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Abstract

A general uniqueness theorem is first derived for a genmeral con-
stitutive relation in the form of a nonlinear memory integral with
aging included. Uniqueness is proved tor the solution to the dynamic
mixed boundary value problem with small deformations. The general
theorem is then specialized to a constitutive equation of the isotropic

power law type goveraning thermoirradiation induced creep.
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1 - Introduction

Uniqueness theorems of solutions for infinitesimal creep in linear

viscoelastic materials have been given by Curtin and Sternberg [1],

Fdelstein and Gurtin [2], Odeh and Tadjbakhsh [3], Lubliner and Sackman

4], and others. Sackman [5] also gave a theorem for a material under-
going nonlinear infinitesimal quasi-static steady creep, with the
elastic strain ignored. Recently Edelstein gave uniqueness theorems
tor nonlinear creep with transient creep included [6] for a special
domain and loading, and with the transient creep excluded [7] tor
more general domains and loading. In [8], a uniqueness theorem was
given tor an isotropic nonlinear constitutive relation for thermal
creep, which includes elastic strain, transient creep, material aging
and creep compressibility. 1In the present paper we prove uniqueness
tor a constitutive relation which includes these same eftects plus the
additional etfects of thermal expansion, irradiation swelling, thermo-
irradiation induced creep, and temperature and flux dependent material
properties. This constitutive relation is an extension of the one
given in (9] using the time hardening (aging) procedure of [10].

A general uniqueness theorem is first derived in Section 2 for
a general constitutive relation in the form of a nonlinear memory
integral with aging included. Uniqueness is established tor the
dynamfcal mixed boundary value problem assuming small deformations.
Then in Section 3 we specialize the general uniqueness theorem of
Section 2 to the constitutive equation tor temperature and frradiation
induced creep mentioned above. We also comment on the applicability
of the general theorem ot Sectfon 2 to a wide variety of other

constitutive relations given in the literature.




2 - A general uniqueness theorem

Theorem. Let V be an open bounded region in R

boundary 3V = 3V JOV , 3V MV = ¢, and let V=VU IV . Let n

be the unit outward normal vector to aV .

functions F(x,t) € C(V x (0,~)), f(x,t) € cQav x (0,=)), glx,t) €

with regular

Let there be given vector

C](SVu X (Q,%°)), hix) e c(V) and k(x) € C(V) satisfying the compat-

ibility conditions

= :\'
iig+ g(x,t) = h(x) , xe€ v,
“g(’f.t)
Mm ——— = k(x), %83V, .
=0t 5t

Then, there exists at most one set of strains zij(g,t) € C'(V x [0,0)

and stresses oij(¥,t) € C'(V x [0,w) satisfying the general consti-

1
tutive relation (possibly nonlinear)

L

3o, (g
€gyx,t) = J JlogyGath, thy ¢ T e’ , (2.1)
Q
in V x [0,), and the field, boundary and initial conditions
3 u

nij’J e Pi = p 3t on V X (0,«) , (2:2) |

(where p(x) € C(V) 1s the mass density of the medium),
- + Vox [0, 2.3) f

‘ij 2(u!'l "j.i) y In V x [0,@) | ( !

: SRS
We assume that 4‘,(3,0) - ni,(x.ﬂ) = 0 { further discussion of this

constitutive relation will be given in Section 3.

—




cij nj = fi , on BVO x (0,°) ,

u; =g;, on BVu x (0,®) ,

provided J satisfies

lim J[o
t'>t
t'<t

15 (%) £y 8] 20,

9J
lim — |o
cepp OF 1 4

t'<t

(Zf,t‘)’ Yy £} 20
and the continuity conditions

J[cij, t', t] € c1(D x (0,=) x (0,%))

(2.4)

(12:515)

(2.6)

(2.7)

(2.8)

(2.9)

where D is some appropriate range for stresses containing O, and

32J T
3t'3t [oij(}s,t ))t lt]
and
S5 Y, t',t] € C(D x (0,8) x (0,%))
3"1‘23"- oij(}f’t )y £ t] @ ’ s .

