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I. INTRODUCTION

I his report describes a technique for obtaining the Ics pt’I%se of a digital control st stem. h i s

assumed t hat the closed-loop transfe r (unct ion is asailabl e in the i- or modified 1-tr ans(o rm

domain The numerator and denominator of each side of the transfer (unct ion ar e
cross-multiphed . The Rea l I ranslation Theorem is then applied to the result . ~rtdding a

difference equation in the time-domain. ‘This ma~ be soh ed for the ssstem response in terms
of the reference b r  other) input (s) to the system as wel l as in terms of system slate initial
conditions-

Tss oduf fer cn l  modifications to the basic technique arc described one using the submultiple
met hod and one using the modified i-i ransIorm technique I hese are applied s hen il ls desired
to determ ine int r . i -s . i mp li ng response s of the s%st em All three techniques are applied to a
sing le e~ ampIc -\ summary of the techniques and their application pros ided at the
conclusion ot the report

2. RESPONSE A l  SAMPLiNG INStA NTS

It is assumed that a gisen digi ta l or sampled-data s~ stem can be described hs a closed-loop
transfer (u nction that  relates the controlled output of the s~stem to the reference input. If (here
is more than one inpu t , the technique can also be applied to the resulting sum of closed-loop
transfer functions relat ing the controlled output to  each of the inputs Although the report
t cf c rs only to a sing le controlled output , the technique cart be applied to find an~ system state if
it ;s related to the inputs to the ssst cm in the i-domain T hesc relationships ma~ bedern~ed b~
using ans of the standard techniques (suc h ‘is signal flo~ graphs) or h~ the ncw k de~ eloped

~~~~ (S%stemat ic Ana htical Method ) technique~.

It ~ assumed that the state w hose response is desired is denoted in the i-domain as C m .  where

C( z ) 
~~ ~~~ 

{c~ t~ } . (1)
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ihe scrip t i denotes the operation of t ak in gthc  1 i la in storm Furt her assume that the re is onh
one input into the ssstem Kin .

~ he r e

( 2 )
R ( z )  ~~~~

‘

I he relation ship between ( i n  and Rb: ) usua lh can be espressed as a closed-loop transfer
function (or seser a l such transfer funct ions )  which is a ratio of two polsnomials in :. i c

C( z) 
— 

j — O  ( 3 )
R(z )  N

E bk z
k—O

where coefficient s a and Is represent the s~ste m paramet ers the procedure for finding the
response at sampling instants — h~ the cross- multiplication met hod consists oft hree step s
Step F Cross-m ultiply the numerators with the denominators of Equation ~~~. yielding the
expr essi on.

~~~ 
b~ zkc(z — a~ z~R(z) (4a)

k 0

b
0
C(z) -s- b

1
zC(z) + • . .  + bkz

kC(z) + • • •  + bNZNC (z )

— a 0R ( z ) + a 1zR (z )  + ... + a~ ziR(z ) + ... + aMz R(z)

(4b)

4
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Step ~ Each sidc ot 1-quatitin ~4a or t4b is disided b~ busi
’
~. I he resulting equation is t hen

so hed for the ( m n  term that is not multiplied hs a non-:ero power oi l. i c .

a0 -N a 1 1-N ‘~ ‘—Nz R (z )  z R( z) a~ v- R(z )C(z )  • + ~~~— + • • •  + +
N L N N

aM Z
M_ N

R Z  
b0 z C(z) 

b1 z1 C(z)

b bk Zk~
NC(Z) 

- — 

N-i z~~C(z) . (5)

‘step 1 Apph t he Real translation theorem to 1-quation 5 .  reca lling that

~~
“ {~~~z~~} — c*(t) 

~~ 
Ec(nT) 6 (t—nT )

n— 0
(6a)

and

~~
‘ {c~~t— ~~~~} — z~

k c ( z )  (6b)

I he .istcr is k is used to indicate .i s ariahlc that has been sampled. and ~m t-n I denotes a Dirac
funct ion occuring .it the  instant  = ni The resulting %aluc of ctnT at each sampling instant.
ni . then becomes

c(nT) = ~2 r ((n-N)TJ + ~~~~~ r l ( n — N + 1 ) T J  +

+ b2 r ( ( n _ N + j ) T J  + ... + ~~~~ r f ( n — N + M ) T J

b b
- c [ ( n - N ) T J  - ~-! c ( ( n -N + 1 ) T J  -

N N

b b
- c f ( n — N+k )T )  - ... + c I ( n — 1 ) T J , (7)

