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S PACT

A nonlinear damage relation , containing the axial strain history

and a time integral over the stress history, is proposed for the case

of one—dimensional time dependent tensile stress. Nonlinear steady and

transient creep terms are included in the axial strain relation, and

elastic and creep Poisson’s ratios are introduced into the lateral

strain relation. Using these relations , complete damage solutions are

obtained for the constant stress rate, step stress , relaxation and

constant load tests. Observations are made concerning the associated

rupture times.
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1. INTRODUCTION

The problem of creep damage and rupture is currently of great

practical importance , especially in the field of nuclear safety.

This subject is very complex and much remains to be accomplished in

the development of a complete and useful creep mechanics model for

the estimation of rupture time . The publication based on the Nov .

1978 Ispra course on creep [1] contains detailed discussion on every

aspect of this subject as well as an exhaustive bibliography; also

see }iult [2] and the books by Ilult [3] and Odqvlst [4]. In a recent

contribution to the subject of creep rupture, Belloni, Bernasconi and

Piatti [5] have employed material density variation as a measure of

damage in steel under constant one—dimensional tensile load . By

extensive data analysis they found that the damage depends on the

level of the initial stress , the time explicitly and also on the axial

creep strain as a function of t ime. By employing a damage relat ion

expressed in terms of power func tions in these three variables and an

axial creep strain relation consisting simply of a stress power law

for steady creep , they were able to estimate the creep rupture t ime

and thereby assign a physical interpretation (i.e., in terms of density

var iation) to the Kachanov rupture parameter (see [6]). Further results

on this approach to creep damage were presented at two recent congresses

[7 ,8].

In this paper we disc iss in detail an extension c~f the damage

relat ion presented in [5,7,8] to the case of time dependent one—

dimensional tensile stress. We first modify this relation by stipulat-

ing that it be employed for constant stress rather than constant load ,

—
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and then postulate that for variable stress the damage rate be a

function of the axial creep strain rate, axial creep strain , damage

and stress. Also , we employ a fairly general axial strain relation

containing linear elastic , nonlinear transient creep and nonlinear

steady creep terms. The temperature is assumed to be constant in

both the damage and strain constitutive relations. Using these

relations, damage solution are then obtained for several prescribed

one—dimensional stress and strain histories as well as for the case of

constant load accompanied by lateral contraction. Such solutions are

useful in the design and analysis of tensile test programs, and also for

the estimation of rupture times.

Section 2 contains the one—dimensional model for damage and

strain (both axial and lateral), first for constant stress and then

as extended to variable stress. In Section 3 we obtain complete damage

solutions for the constant stress rate test, the step stress test and

the relaxation test with transient creep excluded in this last case.

Solutions are then obtained in Section 4 for the constant load test

with lateral contraction , first for large deformation with transient

creep excluded (or included approximately in the elastic term) and a

second for small deformation including transient creep as a separate

term . A short discussion containing some suggestions for possible

testing programs then concludes the paper .

I
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2. CREEP MODEL

2.1 Damage Relation

For constant one—dimensional tensile stress at constant tempera-

ture we employ the damage relat ion

D(t) = C £(~)
n 4~J

0
1 t~

5 
(1)

Here, D(t) and 1 (t) are the damage and axial creep strain respec-

tively at time ~ is the constant stress , and C,cx ,y ,6 are

positive material damage constants at a particular temperature. In

[5] was the initial stress for constant load and the damage D(t)

was given as —A p/p where tip is the density change p(t) —

(negative) due to void formation and growth; here D(t) is not necessar-

ily restricted to this particular measure of damage. Equation (1)

may also be written as

d D(t) 1/6 
(2)

dt 
~ c

1
(t)

Note that 1 (t) does not include the elastic strain , which is con-

sistent with the view that damage (such as due to void formation and

growth) is not associated with recoverable deformation.

In generalizing eq. (1) to the case of variable stress 0(t), we

postulate that the damage rate be a function of the axial creep strain

rate , axial creep strain , damage and stress , i.e.

