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Consideration of a simple prototype development/reliability
growth model leads to observation of variables !l. !2. oy ‘t;
wvhere the x‘ are independent and are assumed to have the same

distribution type with individual means l‘. The problem {s to

estimate the Ai. vhich are assumed to be non-decreasing due to
design improvements in the device under development. For many
common distributions, estimation via the restricted maximum likeli-

hood principle leads to estimates which are the isotonic regression

B 2 o S w0 S AN P

of the l‘ with appropriate weights. This paper finds the

distribution of lk. the mle of lk. when the X‘ are exponentially

distributed. ) 1is then compared with X and X+ two competing
estimates of lk. Gamma, normal, and Weibull distributed Xt are
also considered, and the usefulness of :k is seen to depend on the
relative magnitude of the variances and means of the X‘. Results
are also examined when the restricted mles are generated assuming the

A‘ are a non-decreasing and concave function of i.
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1.1. The Model
Consider a sequence of independent random variables

xl. sess xk. The xi are assumed to have distributions which

belong to the same family, with the possibility of unequal means.

Let 1A, denote the mean of xt. e} sy B T A

i

unknown, but we assume the ordering relation A

i are

<"'f_k

1520 % k
holds. The problem treated in this dissertation is that of

efficiently estimating the Ai under various distributional

assumptions. A look at the practical considerations from which

Ll e o S

the model was developed indicates that the estimation of xk. the

|

final mean in the sequence, is of particular interest. The case where

SN

the xi are exponentially distributed will be the most thoroughly
examined. We will also examine the cases where the X1 have gamma,
normal, and Weibull distributions.

The model described above arose from the following situation.
Consider a prototype development/testing procedure where a device
prototype is tested and its lifetime Xl is observed. When the
prototype fails, the cause of failure is determined and a new
prototype is designed in an attempt to eliminate or reduce the
probability of this type of failure. This new prototype is tested
and the process continued, yielding a sequence of observed lifetime

variables xl. veep xk. If the basic design and construction of




the prototypes is unchanged throughout the development process, then
the assumption that the x1 have the same distribution type would
not be unreasonable. In addition, {f we choose to believe that the
design changes at each stage are indeed improvements, then the
assumption that the A  are non-decreasing is a natural one. The

k

focus of interest on the final mean, A is due to the fact that

K’
this value represents the current state of the development process.

A major portion of this paper is devoted to the evaluation of various
estimates of Ak in certain situations, and some work is done on
testing hypotheses to determine whether or not a desired mean life-
time has been achieved in the development process.

Note that nothing has been said about the nature of the change
in mean lifetime at each stage, beyond the assumption that it is non-
negative. For the bulk of the paper this will be the only axsumption
made - no particular functional relationship among the At will be
considered. The only further restricting assumption will be in
consideration of the case where the At are not only non-decreasing

but are also a concave function of {.

1.2, Maximum Likelihood Estimation

One approach to the parameter estimation problem described in
the preceding section is the use of the maximum likelihood principle.

Maximum likelihood estimates are given by the values Al' seny Ak

which maximize the joint density function of the !‘. Since the l‘

are independent and we have assumed that their distribution functions

T S 4 A ST I e




belong to the same family, we obtain for the joint density function

the simple expression:

k
i=1

f where fy(x;i v,) represents the density function of X . The

: assumption of non-decreasing Al should naturally be taken into
? consideration, and consequently we arrive at the problem of maximiz-
¢ ing expression (1.2.1) under the assumption ;l < eee < ;k' Note ;
: %; that ¥y represents the entire parameter vector, while At denotes
' ‘5{ the mean of the distribution. Thus, the value of Al may itself be
?E an element of v or it may be a function of one or more of the

i 1
1 : elements of Yy |
For many densities, the restricted maximization problem

described above is difficult and time-consuming, and no closed form
expression for the li can be found. Fortunately, however, there are
many i{mportant cases where this problem has been shown to be equivalent
to that of finding an isotonic regression of the xi with appropriate
weights. This equivalence holds for a fairly broad exponential class

of density functions, which includes the normal (with known variance), :

gamma, binomial, and Poisson densities. In these cases, the values

which give the isotonic regression of the X, £ are equal to the values

i
which maximize the likelihood function under the non-decreasing

constraint.




Section 2.2 includes a proof of the aforementioned equivalence
in the case of exponentially distributed X‘. Similar results for
the other parent distributions listed above can be found in Chapter 2
of Barlow, Bartholomew, Bremner, and Brunk [1]. Isotonic regression
is defined in Section 1.3, and computational algorithms are given in

Sections 1.3 and 3.2.

1.3. lsotonic Regression

The isotonic regression of XI, ssbp xk with weights

* *
Wie sees W is defined to be the set of values xl. Sash xk which

minimize the weighted sum of squared deviations

k 2
121 (¥, = X)" v, (1.3.1)

where the minimum is taken over all values Yl' P Yh such that

T Xy € sue g Yk' There are several relatively simple methods for

1 2

*
computing the X‘. The primary method used in this paper is the "min-
max" formula (Barlow, Bartholomew, Bremner, and Brunk, page 19 (1]),

given by

5 t t
X, = max min Xw / w. {(1.3.2)
L e<t e>1 .»Z. tr ,-z. r

This formula is very easy to use, involving only the calculation and

comparison of various weighted averages of the data. In subsequent

sections, we will consider parent distributions for which the x:
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(computed using unit weights) will prove to be maximum likelihood

B
estimates of the li. and consequently the X1 will be denoted

At for the remainder of the paper. Note that if we consider
estimation of the final mean, lu. and if all observations are

equally weighted, formula (1.3.2) can be reduced to:

-~ k
A, = ma X _/(k-s+l)
k .5: rz. e/ (

Lol | (1.3.3)

2 "‘{‘t' % :k-l. * 557: -2

vhere X represents the overall mean of the !1. For evaluation

purposes, it would be desirable to obtain the distributions of the

~

Xi for a variety of parent distributions fx(:l; 31). This can be
very difficult even when k, the number of stages in the process, is
small and the density function f 1is fairly simple. Due to its
computationally easier form, some progress has been made on finding
the distribution of ;k' In a paper by David Williams (1977), the
distribution of ;k and ;1 (which also has a computationally easier
form than the remaining ;1 —1/) is found in the case where the x1
are independent N(0,1) random variables. No distributions are
found in the case where the means Al are not equal, but the equal-
mean distribution is used to test the hypothesis that the A1 are

indeed equal versus the alternative of unequal non-decreasing means.

A X, +X
y‘l - -‘u xl' —-Lz—-z-’

x1+xz+x3
3

N vren i




The problem of determining point estimates of the individual xt

in the case of non-decreasing means is not addressed.

This paper will develop a formula which can be used to find

-

the distribution of xk in the case where the x‘ are independent

and exponentially distributed with poitlbly unequal means. An

exact closed-form distribution will be given in the equal-mean case,
and hypothesis testing and asymptotics will be discussed. Other
distributional assumptions will also be considered, with results
primarily obtained through simulation. 1n addition, a "concave
isotonic" technique will be examined, where the ) £ are assumed

i
to be non-decreasing and ro be a concave function of 1.
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CHAPTER 11
PROPERTIES OF ISOTONIC ESTIMATORS

2.1. Distribution of the Isotonic Estimator of A

It was seen in Chapter 1 that it i{s of particular interest to 4

-~

evaluate the distribution of Ak 80 that we may determine {ts
effectiveness as an estimator of lk. The distribution function can

be found by integrating the joint density of the X, over the

i
appropriate region. Letting 'h(') - P(lk < x}, we obtain

F (x) = J ST ] n (x5 v) dx, . (2.1.1)
(A <x} 1=}

Now recall that formula (1.3.3) gives a relatively simple form for

Ah in the case of equal weights, which will prove to be applicable

in many situvations. Use this formula to obtain

N )

P (x) = P;l.x(xk e e W LS

- r‘xk < x, f!:;!:l R ey B 8 xt ‘

A natural change in variables is to let

Il
f
:
}




.iLtc-o ’&
k

b e i
k-1

wvhich gives: Fk(x) - P(Y1 < x, Yz SRy oaaey Y€ x} .

Solving for the X, in the above system of equations we

i

obtain, for the inverse transformation:
le - (k-l)Yz

(k=141)Y, = (e=1)Y,

-
.
.
.
-
.
.
.
-

-1
X

The Jacobian of this transformation is easily seen to be k!, and the

joint density of the Y‘ can be expressed:

k
il
-

f (Y5 0005 7)) = ki
'k 1 k (=1

'l""' tx((k"‘"l) Y‘ o (k°£) y"l‘ !'l)
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wvhere Yitl 2 0. Since the x‘ represent prototype lifetimes we
require x‘ > 0 for each 1, which gives the following constraints

on the '1:

Y Yz(k-l)lk

1

>
A
>

. “1(»1)/(&-“1)
A rku/z)
L. >0 .

k -~

Integrating the joint density of the 71 over the appropriate

limits, we obtain:

2 = x k

P (x) = Fof o e ktO0 £ ((k=14D)y,
0 yklz l(k-l)lklvz i=1

2.2 Underlying Exponential Distribution

The exponential distribution is widely used in reliability
models (cf. Barlow and Prochan [2] for a historical perspective and

examples of applications). It was chosen as the first lifetime

distribution to consider in this investigation due to its fairly

R —




wide applicability and simple mathematical form. If we assume that

the X, are exponentially distributed, then the density of x‘ is

i
given by

fx"t‘ 31) (2.2.1)

where A represents the mean as before. In the steps to follow it

i
will be more convenient to work in terms of the reciprocal of l‘.
denoted 01. This relationship will hold throughout the paper.

It was stated in Section 1.2 that in many cases the problem
of finding restricted maximum likelihood estimates of the A‘ is

equivalent to finding the isotomic regression of the 11 with
appropriate weights. This statement will be proven in the exponential
case, and the reader is referred to Barlow, Bartholomew, Bremner, and
Brunk, Section 2.4 [1] for results concerning a more general

exponential family of distributions,

Theorem 2.1: Let

k - ML
L =8 e bt Ao B # 4
=1 M




Then L(A; x) = 1: L(A; x) 4if and only if A is the

isotonic regression of x with unit weights.