N N
5

-

~~~~ ~~~~~~~~~~ ~~~~Z _ _ _ _ _ _ _ _

~~~~~~~

- .~~~ -
_ _ _ _



rrI
.__. _—__ -.- .-_-_ —- -—- ——- —----- -.- —.,-- 

~~~~~~~~~~~~~~~ 
—

-
- 

-~~~~~- - - ~~ _ : - _ - - - - --
~_-~~~~

where i. k. M, N . and n are integers.
the advantages ot t he form ot Equation i” are three-fold

• Thesaluc of ctnl I for an~ t n T .mas be obtainc’d for ans form of rtt ) , w hether or not
it is ‘ ,-transforina bk- ”

• The e*pressinn for cg nT)does not hase to be recalculated esci~ lime the form of itt)
changes. as is the cj se when the response is determined b~-t he part ial fraction. power series, or
insersion formula methods .

• The form of the expression for qnl ‘ permits the inclusion of initial conditions, such
.1’ ~iO). if zhe% cUs i

I

FICTITIOUS S~~~~LER

_ _ _  i T
+ E ( s )  E ( s )

R( s ) 
- ~

...JG( a) F  ~~~C( s)

H ( s)

Figure 1. Closed-loop sampled-data system .

I - sample  I. (‘ iscn the closed-loop sampled-data ss s tcm of F igure I , t he closed-loop transf e r
function easil~ is found t o  be:

C (z )  
— 

G (z )  (8 )R( z) — 1 + HG(z)

II t i i s i  and Ilisi are gisen to be-

G ( s )  — 1/ 8(5 + 1)

and

H ( s) — 1, ( 9)

6
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re-spcct iseh - their i-transforms are

z ( 1 — e T)
G( z) — ‘ (10)

(z  — 1) (z — e

and

HG(z )  — G (z ) . (11)

It one substitutes the es press io ns of I quations( lWand f If i ilt ’ i quati on t~ i. on e obtains the
c losed -loop ira ns ler function .

C( z) 
— 

(1 - e T ) Z — , (12)
R ( z )  - 2e ” T z + e ”T

One nia’~ miss appI~ the three ste ps prescribed tim the cross- mufl ,plicatio n procedure.
~‘ hi .ii .

Step I

z C ( z)  — ~~~Tz c z  + e TC ( z )  — ( l _ e ’T ) Z R ( z )  . (13)

C(z) — (1 - e T ) z ~~~R ( z ) + 2e Tz~~C(z) - e
_T

z
_ 2

C (z )  . ( 14 )

~~cp i

c(nT)— (1 - e T)r ((n-1)T] + 2e Tc ((rt—1)T) — e’Tc [(n—2)TJ .

(15)

If, as in pp. l4S-1 47 of Kuo ’s book . n it i  is assumed to be a Unit step input .the ss stern is assumed
to be initiall~ at rest , and thc sampling period T is assumed to  be I second, application of

7
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Equation m l ~”i readib ~ields the following salues for cbnT)
— i) tit21. the salue of ~~ i t j  at I sec.

~i2I i — I tN’~ t he value of c( t at 2 sec.
~~ t I — I ~~~~ the value of c•p i~ at vet
qn l) — O &2 l  + 0 736 ~j m n - l ) I )  - 0  ~b8~c i n -2 i1  

~
. the v alue of c i i i  at t — n sec

these values corre s pond to those obtained b~ more tedious means in pages 14 5-1 4 7 of kuu ’’ ,

book
S

3. RESPONSE B E IW L i N  SAMPL.ING INSIANIS L’SIN( ; THE
St’L3M L1.T IPI t - METHOD

It it is desired io find the intra-sampling response u ’ S the same t)pe dIgifaJ system described
ifl ‘sCsi on 2. it mas be accomplished P’s applyingthe submultiple method found in pages t s i - ~~

(m

of k u u m s book I3r iefh . let 
~ 

represent t he value of the response c*t ) at the instant. t —

where n-I represents the number of ntrasamp ling responses desired in is an integer
wit h va lue greater than un ,t~ p II m is an integer , the samp ling period within whic h the
submultiples are ii i he determined is denoted as ml. the i-transform of c -

~f l mas be found
from the ordinar~ i-transform in the following manner In essence. c is the outpu t of a
fictitious sampler which samples n times .is fast  as the real sampler lhc i-tr ansform of that
output is defined as

~~ 
{c~~-T~}i’ C( z )~ — C ( z )

T—T~ (16)

w here

2 Z (l ie)

and

• T/ n .  (17b)

Now the -closed-loop e\prescion of Equat ion ~ i ma~ be -altered to read ,

C(z) a zn j ’~ o i n
— (18)R( z) 

~~ 
bk z~ k

S