D(t) = f t c (t ) ,  1 (t), D(t), ~(t)j (3)
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where the dot above a variable indicates d/dt. An expression consis-

tent with this function is obtained directly if we simply replace a

in eq. (2) by 0(t), which upon integration yields the desired result

D(t) = C ~~~(t)~~ [1 
o(t 1)

~~~~
dt ’1~ 

(4)

For 0 (t) = a eq. (4) clearly simplifies to eq. (1), and furthermore

it possesses the physically necessary characteristic that D(t) be

continuous even if the stress history is discontinuous.

2.2 Strain Relations

For the axial creep strain at constant tensile stress and temper-

ature appearing in Eq. (1), we employ in this paper the sum of axial

creep strain components

6 (t) = 1 (t) + (t) (5)

where

= ( -
~
)° t , r (t) = (

~
) (1 - e

tht
) (6)

Here , ~5
(t) and E

~~
(t) represent the axial strains due to steady

creep and transient creep respectively, and A ,n ,p,q ,r are positive

ma terial creep constants. Expressions of this type have been widely

used in the study of creep in various metals and polymers , including

the practicall y important case of stainless steel (see Carofalo [9]).
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The power form in t ime is ~i1 so widely used , but for the sake of

brevity we restrict our attention here to strain in the form of eqs.

( 5— 6 ) .

In generalizing eqs. (6) to variable stress o(t) we follow

t he strain—hardening appro;ich of Cozzarelli and Shaw [10], wher eby

each conponent of creep strain rate is expressed as a function of the

same component of creep strain and the stress , i.e.

= gi (t), 0(t)], 
~~~

(t) = hk 1( t ) ,  0( 1)] (7 )

A f t e r  appropriate differentiation and manipulation , one then obtains

the desired generalization s of eqs. (6)  in in tegra l  form as

( t )  = f ( t 1
) ) f l  

l
~~~

( t )  
1 
e~~~~ 

~ ( ( l( t ? ) )
~~~~~t t / ~~ 

(8)

Thus , the axial creep strain h i r  use in eq. (4) is given by eq. (5)

with eqs. (8).

In order to obtain the solutions in the next two sections , we

shall also require expressions for the total axial strain and the

total lateral strain. For the total axial strain (t) we simply

add a linear elastic term to the axial creep strain , i.e.

= + ~~~(t )  (9)

where E Is the elastic modulus. And b r  the total lateral strain

1 (t) we follow the apporach of Courtine , Cozzarelli and Shaw Ill],

i i i ! h~~~ r i h &  l a t e r a l  c o n t r a c t i o n  by means of

- -. - IJ I
~~~~ L-~~~~~~~~~l*., - -
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= — k + v c ( t) + v~~ l
t
(t)] (10)

where v is the usual linear elastic Poisson ’s ratio , while v
S

and are steady creep and transient creep Poisson ’s ratios respec-

tively. For metals , V is close to 1/2 (incompressible) whereas -

~~~~

is be tween v and v~ . Note that we have not employed above the simpli-

fied approach of combining elastic and transient creep strain into a

single nonlinear instantaneous term (e.g., see [4]).

2.3 Rupture Time

The presence of the creep strain in the damage relation (4) was

motivated by the experimental observations in [5,7,8], and results in

a coupling of the damage and creep strain relations which is necessary

for a physically reasonable estimation of rupture time. We have not

f ollowed Kachanov ’s approach [6] of including the damage in the creep

stra in relat ion , since it was felt that this additional coupling would

comp licate the formulation unnecessarily . Therefore the present

formulation does not account for tertiary creep at constant stress ,

but this is not necessarily a restriction if for example one defines

the rupture t ime as that time at which rapid tertiary creep and rupture

commence. Furthermore , the significance of tertiary creep up to the

point of actual rupture can be minimized if care is taken to base the

creep model on constant stress data (as done here) rather than on

constant load data.

