates will be quasi-TEM and the fringing
fields at the edges will be comparatively weak.

The equivalent circuit of the transmission line will then be as shown
in Fig. 5 where G0 and Bo are in general frequency dependent when ¢'> 1
(because then exact TEM modes are not possible). For the present ¢' = 1, there-
fore B0 = 0 and the frequency independent Go includes the effects of lateral
fringing (Fig. 4b). The lumped capacitance Cf models the fringing at the open
circuit (shown in Fig. 4a). The conductance Gr represents the power radiated
from the structure or else lost due to conversion to surface wave excitations]3

Since normally the resonator is high Q, Gr may be neglected when solving
for the resonant frequencies.

Transverse resonance (or what is the same,continuity of voltage and

current) requires h
Yocot kL--me. (17)

For wCe/Y << 1, the principal mode satisfies ki~ n/2 + A

wC
tan A ~ A~ - “7£ . (18)
0

eff 4

Defining kL n/2 and using

k = mE'C' (\9)

and '
Y o= | (20)




E and A field patterns associated with a resonant rectangular
microstrip patch of width w and length L = /4, An rf short
exists at z = 0; the three other sides are open,

FIGURE 4. E AND A FIELD PATTERNS ASSOCIATED WITH A RESONANT

%BCTQ?%ULAR MICROSTRIP PATCH OF WIDTH w AND LENGTH

TS
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An equivalent transmission line model corresponding to
wave propagation directed along the z-coordinate of Fig. 4.

FIGURE 5, AN EQUIVALENT TRANSMISSION LINE MODEL
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gives

Leff .

,_
+
ER

(21)

where C' is the capacitance per unit length of the microstrip line.

RADIATION FIELDS

When the plate spacing h is very small,

of the plate may often be neglected.

the fringing fields outside

In this case then the surface S of

Eqs. (15) corresponds to that of the rectangular box with volume L x W x H.

The vector potential A ~0 and A*

contains contributions from the three open

sides.
For z = -L Ix|<w/2 0<ysh,
E==iyEo (22a)
and applying Eq. (15b) gives
: RN
- % eoEowhe'Jkr sin(kwx) eJ'F”{J -jkL%
Atront face™ 'x 4mr (kwx) kh ) * . (22b)
2r N
For the sides x = *W/2, 0 < y<_ h, -L <250
EziyEoshmz (23a)
and again applying Eq. (15b) gives 1 i kLz
E - €,ELhe -Jkr J“Fx KL e +j5
* L kwx -1 r 2
s = sin( ) (23b)
sides ? .kh 2 2
Y7 - e
2 r

Because kh<<1, the factors involving y are approximately unity.

The principal effect of the fringing is not to alter A* but rather

to create a vector potential A that is also z-directed.




The vector potential A arising from the surface currents due to the

fringing field can be estimated by integrating the tangential ﬁ-field along

the path shown in Fig. 6 for a strip of width dz. For a point P in the

far field region, Eq. (15a) has only a single component that may be approxi-

mated as

u
. ol
Az 4n

S|

: 0
'Jkr ' ' ' '
w Jk[sina(cos¢x' + singy') dedz' + cosez')
[ Jdgdz'ﬂtan(g.z)e

£ 2'=-L

(24)

where £(either x' or y') is the surface coordinate along the path.

Assuming a TEM field of the form
[ R m '
Hean(Es2') HC(E) sin(zr 2')
and both kh <<1 and kS <<1, Eq. (24) can be further approximated as

TW/2 - A
% F(0) l I Hx(x)eiji"9C°S¢X dx

-0

w/2 -A

u -jkr

)
4n

m

A,=

|

7 3
+ J Hx(x)ejksinecos¢x dx 4 I Hx(x)ejk51necos¢x dx |

-w/2 +A w/2+A4 ]
b' a 1

B Jkw/2 sinecos¢ | H, (£)dE (25) /
4 Jkw/2 sinbcos¢ Ht(g)di +e l t .

a
where

j(kLcoso +n/2) -j(kLE;;e-WIZ)
F(e) = ————— + & - ¢ (26)
(kLcos8)® - (n/2) kLcoso + /2 kLcoso - m/2 .

For h/w<«l, the values of H (x) for |x|<w/2-4 and |x[>w/2 + & can be ap-

proximated with the help of a vector potential Az that has the same form as

13
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b~ h b

The contour of integration associated with the
g coordinate of Eq. (24).

FIGURE 6. THE CONTOUR OF INTEGRATION
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Eqs. (A-1) and (A-2)of the Appendix, (except with ¢' = 1).

The result is

~H hw
H(x) = w + [ (w/2)? « x°] |x|<w/2 -
i (27)
Hohw
L hw + [ x° - (w/z)?- [xPw/2 + A

where Ho is the amplitude in the uniform field region (inside of the parallel
plates). These expressions allow the first three integrals on the right hand
side of Eq. (25) to be evaluated analytically.

These expressions are, of course, not accurate too near the edges of
microstrip patch and we dare not let A = 0.