Proof: First note that maximizing the likelihood function L(); x)
is equivalent to minimizing the negative log likelihood function,

given by
k
tQi ) = ] (log A, +x/A) .
i=1

Now let @(u) = -log u and define A&¢(u,v) = ¢(u) - ¢(v) - (u=-v)é(v)

vhere ¢(u) = ¢'(u) = - 1/u. Then

T e Yo N A AT TR S

Kk k
1
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i e e g e i

K
+ ] Qog iy +x/A) - k.
=1

k
- - Z log x

(=1 i

This expression differs from the negative log likelihood function

only in terms which do not include ), so minimizing £(A; x) fis

seen to be equivalent to minimizing E A.(x‘. At) .
i=]1

Now apply theorem 1.10, page 41 of Barlow, Bartholomew,
Bremner, and Brunk [1] ., This theorem, rewritten using our

notation, states that 1f ) ¢ A then

P oayoeapz b Do b
Wiy A 2 L N T T L N A

i=1




“
where x is the isotonic regression of the x (with unit weights)

i
and ¢ 1is an arbitrary convex function. Note that since ¢ |is
assumed to be convex, A.(u. v) is easily seen to be non-negative.

Using this fact and applying expression (2.2.2) with &(u) = - log u

(which is indeed convex) we obtain the result:

lZ‘ ‘Z‘ :
&, (x,, A,) 2 A, (x., x ), Vied.
P b ame 92" 2

K
*
So, x 1is seen to minimize Z Balxys Al) over A and consequently
i=1
-

x minimizes L(), x) over A . Therefore the isotonic regression

-
x and the maximum likelihood estimate ) are one and the same. O

Now substitute the exponential density function into expression
(2.1.2) to find the distribution of the isotonic or maximum likelihood

estimate of Ak:

!l !l ll
P (x) = kt 6.6, *** §
k r g k

* exp(-[0, (ky, = (k=1} y,) + 6,({k=1} y, = (k=2} y,) + *=+ + O,y ]}

. dyl dyz tos dyk . (2.2.3)

Combining the terms in the exponent which have common Y‘ factors, we

obtain:




£'1 [
F. (‘) - k!e 02 vee )
Sl T T T LY T )

+ expl-[ké + (h—l)(oz-ol) g * 0.4 (ek-o 1}

"1 k-1 Yk

. ‘yl d’z s dYR 2 (2.2-‘)

This integral is difficult to evaluate in closed form, but a recursive
relationship has been developed which can be used to determine rk(x)

for any value of k.

Theorem 2.2: Denote the integral given in expression (2.2.4) by
-k(el, N Bk) (consider x to be fixed). Then

-kelx
e Oz see ek

Ry R (0,, ¢:05 0,) - =TT R
by s | K %-1'"2 K " (0,8, (0,-0,)

. I‘_l(oz‘ﬁl, “eey oh-gl) . (2.2.5)
Proof: Evaluating the innermost integral of ‘k(g) gives

2 % x
%, A L | (k=1)t 0, +=+ 8
0 ,klz ((k'z),(k'l) ],J

k{.'(t-l)ﬁlyz x .-kelx'

i

. Cxp(-l(k-l)(oz-ﬂl) Yo * i (ek-ok_l) ’kl, dy, *** dy, .

Separate this into two integrals to obtain




X X
I “oe I (k-l)’ 62 ces §

.
0 l(k-Z)/(k-l)lvs

expl=[(k=1) 0,y, + (k=2)(84-0,) yy + ==+ + (0,0, ) y, 1)

-kolx x x
. d’z s d,k - e I e I (k-l)! 02 see B

0 l(k-Z)l(k-l)lY3 .

*expl-[(k=1)(8, 0,) y, + =+ + (8,~0, ) y ]} dy, *** dy, .

The first integral is seen to be equal to ‘k-x"z' wEg ek).
Substituting this in and multiplying by the appropriate factors, we
have

-kelx
e 02 se0 Ok

(a sy o ) - (e § eeey e ) s - cen - -
% 2’ © 851'"2 K T @,-8,)(8,70)) 8,-6))

(1)1 (8,78,)(8,-8,) *+= (6,~8)
0 1k-2/G-D]ly, SR S e

© exp(-{(k=1)(8,-0,) y, + <oc + (0,-8, _)) v, )] dy, **- dy, .

The remaining integral is seen to be equal to ‘k-l(ez-’l’ 8 P ok-al) .

7
Expression (2.2.5) is obtained by direct substitution. O

The relationship given in Theorem 2.2 can be used to find the

distribution function of Ak for successive values of k . First

consider the trivial case, when k = 1:

- : "1‘
a,(8,) = P(2, < x}= Pimax(X,) < x} = l-e .
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When k = 2, expression (2.2.5) is used to obtain

-28 x
e ‘e
1(9.0)-3(9)-'——
2 2 2 ¢ Bing - 02-01

%

[ -26,x '(°1*°2)‘]
e - @

Appendix A gives expressions for the distribution function when

k=3 and k = 4. This rather tedious process can be continued to

find the distribution function of Ak for any value of k. Note

that the problem of division by zero is encountered above when
e1 - 62. and this will continue to be a problem for larger values of
k whenever any pair of the 01 are equal. An exact expression for

the distribution of Ak vhen all of the 8, 6 are equal will be found

in the next section. In Appendix B it is shown that the distributions

for the "in-between" cases where at least one pair of the 8, are

i
equal can be found by computing n“(g) via the recursive technique

and then taking the appropriate limits.

Once the distribution function of A has been found, its mean,

k

varfance, and any other desired moments are easily computed. Recalling
-0, x

that ll(x) =1-e ! and considering the nature of the recursive
relation given in expression (2.2.5), it is seen that the distribution
function of Ak will always be of the form

k

2.1 -Bx

Fo(x) =1~ a, e (2.2.6)
K %N




for some real coefficients ay and S‘. This represents a mixture

of exponential density functions. Now consider the moment equation

EX") = [ st dx=r [ x11 - Px)) dx (2.2.7)
0 0

which holds for a positive random variable X having distribution
function F(x) with density f(x) (Feller, Vol. II, page 150 [9].

Applying expression (2.2.7) to a distribution function of the form

N -8.x
1= z a, e
i=1

we obtain

(letting y = '1"

(2.2.8)
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AL ,‘ =

o

R A

The distribution function Pz(x) is seen to fit the form of expression

(2.2.6) with

o, =3 8

1 1 - 02
uz - 62/(82 - 81) Bz - 201
g = n ozlgez - Ol) 83 - 01 . 02

Consequently, expression (2.2.8) can be used to obtain the moments

1 ) 9,

— -
02 291(02—61) (614'02) (02-01)

E(Az) -

)

-~ 0
2, . 1 2 2
E(Az ) 2 ~;i .

2 3 2
3 ‘°1‘°z'°1) (8,40,)7(8,-6,)

Other moments can be computed in a similar manner. The expected value

of Ak for the cases k = 3 and k = 4 1is given in Appendix A.

2.3. Underlyi tial Distributions with Equal Means

When the A
(2.2.4) simplifies considerably and a closed form solution can be found
for any value of k. The equal lt case will prove useful for
(1) testing hypotheses regarding lk: (2) evaluating the asymptotic

distribution of lk as k * =, and (3) comparing Ak with other

17

g are all equal to a common value ) = 1/8, expression

T e AT T R 1 e

T . SR s




estimates of A These topics will be discussed in detail in

h .
Sections 2,4 - 2.7.

Theorem 2.3: Let Xl. Xz. vonp Xk be independent exponentially

distributed lifetimes with common mean A = 1/6. Let

_ "‘(‘k ‘u*‘k-x

Then the CDF of Ak is given by

k 3=2 i-1 ~-jox
el I _(6x) ‘e
new=1- § o

Proof: Replace each 8, by 8 in expression (2.2.4) to obtain

i

x x K -keyl
F (x) = /] / k! 6" e dy, dy, ** dy, .
0y, [G=D/kly,

Consider x fixed and denote this integral bk(e). Evaluating the

innermost integral gives

X x x [ -x-1)ey
/ / (x-1)1 0¥ ’[ 2. .'*"]
0 /2 ((k-z)/(k-l)ly,

. "2 “en "k
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x pie '(k-l)eyz
(k=1)! o ¢ dyz ses d’k
l(k-Z)/(k-l)lY:

X
- (k'l)’ ek-l (3 kox dyz “en d’k ‘
0 [(k-Z)/(k-l)]Y3

The first integral given above is bk-l(e)' giving the relationship

Yk/2 [(k-Z)/(k-l)ly3

k=1 -kox (* *
b (8) = b, _,(8) - (k-1)1 8" " e o f

e S e A

e
o

dy2 b dyk . (2.3.1)

Therefore, the bk(e) can be determined {f their differences can be
evaluated, which requires computation of an integral of the form
x x

x
.t B I [ f d’z ket d’k . (2.3-2)
0 Yk/2 ((k-2)/(k-1)ly3

=
£
. =
&
®
sy
At
B
‘§
i
%
g
3

This integral represents the volume of a multi-dimensional figure
bounded by planes. We will derive a formula for a more general class
of integrals and then consider (2.3.2) as a special case. Define a

function of k and r by

(r) 13 1 .
o - | 8 ¢ / v, dy, dy, *** dy, .
0 ’klz ((k‘l)/kIY2




£ w e " vh Al cash k=0 (re1)r 1
e 1)? g (k=1)!  (r+i+)!  r,

where k > 2 and r > 0 . A proof of Lemma 1 can be found in Appendix B.

Now make the substitution - ytlx for 1w 2.3 .= 8

.
expression (2.3.2) to obtain

k-1 & e y d eee d
ok ke / 3 "
02/, ((k=2)/(k=1) ]z,

k-1 (0)

. k=1 .

From Lemma 1,

0 | e ‘Ez 1 k-1-0%t 1

- i 1) Go1-O7T - G0 G-t

=1l (e=-2)1) i=1

k-3 k-2 k-1
- .Q.‘:_Q____ * z (-l)k_x-" N B

(let § = k=1-1)
(-2)1)% =1 i ’

NN A
(k=§) ! (k=1)

k-1

k-1
- _eyk*l~3§ 1
F A dtihs | PG

(incorporate the first term into the sum)

L

k-2
S . el B g | e
Kl (k=1) 1 jzo D 7 -1

jk'l - _.!_.__..
[(k-1)1)?

(add and subtract the j =0 and §j = k terms) .




The summation given above is equal to zero by a combinatorial

identity (Peller, Vol. I, page 65 (8]). Consequently we have

oy

"l ae-n1)?

!xIx !l :I~l hl-)
- “ee d’ e dy . ————
e /2 [(k=2)/(k=1) ]y, ’ *  a-nr)?

Substitute this result into expression (2.3.1) to obtain

k-2 k-1 ~kéx
k- "(6x)" e

C k=2, k=1 -kéx
» 8x) “<e
e il X ol Sl k-1 1

b (8) = b (8) + 322 ®y(8) - b, (8))

x -
by (8) = | te " dy, =1 - o
0
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s0 we have, combining expressions (2.2.3), (2.3.4), and (2.3.5),

k ,j=2 J-1 ~jox
-8x b Ll ¢ b
b(®) =1-e¢ "~ ] (-1
=2
k. 3-2,...4-1 -j6x
-1 I_(ox)__e 2 (2.3.6)

s=1 G-t

This concludes the proof of Theorem 2.3. O

Corollary: The density function of xt in the equal A case is

given by

-2 L g
£, (%) = ,zx 7}3177 e 1% gox)I 2 (0x - (5-1)) .