Specifically , let t be the rupture time corresponding to a

critical value of damage for rupture D
r 

For the case of constant

stress eqs. (1), (5) and (6) then y ield

~~~—* _ - 
~~!c’ r’- ,- - - ,~~~

-- - - -• - —~~~ - - - -—~~_~ - - -
-
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a ri 0 q —t /T Ct

D
r 

= t + (—2
) 

(1 — e 
r 

(11)

where gives the rupture time in implicit form . If we ignore transient

creep (p -
~ 

°°) we may obtain t
r 

explicitly as

1
na

t
r 

= [ ( D A ) ( + ) ]  (12)

which agrees with the result given in [5], except that there 0 was

the initial stress for constant load . It was also pointed out in [5]

that the positive quantity (nci-4-y)/(ct+6) is analagous to the exponent

of stress (generally designated as \)) in the Kachanov damage law.

In the next two sections we examine several more complicated tests.

11
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3. DAMAGE SOLUTIONS FOR VARIOUS PRESCRIBED STRESSES AI’~D STRAINS

Some insight into the physical nature of the proposed creep model

may be gained by obtaining explicit expressions for the damage D(t)

with various prescribed stress and strain histories. Thus, in this

section we obtain solutions to eq. (4) for the constant stress rate,

step stress and relaxation tests , and also make some observations on

the associated rupture times .

3.1 Constant Stress Rate Test

As a first example, consider the case of a stress increasing

linearly with time from a zero value at t = 0 , i.e.

0(t) = k t H(t), k > 0 (13)

where k is the constant stress rate and H(t) is the unit step func-

tion . Restricting q to odd positive Integers , eqs. (5) and (8) yield

f or th is case the ax ial creep strain

t (t) = + 
~~~q (~L (-i)’T’q! ~q_i~ T~ q !e t1T)]H(t)

(14)

as 

Eq. (4) with eq. (13) then yields the damage in terms of c (t)

D(t) 
= r(—~---)6 k1 t~~6lH (t ) (15)

C C (~ )
a L~Y~~ J

If we ignore transient creep, eqs. (14) and (15) yield the simple

expression fo r  damage

~
—.----.

~~ ~~ 
— - ---s- -- - -__-. - - - 

— 
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15
D(t) = - ( -

~~
--

~) ~~~~~ k~~ 
y+(i ( n+ 1)+(~ H ( t )  (16)

(n+l)1 ~~

N t c  t ha t  in eqs. (15) and (16) D ( t )  -~ ~. as t , and as in the

constant stress test there will always exist a finite rupture time t
r

- it which the damage reaches a critical value Dr

3.2 Step ~~~~ress Test

Now cons ider the case of ~t constant  s t r e s s  app lied at t = 0 and

then suddenl y changed to  K a at t = t1 , i.e.

~ (t )  = a {[H t - H ( t  -t 1
)~ + KH (t  - t

l)} , K > 0 (17)

In this case, eqs. (5) and (8) g ive

1 (t) = (~~~~) L t H ( t )  + (K ~ - 1)(t - t1
)H(t - t

1
)]

+ ( °) [( l  - e
_ th l ) H ( t )  + (~~q_ 1)( 1 - e 

t_ t
l) / T ) H ( t  - t

1
)]

(18)

Nex t , eq. (14) g ives

D(t) 
= a ~ [t

6
H(t) + (K~ -l) (t 6 — t 1

6 ) H ( t  - t
1
)] (19)

Cc (t)

Again , i f  we ignore t r a n s i e n t  creep  a s impl i f i ed  expression fo r  damage

is obta ined as

I

—- -‘ t-  - — —~~~~~~~~ ~~
.— - -~ - - - — ---— --- - -

— 

— 

‘.- -I - ~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , .
~ - -*-~ 

*~~ .— -. - .- ~~~~~~~~ — -—-—- - - - -—------ --- - -



11)

D(t) = c ~~~~ +f l ~~J + ~ 11(t) + [ (K ~ — 1) tCt(tó_ 1
1
)

+(K°~-l) t
15
(t~~-

(20)

As in the constant stress rate test , D(t) -~ = as t -‘ = in the

present case and a finite rupture time t
r 

again exists. Also note

that although in accordance with eq. (17) 0(t) ~ S discontinuous at

t = t
1 

the damage D(t) in accordance with eqs. (19) and (18) is

cont inuous  at t h i s  point  while D (t
1
) is discontinuous .

3.3 Relaxation Test

As a third example , consider the case of a constant strain

suddenly app lied at = 0 , i.e.

