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This t i  hnt .1 ~~ m r i t iur~ i i ot in i r t  it  i t  submitted f o r
puh i ..~ t o  i h. lo~.t i t  u t i  r 1 t r I ii md I lert r o nt .~ Engint erM
( I ~ 

) Tran..h t ~~~ on Ant . ‘m. ’ ’ . ‘nd ~‘ ro p i g . i t ion. Sose of the results
prtst~nt .d h u ’r . in plus i d i  it ion.t 1 re~ ui t on geoaetry deIoraat ion3 due

~‘ at i~~sph. r I. r . 1  r.’~ t i o n  Ii.ts bee n submit ted to the t’nton Rad to—S c lentil ique
I ,it c m i t  t ~n. i i t  (U k S  I )  i- I i n n  I ~, I Sv~~~~’~. I ~~~ ~‘n El e•c t roaagnet Ic  Wave Theory,
vhi  .h  1$ o h. ~~. I d In  on unc~ ion w i t h t he I FEE I nternat fonale Sympo sium
~~ii Antenn ,t . m d  I’ropag.tt I on mud t he ~~nnu.i I e ch n t c a l  meet ing  of the t’ . S
N. m t t o n~~ 1 t c ~~ij t t . .  of U R S I .  Tin ! I t ~ t r o i n~~~n et I c  Wave Theory S posi~~

he ~~‘! d  on ~ O — 2 . ~ June H~~
’ i t  S r . t u t sr .1 U n i v e r s i ty , Palo A l t o ,

t l t t o r n i  i .  The work presented i~ t h i s  p ip e r  has been s upported by a
i t w i t  ~i t he N.~vn1 A i r  Sv s t e n s  ( o~~ and (A I R— 3 70C )

$ T h i s  do ut~. n t  h i s  bee n prep .ir . d is ~tn t n t  .r  Ia p r e s e n t a t i o n  of t Imelv
i n ’ .~rn..t  I on . \ I t hough in h i .  been t .i~ . n  In the  p repara t ion  of the
e.~~m h - i l  n i t  .r  Lii p r esen ted , t hi t i s u l  t ~ herein ~r , o he considered ~s

pre 1 1min~irv in  nat ur.~.

• PAUl. f~. HOMER
14r .id • ~. ipons ~v ,  t n .  A n t  l v ’. is  D l v i  slon
Svst i ’ms Development Dep ar tment
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AKSTRACT

the derivati on ~it :i t r an s f or m a t ion to  compensate for ne’irac tlvity
In th~ ear th ’s at~~ sphere is obtained through the use of ray tracing
and different ial geometry . The e f f e c t lye earth ’s radius , which is the
classlcii l method t~~ compensate for the ray curvature as an electro-
magnetIc wave propagates through the earth’s atmosphere , lie also derived
and shoi.m t o  h.’ Inval id sI n c e  It does not serve i ts intended purpose ——
name ly, t o  cc.nformallv transtortn curved rays into stra i ght lines. A
brief rev i ew of i tmosp he ’r i~ rad io refractivity and ray tracing Is pre-
sented and t h e  ditf eren ces between the refraction compensation transforma—

tion and the * t 1 , . t j v &  earth ’s radius are demonstrated.
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NONENCLATURE

C curvature of the ray

c speed of light in a vacuum (2.997925 x 10
8 m~s~~~)

exponent ial refractivity constant

e water vapor partial pressure

h altitude above earth’s surface

h1, h2 
altitudes of the ray ’s end points

K ,K ’,K ,K ,K,,K refractivity constants

k 

1 2 

absorption index of refraction

L eff ective spac ing between neighboring r ays

m complex index of refraction

N refractivit y

N refractivity at the earth ’s su rface

n phase index ~“f refrac t ion

t o t a l  atmosp h e r ic  pressure

carbon dioxide p a r t i a l  p ressure

~d 
atmosp h e r i c  pressure of dry air

r distance f rom earth ’s center

r equatorial radius of the earth

polar radius of the earth

r radius iif the earth
e

rk 
effective radius

(0)
rk 

effective earth s radiu s

e f f e c t i v e  ear t h ’s rad ius  p lus  the a l t i t ude  ii
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r r ad i u s  ot  cu r vat u r e  of s t i n t  :ice~ ut  constant  r e f r a c t i v i t y
0

r t ransformed radius
S

distances f rom earth ’s center to the ray ’s end po in t s

T atmospheric temperdture

x ray length

1 retraction compensation transformatici constant

V grad ient operator

dielectri c constant

I. ray tic tor

ii m a g n e t i c  p e r m e a b i l i t y

.,ngl.  r ay  makes w i t h  su r f ace  of constant refractivity

j pgles t h a t  the r .iv makes w i t h  the surface of constant
refractivity at the ray ’s end p o i n t s

latitude on the  earth ’s surface

r ad ius  cii ~ n n r v i t  c ir e  - ‘I  t h e  ray

j e a r t h — c e n t e r  a n g l e

t ransformed e a r t h — c e n t e r  angle

S

_ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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INTRi ) I L JCI ION

F r o r n  t f~~- h-r ~~it ‘ s p r i n ci p le  o t  I ~‘ .l s t  .ic t inn , el ec t  romagnet Ic
r hI I., t i ‘n ( I  . ~ . , p he i t  ons 1 a I wa\’ p t .  p . i g . i  t .- a long .i geodes I . - in  I ret ’
~i p.s. e r t - i~i ;  i nn  v homogeneous mcci i um. Heiveve r , I t  t h e  rad fa t  ion I s
p r op a g a t i n g  t h r ou g h  an i nhcimogeneous medium (e .g. . the  ear t h ’s atmos—
pt w r e) .  g r . i d i e n t s  i n  t h e  speed ‘1 l i g h t  in  the  med ium cause the path  of
t h e  p lio t .~ia ’. • or r a y  • t .‘ d e v i a te  I ron a geodesic • or St r a i g ht  l ine . I f

he sp eed ‘ t  l i g ht  in  t h e  mcd ium I cl i  s co u t inuous  , the ray pa th  w i l l  not
he d i f t e r e ’n t  t a m  I t  t e  • g. , at y e  I ‘ c  t Ion p o i n t s )  ; however , for  the ear th ’s
.. t me isp her ,  i t  i s  r e , s .n . ih l . ’  t o  assume t h a t  t l ~,- spee d n~ ! l i gh t  i s  a
d i f f e r e n t  i , e h l e  fun c t ion of I o i  .n t  I n n . Then , t h e  rays are twice d i f f e r -
ent I tb I c  .-ur v . ’s  t h r ou g h he atmosphere and hence have a c u rva tu re
d e f i n e d  .il ’n~ t h e  r . i v  p a t h .

Ui I ~. ~ IT v a t  ‘ i r ,  ‘t  the r i’. p.- it hs dni , t o  inhomogen eit  I i,.,~ in the
atne ’’.phe r e - e i t ISe ’c . if l , ei .j ’ r . i b l e  d i f f i c u l t  i t ’ s  in a t tempt i ng t o  solve.•
V.41 i ’n, ’ . g, - ’r n . ’t r i c  p r o b l e m s . A l t h o u g h  r . ’v t r a c i n g  is nine’ solution , It Is
u.n’,.i I)”  m eat -h t .  .rn; i 1. - ~ f o r  most ap p i  i c i t  i~ ins • Another  t echn ique  has
bee n t 1 n.  dcvi ’ lopa~~nt  ‘1 a t r a u n ~. lor i~ it  ion h at  map s t he  curved rays In t o
s t ra i g ht line’s and f r e s .  rye , ;  w i t h  s ut  t i c  len t  accuracy v a r i o u s  geomet r i c
par ameter ~. .. n  1’ t l i . i t  t h e  t r ,ms l  i rmed geome t rv  can he’ u sed t .  solve

e’r ta in pr h I ems . The most - I’~~~~~T1 met ln , ~~,f  unsi ’el t i  comp en s at e  for the ray
V . u,r v.i nit,’ In tP,e ar t I, ’ ’. . a r mo ’a p he re -  Js  ~~~~~ an f I t’ i - t  lye earth ’s

r.i d t n , s  • w h i  is n s ’ n , I  lv  l a rge r  ‘ in  t h. t r i.’ ,~arth ’ s r a d i u s , tha t
• .eui ppi ”i . ’dlv c . i n f  . ‘riuia l lv t t . i nc f  orms t I n ~ n n r v , ’ d  r ay s  i n t o  s t ra i g ht l ines .