Furthermore, there is at most one displacement vector

defined up to a rigid body displacement.

il

u(x,t) € C2(V x (0,))

e




W " s | T

Proot. " The rate of work W of the external forces can be expressed

(upon using equations (2.2) and (2.3) and the divergence theorem') as

¢ RIS
dW dK ! 13
e R4 ) ’ 2.30)
g " ar T % TR W W
v
where
f Ju, du
'q l - i_ - ~
K = '-; J o) \)T “t" dv Q
v

is the kinetic energy.
1 ” ]
(I U B

solutions to Eqs. (2.1)-(2.7) and consider the difterence solution

Suppose 0O u!  and ui‘ 5 'ij i u; are two sets of

i

0, = 0}, =07, , etc. It satisfies equations (2.2)-(2.7) with

8 N N

F £ 8 b k Q . Thevetove, tor the difterence solution,

dW/dt = 0 and W(t) = 0 for all t € [0,~), i.e., integrating (2.10)

t
5 B D¢ \svt.)
) = K( <+ ! PO .. D t 3 3 )
( K(t) | ] oij(x.t ) T dv dt (213
oV

Substituting (2.1) in (2.11) and using Leibniz' rule (which is jus-

tified in view ot the continuity assumption on ) we obtain

‘ ]

f [ AolJ}x,L )

- < + Q > '\ . \‘1 N, ". 'v ) o ':""'*‘

0 = K(t) BB A ,{1{ (et etet) e
oV
y ¢!
&0’ \X.l'\ [ ™ \ " " '
. Hbay o ) LR flaglos . (Rt 8" vt )
-J[\U(;,tv\,: $C1 ) = T + 11;‘(, iJ

1
The divergence theorem can be used in view of the regularity assump-

tion on V.




30} (x, ") 304, (x,t"H
1.] 2 " u iJ ~ " '
'[" .[U (x i ] l Y Jdt dv dt 3
or after regrouping terms (using Uij - oij - Uij)
B f dog i (x,t")
0 = K(t)+ J J J(K t')J[o: J(x,t'),t',t'] dv dt'
oV
f (x.t")
i -} o C ST W L L '
,| J{J[ (x,t"),t",t"]-Jl0y jixt b T S vy U(g\,t )dv dt
oV
¢ '- f- 30, (%,t")
+ ‘ B og SEN e Rt —— dt" dv dt'
oVo
[ et 1 "
F 3] ) 105, (x,t )
- / " " el . " " I\L___L__ o '
+J J J{‘L L\ij\’fot )ot » L ] '[ ij()}lt )’t » L J) 3t ij&)‘(,t \
oVo

« dge¥ dv e’ o (2.12)

Interchanging the order of integration, and integrating by parts
(which is justified in view of the continuity assumption on J and o, )

the tirst integral in (2.12) becomes

Jld-ij()‘('t)'['tl I)K{(Ot) dV

[ | od :
") xz,[wij(§,t').t',t'] I, (Xt )de" dv 2 .13 *
Vo !
1 , ]
where 1I,(x,t) = 5 oij(x,t) vij(g.t) is the second invariant of the
§
stress tensor. Since 1, > 0 we can use the second law of the mean for ‘i
the first integral in (2.13) to write (2.13) as o
E
}
]




o

Cl J I.0x, L) dv = J,[u J(x R T B L T (x ') dv dt' , (2.14)

v

< R L]
<r—

where C1 is a non-negative function of t in view of assumption (2.8),
and order of integration has been changed again.

Using the mean value theorem on the term in brackets' in the second

integral in (2.12) we can express this second integral as

t

, ot (x,t")

3J C Ny ‘
f ( A (o o TR S ———LL~—.—~-— 0 (x,t')o (x,t ) dy det,(2.15)
l 99 i3 it ke = i]
oV

where Gij(g.t') is some intermediate value between uij(x.t') and
uij\;,t') .
Integrating by parts with respect to t" the third integral in

(2.12) can be written as

t
f i
2 ﬁ .[ J(X % e SE ]| E.(g,t") dv dt' !

4 e 2

E &'

-( ( & - [L (x eyt et o, LGt ), o (s ) de™ dv dt”

J _,' J }L"‘L' Ny ’ . ij A iJ o ]

oV o

1

which upon using the second law of the mean for the first integral can |

be further expressed as

- t ‘ t
3 \J .
i 2C‘ J‘ 1‘,({('[')61\1 dc' - '}{ '; J{' \t"‘t'lki_j(%'t")’t"t']
oV oV o
" \‘ . Al \‘ ‘_ll " Al .\.1(‘\
Uu:.t) U(g«t ) dt" dv dt ( :

!