The corollary is obtained by differentiating expression (2.3.6) and
combining terms.

We now have expressions for the distribution and density functions

-~

of Ak in the equal i case for any value of k. Graphs of the density

functions for A = 10 and values of k ranging from 1 to 100 are
given in Figures 1 and 2. Note that the densities have a heavy right-
hand tail, which will be seen to lead to high variances for the Ak.

The moments of lk are casily found using expression (2.2.7)

with rk(:) substituted for F(x):




bﬁh?i‘ﬁﬁh

\t = 10 V‘

Figure 1. Density of xk in the Case of Equal l‘.
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Figure 2. Density of A, in the Case of Equal 1 .
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-~ - "'2 j-l -"”
a, o a=-1 i (8x) e
E(A ) =a g x j!l G-1)1 dx '
§=1,4-2 = £ en
. g .(3-1’)1 | ‘00_1 2 & jox dx
j=1 0 j
§=1.4-2
- 1
-a - S (@ 4 § - 2!
321 (- (39)*1
o goﬂ-zll
® g1 (3-1)14**t
cai® § o2 @2.3.7)

3=1 (3~1)15°"

In particular, with a =1 and a = 2 we obtain

EQy) =) ) Lz (2.3.8)
3=1 3
E0 D = n? ) Len?nw (2.3.9) |

i=1} g

80 the first two moments are seen to depend on a p-series with p = 2.

We denote the t:h partial sum of this series n(k). Limiting
properties (as k =+ =) will be discussed in Section 2.6. Use expressions
(2,3,8) and (2.3.9) to obtain

"";u’ e 22 a0 - A3 .




Evaluating mean-square-error (MSE), which will be used in the future

to evaluate the effectiveness of Ak as an estimator, gives the

interesting result

uss(ik) e 22 nm) - 2?2 n2@) + ) - 12

2

e 22 ) - 22 02 + 22 02 - 22 ae) + 22 .

So, in the case when the A, are all equal, the MSE of Xk is

i
independent of k, the number of stages.

2.4, Efficlency of Isotonic Estimators of the ),

~

The A‘ are intuitively attractive estimators of the mean

lifetimes for two reasons. Firstly, they take the ordering of the A‘
into account by maximizing the likelihood function over the restricted

- - -~

space 1, < A, <+t €A . Secondly, each A, 1is a function of all

1 ————
of the random variables xl. xz. seey xk and consequently each
estimate makes use of all of the information available. This is
desirable, for example, because although xl does not have mean ak.

its mean is related to ) through the ordering relationship, and

k
consequently xl may contain useful information regarding Ak.

We wish to evaluate the performance of the isotonic estimates
in the case of exponentially distributed x‘. The criteria for
evaluation will be mean-square-error, a common measure of estimator

effectiveness. As a basis for comparison, two competing estimates of

2
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the Al. are proposed. The first is to use X, the overall mean of

the X,, as a common estimate of the Al. X would be an appropriate

T
estimate in the boundary case where the l‘ are all equal (which
makes the X‘ i1id random variables). In fact, X 1is easily seen
to be the uniform minimum variance unbiased estimate (UMVUE) in this
situation. At the beginning of the investigation, it was expected
that X would perform comparatively well when the Ai were equal or
close to equal, but would not do as well when the l‘ varied widely.
The second proposed "competitor” of the ;‘ is simply to use

xx as the estimate of A‘ at each stage. In effect, we treat the

observations X,, X,, ..., X, s X 0y coey X, as 1f they are totally
unrelated to A1 and consequently are of no value in estimating A‘.
It is interesting to note that {f the A‘ are widely spaced (for

‘a1

A

k-1
example, {f amin {——t is approaching =), these estimates are

i=1
effectively equal to the isotonic regression estimates, since the

X, are themselves non-decreasing with high probability. We would

i
expect that the 31 estimates will do comparatively well when the Al
are indeed widely lpac_od. but will not fare as well in other cases.
To compare the three proposed methods of estimation, two cases
are examined. The first is total mean-square-error (MSE) over all
the Ar In this case, the MSE for the X and x1 estimates are
computed exactly while, due to computational difficulty, the MSE's

for the A, are found via computer simulation. The second case is to

i

V-‘g restrict our investigation to the performance of estimators of the




~

final mean *Iv. : ‘k’ X, and xk Since we have developed a recursive
technique for finding the distribution and moments of ;h in the
exponential case, all computations are exact and no simulation
studies are required here.

The computation of MSE for the X and X, estimates is

i

straightforward. For X we have:

k

2
A
. ge1 3

E(X) = - and Var(X) =
k

so, nsx‘(i) - Var(X) + sx.-f(i)

(2.4.1)

where !Blt(i) and uu‘(i) represent the mean-square-error and

bias when X {s used to estimate I For X, (which is unbiased

- i

for l‘) we have:

2
usz(xi) - Vlr(lt) - Al .

A computer program is used to compute the exact moments and

MSE for A Let us examine the fairly manageable case k = 2.

k.
!(lz) and l(lg) were given in Section 2.2, and l(Az) can be

rewritten:




9

-~ -__l'
EQ) 6, "7 (6,40,

Since 9 and 8, are both positive, this form of expression

1 2
clearly shows the negative bias or tendency of Az to overestimate.

This is true in general for all values of k, since

. et y-1

lk - le(&. i oAl s U] X) :Xk

-~

k' Note that Ak has a positive

probability of being strictly greater than xk in all but the trivial

and Xk is unbiased for A

case Al - Az & tee » xk—l =0 . Now

HSI(;z) - Vlr(:z) + Bll‘z(;z)

"2 %3 & 2
= E(A)) - EQ) + (BQ) - ),)

2

Az -~
= E(A)) - 22, EQA,) + 1) .

Substituting the previously derived expressions for !(Az) and
z(xg), we obtain, after some algebraic manipulation:
MSE(L,) = 5 Pl S

3
2

12
2 2 3
201(01+02)

Letting k = 2 and replacing A‘ by lloi in expression (2.4.1),

we obtain




= 1
MSE (X) = 55— + -
2 2 2
02 20 02

-

Let us compare lz. X, and xz as estimators of 12. This

comparison will be done for values of “1' lz) which satisfy the

assumed relation Al < xz (or 01 L 02). Using this fact and the

fact that HSB(XZ) - Vnr(xz) - -—li-. it is seen from expression
L]
2

(2.4.2) cthat:

MSE(X,) > nss(iz) (2.4.3)

wvhere equality holds only in the case where 01 - Oz (equal means).
Now let us compare MSE(X) and MSE() )
A o (8,-8.)(26.46.)
MSE(A,) - MSE(X) = B e W 4

2 2
zox(elﬂz)

which after algebraic manipulation, is seen to be equal to:

ol (0!*302)

2 b
202(014-02)




Under the restriction 01. 62 >0 this term is always

positive. Combining this with (2.4.3), we obtain the ordering
MSE(X,) > MSE(),) > MSE(X) .

This holds for all pairs (Xl.

quently we conclude that both Xz and A

l.—
are inadmissible (with

lz) where A, < xz. and conse-
2
respect to MSE) in the region of interest. To illustrate this

inadmissibility, Figure 3 gives a graph of HS!(Xz). HS!(AZ). and

MSE(X) for a fixed value of ), and values of )  ranging from

2 1
0 to Az. Note that Az is only a slight improvement over xz. while
X is far superior to either !2 or Az.

!3‘ k=2 E(Xz) - 12 = 10

b
=1

i

we e Y o w e
g

Figure 3. Mean-Square-Error Comparison for the Case k = 2.
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The case where k = 2 and we consider the estimation of Az
alone is the only case where an ordering relation among the mean-
square-errors has been proven (note we have seen that NSS(XI‘)

% 2
HSE(AR) Ah
However, upon calculation of mean-square-errors for many values of

for any value of k where xl ~ 12 - see = ‘k"

k and for various configurations of the At (assuming Al £ sse < Xk).

no case has been observed where the relation
-

MSE(X) > MSE(L) > MSE(K)

did not hold. Consequently, it is hypothesized that this relationship
is true for all values of k.

As an illustration we consider the case k = 5, and would like
to examine the relation of the mean-square-errors under various

configurations of the 1\ To overcome the difficulty of graphing in

T
6 dimensions, we simplify matters by specifying a "constant improvement

" - P
ratio"” model where Al*l r A‘

r> 1. When r = 1, we have the boundary case of equal Al' and as

for 4w 1. 2, siis k=70 a0l

r * = we have the extreme case of very widely spaced li. Using this

model and expressing MSE {n terms of r and Ai' the previously

derived formulas for MSE become:

MSE(X,) = x: - (&2 Al)z - x:
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As before, no general closed formula for HSE(Xk) has been found.
Figure 4 gives a MSE comparison of the three estimates of Ak for

values of r ranging from 1 to =. The limiting value for

MSE(A_)/MSE_(X) 1is found by noting that 1lim P(i_ = X} = 1 and
5 5 oo bl -

evaluating }_{.: nsz(xs)msz(i). Dividing the MSE formulas given

above, we obtain (for general k):

11m ME(X) 1

Tuse®  Aed -’
k

Note from Figure 4 that X has considerably better MSE than either
xk or ;k for all values of r, and that :k gives little improve-
ment over xk. particularly when r {is large. This is not surprising
since examination of expression (1.3.3) shows that ;l will actually
be equal to !\ with increasing frequency as r + =,

In an attempt to determine why the isotonic estimator performs
so poorly, the MSE is divided into its components of variance and

bias. Table 1 gives the variance and expectation of Ak




uss(xs)/nss(i)

/

+ 1.471 as
RATIO » =

.9 ;:.

Y ’.
MO LIFETINE WATIO

Figure 4. Mean-Square-Error Comparison for the Case k = 5.

(in the case k = 5) for various values of r. As the table shows,

‘g 1s competitive with X with respect to bias (becoming signifi-

cantly better as r increases), but not at all competitive with
respect to varfance. Empirically, ;S gives a maximum reduction in
variance over the use of X, alone of about 20%, while X can be
shown to reduce this variance as much as 961 (1-1/&2) when r =+ =,
Consequently, even though X 1is heavily biased for large values of
r, its lodvvartnnce more than compensates to give a reascnable MSE.
So far, we have only compared mean-square-errors for the
estimates of LY alone. Now consider total MSE over all k of

the A Figure 5 gives a comparison similar to that of Figure 4,

i'

i o S L D A ———




) .
.-f IISI(XRI% MSE, (X)

|

1

L0 .0
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Figure 5. Comparison of Total MSE for Three Proposed Estimators

replacing final estimate MSE's by totals. For most reasonable
improvement ratios, X is seen to have the best total MSE. For
large improvement ratios, starting in the neighborhood of 6, the

three estimation techniques are roughly equivalent.