However, since w/h>>1, we can safely employ near each edge, a vec-

tor potential of the form given in Eq. (A-4) . In particular with,

H h
Az sl (28a)
and
S H h
I H'ds = —-?'—- u, (x = E—‘, y = h) (28b)

the conjugate potential functions u and v satisfy
1(—’(—':—"12—)- = e cosv+u+l (29a)

1;-‘! =e¥ sinv + v (29b)

and

near the right hand edge (x = w/2).
The last integral on the right hand side of Eq. (25) can be evaluated

as a Hh
l HE(E) d = 2 (u, - uy) (30)

15




where from Eqs. (20a,b),

u
a . BB . =
e #u tls=wp uy =1 . (31)

For convenience in evaluating the first three integrals, we choose A = h/m
and find 2(ua - ub) = -1.09. From symmetry consideration,

b' a
J H(E) d = l H(5) de
a

therefore the complete analytic approximation of Eq. (25) may be written as
-jkr =
i uoHo(hL)e

sin(ksinfcos¢v)
2z~ dnr dv

V

F(6)

ERLY

2h/n

X sin(%?-sinocos¢) - ligg cos(%% sinfcos¢)

Because kh/n<<1, the lower limit of the integral can be set equal to zero

and since [ sinaty. . ., a . the final result is

g [al
o
w H (hL) 8 = :
. .00 -jkr P N R 1
BD S @ . F(&)[fln »gi 51n0cos¢’ .55 (cos §¥ 5in6cos¢)’ (33)
where F () 1s given by Eq. (26).
N e et :
0f course, Ho and to are related by EO/Ho = ;;;;7?;» with €aff calculated

from Eqs. (A-9) and (A-10).
Notice that this estimate of Az assumes that the ground plane extends
many wavelengths and also that the transverse field pattern is Laplacian in

nature (a consequence of the TEM approximation that neglects any z-components

of the field generated by the fringing at the open front face).

Eqs. (16) can now be employed to calculate the radiation fields,
radiated power and Gr' The latter value can be used to modify Eq. (17)

if necessary.

T T
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3, COUPLING BETWEEN STACKED MICROSTRIP PATCHES

In order to accomodate dual-frequency operation, Ball Aerospace Sys-
tems Division has developed the stacked element concept4 in which a smaller,
high-frequency patch is placed above the larger, low-frequency patch. In
this section, we develop a transmission line model with distributed coupling
and solve for the excitation in both patches when the drive frequency cor-
responds to either the low or high resonance condition. We consider the cases
of substrates both with dissimilar and with identical dielectric properties.

A cross-section of the stacked micro-patch geometry is shown in Fig.
7a and represents any x-y plane in the range 0<z<L]. The two dielectric slabs
need not be identical, A section through the y-z plane is given in
Fig. 7b. A transmission 1ine model for the z-variation of the fields is i
shown in Fig. 7c. Notice that coupling region extends over the length of the ?

upper plate, (0 < z g L).

3.1 TRANSMISSION LINE MODEL

The transmission line equations governing the voltages V{z) and Vél),
measured with respect to the bottom ground plane, and the currents i](z)
and iz(z), representing respectively the total currents on the conducting

patches, are for quasi-TEM modes, well-approximated by

31] av] g av2
"3z *hive *Yeut (34a)
oV 91 o1
i) R R | T
-3z "Lyt YL ot (34b)
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The high frequency microstrip patch is placed above the low
frequency radiator as shown in a and b. The equivalent . |

transmission line circuit is shown in S
FIGURE 7, STACKED ELEMENTS FOR DUAL-FREQUENCY COVERAGE

18




22 3%t (35a)

i) (35b)

where Ciz < 0 and Liz > 0.

Because these voltages and currents contain contributions from the

fields under both patches even if the fringing fields are zerosthe coupling

terms are always non zero.

It is therefore preferable to define new variables, namely

Vo =¥ = Ny (36a)

Vp =V (36b)
and ! :

i, =1 (37a)

ib = i2 + i]. (37b)

The coupled-transmission lines for these choices are shown in Fig.

7c; the governing equations are

_a_;% g Céaial% +C.-;b1'€ L
?—3 ? c;b% *%b'a'vt_b {35)
- RS T (39b)

z ab 3 bb 3t

BRI ——




where the capacitances and inductances per unit length (along z) are

™
(R R 2
Gl = Gl 4 Ch. 4 20, = 22 (40b)
i Bl Sl (el
Cab = S11 * G2 = ke Laaln” © (40c)
and h‘
Laa = L1t Loo- 207w wy (41a)
ho
Lob = L22 ™ ¥ Wy (41b)
Lab = Y32 - L32 = Kpdtaatpp >0 (41c)

The electric and magnetic coupling coeffients, respectively ke and km
are both less than unity; if fringing is neglected, they both vanish and
the lines are uncoupled.

Because the mode Qs are moderate to high, it is reasonable to neglect
the radiation from the open circuited ends of the lines, this implies

that the mode voltages and currents are in time-quadrature.