1
Justified in view of the continuity assumptions on J




. '...E::f' = "
‘ : PRSI N ——— [ e

where C2 > 0 in view of assumption (2.9).

Use of the mean value theorem! on the term in brackets in the last {

integral in (2.12) allows us to write this integral as

§ (- aLay "
( 8%J 2 " "o doi ()'S’t ) i
J m'lci_‘] (}f’t Betet] Y okg(}f’t ) 3
oVo kA
E
-oij(§,t') deiidvide, (2:17)

where aij(f,t") is some intermediate value between Uij(§’t") and

2 "
cij(§,t )
Substitution of (2.14)-(2.17) in (2.12) leads to

0 = K(t) +C, J I,(x,t)dv - ,[o2 (x,t"),t",t'] I,(x,t")dv dt'

v

O SSe—— Ot

30} (§,t')

aJ ' ¢ ' '
+ J [ j(x et | T okl(g,t )oij\f,t ) dv dt

Q S=r——\rt

Sdarlod (et e

O Y——rt

t
( ' v
+ 2C2 J } Iz(g,t )Ydv dt'-
oV

O Y——rt
<L V—

\

t t
92J
1[0 (§st|'),t":t']
o

Sy,

1 " n | /
oij(g,t )oij<§’t ¥ dtt dv dt’ + 0

o

aoi.(x,t”)
. [ e " (] " '
3" ckl(g,t )cij(g,t ) dt" dv dt

which in view of the non-negativeness of K, 12, Cl and 02 yields

-
Justified in view of the continuing assumptions on J .




P

)
t- » ( »
Yo ' ' f 3_\_’_ < : ' ' v
0 % 2C, ) LG, tdv de’ s ) | ﬁt'l\{jk§'t Jat',t'] ,
oV oV
t t
R - ' .
‘Lbg,tliav e’ + | | FemeTl0gy Kttt o (xath)
oV o
% f hu Jdii\x,t‘\
- ¢ i " 5 L | A o 3 1 [ \ S ' L A i
\1J\§,L yde" dv dt ) Aok‘(\lj(§'t I e el T H
oV g 4
t £
g, X, )0, {x,c')dv dE" ~ ([ ] J:ﬁ-v~~l? G AR )
| Latgid | Aiciidh ST Tl & o
. dl 4 kR
oV o
‘:\“i k)_(‘t“)
T n‘k\'\¥.t"\‘11($-t'\ de' dv dt* . (2.18)

Using the standard inequalities for magnitudes latbl<|al+|b| and
| {& | & s
Jf *J [t} and the continuity assumptions on J , the right hand side

of the second inequality in (2.18) {s bounded by

ko .3
| | [ ]
C 1 . 1\ 5 il R | ‘ o l‘\‘ n ny | " - 1
5§ ) Six,t dv dt C, )] olJ\§,t ) 1}‘*" ) {dt" dv dt
oV oV o
t
[ [lag 5 v "\‘\‘i‘_’&§'t')‘|
s ' ' ] 5 \
+] ) [ao gy Gt ettt | | oy (s 00y (o e) fav 4
oV :
t t' 1 "
”"". ‘S.‘J ‘ " " L ‘\\k‘i \§'L "‘r 1" ‘ " A
*1,1';;";(|lﬂl,\$.t Yottt I mmm [0 (Xt \uij\x,['\‘dg dv dt
44 b 'S o { B | .
oVo {2:19)
where C] and C are positive constants (the existence ot which is
-

guaranteed by the continuity assumption on J) such that for t',.t"é€ (0,t)

£ [o,.(=st") 0" t'l}xC :fr;L*{‘ {xs 8"}, 8" t']i\C
),t' \(} e . . Y \“\tn“[v \ij NE ) . 1“»“0-