- ~~~ -~
- — - - — -  - - — - — — —  —
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I he submultiple modification to the basic met hod also consists of three steps.

Step I (‘ross-muhiph the numerators and denom inators of 1-quation i I~ i . vieWing the

esprc%siOfl.

N N
k — j  (l9a)

b~z~ C(z)~ a~ z~ R(z)

k 0  j—0

or

Ii
b0C( z)~~ + b1z~ C ( z ) ~~ s .. + bkzn 

C(z)~ + ... + bNz
fl

NC ( z )
fl

a0R(z )  + a1z R(z )  + . . .  + a )z
fl

3 R(z )  4 ... + aMz
fl

k(z ) .

(19b)

“siur 1 I .ith side of 1 ~~u.it i~ ’ni i I’~.i or i I 9h is div ided P’s h..i ” I he resulting equation is then

s~ l~~d 51 ’r the Uiii icrni that is not multiplied h~ a non—lero power of ,. . i e

a 0 -N a, - N-i5
C( z) — — z R(z )  + ~~± ~ 

~
n bN n “N “

-#

~ ! z ’~~~
’M) R (z )  — 

-N

- 

b1 z~~~~~~~~C z  -

bk - (N- k) bN,,.1 -1
- s—. z~ C( z )~~ 

- . - . — 

~~N ~ C( z)~~. (20)

9
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Step Similar to the procedure of Section 2. the value o( cit~ at the n ’ submultiple of the
sampling instant ml is

/mT~ 
C0 1(m—N)T1 ~l f (a— N+1)T1c~~—j — ~~~ r 1 j + ~~~ r 

~ .j .

+ r { (m— N+ i)T ]

+ •. .  + r [
(a-N+M)T] _ b1 c [(~ —N+1)T] • ...

- 

bk 
~ 

[(m_N+k )T] - — 
1’N-l 

~~ 
{(a~ l)TJ • (21)

w here all values of ri are equal to  iero escept for t hose valu es of r at integral multiples of I.
i e .

OY I

r o T) —

r ( t )  ( 2 2 )
t ( T  for t — 0. I . 1. integersi

and j. i.. SI. m. ‘s n are integers

F samp le 2 the same sampled-data sYstem is used in this esampk as in I sample I It mas he
shown, for the esampk at hand, that

C (z )~ • G (z )  E ( z) ,  (23)

where (.i / . is found in the same manner as demonstrated in I quationt 161 From hgvre! ‘~ n
seen that

Liz) — 

~ + G(z )  (24 )  - 
-

Substitution of I-quat ion 24 into Equat ion 2~ leads to

C (z )  G(z)
(25)

R ( z ) 1 + HG( z )
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Replacing a b~ a. and I by 1. in Equation ($0) lads to the e*pu’suioa.

- .Tn)
G( z) — — T • (26 )

~ (z ,,~ — 1) (z~ — S n)

If one sub stitutes Equation s I ‘i into Fquatso n(I l and sub st itutes the resulting equat ion and
Equation lti i int o Equation 251 . one obtains the closed-loop es pressi on .

C O z )  z (1 - e Tn) ( z — 1) (z  —
kl z) — 

(z n_ 1 ) ( Z
n

_e _T
n ) ( zn

2n_ 2e~~~zn
fl +e T) 

. (27)

I he denom inato r of th is csp ressio n is of ..oumse when equated to ,croi the character istic
equation It may be espanded into the following polynomial in z.