1(t) = t H(t) (21)

When t(t) is prescribed , eq. (9)(with eqs. (5) and (8)) is a nonlinear

differential equation in 0(t) which may in general be difficult to

solve. h owever , if we ignore transient creep, this differential

equations wi th condition (21) simplifies to

~ 
+ (~~) = 0 , t > 0 ( 2 2 )

+ . .where a(0 ) = E I . For n > 1, the  solut ion to eq. ( 2 2 )  is readi ly

obta ined as

— -
-
--11+1

= l-: L c ’
~~~

+ (n— l) [n— n  ~ H ( t )  (23)
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The relaxation test with transient creep neglected is thus equiv-

alent to a test where stress is prescribed in accordance with eq. (23).

S u b s t i t u t i n g  eqs. (21) and (23)  into eq. (9) we then  obtain the  creep

s t r a in  as

1
-n+l

6 ( t )  = — [1~~~~~~~+ (n_l)E
n 

A~~ ~ } H(t) (24)

Final ly,  eq. (4) with eq. (23) yields the damage in terms of c (t)

as

— ________

Cc (t)
Ct ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

45

- [ (E i )~~~~~~~~~~~~ ]
15

~~~~~~~~~~~~~ H ( t )  (25)

In the limit as t -
~ we obtain f rom eqs. (24) and (25)

Urn D(t) 
= {Ce O~~~~

_ 6
~~~

_ 1
EY_ 6m (~~~~~~~l)) 15 

: : : : 

(26 a)

with u = -y —~ (n—l) (26b)

We thus obtain the interesting result that whereas for the material

power combinat ion ~ > 0 the damage may no t necessari ly ever obtain

a c r i t i c a l  value D , the existence of a f i n i t e  rup tu re  t ime t isr r

guaranteed when w < 0. A s imi la r  resu l t  is obtained when one s tud ies

damage d u r i n g  st ress  relaxation using the Kachanov damage formulation .

We t r e a t  the  constan t load test  separately in the next sec t ion ,

since that case is somewhat more complicated than the three cascs

considered in this section .

/
/

~
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4. DAMAGE SOLUTIONS FOR CONSTANT LOAD

Consider now a bar of instantaneous cross—sectional area A(t)

under a constant load P
0 

sudd enly  ap plied at t = 0. The bar

experiences a continuously increasing stress

o(t) = (27)

due to the effect of lateral contraction , and the existance of a finite

rupture time is assured . Employ ing the logarithmic de f in i t ion  fo r  large

strain , we write the lateral strain rate as

~~(t) — 
1 A (t )  (28)- 

R(t) 
- 

2 A(t)

where R(t) is the instantaneous cross—sectional radius. In this sec—

tion we determine the solutions for A(t), 0(t), c (t) and D(t),

first for the case of large deformation with transient creep excluded

(or included approximately in the elastic term) and then for the case of

small deformation with transient creep included .

4.1 Lar~~~~De format i on  — Transient Creep Excluded (or Included

p~~ximately)

For this case we set = 0 in eq. (10) and also assume that

the steady creep is incompressible (v 5 
= 1/2) , whereupon with the use of

eqs. (8) and (27) we obtain

~~~(t) = _V (p~(t) :) 
- 

~~ (A~~~~A )~ 
‘ 

t > 0 (29)

~~~~~~ 
~~

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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This result in combination with eq. (28) leads to the differential equa-

tion in A(t)

(J~~)nd = —j
~
---

~ 
A~~

2
dA - A

° 1 dA , t > 0 (30)

One may obtain a rough correction for the exclusion of transient creep

by replacing E with E*, a smaller fictitious modulus of elasticity.

The initial condition for eq. (30) is prescribed at t = 0+ (i.e.,

immediately after the load is applied) , i.e.

A(0+) = A (31)

Since the strain at t = 0+ is small we may write

C~~(0+) l/2[A(0+) — A(0)]/A(0~) and thereby obtain

2vP
A(0~) A(O ) — 

E 
° (32)

from which we see that A (0+) differs from the known A(0 ) by a

very small amount.

Different ial equation (30) with initial condition (31) may be

integrated to yield

J
n 2nvo —l 2nva a n

~ [1 — 

(n—1)E ~~~ ]= 1 — 

(n—1)E 
— n(~2~) t, t 0 (33)

where 0 = P / A  . Eq. (33) gives the func t ion  A /A(t) F(t) in

impl icit form, but explicit expressions may be obtained for approxi-

mate cases. For example, if we neglect the elastic term (E -
~~ 

)

/

.— -.. 
- .- . - 

- 

4,- - ~~~~ iWi_~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ -
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eq. (33) gives the simple relation

A a ~ - -~~~

~ r~- 
— n(~2) ti ~, t > 0 ( 3 4 )

On the other hand , we can re ta in the elastic term , but approximate A / A

wi th in  the brackets  by unity , and accordingly obtain

~~~ [l 
- 

(n- 1)E=2nvo 0 
(~) t J  ~ , t > 0 (35)

Since eq. (35) contains eq. (34) as a special case, we shall use eq.

