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V I BRATI ON OF A CANT I LEVE R BEAM THAT

• SLIDES AX IALLY IN A R IGID FR I CT I ONLESS HOLE

INTRODUCTION

Cons i der a cantilever beam that f its snugly Into a frictionless hole ,

Fi g. 1. Axss x ,y are fixed . A force F(t) i~ves the beam axi n !l y. Hence,

the l ength 1. of the beam outside of the hole Is a function of time t. The

latera l deflection of the beam is y(* t), where for x ( 0, y • 0. The

ax i al velocity of the beam Is 1 • dL/dt.

By Ham ilton ’s p r i nc i p le ,

• t i[ (ST + SW) dt — 0 (1)

• 0

where I denotes the kinetic energy of the system and U denotes the work

of externa l and Interna l forces. The kinetic energy is

L

I — .
~~
. PLL 2 

+ p f y
~
2dx (2)

where the subscript t denotes partial differentiat ion , p — the mass of the

beam p.r unit length • constant , arid L0 — the l ength of the beam when t — 0.
The strain energy of the beam (th. negative of the work of internal forces

for a conservative system) is
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U ~ Elf y2 dx (3)

where E — the modulus of elasticity of the beam and I — the second moment

of the beam cross-sectiona l area. Hence , the virtua l work SW is

— SU (4)

where SU — the firs t variation of the strain energy (Eq. 3 ) .  Because of

the inertia , the axial movement of the beam tend s to bend the beam by beam-

column action . This effect is neg l ected here , but it could be included .

Equations (I), (2), (3) , and (Z o ) y ie ld

+ 

~ ~Y~
2 (L ,t) SL + FSL - 

~ 
Ely 2 

(L ,t) St.

+ Y~ S Y~dX - El f y
~~

3y dx] dt s 0 ( 5)

If L (t) is considered as g iven , the terms w i t h  the factors SL and St. merely

determine F(t) to give the prescrib ed motion L(t) . The Euler equation for

the lateral motion of the beam is

+ ,
~
y
t t  

— 0 (6)

The natura l boundary conditions sre

— y~~~ (L ,t) • 0 (7)

2 
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The forced boundary conditions are

y(o,t) — y ( o ,t)  0 (8)

Adopt ing Hamilton ’s view point , we may suppos, tha t y(x,o) and y(x ,t 1 )

are prescribed (FI g. 2). The problem Is to determine y(x,t) in region R

(Fig. 2) subject to the differential equation (Eq. 6) and the ind i cated

boundary conditions (Fig. 2).

The curved boundary at th. right side of region R Is troublesome . It

is possible to transform coordinates so that this boundary becomes stra i ght.

Let

• x(~ ,r~) ,  t • t (~~,n) (9)

Regard y as a f unc ti on of (~ ,rl). Then,

y • y(
~ ,n) , ~ — ~(x,t), r~ • r~(x ,t) (10)

and

i~ X.’ 1 3y~ ~~~ 13y~ ,3n~t 
— v~~i 

~ 
+ 

~~~
‘
~~
‘ 

~

—

• 4~
(
~.) +

Here , we regard y as being a function of ~~~~
Now let

~ •~~ , t •n  ~12)

3
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When we write , , etc., we imply y • y(~ ,n). Hence, — ~~~~~~
and similarly,

(13)

Mow ,

- 
~~~ ~5~~x 

+ —

and since

~~~~~~~~~~ ~~~~~~~~ 
(Iii)

we find

— _ (
~~) ~~~~~

. + (p.)~
and hence ,

2 - . 2
(
~~~

) • _ (i1 ) ~~. - (.~1.) ~. +3~~r~ ~~2 I. ~~~f l L  ~ 3n
( 1 5)

(
~~ ) - - (~~X) + (

~~~
) ~~2

~~~ L ~~ n L 3~ ~ L

2+4
an

Thus, by the third of Eqs. (11), Eqs. (12) , Eqs. (14), and Eqs . (15) . we

find

(.
~4) — (-( .

~-f) ~~~~~
. - 

~•~f~
] ~•L

+ (.~~~~ _).~k - (p.) . + h.~~L2 
+ ~~~~

4
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and since r~ — t , we obtain

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
(16)

~~~ ~ at 2

in w h i c h  y — y(~ ,t) on the right hand side of Eq. (16) .

Cons quen t l y , Eqs. (6) , (13) and (16) y i eld

2 ‘. 2 
(17)

where y is now rega rded as a func ti on of ~ and t. Equations (7) and (8)

become

y...(l ,t) — y~:_ (l ,t) — 0

( 1 8)

y (0,t) — y.. (0,t) a 0

Equation (17) is much more complicated than Eq. (6). However , the

reg ion R Is simpler (Fig. 3) .  The problem remains a linea r boundary—va l ue

prob l em if In Eq. (17) we regard L(t) as a g i ven f unc ti on of t ime t .  I f

we consider 1(t) as unknown, we must obtain another equation which def i nes

L(t). This equation s obta i ned from Eq. (5) from the terms with the

factors SI and St.. Hence, we f ind

5
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I + ~~~— [Ely2 tL, t) - ‘Y
~
2
(L.t)] a _

~~
__ F(t) (19)

o o

In terms of (~ ,t), Eq. (19) becomes

t + ~~~~~~~ y~~~ l ,t)- ~
[- y~ ( l ,t)+ y

~
( l ,t))2}

o L  (20)

Equation (20) is subject to the ini t i a l  conditions

L ( O )  —

(2 1 )

— 0

where L0 is the initial length of the beam at time t — 0. (see F i g. 1).