D ( z ~~) — z~~
2n1 ’2 

- ( 1 • e Tn) z~
2
~~

l 
• e”

~
’n z 2

~

- 2e Tz~~~~2 • 2e~~~ ( 1 s e Tn ) z ~~~~
l _ ~~~~~~~~~~~~

+ ~
-T

~ 2 - e ’T (l + e Tty) z +
‘I (28)

‘similarts , the numerator of I quat ion i 2” i mats he espressed as the pohnomial.

N(z~~) 
(j_ 5 ”Tfl) 2n+1 _ ( l +e

_T
)z~

fl’t’l+ e
_T

z~~} • (29 )

- - 

II 
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Step I If Equations i1~ and (29 ) are substituted into Equation 2 7 s and the resulting
numerators and denominators cross-multiplied, one obtains the equivalent of Equation ( l9b):

z~~
2
~~~

2C(z )~~ - (1 + e Tn ) z~
2
~~~~C( z )~ + e Tfl z~~

2nC (z )~

- 2e Tz~~~~
2C( z)~ + 25-T01 • e

_Tf l )z
n
tt+lC (z ) n

—2.

+ e’Tz
2
C(z) - •~ T ( 1 + e ”Tn ) z ~ C ( Z )~ 4’ .T1T&c~~~~

— (1 — 
Tn) Iz~

2
~~~’R(z )  - (1 +

+ R ( z ) ) .  
(30)

Step 2 II one applies the procedure of Step 2 t o  I quation (30) one obtains

C ( z )
~~ 

(1 — •~ Tn) ( z~~~
1 R(z )  — (1 + e T)z ~~~~

1
~~

fl R(z )

- 

• e T z~~~
2
~

’i5 l) R ( z ) 1  + (1 •

- e Tnz~~~
2c (z~~ + 2e T

zn~~
C(z)

r

- 2e T( 1+ e TT~)z ~~~
(t

~
0 l ) C( z ) +  2;(T+T n) 7

’ ” 2
~ C( z)

- e
_ T

z~
_ 2flc ( z i~~ + •

-T0, .e.

— e 
— (T+T~) z~~~~

2N2
~
)c(z) (31)

~~~
- 

~

12
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~~~~~~~

__ _ _ _ _ _ _ _ _ _ _ _ _ _

F~ 
-
~~ 

--
~~-

- - — -. - - -—- — - — - — -- - —--  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~—- -~~~~~~~~~~ ~~— -  ---— - - - -



-, I - ~~~~ -~~~ - - 
_____________________________

Step ~~ - hnalls . one may apply the procedure of Step 3 to obtain the time-domain difference
equat ion that yields the value of c’(t) at the instant of time. t~ , w here m is any desired
integer.

(1 - •
-Tfl ) {~ [m_ 1T].. (1 + e• T ) r  [(m_n +1) T ]

+ e ” Tr [(tn—2n-1)T
I n

+ ( 1 + e~ Tn) c[(m ’~~~T} e~~Tfl
c[

(h1
~~~iT]

+ 2e”TC

- 2e
_T

(1+e _T fl )c [(
m_1

~~1)T]+ 2e T+Tn)~ [(m
n 2)T]

- e Tc [(m 2n t ) T ]  e~~~~i + e
_T

n)c [0m 2
~~~hiT]

- e T+T~) ~ [m ~~
:_2 T] . ( 3 2 )

‘~gain. as in K uo ’s hook and in F samp le I . it is assumed the system is at rest initialls . and the
s.irnpling period I is one second One mats desire to know two intra-sampling values of the
output c(t ~ In that ~.isc. n 2 • I = ~ Ifone substitutes ihese numerical valuesinto Equation

~2 .  one obtains the equation.

c(~)u’O.2835r(!~!)_0.4866 r(!!! ~ji)

‘ + 0. 1043r(!ji)+ 1.7165 c(!jJ_)

—0. 7165c(~j2-)+O. 5272c (!~j-~)_1. 263Oc(’!!j.~)

+0.5272c(!j.~)

_0.3679c(!~±)+0.6315c(!j2) _0.2636c(!~.!) . (33)