We therefore take

Va.b * Va’b(z) sinot (42a)
ia.b = Ia'b(z) coswt (42b)
and reduce Eqs. (38) and (39) to
- 5 - 'T_ oV * ol % e
dva "1 \
- e w{ @ la + (“Lab lb (43b)
20
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e

b . Sa¥a :
- . h2 @V + el v, (44a)
dv, h,
—a-z- = Llo ‘H'z— (A)Ib + Q\Lab Ia = (44b)
These in turn may be combined to yield
2 h w
d“va i iy i T
3+l &1t LanCapt¥ ™ (“o L €2 b Lan’ b (45a)
dz 1 2
dzvb+ Caes v L CLAY. = it hz c iy ) v, (45b)
dzz @ WMa€2 * Lap “an’'b T Ho W, s ) hy “ab

If the two dielectric constants are the same, €] €5 % €, the uncoupled
phase velocities of the two plate transmission lines are equal and coupling
is enhanced.
In general, the spatial voltages along the two lines are found from
Eq. (45) to be 2
Va = A sink]z + —?—:lif B sinkzz (vszg L]) (46a)

and

[ kz
II
;?":";? A s1nk]z + B sink,z (0<z¢ L])
1 b (46b)
it
C cos ky (Lz— z) (L] $ 2 LZ)

No mutual coupling is assumed to exist over the interval L] <z 3 L2'
Here, because the coupling is weak,

2

ka

2 . 2
W (uos ¥ Ly ab) O HGEY (47a)

kg = wz(uoc + Lab ab) mzu of2 (47b)




e

o o8, L2 F(fE, k. +F k) (48a)
I o'ﬁ]w212ellm

2 R EEE e b+ ) (48b)
1" SV R T2t 1 ket B2

and k] o are the roots of

A T e R 40
(k"= ka) (k —kb) = kI k” (49)
The associated currents are from Eqs. (43b) and (44b),
’ 1 W W, h, dv, ' dvb)
B i Mo w, T2 " lab @ (50}
(Y - km) Mo h]hz 2

and

I

"~ h, dV dv
AN b ( i e . ,a_)
“’ m’ Yo M2

When boundary conditions are imposed (continuity of Yo and ‘b at 2 = l-]

and Ia(L]) = Ib“‘z) = 0), the coefficients A, B and C are constrained to

/b k o h, kf
) KLy + (u, == - -L'>choskL=0
Q’ g e K Gl S kg“_“k’z ab) %2 24
] b" a (5‘3)
2
Ti—} AsinkiLy + B sinkly = C cosky(Ly-Ly) (51b)
k\ s
5% i ki‘\ A cos kL
L'y . — k cos
(ab ow 2. L/ 1
8
2 : .
. : 2 :
k2~ %a (51¢)
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In order to establish the resonance conditions, the determinant

formed from Eq. (51) is set equal to zero and the characteristic frequencies

must be found.

As expected “)/4

- resonances” exist for either k.L,.7/2 or

kbLZ:-nlz. If the two frequencies W) and w, are too closely spaced, ap-

preciable excitation can occur on both lines. We next consider the unwanted

excitation on line b when line a is driven at its frequency, and vice versa.

Two situations are of interest. In the first instance 91 # EZ and the

phase velocities of the two lines are unequal; in the second, €, = 52 = € and

1

the velocities are also equal.

3.2 UNEQUAL PHASE VELOCITIES

When € # €, and the coupling is weak

k% kﬁ )
ke 2k + — 52a
1 a 2ka(ka2 ‘ kz)

i lelieegr g )

[f line 1 is criven at its rescnance (w,),

and

Va -Vo sin kaz (53a)

C
‘E—z(ﬁ ke +F-2 km) cos (“‘ )

R
VplLa) = Vo

(53b)

» - w
(e - €5) cos (ml ;)
2

.. line 2 is driven at its resonance (w,)

and

(%4a) -‘l

Vb~Vosinkbz

va(Ll)=vo

h]wz e] - €

(1\]
e 4 w

Wi &7 ({6 K, +E k) C“(F
"1 E e ke HEy Ky j‘% ,s (j"zm ?) (54b)
co
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3.3 EQUAL PHASE VELOCITIES

Nhen€]=€ =e,ka=kb=k°and

with

In this case,

e

\

If line # 1 is driven so that

it follows that

C cos ko(L2 -

Kok - kg (55)
kl k ko+Ak (56a)
k2=k =ko-Ak (56b)

Koo . ik g ,
0 2ko
V =(j ﬁnkoz
(57a)
(—Z———Y)Akzcoskz Oszsl.]
and ¢ k2 3 k2
CT-—?A + lbsinkoz +<—2—-I—kl—2— A - B Akz coskoz
+ 0
0<z<glL
z) Lszsl, (57b)
va:vo sinkoz (58a)
h Wy
\f\'{w— (k tk ) [}
Vb(Lz) & Vo . (58b)
cos (—- ?)

(L)Z
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If line # 2 is driven so that

%. Vp =V, sink, 2 (59a)
’ it follows that
® ) k +k h,w
V(L) sf—2 astn (1 A el RRL. (59b)
a'l W 2 2 hyW 0 .
cos (3 %) ] N
Zm] J

Notice that if w; ~w,, the denominators of Egqs. (53b), (54b), (58b)
and (59b) will all tend to vanish leading to large amplitudes of voltage in
the undriven lines.

