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Consideration of a simple prototype development/reliability

growth mede l leads to observation of variables X1, X2, . . .,

where the are independent and are .issuasd to have the same

distribution type with individua l means 
~~~~~

. The problem ii to

esti mate the A~ , which are assumed to be non-decreasing du. to

design improvements itt the device under devt 1opme nt . For many

conmon distributions , estimation via the restricted maximum likeli-

hood principle leads to estimates which arc the isotonic regression

of the X~ with appropri~ t. weightt~. This paper flud . the

distribution of ~~~~~, the mic of A k. when the X~ are exponentially

U~ tributed. is then compared with X and X
x~ 

two competing

estimates of A~ . Cantos, normal, and W i ’i h u l l  distributed X~ are

~~~ considered , and the ucetu Ine’ .~. of A
k 

is seen to depend on th~

relattve magnitude of the variances and means of the X~ . Results

are alco examined when the restricted ales are generated assuming the

are a non-decreasing and concave function of i .

In
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CHAPTER 1

I NTRODUCT ION

1.1. The Mod.l

Consider a sequence of independent random variables

... , X~ . The X~ are assumed to have distributions which

belong to the same family, with the possibility of unequal means .

Let denote the mean of X 1, i — 1, ... , k. The are

unknown, but we assume the ordering relation ... 
~~

hohic . The prob lem treated In this dissertat ion is that of

ef ~~tcientlv estimating the under various distributional

4ssumptions . A look at the practical considerations fro. which

the mode l ~~ c developed indicites that the estimation of the

final mean in the s,-~~ en~ e , is of part icular interest. The case where

t he X~ ar.’ exponent 1.ilI v distributed will be the most thoroughly

examined . We will also examine the cases where the X~ have gamea ,

normal, and Weibull distributions .

The model described aboum arose from the following situation .

Consider a prototype development/testing procedure where a device

prototype is tested and its lifetime X
1 

is observed. When the

;rototype fails , the cause of failure is determined and a new

prototype is designed in an attemp t to eliminate or reduce the

probability of this type of failure . This new prototype is tested

and the process continued , yielding a sequence of observed lifetime

variables X
1
, ..., X.,~. If the basic design and construction of

1

. -- ....--- - 

~

- -.----

~ 
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the prototy~~-~ is unchanged throughout the development pro~eb~., then

the assuaptton that the X 1 
h.iv~ the same distribution type would

not be unreasonable . In addition , if we choose to believe tha t the

design changes at e.~~h stage are indeed improvement ., then the’

ass~~ ption that the are non-d creaaing is a natural one . The

focus ! interest on the fina l mean , is due t o  t ::. t a c t  that

this value rep: o.~~nts t~~ cur rent  s t a t e  of  the development process.

“ -‘jior p~’rt ion of this pape r 1~i devoted to the evaluation of varioua

es t ima tes  of 
~k 

in certain situations , and some work is done on

testing hypotheses t ’  ~i :t rmtne vfie ther or not a de~.ired mean li~ e-

t ime ..a been achieved in the development process.

Note that nothing has been a.itd *bout the nature of the change

in mean lifetime .st each stage , :‘e ’.’ond the assumpti on that It is non— 
•

negative . For the bulk of the paper this will be the oniy *iat.~~ pt ion

made — no particula r functional relationship among the A~ e~ 1l ~ e

considered . The only furthe r restr ict ing .~ ssumption w i l l  be In

consideration of the case where the A
1 are not oniy non-decreasing

but are also . concave function ‘f j .

1.2. Maximum L.tkellhood Est imat ion

One approach to  the parameter es t imat ion  problem described in

rw preceding section is the use of the maximum likelihood principle.

Maximum likelihood estimates are given by the values A 1, ...,

whi ch maximlzr . the joint density function of the X
1
. Since the X 1

are independent and we have acc~ime d that their distribution functi ons

- . -‘- -- - - ~‘ . . .



belong to the same f ami l y, we obtain for the joint density function

the simple expression :

k
L(~) ~x~~i 

4 )  (1.2.1)
1—1

where 1x~~t 
v
1
) represents the density function of X i,. The

assumpt ion of non—decreas ing 
~ 

should naturally be t aken into

consideration , and conseq uently we arrive at the problem of maximi z-

ing expression (1.2.1) under the assumption A~ . Note

th at ‘j~~ represents the entire parameter vector , while denote.

the mean of the distribution . Thus, the value of A
1 may itself be

an element of .‘

~~,
, or it may be a function of one or more of the

elements of

For many densities , the restricted maximization problem

described above is difficult and time-consuming , arid no closed form

expression for the can be found. Fortunately, however , the re are

many important cases where this problem has been ah~~n to be equivalent

‘o that of finding an Isotonic regression of the X~ with appropriate

weights. This equivalence holds for a fairly broad exponential class

of density functions, which inc ludes the norma l (with known variance),

ga~~~, binomial , and Poisson densities . In these cages , the values

which give the isotonic regression of the are equal to the values

which maximite the likelihood function under the non—decreasing

constraint.
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Sect ion 2 .2  includes a prool of the aforementioned equivalence

In th. case of exponentLillv distributed X~~. Similar results for

the othe r parent distributions listed above can be f ound in Chap ter .‘

of Barlow , Bartholomew, Bremoer , and Brunk Ii ). i~~otoi :1~ i . ’ ) t ’ - s iOn

is defined in ‘~ection 1.3 , and computa tiona l algorithms are given in

Sections 1.3 and 1.2 .

1.3 . Isotonic Repression

The isotonic regression of with weights

W
i
, ..., W~~ is defined to be the set of values X1, . .., wh ich

minimi ze the weighted sun of squared deviations

k

~ (Y
1 

— x1Y w1 (1.3.1)

where t~~ie minim um is taken over all val ues 1
~~

. 
~~ ~k 

such that

1
1 “2 ~~ 

“‘ 

~
.. 
~k 

There are several relatively simple methods for

comput ing the X~~. The primary method used in this paper is the “aim—

max ’ formula (Barlow , Bartholomew, Stemmer , and Stunk, ;~‘gi’ 1~ ( I ) ) ,

given by

a ~. I.
• max mm ~, X w / w • ( 1 .3 .2 )

£ r r ~
- r

‘~~~~~ rs

This formula is very easy to use, involving only the calculation and

comparison of various weighted average s of the data .  In subsequent

sect ions , we wil l  consider parent distributions for which the

4



(computed using unit weights) will prove to be m a x i m u m  likelihood

estimates of the A i, and consequently the will be denoted

for the remainder of the paper. Note that if we ton~ i,i,~i

estimation of th. final mean, 1
k ’ 

and if a l l  observ ation s are

equally weighted , formula (1.3.2) can be reduced to:

k
— 

~~~ r~~s 

X/(k—’ ;+l)

I X.~+ \ 1  X k
+X

k l +\ ,  —~~• max — 

2 
- X I ( 1.3.3)

where X represents the overall mean of the X1 . For evaluation

purposes . it would be desi r.ihlc to obtain the distributions of the

for  a variety of parent di st: ibu ti on s f
~
(x
1
; 

~~~~
). This can be

very difficult even when It , the number of stages in the process , Is

small and the density function I is fairly simple. Due to its

computationally easte r form , some progress has been made on finding

the distribution of A
k
. In a paper by David Williams (1977), the

distribution of ‘It and (which also has a computationally easier

fort than the remaining •
~~ 

11) is f ound in the case where the X
1

are independent N (O,l) random variables. No distributions are

found in the case where the means are not equal , bu t the equal-

mean distribution is used to test the hypothesis that the A~ are

indeed equal versus the alternative of unequa l non—decreasing mean..

‘ 
x
l

+X
2 X

l~
.x l+X ) -i

-‘ • mm ‘X . X
1 ~~l’ 2 ’  3

S



The problem of determining poin t estimates ot the individu al

In the ~ ise ~ non—decrt ..tsing means is not ~.Jdressed .

hts paper will develop .i formula which can be used to find

the distribution ot A
k 

in the case where the .ire Indepe ndent

and exponentially distributed ~ ith possibl y unequal means. An

ex~i~~t closed— form distribution will be given in tt ~~ equal—mean Case ,

and hypothesis testing and asymptotics will be discussed . O :: ,r

distrib utional assut~; t ions ~~ ll .ilso 5’ considered , wit h results

pr imarily obtaine d th rou g h simulation . In addition , a “concave

isotonic ” t e .  ~ia:que will be examined , ~.:,urt the • are  assumed

to be non—decre asing and ~~
. be a ~~~ aye function of 1

.6
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PRO P ERTIE S OF ~~o I . ’~~IC EST IMATORS

2 1  Uis_tr thu tion oj the isot ,.ni, E~.t tm.it~’t . 2

It w.is seen in Chapter 1 that it is i f  particular intere st ii’

evaluate the distrtbu tion of so that we may determine its

effectiveness as an .o~tImatur ‘~~ 
~~~~~

. The distribu t ion function can

be found by tnt .~grat i’~~~ n e  Jo int di•:is t -
~

- of the over the

.i; ’ p r t i t e  region . Letting F
k

(z) Pt~~ xi , we obtain

• f f ” Jf ~ f~~(x ~ . 
~~~~~

) dx 1 . (~~.l.1)

~ It ~~

N~’w recal l  h.~~ formula (1.). I) gives a relat ive ly s imple !orn for

A, in ~~~ case ~ equal weights , which w t l l p r i~vr to ‘. i ; ;  icable

in many situations . ~se this formu la to obtain

• P~ max (X ~~. 
k 1 

~~~~~~~~ 
)

—< x , ..., X~~~x

A ria ’ ur .i l change in variables is to let

7
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X l * ’ ’ + X k
It

2

I 
Xk I +X

k
k—i 1

gives: t .(z) — Ph
1 ~ 

x , ~~~. •

~~~~~~
‘ 

~k 
~

Solving X~ in  t he .ihov,’ .yst~~ of equation. we

obta in. for the inverse tran .storma tton :

— kY
1 

- ~~
-

• ( k - t 4 ’ ~~)Y ~ — (k—i)Y~~~1

— 
~~k—1 

—

xl~ -

~e Ja c ob Ian of hi r au’. forma t iy~ is caM lv seen - “e It! , and the

joint density ~f the Y . can be expressed :

It
,~. (y1, .. . , ~~~~~) — .. ‘ II f z ((

~~
+u v

1 
— (k 1) y

1~ 1 ; )

1’’
~~

’ ’ It i•i

8

-
. 
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F where 0. Since the X~ represent prototype lifetime s we

require X~ ~ 0 (or each I , which give. the follow ing constraints

on the

Y
1 ~ 

Y ,(k-l)/k

~ Y
1~~ 1

( k— i) / (k— 1 +l)

—

Integrating the joint density of the over the appropriate

limit. , we obtain:

x x  x It
Fk

(x) I ‘“ f It! I f~~( (k_ i + l ) y
10 Yk/2 ((k—1 )/kJy

2 
i—i

— (k—i)y
1~~1

; ~1 )d~~ . (2.1.2)

2.2 tinder11ina~~ xp~nentis1 D i s t r ibu t  ion

The exponential distribution i~ wide ly used in reliability

models (ci. Barlow and Prochan f2J for a historical perspective and

examples of applications). It was chosen as th. f i rs t  l ifetime

distribution to consider in this investigation due to its fairly

9
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w ide appli cability and simple ma them atical furs. If we assume that

the X 1 
are exponentially distribu ted , then the deniiit~ of is

given by

~~~~~ 
.~~

) • ~ e
t
~~~ ~~~~~ ‘ 0 (1..’ .l)

wher e represents the mean as before. in t~ie step s to follow it

wi ll be more convenient to work in terms ot the recipr o cal of

de noted ‘

~~~~~

. This relationship will hold throughout th. paper.

i t was stated in Section 1.2 th.t in many cases the problem

of findin g restri c ted maxi.ue likelihood esti ma tes i t  the A
1 

is

equivalent to finding the i.otoaic regression of th i X~ with

appropriate weights. This statement will be proven In Ui. exponential

case , and the reade r is re ferred to Barlow, Bar tholomew , Br eane r , and

Brunk, Sect ion 2.4 (1) for 1 , - su i t s  c i i nre r n ln ,: a more general

exponential family of distribution s .

Theorem 2 . 1:  Let

It
i 

~j~~
Xi

)O
i—I I

and let

• ... 
~~. }1 —  2 —  —

10 
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Then L(~~; ‘~) — sax I.t ’; z) if and only if A is the

isotonic regression of z with unit we ight..

Proof: First note that maximizing the likelihood function L (~~; x)

is equivalent to minimizing the negative log likelihood function ,

given by

It
t (~~~~ z) • ~

‘ 
(log A

1 ‘

i—i

Nov let $(u) — —log u and define .~~(u ,v) — •(u) — •(v) — (u—V)~~(V)

where •(u) - •‘(u) • - 1/u . Then

.‘.~ (x , A 1 ) • log x 1 
+ — (x1

— A
1
) ( L~)

• — ~ log x~ + ~ (log ‘
~ 

+ x
1
/i~ ) — It .

i—I i—i

This expression differs from the negative log likelihood function

only in terms which do not include ~- . so m inim i z ing t (A ; x) is

seen t o  be equivalent to minimizing ; ~~~~~ ‘~~
)

1— 1

Moij apply theorem 1.10. page 41 of Barlow, Bartholomew ,

Bremner, and Brimk (Ij This theorem , rewr itten using our

notation 1 states that If c ‘- then

k It 
*

~~~~~~~~~ 
~~~~ 

~ 
~~~~~ 

x~) + L 
A~ (x 1. ~

) (2 . 2 . 2 )
1 — 1  1—1 ‘ i—i

11
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where x is the isotonic regression of the x~ (with unit we ights)

and is an arbitrary convex func t ion . Note that sin ce ~ is

assumed to be convex , .
~:
(u , v) is easily seen to be non-negative .