(35) in the remainder of this subsection , with E rep laced by E*

when transient creep is approximated .

The stress now follows immediately from eq. (35) as

o (t )  = 0 2~ 0 [i — 

( 1)F 2 (
~~

2
~) ti  

~‘
, t > 0 (36)

Next , the creep s train as obtained by subst i tut ing eq. (36) into the

f i r s t  of eqs. (8) is given by

6 (t) ~ ~ln [l~ (n-1)E-2nva I
- ~~~~~— , t > O  (37 )

n( n—1)E
( n — l ) E — 2 n v o

Note that c (t) ~ as t -
~ t , where

C max

(n—l)E—2nvo  ~ 
—n

— 
0 0) (38)

max n ( n — l ) E  X

I- - .- . - __ ---___,_ - _ - — — ----

-
-
--I 

- - - i1~ - - ,~~~~~ 
—- — —

~~~~~
- - - -~ 

- 
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which Is analagous to the ductile rupture criterion due to Hoff [U].

Finall y, the damage is obtained in terms of 4 (t) from eqs. (4)

and ( 3 6 )  as

- o
D(t) 

~ 
~~ ~~~~~~ - - ~“ -i f , t > 0 (190 - f l  CI~ 4 - - max

Note that ~s expected a finite rupture t ime t
r 

exists c o r rL - sp lu~~n~~

to a g iv en cr itical damage D
~ 

, but now in c o n t r a s t  with the constant

stress test [eqs. (11—12)] D(t) ‘ as t • t .  Also note that in

general -
~~

- i n in eq. (39), and in fact for the very special -a~-,€-

~n eq. (39) simp lifies to

- 
1)(t) 

~~~ 
t
max 

in (1 — 

~~~ 
6 

( ; (
C (t) — max

In order to illustrate the character 01 the above str 1iin ~nd damage

solutions , we employ the data ~,lven in [~~j for the fo11c~~ing tw steels :

material a: A1SI 310 stainless steel at 600°C

material b: 2.25Cr IMo lerritic steel at 550°C

The various material parameters (elastic — E*,v; crI~-ep — ~~~~~~~~~
0 ; damage

—u ,y, O ,C) for these two materials are summarized in Table 1, where the

E* indicates we are using the roug h c o r r e c t i o n  f o r  the exclusion of

transient creep. Using these values with an initial stress 0
0 

equal

to 30 kg/mm2 
for material a and 25 kg/mm 2 f or m a t e r i a l  b , we obtained

the constant load curves c (t)~ [eq. (37)] and D(t)~ [eq. (39)]
0 0

shown plotted in Figur~~ 1 and 2 respectively vs. time in hrs. For

purposes of comparison we have also shown in Figures 1 and 2 the constant

stress curves c (t) and D(t) [eqs. (1 ,5,6) with = 0] for these

4
~-‘, -.-.—.--.,. — . -

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- W5-’ -4.0’ ~ -,~~ - --
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same values of the material constants and ~ . It is noteworthy that
0

th e cu r v e s  at constant load differ very significantl y from those at

cons t a n t  s t re ss .

In  F igure 1 we have indicated the ductile rupture t imes (t
max

corresponding to • -• . Als o , in Fi gure 2 we have marked the rupture

t imes at constant load and stress [(t~ )p ~~r~ r ] corresponding to
0 

4
0

n t  ical values of damage D
r 

equal to 25 x 10 for material a and

x io~
’ to r material b (from [81). These various rupture times ~ire

summarized in Tabl e 2; as expected the rupture t ines at constant load

ire less than both the ductile rupture times and the rupture times at

iinstant stress.