The re i t  ?7i .-nT - r .,v a ir v .lt  I cy . - and h . ‘ - f I . 1~~c ear t h ’ .n r a d i u s  in the
s ta n d ar d s  •~ t in. ’ I I t e r a t u i r e  h a s  t n t  f e e n  suf  li l en t  Iv  r igo rous  du. to
ei the r ‘I n n , -  •- s s .in  v or  t .i. - i t  a s sump c  i - u s  I I — 

~~
.. I .  Th is  Incompleteness

t , ’ads ,i i n n -  o n - .’. t r , ’s i s l t s  due t o  i~~ j ’ T  ‘p. 4 ‘n .’ ‘ f  t h e  et  fective earth’s
radius. In .iddit ion , the “ (f eet lvi’ • ‘ a r t h ’ s radi u s is not a conformal
trans for m at  ( ‘rn , and it does not I t an s ?  ‘cr’ t h e  curved rays int o straight
l i n es . In st e ad , the’ curved r.u’.s a t ,  t r a n s f o r m ed i n t o  r a y s  with a
great er r i d  i i ’ . ‘1 .-u rva t  li r e •

In this paper , t h e  b a s i c  t l n , ’ o y v ’f • i t u m n s p h e r i c  r icH o r e f r a c t  I v i t y
i s  p r e s e n t  i’d. A l t ht iuig h (Pu ’ ii a’ 1’t s o f  r . i v  c u r vat u re  and effect lye

r i.1l ns ir e  appl i .it~l,’ b r  all T , - h n I , . n c i e s , this paper con—
, ,.nt ti ’ .-

~~ ‘n the prilpagat inn of m i  r ’w.av.- radiat ion . Alter a brief
d is. i u s s l o n  o f  geometric opt i ‘c , t h e  ,.f t e n  ti ve earth ’s rad ius is derived
and soc . of  t he’ a s s oc  f a t e d  ~‘r r - ’r s  are discussed . Finally, a trans—
f or m a t ion h i t  i ompensates f.’r t i n . ’  r ,~ curvature  Is derived and

•- t~~ p . ir ed  w i t h  t~ n ,  ‘ f l 1 -’. tive e a r t h ’ s radius.

t 
- - V.-- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - -  - ____—- - -~
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RE FRACT I V  I TV

h i t ’  I nde’x of  ret t ac t  ion c i t  a med i um is  defined to be

m n — i k , ( I )

where’ • Is t he’ dle’l.’. t r i c  constant  and ~ I s  the m a g n e t i c  p e r m e a b i li ty  of
he medium . The’ r eal  p .t r t  of the ’ Index ci r e ’l r a t ’t ton , n, called the

phase index , I s  the  r a t  to  of the  speed of l t g ht  in a vacuum to that  in
t h e  m e d i u m , w h i l e ’  t h •  ima g ina ry  par t  of the  inde’x ~‘f retract ion Is
t h e  . ahs , ir p t t t .n  index , k .  For the remainder of t h i s  report , the  abaorp—
t h i n  i ndex  w i l l  he i gnored , For eI.’ctr omagnetic radiation below 30 CHz
in  th e ’  . ‘a r t h ’s .atmo sp here , the  phase Index does not exceed u n i ty  by more

t han ~e ’i ()  ~ so .1 parameter called refr activit y is defined by

N • ( n — h )  x ] Ø
6

, (2 )

• For I requent - i ~’ ’; h~’low 30 Idi? , t h e  rt’ r u ct iv ltv Is given by I~ebye
h,, ,!’. I or  p o lar  md n o n — p o l a r  molecules as:

1 4
N K

1 T ~~~~ T’ 
4 K ,

where 
~d 

~~‘ t h e  it  m. sp bn. ’r  I c  p r e s sur e  of dry air , I’ is t h e  part ial

p r e s snnr . ’ o ’ r i r h o n  c l i o x  Id . ’ , r is  t l u . -  p a r t  t.il pra’s ’~.irc  of  water vapor ,
and I i .n  the  . i t r n n - p i n e r i ~- t e ’mpi ’r . a tu r c -  ( I L  However , since in the tropo—
sp ht’n.’ (i .e ’ . , t o t  a l t  i t  udes I i ’s s  t h an  10—Il kiLometer s) the concentrat i o n
i-i f  - i r h on  dioxid e 1”.- r n - l e c u l e r  ~~‘l g h t  is  approx imatel y 0.03 percent and
K / K

1 
S / i , i t  i s  customar y t i .  c om b i n e -’ t h e  p r e ’ ’ ; s n n r t ’  of d ry  a i r ,

w i t h  t he p a r t  1.11 p r a ’s sunn . ’  ~1 e’~~rbon ci iox ide  • V , r e su l t  ing in

1’ -
t V e -• K 1 T • I 

(
~ )

V.

where I’ is th. t al ,tr’i cp bu’rtc pressure. Fxpenlmc ntal data results

in  the  ( ‘ I l t i w i n g  vilniec f r  t he’ c o n s t a n t ’. (1]:

K;  • ; ; .~~u 7 + ‘~~. 13 K/mb

K , - / l , t, +~~~.5  K/mb

K 3 
• ‘ 3 , 7 4 7  + 0 .031) x I0~ K ’ /mh  

- - - - • - - - V -~~~~~~~-—  ~~- V V -~~~~~~~~~ -~~~~~~- --- V-
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Mother co~~~~n express ion for the re fractiv it y , which i s  s u f f i c i e n t l y
accurate’ for many applications , is (11