Using this fact and applying expre~ sioli (2.2.1) with •(u) — — log u

(which is indeed convex ) we obtain the result:

*
~~~~~ ~) .~. 

.‘ , (x
1
, x

1
), V A

1—1 1—1

*
So , 

~ 
is seen to minimize - 

. i s
1

, A~~ ) over .‘
~ and consequently

i — i
*

* minimizes t ( A , x )  ove r •- . Therefore the isot onic regression
a -

* and the maxt.om likelihood estimate A are one and the same. 0

Now ~ub .titute the exponential density function into expression

(2.1 ..’) to find the distribut ion of the isotonic or maximum likelihood

estimate of •
It

• 1
x 

5
x ~ , •  

x 
It ! • • •

0 ‘k/2 ((k—l) /kJv
2

• exp (—F
1

(kv
1 

— 
~k— l) y1 ) + e2((k—l: y, 

— ( k— 2 )  V
3
) + ‘ +

dy 1 dy, ‘‘ dy~ . ( 2 . 2 . ) )

Combin ing the terms in the exponent which have co on ‘(
~ facto r,~, we

obtain:

12
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Fk
(x) 1

x 
1
x 

k!0 1 ” ,
0 

~
‘k/2  ((k— 1~~/ k ) v

2

• exp (— (k0
1
y
1 

+ (k. l)(O,—o 1 ) ‘2 
+ • . + ~~~ k-i’ ~

‘k~~

dy
1 
dy, dyk . (2 .2 .4)

This integral is difficult to eva luate in closed form , but a recursive

relationship has been developed which can be used to determine F
k

(x)

for any value of It.

Tht’orca 2.2: Denote the integral given In expression (2.2.4) by

~~~~~ 
(consider x to be Else )). Then

-

~ I, 
It

ak
(e l .  

~~~~~ k~ 
— ak l (e2. . . .,  e~) — 

~~2 i ~~~~~~ k 1 ~

(2 .2 .5 )

Proof: Evaluating t he innermost integral of a.k(~
) gives

x x x I — (k—i) ” y -~ 9 x
a
k
( )  • I f 

• . ‘  (k—l)’ 2 
“ It ” 

I 2 
— e

0 (t .- - 2)/(k—l)Jy~ I
exp{—((k—1)(e 2

—0
1) y + • • •  + (e

k
_e

k_ l ) 
~~~~ 

dy
2 

dy k

Separate this into two integral.* to obtain

13

- - 

---—- --~~~~~~~~~~~ -- -—
~~~~~-- -~~~~~~~--~~ 



--.- - ---- ---— - -------- - - 
~~~~~~~

- - - - , -
~~~~~~~~ - - — -

1* • •  1* (k-I)! 0
I) I (k—2 )/(k—l))y

3

• .xp(-[(k—1) e2
y2 + (k—2)(03—02

) 73 + + 
~
°k~~ k l ~ ~~~~

-kO x x x

~ dy “dy — e  ~ f “ f  (k—i)! 0
2 

ek2 It 
~(k—2)/( k—l )~y3

• expi— ((k—l)(02 
1 )  y

2 
+ • • •  + (ek~

ek...l) ~k 1
~ 

dy 2 ~~~

Th. firs t integral is seen to be equal to a..
~_ i

(O 2. • •
~~~

Subs t i tu t ing  th i s  In and multiplying by the appropriate factors , we

have

—kO 1
x

•, e~~ • ~~~~ 1
(02, . . ,  

k~ 

- (e2-e1)(83-01) 
::: 

°k °l~

* x 
• 

-

I I (k—l ) 1 (e2
_e

l )(03
_
~l) ~~~~~

0 t ( k - 2 / ( k - l ) 1y
3

• expt- ((k—1)(0
2
—0

1
) y2 

+ ‘ •  + 
~
°It~~

8
k l~ ~~~~ 

dy,  dv~ .

The remaining integral is seen to be equa l to ak l (0
2
01. 03

_e
l. 0~ — ’~~)

Expression (2.2.5) is obtained by direct substitution . 0

The relationship given in Th orsm 2.2 can be used to find the

distribution function of for successive values of k • First

consider the trivial case , when It • 1:

• 
•~~ x) • P(maz(X1

) ~~ *)  •

14
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When It • 2, expression (2.2.5) is used to obtain

-28
1
x

a
2
(~ 1, 02) 

- - 

e O , 
a
1
(ti
2-01

)

—e x e —2 1 x —(8
2
—8

1
)x

2 e I i — t ~— 1 - c  A
~ ~~~~ 1

_0
2
X 0

2 1 —201x —(0
1
+0~ )x

l - e  -

~~~~ ~ 
1e — C

2 1

Appendix A gives expressions for the distribution function when

It - J and It — 4. This rather tedious process can be continued to

find the distribution function of f u r any value of It. Note

that the problem of division by zero is encountered above when

- 0 ,, and this will continue to be a problem for l.~rger va lues of

~ whenever any pair of the 0~ are equal. An exact expression for

the distribution of ‘ It when all of the O~ are equal w il l be found

in the next section . In Appendix B it is shown that the distrit ution.s

for the “in-between” cases where at least one pair of the are

equal can be found by computing a.~(0) via the recursive technique

and then taking the appropriate limits.

Once the distribution f unction of A k has been found , its mean ,

variance , and any other desired moments are easily computed. Recalling

1*that F1(z) - 1 — e and considering the nature of the recursive

relation given in expression (2.2.5), it is seen that the distribution

function of A
k 

will always be of the form

It
2—1 — t~~xFIt (s)  — 1 — e (2 .2.6)
1—1

15
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for some rea l coefficients and Bi. This represent. a mixture

of exponential density functions. Now consider the moment equation

•

E(X ’) — f x E f(s) dx • r 
~ 

r—l
11 — F(x) J dx (2.2.7)

0 0

which holds for a positive random variable X having distribution

function 7(x) with density 1(x) (Feller , Vol. Ii , page 150 (91.

Applying expression (2.2.7) to a distribution function of the form

N -O x
1 — e

i•1

we obtain

E(X”) • r j ~
r
~
1 

~ ~ dx

N — -
~~ - x

ç t i—I I
— r  n

i l x e dx
i.l 0

N • r-l
• r Z 

~~~ 
/ (1...) .7 ~~ , (letting y • 01x)i — i  0 i i

N n
1’ i

— r — P(r)
1—1

N -
~

— t (r +l)  ~ —4w- ~ (2.2.8)
1—1

lb

~ 

—



The distribution function F
2
(x) is seen to fit the form of expression

..‘.2.b) with

‘~1 — l

a
2 

• 
~2
/(02 

— i l ) 2 — 20 1

0
3 

• — 02/(02 
- 

~~ ~ 3 
— 0

1 
+

Consequently, expression (2 . 2 .8 )  can be used to obtain the moments

-

E( A ,) — + 

~~l
(
~~2

0
l
) 

—

• 2 1 
________________

) • 2 —i + - -  

2 
— 

2
2 ‘~“1 (u,— ’ 1

) (8
1
4-a ,) (02

_O
l
)

Other moments can be computed in a uimi lar manner. The expected value

of ‘It for the cases It • 3 and It - 4 is given in Appendix A.

2. 3. Und#~~y ing~_Exponent ial Distributions with Equal Means

When the A i are al l  equa l to a co on value A - l/~~, expression

(2.2.4) simplifies considerably and a closed form solution can be found

for any value of It. The equal A
1 

case will prove usef ul for

(1) testing hypotheses regarding A
k
; (2) evaluating the asymptotic

distribution of A
k 

as k • ; and (3) comparIng 
~k 

with other

17
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estimates of A
k 
. ~~~~~~~~ topics will be discussed in detail in

Sect ions 2... — 2.7.

rh~~ r~~ 2.3 : Let X 1, X2, ~~~ 
X,~ be independen t exponentially

d istributed lifetimes with co on mean A — 1/0. Let

A / XIt+Xk l  -

It ~~~~~~ X

Then the CDF of A k is given by

FIt (s) — 1 — 

~~ 

~~~~~~~~~~~ :-:
j—l

~‘r o f :  Replace each 0~ by ‘ in expresnion (2.2.4) to obtain

x x  x -~‘.vF
k
(x) I I ... / k! e 

- 1 
dy

1 
dy 2 dyk0 

~k/2 
((k—1)/kjv

2

Consider x fixed and denote thi s in tegral bIt (O). Evaluating the

innermost integral gives

x x x I - (k-l)Oy
bIt(e) — I I “ I (k—i)’ 2 

— e~~~
x

0 7k/2 I (k—2)/ (k—l )J7
3

dy2 
“ dyk

18
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x x
— f ... I (k-i)! ,k 1  ~ 2 

dy
2 

dy~
0 ((k—2)I (k— 1)Jy 2

— (k—i)! o
It
~~ 

k0
~ j  ~ j  dy ., dy~
0 f(k-2)/(k—l)Jy

3

The first integral given above is bk_l (O). giving the relationship

b
k

(O ) - bIt i(o) 
- (k-i)! 0

k 1  -k ~ 
x 

,•
~~ x

~
‘kI2 

((k—2)/~ .-1 Jy 3

dv
2 

dy~ . ( 2 . 3 . 1 )

Therefore , the bIt(O) .~n be determined if their differences can be

evaluated , which requires computation of an integral ~ t the form

1 1v
2 

dyk . (2.3.2)
0 v kI., ( (k—2)I( k—1 )Jy 3

This inte gr al represents the volume of a multi—dimensional fi gure

bounded h” planes. —e will derive a formula for a more general class

of integrals and then consider (2.3.2) as a special case . Define a

function of It and r ~y

1 1  1
I I I 7

r dy
1 
dy, ‘

~~~~
• dyk0 1’k/2 ((k— 1)/ kJy 2

19
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Lew 1:

(r) 
— 

1 
— 

It 
It -2 

- + 
It 1 

(—1) ~ t!~.LU~~~~~ ...L!LtLLL ...L.. -

It r+1 ((I t  1 ) 1 )
2 

~~~ 

( I t— i ) !  ‘Ii’’) It”k!

where It 2 and r ~ 0 . A proo f of L e a  1 can be found in Appendix ~~ .

Now make the substitution . y i/x  for i — 2, 3, . .. ,  It in

expression (2. 3.2 )  to obtain

1 1  1k-i , t
j j  ...

J dz
2~~~~~

dz
k

0 1k/2 ((k—2)/ k-lHz
3

— ~~~~ k—i

From L . a  1.,

(k-l )~~~ + 

k- 
(-l)~ 

çk-l-i)~~~
k—i 

((k—2)’j
2 

i—i 
( k — i — i ) !  ( 1+1) ! i k — 1 !

- 

j (k-2)!)2 
~ 

* k-j~~~k-lH 
(let i - k-i-i)

— V (_1)~~ 1 i  ~ 1
j !  (It—j)!(It—l)!

(incorporate the first term into the sa)

k-i It It-2
— 

(— 1) — ç 
(_ 1) i — 

Itt I t— I  
• 

It
I t ! (k— l) !  j t (k—j )t 

L ( k — l ) ? 1 2

(add and subtract the j — 0 and j — It terms ) .

20
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The si at ton given above is equal to zero by a co~ ,inatori al

identity (Feller. Vol. 1. page 65 181). Consequently we have

(0) kI t 2
cIt..l

and

x x x k-i k—2
— : I 

... dy., ‘ ‘  dy~ — 
It

It 
0 

~
‘I t /2  ~(k— .~)I( k— i) Jy ~ f ( k - 1) ’ J

Substitute this result into expression (2.3.1) to obtain

• bk l (O) -

Or

k—2 k—i -k~ x
b
k(e) 

- bk_ I CO) — — . (2.3.3)

Now

It
b It (O) — b

1
(P) + ~ (b4(e) — b~~_ 1 (0)) (2.3.4)

j— 2 
‘ -‘

and

x -87 -Oxb1(e) • I 8e ~ dy1 
• 1 — e (2.3.5)

0

21 
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so we have , comb ining t’s~’re,.sion~ (2.2. 3). (2.i.4f , dnd (.- .3.5),

It J— 2 - ~— 1  -jd x
k ,Ø

~ — — 
— O x V ~~~~~~(,

.x)
I.’ ~. f &  i~~ i

j—2 ‘~

It j— 2 j— i — J x
— 1 — i. 

I. 
(2.3.6)

j• 1

This conc lude’s t~~ .- pr o ° of ~~~~~~ 2.3. 0

Corollary : The density function of A~ in the equal A ase is

given b~

( 1 - 1 ) ’ 
-j ’ x  •.(

~~~~)~~~~
2

( 1 • ~~ - (j - l ) )

The or Uary Is obtained by d i fferen ~ iac1ng expres sion (2.3.6) .in.t

combining ~.‘r .