2.5. A Simple Modification of the Estimators of Ay ;

~

The infitial performance of the isotonic estimator ‘k in
the exponential case is somewhat disappointing. We wish to determine
if the situation can be improved through simple modification of the

proposed estimators. Consider multiplying an estimator by an




appropriately chosen constant c¢. In general, i{f a {s some
estimator of a, the value of ¢ which minimizes MSE(ca) 1is given

by

a!(;)
Var(a) + E(a

cCrn =
a

)2

This formula was derived using elementary calculus techniques. In
practice the formula may appear useless, since e depends on the
unknown parameter a. However, this i{s not always the case. Let us
examine the dependence of ¢ on the unknown parameters Al. ‘2' P Ak

in the three cases of interest.

When 7\ is used to estimate lk' we obtain ¢
o - i
2 - e '
‘k . lk :

So cx‘ is independent of Ah' and we can always assure a reduction

in MSE by dividing ‘k by 2.

when X 18 used to estimate A+ we obtain

l‘ E
1 ki A

c"";‘.z .’7&‘;24(!" ,
1";‘ £t 14)

K2 .

k




Note that % does depend on the unknown li. and consequently cannot

be determined. In the case of equal At' this does reduce to -k—:-i-.

vhich is independent of the A

¢
As with i. c: will be a function of the
k

Now consider ll:'

We will compute c; for the two

k

In the equal At case, we substitute the

moment formulas derived in Section 2.3 to obtain

A 'extreme" cases of equal A

e
and widely spaced A

i

¢

-~

*

et = A(n())/ (222 a(k)) = 1/2 .

In the case of widely spaced li (for example, consider the constant

ratio model with r = =), Ak in effectively equal to lk. and we

obtain:

So we know that ¢ 1s equal to the same value at both "extreme"
k

configurations of the A This leads to questioning the sensitivity

‘.
of c; to changes in the A‘. Empirical investigation shows that c;t
k

i{s very insensitive to the values of the ll. To illustrate this,

consider the familiar "constant improvement ratio" model with k = 5.

Figure 6 shows a graph of c;
k
leads one to feel confident that a nearly optimal improvement would

occur if A

vé. r. The consistency of the results

x vere divided by 2.
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Figure 6. Optimal Multiplicity Constants

Note that Figure 6 also shows the relationship of % to r.

In this case, % is definitely sensitive to r (or to the l‘).

Consequently, we cannot confidently state that X will be improved

by using a particular multiplicative constant unless we know more

about the l‘.

Figure 7 {llustrates the relationship among mean-square-errors
for the estimators X /2, ;h/z. and X. X 1s left unmodified due
to the previously discussed lack of information regarding the proper
€x* As the graph shows,we have finally found situations where an
isotonic-based estimate is worth using in the sense of having reasonable

38




R A NN S ISR NN

D it e

s s

DA O

L 50 it v e e e -

+ 135 as r » =

“n
A
™
- ~
>
Nl
S
™
—~
>
S

pOLS AW

Figure 7. Relative Mean-Square-Errors for Modified Estimators

mean-square-error. However, we do require a large improvement in
mean lifetime at each stage (r must be somewhat larger than 2
in this example) in order to realize the benefit of using the
{sotonic estimate instead of the overall mean X. Also, there is
no substantial improvement when using ;5/2 rather than xs/z in

the cases where xs/z did outperform X.

-~

2.6. Asymptotic Distribution of A (Exponential Case)

For large values of k, computation of the distribution of

~

xk may be time-consuming and awkward. Consequently, it would be
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desirable to approximate this distribution by looking at the limiting
case, when k *» =, Let us first consider the situation where all of

the x‘ are equal to a common value 1. We have seen in Section 2.3

that the distribution of Ak is given by:

- E J
P(A, <x} = F (x) =1 - jgl'i

-2(01)1_10-j°‘
(-1

where 6 =1/) .

For any fixed x > 0, note that Pk(x) is strictly decreasing
in k. Also, since ?k(x) is a distribution function, 0 < rk(:) < 1.
So, Pk(x) is a bounded monotone sequence in k(x fixed) and

consequently a limiting distribution, say, F_(x), exists. Therefore,

we can say that lk converges weakly or in distribution to a limiting

-

random variable i_ having distribution function F_(x). Moments of

-

A, are found as follows:

EQY) = a [ a1 (1= F_(x)] dx
0

k _j=2 j-1 -j6x
4° “(8x) e
-1 ] -

Since the summation inside the integral is monotone in k, we can
use a monotone convergence theorem (cf. Feller, Vol. II, page 110

[9]) to interchange limit and integral signs and obtain

§-2 j=1 ~j6x

"a
sl (-1




The integral given above was evaluated in expression (2.3.7), and

substituting that result we obtain

g(;:) - 1im a2® E I(a+y-1)
k= ey (g

ey E I(a+i-1) 2
y=1 r(y)y°H

In particular, with a =1 and a = 2 we have

BG) =2 [ 1/3% = an(=) m 1.646 A
=1

502 « 2% ] 1752 « 222 n(e) m3.208 2%,
i=1

So, Var(A)) =.585 A% and MSE(A_) = )%, These results illustrate

another difficulty in the use of the isotonic estimation procedure.
By the Kolmogorov strong law of large numbers, X converges almost

~

surely to A as k + =, and MSE(X) + 0. However, ), has the
unfortunate characteristic of maintaining a constant non-zero MSE
while k {increases and more information about ) becomes available.

The asymptotic properties derived above may seem to be of

little value in that the assumption of equal ), 1= likely to be

i
unrealistic. In general, of course, the asymptotic distribution of

~

‘k will depend on the configuration of the A\ With our prototype

‘I
development model, it would be reasonable to assume that we are

approaching some optimal level of design as stagewise improvements

41




are made. Consequently, let us consider the case where the lt
converge upward to a limiting value A_. The following theorem allows
us to equate this situation with the previously considered case of

equal means.

Theorem 2.4: The asymptotic distribution of ‘k' the isotonic estimate
of the final mean lk. is identical in the following two cases:

(1) the x1 are independent exponentially distributed random

variables having common mean );

(2) the 11 are independent exponentially distributed random

variables having individual means, where 11 3

Proof: Assume X ~cxp(l1) vhere A * ). Let °1'1“‘ and

i

6 = 1/A, Let Y‘ - (e‘/onl. 80 that the Y, are independent exponentially

i
distributed random variables with common mean JA. Now define

5t

A - maxer, 2L g

Ykﬂk- 1 3]

'k - ."('k' e, o 005
so A and B are the isotonic estimates based on the X, and Y‘,
respectively. Since the Y‘ have common mean )\, we know nk converges

in distribution to a limiting random variable )_ with distribution

function

¢ _f ij-z(“)j-l.-jh : .
! §=1 (."’)'
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We wish to show that nt-At!o. (Note that B, > A since

01/0 >3 Vi.). To do this, we need to show for any value & that

P(lt - &> 6} *0 as k * =. Equivalently, we must show for any &:

Vc’OUDI_’_I"P(Ik-Ak>6)<t.

A RN RO 1 AR T R AR R

Use the following inequality:

TR =7

Ve

u:(bl. bz. Saly bk) - -x(al. Byy cens ‘k) < -u(la1 =By e, bk - lk)

A

to obtain

oA ey -x OOl U%) i)

g8 el

k .

0
Now define a = % Since —0-1- 41, we know that:

01
lnal.:n"—o—-l<a.

]
Therefore, for { > n we have, replacing __0_1_ -1 by at

TP R e R & . SR}




sl

k-n+2 Frixee

L}
u(‘l oo xn) + (-J%'i -11)!‘_1 «0‘---4-(.-0-3L - 1)x1 ) :

Now consider the inequality:

'"('1 + bl' cees B + bk) ;ux(al. P ‘t) + '“(bl' a3y bk)

with the following values substituted for the a, and b1:
.l'dk bl.bz-"..bk-wl-o
(on—l )
s a("z*"k-x) . I
2 2 k-n+2 k-n+2
: o ; 7 o
X 40 X (-———"1-1)x PO -‘--x)x
e q| =——- 2 o W -1 ¢ 1
te-ntl K=o+l by K
xk ooy x
- al ——-——-—-—-—-—n—
e-n+2 k-n+2
g ‘k proey x
" g
o “
Using this inequality and the fact that e 1> T 1 ¥i (since

the 6,  are decreasing), we obtain:




i £ LR o ol A o
» 2 » trey k-n+l s seey M

B, - “u-‘-“"[“k
_x(OTl"') Xa-1 (e_el"l)‘xn-l oset X .

k-n+2 L k

Since 0 < xl < Y1 vi, 1t is easily seen (via a term-by-term comparison)
that the first term on the right-hand-side is less than or equal to
G‘!' 80 we obtain:

LR RT3
1 A

'k'*u-‘-“t*("e")‘“(i'-—" 12 —'—r——l)“'u”u-

Since n {is fixed, it is easily seen that 2 2:55,0 as k+ =, and

consequently:
Imok>m=P(z > 8/} <c/2.
Now, using an inequality similar to Chebychev's, we have the result:

E(aB,)  2aE(B,)

Now, E(B,) = A ; 1/]2 <A g l/,j2 < 2\, so we have:

Plab, > §/2) < 282

Recall that a = %% s+ 80 we obtain:




]

'i-

4 [
P(alk > §/2}) 5] (EZ)

Let N = max(n,m). By manipulating probabilities and using results

given above we obtain, for k > N:

P(8, - A > §} < P{ulk +2, > 8¢ P([an > 8/2) Y [z, > §/2]}

< PlaB, > &/2} + P{2, > 8/2} < /2 + /2= ¢ .