N • K~ ¶ + K
5 

~~~~ (5)

where ’

K ,, — 1. 1 1  x lO
Ca 

K ’ 1mb

The c o n s ta n t s  i n  I ” )  .ir ~- co ns Ide ’r ed to  he’ accurate to within 0. ~ percen t

in N f o r  t re ’quenc I t ’s up to  30 ~ l 4. ’ and n o r m a l ly  encountered ranges of
pressure , tempera ture and h~~~1d itv (ii. The first term c f  (5) is usuall y
referred to -us the “dry ” t erm and t h e ’  second term is referred to as the
“wet ” t e rm. As can he seen Iron (- . ) and (5), the propagation of micro-
wave energy throug h the earth ’s atmosphere is affected primaril y by
grad ients in t h e  w, ’t  t(’rm .

,~~~( i Sp H E R J i  REFRACTIVITY MODELS

A l t  houigh t h .  exp r i ’s s  t , u u s  I c r  re t  r . Ic  t f v i t  v as a f u n c t i o n  of pressure ,
t e ’mpe ’r at u r ” , and w a t e r  vapor  p ar t  I i i  p r e s su re  are essent  ial  I f  n il. ’
desIre s  to cv.ilni ctt’ e l.’c t romagne’ t i .  w ave p r op agat  Ion under particul ar
atmospherh’ • nndit I ’ns , i t  i s  I r~’hu e n t l v  convenient  to use a model tha t
r ep resen ts  t h e  mean r .’f t .n . t i v l t v  p r o f  l i e  for  a g iven  I o r . i t i n n  or region .
Several models  i n  rinu , nn use t i n ’ . -  are d i scussed  belov . It should he
ment ioned , t h o u g h , t h at  t he  dev i n t  I n n  f r o m  the  mean may he quite signi fi—
can t m d  Pu.’ p rof I Ic t h a t  i s  r ct er red o us “normal” may occur on Iv a
sma ll  p ’- n ‘ ‘m t . .g•-  a ?  t h e  t ime ,

I.INF.AR c\ rM4~~ 1’ffF,RF ,

Tb. l ln , ’a r  n-mo.1 , ’l ,-mssmmme c that the mean rcfrae’ti v ltv varies linearly
w i t h  the  a l t i t u d e ;  i . e .

N • N + h ~~~~ , ( f ~)

where S i s  t he’ mean refract t -~Itv i t  ‘er ’ altitude , and Pu is the

,-il tit ud e. This model can o n ly  he , - .‘nsidered val id for  low a l ti tude s
(i.e., l.”.s than 1 kilometer), Standard conditions are considered to be

N • 101,0 and 39,25 km 1
.

_ _- - 

M

— ‘—-V.  ~~~~~~~~~~~~~~~~~~~ - - 
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F X I ’ I l N I N i  T A T  ~\ I Mi~Si’h iF ) <  -

I n  t I l l ’ ;  mc’de I , t i i . - mean re ’I r i  t i v  i t  ‘. -.a r I c’s e ’x p u > n , ’nt  t a l l y  w i t h  t h e
- m i t  Itucin’ ; 1. .’ .,

— c  Pu
N — N ( 7 )

wiu cr , - c 1’. ~i .- o m % - . t a r u t  . T h i s  m ode l  ~ I v. ’,-, l i i n v  ‘Io ~ e’ n gr . ’, ’r n . - n i t  with

t hi’ mean r e t  n iv  It - ,- i - c  ,uI  t i t  t i t le ’;  1 , - - ’’. t h - c n n  I ~ I l omet .- r .  and I ’-. st  i l l
moderat c l v  I s , - f r  mimi -li Pu i gher a It i t  tide’q . l ii , ’  exponen t  i .n I i t  mosphere
has bce -n a d op t  , ‘d h -  h. N , t  i.nu.a 1 ~‘ m r c ’ m r  S tan d ar d s  w i t h  va l ues at N

and c g i ‘.-.‘n t  I r~ i i ~ 1. - 1 1 1 )  . i t  Pu t I’ S.-  v i  l i i i ’s t h e  exponent lal mode l is

re - t n - c r .- ! I o j s  t he ’ c - l i t  r u  I Rad ic P rop .n~~.i t ion Laboratory (CRPL) Exponential
Ret e m  en . - .’ -\ t  n - ’.p h. - r . -  ( f i  5)

OTHER MFAN ‘i r~1osl’ii i  EES

l i t  h. ’ mod,’i at ~~n h , -r,’s m ay,’ ta - , ’n d .- ,’.- V ’ ; .  n . - ; r i ’ s ” n t  t he mean
r e f r - , - t  i v i t v  is  -~ t u i t i c t  ion ~i f  - m it  I t u m d e ’ , an n. ’  such model  u ses  v ;mri .u s

t omb i n.nt i nn ’; c t  1 i n c - m r  and exponen t  1.4 1 , m t r ~~’. ; ’h . - i i ’s  ! ‘ r I f  ! ‘- r e n t
,m I t i t  ude’ r m g i ’s ,  .~ r n ‘ t I n , -  r rn ’ci . ’ I ‘is .’  - m h i  e ’xp enn ent  I a I at  u~n cp ht ’ r e , in
wh ich  ~ ~~ w’.’r m i d  .i t ’; t • -r n, s c i  ( 5) i c , ’  ,s’-.nin,’d to vary exp onen t  t a l l y  b i t
w i t  Pu - i f  Ic ‘ ‘ ‘n .. . m l  • he’ I gh t - ‘n n s t  ,mn t ‘, . I h , cc mc’de I a tmospher e s  can h~’
I ø mmnd I i ’  i t .  4 , 1 , 1 . - n . .- f ,

N0N —~~T ANt ) ARt )  AT~~~~P H f K F S

The n i - ’’ ‘1 —a- n -  and st  ,,nn ~I a r i atm - .i !4.-r .-c h a s  c r ’- , u t . - .i much erroneous
f i l m m I  m l - . on - . - ; - n  i -n i ’.  con .- r n 1 n ~- t h e  ; . r o p - i g ;m t  i n  ot m i c r o w ;m v ’ -  radia—

i on  in  t ~~. ‘ a r t  h ‘ ‘. ; i t r i ’.rh cr , ’  s i n . - , ’  rn . m n v  • p ~ - r . m t  i o n a l  p er s onne l  have
t t - ,’ ,i ~~~~ h, - - ind a r d  - a t  m o sph er m ’  as t i i ’ -  most  l i k e  l v  . ‘n. ’ , N o n— st  andard
mtm. ’sp h.-r .’’- vh i l i ‘ n v - I ’ - .- v,irlouas .mmnom ;u l ‘i t s  e l f  e c t  s i n ’  q u i t e  co~~~~n in

‘-- - ar  i - i t ’ . ; - i r t  s ‘1 t b .  ~ or I d  and h iv . ’ a c i  gn l  I I  - a n t  e f f e c t  upon the
p r o p i g , l t  I ’ n  ~ ‘ - 1 . - t rom,-u gnet Ic  wav e s  ( S J .  A s t udy  of these n o n — s t a n d a r d
atmospheres is beyond t n . - s cop e  of t h i s  p ape r ;  however , c e r t a i n  micro-
waVe p r o p - i  ~:m I I ~~ ~

- .‘nnl ~ ions can he c la s s  i f  led :

Sub r , - t r . u c t  ton : 0 , 0 < I’
N ’ r r n . m l  r .~ t r - n ~~t i on : —O. ’~ ‘ r ~ 0. 0
-~n ip i ’r r e f r ut  ion: — 1, 0 r ~

‘ — o , S
T r ip p in g  ( du c t i n~~) :  T < — 1.0 ,

where F i s  t in , ’ r a ’~- t ; a c t o r  d e f i n e d  by

r _
~~

n
~~

_
~ . (8)

1: 
_ _ _ _ _ _ _ _
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t AHI.E I, I.n h i h.’ ‘1 ( o n s t, n n t s  b r  the’ CRPI. ~ xI. nie’nt ia l
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whe ’r i ’ ii i n  t he ‘ 1 , . , - - .- i r i c l e ’ ’  . 1 r e t  l i t  ion , w h i c h  i s  .is~~t mrnc ’d  t ’ ’ i t t -  a
11 I , ‘ r . - n n r  L i t t l e  t t j i ic t I ‘ii - ‘ I  r • i n n , !  r I - - tb. r i - I n - i i  cu r v a t u r e  of  ‘ - . -

n n
o n c o f l s t . n ’n t  I t - t i - - i  i v i t v . F r  .m s ; ’ i n . - t i i l l ’ .  ‘.1 t n t i t  i . . !  . c t T h . ’~~—

pPwi~ ’ r r  , the ’ di s t int .- I - - n n; t he c-ar 1 ‘s - c m l  .-  r . I n  sb -n i l .! H . n o n  - :

t h . m t  t h i s  u l  , -.- - i t  i - - . :  t o r n  , I i - - t  t n gu i ~~F n - s  I ’ . - t ~~- e - t - r ~ — i t t - i - c r . - :  r e t  l . ’ r , and
m ; - ; . i i ig ,  l i t  I s  1 i - n  I n - I i o u  I s  n - ’t  lw - a - - - made ’ in  t i t , ’  1 i t t — r a t  ur e’ ;

?, , w~’\ ~,’t , ti n t , - - t i ~~’ s i i .~n n I n  1. a nt  d i n  1 . - i - . - ; n -  ,-  in  - r . : - .i~~. l t  I on - h a ; . m  1. - r i - - n  I c- ’ .
I I  1 s .- i t  t h i t  t i i . - • l j - - t I nc  t I ‘ f l - - n - i l !  ~1 ! . , .  ‘ i - i ,

CEOMEIR 14 01’ 1 l  ~~ I ~~~~~~ ~~ I ~~ ‘ - 1

S I r , . ,- t im . ’  -
~~ - ; - t - ~ - n  m,~.- r1t ’ n r ic ~ o p t  ics  n nin-a ’ , l in I . - ’ . . - l - ’p l n g  t i n . -

I i ,, r-~ - - ‘ - - . -  , n i - - . . - . m r t h ’ s r . i , H i i c , i t  j ’ :  n e t - I n t l  to , -v.nl , i.mt , - w ’ .- nl

c. - - - n ’ u - r r i i - - n - n  i t s , n r . n % - n r i - - I - n , ; ,  j s  ‘c’alf d i:, ! to ci ’,’ .‘x ; - r . - — ; --. i o m n s
t n  r m - t n . m  I n c  i n  - c  .- mm . ‘ s i t  n - ’ .; 1t . - n  . -n a in, ’~~.- dm ’t  n i h .- .! re-i: —

m e m u n  c i  t I n ’ s - i ! -  ,- - , H.  t.- .c - i. -r 1 -~ n a - I ’ m !  ‘
- .~ - - St  ,uvn n i l  I s t n ) , in; . - x - .- 11. -n t

i t  ! i n V i  I i i  i- e a t  meri t . ‘t  i - m v  H i - - n  V . ~ - m v  I i i .  1 n n ~ : In . - i  v a l i d  .ipp rcx i nn , , —
I on  t o  n b .  - n  - - . c . ; i t  I - - n  - n  . - l . ’ c - t r , ’ma~- n in ’ n I , - w . i v m ’s n . n - n , . ; : n  ,n . u rn ;’ - It nb.

ph.-u- - . t n - I , - ’. - f  i a - t  n m .  t i n t  .1 .-- - non - -i n.u ~ - . - - I gm..’ 1- m t  I v  wit ! n t f l  i d is t i nn- ,-

- - f l ; ’ n n  i H .  t o  I - . -
~~ i’, ,  I - : n -gt - - n  h . s i  g n n u l  (I. ~ ‘ . , n ’ ‘ ‘ 2’ ~~~ ) and i t

t n . - r . - i . t  i v e - r , :n ,- . n n I ’ ’. - .‘ t  t . . t lvi’ s ; ; u -  I n n , , I . ,  ! - . - t w ’ i ’ e n ,  n n . i g h h . ’ r : m ; ~ .
t - ,- s  i io, ’s n , - !. .— b m ; n g ’  ~- i ~:n ; ’ I - inn: lv .- t z h  r . - - ; - . - c m _ n o  I i -. ,  waye1, n;~- ’1 , . 1

sign~i l  ( 1 , .- . ,  -1, 1 ‘ ‘  .‘ mnl - ) . ‘4- - n h  a n :b. - -— . i - .- - nir - ; - n f - r n - a rt - v a l i d  : cr
I i a n i t ri: : ~: n I n n - - -- - ; - I ~~- r i -  . - ‘n d n~ n - - n i ’ .. I n  I n  t ; - ; - i n g  - - - - ~n n - - , spm’ (-t aI - . 1 1 ,

n ’ , ims t  t a i~~ , ’nn t mi - - - mit - - t i -  s - m n !  v m r i , , m s  (III r ,-u~- n ~ 1. -ni ;‘ ; n . - m , - -mni- n n - - n .