13
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It is worthwhile to pause a moment and consider the power of the difference equation just
obtained. First , the output c can be obtained for any deterministic reference input r(t).
It only need be specified at the sampling instants. Second, initial conditions or inslantaneous
changes can be accommodated readily P’s the equation. Third. difference equations are
part icularly amenable to  programming on desktop calculators or digital computers. These
three advantages are not enjosed by all methods found in the standard textbooks for
determining t he state (s) of a sampled-data system. The submultiple method does suffe r from
the draw back of hav ing to specif~ beforehand the number n-I ofthe inirasampling instants for
which it is desired to know at given state , such as c4 t ) in t his case

In the case at hand, a brief demonstration of the calculation of ~~~~~~ at instants t ti. I
2 1 : 3 .  r. - . ~ prt v ided heltiw. ~ unit step input is assumed so t hat the results ma)- be
compared to those of V~uo in pages 195- 198 of his book The symbol c denotes the value
of citI at 1= SeC.

m- () c(0) 0
m I : cs l i O.2835 r(0)+ l . 7l65 c(O) 02S35

m=2: c*2 ~ i 0.2815 n u l l  + I 7165 c il 1 0.4K66

mn~~% c(fl 0,2815 n I  ~ + I 7l65 c12 3)- 0.7l65 c(I ,’~ f—0.632I
m 4 . ci4 3) 02 t ~~5 r t l i - 0 4 S 6 6 r(0)~ l 7 l6 1l) -0. 7 I65ct2 3 ) # o 5 2 7 I ~~lf 3)=og4O 7
m 5 :  ci5~~~~~O 2 8 3 5 r 4  .li-0 .4866 r( I/ ~ l I 7165ci 4 I - O7 I 6 5 c ( l ) - ~ 0.5272 c12 3)

- 1 . 2630 c( I’ 1 U 0.9901
m 02 1.0972
m 7 :  ~i7  1 = I 464

m— $ ct$ ~ ) I 1516
m 9  ci1~ = I

4. RESPONSE BETWEEN SAMPLING INSTANTS USING MODIFIED
Z-TRANSFORM METHOD

p

If it ~ desired t o  lind the intra-sampling response of the same type of digital system
described in Section 2. it als o may be accomplished P’s applying the modified i-transform
method. In this method it is necessary first to determine the modified i-transform equivalent
of the closed-loop transfer function of Equation 3 . The reader’s mind will be refreshed (as
needed .
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Let c(t) denote the response of a digital system and c (t) its sampled output. The value of e(t)
at t he instant of time. t n-.~)T, is the value of c t  that has been delayed by an increment of

time .~T. The latter is represented symbolically as qt~.1T). If the relation .

in 1 — O < r n < 1  , (34 )

is used, the value of CU) delayed by an amount .~T after the sampling instant. t=nT. may be

denoted as cI(n’I+m)Tl The i-transform of 4(n- I+m)Tjistc rmed the modified i-transform

~ ‘)‘m~ 
ol c(t), i.e . .

~ {c(t-T)) — ){c((n-1+m)’~)) —

(35 )

C ( z ,m) — C (Z iA )~~~~_ 1-rn

It also ma~ be show n that

C ( z , m) — z~
1 ){c(t+mT)) c t (m+n)T) z~~. (36)

k—0

Alternately. (‘t i m )  may be derived throug h its complex convolution detinition~

C(z , m)  = d
~
(c (t_AT)x6T(t)}lZ_ eTB

= [~
{c c t_

~~
T))*

~~
{o T ( t ) ] I Z ~.e

Ts (37)