Thus we have shown, for given values of & and «¢:

N = max(n,m) 5 k > N "'P(nk B2 ) <K 5

Therefore, by definition, B - A % 0 . Now recall Stutsky's theorem,
which states that {f W 94 W_ and if W -2, %0, then z_ ¢ W_. Using this

theorem, we obtain the result that A 41  so A and B have the

same asymptotic distribution. ([J

The theorem serves to show that the asymptotic distribution derived
for the equal x‘ case is also applicable in other situations. Figure 8
shows the distribution function Fk(x) for various large values of k.
Note that convergence to the asymptotic distribution, F_(x), is
extremely slow. Consequently, use of an asymptotic approximation for

finite but "large" values of k 1is to be approached with caution.
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Figure 8. Fk(x) for Large Values of k

2.7. Hypothesis Testing in the Exponential Case

In previous sections, we have discussed and evaluated various

techniques for obtaining point estimates of Ak' the final or most
recent mean lifetime in the prototype development process. Let us
now consider the related problem of testing hypotheses about the
value of lk. First consider testing the hypothesis that a given
mean lifetime a has been attained, versus the alternative that it

has not:

u” t A 28 vS. B, 3 A _ S8,
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Taking all k parameters and the assumed ordering relatfon

consideration, the test can be expressed as follows:

Ao (A Age coes &)

8 = (alA, <
8 - (1l <

The first approach considered was the likelihood ratio test. Since
this test involves the maximization of a non-linear function over a
restricted space, it is somewhat awkward computationally and conse-
quently we wish to examine some simpler alternatives. Consider tests
based on the three previously developed point estimates of

Ak : ;k' X, and Xk. Intuitively reasonable tests would be those which
reject Hy if (D) ;k < epi (ID) %« i or (III) X, < cq, for

appropriately chosen constants Cyr Cpo and Cqe

To obtain a size a test bhased on Ak. c1 must be chosen so

a;p PUk < cl} =-a .




It is easily seen that this rejection probability is maximized over

6, vhen Al - Ag w et m xh-l ~0 and A = a. With this choice

of A we have A‘ - xk and consequently €1 is chosen so that

l"k..lxl < cl) - a

= - a(la(l - a)) .

- -

So, the test based on lk rejects {f Ak < « a(ln(l ~ a)).

Now consider a size a test based on X or, equivalently,

3 X - In this case wve choose a value ¢, so that
1

la;;?‘?!i<c‘ -a .

As in the previous test, this rejection probability is seen to be

maximized when Al - ser » xk-l =0 and Ak = a. For this value

-
of A, Z X, = X,. 80 the evaluation of ¢, 1s identical to that of
1
k
¢, in the previous test and the test rejects H, if f T a(ln(l - a)).
1
It is now easily seen that the third proposed test, based on
Xk. would reject if xk < - a(ln(l = a)).

The three critical values found above all are equal because

R Y

the three test statistics (A, ! X;» and X.) are equal for the
1




common value of A at which the supremum rejection probabilities

are attained. Now it is easily seen that the ordering:

A
'\i‘ki{"x

holds since the x‘ are non-negative. Letting ¢ = - a(ln(l - a)),
the common critical value, we obtain the following ordering among

the power functions:

for any value ) ¢ % U@, In this case there is no "best” test.

k
If A ¢ %. the test based on Z X, 1is most desirable since it is
1

least likely to falsely reject the null hypothesis. However, if

e 61. the test based on ‘u is most desirable since it is most
likely to correctly reject the null hypothesis. The choice of a
test in this situation would depend on what kind of error the user is
most anxious to guard against - that of falsely rejecting a valid
null hypothesis or falsely accepting an invalid one. Figure 9 gives
examples of the behavior of the three tests when testing

o AJ:IOn.H :x3¢xo at the a = .05 level when k = 3.

1
Note that the tests involving *; and ; x‘ are very biased - that is,
there are values of 1 in the 6, region for which the probability

of accepting Ilo is greater than 1 - a. This undesirable
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characteristic is due to the difficulty in determining anything
about l] when only 3 samples, each having large variance, are
available. The critical value in this case i{s given by ¢ = .51,

and this small value leads to high acceptance probabilities for a

wide range of values of 1 in 81

Now consider a similar hypothesis testing problem, expressed ;

from a different viewpoint. Suppose we wish to test:

A ¢ @ vs. "1“&"'

As in the first test, the hypotheses can be expressed:

where

Ia

Ay A‘K:-)

t
_—
e~
-
=
A

Ak' ‘k > 8):»

Ia

L]
-
b
-
e
Ia

In this situation, the "burden of proof" would be on showing that At
had exceeded a particular mean. This would be appropriate, for

example, if the device manufacturers were required to show that their
newly developed prototype was superior to a competitive device whose
mean lifetime was known to be a. To continue the analogy, the first

52




-
=
3
[y
"
b
ﬁ.
&
!
2

3
;

testing problem (llo H Ah > a vs. "l : Ak < a) presented

would be appropriate if the competitor were required to prove that

the newly developed prototype was inferior to his own device.
Using the same logic as in the original testing situation,

intuitively reasonable tests would be those which reject "0 if
; k
(1) A, > &3 (ID) %x‘ ey or (1I1) X > e . As before,

€ °2' and €4 are constants chosen to give the tests the required

size.

In the first case, we obtain a size-a test {f < is chosen

so that:
sup P(Ak > cl) -a.

This rejection probability is maximized over q) when

xl - xz - e = Ah = a. Letting e. = 1/a and using the equal-mean

distribution developed in Section 2.3, we obtain the equation:

1 - 'k(cl) = a 't(cl) =1 -a

-§6 ¢
j=-2 -1 al
J (0.c1) e

(3=

So, it is seen that the critical value, €1 is equal to the appropriate

percentage point of the equal-mean distribution. This distribution




depends only on the product O.CI. which greatly simplifies its
tabulation. Table 2 gives the (1 - a)th percentage points for various
values of a and k. Note that convergence has been reached by

k = 20, so the table is appropriate for all values of k.

Suppose, for example, that k = 5 and we wish to test
i ks 230 Vs, 5 Y. > 1D

using a = .05. From the table, the appropriate value for 6x is
3.15. In this application, 6 = 0. = l/a = .1, and x corresponds

$0 ¢ Consequently, we have:

1
»lcl - 3.15 "cl = 31.5 .

Therefore, the size .05 test based on As would reject !lo if

ls > 31.5.

k
Now consider the test based on I x‘. In this case, €, is
1
chosen so that:
oup?‘%l > e ‘-a.
i 2
90 1
Once again, the rejection probability is maximized over Oo when
‘1 - cer m Ak = a. For this value of 1,; !i has a gamma distribution

with parameters (k, a). Consequently, €, is seen to be the (1 - a)th

percentile of a G(k, a) distribution.
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For the third test, based on xk. it is easily seen that LY

should be chosen so that P, “‘k > c3) = a . We, therefore, obtain:
k=a

-C
. 3’.-0 or ca--l(lna).

Unlike the first hypothesis testing situation considered, we do
not have a consistent ordering of power functions due to the fact that
the tests no longer have a critical value in common. Figure 10 gives
several examples of how the J tests behave when testing H, ¢ 33 < 10
ve., H

A, > 10 when a= .05 and k = 3. In Figure 10(a) H,A 1is

- Slgiibes. 0
true and use of X 1is seen to give the highest probability of acceptance.
Unfortunately, this high acceptance probability carries over to cases
where “0 is false. Figures 10(b) and 10(c) show situations where the
test based on X {is biased. This is obviously a very undesirable

trait. The tests based on l] and x, are fairly close in power.

3
to eo. while A

X. tends to perform better for values in 61 which are fairly "close"

3 does better for values in 9l which are far from

6,- Again, the choice is up to the user, but tests based on X are

not recommended due to bias.
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CHAPTER 111

CONCAVE 1SOTONIC ESTIMATORS

3J.1. Concave Isotonic Regression

The results developed regarding the performance of isotonic
estimators of mean lifetime in the case of exponentially distributed
x‘ are somewhat disappointing, in that estimates based on the sample
mean X generally have better MSE. However, estimates which are
functions of X have little intuitive appeal in that they treat all
< oo ‘—xk'

For example, early observations are given just as much weight as more | 3

observations "equally", ignoring the assumption that Al < xz

recent ones in estimating xk' the final mean. This is somewhat counter-
intuitive, and consequently we wish to modify the original model and
estimation process in an attempt to find intuitively appealing estimators

-~

which perform better than the isotonic estimators l‘ .

One possibility would be to specify a particular functional re-
lationship among the li (for example, the A‘ might be a linear
function of { with non-negative slope), and thenuse the principle of
maximum likelihood or some other technique to estimate the parameters
involved in the relation. This is rejected as undesirable since it
would be very difficult in practice to specify an appropriate function
unless one knew quite a bit about the particular prototype development
process involved. However, a reasonable modification to the original

model might be the assumption that, in addition to an improvement in f

mean lifetime at each stage, the "big" improvements occur early in the i
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process as major design flaws are discovered and corrected while

later improvements are limited to minor "fine tuning" changes. This
could be modeled by assuming that the A y are non-decreasing, as
before, but with the additional provision that the changes “14-1 - Ai)

are decreasing. This is equivalent to saying that the ) { Grea

concave non-decreasing function of 1.

The proposed method of estimation, using the modified model

described above, is to parallel the isotonic regression concept by

% * k 2
finding values A , A,, ..., »  which minimize [ (Y, - X, )°.
1 2 k =1 i i
: In this case the minimum is taken over all values Yl' saay Yh where

and Y -V SVa-Y for 11,2 ..., k=2

Recall that in the case of regular isotonic regression and
exponentially distributed xt. minimizing the sum of squared deviations
as given above was seen to be equivalent to maximizing the likelihood
function. This equivalence does not hold in the "concave isotonic"
case, so we are no longer dealing with maximum likelihood estimates.
However, the concept of least-squares estimation i{s a traditional one,

and would seem to be especially appropriate when dealing with mean-

square-error.

The computation of concave isotonic estimates is considerably
more complex than the regular isotonic estimates. First consider the

simplest case, when k = 3. In this case, the values for the estimates

T T A TP AP A T [
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are easily found once the configuration of the xt is known. Table 3
gives formulas for the A: according to which of seven regions in
3}-space the vector (xl' xz. x,) falls into.

If k is larger than 3, the computations increase in complexity
and exact formulas for the A: are not found. However, the minimization
problem involved can be expressed in a familiar form and the solution

determined using any of a variety of algorithms. First note that:

k 2 k k k
121 ¥, - X)) -121 Y, - 2 121 XY, + 1}-:1 Xg .
Since we wish to minimize this expression over values of the Y1 the
final term, involving only X's, need not be considered. Also, multi-
plication of the entire function by the positive constant 1/2 will
have no effect on the solution vector. Therefore, writing the function

and constraints in matrix form, the problem can be expressed as follows:

Minimize: (1/2) y® By + ¢' y

subject to: Ay < 0

(k x k identity matrix)




"
B
2
5«

gk 5

A 4

TR

SO

5%

A

N

IS
SRR

PR S e e

i

o)

A - 1 -1 o se e 0
g1 0
. 1 -1 .
0 0 se e 1 -1
1 =2 1 0 oo 0 (2k-3) x k
constraint matrix
0 1 =2 1 g " vee 0

When expressed in this form, the minimization problem is seen to
be a classic quadratic programming problem. Consequently, any

quadratic or non-linear programming algorithm can be used to find

B
R
As in the regular isotonic regression case, estimator performance

the A

has been studied using Monte Carlo techniques. Results of this study

are given in Section 3.3.