~~~~ m ’ _ ’ .n irn pt  I on  I r’ m d , ’  f -  r t i .  n - - - - u r n - h - n  ‘ 1  t i n t  ;- - m ; ’.-r  t h at  h .
p h i’ ; . - i n d . ’~ . ‘ f  r . - :  n- _ i  I a n  1” a d l i :  . ‘r cnn  i m i n l i -  - r n  - n i - n  t l n m t  d .- -,~u-n,!’- n ip . ’n
a ’. i ‘ ~- I  . Ofl 1’ n ,  - m - - - - tri p  t I -  ‘n t h i t n d. ’p. - n n . l s n i ’,’ ’ ni r e-un lv I m - , , the
a t  ~n e - - ;’ii~~r . - I ’ .  c ; 1a- r 1c m 1 Iv s t  n - i n  I 1. - I , or H -  - r  I - - n n  a l l ’ . ’  h o m . ’g . - n e c n m s  i s  - ,

a l t  - -  - - - n - - . - n  i - rn -n i  ‘n’ ’; m i t  h - n i g h  !it ~ u - , - . n i r n : - n  i - n  is n - I  m e -  c s s ; % r V  ¶ ‘n
. 1 . - - ..’ 1 - ;- -ri . ’-n on r a’. c - i- - i n c  .r ~~~~~~~~~~~ f,’ct 3’.’.- . - - i r t in ~~~ radi us • i t

s imp i i t  t ‘- ‘— n i n . - nnt,n ’ - ‘ I - -c somewh .- m t rn;- 1-’ :, t h i  t n is a
dl 1 1. ’ n , ’; ‘ I mb I.’ I ne t.  I - ni I ‘c n n , ,t t o e  - - r n n - ; . - ; n . u - - -n.!  i t  I c  ‘n ;  i t  may -.1 m;’ I
r ’- - ; . t f r . - c orn-p -;n ’n , a h i n g a t  ~:- ‘ -n - I- 

T q  inc ‘- ‘ . ‘ I I  ‘ ‘- c mw ,

n r  - ‘c • con s t  m m ; !  • 
4 “‘I

n

n n n ~ -; , .rm , - ’ . i n nm ; -  I ,  - 1 1 ’  ‘ - r en t  i , m l -c, ’ . ’mnn,- r’.’, the iho vi- m - - c i i r - : - t  I o nn. q u i c k l y
g i v . -  r i - - c m -  n - • 1 ol  Iowl’ng c i -  l i t  I . ‘n~ I - -c  -n ray propaga t ing t h n n o u g h  -u
heir I ‘ - - mm t i l Iv H —n - - . .- ‘ m  ; at rn - -;

1’
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C — — ~~~~~~~~~~~~ , (1

w i n , -  I ‘, I he .11 - _ m n . - . - - - -- i, - i - ~m T ~t s - - n, . - t  , • - - . _ s r t g  I .- I.. w.-e nn

t h e  m d  b. - - I n ’  a -  .- - I . n n n s  t mn , t 1. - n  i - i -  I v i t  v , ~~ i .-- ¶ h. ‘-art i t — - .‘n t  i - i

~ I s t h e  1 - n  . . ‘ n -  . -  along  t I , .  n n ’, h ,-t w’,’, nn t t a- t a ’ .  s end p o int • C
I - , ‘ ‘ n.  r n ’.- ni r v , . n - n t . - , , - is tb. y - m d i n t ’ . .‘ t - n i r v ; a t u r e  it  t i n , - r i - .- and F i s

t he  r n’.- -i-

I~ s in . ’’.i I d  ~ - ‘ ia t  i - I  t l a ’ ¶ -n - t h i s  ;- - m n ‘- r  , n h .’ - i -  t n e i l  v . 1 , , ,  - t  t h e
l i t  - ‘ .4 t ail  I , m s  I —; mn - I o t  c 1 . - i t  i in n - ¶ m l -  . - - T’h is (I 1 .-c .- t ic -c i on I s ,‘en -  , - r n l t - .!