Let Alj' Bll' {,) = 1,2,3, be constants such that
3 J "\‘U'
Sl < A —sd.| <B .
Yo s - )
( J t i)




e

(The existence of such constants is guaranteed by the continuity
assumptions on J and o .) Then, the integrand of the third term

in (2.19) is bounded by

itself bounded by

3. Y
AB( ) ui.ﬁ-
f,4=2
where
A =max A,, , B=max B,, .
SRR ; ij
i,] i,]
3 > 3 )
Since via Cauchy's inequality () !ci.;)“ 2.4 ) ‘ci“”= 18
i,j=1 ™ i,4=1
the third term in (2.19) is bounded by
:
al [ [ e A} 1
C5 | 12(§,t ) dv dt
oV
where C5 = ]18AB 1is a positive constant.
o 1 a=dloat" ,t) :
Similarly, invoking the boundedness of | 3o ?Z—~—L; (which
| ij‘ |
follows from continuity assumptions), one can bound the last term in
(2.19) by
t &'
1) % 3 |
~ 0 v 3 " Yy | " 141
LbJ J )L Oy (%ot Y oij(§,t )1dt dv dt
- k =1 i,j=1

where €. > 0 .

.




Consequently, (2.19) is bounded by

fr t '
C3 's Iz .t ¥dv dt’+ C r[[i“ (G g Wiy 125 t”)}dt” dv dt'
dg T 4 1)) 1372 T [
oV <
oVo
t g .
+C [ I,(x,t")dv dt'+ C (] f O, oz E") f 0,.(x,t"){dt" dv dt'
S N A 6Jjj§k,=lk2~' i'=lij =? g
oV oV =" »J
{2..20)
Making use of the Schwarz inequality corresponding to the inner
product (f,g) = : f g,. dv for second rank tensor fields f.g, and

J 43 1

\')
interchanging the order of integration, the second term in (2.20) is

bounded by
-~ ¥ - ‘
( 'E ( o i 7
| | (‘ 21,(x,t")dv (} 212(§»t")dv> dictsdie 1
‘¢« /
0o \V v

Similarly, recalling (Zoij)2 < 18I, , the last term in (2.20) is bounded
by
t 1

f % [ %: ( IA
| 181, (x,t")dv | A8E. (x,t")dv | dt'der'.
6 |} ({ 257 ] 2

oco\V

Thus, from (2.18), (2.20) and the above bounds we obtain, upon setting

2065 = | T.0x,50¢
v | I x,t)dv ,

t t
2c2 j vz(t')dt' s,(c3 + CS) J vz(t')dt'
o] Q

t
+ 2(C4 + 9C6) \ j V(e (e attdet |
o

O Y~




s

11
which can be rewritten as
t H ol
-r 2 1 1 ) ( 1 1 ( " " 1
J yo(eh)de" £ € Jt viGEN I CE) +J viie' ) derdet (21,21
o o] o] =

where C = max{(C3 + C5)/2C2 5 (C4 + 9C6)/Cz}. l
Since inequality (2.21) holds for any t € [0,«) , since v(o) = O,
and in view of the continuity of the integrands in (2.21) there must

exist a T > 0 such that for t' < T .

t'
vz(t') 26 v(t')l:v(t') + J v(t'") dt'ﬂdt' 3
o &
or o -_
z(t") < « J 2(t") de" (2.22) i
) s

where z(t) = (1-C) v(t) and x = C/(1-C).
It follows from (2.22) and Gronwall's inequality! that =z(t') = 0,

0 <t" £ T , and so v(tH) =0 ; that is

05 €xt') €V = (0,1,

i

|

oij(g,t )
But then we have equality in (2.21) for t' € [0,T], and so there

must exist a T' > T such that for t' € [0,T'] (2.22) holds, which

implies (§,t') =0 for t'e [0,T'], and so on to prove

%44

oij(g,t) =0, (xt)e V x [0,°] ,

1
Details on Gronwall's inequality, as well as the various other

inequalities used in this proof, are given in [11].




t.e., the stresses are unique. The uniqueness ot the strains tollows
from that of the stresses and (2.1) while unfiqueness (up to a ripid
body displacement) of the displacement vector follows from that ot the

strains and (2.3), (2.5), and (2.6)-(2.7). This completes the proot :

of the theorem.