~ .- now have cxprc ssi ns for the distr ibution and density funct ions

of ‘It in the equa l • case :‘r any va lue o f  It. Graphs of the density

function s for • 10 and va l ue s of It rangin g from 1 to 100 are

given in FIgures 1 and .. Note tha t the densities have a heavy right—

hand tail , v~ ich will he seen to lead to high variances for the

T~ue moments of are easi l .- found using expression (2.2.1)

vi~~ F
It(s) substitu ted for F(x):

22
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Figure 2. Density of in the Case of Equal A
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E(AIt
a) 

~ ~; ~~~~ 

iJT~~~ x~~T ’eTi~~~
] 

dx

v , ci+j—2 —j Ox
— ~ L 

~~~~~~~~ 
.S z e dx

J— i 0

It 
0
j 1  j—2 

1Z u-hi
i—I (1~~

)

It
— 

(~~
+

~j -  2)!
-i l l

j•l (j—1)!1

(j i)’j

~

41 
(2.3.7)

in particular , wi th ~ • 1 and Q — 2 we obtain

• It

E(
~ k
) • I (It) (2.3.8)

j•1 j
~

E (A
k

2 ) • 2A 2 
• 2A 2 n(k) (2.3.9)

i—i .1

so the first two moments are seen to depend on a p—series with p • 2 .

th
We denote the It partial sum of this series ‘- (It). Limiting

properties (as It - ) will be discussed in Section 2.6. 1cc expressions

(2.3,8) and (2 .3.9) to obtain

Var(
~It) - 

2A 2 ~(It) - A~~,
2 (It )

25
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Evaluating mean-square-error (MSL), which wil l  be used in the future

to evaluate the effectiveness of A
k as an estimator , gives the

interesti ng result

2
MSE(A

k
) • 2 ’  ~(It) 

— 
~~(k) + (

~ “(It) —

— 
, 2 

(It) — 
2 ‘-2(It) + A 2 

~
2 (k) — 2A

2 
‘ (It) • ,2 —

So , in the case when the are all equal , the MSE of is

independent of It, the number of stages .

2.4. Eff icienc~y ef isotonic Estimators of the A
1

The ‘

~~ 

are intuit ivel y attr acti ve eatiaators of th. mean

lifetimes for two reasons . Firstly, they take the ordering of the A
1

into account by maximizing the likelihood function over the restricted

space 
~l 

~ A
2 ~ 

. Secon d l y ,  each Is a function of all

of th. random variables X 1, X2. . .., X~ and consequently each

estimate makes use of all of the information available. Thi. is

des i rable , for example , becaus. although X 1 do.. not have mean A k,

its mean is related to 1
k through the ordering relationship , and

consequent ly X
1 

may contain useful informa tion regarding It ’

We wish to eva l uate the performance of the isotonic estimates

In the case of exponentially distributed X~. The criteria for

evaluation viii be mean—square—error , a co on measure of estimator

effectiveness. As a bash, for c omparison, two competing est imates of -

26
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the are proposed. The first is to use X , the overall mean of

the X~, as a co on estima te of the A~~. X would be an appropriate

estimate in the boundary case where the A
1 are all equal (which

makes the iid random variable.). In fact , I is easily seen

to be the uniform minimum variance unbiased estima te (UMVUE) in this

situation. At the beginning of the investigation , it was expec ted

tha t X would perform compari~it1vely well when the A
1 

were equal or

cl ose to equal , but would not do as veil when the vdried widely.

The second proposed “competitor ” of the A~ is simply to use

as the estimate of A~ at each stage . In effect , we t reat the

observations X1, X2, ..., X~~ 1, X~ ,1, ..., X.~ as If they are totally

unrelated to A
1 

and consequently are of no value in estimating A
1
.

It is interesting to note that If the are widel y spaced (for

A I t - i

example, i f sin —~-~~~ Is approaching ), thes. estimates are
1

effective ly equal to the isotonic regression estimates , since the

are themselves non-decreasing with high probability. We would

expect that the estimates will do comparative ly well when the

are indeed widely spaced , but v iii not fare as veil in other cases .

To compare the three proposed methods of estimation two cases

are examined . The first is total main-square-error (MSE) over all

the •
~~~
. In this case , the MSE for the X and estimates are

computed exactly while, dus to computational difficulty, the PISE’s

for the are found via computer simulation . The second case is to

restrict our investigation to the performance of estimators of the

27
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f ina l mean : 
~It’ 

x , and Since we have deve loped a recursive

technique for finding the distribution and moment. of in the

exponential case , all computations are exac t and no simulat ion

studies are required here .

The’ computation of 11SF for the I and estimates is

straightforward . For X we have :

It It
2

i— i -

E ( X )  • It and Var(X) - ‘ 

2 
—

It

So , 115E
1(I) — V a r (X )  + 8ias~ (X )

It l I t  2
r 2 I - -

I.

i— i -J i — i
— + 

~~ 

— (2.4.1)

where 115E
1 (X) and 8ias~ (X) represent the mean—square-error and

bias when X is used to estimate 
~~
. For (which 1. unbiased

for 
~ ) we have :

P (SF ( X
1

) — Var(Z
1
) -

A computer program is used to compute the exact moments and

P1St for ‘It ’ Let us examine the fairly mana geable case It — 2.

E (A
2) and E (A~ ) were given in Section 2 . 2 , and E(A 2) can be

rewritten :

28
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• — + 20
1
(:
I
+0

2
)

Since and are both positive , this for. of expression

clearly shows the negative bias or tendency of A
2 

to overestimate.

This is true in general for all values of It, since

A
k 

• aax (X k, 

X
k
+ k..l 

..., ~

and is unb iased for A
k
. Note that A

k has a positive

probability of being strictly greater than in all but the trivial

case l 7 ~~~~~~~~~
Ak l O .  Now

P~~E(~ ,) — Var ( 2 ) + 3ias2(~ 2
)

— E(’ ) E(’
2

)2 + 
~~~~~ 

—

— E (’~ ) — 2
~~2 

E(~ 2) +

“~“itt tuttng the previously derived expressions for E(A
2) and

vs-’ ob tain , af ter some al gebraic manipulation:

)(28
MSE(A ) • + — - -

~
-—-—--

~
--— . (2.4.2)

0
2 

20
1

(0
1
+0

2
)

Letting It — 2 and replacing A
1 by l/O~ in expression (2.4.1),

we obtain

29 
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11SE2 (I) 
- 

~~~~ 

: 
~~~~ 

+ 
(i

..; ~2 — 
U
2 

)
which be comes, after tigebraic mani pulation:

MSE
2
(~ ) • 

~~~~ ~ 28~ O~ 
[
~ 

~ 
+ — 8

1 
8
2]

Let us -onp.ire A~ , ~~, and as est imators of ~~~, . This

comparison will be done for values o f  (A 1, A ,) w hich ~.. it isfv the

ass umed relation ‘ 2 (or 0
1 ~ 

0
2
). Using this fact and the

fac t  that MSE(X
2
) — Var (X 2 ) • 

e~
’ i t is seen from expression

(2 .4.2) th.-it :

MSE(X ,) MSF(1 5) (2 . -~.3)

where equality ho lds only in the case where ‘

~~ 

- ‘ , (equal means).

Now let us compare MSE(X) and MSE( 2 ):

— 
(0

2
_ e

1
) (

~~~I
+
~~2

) 
______— MSE (X) — - - 

2 2 
( 0

~ 
+ ~~~~ 

— 

~20
1
0
2

which after algebraic manipulation , is seen to be equal to:

(~ 
+•

~~~)2 1  ~
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Under the restriction 01. 02 
0 this term is always

positive. Co~~iniag this with (2.4.3), we obtain the ordering

M SE (X
2

) MS E(A ~~) 
> MSE(X)

This holds for all pairs (A r. A 2
) where )~~‘ and conse-

quently we conclude that both X
2 

and A~~~ are inadmissible (with

respect to MSE) in the region of interest. To illustrate this

tnadmi~sibi1ity , Figure 3 gives a graph of MSE(X
2

) , MSE(~2), and

M’~~(X) for a fixed value of A
2 

and values of A
1 

ranging from

0 to A~ . Note tha t A 2 is only a slight improvement over X2, while

I is far superior to either X
2 

or A
2
.

k 2 E(X
2
) 2 10

a LI ~~S SI
CIII)

Figure 3. Mean—Square—trror Comparison for the Case It • 2 .

-
- 31
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The case where It — 2 and we conside r the estimation of

.ilone is the only case where an ordering relation among the sean—

square-t’rrors has been p~~ven (note we have seen tha t 14SE(Xk
)

— M SE(
~ k

) — for  any value ot It where A
1 

— ‘ 2 ‘“ • A
k
).

However , upon cal ulation of mean-square—errors for many values of

It and tor various configurations of the 
~ 

(assuming A

1 

‘ ‘

no case has been observed where the relation

> M S E ( . )  > PISE(X)

J id not hold. Consequently, it is hypothesized tha t this relationship

is true tar all values of It.

As an illustration we cønsider the case It • 5, and would like

to examine the relation of the mean-square-errors under various

configurations of the 
~~
. To overcome the difficult y of graphing In

6 dimensions , we simpl ify matters by specifying a “constant improvement

rat io” model where 
~~~~~~~~ 

— r • 

~ 
fo r I — 1 , It — 1 and

r ‘ 1. When r — 1, we have the boundary case of equal 
~~ 

and as

r we have the extreme case of very widely spaced A~~. Using this

model and expressing P1St in terms of r and A 1, the previously

fr’rived formulas for MSE become :

MSE(X
k
) • A~~ — (r~~

’1 
A

1
)

2 

r2 I t 2

32 
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and

2i—2 2 / It 
~~~~~~r A

1 ~ 
r A

1
— i—i _______ 

I i—iMSF~~(X) - — —-—--i- + 

It 
- - A

k

A
1 / r2k _ i \ ~ 

A
i I r

k _ i  \ k—i -

- 
k I~ r

2_i 
) 

+ 1’ r ‘
1/

As before , no general closed for mula for MSE(A ) has been found .It

Figure 4 gives a P1St comparison of the three estimates of A
k 

for

values of r ranging from 1 to ~~. The limiting value for

MSE(A ) IMS E (X) is found by noting that 11. P — X ) — 1 and
r’~ ~

eva luating lis MSE(X )IMSE(X). Dividing the P1St formulas given
S

above , we obtain (for general It):

u s  _______ — —~~ - -  
I 

- -  _ It2
r~~ — 1 1 2

NSE (X) - -
~~~
+ (- - - 1)

’ 
It - 2It+2

It It

Note from Figure 4 that I ha.. considerably better P1St than either

°~~ for all values of r, and that A k gives little improve-

ment over X
k 

particularly when r is large. This is not surprising

since examination of expression (1.3.3) shows that Ak will ac tually

be equal to with Increasing freq uency as r • ~~.

In an attempt to determine why the isotonic est imator performs

so poorly, the P1St is divided into its components of variance and

bias. Table 1 gives the variance and expectation of A
k

— —- - - 

33 
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:
1

S

•

0~~

1.4

.4

PLS

MSE(X)
1.471 as
RATIO

S

LUTTIPt ~~TIO

FIgure 4. Mean-S quare-Error Compar ison for the Case It — 5.

(in the case It - 5) for various values of r. As the table shows,

A

5 
is competitive with X with respec t to bias (becoming signit i-

cann y better as r inc reases), but not at all competitive with

respect to variance. Empirical ly . A
5 

gives a maximum reduction in

variance over the use of alone of about 202, while X ran be

shown to reduce this variance as much as 962 (1—1/k 2) when r -.

Consequently, even though X is heavily biased for large values of

r , its low variance more than compensates to $ive a reasonable P1St .

So Far , we have only compared mean—square—errors for the

estimates of A

k 
alone. Now consider total P1St over all It of

the A 1. Figure 5 gives a comparison similar to that of Figure 4,

34

L — - - -_~~~-~-~——------- -- -— —----—- - - ---—-• - --- --- - -  
- -

~~~~



rn 
- - _ _ _

S

~ ~~ 
P4SE(X

i
)/
~ 

MSE
i
(X)

1 1

0

C .

:~ 
‘) MsE~~ )
1~ -

S

M~~. (X)
1

— —
•.i is ‘.5

_ UrtTD( ~~TIO
.

Fi~~irr 5. C~~partson of Total MM~ for Three Pr .e~~ F.stimat—’rs

rep1.i~ ing fina l estimate M s) . by t ’ t ~~1c . For moSt reasonable

i~ provement ratios . I is seen to have the best total MSE. For

l.irge improvement ratios , starting in the neighborhood of b , the

three estimat ion t~~~hnIques are roughly equivalent .

2 . 5 .  A ~tmpl. Modi f icat ion of the~~~jtmat~~ s ~f

The initial performance of the Iso tonic estimator in

the exponential case is somewhat disappointing. W~ wish tc determine

if th e s i tua t ion  can be impr oved through simple odifi ation of the

proposed estimators. Consider multipl ying an estimator by an
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appro prt ttel v chosen ~mstanI c. In ~inera 1 , If is s~~~

t s~ imator  of i , the valu e of r ~~ jch minimiz es M
~~~ (CO ) Is ~ :vi~~

by

~ i.CA

~ \ .~r( i - )  •

This formula ~ ‘s Jet k-; ’ us~~~: rlr~~~~n t.i r c a l l .  technique .. In

prac - t ~~~
. t r~ u1a may appear o.. less • c c depends on t t .

unknown parameter i . ~~~~~~~~~~ , t~~~ s is ~- ‘ t  always the case. Let us

examin, the dependence of c on the unknown ~~~~~~~~ rs It

i n the three cases of ~~~~~~~~~~

a When \ . is .ie : ~~- est i mate . 
• we obt~~in

( ) 1
i. — —xk +

~ It

So c~ Is nJ ~~~~~~~~~~~~~~ of 1k’ ~~ we -an aiwS y s assure a ~- i

It
In P1St lv dividing X.