c+i~
= 

~~~~ c~~i~~ 

C ( ( ~) C T
~~[1_e

_ T _ J 1 d~~f Z _ e Ts

w here &t u represents a train of impulses each with a unit area. the star symbol (*) denotes the
complex convolution opcration,.z~ denotes the operation of taking the Laplace transform, c
denotes the abscissa of convergence (a positive real number), and ~ represents a dummy
complex variable.

Equations 135) - 37) represent two methods of determining analytically the modified z-
trans form (it is recommended that one look it up in a modified i-transform table. if one is
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available). The abov e relationships may also be used to determine the modified i-transform of
the transfe r functi on. G(z, ml

For the purpose of exposition, assume t he modified i-transform equivalent of the closed-
loop transfer function is known and is

N
E a z ~C( z , m) 

— 
j .

~ ~ ( 3$)
N
E bk z k

k—o

where a, and b~ may be Functions of m. The cross-multiplication technique is similar to t hose
two previously described.

Step I - Cross-multiply the numerators and denominators of Equation (38). yielding the
expression,

N N

E bk 2k C(z ,m) — E a~ z iR( z )  (39a)

kUO j—0

b0C( z, m) + b1z C(z , m) + b2z
2C(z,m) + ... + bkzkC(z ,m)

+ .• .  + b N Z NC ( z , m) — a0R.(z) + a1zR(Z) + ... + a~~z~ R ( z )

+ ... + aMz R( z )  , (39b)

Step 2 Each side of Equation (39a) or t 39b is div ided by h.,,”. The resulting equation is
then solved for the (t i. m) term that is not multiplied by a non-zero of z. i.e..

C(z,m)” 
a O Z

_N
R ( Z ) + ~.1. z

_ ( N i) R( z ) + . . .  + ~1z (N_ i) R( z) I 

‘ 

-

+ •. .  +~~! z~~
(N

~
M) R(z )  - 

[
~~ 

~~~~~~~

_ _  

~1 .~~. _ _ _ _



- -  
-- —,- -.-.-—————-— --—.-‘---.——— -—————,.—

~~~~~
- .- -

b bk
+ 

1 2 ’ (N t ) c c2 ~~ , + • •.  + ~~— ~~~~~~~~~~~~ + ...

+ 

bN_ l 
z lC(z m)1 

N 
(40)

bN 
J

Step 3 the inverse i-transform of each let m of Fquation t4O i is determined, using the
invers e of Equation i,l9b .

c [(n-1)T,mj~c[ri-1+tn ’rJ” ~~ r [(ri—N)T)+ ~~ r [( n — N + 1 ) r J +

- . + r ((n_ N+))T]+ . - . + r’
(41)