TABLE 1 — Material Constants

- - - - - - - - - - - —— 1 Mat e~TáT~~ 
-

E*, kg/mm 2 
iuUO 1000

v .3 .3

- 
n 7 5.6

~ ,mm
2
~ /k g°-hr 0.74 x l0~~~ 0.45 x l0

l0
~

- t  .7 .65

1 .06 2.5

45 .012 .2 5

C,mm
2
~ /k g~ -hr

6 
4.3 x l0~~ 5.6 x l0~~

.
4

- 
- 

~~~~~~~~ ~~I
5-

~ - -  - - —. - - - - - - _______

— - - 

.

~~

— 

~~~
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TABLE 2 T !e ~~
imes

Constant Load and Stress — Large Deformation —

Transient Creep Included Approximately in

Mater ial 
-- ____

a

t , hr 86.4 57.8
max

(tr)p , hr 77.6 33.6
0

(t ) hr 196.1 55.9
r a

0 
______ ___________ _________________

4.2 Small Deformation — Including Transient Creep as a Separate Term

Consider again the derivation of a differential equation in A(t)

except that now we retain the transient creep term c
~~

( t) and also do

not restrict to 1/2. To this end we use eq. (28) to form the

combina tion

~~~ t) + 
-
~
- 
~~ (t) = -~- ( ~ ) + f- ~ (41)

If we now substitute eq. (10) with eqs. (8) and (27) into the left hand

side of eq. (41), we get the nonlinear differential equation

vP P n~~
Z_ v p m 

~ 
p

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
gfl~~~~_~~~(~ 2) B

n + — ~~
(---

~ ) ~ q

= -
~~ 

(-
~

) + -
~~
-- (~~) , t > 0 (42)

— 
I
, - .w

.5— - - —--. - - -.----------- 

~~~~
. 
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where B(t) = 1/A(t)

Equation (42) cannot in general be solved in closed form , and thus

we shall simp lify the problem by introduc ing the assumption of small

d e f o r m a t i on . Accordingly ,  we w r i te

A( t) = A — A ( t )  , A (t )  << A (4 3 )

where A(t) is a small area increment and A has been defined by

eq. (31) with eq. (32). Substituting eq. (43) into eq. (42) and neg—

lecting h igher order terms, we now obtain a linear differential equa-

t ion in A(t) as

(
1 

- 
0)A + [1 - 

0 
- nv (~~~) - (~2)~j A

my a LI A v  a n

— 
_-_1 

(
2~) A = ~~~~~ 

~
-;:

~ 
t > 0 (44)

where as before a = P /A
0 0 0

For convenience we introduce the nondimensional variables

-
t - -- (45)

Equation (44) then becomes

a
1 A” + a2 

A~ - a
3 

A = a
3

/n  , > 0 (4 6)

where the prime indicates d/dt , and the nondimensional coefficients

are def ined by

~~~~~~ ~--
_‘.--__,_,.--c•. —-- - - -- 

~~~~~~~~~~~~~~~ 
_ .~~~~~~~~~~~~ -#~.‘ ~~~~~~ -i-~~ ~~~~~~~~~~~~~~~~~~~ -~~~~~~w 

~~~~q ~~ ~~~~ 
‘-- - .- — - -

~~~~~ — - ______
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- — - 4 )
o

i
i 

= — (47a )

- - 
~~~~~~~ ~~~~~~;

°
)~~~~~~ 

qv~ (~~ ) 
(47b)

0 n
a n - ( °) (47c)
3 5

As initi al conditions for eq. (46) we require A(o+) and AJ (0+)

i t t e  f o r m e r  tollows d irec t ly  f r om eqs. (31) , (43) and (45) as

= 0 (48)

In o b t a i n in g  t h e  l a t t e r  we first note t h at  6 ( 0 +) = lt (o
+) = 0 , and

use eqs. (8) , (10) and (28) to obtain

= 
l A~~~ = (

~~~~~~~~ )
) A ( O ~~~ ) 

~~~ - 
~~~~~~~~~~~~~ 

(49)

i n t r o d u c in g  eqs.  (43), (45)  and (47) into this result and again assuming

small delormati un we obtain the desired condition as

~ (0+) 
1 

+ 
I 

- 
3 

- (50)
q a

1
q a

1
q

The solution to differential equation (46) with initial conditions

(48) and (50) is easily obtained . For examp le , in the special case of

q n we get

— 
— ~ 

, ~a
2
+ 2a 

~
+ I \ / — a

2
-+- 

A\

A ( t )  — -+ I I exol - - -  - - - It
n 2n j \ 2a

1 /
/ 0 2 

2a 1+ 
I- \ /— a~ - t

- - - - 

)
exP ~ - —

~
- - - -  ) t , > 0 (5 1)

~~~~ ~~~~~~~ - 

-

-

~ 

— — 
-. • 

- 

,-___ _ 1=~~~~~~ 
-
~~~~~~ 
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wher e