Even neglecting loss as we have done, the true amplitudes will not be- 3
come infinite when the more exact Eqs. (51) are considered. The crucial point
however, is that the approximate results allow comparisons to be made among
the cases considered and indicate how close the dual resonances can become

before appreciable mode excitation in the undriven patch creates problems

with the radiation characteristics of the composite antenna.

The critical factor is |cos = “2 =!. Notice that for dual-frequency

(A}
) i
applications of current interest, namely the Global Positioning System (GPS)

and Aerosat , the values of mz/m] are respectively 1.3 and 1.07. Consequently,

the respective values of m Y2\ |-) are 2.2 and 9.1,
COoS 2— (W) S
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4, CONCLUSIONS AND RECOMMENDATIONS

The work described in Volume I of this report allows predictions to be
made regarding the non ideal behavior of rectangular microstrip patch antennas
including the effects of ground plane currents and intra-element coupling due
to fringing electric and magnetic fields.

It would be helpful, and the principal investigator recommends, that
a sufficient number of detailed calculations be carried out for single and
multiple-elements (with a variety of substrates) to establish the range of
validity of the formulas developed here by comparing the results with

presently available data.

It is likely that some new experiments would have to be carried out
to allow a full comparison to be made.
After such validation, the design of antenna arrays with exacting

pattern requirements should be attempted and compared with coordinated ex-

periments,
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APPENDIX A
MICROSTRIP FORMULAS BASED UPON NOVEL APPROXIMATIONS
A.1  INTRODUCTION

The basic microstrip geometry given in Fig. Al consists of a dielectric

sheet of thickness h and dielectric constant €' 2 1, clad on its lower surface
(y=-h) with a conducting sheet and on its upper surface with a conducting
strip of widthw. Free space exists above the dielectric (y>0).

Although many workers ' 4-17

have described and given approximate ex-
pressions for the characteristic impedance and phase velocity of the quasi-TEM
mode that propagates on microstrip it is appropriate to re-examine the subject
and we do so in this appendix.

[t is not that the previous work is inadequate for computation of the
characteristic impedance and wave velocity of microstrip, but rather that
we wish to develop (if possible) a simple approximation that will allow cal-
culations of field distributions which in turn can be used to find electric
and/or magnetic coupling between microstrip patches. Fortunately, we are
able to achieve our goal and as a by product several new formulas are de-
veloped that should also prove useful in microstrip transmission line analysis.
In particular, the new formulas for h/w > 1 and arbitrary value of dielectric
constant are particularly simple and Zo(h/") can be inverted to vield
h/w(Zo). The latter form facilitates the synthesis of lines of prescribed

impedance,
A.2 APPROXIMATE POTENTIAL FUNCTION

With reference to Fig. Al, and assuming h/w<<l, consider the

function
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' 2
; wh + ¢ J]}Z + y° -(%)2] + ()2 T(xy) (Ala)
Wivg = 2
0 2
wh + ve'-\] [xz + y2 - (%)2] + (wy)2 y 2 C,
where
o v
T(x,y) = tan <§:§2§> - tan (E%fwjg) (A1b)
and .
( Lﬁ_h ,x' < w/2 (A2a)
é V" ‘ -h <y <.
! W(V +7’h) |X| > w/2 (AZb)
wh + me'[x© -(gﬁ ]

First, it should be noted tht this function was not derived in the
usual. Instead, it was developed as an interpolation based upon physical

intuition. Second, notice that, if considered as a potential function, Egs.

(1) and (2) satisfy exactly the boundary condition of Fig. Al, namely ¥(y=-h) = 0,
w(|x]-< w/2,y =0) = V, and

, 0
%(lxlzw/z,y=0+)=e 3—3(|x|zw./2,y=0-).

Third, notice that for [x2 + y2 - (‘%)2]2 + (w/)2>>w2d2 and y>0,

v
w=f;?-T(x,y) which is a Laplacian function, as is

b+ vk L y20) - Vo(1- = y)

W

"w

and

v(Ix|<w/2, y <0) = V (1 + y/h).
Although ¢(|x|>w/2, y<0) is not exactly Laplacian, the discrepancies vanish for
large |x|. Therefore, Eq. (A1) is a comparatively simple formula that inter-

polates between asymptotically correct limits.
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The conducting plane (y = -h) and strip (y = 0, |x| < w/2)
are assumed to have infinite conductivity and zero thick-
ness; the slab of dielectric constant €' > 1 and thickness
h is assumed lossless.

FIGURE A-1. MICROSTRIP GEOMETRY SHOWN IN CROSS SECTION
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The principal errors are associated with the region near the plate
edges because this approximation does not allow the E~field to become
infinite at these locations, This defect is important only when h/w is
not small compared to unity.