Remark 2.1. Conditions (2.8)-(2.9) as well as the continuity assumptions
on the creep tunction J are sufficient for uniqueness but not neces

sary, as they are sufficient but not necessary to carry out some of the R

steps {n the proof: i{ntegration by parts, use of the mean value theorew,

erc.
Remark 2.2. Conditions (2.8) and (2.9) are conditions on the instan-

= RN
taneous response of the material . The conditions that T [u“ ,to.t]  and
aJ
e [\‘U.t‘L] be continuous {n “H and t , used to carry out the
kR =
steps leading to (2.13), (2.15) and (2.20) and which are satisfied when
J satisflies the continuity hypotheses of the Theorem, are also conditions
on the instantaneous response of the material. Note that no other con-
ditions are imposed on the {nstantaneous response which can be linear or
nonlinear elast{ic, include thermal expansion and frradfation swelling
(ef. Section 3 below), etc.
Remark 2.3. The constitutive relation (2.1) {s general enough to

include many constitutive relatfons proposed to date (ct. Section 3 below).

Al

Remark 2.4. The problem congi{dered {s only mildly nonlinear {n the
sense that only the constitutive relation (2.1) {is nonlinear but the ticld
equations and boundary and initial conditfons are linear. The above Theo-

vem will apply to uncoupled nonlinear thermoviscoelasticity and/ o

uncoupled irradioviscoelastfcity (ct. Section 3 below). For the coupled




problems however nonlinearity in the field equations would appear and
the Theorem would not apply.

Remark 2.5. When the constitutive relation (l.1) is Iinear the Theorem

provides an alternate uniqueness theorem for linear viscoelasticity.

However the proof can be greatly simplified in this case since

ij i

tionship was tacitly and erroneously assumed in the proof of the

J[o;J,t't] = Jlos ., st"t] = J[oi ,t't]. Incidentally, this last rela-

uniqueness theorem in (8]. The proof given here provides a correct

substitute.

e i
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3 - Application to temperature and irradiation induced creep.

In [9] Cozzarelli and Huang proposed a constitutive relation for

thermoirradiation induced creep which includes as a particular case a

nonlinear constitutive equation of the isotropic power law type in

constants appearing in the relation.

as

where the energy functional E is given by

terms of memory integrals (cf. equation (41) in [9]). We first extend
this constitutive relation so as to include aging effects through a
time hardening procedure similar to that of [10] and thereby obtain an
expression in the form of equation (2.1). Then we specialize the
general uniqueness theorem of Section 2 to the constitutive relation so

obtained thereby obtaining some restrictions on the various material

The strain-stress relationship to be considered can be written

R

t .
E J + ( \ :‘ > '
g T [np(e) = np(e")] T 3'0-13 e

Mo

{ :
+ 0 ) ,{1 = t'XPl-\;k)(nTkt) ~ n,l.(t'))]}

1) kel

QO

. {a(k) + (1-u;k))exp[—A§k)nT(t')]}%{.

1

-~ re
w0
e
=
(771
\_/
(=%
-~

; o
+ 0 -~ ' LS P
iy ) [(®) = ngleD) 5o Yoy,

1)

o



o TR

N
o y ! . - (k) e '
+ T \1 exp[-Ag ™" (np(t) - np(t'))]
k=1
e}
aU(k)
[ (k) k) (k " g | TRT y 9
. ]“ﬁ ) + kl-d; )exp[-A; ) nR(L )]} s b )dt' (3.2)
\ ¢ ¢ 1,]
and where
v, v =
J o = o e ) ’ ; 3 3a)
‘e " T |2 200+ 1f T 0t  pdle T i
oot o0 R o g Mgt
TS T M [[2 T 2(Thvy) 1 : (3.3b)
AL i _ u®4
(k) i | g 28 ¥l ;
UTT PP Lf“ T S Il\ R - P A (3.3c)
_ 2 y )
Mpy 1 2(L4vge”)
PR - PR, I B e 6.3)
R ) ) ) » . /
RS~ M+ 2(THv) 1
(k) (k) (k)
) Spr | VRT 7] Mg H .
i T 5 T R i R | » k=l,e.0,N, (3.3e)
s 9 ) i |
M RT+1 -(l+\Rr )

are respectively the thermoirradioelastic, steady thermal creep, tran-

sient thermal creep, steady irradiation creep, transient irradiation

creep complementary potentials. In equations (3.3) 1l - 00a and
1 )
I, = :ﬂij Uij are respectively the first and second invariants ot
- -
the stress tensor; E is the elastic modulus, v is Poisson's ratio,