1/2
(a~ + 4 a

1
a
3

) (52)

The stress then follows directly from eq. (51) in accordance with

a(~~) a [ l  + A(~ )]  , t > 0 (53)

Substituting eq. (53) into eq. (5) with eq. (8) and neglecting

higher order terms, we ob tain the creep strain as

a a fl

6 (t) = — —i T(~~~~)

—a + 2a + A 2a a n 2a a —a + ~
+ 

~ 
2 1 

~ [T
1
± ~~~) + (2a

l
_
1
a
2
+ A)~~~~~~~exp(

+ ( 2 1  
) [t (  ) ( °) +  

~
2a

l
_
~~2

_ ~) (~~~~~ exp(
2
2 

t)

(54)

Although the creep model at constant stress (i.e., eqs. (5) and (6)) does

not contain a tertiary creep stage , eq. (54) does yield a region of increas—

ing creep rate after a critical time t . Setting c ”(~~ ) = 0 we

obtain this critical time as

n 
~ n

— 
a
1 

(—a
2
— A)[(2a

1
— a

2
— A)T(-~

-2) +(—a2- A )(—~) I
t 

- 
= ~~~~

- In  ---- -— P (55)
~ A n n

(-a
2
+ A)[(2a

1
- a

2
+ A)i(~~ ) 

+(_a
2
+ A ) ( ~~ ) ]

I -~~~~~.- - / 1
_ _  

-I -
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F inall y,  the damage for small deformations is obtained from eq. (4)

as

(1— i_) - r ~~o ~ On On a
3

—a + 2 a + A  2a — a + A
+ 

2 _1 ) (
~~~trK

) exp ( 
2a

l

+ ~~~~
2 2a~+ A 2 :

1 
t xP(_h

~~~~} 
(56)

where we again find that t is finite.

In order to illustrate the above solutions the creep strain was

calculated using the parameters assembled in [13] from the data of Garafalo

et al. [9,14] for the following steel:

material d: AISI 316 stainless steel at 816°C

These elastic, steady creep and t ransient  creep parameters (E ,n ,, A n
,q ,

are given in Table 3 along with the addi tional assumed Po isson ’s

ratios v = .3 , v = .4 and v = .5 . Figure 3 shows the c curves for
t S C

constant load [eq. (54) ] and constant stress [eqs. (5 , 6 ) ]  fo r  a equal

to 7.03 kg/mm
2
, and we again see that these two solutions differ by a

considerable amount. Upon comparing Figures 1 and 3 we see that the

ductile rupture time t is no longer finite when deformations are

small. However, we the critical time t [eq. (55)] corres—

ponding to the point of inilection , and in the pr esen t examp le this

occurred at 84 hours (see Figure 3).

— 
-

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 
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~~~~~ ~~~~~
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~~ 
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TABLE 3— Material Constants

Material d

E, kg/mm
2 10,500

v .3

V .4
t

V .5
5

n q  3.5

~~ min
2I /kg~l_hr 0.795 x

p~~~, mm 21
~/k g

1
~ 0.802 x 10~~

-r , hr 21.7

5. DISCUSSION

Starting with a damage relation for constant one—dimensional tensile

load given in [5 ] ,  an extended damage r e l a t i on  was proposed f o r  t ime

dependent one—d imensional tensile stress histories. This relation con-

tains a power of the strain history and also a power of a t ime integral

over a power of the stress history , thereby ensuring a continuous damage

history even for a discontinuous stress history. Employing an axial

strain relation containing both steady and transient creep terms with a

J lateral strain relation containing three Poisson ’s ratios , damage solu-

tions were obtained first for the constant stress rate , step stress and

relaxation tests and then for the constant load test.

In all tests considered , except the relaxation test , there existed

a finite rupture time corresponding to a critical value of damage ; the

~~:—~~ ~~ r—~- - ~~ ~ 
:~~~~~~~~~~~~~~~~

- -
-
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 

— — — -
~~~~~ ~~~

—-—--—-- -



ex i s t e n c e  ol a I m ite rupt I r e  t ime was g u a r i i l : t  eed in the  .03 0 of ‘jhe

r e l a x i t i o n  I c - s t  onl y when a m a t e r i a l  power combination was nt g o t  i ve .