~ ~‘y 2.

~~~~~~ X is used : estimat e A k. we obtain

I / A  I
• \i  

1

/ 
kA
k ~It 1

Cj ~~~~~~~ 

~~~~~~~~~~~~~~~~~ 

k j
+ {~~~

- i i  i I I

It 2 ‘ k F

- 
-~~ -

~ 
- _ _ _
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Note tha t c1 does depend on the unknown and on.equently cannot

be determ ined. In the ~t se of equa l ‘

~~~~

, this does reduce to

which Is independent of the A
l
.

Now consider . As with X , ~ will be a function of the
F It

We w ill compute c ’ for the two “extre me ’ cases of equa l

and widel y spaced A 1
. In the equal A

1 
case , we substitute the

~~~~mcnt formulas derived In ~- e c t i o n  ~.3 to obtain

— A (T; (k))/(2. n(It)) — 1/1
It

In the case o~ widely spaced (for example , consider the constant

ratio model v~ th r 
~~~~ ‘ It is effectiv ely equa l to X.k. and we

aim :

c — 1/25
It xk

So we kn~’v that c~ is equal to the same value at both ‘ extreme

configurations of the A~ . This leads to questioning the sensitivIty

of c to changes in the 
~~
. Emp irica l investigation shows that c

It It
Is very tnsen~ itIvc to the values of the 

~~
. To illustrate this ,

consider the familiar constant Improvement ratio ” model with It • 5.

Figure ~ show s a graph Of CT Vs. r . The consistency of the results

lead. one to feel confident that a nearl y optimal Improvement would

occur if 
~k 

wete divided by 2.
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Note that Figure ‘- also ~~~~~~~~~~ the rrlationahl p of C1 t~ r.

In this case . C1 is definitely s c ~~ e t t  iwe to r (~ r to the

Consequently , we canno t confiden tl y state that I will be improved

by using a ~~r t i ~ u1ar ~~~t i p l 1 -  .~~fve constant unless we know more

about the A
1.

Figure 7 iLlu s t rates ~~~~ re lationship among mean—square-errors

for the est imators X~ /~~ ‘ ,,,Il . and X. X Is left us~~ difi d due

to the previously discussed l.~
. ~ of Informa tIon regarding the proper

c~~. As the graph .~hows .we have finall y found situations where an

iqof& ,nj c-has pd estimate is worth ‘is i ng In th. sense of having reasonable •
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FIgure 7. Relative Mean—Square-Errors for Modified Estimators

mean-square—error. However , we do require a large improvement in

mean l i fetime at each stage (r mUst be somewhat large r than 2

in this example) in order to realize the benefit of us ing the

isotonic estimat, instead of the overall mean X. Also, there is

no substant ial improve..nt when using A
5

/2  rather than X
5

12 in

the cases where A
5
/2 did outperform X.

2.6. Asymptotic Dlatribution o( It a . k ~~~~ (tzpon .ntial Case )

For larg. values of It , computation of the distribution of

A
k may be time-consuming and awkward. Consequently, it would be

39
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desirable to approximate this distribution by looking at the limiting

case, when It . . Let us first ~unstder the situation where all of

the A
1 

are equa l t o  .2 co~~~ n va lue . We have seen in Section . 3

that th. distribution of A
It 

is given by :

-. It j—2 8~~
j—l —jOx

P . 1 ~
- *1 — F ~x )  — 1 — ~ 

(, -~,
_
~
_
~s_ where e •

•l

For any fixed x ‘ 0, note that F
k
(x) is strictly dec reasing

in It. Also , since Fk (x) is ~ d istribution function , 0 F~ (x) ‘ 1.

So, F
k (x) is a bounded onotone sequence in It(x f ixed) and

consequently a limiting distribution , say , F (x), exists. Therefore ,

we can say that 
~k 

converges weakly or in distribution to a limiti ng

random variable ~~~ , 
having dtst r ibut  ion function F ,(z). Momen ts of

are found as f o l l ows :

• 
~ x~~

1 ~ 
- F (x )J  dx

— ~ x~~~ [ha 
~ i

i 2 (ez)i e j OZ 1 dx
o [It’- i_i (j—l)! j

Since the su ation insid, the integra l Is monotone in It, we can

use a monotone convergence theorem (cf .  Fe ller , Vol . II , page 110

t a) )  to interchange limit and Integral signs and ob taIn

E( ii,) - lie 
~ J ~~~ IIt’- 0 j - l

40
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The integral given above was evaluated in expression (2.3.7), and

substituting that result we obtain

E(A ~ ) — ii. ~A0 I r(0+j-i~
j —l

—

~— i r ( j ) j  1+ 1

In particular , with o — 1 and a • we have

E (A ) — A ~ 1/i
2 

• A , ( ’)  ~ 1.644 A
j l

a

— 2~
2 

~ 1/f • 2~~ n (—) ~ 3.288 A
2

j.l

So, Var() ~ .585 A 2 and M SE (A ) • ~~~~~ These results illustrate

another difficulty in the use of the isotonic estimation procedure .

8y the )Zolmogorov strong law of large numbers , I converges almos t

surely to • as It • ~~~, and MSE(X) 0. However, 
~It ha. the

unfortunate characteristic of maintaining a constant non—zero P1St

while It increase, and more information about becomes available .

The asymptotic properties derived above may seem to be of

little value in that th. assumption of equal A 1 is l iItely to be

unrealistic . In general , of course, the asymptotic distribution of

A
k will depend on the configuration of the A

1
. With our prototype

development mode l , it would be reasonable to assume that we are

approaching some optimal level of design as stagevtse improvements

41
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are made. Consequently, let us consider the case where the A
1

converge upward to a limiting va lue A ,. The following theorem allows

us to equate this situation with the previously considered case of

equal means .

Theorem 2.4: Th. asymptotic distribution of 1It’ the Isotonic estimate

of the final mean A k. is identica l in the following two cases:

(1) the are independent exponentially distributed random

variables having co on mean A ;

(2) the are independent exponentially distributed random

variables having individual means , where A i $ A .

Proof: Assume — exp (A~ ) where 
~~ 

~ . Let — 1/A
1 

and

- l/~ . Le~ - so that the are independent exponentially

distributed rand om variables with co~~~n mean A . Now define

A.k
msx (Xk, ~~~~~~

Y +Y
max (Yk 

It 
2 ’  ...,

so A.
~ 

and are the isotonic estimates based on the and

respectively . Since the have co on mean A , we know n
It con verges

in distribution to a limiting random variable A ,, wit h distri bution

function

j l  (J—l )I

42
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We wish to show that 8.~ - 0. (Note that Bk A~ since

1 V
1
.). To do this , we need to show for any value 6 that

- 6) • 0 as It -• . £qutvalen t ly , we must show for any 6:

V > 0 ~N 3 It > N 
~~ 

- A
k ~ 6)  ‘

Use the following inequality:

max (b 1, b 2
, ..., b~~) — max (a 1, a 2, ..., a.k) < msx(b

1 
— a 1, ..., b~~ — a

k
)

to ob ta in

- 
~~~ 

max (~~ - ~~ 
( 

~.k~!.LLlck~~k~lj ..., -

- 
(
~ -~\ ~~~~~~-l) 

~~~~~-1k~~~~~~~~~~~) ~~~~~-l)
+...+ 

~~~~~~~~~~~~~~~~~~~~~

6 /‘ 2 ‘ 
... It

Now define i ~~~~. Since ~ 1, we know that:

0
~ n 3 i n — 1 ci

Therefore, for i n we have , replacing -
~~~ 

- 1 by a:

~

k 
- 

~ max (o.Xk~ ~~~~~~~ .• ‘  (xk+xk~~~
+.;.+ x~~

)
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+...+ X
1)~~ +(..j ’_ i )  

~~~~

a (X ~~ +.‘ .+  x ) + ( ~~ A 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ) .

Nov cons ider the inequality:

maz(a 1 
+ b1, ..., a~ + bIt) c eax(a 1 , ..., a1

) + max (b1, ..., b~~)

with the following values substituted for the a1 and b1
:

a
1 

aX b1 b2 - • ~~~~~~~~~ 0

1X 2+XIt. 1\ (~.~ i_ l)X0_ 1
a
2 

- 9 2 / b
k_fl4.2 

- 
It-n+2

a (~~
_+

~

• 
~
+ 

b 
~ (~ !p i)  x~ _ 1+ ”+( 0 1)X 1

k-n+1 It-n+l p’ It It

I 7_ +. • .+ x
K nak_ fl+2 - 4~
---i.-- 2 -

• 

ft-k ~~•••~~ Xfla
k

a~ It

Using this inequality and the fact that 1 — I Vj (since

the are decreasing), vs obtain :
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. a

a.

I ci(X.X+Xk_l ) a(X.5 + +  X )  °
~~~ It ‘ X

0
)

- Ak ~ 
ma

~
d 1dIxk~ 2 ‘ “ ‘  k—n+l • •

~~~
•
~~ It

F 1(~ i) ~~~~~1 
(-

~~~

_ l)(X 1 
+.‘ +

+ maz
1 k—a+2 ‘ ‘ 

— 

It

Since 0 ‘ Y~ Vi, it is easily seen (via a term—by—term comparison)

tha t the first term on the right—hand—side is less than or equal to

ciSk, so we obtain:

- Ak ~~ ~~~k 
+ (

~~
_ 
1) aax(k

X
~~~ , 

~~~~~~~~ 
X l :“~ 

x 1) aB~ +

Since n is fixed , it is easily seen that Z
It ‘LL~,0 as It • ~~~, and

consequent ly :

1.3 It a P {Z
k 

> 6/a ) c

Now, using an inequality simil ar to Chebychev’s, we have the result:

2aE(B )
~/2} ~ 6/2 — 

6 
It

Now , — A Z iij2 l/j
2 c 2A , so we have :

P(aL
1 ~ 

.5/2) < 2a(2
A)

£6
Recall that a • so we obtain:
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~ ~/2J 
• 

~~ (j f l ’2 — 1,

& i t  N — m.Ix(n ,R). 5y manipulating probabilities and us ing results

given above we obtain , b r  It > N:

~~~ 
- A

k 
> 61 P(ciB

k 
+ ZIt > 6 )  PftIBIt 6/2) U 1Z~ ‘ 

- 1 : ) )

C 6 / 2 J  + ‘I f l  t / 2  + t/2 —

Thus we have shown, for given val ues of 6 and ‘

— eax(n ,a> ~ It N 
~ 

PtB
k 

- A
k 
) -~~J 

< a

Therefore , by d e f i n i t t~~~. — Ak 0 . Now recall Stutsky ’s theorem ,

wh ich states that it WIt ~ W and if WIt - 0, then ~ ~~~~. Using thi’.

theorem, we obtain the result that A. 4 A so A. and B have the
K ~ K It

same asymptotic distribution . 0

The theorem serves to show tha t the asymptotic distribution derived

for the equal •
~~ 

cae ’ is also applicable in other situations . Figure 8

sh ows the distribution function F
k
(x) for various large va lues of It.

Note that convergence to the asymptotic distribution . Fu (x), is

extremely slow . Consequently, use of an asymptotic approximation for

finite but “large” values of It is to be approached with caution.
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It — 50, 100 ,
300 . 500

4,

4,
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Figure 8. for Large Values of It -

2.7. Hypothesis Testing in_ e tx2pnential Case

In previous sections , we have discussed and evaluated variou s

techniques for obtaining point estimates of A k, the final or most

recent mean lifetime in the prototype development process . Let us

now conside r the related problem of testing hypotheses about the

value of First consider testing the hypothesis that a given

mean l i fet ime a has been attained , versus the alternative that it

has not:

H0 : A k a vs. H1 : A k ~ a

~ 
IL 

~~~~~~~~~~~ 
_ _ _ _
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Tak ing all It para.eLer~i and the ~issumed ordering relation Into

~-cansideration , ~~~~ test  can be expressed as follows :

H
0 
: a : A t

where :

a (A )
— 1’ 2’ “‘ It

- 

~~~~ ~
- 

~ 2 — ~~ 
A~~, A

k 
~ a!

— t A ~~A 1 — ~2 — 
~~

‘• 
~ ~k’ 

A
k 

a!

The f i rs t  approach considered was the likelihood ratio tes t .  Since

this test involves the maximiza t ion of a non—linear function over a

restricted space , it is somewhat awkward computationa lly and conse—

quently we wish to examine some simpler alternatives . Consider tests

based on the three previously developed point estimates of

• : A • X ,  and X Intuitivel y reasonable tests would be those wh ichIt It
rejec t H

0 
i f ( I )  A It c

1 ; 
(I I ) X c2; or ( I I I )  Xk ~ c 3, for

appropriate ly chosen constants c 1, c2 , and C
3

.