3.2. An Alternative Concave Regression Algorithm

One difficulty with the concave isotonic approach discussed
in the previous section is the complexity of the calculations involved.
A potential user may not have a quadratic programming algorithm readily
available and, due to difficulties encountered in learning or programming
one, may choose to discard a potentially valuable technique. Therefore,

an alternative method for generating a set of concave estimates is
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suggested. The resulting estimates do not always minimize the
restricted sum of squared deviations from the original observation
(xt). but they do compare favorably with the concave isotonic
estimates and are much easier to obtain computationally. The steps
involved are as follows:
(1) Find the isotonic regression, say x:. x;. PR X:. of
the original data Xl. xz. PR Xk. Any of the techniques

given in Barlow, et. al. could be used here. This will

P R 47 3 3

yield a set of estimates which will be non-decreasing

but which may not be concave.

1 1
" 141 xt for

i=1, 2, ..., k= 1., We wish to modify the d1 to

(2) Compute the differences d, = X

insure that they are non-increasing (but remain positive).

T e e

(3) Find the antitonic regression d:. ceey d:-l of .
{
dl' casy dk' The antitonic regression is defined to be
the set of values d:. suny d:-l which minimize §
k=1 2 i
121 (Yi - d‘) subject to the constraint Yl > Y2 b 0 LA Yk-l' '

Algorithms for finding the isotonic regression generally

have an analogous counterpart for finding the antitonic

2= v —

regression.

(4) Use the differences d: to generate a set of estimates.
A starting point, say a, is required in order to do this.
Choose a to minimize the sum of squared deviations of

the estimates from the original data values. The formula
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for a 1is found as follows:

gy
Let °l cl1
- al 1
a, d1 + ‘2
= 1 1

(define a_ = 0)

b
Kl

"0 "% (3.2.1)

vhere a {is chosen to minimize E (l: - x‘)2 or
i=1
2

! (a + L7 x‘) . Differentiating with respect to
{=1

a and setting the derivative equal to zero, we obtain the
formula:

1
i

Experience shovs that the x} as calculated sbove will in fact

Once a {s known, the ), are found using formula (3.2.1).

B
be equal to the A‘ (concave isotonic regression estimates) in many
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cases. In fact, considering the case k = 3 and referring back to
Table 3, it can be shown that the two procedures give equivalent
results except in some instances of case V.

As an example of the application of this algorithm, suppose

that k = 5 and the observed lifetimes are 2, 8, 4, 12, 10.
Isotonic and antitonic regression will be done using the “pool-
adjacent-violators” algorithm given in Barlow, Bartholomew, Bremner,
and Brunk, page 13 [1]. This algorithm simply pools any adjacent
pair of observations (and their associated weights) which violate
the desired ordering relation. This i{s done repeatedly until the
ordering relation holds, starting in our case with unit weights. We
begin by finding the isotonic regression of the !‘.

Lifetimes
Weights

lst Pooling
Weights

After one pooling we obtain for the isotonic regression the values

2, 6, 6, 11, 11. Consequently, the differences ‘t are given by

4, 0, 5, 0. Since these are not non-increasing, we again pool-adjacent~-

violators, this time finding the antitonic regression.
Differences
Weights

1st Pooling
Weights




Once again the process terminates after only 1 pooling, and for

1

the 61 we obtain the values 4, 2.5, 2.5, 0. Now compute the a

i
and a:

03-6.5#2.5-9
c‘-9+0-9

02-64'2.5-6.5

..&_‘s_”_'_il.l.s_

Using formula 3.2.1, we finally obtain the estimates:

As in the concave isotonic regression case, estimator performance
(in the exponential case) has been evaluated via Monte Carlo

techniques. Results are given in the following section.

3.3. Performance of Concave Estimators (Exponential Case)

Computation of distribution functions and exact moments is

even more difficult for the concave estimators than for the regular
isotonic estimators. Consequently, evaluation of the performance of
the A} and )] extimstors developed in Sections 3.1 and 3.2 has
been limited to simulation studies, and no analytic results are

available. However, the studies consistently show the superiority




of both types of concave estimators to the original isotonic estimators
when the concavity assumption does indeed hold.

Figure 11 i{llustrates the results of a typical simulation study.
In this case, the number of stages was set to 5 and, as in previous

examples, the X, £ were assumed to be exponentially distributed. It

i

was assumed that the A‘ varied according to the arbitrary function

Ay, *A- B/{ + B/k (k=5). Thus, the value for A gives the final

mean of the process, wvhile B gives a measure of the "spread" or
amount of improvement through the development process. Mean-square-
errors are compared, using X as a base, both for estimates of the

final mean lk and for total mean-square-error over all At'

As the graphs show, there is a consistent ordering of mean-

square-errors over all values of B. The concave regression estimates

-
“t) show a very significant improvement over the original isotonic

~

estimates (A‘). When considering the estimation of A alone, the

k
"
mean-square-error for lk is consistently less than half that of A

K
The improvement in total mean-square-error is not quite as dramatic,

but is also substantial.

The concave estimates of Section 3.2 (l:) consistently fall

-~

»
between the l‘ and the 11. Although they do not perform as well as

. -~
the A‘. they are also superior to the A‘ wvhile retaining a compu-

°
tational advantage over the A‘.

It would appear that the concave estimators yield a substantial
improvement over the isotonic estimators. Note, however, that all MSE

ratios illustrated in Figure 16 are larger than one. Consequently, X
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67




is still the superior estimator (in terms of MSE) of the At. The

choice of a concave estimator over X would have to be justified
by balancing the loss in MSE with the concave estimator's greater
intuitive appeal. Note that many of the MSE ratios are fairly

close to one, so the loss in MSE may not be significant.
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CHAPTER 1V

ESTIMATOR PERFORMANCE WITH NON-EXPONENTIAL LIFETIMES
AND RELIABILITY ESTIMATION -

4.1. Isotonic Estimates Based on Multiple Samples per Stage

In previous sections, we have assumed that at each stage a
single prototype with an exponentially distributed lifetime is tested.
Let us continue the exponential assumption but suppose, in addition,
that, at each development stage, several identical prototypes are
built and tested. For simplicity assume that the same number of
prototypes, say n, are built and tested at each stage. Let
X(l, xlz. IR xin represent the observed lifetimes at stage 1.

Then the joint density of all observations can be written:

fg(xll' ey 'lu' AR ‘kl' e 'kn) = [l

Ll ]

oy x

K Y R U k
e A
f=1 Ai

i 121 ;;ﬁ &

i
where ;1 is the mean of the observed lifetimes at stage 1{.

Our goal, as usual, is to efficiently estimate the li with
particular emphasis on Ak‘ the final mean. Since the joint density
of all the observations is seen to depend on the observations only
through the i‘. we know from the factorization theorem
(c.f. Ferguson, page 115 [10]), that (X, ..., X) is jointly

sufficient for (ll. “aip lk)' Consequently, we need only consider




is easily seen

estimators which are functions of the il' Since X

i
to have a gamma distribution with parameter vector (n, Atln). let us
simplify matters by assuming that at each stage 1 a ¥(n, ltln)
random variable x‘ is observed where n is known and Al Atk B Ak.

As in the previously examined exponential case, Barlow,
Bartholomew, Bremner, and Brunk, page 99 (1972), show that restricted
likelihood estimates for the A‘ are given by the isotonic regression
of the x‘ with unit weights (assuming an equal number of samples
at each stage). We will consider the same estimation procedures
discussed earlier and focus attention on the effect of multiple samples
at each stage. No exact distribution theory has been developed in this
case, as the mathematics involved {8 very awkward even in the simplist
case when the l‘ are all equal. Consequently, all results given are
due to simulation studies.

As an {llustration, suppose that k = 5 stages and that the

means are both increasing and concave, according to the formula

l‘ = A~ B/{ +B/k. Letting A = 10 and B = 8, we obtain:

Figure 12 compares mean-square-errors for various estimation procedures
as a function of n, the number of samples per stage. Note that as n
increases, the performance of the isotonic and concave isotonic
estimators steadily improves relative to that of i. the overall mean.

For all three types of isotonic estimators considered there is a
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threshold point where the estimate outperforms X for values of n

beyond that point. This encouraging turn of events appears to be due

to the decrease in the variance of each 11 as n increases
(Var(xt) - lfln). It was seen in Section 2.4 (see Table 1) that the

poor performance of isotonic-type estimators was due to their inability ;

to reduce variance, even though bias was satisfactory. As the varilance
is reduced through multiple observations, bias becomes the more

significant contributor to mean-square-error and, consequently, it is

now X that is at a disadvantage.
As n increases, it is seen that the relative performance £
of the isotonic-type estimators steadily improves. To further examine
the effects of multiple samples per stage, let us consider the asymptotic
behavior of the various estimates as n approaches infinity (assume

that k, the number of stages, remains fixed). The results will vary

according to two possibilities: (1) the 11 are strictly increasing, g
:

and (2) at least one pair of the l‘ are equal. A superscript (n)

will be used on the %(n, A‘/n) random variable X1 and on estimates

of the Al to denote the dependence on n.

First consider the case of strictly increasing A Since ;

1.
xf“) is distributed as the average of n samples from an exponential

distribution with mean A‘, we know from the Central Limit Theorem that

x™ _,

i i
_l-;TT— 4 N(O, 1)

as n * =, The following theorem gives the asymtotic distribution of

the isotonic estimates A:“) d
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Theorem 4.1: Assume Al < Az G L Ak' Then for any 1 we have:

Lin P(i{“’ - x:“’) 1.

Consequently, l:n) and x{“) have the same asymptotic distribution:

T (n)
AN - A,

—;—/7-:—! N(O, 1) .

i

The theorem should be intuitively clear for the following reason. If
the observed xi“’ are properly ordered, then their isotonic regression
is simply the x:“) themselves - no changes need to be made. Since

the means are strictly increasing and the variances approach zero as

n+ =, the x:“)

are going to be properly ordered with probability
approaching one. Consequently, the Ain) will equal the x:“) with

ever-increasing probability. A more rigorous proof follows:

Proof: Let e = -
2;:;& (A1 Ai-l)' Let An denote the event that
the isotonic regression is equal to the original observations:

An - [Afn) - x{“’ V‘]. Note that An will definitely occur if each

Xin) is within e€/2 of Ai. Now,

(n)
P(A) > l'(lx1 - "1‘ <e/2v,)

k
- 0 B < | < e2) (independence)




(Chebychev inequality)

iv

{v

1—-—-—- (‘1<¢¢a<‘k)

|

Letting n + =, we obtain: :3: P(An) = 1. Consequently, for any {
1im P2V - x:“’) - 1.
n'..
Now let
x™ _ A

i i . i
‘n-_l_;T/n_-—_ and Cn ‘T17/—n_'—'.

Then, for any positive 4,

r(lln - cnl < §) > P([nn - cnl “0l=pn =»cl.