o f l l y  -~ l : h  r m v - c  p n  ; ‘ n g c t  i n g  !‘,‘l’. . . , -mn n- _ - p . . In n  - ‘ In ¶ i i  ‘ - u t - n i ’ s .-n t mosphere
, atn. t t in , ’ i : n ~~.-r ~u .  t I n  o ’ : h  1. - t r - ’r- - u g n , m - r  I ,  w ’m ’, ’ , ’  w i t h  the i’ ,mr ti,’c ~ur f , i , i’
i s  n t  - ‘in c n - m e d . , - . n - ’ - i - i - , . 1 1  . 1  n . - , a n . m ly sj s  i ; . ’n ’ -j n  Is v a l i d  1 - - i

-a , n m n - - ‘ - n - - ’ . - :  - -~~~n - - ‘ c n i n l . n t , ’ s - - - - ‘ m t  - ! a n t  n - r u t  i v lt v  a l e  - - - n , .  , - n t t  n c
spheres and win, ’  s,  m u - l i  i rn.iv have ‘n ¶ i n I n  g wln , m o,’v ,- ~- t a - I , - w i t  in t h e
n - i ‘i ’ i s  of ‘ i - . c . ? ’ - _ F ’ - -w ’- ’ .’m ’r , 1 - r  r .  ~, - r . - m n -  .‘ and ‘c n n m m e n i c a l  i;i t ,u

- c  . .c. t ,‘ I n t - n c  h.’ m ’ri ’l - ‘I  I I n !  ~~ - n : ! , ‘ ‘ ‘ - i - - n - I  ~~ ~0nt ~ I n~~ a ~‘r iE ’ f
,f (sc - , s t  ‘n - ‘ n n he r ich 1 ml ’ ;  - • 1 ,  c a r t  1,

EFFE CT I VE F \~~T)3 ‘S i~A J 4 I t S

1 I i , -  c I nc  si  - i 1 a :- r - t - h  t ci - ‘r p m - m n -- - i t  • - - r t H . - it rv.-u I n ir  .- - - I c - n v  pat  ha
I t ,  • c, a t uflci- ~ -’l,, - r 1 ,  r i - n r a -  t i c ~n I s  n ass ume t b - n t n h ,  • - a t t b ’ s r , m , I i ’ , - ;  I s

- . .r- , -n , -m , m l  I u i c ’ - r t b - m n  I t  a c t - m d  l v  is . Thi~; r .- t b ’ ,i was .idvanced by Sch c ] I e ’n g .
l 4 : ~ n -an d .- r  c .  11 I~ I and h a s  he i r , i t - a - c l  by many an t  h a y ’ , s i n .e ,  The

- ‘n e c t  i s  ‘o n b c - - r h  t he  - ‘ i n v , i t ’ i r . - 01 t hi’ t n - .- f i n ! . ’ t h e  c u r v a tur e  - t  t he
- - I . - t - lye - c m n H so I F i a t  t he - r i - I  n i t  l v i -  , t i r v a t u a r e  r emains  t h e  same . 11 r
1’. Hi ’  d I c t  u- - . - Ic -“ a p o i n t  on t h e  r ay  t - - the renter -‘ I the ea rth and i

I . ’
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t n-a t he r ,nd i~ m ’. m i t  .eirv~nture a t  the’ i- i’.- at th at point , t i t t ’ e t  t i n t l v i ’
r a d i u s  r k I s  d e f i n e d  t o  be’