To obtain a size a test besed on A k, c1 mus t be chosen so

tha t :

~up 
~~~~ 

< c
1

) — a
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It is eas ily seen that this re ject ion probability is maximi zed over

when • k - I  ~ 0 and It 
• ~~• With this choice

ot A we have A
k 

- and consequently c 1 
is chose n so that

—

or
—c

1/a
1 — —

or

c
1 

• — a ( l n ( l  —

So, the test based on re~ ect . jf . — a(l~~ l —

Now consider a size i test ‘a .as,.d on X or , equiva lently.
It

- X . In this case we choose a value c , so tha t
i i

su;- P X - •

t~ ) 
~~

As In the previous test , this rejection probabilit y is  ~‘~‘n to he

maximized when 
1 

— • A k I  - 0 and A k — a. For this value

of ~~. • X1, so the eva luation of c 4 is identical to that of
I

c 1 in the previous test and the test re jects H0 if 
.
‘ .- - a ( l n (l - a ) ) .

It is now easily seen that the third proposed test , based on

would reject if — a (ln(1 —

The thre. critical values found shove all are equa l beca use
. It

‘ 

. the three test s ta t is t ics  (A It. ~ X 1, and X.5
) are equal for the

1

_ 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ---~~~ 

_



Common value c’t A at which the supre...m rej.ction probabilities

are attained . Now it is easil y seen tha t the ordertug:

Xk~~~
A

It
<
~~~

Xi

hohis since the X~ are non-negative . Letting c • — a(1n(~ 
—

the common crit i cal value, we obtain the followin1 ordering among

the powe r functl’ns:

~~ ~~A~~~~It ~ 
.~- 

~ 1:

t~~r any value • ~~ U~~~~~. in this c as e  there is no “best ” test.

I f  a £ ~~~~. the t e s t ~.%ccd on , is most des irable since it is

leas t likely to falsely re jec t  the null hypothesis. However , if

A £ 9
~
, the test based on IL1 

is mos t desirable since It is most

likely to ccarre- t l y reject the null hypothesis . The choice •-.f a

test  in this situation would depend on what kind of error the user is

most anxious to guard against - that of falsely rejecting a valid

nu l l  hypothesis or falsely accepting an Invalid on.. Figure 9 gives

exami les of the behavior of the three tests when testing

Ho ~ 
10 vs. H

1 
: A

3 

10 at the — .05 level when It • 3.

Not. tha the t e s t S  involvIng and ~ are very biased — tha t is ,

there are values of In the ~~ region for whIch the probability

of accepting H
0 is greater than 1 — a. This undesira ble

50
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a • .05

~~ 

X , A

2 

— A
3 1X

, A
2 

•

I 

L 
,

/3. 
A , 

~~~~~~~~

£(X1) — A
1

ails , A

3

— ?

(H False)

~~ sa7s - 0

4 S.... - I -‘5.5 LI LI LI al $0 5.0 7.5

((Xl) 
I

. 

1
3 10

~~~~~~~

. (H0 True)

S._. 
1

$0 1.5 al $0 14 *0((xi ) - ~
Figure 9. Comparative Behavior of Tests for H0 : ‘ 10
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characteristic Is due to  the difficulty in determining anythi ng

about •
~~ 

when only 3 samples , each having large varianc e , are

available. Th. critical value in this case is given by c • .51 ,

and this small value leads to high acceptance probabilitie , for a

~tde range of values of A in

Now conside r a similar hypothesis testing problem , expressed

from a different viewpoint . Suppose we wish to test:

H
0 

: 
It 

( a vs. : A
k 

- . a

As in the f i rs t  test , the hypotheses can be expressed :

H0 : A t a ~ vs. H1 : A (~~~~~~~

where

— A .
1 

~ 
— 

A~~ , It ~~aI

— 

~~~~ ~~~~ 

A~~ , 1
k ‘~

In this situation, the “burden of proof” would be on showing tha t A k
had exceeded a par ticul ar mean. This  would be appropriate , for

example , if the device manufacturers were required to show that their

newly developed prototype was superior to a competitive device whose

mean lifetime was known to be a. To continue the analogy, the first

L
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testing problem (H0 : A k ~~ vs. H~ : A k a) pr isented

would be appropriate if the co pet itaaa were required to  prove that

the newly deve loped prototype was inferior to his own device .

Using the same logic as in the ortgiiwl testing situation ,

intuitively reasonable tests would be those which reject H
0 

if

It

~I )  
~It i~ 

t l l )  ~ c ,; or (111) C
3
. As before ,

1

c 1 . 
c~~, and c

3 
are constants chosen to give the te s ts the re qu lt.-d

St tC.

In the first case , we obtain a sIze—ca test i i  c 1 Is chosen

so that:

sup i’ ‘c l  a .
k l

This rejection probability is maximized over when

— A , — - A
k 

— a. Letting 6 — 1/a and using the equal—mean

d &c’ r ibu t t ’n developed in ‘.t’ction 2. t , we obtain the equation:

1 — F
It

(c l
) — ~r Fk (c l) • 1 — (a

wtac r e

j — 2  — l  —j6 C
1

~ 
j  ( O c

1
)~~ e 

a

Fk
(c l
) 1 — 

(j—l )!

So , It  is seen that the critical value, c1, is equal to the appropriate

percentag. point of the equa l-mean distribution . This distribution

s- i

--
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depends only on the produc t 05
C 1, wh ic h greatly s implifies i t .

tabulation. Table 2 gIves the (1 — 4th percentage point s for various

va lues of a and It. Note that convergence has been reached by

It • 20, so the table is appropriate for all values of It.

Suppose, for example , that It - S and we wish to test

H0 
: ‘ 10 vs. H

1 
: A

5 
‘ 10

using a — .05. From the table , the appropriate value for ‘x is

3.15. In this application , ° • 8 • 1/a • .1, and x corresponds

t o c
1
. Consequently, we have :

.lc
1 

— 3.15 • 31.5

Therefore, the siz e .05 test based on A
5 

would reject H0 if

31.5.

It
Now consider the test based on 

~ 
X~ . In this case , c

2 
is

1

chosen so that:

sup c 2 • a

Onc e again , the rejection probability is maximIzed over 8.~ when

It
- ‘“ It 

- a. For this value of ~~~~~~~ X~ has a $ a a  distribution
1

with parameters (It, a). Consequently, c
2 

is seen to be the (1 - a)th 
—

percentile of a G(k, a) distribution.
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For the third test , based on ¼’ it is easily seen that c
3

should be chosen so that 
~A 

l X
k 

> C
3

} - a . We, therefore , obtain:
It

3/ae — ri or c
3 
• — a (ln a)

~‘nlike the first hypothesis testing situa t ion considered , we do

not have .t consistent ordering of power functions due to the ~ .i& t that

the tes tM no longer have a c r i t i ca l  v.ilue in co~~ in. Figure 10 gives

several examples of how the 3 t e s t s  behave when testing H0 : 10

vs. I4~ 
1

3 10 when a • .u~ and It — 3. In Figure 10(a) H0 is

true and use of X is seen to give the highest probability of acceptance .

Unfortunately , this high acceptance probability carr1e~’ over to cases

where H
0 

Is ~.alse . Figures 10(b) and 10(c) show situatL ’u~ where the

test based on X is biased . This is obviously a very undesirable

tra it. The t e s t s  based on ‘

~~~ 

and X 3 are fairly close in power .

tends to perform better for values In which ear. fairly “c los e”

to 9~
, while does better for va lues in 01 

which are far from

00’ AgaIn , th e choice is up to the o’rr . but t a ’ s ts  ba~-etl on X are

not reco ended due to bias .
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CHAPTER 111

CONCAVE 1St)T~.)NIU ESTIMATORS

Li. Concave Isotonic Re~~res.ion

The results developed regarding the performance of isotonic

est imators of mean lifetime in the case of exponentially distributed

are somewhat disappointing , in that estimates based on the sample

mean X generally have better MSE. However , estimates which .are

~uncttons of X have little intuitive appeal in that they treat all

ibs’rva t ions “equall y ”, ignoring the assumption that A
1 

< A
2 

‘“ —

For examp le , early observation. are’ gIven just as ~ .ach weigh t as more

recent ones in estimating It ’ the fina l mean. This is somewhat counter—

Int uitive , and consequently we wish to modify the origina l mode l and

esti.aation process in an attemp t t a  find intuitivel y appealing estimators

which perform better than the isotonic estiinat. a~,

One possibility would be to specify a particular functional re-

lationship among the (for example , the might be a linear

f unction ot I with non-negative slope), and then use the principle of

maximum like l ihood or some other t*’ hnique to estimate the parameters

involved in the relation. This Is rejected as undesirable since it

would be very difficult In practice to specify an appropriate function

unless one knew quite a bit about the particular prototype deve lopment

proces’~ invo lved. However, a reasonable modification to the original

model might be the assumption that , in addition to an improvement in

mean lifetime nt each stage , the “big” Improvements occur early in the
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process as major design flaws are discovered and corrected while

later improvements are limited to minor “fine tuning” changes . This

could be modeled by assuming that the are non—decreasing , as

before, but with the additional provision that the changes (A 1+1 - A
1)

are decreasing This is equivalent to saying that the A
1 are a

concave non—decreasing function of i.

Th. proposed method of estimation , using the modified model

described above, La to parallel the isotonic regression concept by

* a a It 
2f inding values A 1, A 2 , 

~~~~~ 
which minimize 

~ 
(Y
1 

— X
1

) .

i—i

In this case the minimum is taken over all values 
~~~~~ 

where

and 
~i+2 

— :- - for I • 1, 2, ..., It — 2.

Recall that in the case of regular isotonic regression and

exponentially distributed X~ , minimizing the sum of squared deviations

as given above was seen to be equivalent to maximizing the likelihood

function. This equivalence does not hold in the “concave isotonic”

case, so we are no longer dealing with maximum likelihood estima tes .

However , the concept of least-squares estimation is a t raditional one ,

and would seem to be especially appropriate when dealing with mean-

square—error.

The computation of concave isotonic estimates is considerably

more complex than the regular isotonic estimates . First consider the

‘ simples t case , when It — 3. In this case , the values for the estimates



~ 

are easily found once the configuration of the is known . Table 3

gives formulas (or the A
1 

according to which of seven regions in

3—space the vector (X1, X2, X 3) falls into,

It It is larger than 3, the computat ions increase in complexity

and exact formulas for the a
~ 

are not found , However , the minimization

problem involved .in be expressed in a familiar form and the solution

determined using any of a variety of algorithms . First note that :

(Y
1 

— X
1
)
2 

- Y — 2 + 
~~

i—i i 1  i—i i.l

Since we wish to minimize this expression over values of the Y the

fina l term , involving only X ’s, need not be considered . Also , mu lti-

plication of the entire function by the positive constant l/ .~ w i l l

have no effec t on the solution vector. Therefore, writing the [unction

and constraints in matrix form, the proble. can be expressed as follows :

Minimi&e : (1/2) 
T ~~ ~

subject to: Ày < 0

where

B - (It It identity matrix)

- 
~~

-(  

X
2 

( 
~2
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A —  1 —1 0 ‘‘ 0

o 1 —l •.. 0

1 — l

0 0 “• 1 -1

1 —2 1 ~ 
.‘ .  0 (2k—3) x It

constraint matrix
0 1 —2 1 0 ‘‘‘ 0

o o 1 — 2 1 0 ‘ 0

; 0 ‘‘ 0 1 — 2 1

When expressed in this form, the minimization problem is seen to

be a classic quadratic programeing problem . Consequently, any

quadratic or non—linear programaing algorithm can be used to find
— ~~:- *1 : - - the A~ .

As in the regular isotonic regression case, estimator performance

has been stud ied using Mon te C rlo techniques . Results of this study

are given in Section 33.

3.2. An Alternative Concave Regression Aljorithm

One difficulty with the concave isotonic approach discussed

in the previous section is the complexity of the calculations involved.

A potential user may not have a quadratic progra ing algorithm readily

ava ilable and , due to difficulties encountered in learning or progra tng

- - 
one , may choose to discard a potentially valuable technique , Therefore,

an alternative method for generating a set of concave estimates is
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suggested . The reoulting est imates do not always minimize the

restricted sum of squared deviations from the original observation

(X
i). but they do compare favorably with the concave isotonic

estimates and are much easier to obtain coaputationally , The steps

involved are as follows:

(1) Find the isotonic regression, say X~ , X~ , ..., X~ , of

the original data X1, X2 ..,, X,~. Any of the techniques

given in Barlow, et. al. could be used here. This will

yield a set of estimates which will be non—decreasing

but which may not be concave .

(2 ) Compute the differences d~ — X~~1 
— X~ for

I — 1, 2, . .,,  It — 1, We wish to modify the d1 to

insure that they are non-Increasing (but remain positive).

(1) Find the ancit oa ic regression d~~, ..., d~,1  
of

The antitonic regression is defined to be

the set of values d~ , ..., which minimize

~ (Y
1 

- d1
)2 subject to the constraint Y 1 ~ ‘‘‘ I 

~
‘
It—l ’

Algorithms for finding the isotonic regression generally

have an analogous counterpart for finding the antitonic

regression .

(4) Use the d i fferences d~ to generate a set of estimates.

A starting point , say a , is re qui red in order to do this.