P

So, P(lln - Cnl <8} +1 as n+=, or B - C, * 0. Consequently,

using Stutsky's Theorem (refer to the proof in Section 2.6), Bn and

Cn have the same asymptotic distribution. O

Note that {f the A‘ are strictly increasing and strictly
concave, an analogous proof could be constructed to show that the

concave isotonic estimates (A:(“) or Ai(“)) also have the same
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asymptotic distributions as the X{n).

Now consider the second case, where at least one pair of the

A, are equal. In this case ve do not have P(AI")

to one, and an exact limiting distribution is not obtained. However,

- X:n)} converging

in theorems 2.1 and 2.2 of Barlow, Bartholomew, Bremner, and Brunk

Y(n). vee Y

1 k are

[1], it is seen that if ) and

€ ses < )

1 k

a consistent set of estimates of the AL then the isotonic regression

(n)
i

«
Y:“) of the Y are also a consistent set of estimates. It is also

seen that:

J 2 agt Tl (4.1.1)

In our case the xf“) may be thought of as consistent estimates of

the A‘. 80 we can claim that the ;:n) are also consistent. Note
that the above inequality (taking expectations on both sides) shows that
total mean~square-error is always improved when the isotonic estimates
are used rather than the individual observations.

The proofs presented by Barlow, Bartholomew, Bremner, and
Brunk [1] to show inequality (4.1.1) and consistency of isotonic
estimates can be paralleled to achieve the same results in the case
of the concave isotonic estimates X:(n). Consequently, it is
claimed that the X:(“) are also consistent estimates of the Ai
(assuming that the A‘ are indeed isotonic and concave) and that

total mean-square-error is always reduced when using concave isotonic

estimates rather than the original observations.
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4.2. Estimation of Reliability in the Exponential Case

In many cases involving lifetime data the ultimate goal is

to estimate the reliability at a given time ¢t (P{X > t}) rather
than the mean lifetime. For example, in the prototype development
model we may be interested in the probability that the device will
meet a predetermined lifetime specification. In the case of
exponentially distributed lifetimes, the reliability at time ¢t

t/A

is given by R(t) = e where ) represents the mean lifetime

as before. To proceed in the same manner as when considering the
mean lifetime estimation problem, we would like to develop efficient
catilntor:tgi the parameters Rl(t)' Rz(t). A lk(t) where

Ri(t) - e ‘. The assumption that Rl(t) < Rz(t) el T Rk(t)
will be made, analogous to the previous assumption of non-decreasing
lifetimes. Note that the time t is assumed to be known and fixed.

Let us begin by finding the restricted maximum likelihood

estimators of the Rt(t)' Let

A A <Ay < e S R

B = (umlnl(:) € Ky(E) S 0 € "1“”'

-tlxl -t/lk
and define f : A > B by f(Al. Shvy Ak) =\e s sony @ = R(t).

The restricted maximum likelihood estimators for the l‘(t) are found

by maximizing the likelihood function (reparameterized in terms of the

Ri(t)) over the set B. However, since f 1is a 1-1 function from
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A to B, it is seen by the maximum likelihood invariance property

(Mood, Graybill, and Boes, page 285 [15]) that the restricted mle's
of the ll(t) (or £())) are given by f(_;_). vhere S_ represents the
restricted mle of A. We know from Section 2.2 that the mle of )
is simply the isotonic regression of the observed lifetimes 11
(or, in the case of multiple samples per stage, the isotonic regression
of the stage-wise sample means ii)' Consequently, the restricted
maximum likelihood reliability estimates are found by taking the
isotonic regression of the data and transforming according to the

a --tl;1
formula ‘l(t) - e .
As in previous studies, we wish to examine the effectiveness
of this estimation procedure. Although no theoretical justification
is presented, given the abov: results it “‘1- logical to also consider
-t/A -t/A

SR, | 1 e/X

the estimates l:(t) -e ’ Ii(t) - e , and R(t) = e ’

wvhere l:. A:. and X are the previously defined competitive
estimators of the l‘. This study will be limited to considering the
estimation of lk(t)' the final or current reliability in the prototype
development process.

Figures 13 and 14 give sample results of simulation studies
made to evaluate estimator effectiveness. As in previous examples,
mean-square-error is used as the evaluation criteria, and the results
i are given in terms of MSE ratios with the MSE of the estimator
? R(r) = c't,i in the denominator. Figure 1) gives results when one
sample is tested at each stage, while Figure 14 shows the effect of

multiple samples per stage.
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Note that in all figures the previously encountered ordering
of mean-square-errors among the three i{sotonic-based estimators is
preserved during the transformation from mean lifetime estimation
to reliability estimation. However, a new factor comes into play
here - the time t at which the reliability {s being estimated.

In all cases it is seen that the isotonic-based estimators perform

e/X

better relative to e at earlier times. Table 4 gives a

typical breakdown of MSE into its components of variance and bias
at various times, showing the effect of the transformation to
reliability estimation on both factors. Note in Figure 13 that

if t 1is sufficiently small then the isotonic-based estimates are
superior to o-t,x. As the number of samples per stage increases
(see Figure 14) and a subsequent reduction in variance occurs, the

range of t-values for which the isotonic estimators are superior

-t /X
e

to grows steadily. This is in agreement with earlier results

(Section 4.1) concerning the increased effectiveness of isotonic-
based estimators when variance is reduced.

As the number of samples per stage becomes large, asymptotic

results similar to those of Section 4.1 can be stated. Letting xf“’

A

represent a %(n, -;1-) random variable (corresponding to the mean of

n samples at stage 1), it {s seen that xf“’ is the unrestricted mle

_t,x(n)
of A and consequently by invariance e . is the mle of

i

-t/
R (t) = e !, Ve knov from maximum likelihood theory (Mood, Graybill,
-t/X:")
and Boes, page 358 [15]) that e is asymptotically normally




distributed and efficient. Now it was shown in Section 4.1 that

1) _ ,(0),
{f the A‘ are strictly increasing then :_.1:?(1‘ x‘ yw X,

i

A an)
Consequently, lim Ple -e -1
n—’.

for any t and the
isotonic reliability estimators are seen to have the same asymp-
totically normal distribution as the unrestricted maximum
likelihood estimators. In the case of possible equal means, only
consistency was shown in Section 4.1, and this consistency will
still hold in the case of reliability estimation due to the

continuity of the function f(x) = c-t/'.

4.3. Estimation for Normal and Weibull Distributed Lifetimes

In previous studies we have assumed that we were dealing with
exponentially distributed component lifetimes, yielding estimators
based on either exponential random variables (one sample per stage)
or gamma random variables (multiple samples per stage). We now wish
to determine, using simulation techniques, whether the behavior of
the istonic-based estimators changes radically when other common
lifetime distributions are assumed.

Suppose that the prototype lifetimes are approximately
normally distributed, where for simplicity we will assume that the
variances at each stage are equal (but unknown). This is another
situation (recall Section 1.2) where the restricted maximum likelihood
estimators of the mean lifetimes ), are given by the isotonic

i
regression of the observed lifetimes or, in the case of multiple




samples per stage, the isotonic regression of the stage-wise sample

means. As before, proposed competitors of the isotonic estimators

-~

11 are given by the concave isotonic estimators developed in
Sections 3.1 and 3.2 (A: and Ai) and by X, the overall mean.
Figure 15 gives a typical evaluation of the various estimators'

performance as a function of the prototype lifetime variance. As
in previous examples, all MSE's are related to the MSE of X, the

overall mean, and we examine the cases of estimating A  alone

k

and of estimating all of the ‘1'

The results shown in Figure 15 are consistent with previous

studies i{n two i{mportant ways. First, the ordering of mean-square-

errors among the isotonic-based estimators is consistent: the isotonic

-~

i‘ estimators l‘ have the higheat MSE, the concave isotonic regression

£
estimators 11 have the lowest, and the concave estimators A: fall

somewhere in between. Additionally, as before, the relative per-

formance of all three concave-based estimation techniques to that of
X 1s seen to depend heavily on the lifetime variance. This is
especially significant for the following reason. A similar trend
was observed in the case of exponentially distributed lifetimes when
variance reduction occurred due to repeated sampling at each stage.
However, in that case, the random variables (stage-wise sample means)
which the {sotonic estimators were based on had distributions whose
variance and shape changed as n, the number of samples per stage,
increased. In the case of normally distributed lifetimes the shape

B ‘ is unchanged during variance reduction, and consequently, we can
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Normally Distributed Lifetimes
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safely attribute the increased effectiveness of the isotonic
estimators to that reduction. Note that for the normal case the
effect of taking multiple samples per stage is not shown, since
this is seen to be equivalent to having one sample per stage with
an appropriately reduced variance.

Let us consider the case of Weibull distributed lifetimes
as a second alternative to the exponential. The Weibull density does
not fall into the exponential family of densities for which Barlow,
Batholomew, Bremner, and Brunk [1] show an equivalence between
restricted maximum likelihood estimation and isotonic regression.
However, it may stil]l be of value to consider and evaluate isotonic
and concave isotonic estimators based on Weibull distributed random
variables.

The Welbull deasity can be expressed as follows:

]
f-1 .-(xln) x>0

(=5 &
where n 1s a scale parameter and £ gives the shape of the dis-
tribution. If 8 = 1, the Weibull reduces to an exponential density.
If 8 < 1, the distribution has decreasing failure rate (DFR), if
g > 1 1t has increasing failure rate (IFR). Since DFR distributions
are rarely encountered, this study will be limited to the case where
8> 1.

Figure 16 gives a typical comparison of MSE's for the various

estimators, showing the effect of varying the shape parameter 8.
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Figure 16. Evaluation of Estimates Based
on Weibull-Distributed Lifetimes
(Effect of varying shape parameter #)
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Note that (1) the usual MSE ordering of the three isotonic-based
estimators occurs again; and (2) the performance of the isotonic
based estimators improves relative to X as B increases. This
is, upon investigation, seen to be consistent with earlier findings.
In the simulation study illustrated by Figure 16, the sequence of
means (At) is held fixed over all values of £ (the scale
parameter, n, is varied accordingly). If the mean is held fixed,
variance decreases as £ increases. This is {llustrated in Table 5.
Consequently, we once again encounter the situation of improved
isotonic-based estimator performance (relative to X) when variance
is reduced.

It is assumed in the Weibull simulations that £ does not
change throughout the prototype development process. This assumption
seems reasonable if we expect the prototypes to be similar in design
and consequently exhibit similar failure properties.

Figure 17 1llustrates the performance of the various estimators
when & {s held fixed (8 = 2.0) and multiple samples are taken at
each stage. The estimators are then based on the stage-wise sample
means. Once again, the relative performance of the isotonic-based

estimators steadily improves as variance decreases.