Additional insight may be gained by considering the potential near the

edge x': x - w/2=0. and letting w»«. Then,

¥k o \l(x')2 + g tan”" (%) (A3a)

vy, & —— et y20
2 h + e’ Jz;.)z . y°
and
.
g X' g0 (A3b)
) o~ ~h< Yy 2 0
u/v0 !
D . S x' >0
h + ' lxl
When ¢' = 1, the exact potential may be found by the method of conformal
transformation; the well known result is
wly+h)
%? = I h+ h) _ v cotv+tn L~—-z}ﬁ;~v-~w % ¥ (A4)

A comparison between the approximate and exact formulae is given in
Fig. A~2. Notice that the E field strength, proportional to the spacing between
equipotentials, is given quite accurately except very close to the edge of
the upper plate (x = 0, y = 0). Also notice that the approximate formula
(and also physical reasoning) indicates that the extent of the fringing is
reduced as e' is increased. This fact suggests that the anproximate formula
becomes more accurate in such cases since the regions of non-Laplacian inter-

polation, between those that are asymptotically correct, are reduced.
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For example, the x' intercept of the approximate equipotential y = VO/Z
(for y = 0) is given by x'/h = 1/me".

In the event that the conducting strip and ground plane carry dc
current and the dielectric is nonmagnetic, an analogous formula for the vector
potential can be given by replacing y with Az’ V0 with Hoh and €' by unity.
The flux per unit length is then Flux' = “oAz and H = Vx (EZAZ). Notice that
H0 is the strength of the (approximately) uniform field within the parallel

plate region.
A.3 APPROXIMATE MICROSTRIP FORMULAS

A.3.1 Wide Microstrip

When h/w<<1, Egs. (1) and (2) can be utilized approximately to cal-
culate the capacitance and inductance per unit length of microstrip trans-

mission lines.

A.3.1.1 Capacitance Per Unit Length

For [x|<w/2, y = O+

2y (ASa)
~ \ ]
¢ 0 [ wh + ¢ [(g?- x?‘]} .

For |x|<w/2, y = 0-
o=V, (1+y/mh) - (ASb)
The total free charge per unit length of z on the upper plate is
therefore w/2 /2
Voe'w dx

uh + ne' [ - x°]
-w/2 -w/2

+ ¢ Voh dx (A6a)

and

v—‘- ’
gr = BN ol tanh-\ __!'_/A___.) (A6b)
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A.3.1.2. Inductance Per Unit Length

When the conducting strip carries a dc current [, the magnetic vec-
tor potential is z-directed with Az/(Hoh) replacing d'/V0 and setting
€' =1 in Eqs. (A-1) and (A-2). Then, since H = Vx(szz). it follows that
+w/2

I = [ (H, (x,y=0) - H (x,y=0+)] dx

3 . (A-7a)

Because the magnetic flux per unit length (along z) is Flux' = “oAz‘ the

inductance per unit length L' is given by

1]

L . et \ e
R P AR | e (A-7b)

(4 M (w)", wh

2 n 2 o

It is convenient to define a dimensionless parameter o = 4h/aW.

In terms of o, Eqs. (A-7b) and (A-6b) become respectively

L'y ——t (A-8a)

and

ggfC' = ————— (A-8b)
e o, 50 tanh ! ] \)
T b ————
v thv/l Jl*n/r',

Although these expressions are expected to be valid only when
h/w<<1, we have found, empirically, that their validity can be extended over
the entire range h/w s 1 by adding simple correction temms to the denominators

of Eqs. A-8a, b which then become
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/4
L'/u_ = (A-9a)
o B, 1,y 1T tann! —l-—f)
g O [T+o {T+0.
and
=l /4
€°/C' - €|_] (A‘gb)
(eu)e +1 0.15 + i ol 1 tanh-](] )
s e N+a/e/ ,

If the dispersion induced by the non-TEM components of the true
transmission line fields is neglected, certainly valid for h/w<<1l, the

phase and group velocities are given by v::c/JETéff where
E'eff = € IL'C‘ : (A-10)

The appropriate characteristic impedance is found from

Ll
z°=\‘;—.‘ : (A-11)

The accuracy of our approximations can be assessed by comparing the values of

15

e’ and Zo €o with the accurate values of wheeler]3 and Hammerstad °~ that

eff
were developed by a combination of exact and quasi-empirical means. This compari-

son is given in Table 1 for both Eqs, (A-8a,b) and Eqs. (A-9a,b).

A.3.2 NARROW MICROSTRIP

When w/h<1, the approximate formulas given above are not valid and
it is instructive to consider an alternative approach based upon the method
of images.

First assume €' = 1, and note that the charge distribution of Fig.