Choose a to minimize the sum of squared deviations of

the estimates from t he original data values . The formula
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for a is found as follows:

L t

• d~~ + d~~

— d~ + 4 + • • •  + d~~ ,1

The estimates are found by letting

(define

1
1
2 

• a +

• a + 
%-i (3.2.1)

where a Ia chosen to minimize ~ 
(A~ - X 1

) 2 or

It 
2 

i—I

~ (a + - X

1
) . Differentiati ng with respec t to

i—I,
a and setti ng the derivative equal to zero, we obtain the

* 

formu la:

It k-i
a 

~ 
X 1

— 
~i~l 1.1

It

Onc. a is known, the are found using formula (3.2.1),

Experience shows that the as calculated above wIll in fact

bat equal to the 1 (concav, isotonic regression estimates) in many
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caaes. In t .~~~~t , considerIng the case It • .1 and re f er r i n g  back to

rabl e 3,, it can be shown tha t the two procedures give equivalent

t, ’.ult% except In some Instanceb of case V.

As an example of the application of this algorithm, supposc

tha t It • ¶. and the observed Li fe t i me s are 2 , $ , .. 1 . 10.

Isoton ic and antitonic regression w i l l  be done us ing the “pool-

adjacent-vio lators ” algorithm given in Barlow, Bartholomew , Bremne’r ,

and Brunk, page 13 (Ii. This .il~~’ri: ha s imp ly pooi s any ad j..tnt

pair of observations (and their associated weights) which  v io late

the desired ordering relation . This is done repeatedly until the

ordering relation holds , starting in our case with unit weight;. We

begin ~“a finding the isotonic regression of the X 1
.

Lif etime s .‘ 8 4 11 10

WeIghts 1 1 1 1

1st Pooling 2 6 11
We ights 1 2

After one pooling we obtain for the isotonic regression the values

2. 6, 6, 11 , 11, Consequently , the differences d 1 are given by

4, 0, S. 0. Since these are not non—inc reasing, we agaIn pool-adjacent-

violators, thIs t ime finding the antitonic regression .

Diff.reace. 4 0 S 0

We ights 1 1 1 1

1st PoolIng 4 2 .5  0

WeI ghts 1 2 1
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Once again th. process term inates after only 1 pooling, and for

the 
4 

we ob tain the values 4, 2.5, 2.3 , 0. Now compute the

and a:

00 0 a3 6 .5 + 2 . S — 9

04 9 + 0 9

0
2 

• 4 + 2.5 • 6.5

a — ilL - 28.5) —

Using formula 3.2.1, we finally obtain the estimate.:

— i.s — s .s • ~.o — A~~ • 10.5

As in the concav e isotonic regression case , esti mator performance

(in the exponential case ) has been evaluated via Mon te Carl o

techniques . Results are given in the following section .

3. 3. Performance of Conc ave E. t Ims tors (Exponential Cas~~

Compu ta tion of distribution functions and exact momen ts Is

even more difficult for the concave estimators than for the regular

isotonic estimators. Consequent ly, evaluation of the performance of
* 1the and ext imators developed in Sections 3.1 and 3.2 has

been limited to simulation studies, and no analytic results are

available. However, the studies consistently show the superiority
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ot both types of concave estimators to the origina l Isotonic estimators

when the concavity assumption does indeed hold .

Figure 11 i l lustrates th e results of a typical s imulation study .

In this case, the number of stages was set to S and , as in previous

examples , the X~ were assumed to be exponentially distributed. It

Wd. assumed that the varied accordIng to the arbitrary function

- A - B/ I  + B/k (k•?i ) .  Thus , the value for A gives the final

mean of th. process , while B gives a measure of the “ spread ” or

a~~unt of Improvement through the development process. Mean -square-

err o rs. are co mpared , using X as a base , both for est imates ot the

final mean ‘ It 
and for total mean-squ are—error over all

As the graphs show , there is a consistent order ing of mean-

squar e -errors over all values of 3. The concave regression est i aat .

(
~

) show a very signif icant improvement over the origina l isotonic

est imates ( ‘
i
). When considering the estima tion of alone , the

mean—square—error for is consistently less than half that of A k .

The improvement in total mean-square—error Is not quit. as dramatic ,

but is also substantial.

The concave estimates of Section 3.2 (A t ) consistently fall

between the ‘

~~~ 

and the 
~~~
. Although they do not perform as w e l l  as

the A

1
~~ they are also superior to the while retaini ng a compu-

tationa l advantage over the

It would appear t’~a t the concave estimators yield a substan tial

improvement over the Isotonic estimators . Note, however, that all NSF.

ratio s Illustrated in FIgure 16 are large r than one. Consequently, X
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S of stages • It • S A 1 • A - 3/i + 3/S A 10

• isotonic estimate

— concave regression (Sec . 3.1)

— alternate concave estimates (Sec. 3.2)

~~

eral1

~~~~~

!: 
A j

~~

- . 

. a &s .~.. a..

Figure 11. Performance of Concave Estimates
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is ~.t i ll the superior estimator (in terms of PISE) of the A~ , The

choice of a concave estimator ove r X would have to be justit Led

by balanc ing the loss in MSE with the concave estimator ’s greater

intuitive appeal. Note that ma ny of the PISE ratios are fairly

close to one , so the loss in MSE may not be s ignificant . 
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CHAPTER IV

ESTIMATOR PERFORMANCE WITH NON-EXPONENTIAL LIFETIMES
AND RELIABILITY ESTIMATION

4.1. Isotonic Es t imate. Based on Multi~~e Sa~p1es~2er Stage

In previous sections , we have assumed that at each stage a

single prototype with an exponentially distributed lifetime is tested .

Let u.s continue th~ t’*pOncntidl assumption but suppose , in addition,

that , at ,‘~~ch development stage , ~.veral identical prototypes are

built and tested . For simplicity assume that the ‘~~me number of

prototypes , say n, are built and tested at each stage . Let

“ il’ X 1 2 ~ ~~~~~ It;’resent the observed lifetimes at stage I.

Then the joint density of all observations can be written:

It n 
~ 

—x 141~ 
, X

1
, Xk1 ~~~ 

— B TI — e ‘~ i
i l  —1 1

n

It 
_ I 

~~~ It 
-

— TI ~i j—l 
— !~ ~~ ~~ 

~~ ~i

~~~~ i— I

whe re ’ x.~ Ic the nc~n of the observed lifetime s at stage 1.

Our gc~al, as usual, is to efficiently estimate the with

particular emphasis on A k. the final mean . Since the joint density

of all the observations Is seen to depend on the observations onl~

through the X~ , we know from the factorisation theorem

(c.f. Ferguson, page 115 (10)”), t h .it (
~~ X k) t~s jointly

cuff ic ient  for 
~~l’ ~~~ ~~ Consequently, we need only consider
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estimators which are functions of the X~
, Since is easily s v ~

to have a ga~~~ distribution with parameter vector (n, 
A
1 /n), let us

simplify matters by assuming that at each stage I a 1(n, A
t

/n )

rando. variable X~ is observed where n is known and ~~ ‘‘ 
~

As In the previously examined exponential case , Barlow ,

Bartholomew , Bremuer, and Br unk , page 99 (1972), show that restr icted

likelihood estimates for the are given by the isotonic r&-gtt ”.sion

of the with unit weights (assuming an equal number of samples

at each stage). We will consider the same estimation procedures

discussed earlier and focus attention on the effect of multip le samples

at each stage. No exac t distribution theory has been developed in this

case, .‘s the mathematics invo lved is very awkward even in the simp list

case when the ar. all equal. Consequently, all results given are

due to simulation studies .

As an illustration , suppose that It - S stages and that the

means are both increasing and concave , according to the formula

• A - B/i + 3/k. Letting A • 10 and B — 8, we obtain:

— 3.60 — 7.60 • • 8.93 A — 9.60 A — 10.00
I 3 4 5

Figure 12 compares mean—square—errors for various estimation procedures

as a function of n, the numbe r of samples per stage . Note that as n

increases, the performance of the isotonic and concave isotonic

estimators steadily improves relative to that of X , the overall mean.

For all three types of isotonic estimators considered there is ~
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S i.e as ~:. ~.. ~.. 

J,. .5
--- -~~~ ,~~ s1~~

S
.4

0 0 Z i~~~ 
MSE~(Z)

OZ NSE A~ )/ ~ NSE~(x)

A~~~ 
nS E A)/ !  MSE1(i)

15

a

A

a..~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Figure 12. Comparing MSE to Sample Size
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threshold point wher. the estimate outperforms X for values ot n

beyond that point. This encouraging turn of events appears to be due

to the decrease in the variance of each X 1 
as n increases

(Var(X
1
) • ~~/n). It was seen In Section 2.4 (see Table 1) that the

poor performance of isotonic—typc estimators was due to their inability

to reduce variancc , even though bias was satisfactory . As the variance

is reduced through multiple observations , bias becomes the more

significan t contributor to mean-square-error and , consequently, it is

now X that is at a disadvantage .

As n increases, it is seen that the relative performance

of the Isotonic—type estimators steadi ly  improves. To further examine

the effects of multiple samples per st~~~~’, let us consider the asymptotic

behavior of the various estimates as n approaches infinity (assume

that It, the number of stages, remains f ixed) . The results will vary

accord ing to two possibilities: (1) the are str ict ly inc reasing,

and (2) at least one pair of the are equal. A superscript (n)

will be used on the ~c(n , ~1/n) random variab le and on estimates

of the to denote the dependence on n.

First consider the case of strictly increasing A~ . Since

is distributed as the average of a samples [roe an exponential

distribution with mean ‘

~~~~
, we know from the Central Limit Theorem that

— A

~ ,, -‘-
~~~~~‘ N (O, 1)

n

as n • “- . The following theorem gives the aaymtottc distribution of

the isotonic estimates
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Theorem 4.1; Ass ume A 1 
< A

2 
< < 

~~~~ 
Then for any i we have:

lie P ( - ~~°~ — - 1
Consequent ly , A~°~ and have the same asymptotic distribution:

~ (n) A_.L . 
~—~~~N O  1)

The theorem should be intuitively clear for the following reason. If

the observed are properly ordered , then their isotonic regression

is simply the themselves — no changes need to be made. Since

the means are strictly increasing and the variances approach zero as

xi • — , the are going to be properly ordered with probability

approaching one. Consequently , the A~°~ will equal the with

ever-increasing probability. A more rigorous proof follows:

Proof: Let e max (A - A ) .  Let A denote the event that
2c i< k ~ i-i I’

the isotonic regression is equal to the original observations:

A • (A~
’
~ • V j. Note that A will definitely occur if each

n i i I xi

is within ~/2 of 
~~~

. Now ,

P(A ) ‘ P(~x~
’
~ — f ~ . 1 2  V )

a —  i I — i

- 

~~~~ 
P(lx~

’
~ 

- < €12) (independence )

- _ __ _
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k Var(X~~~)
1 - — - - - c —-——- (Cheb ychev inequality)

c /4

k [  4~~• TI Ii —
i•l i 2

I 

r~~

It 4 A 2]

i~ 1 ~ — (A
1 

•‘ •  ‘ A~ )

‘
~~i~ 1 

It

-

Letting a - 
~~, we obtain: lie P(A ) • I. Consequently, for any

n•~ ~

~~ 
~~{~~~~1~ ) — — 1.

Now Iet

— A ~l:n) 
— , -

i I i IB . and C~ - A i//~~

Then, for any positive A ,

P (IB - C 6) ‘ P (J3 — C I 
— 0) • P( B  — C Ia a a n a a

So. P(IB — 
~ 6) 

-. 1 as a • — , or 3n 
- 0. Consequently.

using Stutsky ’s Theorem (refer to the proof in Section 2.6). 3~ and

C have the sa.easymptoticdtstrjbutjon, 0

Note that if the are strictly increasing and strictly

concave , an analogous proo f could be constructed to show that the

~~(n ) 1(n)concave isotonic estima tes (A
1 or A~ ) also have the same
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asymptotic distributions as the

Now cons ider the second case , where at least one pair of the

A 1 are equal. In this case we do not have ~~~~~ — converging

to one, and an exact limiting distribution is not obtained . However ,

in theorems 2.1 and 2.2 of Barlow , Bartholomew , Bremner , and Brunk

(11, it is seen that if A~ and y (n)  ... y (xi) are

a consistent set of estimates of the then the isotonic regression

(a)* (a)of the are also a consistent set of estimates. It is also

seen that:

(~ )* 2 (a) 2
Z(Y

1 

— A
1
) ~~ Z(Y 1 — A~~) . (4.1.1)

In our case the may be thought of as consistent estimates of

the A
1
, so we can claim that the ~~~ are also consistent. Note

that the above inequality (taking expectations on both sides) shows that

total mean-square—error is always improved when the isotonic estimates

are used rather than the individua l observations .

The proofs presented by Barlow, Bartholomew, Bremner , and

Brunk (lJ to show inequality (4.1.1) and consistency of isotonic

estimates can be paralleled to achieve the same results in the case

of the concave isotonic estimates ~~~~~ Consequently, it is

claimed that the ~~~~ are also consistent estimates of the A 1

(assuming that the are indeed Isotonic and concave) and that

total mean—square—error is always reduced when using concave isotonic

estimates rsther than the original observations.
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-..2. Estimation of Reliability in the Exponential Case

In many cases involving lifetime data the ultimate goal is

to estimate the reliabilit y at a given t ime t (PIX t)) rather

than the mean lifetime . For exdaple , in the pro totype development

model we may be interested in the probability that the device will

meet a predetermined lifetime speciti cati on. In the case of

exponentially distributed lifetixics, the reliabili ty at time t

is given by R(t)  - e
t
~~ where represents the mean life time

.is before . To proceed in the same manne r as when considering the

mean l i fet ime estimation problem , we would like to develop eff ic ient

.~stieators of the parameters R
1
(t), R,(t), . . . , R~~( t )  where

— t / k
— e ~~. The assumption that R

1
(t) R,(t) ..• c

will be made , ana logous to the previous assumption of non—decreasing

lifetimes . Note that the time t is assumed to be known and f ixed .