87




Estimation
of Ak

alone

Total MSE

—
e

k=5 8 = 2.00 Aq *10 - 8/1 + 8/5

Figure 17. Evaluation of Estimators Based on
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CHAPTER V

CONCLUSIONS

The purpose of this paper was to propose and evaluate
various techniques for estimating lifetimes or reliabilities in
a particular reliability growth or prototype development model.
Evaluation involved several criteria, including accuracy (mean-
square-error), large sample properties, usefulness in hypothesis

testing situations, and intuitive appeal. The simple growth or

prototype development model and the maximum likelihood principle
led to the technique of isotonic regression, which in turn led
to similar techniques involving the additional assumption of con-

cavity. In addition, an estimate (X) was evaluated which

intuitively ignored the growth assumption and would perhaps be
more appropriate in the classical case of identically distributed
samples.

Due to computational difficulties encountered, exact results
and analytical proofs were primarily limited to the simplest cases,

particularly those dealing with exponentially distributed prototype
lifetimes. However, simulation studies involving more complex
situations lead one to believe that the general nature of the results
are true for a fairly large class of common lifetime distributions.
The effectiveness of the isotonic-based estimators varies, as

one might intuitively suspect, according to several factors. If

there is little significant improvement from stage to stage in the
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prototype development process, then we are essentially in the classical
situvation of independent identically distributed random variables and
there is no reason to believe an isotonizing process will improve
matters, which proves to be true. In addition, the isotonic estimators
do relatively little to reduce variance, and consequently the overall
mean may still prove superior (in terms of MSE, not intuitive appeal)
in cases where there is a definite improvement in mean lifetime but
this improvement is hidden by large sample variances. The situations
where asignificant advantage is gained through some sort of isotonizing
process tend to be those where an improvement does exist throughout

the process and the variances of the observed random variables are
"moderate'. Obviously, on the other end of the scale, the isotonic
estimators show little improvement over the use of the observations
themselves when variances are very small and the means are strictly
increasing. This is due to the fact that the isotonizing process is
essentially a rearrangement of the observed values into the "correct"”
or hypothesized ordering, and if the variances are sufficiently small
the observations will be correctly ordered to begin with so no changes
will take place. However, Barlow, Bartholomew, Bremner, and Brunk

(1], do show that {f the order assumptions (and this conclusion

extends to concavity assumptions) are correct, then in total the
isotonized values will be at least as good as the originals with
respect to mean~square-error. Consequently, even with very small
variances nothing but computational time will be lost, and some gain
may occur. Note that a gain is not guaranteed when considering the

estimation of any individual parameter.
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The only large sample case investigation involving a large

number of stages, rather than samples per stage, vas restricted to

the investigation of the final {sotonic estimate and the case of
exponentially distributed lifetimes. In this case exact results %
were obtainable, but were somewhat disappointing in that the usual
convergence one would hope to see with increasing amounts of relevant
data does not occur. The prototype development process may be con-
verging to an optimal design with a corresponding optimal mean
lifetime, but the isotonic estimate of the final mean in the process ,
will not converge to this optimal value as its variance does not
g0 to zero. This compares unfavorable with X. v

The extension from the regular isotonic estimators to concave

isotonic estimators offers a significant improvement in performance
at Ifttle expense in the generality of the assumptions. In particular,
variance reduction is much better near the final stage, and the
estimators have consistently proved superior to the isotonic ones in
a wide variety of situations. The concave estimators proposed in
Section 3.2 are almost as good as the concave regression estimators
and have a significant computational advantage.

When considering the estimation of reliabilities rather than
mean lifetimes, there {s no real change in the conclusions regarding
situations vhen the isotonic-based estimators do or do not perform

well.




APPENDIX A

Distributions functions and expected values of Ak for k=3

| and k = 4. Based on exponentially distributed x‘.
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APPENDIX B

This appendix contains proofs of the continuity of

.i(ol. °2' .St ok) (Section 2.2) and of Lemma 1, Section 2.3.

Theorem B: Let xl. xz. HPS Xk be independent exponentially dis~

tributed lifetimes with means Al < xz < eve < lk . Let

x xk"’xk-1

lk‘“I(tk. —_-2'_-. ey x)
and

.k(ol. Bye wens ek) - P(Ak < x}

where 0‘ - IIA‘ for { =1, 2, ..., k and x {is considered fixed.
Then

lim 'k(°1'°2' ceey Ok) - .k(el.oz. esey B

g - 1-1"%141°%101 %0420 000 O) -
1%

Proof: Let Yl' Yz. SEND Yk be iid exponential random variables

with mean 1, and let X, = Y1’°1' 2wl B, cive X 'Then X, hae

i

an exponential distribution with mean - 1/0‘. Let O:l)- 3:2). sk

M
be any nondecreasing sequence converging to °1+1' and define

s s

9%

1 o0 e e i




Y

:J) —?37 it DRl TSRS UVPORERE, 7 A:j) be the isotonic estimate
1

(1)
of Ak based on X, 2. ceen Xy X070, X‘+1. ceen Xoo

- y y h.
Now define x: ) lim X:j) = lim —ziy 3*£~ and let l( )
j*. Jo. e j 1*1

be the isotonic estimate of Ak based on Xl. Xz. (.)

x£+1. s han xk. It is seen by the definition of lk that Ak is a

OIS

veny X l' X

continuous nondecreasing function in each Xl. S0 x

(3) (™)
Xl 9!1 .

since
Now apply a monotone convergence theorem (Royden, page 85

(1968)) toobtain the result

1m P37 < x) = P1im AP < x)

- e

- P(::.) < x!)

Equivalently, we have

(3

gv sees 8y 10 097, 0

;1: .l(el. 8 (41 " Ok)

= Ak(ﬁl.ﬁz, “ ey ei-l. 91*1. 91+1' 61*2' “eny Ok) .

Since G:j) is an arbitrary sequence converging to °£+l' this

concludes the proof. O




Lemma 1: Define:

(r) A A : r
o wf ] asest yy dy, dy, =t dy, .
0 /2 [k-llk)yz
Then
e BT e "f‘(_nx -0 (e 1 ] i
k r+l (“_1)”2 (=1 (k=1)!  (r+i+l)! KFk!
where k > 2 and r > 0.
Proof: Evaluate the innermost integral of c{r) to obtain
| i 1 r+l
(r) _..l_._[ ! e l [1 - —k;!-) ”l]d “es d
c - y y y
¥ ™o oy, /6Dy, ( ’ ' . .
r+l
e e o L B . (r+l)
r+1 [‘k-l ( K ) x-1 ] . @

This recursive relationship and the principle of mathematical
induction (on k) will be used to prove the result. Consequently,
we need to show that expression (1) holds for k = 2 and that it
satisfies the relation given in expression (2).

When k = 2 we have, from the definition of c{".

t g |
S 1 v ey 0y,
0 vy
2/2
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k-3 ™ @) -

It is easily seen that the same result is obtained by letting k = 2
in expression (1). It remains to show that (1) satisfies the
relation given in (2). Substitution of (1) into the right-hand-

side of (2) gives

k-3 k=2 k-1 r+1
- { (k=1-1 1 1 (k-1
__l_[_(Ll_)_+ 5 (-pt =l ]’—1(’?)

e ((h-Z)l]z {=1 (k=1-1)!  (1+1)!(k-1)!

3 o™ . kfz nt Q=108 o2y 1 ]
1 e e 10T e T o e ]

Working with the first term in expression (3), we obtain

™| (-2)1) =2 (=01 110k-1)1

(raise summation index by 1)

k-1

S b UL e
=4 LA (k-1 11 (k-1)1

(incorporate the first term into the sum)
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(letting j=k-1)

k-1 k-1
- Y Lt 1 K
el [,zo s 3 Gttt k!(k-l)l]

(add and subtract the j=0 and j=k terms)

k-2
e[ 5 ) oot e 2]

[(e-1)1)2

The summation given above is, by a combinatorial identity (Feller,
Vol. I, page 65 [8]), equal to zero. Therefore, the first term
in expression (3) reduces to

1 a2

™ e-y1)?

. (‘)

Raising the summation index by 1, we obtain for the second term in

expression (3):

(-2)11° 12 k=-1)" k-1)1

r+1 k-3 kel ket
A ()™ L feent™ i1 )™ (re2) 1
% fﬂ( k ) ™2 [ ¢ L e G i ]

1
r+

_i[ _ukﬂ-z ¢ k=1 (ni-1 ﬂ‘l]m (r+1)! ..L..]
k k!

e k-2112 152 (k=01 (r+4D)1
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LT (42K (k=1) ! i=2 (k=1)1 (eH+D)1 v,

k=1 ke
s ad Gk 1)t 1
r+ 121 D TGDT G ()

Now note that the sum of (4) and (5) 1is equal to (1). Therefore,
we have shown that expression (1) holds for k = 2 and satisfies
the recursive relation (2), so we conclude by the principle of

induction that (1) holds for all values of k. O
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TABLE 1

E(A) Var(X) Var(d,) MSE(X) MSE(A, )

r
1 1.464 .200 . 785 .200 1.000
1 1.402 .166 .793 174 954
1 1.352 .803 .169 .927
1 1.252 .099 .833 .207 .897
1 1.166 .869 .300 .897
2. " 1.093 . .909 428 .918
“
6
8

1.025 . . 965 .581 .965

1.012 . .981 .619 .981

. 1.007 .988 .636 .988
10. . 1.004 .992 .645
100. . 1.000 . . 999 677

Number of stages = k = 5 .00

TABLE 2

-

Percentage points for the distribution of A in the equal-mean case.

k

a and (9x) satisfy the relationship Pl(lll > 8x) = a, where xl = ces = A‘.

k=4 k=5
1.79 1.81
1.99
2.22
2.55
3.15
4.65

NN
- A=K S
w N
Wy

l.’ & W
— o -
o w

k>20
1.85
2.01
2.23
2.56
3.15
4.65
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Concave lsotonic Estimates (k=3)

X) S X S Xy, Xy - Xy <Xy =X (Increasing, concave)

(Increasing, not concave)

-11#23 0513
A3 i AR

(Increasing, decreasing)

111(b).

(Decreasing, increasing)

Same solutions as in Case II.

ll > 13 > lz

* L - -
Al - lz - 13 - x
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TABLE 5

Relating Variance to Shape Parameter § for Weibull Distribution
with Fixed Means

k = 5 stages

Means at each stage
3.60 7.60 8.93 9.60

12.96 57.76 79.74 92.16
8.40 37.43 51.72 59.72
5.98 26.63 36.79 42.49
4.51 20.09 27.76 32.06
3.54 15.78 21.81 25.18
2.87 12.77 17.65 20.38
2.37 10.58 14.61 16.88
2.00 8.92 12.32 14.23
1.71 7.63 10.54 12.17
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