E

a and ap are the coefticients of thermal expansion and swelling

respectively; ¢ 1is the temperature measured from some constant refer-

ence and n is the imperfection density increment from some constant

e LK) " 54 T (k) (k)
reference; CTS' LTT s, LRS 5 LRT s , MTS 5 PHT S, MRS g T S
v v(k)'s v and v(k)'q are material constants, the first four

G SRR s * RS R ?
e pe— V-




#—“__ ———— TPy ” —

16

being positive and the next four being non-negative integers. ‘

aék) and aék) are the thermal and irradia-

(k)

7 tion hardening parameters respectively; A

In equation (3.2)
! and Aék) are constants

the reciprocal of which are analogous to retardation times. Finally,

account for temperature and flux dependent material properties: they

nT(t) and wR(t) are the thermal and irradiation reduced times which i.
{

) [

are defined as

L
ne = | ¢ [T(1)] WTlﬁ(r)]dr ¢ Mg ® j delr(0)] WR[ﬁ(T)l dt s
(8]

where @R and @T are functions of temperature 7T, and WR and WT

are functions of the time rate of change of the imperfection density n

(and hence of neutron flux).

Substituting (3.3) in (3.2) and (3.2) in (3.1) yields

—

(x,t")
NCIO I I CANCH D WANS ~--i~—b de' (3.4)

J
0

which is identical to equation (2.1) with

3 Upploy, (x,t")] U 10, . (Xt )
oy, (x, ")t ,t] = 4 + Ing(0) = (e )1———;“,'Lir ------
J .N‘ij i) 0, ,
Y ( (k) )
+ {l-exP[-AT (np(e) ~ n (¢ )))}{ + (1-a, ™) ‘
k=1 !
(k) : | ﬂ
U b xst )] 3 Kty
rexp(- (k)nT(t')]} I 4 ng(e)-nge")] —E % il i
s g

s ] {1 exp-AL) (n (6) = (e’ ))1}{ Op (1-a{)exp(-al®
k-




A R

. (k
g Lo (xyt "))
'“R("”} T (3.5)
9044

being the thermoirradiation induced creep function. Equation (3.1)

with E given by (3.2) is an extension of constitutive relation (41)

in [9] which includes aging effects through time hardening.

It is now easy to check that J as given by equation (3.5) satis-

)

fies all the hypotheses of the uniqueness theorem of Section . provided.

-1 < v v v v v < 1
Ef ©R§* ESt Ry rpi g @

E20 ,

A.l; > 0, aék) 2D . P M, \ (3.6)
|

Aék) 210 a;k) >0 ,k=1,...,N , I
r
|

irl,! > 0 an I J

gt = R s )y

Remark 4.1. The constants v Y v V... are analogous to Poisson's
e RE* Est RTY Ty 5

ratio VE [9]. Consequently the requirement that they be greater than

-1 and less than or equal to 1/2 is quite natural.

Remark 4.2. The conditions a;k), aRk) 2 0 are weaker than the
physical conditions 0 < aik). aék)x 1 given in [10].

Remark 4.3. The non decreasingness assumption on Ny and R will

»

be satisfied if in particular QT WT > 0 and wR ?R 2 0 , which 1is

observed experimentally [9]. Furthermore, when one introduces a
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reduced time one would normally expect a one to one correspondance
between real time and reduced time [12], and thus one would normally
assume that the reduced time is a strictly monotone function ot real
time.

Finally, we should note that constitutive relations in the form of

equation (2.1) [also (3.4)] are often termed modified (i.e., nonlinear)
superposition integrals (with aging included), and arise in continuum
mechanical studies of many viscoelastic materials including polymers,
concrete and metals at elevated temperatures. Thus one could also
easily specialize the uniqueness theorem of Section I to a wide variety
of other constitutive relations which have been presented in the litera-
ture. Such relations were first proposed some years ago (see Leaderman
[13], Rabotnov [14] (somewhat different form) and Arutyunyan [15]),
although during the last ten vears thev have received renewed atten-

tion (see [9,10], Schapery [16], Findlev and Lai [17], Pipkins and

Rogers [18], Rabotnov, Papernik and Stepanychev [19], Stoufter [20],

Distefano and Yodeschini [21] and Rashid [22]).
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