Let us begin by tinding the restricted maximum likelihood

estimators of the R
1
(t). Let

A - {~j A 1 -~ 2 . 
~~

B • 
~R~ t I R

1
(t) c R

2
(t) ~

‘ ‘‘

I 
— i/A

1 
—i /A \

and define I : A S by f( ‘
~~~~) 

•(~e , ..., e

The restricted maximum likelihood estimators for the R
1
(t) are found

by maximizing the likelihood function (reparameterized in terms of the

over the set B. However , since f is a 1— 1 function f rom

=— - ------ —--- ------ —-- —.-- 
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A to B, it is seen by the ma*imue likelihood invariance property

Ø’Iood, Graybill , and Boes , page 285 I l S J )  that the re st r i-te d ale ’s

of the R1(t) (or fO~
))  are given by f ( A ) ,  where A represents the

restricted .1. of A . We know f rom Secti o n 2. .’ that the ml. of A

is s imply the isotonic regression of the observed l i fet imes

(or, in th. case of mo lt iple samples per stage , the isotonic regression

of the stage—wise sample means X
1). Consequently, the restricted

maximum likelihood reliability estimates are found by taking the

isotonic regression of the data and transforming according to the

— i/A
1formula R

1(t) — e

As in previous studies , we wish to examine the effectiveness

of this estimation procedure . Although no theoretical justification

is presented , given the above results it seems logical to also consider
0 1

* ~~~~~~~ 
1 ~~~~~~~ — — t/Xthe estimates M

i
(t) — e . R1(t) — e • and RU ) • e

* 1 —where 
~ 

A~ , and X are the previously defined competitive

estimators of the 
~~~
. This study will be limited to considering the

estimation of R.5
(t). the final or current reliabilit y in the prototype

development process .

Figures 13 and 14 give sample results of simulation studies

made to eva luate estimator ef fect iveness. As in previous examples ,

mean-square—error is ued  as the evaluation criteria , and the results

are given in terms of MSE ratios with the MSE of the estimator

— e~~ ’~ in the denominator. Figure 1) gives results when one

sample is tested at each stage , while Figure 14 shows the e f fec t  of

multiple samp les per stage .
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Note tha t in all figures the previously encountt red ordering

of mean—square-errors among the three isotonic-based estimators is

p reserved during the transformation from mean lifetime estimation

to reliability estimation. However , a new factor comes into play

here - the time t at which the re liability is being estimated .

In all cases it is seen that th. isotonic-based estimators perform

better relative to —t /X 
at earlier t imes. Table 4 gives a

typical breakdown of MSE into its components of variance and bias

at various time., showing the effect of the transformation to

r .llabillty estimation on bo th fac tors . Note in Figure 13 that

if t is sufficiently small then the isotonic—based estimates are

superior to ~~~~~ As the nu~~er of samples per stage increases

(see Figure 16) and a subsequent reduction in variance occurs , the

range of i-values for which the isotonic estimators ar. superior

to e t
~~ grows steadily . This is in agreement with earlier resultu

(SectIon 4.1) concerning the increased effectiveness of isotonic-

based estimators when varian ce is reduced .

As the nt ber of samples per stage becomes large , asymptot ic

results similar to those of Section 4.1 can be stated. Letting

represent a W (n, 
i
—’) random variab le (corresponding to the mean of

a samp les at stage 1), It is seen that ~~~ is the unrestricte d ale

of A
1 and consequent ly by invariance e is the ale of

R
1
(t) • e ~~. W know f rom maximum likelihood theory (MOOd , Craybill ,

and Boes, page 338 USI) that e ii asymptotically normally
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•t~ st ributed and ciii. Lent. ~~~ It was shown In Section .~.l that

ti the are .trt tlv Increasing then Its ~~~(n) • ~ (n ) , —
I n•~

~ — t / A~~°~ —t /X~
”
~~

Consequen t lv , l i m  P e e • 1 f~’r ~riv t and the
Si.’-

tsotontc reliab ility estimat ors are seen to have the same asvnp-

t ’tlc a llv norma l distribution as the unrestricted maximum

Likelihood csctma t~ rs . In the case of possible equa l nians , only

c” ns t ’.tent v was shown in Section 4 .1, and th is consistency ~..tll

s t i l l  hold in the case reliabili ty ,
~htima t ion due to the

continuit y .‘I the function ! Cx) •

..3. Estimation b r  N~’raal and W~ ibull Pis t r ibuted Lifetimes

In previous studies we have isriume d that we were dealing with

exponent tally distributed component lif e ti me s , yielding estimator s

based on either exponentia l random variables (on. sample per stage)

‘r g a a  random variables (multiple samples per s tage ) .  We now wish

to ~It term ins. w~ing simulation techniques , whether the behavior of

the istonic—based estimators changes radically when other comson

li fi t i.e d istributions are assumed .

‘t& ;;~ose that the prototype lifetimes are approximately

normally di’tributed , where for simplicity we will assume that the

vu-l anc es at each ctag e are equa l (but unknown). This is another

situation (recall Section 1.2) where the restricted maximum likelihood

estimators of the mean lifetime s are given by the isotonic

regression of the observed lif e t imes or, in the case of multiple

s..
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samples per stags, the isotonic regression of the stage-wise sample

means. As before, proposed competitors of the iso tonic es t imators

are given by the concave isotonic estimators developed in

* 1 —Sectio ns 3.1  and 3 .2  (A ~ and ~
) and by X , the overall mean.

Figure 15 gives a typical evaluation of the various estimators ’

performance as a function of the prototype lifetime variance . As

in previous examples, all  MSE ’s are related to the MSE of 1, the

overall mean , and we examine the cases of estimating alone

and of est imating all of the

The results shown in Figure 15 are consistent with previous

studies in two important ways . First , the ordering of mean—square-

errors among the isotonic-based estimators is con s is tent : the isotonic

estimators have the highest MSE, the concave isotonic regression
a 1estimators have the lowest , and the concave estimators •

~~ 
fa l l

somewhere in between. Additio nally, as before , the relative per- —

formanc, of all three concave-based estimation techniques to that of

X is Seen to depend heavil y on the lifetime variance. This is

esp ecially s ignificant for the following reason . A similar trend

was observed in the case of exponentially distributed lifetimes when

va r iance reduction occurred due to repeated sampling at each stage .

However , In that case , the random variables (stage-vise sample .eans)

which the isotonic estimators were based on had distribut ions whose

variance and shape changed as n , the numbe r of samples per stage ,

increased . In the case of normally distributed lifetimes the shape

is unchanged during variance reduction , and cons equently, we can
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safely attribute the increased effectiveness of the isotonic

estimators to that reduction . Note that for the normal case the

etfect of taking multiple samples per stage is not shown, since

this is seen to be equivalent to having one sample per stage with

an appropriately reduced variance .

Let u.s consider the cas. of Weibull distributed lifetimes

as a second alternative to the exponential. The Weibull density does

not fall Into the exponential family of densities for which Barlow ,

Batholo.ew, 8re.ner, and Brunk !l) ~ht’v an .~quIva1t’nu e between

restricted maximum likelihood estimation and isotonic regression .

However , it may still be of value to consider and evaluate isotonic

and concave it;OtOnic estimators based on Weibul l distributed random

var lab let; .

The WeLb~ill densi ty can be expressed as follows :

B x 8—1(Lx ) — (~~) e x > 0

where ‘-~ is a scale parameter and 8 g ives the shape of the dis-

tribut ion. If B • 1. the Welbull reduces to an exponential density .

If ~ ~ 1 , the distribution has decreasing failure rate (DFR), If

8 1 it has increasing failure rate (IFR). Since DFR distributions

are rarely encountered , this st udy will be limited to the case where

8 1

Figure 16 g ives a typical comparison of MSE’s for the various

estimators , shoving the effect of varying the shape parameter 8.

8S
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No te that (1) the usua l MSE ordering of the three isotonic -based

estimators occurs aga in ; and (2) the performance of the isotonic

based estimators improves relative to X as B increases. This

is , upon investigation , seen to be consistent with earlier findings .

In the simulation study illustrated by Figure 16, the sequence of

means { A j  is held fixed over all va lues of t~ (the scale

parameter, i, is varied accordingly) . If the mean is held fixed ,

variance decreases as r. inc reases. This is illustrated in Table 5.

Consequently , we once again encounter the situation of improved

isotonic—based estimator performance (relative to X) when variance

is reduced .

It is assumed in the Wetbull simulations that ~ does not

change throughout the prototyp e develop ment process . This ass umption

seema reasonable if we expect the prototype s to be similar in design

and consequently exhibit similar failure properties.

Figure 17 illustrates the performance of the various estimators

when is held fixed (8 - 2.0) and multiple samples are taken at

each stage . The estimators are then based on the stage—wise sample

means. Once again , the relative perfor mance of the isotonic-based

estimators steadily improves as variance decreases.

- —---- _ _ _ _
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CHAPTER V

CONCLUSIONS

The purpose of this pape r was to propose and evaluate

various techniques for estimating lifetime s or reliabilities in

a particular reliability growth or prototype development model.

Evaluation involved several cri te ria , including accuracy (mean-

square—error), large sample properties , usefulness in hypothesis

testing situations and intuitive appeal. The simple growth or

prototyp. development model and the maximum likeithood principle

led to the technique of isotonic regression , which in turn led

to similar techniques involving the additional assumption of con-

cavity. In addition , an estimate (X) was evaluated which

intuitively ignored the growth assumption and would perhaps be

more appropriate in the classical case of identically distributed

~samples.

Due to computational difficulties encountered , exact results

and analytical proofs were primarily limited to the simplest cases ,

particularly those dealing with exponentially distributed prototype

lifetimes . However, simulation studies involving more complex

situations lead one to believe that the general nature of the results

are true for a fa irly lar ge class of co non lifetime distributions.

The effectiveness of the isotonic—based estimators varies , as

one migh t intuitively suspect , according to several fa ctor s .  if

there is l i tt le significant improvement fr om stage to stage in the

89
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prototype development process, then we are essentially in the classical

situation of independent Identically distributed random variables and

there is no reason to believe an isotonizing process will improve

matters , which proves to be true . In addition , the isotonic estimators

do relatively little to reduce variance , and consequently the overall

mean may still prove superior (in terms of NSF, not intuitive appeal)

in cases where there is a definite improvement in mean lifetime but

this improvement is hidden by large sample variances. The situations

where a significant advantage is gained through some sort of isotonizing

process tend to be those where an improvement does exist throughout

the process and the vari ances of the observed random variables are

“moderate”. Obviously, on the other end of the scale , the isotonic

estimators show little improvement over the use of the observations

themselves when variances are very small and the means are strictly

increasing. This is due to the fact that the isotonizing p rocess is

essentially a rearrangement of the observed values into the “correct ”

or hypothesized ordering, and if the variances are sufficiently small

the observations will be correctly ordered to begin with so no changes

will take p lace . Howeve r , Barlow , Bartholomew , Bremner, and Brunk

(1), do show that if the orde r assumptions (and this conclus ion

extends to concavity assumptions ) are correct , then in total the

isotonized values will be at least as good as the originals with

respect to mean-square—error. Consequently, even with very small

variances nothing but computational time viii be lost, and some gain

may occur . Note that a gain is not guaranteed when considering the

estimation of any individual parameter.
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The only large sample case investigation involving • large

nu~~.r of stages , rather than sample. per stag., was restricted to

the investigation of th. final isotonic estimate and the c ase of

ezpon.ntiall~’ distributed lifetima.. In this case e*act results

were obtainable , but were somewhat disappointing in tha t the usual

convergence one would hope to see with increasing amounts of relevant

data does not occur . The prototype development process may be con-

versing to an optima l design with a corresponding optima l mean

lltetlme . but the Isotonic estimat. of  the fina l mean in the process

w t ll not converge to  this optimal value as it s  va r iance  doe s not

go to zero. This compares unfavorable with X.

The extension f rom the regular isotonic estimators to concave

isotonic estimators offers a stgniflcant improvement in performance

at Little expense in the gener ality of the asst pt tona . In particular,

variance reduction is much better near the fina l stage , and the

eatimators have consistently proved sup.ri~ r to the isotonic ones in

a wide variet y of situation .. The concave estimators proposed in

Section 3.2 are almost as good as the concave regression e.tim.stors

.ind have a significant computational advantage .

When considering the estimation ~ reliabilities rather than

mean lifetimes , the re is no real change in the conclusions regarding

situations when the isotonic-based eRtimators do or do not perform

veil.
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APPENDIX A

Dtstributioni t unctionti and e*pt~cted values of b r  k • 3

and k • 4. Msed on •zpon.ntiallv distrtbuted X
1
.

— 1 — + 

•

~~~~ 
(_ ( 2

+ ) x  
— 

_
2z )

j — ( ~~~~~ + ~ )x  — 30 1x
-

~~~~ 
) ~e 

— e
1 I

— ~~~~~~~~ 
3

) Z  )

-O x —
~~~~