r k 
~~~~ - 

-I 

~~ , ( i s)

i
~ 

h u n , - .’ ~n un ’ . - t w i . - .’ .1 i f  t i - r e n t  h a b I t ’ ;- m xc -v. ’  lm , is  .n r a d i u s  - ‘I c u r v a t u r e  associated
wit ha c a - l a  p o in t  on the ’ curve • t h i s  t e ch n i q u t ’  app  l i e s  t a any  real ist I c
r n ’ .- p . a t !n  ( i . . . , I I  m n h i m  l i t  ft ’ n e ’ n t t n n h t i ) .  The ne-g at iv. -  sign resul ts  fr om
the - , ‘ n n v , ’f l t  t an  I n - nt .n dom..u’nwierd curving ca .- h as  pos i t  ive c u rv a t u r e  and
-in upw ard  - - u r v i n g  r ay  has negat (ye cu r V n a t u r n ’ . This results in an
e’ I I c i t  iv,’ r -nd m i s  - -

• ~~~~ (16 )
- I 4- ,~. ‘s .

F -n - i - n t 1. -n , j i n )  is app! Icab l .-  I or ;mnv at ~~ ns p l a m ’ r 1 . - • c n n n d i t  t on In  w h l u -h

r . nv  ¶ i n . - I r ig  I s  ‘ :.mI I - i , IF ’wc’,’,’r , ?n , . t h  ‘.‘ and : •-ar.’ fune t join s ‘-I I h i ’
pot-n I ¶ I - - in  ot  t h n .  ;‘ - - l nt  - i l - - r ig t tn .  r n ’ . -  ;‘ , n t  I n ;  t h e r , - I o r - , c ’s  va r ies  . a l . ’ u n g
t i n , -  r .nv patH . ~

‘or H i s  r eac~’n , the ’  c I t  ect iv , ’ ma d I t i c  is u s e f u l  i f  and
mm iv II t i n ’ - ‘ . ‘arl,at ion In c - mi s a l - -rig t int ’ r .av  p a t h  is small and can he
I g m u - r , -d . H.-w-.-’_ - .-r , i t  sl n i ’nil ,I he P . i l t i  i ’d out tha t  -mt l ow  alt itu de a I on

n’xp - - n n. ’nn t t a t  an d  1 In . ,, c a t  n.~s ; -b ter i ’c  , r~ decrea ses with inc r ea s ing
alt it ude’ .

‘I , nv  , i  n m ~ 4 n - ’ t ~ s h -nv. ’ I r e m i t  em! I !n,~ ,‘ f e  - I ye ,‘ n m r t hi ’ radius using
m -~-.’nrn ;’t ions t h i n  - i t  ,- m a t  , i l w ’.av - . . ‘t p l i c I t I v  q t c a t m ’ d ,  The i - I  f i a t ly e

e,a r t t - ’ c t . n c l i t m s , r~
01 

, is - ! . - t  l n , ’ .I a - , t i n . ’  , ‘t n ec t iv e radiu s c ’val ua ted m l

I n , ’ .~.- a r t b  • ‘a ~ t m T t .n, ,’ w it ‘n 1 • I) , s-

r~~” • , ( 1 7 )

.- n is he r - mml i t ic  i t  h~. • - - n i t  i i .  I t  is  t I n e r t  C 1.1 jr-n ,’ d t h a t  t he

,.t 
~ .‘ - - t i ye r a i l  i n s  h n u t  s hon 1.1 1-.’ mm ~~et l I s

i b )  (0)
— r

k 
+ ~~ 

( 18)

I n n . - .- r m 4 h i .  I t  sh Ould  he n n, -’t . ’. l  t h a t  t he re  i s  s ignifi c ant d if

.‘ h.-nw ,- .-nn r , - a n d  ~~~~~~~~ f - -u - mor n - i l  pr opagat  ion , F ~ —1/4 , so

T , t n . -  c. ’ - , a l l e d  4 / 3 — e a r t h  model .  I f  norma l prop aga tion Is

L.. ~~~. ___ 

I I  
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assnime ’d , t - ’i i4m411 look angl e ’s ( ~ I i )  d i i  t i - r i -n.  .- ~~ - n  n r ~ m ’ x l $ t  I - m - t w , - m - , t

t h e  4 I t  I t  Lad e’ d l  f t  e’ 1- era . e’ . ‘I t han ’  r ,a ’.- c end p . 1  l i t  -, - .m l  • u I at  .‘d i’i t r i g  t t a m -

e f f e c t  Iv . -  e ar t h ’ s u - a d  f i n s  and that mi s t rag the c i t . - . l v.’ radius; t a r  a ‘.‘ . - r y

h i g h  I . i . k  a n g l e  U m n / .~ ) , t t , m -  d I ! t t ’ i , -n .- is .i;- p r -’xima t .’lv icr.- .

due t . ’ t i an ’ hi ( gin • I t - a r t .  i’s of ‘a u h r e ’ I  r , n -  t I ot a , s n i p i - r r . ’t  ract  Ion , and t u - a ; . ; -  I n , ~n

prop agat  j u a n  - .‘rac i I t  1 . - r n ’ , in  cer t a in  a re a s  at  t h e  w or ld , . - t  t i m - c  v a l u e s  - - ¶ F
may he’ rie ’ m i ’ s ’ a ,a t v  . I)t ’pe’n d l n g  upo n t he  , n t  i - nac-c p tan ’r  h r  condit  ion s , the ,a . t mia l
d i  t I ‘r , ’ra . , ’s m i g ht  H ,’ l es s  or g r e a t e r  h a m  thiemse ‘ibmm y t ’

It  i s  at  ten assumed t t e i t  t h e  . 1  1 . - c t  l v , ’  e a r t h ’ s model I s  app I I c a b  Ic ’
on l v  when t hue l h u a e , m r  . m t  ~~n sp ta e ’ r~’ i s  v.n I i  ~l . l4~ -wn ’v. - t t h e  . in i! ’ . -  r equ I rem& ’nt
t o t ~ m; . p l t c . m h u l l t v  1’ • t h a t  ~

‘ h. r.-l,it i v m ’ l v  u n i f o r m  .iv , ’r t h e  ray pa th
hi ’ t w- ,’, ’n t l ~,- t r ,nn , ’ ; nni l i t  ~‘r and t he’ u- . ’ .‘ I vet • a r id  t hi’ model - ‘I  at mosphe ’r It’
t m ’ t r - n . t i - .- t t v  Is  I r i i n ; a t , - r I a l ,

L’ s t r ig  I a -  . - t  I . - - t Iv. ’ c ar t  hi ’ s c m , ! t t i s  • it Is  assumed tha t  a l l  t m ans —
¶ ~- m  “- t i - . !  c a v s  - in he r . ’p r . -s . - n t t  em! as ‘at  r ,’nl ght  l i n es  over he’ sur face  m i t

h i , ’ - n ‘ - n  I — . c m i - t h  and t !n.a t t h e  r m m d  o run.nt i . ’un is i- onf  orn ~ I U , v •

ang 1 . - ‘~ n r i - p r . ’’..’ r v. ’d 1 , hienwevn ’ r • I t  - -n it’ ,-~ ,nrrn Inc’s the ’ t t an s  far m e d r ay s
ii 1 i - - - r i ’ .nd i l v  , ; - p . n r - . ’ n , t  t h a t t I . .  m r . ’ r io t  s t r a i g h t  l i n e s , and t in e

r - a n m - ’ t - - ra,it I mn i s  no t  - - - r n t o r r m m l ,  f- - n i- x . a r - nnple ’ . ~ iinc.- t he ’ e f f e c t  l ye’
c a r t hi ’ s i i ! !  n i ’ S n T a n ’a t  - ‘ r , nu , mt t an  ‘l am ’s i n _ _ I  n I t . -r the c ar t  h ’ s . , ‘r i t Cr  ang le
be t  w, ’i- n m t tn .  rua n sm i t t , ’ m  and t hi’ m • - . e tve’r , I t Is impossible’ to draw a

r I a u ]  c t l i n t  - a 1 s - ’ p r eserve s t he - m u g  l i ’s . an d 1 -, , hot wet’n the  ra y and

¶ 1,.- s , m  ‘~~~ .- s  m i t  .‘nu- ~t n mn n r . -n  r n -  t l v i t v  i t the tr ;a n smltt.- r and rm ’m (’tvpr,
r~ - s p e e t  lye lv ; t I me T m- I  .‘t. ’ • I t t Int ’ I t ir i s  rr~- - !  r .-uvs w er e  ‘at  ra I ght  , t h e

i -n r~ ’. t  mi rma t 1 - i n n  would  n n - ’ t  he’ . . ‘ mi l  - -rre a f . A l s - , . i  .i m - t m f l e d  st udy  . 1  rho
t t a r n ” n - ‘rn.’ct r m ’ , c  s t n . ~~ t ! n . i t  - n I t  ~~~~~~~~~~ t h e i r  cu r v at u r e  has  decreased , i t  in- c

riot 7. ’to ( I . ”  • , i t  i s  n ot  a s t t - a I  g m t  I I n c a ) ,  In the i - - i  l ow in g  sect  t o n i , a
t r n n m - - t ~ - rr , n I ’ m  t h a t  m - .i; - ’; n ! , , - - i r v i - - I  t .n — ‘. I n n - , s t r a i g h t  l i ne s  Is  der ived
and tb .  d it I .‘ r- c - n i - - s 1’ , ’ t w,’.’n l-i , i t  t ran t s I - - r n - a t  I m n~n and H o t  hi t t ,m~ e f f e c t i v e
., a r t t~ ’ ., r n . h ’m ’ a  n nil the .  c I t . - - t ly e  r a d i u s  t r an s f o r mat i o n s  are demonst rated .

h~~~I~A ’ 1 ION n i 1 M r E N S A t  h a N  TRANSF t R M A T ION

TI-a. - .- ur’,- .mn m m - . - “I -a t w-I i ’ 1 i f  f e r e n t  I — a b l e  curve in ‘-cp hm ’r  f m -al  c o o r d i n a t e s
i s e n -- .- 1 -

r • , i  - r r  
• (l~~)

( r -  4

w i .  r - - t Imp I 1. -s I j f  feren t l i t  I ‘n wit hi respec t t o  ~~~, Reqm ’tr ing tha t  the
H ,- pre serv e d - i l l  n long the r a y , and r is ing differential geometry ,

t h e  - - ‘- l i t i a n  t i e - it  the  transforme d ra y is a str a ight l ine  ( i .e . ,  the
- ni r’, a t t mr .’ I’; ;.‘ro) is sa ti sfied by

c_a ~
-‘

~~
- —--

~~ 
- - ---- -— ---. -- - - — -‘~~~~~~ -“-—-—-—------- ~~- ~~— - -~
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r ’ + 1- ’ — r ‘

~ , (2 0)

w t i l - h  I - ;  ‘-n a t  I s f ie ’ d  if and on!’.’ if

dr r
$ S

— — (I. - )  (2 1 a)
di -  r

- 1 , (2 l b )

S - l y i ng thc~ e e’q u .i tl - -uis and us ing  s im p l e’ geometry , the  r e f r a c t i o n
compenH~nt ton trann sformat Ion is defined as foll,-ws :

m — t ’ r  ( .‘2a )
S

— - , ( 2b )
s I

where (r • ~~ ) 
~~

- - t h e  t r an sf o rm e d  p . ’l . a r  c o o r d i n a te  representation of the —

p o i n t  (r , ‘1~ is than ’ I ~~~~~~ .ung It’ tn t  he p o in t  ( r , • ) , 
~ 

is th e look

angle  a t  t h e  p o i n t  ( r 1,  i i ) , and I s  se-ame .-arh i t r a r v  cons tan t . The value

of t he  - o h s t m t  i t . -p , ’m n d ’e  upon ~~~ app l ie.-at ion of t h e  t r a n s f o rm at i o n .
For example , i f  I t  I s  desired that the t r a n s for m e d ray length  is equa l
t o  t I-ac t r u e  i - m a- . l ’ r i g t t n , t h e n

~~ dx  
~. - 1 (23 )

wher e  t h e  l i n e  i n t e g r a l s  arc eva lua ted  a long  the ra y .  Therefore , the
p-a r -a nns ’tc r m I s  dependent  upon the ray d i r e - t l o n , n i t  look angle , ~~,

T - - ~~~~~~~~ the ’ ‘.- .m h f d l t ’ .- - i  .- e r t a l r a  ap p r o x i m a t i o ns  I’o m f or  a l l  rays ,
two -a t mosp h e r i c  r e g t r m n s  f o r  e x pon en t i a l  a tmospheres  were studied —

naa.’lv , t h e  u’ a - g i - -n between the  ‘ - m m l r : , n , -e and 1 k i lom eter , which can be
mis f . m i r l v  l i nea r  In n at u r e , and the region between the

suTf ace and 10 k i l o m e t e r s , wh ore the exponential na tur e of r e f r a c t i v i t y
becomes more apparent.

R e u -o g n i z t m a g  t h a t

• n ( I 4 -  ) . (2 .4 )

I s