~~~~~~~~~~~~~ c[(n- 1+rn-N)TJ + ~i c[(n+un_N)T] + . .
4 

~~~~ c[ n-1+m-N+k TJ+ • . .  + 

~:“ 
c[ n-2+,ui ’r]~

where 
~ 

k . m. %l. \ arc inierrs

F sample 3 Again, the same sampled -data s’. stem is used in (his esampk as in 1 samples I
and 2. the modified i-transform method will be applied. A Iscist ious time dela~. c-’ — “ ‘ . is
placed following the forward m o p  gain . (~~is . and a Iiciitiius time advance of ihe same
magnitude as the time delas its placed ~uct before the teedb.ck loop gain Hts I he closed-loop
transfer function that results from t hese two addition elements being added is

C(z ,rn) 
— 

G(z ,m) (42R(z )  1 + HC(z )

sing I quation 491 f i r  (,tsI . one may obtain ( su m)

G (z , m )  — 
‘~m 15 ( 5 + Tr}

- 
(1_ ~ _mT

) 2  + (e ’_e”T)

(z— 1) (._~ “T)

‘7

__-
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the value for H(.(z is given in Equation (9 - (10) which, with Equation (43). may be
substituted unto Equation t42 to ) ield

C(z .m) 
— 

(l,..e mT ) z  + (~~mT_~-T1R(z) (z_ i) (z~e
”T) 

~L (z—1 ) z_ . T

— 
( l_ .-’mT

) Z  + (e~~
’
~ 
— 

•
-‘)

~~

- 2~ -T2 +

It may be observed that Equation (44 1 is in the same form as Equation (38) Hence the
operations denoted as Steps I. 2. and 3 (above) ma~ be applied

Step I The numerators and denominators of Equation (44 ) are cross-multiplied. yielding

~
2 C(z,a) - 2e’ T  z C(z ,a) + C ( z , a)

— (1—e ”
~~ )z R(z ) + (e ’

~~ 
— e ”T )z ” 2 R(z ) . (45 )

Step 2 Eac h term of Equation (45) is divided by i’. and the resulting equation is rearranged
to solve for Ct,, m)

C ( Z :i$) * (1—e~~
’1’) z ’

~~R( z )  + (e~~~
’_e T )z ” 2 p( z)t (46 )

+ 2e Tz”]C(z.a)_ e Tz ?C(2,a)

Step 3 . Equation (46 ) ix now transformed into the time domain, resulting in the following
difference equation:

c I(n- i+a)T l - ( l_ e mT ) r I ( n - 1 ) T J  + (e mT_e_T) r I ( n-2 )T I

+ 2~~ T ct(n_2+.)T,~.
T c t ( n -3+e)TJ .  (47)
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During the n” sampling period, i.e.. In- I )T < t ~ nT, where n is an integer, one lets m assume
values between zero and one to find the intrasampling values of (t). For instance if it is desired
to verify the values obtained in Example 2, let m=l 1 3 and 2 V 3  and vary the integer n
incrementally, starting at n0 .  Again, for simplicity, let T = I second

n — 0: c(m-1) — 0

n — 1: c(m) — (1-e in
) r (0 )  — 1-e ~

in — 0 (check case) : c (0)  • 0

in — 1/3: c(] ./3) 1 — 0-7 165 — 0.2835

in — 2/3: c (2/ 3)  — 0 .4866

m — 1: c(1) — 0.6321

n — 2: c(1+m) (l_e in) r ( 1)  + (e ”in_e ]
) r(0)

+ 2e 1 c(m)

in — 0 (check case) :  c(1) — 0.6321

m 1/3: c (4 / 3)  - (1-e~~
”3 ) + (e ’1’13 -e 1)

+ 2e 1 c(1/3)

— 0 .84 07

in — 2/3: c (5/ 3)  — (1-e 213) + (e ’2”3-e’~~)

+ 2e ’1 c(2/ 3)

V — 0.9901

in 1: c(2)  — (1—e ’1) + (e 1—e ” 1 ) + 2e”1

— 1.0972

L~~~~~~~~~~~1 
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— 3: c(2+m ) (1_•~~in) r(2)  + (e in_e~~ ) r ( 1)

+ 2e~~ c( 1+m) -e~~ c (m)

m — 0(check case) : c(2)  — (1-e °)

+ (e” ° -e~~ )

+ 2e ” 1 c (1) —e ” 1 c ( O )

— 1.0972

in — 1/3: c (7/ 3)  — 1—e ”1”3 
+ e’

~~
”3—e 3’

+ 2e”
~ c (4 / 3 )  —e ” 1 c(1/3)

— 1.1464

in — 2/3: c(8/ 3) — i_. ’2/3 
+ e 2” 3 -e’~

+ 2e’~ c(5/3) ~e”~ c (2/3)

— 1.1816

in — 1: c (3)  — 1—e”1 + e”
~ —e ” 1 

+ 2e”~ c(2)

— e 1 c(1)

— 1.2067
etc.

5. CONCLUSIONS
p

Several analytical tec hniques for obtaining the response of a digital control system have
been described. They are based on a single principle: cross-multiplication followed by

app lications of the real translation t heorems, Each is applied to a single esample. As a starting
point for application of each of the techniques, it is required that t he dynamics of the digital
control system be described in the z- or modified i-domain.

20

—
~~ — — — 

— 
— 

~~~~~~~~~~~ 

—

.—---- - - -,,-

~ 

- -  
— . —-  — — — ------ — -

~~~~~~ -,
,-- -- -- ---- ,—--- —— —-- ---- -.---- — — -



The advantages of the three techniques over extant classical methods are:

• The response may be obtained for any deterministic reference input into the system as
long as its value is known at the sampling instants. It need not be described by a differential
equat ions and th e i-transform for a specific reference input need not be determined before

obtaining an expression for the response.
F 

• Initial conditions and instantaneous changes can be accommodated readily bs the
equations obtained through use of t he cross-multiplication methods.

• the difference equations obtained are particularly amenable to programming on a
desktop ca lculator or digital computer.

• A detailed know ledge of the theory underly ingdigiialor samp led-data control systems
is not required ualt hough it certainly is helpful ) h~ the analyst in order to apply the recipes
described herein.
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