- 
~+~4)x — 20 3x

~~e — e  ~~ - e

4 3

~ 
— (2~~~~4)x —3t )x

+ l e — e

4 ( — (0
2
+20

3
)x — ( ~~~, +~‘

3
+(•

4
) X  )

+ 
— ~~~~ 

~~e — C

1 2  4 )

~ 
- (3~~+O4)z —4O~x

• — — \e - e
( • .  — •• ) ( ~~

- — “ )
2 1 ’ 1 ‘ 4 1

28304 
____ ~ 

— ( 2 O~+2O 3)~ — ( 2 e ]+e )+1.4)x
+ (e S )( 8  e ) ’ ~ e )  ~e — C

92

L -
~~~~~~~~~~~ —-- --- 



“i” b 4  I ~(0~+3e~)x - 1
+202

+-0
4)x

+ 
(C ,—*~1

)(0 
)

) (
~~‘ . 2 ~~ 

~ 
—

— 

~~~~~~~~~~~~ 
‘
1
+t’

2
+ _~~ 3)*

+ 

~~~~~~~ 
~~
“ 

)
“

2~ 
~~~~~~~~~~~~ 

~ 
C - C

i 1 1 i 1 1
- —  - - — —

- 

1 ) 
~~2 1 ~~~

’ 3 1 ~ 
~ 2~~~~

+
~~ 

~ 
3O

~
t, 2 _ _

j
______ 

1 1
- (~~ _ .~1)( e 3

_e ,) ( 0 1 + . ’ , - 
‘ I~~~2~~~3 

)
*1

- 

~ 7~
] ThT:~;7~ 

(
~~~2~

’4 
1 )

~~2 1 ~~ ~~~~~~~~~~~~~~~~ 

( 
~ 1 4  6~~ )

— — I 1 
— 

I

~~ 2 I ~~ I~~~~4 H ~ ~ ~~ I I ~ 
. 1  1 4

2 3 6  
~ 1 1

— 

~~~~~~~~~ 2 4 2 k 
~

2 1 1 3.
— (e 2 —e 1) ( ~.~ —~ 2 ) ( e — ’~~) 

~~~~~~~~~~~ 
— 
0
1
+0
2
+20

3

9,3

—--
. :i~~~~—~-—-~~ _ _ _  ~~~~~~~ . --~~~- -  ----~ —- -- 



~1)b X H

This appendix contains proot~ of the continuit y of

‘k~~1 ’ O2~ 
(St~~t ion 2.2) and of Le~~ a 1 , Section 2.3.

e B :  Let X1, X.,, . .., be independent exponentially dis-

tributed lifetime b with means 1 ~
- ~~~ 

. Let

k ~~~ ~~~~~~~~~ 
...,

and

Lk
(
~
’l. 02. ‘ 

0k~ 
— LA k 

< x t

where — 1/A t for I • 1 , 2, ..., k and z is considered fixed.

Then

ita 
~~~~~~~~ 

• • .  O~) • .1* ( ~
4

1
.~~ 2

. • • • $  o1 1 1 t 1+1. 1+1~
e
~+2. ~~

• • $  0~)
i i+1

~r~n~!: Let Y1. Y2, • .  be lid expon ential rando m vari ables

with mean 1, and let X 1 • i - 1, 2, ..., k. Then has

an exponential distribution with mean — 1/ O
s . Let ~~~~~~

be any nondecreaaing sequence conver*in$ ~~ 
~~~~~~~ 

and def ine
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~~~ • 
~~~~~~~~~~~ 

j — 1, 2, 3 .  Let he the isotonic estimate

~~ ~k 
based on x 1 , x2, ..., x~_ 1 . x~~~, X~~1, . ..,  X~ .

v iNow deftne X — u r n  X ‘ — u r n  — ---  and letI I 
~~ ~,

(j) 
~~~ 

k
i

(
~
)

be the isotonic estimate ~~~ based on X 1. X2, ..., ~~~~ X 1

... , X~ . It I. seen by the definition of that A k is a
•• (j)  ~(~

)continuous nondecreaaing function in cact i  X 1, so ~k k since

Now apply a ~~notone convergence theorem (Royden, page 85

(1968)) toobtain the result

h a  x} — Pilim— k —

PIA
k 

_ x)

Equivalently, we have

lie a~ (O 1. ~2 ~~~~~~~~~~~ 

~~~~~~~~~~ 

~~~~ . . ,

— ak
(c
~l
.O2~ 

. . . , 81 1 ~ ~i+l~ 
0i+1’ ~j+2’ 

• ‘

s ince is an arbitrary sequence converging to this

conc ludes the proof. 0
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L e a _1: DefIne :

1 1  1
• f I “ J y~ dy 1 

dy
2 
“ dy~ .

0 Yk/2 (k—1/k~y2

Then

(r) 
• 

1 1 k~~
2 

+ 

k-I 1 ck_1)~~
r (r+l) ? 1 (1)Ck r+1 

[.Uk_l),j
2 

~~~~~~ 

(k—i ) ! (r+i+1)~ kr
k!

where It ‘ 2 and r 0.

Proof: Evaluate the innermost integral of ~~~ to obtain

r~ i 
~~ 

•‘
~~~ 
{(k-2)/(k-l))y

3 
[~ - (k~ l)

r
~~ Y~~l]dY2 • • •  dy~

1 1 (0) !k— 1~ 
r~~ (r+l)1• ;T;-1 ~c~~1 

— ck~~ j (2)

This recursive relationship and the principle of mathematical

induction (on It) v-ill be used to prove the result . Consequently,

we need to show that expression (1) holds for It • 2 and that it

s a t i s f i e s  the re lation given in expression (2>.

When It - 2 we have, frø. the definition of ~~r)

~~
r) 

• j j y~ dy 1 dy20 p2/2
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—----- •---- -- - --------- - •- - •— - ---- - -

~~~
-

1 r+l 
r+l

~~~ [‘ - (-2) ~2 
]dY 2

1 1~ ~~~~~~~~ 1
r+1 [ ~ 2 J

It is easily seen that the same result is obtained by letting It - 2

in expression (1). It remains to show that (1) satisfies the

relation given in (2). Substitut ion of (1) into the right—hand—

side of (2) gives

t 1 1 (k—l)~~ 3 + 

k—2 
j  (k—i-i) k—i 1 • 1_ L

r+i L~ k_2 !J 2 i~ l ~ 
(kl~i)I (i+I)!(k l)! J r+l ~ It /

_L1(k- 1i~~
3 

+ 

k-2 
(_1)i (~~~-iJ~~~ (r+2)I 

_____-

~ 

1
r+2 L ((k—2)! ~~~~ 

(k—l— i)! (r+i+2) I (k—1 )~~
’(k—l) I J

Working with the first term in expression (3), we obtain

~~ 1(k~1)ki~.. + 

k - i  
(1)

i_l ~~ .i3
k_l 

— 
1

r+l 
L.((k— 2)!1

2 
1—2 (~~~~t i!(k—i)!

(raise su ation index by 1)

- (_1)i_l ~~
_ijk~~ I

r+i Li— i (k— i)! it(k—l)?

(incorporate the first term into the sum)
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

1
~~l ~~ 

J ! (k_i)!(k~ 1)!J

(letting J k— t)

• ~~~ 1 ~ (-l)~~~~~ .i~T_’ -l + —~~~ —
‘-—

r-+l jI (k— ~ )!(k—1)! k ! (k—l ) !

(add and subtract the j 0  and j— k terms )

r k k—2
• .....L I (— 1) 

~ It 1)
k..i k—i 

+ 
It

r+1 
[
(k—1)tkl 

~~ (i ) ~ ((k—1)I)
2

The su ation given above is , by a combinatorial identity (Feller,

Vol. 1 , page 65 18)), equal to zero. Therefore, the first term

in expression (3) reduces to

1 kI t 2

((k—i)!)

Raising the su ation index by 1, we obtain for the second term in

expression (3):

— ~ ILJ. \’ ’  ._L [ck_l) k_ 3 
+ 

k~l i l(k i) (r+2) ! 
____________ i

rU ~ k J r+2 
1.1(k 2)11 2 1—2 ~ (k—i)! (r+i+l)! (k—l)’~

1(k—i)? ]

• ~L[ _ (k_l)k$’~~
2 

- 

k~l (_1)i~i (k_t)~~
r 

~~~~
T+l 

Lk
l
~
+l(r+2)((k 2)132 1 2  (k—i)? (r+i+1)! krk!J
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~~~

-
~~~~

-- -. 
______________

- -1- 1~_-(k-1)~_~_ . 
+ 

k-i 
~ ~~~~

k+r 
(r+lj! 1

‘~‘‘ Lk~~-+2 k! k— i ! i.2 (k—i)! (z-+i+l)!

- ~ 
k—l 

~ (ht i)
k’
~ ______

r+l (k—i)? (r+i+i)! 
krk,

Now note that the sue of (4) and (5) ii equal to (1). Therefore,

we have shown that expression (1) holds for k • 2 and satisfies

the recursive relation (2), so we conclude by the principle of

induction that (1) holds for all values of k. 0
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IABL.? -. 1

r E(XI E(A
k
) V.sr (X) Var(A

k
) MSE(X) M,

~
F (k

k
)

1.00 1.000 1.464 .200 .785 .200 1.000

1.05 .909 1.402 .166 .793 .174 .954

.834 1.352 .142 .803 .169 .~~.7

1.25 .672 1.252 .099 .833 .207 .897

1.50 .521 1.166 .071 .869 .300 .897

2.00 .188 1.091 .053 .909 .42~ .91M

.00 .266 1.025 .043 .965 .581 .9e

6.00 .240 1.012 .041 .981 .619 .981

8.00 .228 1.007 .041 .98.8 .636 ~~~~~~~~

10.00 .222 1.004 .040 .992 .645 .992

100.00 . 2 t )  1.000 .040 .999 .677 .999

1+18umber of stages • k • S 
~k • 1.00 r —

TARLE 2

Percentage points ~~~r the distr ibut ion of k in the equal-mean case.

~nd ( ‘ x ) sat 1’~t v  the relationship P { A
k 

> Ox ) • ~~. where • • -
~~

k—2 * - 3  k—4 k—S k-f,

.25 1.~~ 1.75 1.79 1.81 1.83

.2fl 1.86 1.94 1.97 1.99 2.00

.15 2.12 2.19 2.21 ‘ 2.22 2.23

.10 2.49 2.53 2.55 2.55 2.56

.05 3.12 3.15 3.15 3.15 3.15

.01 4.65 4.65 4.65 4.65 4.65

k-i k—8 k—b k>20

.25 1.83 1.84 1.84 1.85

.20 2.00 2.01 2.01 2.01

.15 2.23 2.23 2.23 2.23

.10 2.56 2.56 2.56 2.56
3.15 3.15 3.15 3.15

.01 4.65 4.65 4.65 4.65
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P ~~~~~~~~~~~~~~ ~~

TABLE 3

Concave Isotonic Est imates (k—3)

*1 *2 
< *3~ *3 

— *2 
C x , — (Incr.aa ing, concave )

~~~~
X 1 ~~,— X

2 

(
3

X
3

I!. X
l *~ X

3~ *3 
— *2 *2 

— X l (Inc reasing, not concave )

~ 
5x 1

+2x ,—x 3 a — a —x 1
+2x

2+5x~
— —  

6 
- - 

2 X A
) • 6 ——

X +2

Ill(s). X
l *~~ , *2 *3. x l 

---

~~

-

~~

---
~ 

(Increasing , decreasing)

a a a
1 ~1’ 2 3 2

x2
+x

3111(b). 
~~ ~~~~~‘ 

X
2 

Z
3~ * 1

- — • ‘I

IV~ x~ x
2 x~ (Decreasing)

a a a —
.- — — x1 2 3

V (a ) .  x - . x ‘ z3 — 1 2 (DecreasIng, increas ing)

Same solutions as in Case II .

V(b). *1~~~
X
3 > * 2
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TABLE S

Relating Varianc, to Shape Parameter 6 for Weibull Distribution
with Fixed Means

k — S stages

Means at each stage

3 ~~~~~~ 7 .60 8.93 9~~) 10.00

1.00 12.96 57 .76 79.74 92.16 100.00

1.25 4.40 37.43 51.72 59.72 64.80

1.50 5.98 26.63 36.79 42.49 46.10

1.75 4.51 20.09 2/.76 32.06 34.78

2.00 3.54 15.78 21.81 25.18 27.32

2 .25 2 .87 12. 77 17.65 20.38 22.11

~~~ 2.37 10.58 14.61 16.88 18.31

2.75 2.00 8.92 12 .32 14.23 IS.44

1.00 1.71 7.63 10.54 12.17 13.20
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many co~~~n distribut ions, estimation via the restricted max imum likelihood

principle leads to estimates which are the isotonic regression of the

with appropriate weights. This paper finds the distribution of A k. the sic of

~~~
, when the are exponentially distributed. A

k 
is then compared with X

and ç. t~~ competing estimates of ~~~ G-.—-., noraal and Weibull distributed

are also considered , and the usefulness of A
k. 

is seen to depend on the

relative magnitude of the variances and means of the X .  Results are also

examined when the restricted miss are gensrat.d asst thg the A
~ 

are a non-

d.creasin.g and concave function of i.
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