~~~
‘ - -  - -

— — -_--‘ - —--- - --------- -- ---—— -------— --------— -— —--~~ -- —‘-—-- - ---- - -‘--‘-‘——- — ~—
—--—- —



i t  is ~‘ - s s i t n I . -  to - i; ’i ’ r. ’si~~n tn’ a t n - i  c , i . s m u . -p . mg .nt ing be t ween .alt Itude’s

r and r , liv

• 
— r 1

2 ’) )
n m ., - n n ,

- -

‘i.na , - t H , - n  i ; - ; - r - - ’ I r a . n n  i - -n : . ‘r  a t s  g a v e - m m  by

h + 1
— 

I - 
.‘ 

~~~~~ ,

whn , - m -  m m d  ~
‘
, i n . - n . - . ,  ‘ n , n - m t r

1 
i n n , !  m 2 ,  m c - - -~p i -  t i v e l ’.- .

I l i m i t  a . ’ r a  ~~~~ I i - . .- n r - - .r m t p n b . n I ’  1. n - i  I . ‘ - ‘ — I t n . a m a  I !n , ’s,- • ‘t  ( 2 5 )
a n n  c~ I i ’  ‘a i - s  -- , h , m y n  1 • 

, li m i t  I ,‘ S 1 s ,i I- .-  t t . ’  r a ;-p r - _ ~ I mat  1. -n I - ‘n .-an g I i - - - above
1 ’, . - - , ; - i - , ’ I  a ! ! ’ . ’  I -n t , . - s c a n ’ n • - t o  I t )  k a  l , ’m ct cr  r , ’~~ i , , a , -\ .- omp a r i s m a n

- -- lie’ t~~- . -  , ; - ; - r ’ x f ” - i t  Io ns  i s  t’ I - .- . - n n  i nn  1.- a h l . -  ,‘, I t  ~.h. - m a 1 ! he. nm ’t ,- d

h,nn t 1 .  . m y - - i - - ,- i v ,  in in  I - a h i l ,’ 2 are t - - r  t n ’ -- t  r i t  it i,’d .atmnosp heres . s i n .  I

t I - n - n t  — U . ~ ‘- ‘ ( . 1) ( j  ,- . , n - - r ’- - - a i  ~n r - - ; m . m g a t  i o n ) ,  whor , ’  t i m , ’ r e f r a c t  i v i t  v
- , n m l  t - m - • -,~ ,- y , - ’ . t n - m t  ‘- - I • - i n  h i , ’ m  hi ’ .  -a I I n n m ’ ,m r  . - r  by ann expon , ’nt i , a l f i t ,  TI-ac
l a r c~.- r  ,‘ r r - - T  g , ’mn , ’r , l  1’. .~~. - n i r  t - -r  t I n , ’  ‘~n,I ] l,’r -,- n l n a , ’ ’ -m - i  ; this imp i I.’’-.

t h i . i t  , ‘x t  r.’r’. - i m  .-  ‘a -~~1d - . -  t . m k , ’ m  wiacn u s i n g  t t m , - s . -  n p ; - r . x l m . -at l eans In

• 
sn I ; ’ . - r m ’- ’ r i  I n n ~: . m t rni ’cp h . - r m ’s t i a i1 p~.s t i n , -  am n a,~l . -  I s  s i g n l f  I - -m I’.- l a r g e
( I . . - . , l - i r g , - r  h .an I

~ .-‘.‘, - r  i i  m . - n • - i n . - i n  - - r - I m ’ r ~• -  , - m n  t n g  I Ii.- r.’t r . - t I - - n i  ompt ’n sat  I. in
I r . n s ~ r’ -”- m I  t - ’n :

- ,  - - - 
~
- of n Iii h. r .a.I 1.-a l - - -r-~ - - n. -

~~ a’ ~ l . - t r an s f o rma t i o n

I s m n m  I • I . ‘i I n  ln - ’’j ~I. n I -‘ - m - I - - ‘.. - ‘ u n i t  v t H , -  ~: m i l l  ent  - -t n I s

- . -n;~ a m , ’- ~~.
- w i t  r so H a t  t h a i ’ - a. ‘cur i s  I mp eart m m a t  ,and s!n. . ’ n l m l  not  h.

.1. - 1 .-n •‘.I

~~~ The ‘ - a r ’ - - , m - n n  . - y  m n n g i . - , ‘‘ . .1 - i - s n - n - m ; - ’-. ’ - m r d i i . - - l i v  i n  t h e
t y  n ’ n . n - m n ~n. -I cmo r mt l-i , i t .- - - . rh , -~~,-t  - i ’  • m~xt r.’r.’ • a r .  s t n , n , i l d  hi ’ t .’uk m ’n in t he

t r  m n - - c 1 - r~~m - - t  ‘ - n i - I t t —  , -n ti-n t f l~~ i ’ , -- T h i s  d i f f e r e n c e - het~~~en
‘a

a m n , t ‘‘ I s  ¶ 101 . - m i ’ a i - J . ra ’d I n  t H. -  e l f  m ’ - I I v . -  r a d iu s  or eft cm - I  Iv.- ear th ’ s

r - n - i i u s  ‘ r . n m n ’ a t  -r n- nat Io n s .