(A-3)a produces the proper electric field in the half space y 2 0 provided
Q'(x) and its image cause the strip y = h, [x] < w/2 to be an equipotential

of value V. If w/h is sufficiently small, the effect of the image charges

i D e it



TABLE A-1 WIDE MICROSTRIP

©eff 2./ ‘[TCE
0
h/w Morgenthaler Wheeler Hammerstad | Morgenthaler Wheeler Hammerstad
(A-8a,b)(A-9a,b) (A-8a,b)(A-9a,b)
.01 1 1 .0096 .0096 .0096  .0096
.05 1 1 .0443 0427 .0429  .0427
.10 1 1 .0826 .0767 .0765 L0765 ¢' =1
.50 1 1 .3284  .2362 .2350  .2348 §
1.00 1 1 S972  38%9 .3350  .3346 |
.10 1.4033 1.4017 |1.4050 1.4044 .0069 .0068 .0069 .0068 =
.05 1.3808 1.3723 [1.3785 1.3767 .0321 .03 L0311 .0310 |
.10 1.3657 1.3497 |1.3579 1.3554 .0605 .0568 .0564 .0567 ¢' =2
.50 1.3419 1.284 1.3030 1.303 .2448 1839 .1804 .1824
1.00 1.3485 11,2439 (1.2837 1.2834 .4429  .2663 .2610  .2607
.0 2,2067 2.2039 (2.21M1 2.2113 .0044  .0044 .0044 .0043
.05 2,1427 2.1286 |2.1385 2.1404 .0207  .0201 .0200 .0199
.10 2.0963 2.07 2,0816 2.0853 .0394  .0370 .0368 .0368 ¢' = 6§
.50 1.9938 1.9183 [1.9308 1.9380 L1647 1231 Jd217 1223
1.00 1.9901 1.8718 |1.8799 1.8854 .3001  .1784 1782 775
.01 3.1142 3.1110 ([3.1215 3.1228 .0031 .00} L0031  .0031
.05 3.0068 2.9920 (3.0024 3.0096 L0147  .0143 L0143 .0142
.10 2,9262 2,9019 |2.9080 2.9213 .0282  .0264 .0263 .0263 ¢' =10
.50 2,7230 2.6795 |2.6612 2.6834 L1206 .0881 .0883  .0884
1.00 2,6886 2.6348 12,5792 2.5977 wegl 1267 L1299 (1288




on the form of Q'(x) is negligible and the latter can be found from the
solution of a single charged strip. That potential is proportional to v

(taken as zero on the strip) where

2 2
- o L)L w2 (A-12)
Tostahy  _ sinhty  *

The potential that is the superposition of a pair of such terms (the second

due to the image) is

| 182 v ath? - 1] E‘fi"z caeh? -

Y = 2256 sinh >

f2x,2 y+ny2 2%, 2 +hy2 -
+2.g'- sinh! b L 8, ]] i JL[) E “Xu { e ]]
: () \ 2

(A-13)

SIS Y

et s M s el

Although ¢(|x| <w/2, y = h) should be exactly constant, the approxima-

tion is not precise but for simplicity set y(o,h) = V. Then

i U0 i e it i,

V=L sinn! () : (A-14)
0
Since Q' = C'V, it follows that
S -1 ,4h |
C‘ . “'6 ”‘2'1"" sinh (V;) : (A-l‘t)
q
3 3%
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When «‘ >1, the situation is more complicated, but the method of images
can still be used.
The image pair with dielectric slab of thickness 2h between them shown

in FigA3a has an E-field within the dielectric that is exactly equivalent to

the free space problem with an infinite set of images. The kth set of images

3 5 ._ k = .-
is given by + Q%(x) Efi] (é +T) 1 Images for k = 0, 1, and 2 are in

dicated in Fig. A-3b.

If h/w is large enough so that the noninteracting strip approximation
can be made,it follows from superposition and evaluation of ¥(x=0, y=h) =V,

that
€ © ' r" —]
[ . =1,4h 1-¢'\k -1@1_ . .=1,4h :
T { SInh TR ¢+ w (550) Lsinh w (k1)) - sinht (w-k)J (A-16)
> 1, the values of

1,80 v _ o [4h VATIRY: i
sinh (17 n) = mn{%r n+ (TT'") + 1 :] s (A-17)

>

Because by assumption

where n = k or k + 1,can be reasonably approximated as Qn(%?n ).

Then
sinh™ 3 (k#1) - sinh () a1 e ) (A-18)
and
€ o
g ] -1,4h 1-¢ ',k 1 :
(o 3 D sinh (—W) + kz] (—ﬁ_-g-r) R.n(]+k)] ‘ (A-19)

Notice that the geometric factor h/W has disappeared from the infinite sum.
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Fields in the upper half of a symmetric structure consisting

of a double thickness dielectric slab and a second conducting

strip carrying image electric charges, as shown in a, are

equivalent to those in Fig, A-1.

Insofar as the E-fieid

inside the dielectric is concerned, the dielectric can be

replaced by the image of density Q%k shown in b,

FIGURE A-3., REPLACEMENT OF MICROSTRIP DIELECTRIC LOADING

WITH IMAGE CHARGES
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For convenience, we define a= %—;‘}- and since a lies between zero and unity

it is possible to approximate the summation with a low-order polynomial. A very

simple and quite accurate approximation, is

[+ ]

K - G 2y -
k§1 ()™ 2n(1 + ) = - y5—a (23-12a + 4a°) =8(a) (A-20)

valid for all 0< a < 1

The final set of equations valid for h > 1 is

w
o al]
L' =1 sinh (4h)
IIO on W (A-21a)
5 uieal -[sinh"1 4h 8(8'-1)]
T e™n W e+l (A-21b)
These are simple and lend themselves to inversion since
€
0 Z, =\ /L'y (e0 (A-22)
\/ o (uo) ()
and
4h 0 2 2 ;
== = sinh Mh\/—— Z g'+1)" +. (a/2)" - B.IZ) > (A-23)
w Ho o e s 4
with
2
ey U (23-12(e'-1 e'-1) )
B2 100 e e G (A-24)