( ;ons tan t  load Les t  so lut ions  were  ob ta ined  both  fo r  the case of l a rge

d ot ornci tion with transient c reep  excluded (or included approximotel y

in t h e  c i  ft~L ft t e n nis ) and for t he case of smal l  d e f o r m a t i o n  w~ th t ran --

S i i I i t  creep incl uded as a s epa ra t e  t e rm;  in b o t h  cases the c rce i  s t r a i n

and damage so lu t ions  are c o n s i der a b l y  g r ea t e r  t han  t he  c o r r e s p o n d in g

s o l u t i o n s  at constant-  s t r e s s .  In the  fo rmer  case a d u c t i l e  r u p t u r e  t i m e

-~- -- s  obtained co r re spond ing  to i n f i n i t e  s t r a i n,  in the l a t t e r  case a

cr i t i c a l  t ime was observed m a r k i n g  the- beginning of a reg ion of increas-

i ng c r eep  r a t e .

A t e st i n g  program fo r  the d e t e r m i n a t i o n  of the mater ia l  pa rame te r s

would most  l og i ca l l y 1 eg in w i t h  the one—dimensional  cons t an t  tc ;~s~ l e

s t r e s s  t e s t , w i th  the  axial creep s t r a in  and damage measured as a func-

t ion  of t ime . Dens i ty  v ar i a t i on  is one u s e f u l  index of damage , b u t  i t

may be necessary to also use o the r  methods such as the  ac tua l  coun t ing

of voids . The most  re l iable  pr o ceuc :re  wou ld  probabl y be to f i r s t  f ft

t h e axial creel) St ra in  data to determine the mat Cr ial parameters in the

model for i (t), and then to smooth the damage data with the calcu lated

~~~(t) before finally fitting this damage data to determine t h e  m a t e r i a l

parameters in  the model for D(t) . Then the va l id i ty  of the proposed

J model for one—dimensional t ime dependent tensile stress could be c~hecked

by performing one or more- 01 the tests discussed in this paper , w i th

the step stress and constant load t e s t s  being possibly the most u s e f u l .

Acknowled gernent :  l ’l i e  a u t h o r s  wish  to t h a n k  Ch in—Sheng Li- c , Research

A s s i s t a n t  — S t a t e  U n i v e r s i t y  of New York ot B u f f a l o , fo r  h is  a s s i st a n c e

in the  p r e p a r a t i o n  of the curves .
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APPENDIX: LIST OF SYMBOLS

a1, a2 , a3 
nondimensional c o e f f i c i e n t s, eqs. (47)

A(t) instantaneous circular cross—sectional area
L

A initial cross—sectional area immediately after load application ,

eq. (31)

A ( t )  small area increment , eq. (43)

A(t) nond imensional area , eq. (45)

— B(t) reciprocal of A(t), eq. (42)

C damage constant , eq. (1)

D(t) damage , eq. (4)

D r 
cr i t ical  value of damage for  rupture

E elastic modulus

E* fictitious elastic modulus to approximate transient creep

H(t) unit step function

k constant stress rate , eq. (13)

K constant multiplier in step stress test , eq. (17)

n ,q creep constants, eq. (6)

P constant load suddenly applied at t = 0

R(t) instantaneous cross—sectional radius

t time

t
max 

ductile rupture time , eq. (38)

t rupture time
r

constant t ime in step stress test , eq. (17)

nondimensional time, eq. (45)

cr itical time for constant load at beginning of period of

increas ing  creep ra te , eq. (55)

‘ - ,  -

A
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damage cons tan ts , eq. (1)

nondimensional  cons tant , eq. (52)

c(t) total axial strain , eq. (9)

axial creep strain , eq. (5)

t (t),c
~~
(t) axial strains due to steady creep and transient creep

respectively,  eqs. (6)

s
2
(t) total lateral strain , eq. (10)

constant strain in relaxation test , eq. (21)

creep constants , eqs. (6)

V elastic Poisson ’s ra t io

V
s
,V

t 
steadt creep and transient creep Poisson ’s ratios, eqs. (10)

p(t) density

p initial density

a(t) one—dimensional tensile stress

0 constant stress
0

w mater ia l  power combination in re laxat ion t e s t , eq. (26b )

( ‘) indicates d/d t

( ) ‘  indicates d/dt

)~~ indicates constant load test

( ) indicates constant stress test

~a’~ ~b
’

~ indica t es ma t erials a,b and d
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