~
,, ~~~~~ - m ! I m n ’ - u t  I I n . -  ear l  hi a - . r i o t  enter di n e t  Iv t n t . ’ t h m ’

c - i l -  .a I a t  I - r i ’-. - I H . - r . a n n s  I a rmed m ’~~r mt i mates • T~m , - parameter r equal s
-a nd - .~ ‘a ph ,’ r I • - a l i v  ‘-‘ r a t  i f  led .it m. isph c re is t h e  cad i n n s  of

cur ’.’ ~~~~~ -f ‘ h t -  q ’ r r t . i .- ’- of , • ‘flctant i - e l  r a t  i v l t v .  T h i s  is the ~~t st
4 ser i ou s  d o t . --  I I n  t h e  e f f e c t i v e  m a r t h a ’ s radI u s model. The same r e l a t i v e

err o r s  In - a l t i t u d e  e x i s t  het w, ’en the e f f e c t i v e  ear th ’s radiu s and the

I .-.
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r, ’ t  t.n. t b a a  • - •.m Ic. n r s m t  ion t ranceforma t ions  . n - , between the ci fea t lye ea r th ’ a
radius and t in,’ ci t .’. liv .’ radius t ramsforma t Ions ( i . e . ,  a p p r o x i m a t e l y
I
1+~

d . ~I t tannug ha I h a , ’  .-  - n I n i n t  I - na , . t  t tie I l - m m  t r i m-  I . - r a doe’s depend i-all gin t 1 y
el~u ona  . n m a g  I . - , I l i i  drpennd*’nce i ‘a n a . iw hne ’re ’  i n . -  .n y is g r m i t  .m s i n di c a te d  by
I h. e l f .’. t I v , ’ r i d  I no. t r inn ’ - , ! a rms-na t ion , win i - h  i s I nac curate .-x . - m~~~’ t I or low
ang l e’s .

naN (’l i S I aN ’~

11am ’ .- t  ‘ .- .- t  l v . - , ‘ ii- t H ’ s radius n n n , . d , - I  • n I t  it. m n ng tn in us.’ f a ir  many y ea r s ,
I’. . ‘ ‘asm ’nt  i - n i l  v i n  e- r r . -r  . I i t , - t t ’ e h a m a  t qn a~’s ace d to derive it do neat produce
.a t r i t a - a t - r n - i - a t  I rn  I 1 n .nt r ’ r.avs into ‘.traighn t limat ’ s . As - n r e sult , i t  is
pm ’s’ai~- l . - n o  ‘h - t m l n  ‘a igiat ! i - a n t  ,- r r . ~ r s  under  • - m ’ r t . i i n  app ! i a - m t  i o n s . The
v .  I ra t ’ t I - - i n  .‘ - - m 1 - . - ni - - - i t  i - - m n t r , mm i -a 1- -rma t  ion ,t a. , ’s p r oduce t r a n s f o rm e d  r .av i a
w h i m b  h.avn’ ,‘.- r - - -

- tn t  v i  I n n  i- i’ . Al  so , t ha’ c-I I n ’ . t ~ .‘l the trans format Ion  on
the m ’, i t t h n - - , - n n t  er  a u g l . - . whit-h mire’ igne-m i’e’d in the’ effect lye earth’’-
r a d i u s  me -d c ’ ! , C en  ‘- .- s t g n i f l ~~.n n t .  In  g ene ra l , the  au thor  f e e l s  t h a t  the
i t s .’ of .m na c I t  ,‘ - i ‘.- ,-  ,‘-art hi • s r.id i n ,  - • - - - n t  ,m Ins  enough e r rors  .~ justify its
rm ’m ov al f r o m  m i s ”  I r a  t ! n . . l i t  m’ r .a t nrc ’ . The’ r e f r ac t  ion compensat ion  t r an s—
fo rma t I o n  p r e s e - na t i’d i n  t It  i s  paper  i s  reconmme’nded t o  replace the effective
earth ’ ‘a r a d l n i ’ n  t r a n s I  .‘rma t ion wher,,ver 1i ,-s sihl m ’ .

ACKNOW1~~VW , fi’i I~~ 1S

I t .  m i n t  - - i  ~ . 1 - f  Ilk .’ I - - t h .ank I P m . ’ S , m v n l  A i r  Sy stems ( o ~~ and ( A I R —
t 7 U i ) ,  ~ t n i .  ‘ n smn ; - 1 - .- r t  . 1  r I -n,’ w - r ~ presentm ’d in t t im ’  paper , and Dr. A l e s - I s
Sb I ant a • -.° - pr~-v 1. 1 . ’ .! n-ni in  v - n i  n m - m b  I~ - I n t  - ‘r m . m t  i , ’n ‘ m n atmospheric  phvs Ics .
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Appendix

RADIU S OF ‘rID: EARTH

u.i n , ’ r n l  l v , t iae eart h an he cuima n-ni dered as an obla te spheroid (i.e.,
-i sphere t l . it t e n e d  at t h e  po les) .  Due t o  a n o n — u n i f o r m  mass— dis t r ibu t ion ,
the  d i r e c t ion  if  the gravity is tilted away f rom the center of the
earth; the. shape of t h e  e a r t h  whose su r f a c e  is norma l to the d i rec t i on
of gravit y is - - n l l t ’d .e n. - - -’i ,  Over the  l and the  radius of the sp heroid
i s generall y less t h a n  the radius i i i  the geold . while over the sea the
opp os ite 1-; generall y t rue .  Due to slight irregularities in the shape
of the m irth , several different models exist for the size of the earth.
The 1. - u r  v a lu e ’ s  usuall y given are :

a)  F . q u a t o r b . n l  r a d i u s , r ;

( b)  P. - l m r  r a d i u s , r h ;

( c i  Mn - .nni r .ad l us , ( 2 r  + r h ) 13 .

I d )  i~ II ip t 1. - i  t v  or f l a t t  en i r ag ,  e — (r
S
_r

h
) l r .

Th.’ more -o wn lv  a- tur in g values  I cr  I ii,’ above values  are given in
T.mh 1.’ A l .  The v,a r i ons  model s ir , ’ :

t I )  C i i - ’ .. ;:, -r ’ ‘ - -~~ n’. Compunted hr the  E n g l i sh  geodesist ,
A , K, C I . i r k , ’ , t h i s  model is ci sm ’d I - i n  c h a r t  ‘a of N or t h  America ,  S ince
‘l ar k e d i d  ne-I clearl y define hi ’, units , the t’ .S. Co*st and Geodetia -
Survey adju sted C I . -urk e ’ s values in 1880 hr add i ng appr oximatel y 83 feet
to .nb t.a in the stmm nd .nr d v a lue s given in Table Al . which are used for all
c ha r t s  and n- i1’ s . ‘ ?  N,-n th AmerIca .

( i i i  C ! a rk . ’  Sp her oid - -- r  18I~ 0. These values are new estimates
mad.- by ( ‘ I - i r k , ’  i n  !MMII ; however , t hey have not been adopted b~ the
i n i l t e d  ~ t , a t O5 ,

(i i i )  : ‘- •  v ’r n . -a l ana i S;.h.~ra : 1 .  In  1 9O9-~lO , Hayford [8) eon—
l n o t en i  1n,’ asmnr eme ’nnn .~ su , I-a t h a t  the error i n  -e equatorial radius is + 18

ane te’r s  .and I~ a ,- , ‘r r o r -  i n  e 1 
is -

~ O, S . These values are considered to be
.n s l i ght improvem ent over eithe r of Clarke ’s models. However , Helme t [9 1
f n , - r,’ ;accd these ,‘rrorq to 4- 33 meters and + 1 ,2 . respe ct ive ly .

( i v )  c :r  Har- - -i Jeffreys (1 952 and :970) . ieffreys [10-I is a
standard r . ’f e r en - m ’ for parameters ea -.neerning the earth; however , the
v a l u e s  given therein are not referenced to any experiment .
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Fnr  most a p p l i e ’a ti a ins , t h e  mean rad ius  , i f  the Internat ional
Spheroid  I s  u s u a l l y  adequate. I f  a more aee ’urate valu e is necessary ,
(or a latitude -

~ . assuming an elliptical e~mr th , misc

I ‘ -) -

r — r ‘ 
~~~~~~ + r s in ’ , , (A—I )

e ‘ -n h
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