Neglecting dispersion, the slowing factor c/v = ¢' of f is again given by

Eq. (A-10). Numerical comparison with the published approximate formulas

14

of Wheeler = and Hanmerstad]6 is very favorable, as shown in Table A-2.
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TABLE A-2 NARROW MICROSTRIP

ff JE.eff Zo/\E"—g
h/w | Morgenthaler |Wheeler Hammerstad |Morgenthaler | Wheeler Hammerstad
Eqs. A-21a,b Eqs. A-2la,b
| 1 1 1 .3334 .3350  .3359 %
2 1 1 .4419 .4423 .4425 f
5 1 1 .5872 5873  .5873 €' =1
H 10 1 1 .6974 .6975  .6975
100 1 1 1.0639 1.0639 1.0639
1 1.2859 1.2837 1.2801 .2593 .2610 .2624
2 1.2700 1.2701 1.2669 .3479 .3483 .3493
. 5 1.2584 1.2589 1.2557 .4666 .4665 4677 €' =2
3 10 1.2529 1.2534 1.2497 .5567 .5564 .5581
100 1.2430 1.2434 1.2386 .8859 .8556 .8590
1.8900 1.8799 1.8854 .1764 .1782 .1781 : ;
2 1.8473 1.8450 1.8493 .2392 .2397 .2393 i
1.8166 1.8165 1.8186 .3232 .3233 L3229 €' =5
10 1.8024 1.8027 1.8018 . 3869 . 3869 .3871
100 1.7772 1.7778 1.7709 .5986 .5984 .6008
“ 1 2.5991 2.5792 2.5977 .1283 1299 .1293 :
' 2 2.5292 2.5234 2.5387 1747 1753 .1743
5 2.4797 2.4781 2.4882 .2368 .2370 .2360 €' =10
10 2.4569 2.4563 2.4607 .2839 .2840 .2834
100 2.4166 2.4169 2.4096 .4402 .4402 4415 !

i ki &
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A.4 QUASI-STATIC COUPLING BETWEEN MICROSTRIP PATCHES

As shown in Fig. A4, consider the two microstrip patches of widths
W) and W, separated by a distance 2. The substrate has a dielectric constant
€' and thickness h.

It is well known that the transverse field patterns associated with
a TEM mode are Laplacian in character and are therefore identical in form
to those generated by dc voltages or dc currents. It is this fact that

allows the use of quasi-statics to calculate electric-and magnetic-field

coupling coefficients.

A.4.1 ELECTRIC FIELD COUPLING

If the patches are maintained at electrostatic potentials V] and V2 with
respect to the ground plane potential y = 0, the charges (per unit length along

z) on the two patches are given by

[}

Q=Ch il Y : (A-25a)
and

' ‘ A-25b)
+ C22 V2 (

Q% = C Yy

where the mutual capacitances satisfy C,, = C2]< 0 and it is usual to define

a dimensionless couplina coefficient as

k| = I_..,-,__g‘z EZ‘ : (A-26)
n 22

If V, = 0and h<< t, it follows that the potential below patch 2 is ap-

2
proximately zero and that above aoproximately given by Eq. (Al-a).

Since L+ W, + w1/2
R "5 E, (X, y = O4) d (A-27a)
g+ w]/z
4

e e e



[8)

Two microstrip patches of width Wy and Wy both
spaced a distance h above the same ground plane,
parallel to one another and separated by a distance 2.

FIGURE A-4. COUPLED MICROSTRIP PATCHES OF FINITE WIDTH




and

w]/Z

o v
Q] s F ﬁg~w] + J Ey(x, y = 0+) dq (A-27b)
-w]/2
the ratio yields

s T p "
1 - (Q‘*—z"“ 2 1) (’“’7 *D])
2mp w w
' 1 o L WSS W {t+71
B J&le b el Sy 1 (A-28)
G| T &l gt o
'y gy 9
On the other hand, if V] =0,
oK 1€y, A
-Q—.—— = CI -
2 22
v]=0

W, w.h W, w.h
< eyt o . |_12 il
P; J(z’ = a; o B

W,
Since (——) >> ;e. » an approximate formula for |k|, the coupling coefficient, is
(wy+2) (w, ) |
en
LYW W, +e)
N = L S (A-20)
k| j;“‘ .
2 \I[E o e w]] P _2—_ m:-w2 ]
o ] tn ( h ) h % ™, en ( h )

A.4.2 MAGNETIC FIELD COUPLING

If magnetostatic fields exist due to z-directed currents i] and i2

flowing in the microstrip patches, the magnetic fluxes per unit length of z,

°l,2 are related by

n
-

o 2 (A-3a)

and

©
n
—

22 2 (A-31b)




Ll '
2 12 :
21 and k= = ET;IE%-. An analogous analysis with Az instead of y

and quz = ¢\ gives the same formula for |k| as Eq. (A-30) except that ¢' is

where Liz =L

replaced by unity.
The magnetostatic fields near the coupling region when Wy o >> ¢ can

be described by allowing Wpg *w and using the method of conformal trans-

formation.

For the boundary conditions shown in Fig. (A5), the ﬁ-field can be ob-

tained fromV x A where AZ Cv, j ﬁ . ds = Cu and the conjugate potential

functions are related by -

2 2 u
m{b Ux elcosv - 1 + b 5 ! £ (A-32a)
4 - 4e'cosv
and

T b2 -1 u r_asiny >

h = e sinv + ——7—— tan (A-3b)

2cosv - e
The constant b is the solution of the transcendental equation
2b b+1 e .

A.4.3 COUPLING BETWEEN X\/4 RESONANT PATCHES

.Reference to Fig. A6a reveals that the mode patterns dictate that
magnetic coupling will dominate near the shorted end, whereas electric coupling
will dominate near the open circuited end.

Patches oriented as spown in Fig. A6b have very weak H-fields rear the
open circuited edges, hence, only electric field coupling is important.

In all cases, an increased dielectric constant reduces the fringing E

fields, hence, the value of |k | by a factor that approaches ¢'.

electric
(Note that in this case L] and L2 should be used instead of W, and W, in

the coupling formulas.)
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V=nu =
-} h il
2 2 i e
\':[\
~2/2 0 +0/2

Identical to Fig. A-4, except that Wy T Wy D The
static electric and magnetic fields generated by dc

charges and currents are solved by the method of
conformal mapping.

FIGURE A-5. COUPLED MICROSTRIP PATCHES OF INFINTE EXTENT
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Two rectangular patch microstrip antennas placed either

side by side (displaced a distance & along x) or in line

(displaced a distance & along z) both electric fields .
and magnetic fields couple the patches shown in a), whereas

it is principally electric fields that couple b). Notice

the location of the short circuited edges in b.

FIGURE A-6. COUPLED RECTANGULAR PATCH MICROSTRIP ANTENNAS.
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Once |k| is known, the amplitude of the mode induced in patch # 2 by

a known mode amplitude in patch # 1 can be estimated.

For example, for the case of Fig. (A6b), Qé = 0, both before and after

i i

the voltage Yy is applied. Therefore, from (A-26)

’Célvl + Cézv2 =0 i (A-24a)
| - [} 2
Q] = C”(l -k )V1 (A-34b) ;
and
V,(z) = :Eél V(z) = |k| ?jij V.(z) =|k]| lEl Vy(2) (A-35%)
2 sz \sz 1 L2 1 .

The coupling between patches implies that near resonance, an equivalent

s S b L A

circuit can be made, of the type shown in Fig. A7 where mutual inductance M

N e ——

is present, in addition to the coupling capacitance Cc. The transformers model

the coupling (via microstrip) into the resonant natches.

If, as is common, the two patches are identical, the coupling splits
the degeneracy into closely spaced frequencies.

For circularly polarized arrays, Ball Aerospace Systems Division has
developed a crossed-slot element consisting of four A/4 microstrip patches
arranged as shown in Fig. A-8. The type of analysis outlined above can also
be helpful in estimating the coupling coefficients. When known, the level of
rf excitation induced on patch # 2 by the level on # 1 (and vice versa), can
be estimated. Then the complete A and A* can be computed which in turn yield

the far-field radiation pattern that includes the effects of the coupling.
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Equivalent circuit governing the coupled resonators of
Fig. A-6. The mutal inductance M accounts for the H-field
coupling; the capacitance Cc is due to E-field coupling.

FIGURE A-7. EQUIVALENT CIRCUIT GOVERNING COUPLED RESONATORS
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short circuit

short circuit

short circuit short circuit

Crossed-slot element consisting of four rectangular
microstrip patches. When excited properly, circularly
polarized radiation fields are created.

FIGURE A-8.

CROSSED-SLOT ELEMENT FOR PRODUCING CIRCULAR-
POLARIZED RADIATION




APPENDIX B - REPORT OF NEW TECHNOLOGY

There are no inventions or patentable items contained in Volume I of
this report. However, certain advances in the theory of microstrip trans-
mission lines and antennas are reported here.

In particular, for rectangular patch antennas, we include the effects
of currents induced on the ground planes by fringing fields.

Coupling between two patches sharing the same substrate and ground
plane or else employing separate ones, stacked vertically, is also considered
by means of a novel approximation that helps provide physical insight with
respect to field patterns, coupling between patches and the like.

As an important by-product of this work, several new approximate formu-

las are obtained that very accurately predict the electrical characteristics
of microstrip transmission lines of arbitrary width and substrate thickness
when the dielectric constant of the substrate is aiso arbitrary.

Volume II of this report is devoted to the analysis and synthesis of
multi-resonant elements with emphasis on dual-frequency operation of rec-

tangular microstrip patch antennas with or without external matching networks

P

and mav contain inventions or patentable items. For a discussion, please refer

to the appendix of Vol. II of this report.

i bt

220 copies
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