Th us , i f y(x ,t) and L (t) are considered as the unknowns . Eqs. (17)

and (20) subject to the boundary conditions of Eqs. (18) and (21) . respec-

tive ly, represent a complicated nonlinea r boundary value prob l em .

ANAL YSIS OF EQUATIONS

(a) L(t) Prescribed . If 1(t) is g i ven , then the problem reduces to

seeking a solution of Eq. (17) subject to the boundary conditions . Eqs. U8).

The prob l em is st i l l  of cons i derable difficu l ty. However , the prob l em is

a linea r boundary-va l ue problem . The nature of the solutions of Eq. (17)

is unknown . I ndeed , one must consider whether or not a unique solution of

the boundary-va l ue prob l em exists. Also , is there a unique solution of

the corresponding in i tia l value prob l em in which the condition y — F
1~~
)

on t t 1 is discarded and the functions y(~~.O) and are prescr ibed~

One way to approach such 4uestions is through the calculus of finite 

~~~~~~~~~~~~~~~~~~~~~~ 
‘ - - 

~~~~~~~~
-
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- 
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d ifferences , in which the differential equation is replaced by a linear

partial difference equation . The existence of a solution of the difference

equation is a question of linear al gebra . The most practi ca l way of

deve l oping numerica l solutions of E~~ . (17) and (18) is an open question .

One possible approach is through the ca l culus of finite differences , or a

combination of the ca l culus of finite differences with the t~unge-Kutta

method. Anothe r approach is through finite-element methods.

The prob l em is simplified greatl y if the axial motion IS so slow

that time derivatives of L(t) are negl i gible. For example , if the beam is

vibrating in a natural mode and it is then drawn slow l y into the hole ,

does it continue to vibrate in a natura l mode? How do the frequency and

amp litude vary with L under these conditions? For a rig id , friction less

hole , the total mechanical energy is constant , since no energy is i mparted

at the root. This criterion serves to determine how the ampli tude varies.

Howeve r , we should not have to app l y this criterion , since constancy of

mechan ical energy shou ld fo l low automat i ca l l y from the solution of Eq. (17).

I f  I. an d L are neg li g ible . Eq. (17) reduces to

(22 )

Equation (22) is much simpler than Eq. (17) . However , the fact tha t L is

a prescribed function of t st i l l  complicates it. There is a question as

to whether the character of the solution is altered by the reduction of

Eq. (17) to ‘- . (22). Again , does the initia l  va l ue prob l em posed by

Eqs. (18) anc ~22) have a uni que solution? I f so , the constancy of mechanica l

energy , as a separate principle , is not needed to determine the dependency

of amplitude upon L. In fact , constancy of mechanical energy should be a

deducible consequence of Eqs. (18) and (22)

7
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Unlike Eq. (17), Eq. (22) allows a theory of natura l modes . For

example , consider solutions of Eq. (22) of the form y — f(~ )g (t). Then ,

Eq. (22) y iel ds

4

f E l  g

Hence ,

.
~
.L:’ _ ~~

, p~~. - (23)

in which 3 is a constant. Then ,

.4
gU + .2_4J g — 0  (24)

Un fortunately, Eq. (24) does not y ield simple harmonic motion , because L

is a function of t. However , the equation

F” — ~~f — 0 (25)

can be integrated . With the root conditions (Eqs. 18) F(o) a f’(o) — 0.

Eq. (25) y ields

f (~ ) a A(sin h~~ 
- s in ~~) + B (cosht~ 

- cos~~
) (26 )

Now , the free-end conditions (Eqs. 18) f” (l) a f”~ (1) — 0 yield

A(sinh$ + s i r~~) + S(.cosh$ + cos~3) — 0
(27)

A(cosh8 + cos8)~ 4 B(s i rth~ — sine) — 0

and the vanishing of the determinant of Eqs. (27) y ields

8
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cosh8 cos8 — -l (28)

These resul ts are exac t l y l i ke tha t for na tu ra l  modes of a can ti leve r w it h

f i xed length. The roots of Eq. (28) are constants 8 l~ 
Bz, 83 ? • ‘ •  . They

have been tabulated by Young and Felgar (l).

As is customary , let B I and A a -ct~ . Then , by Eq. (27),

cosh8 + cos8
ci — . • (29)
n si nh8~ 

+ sln8~

Consequently, ~~ ~~ 
•~~~~

. are constants , independent of 1. The values of

have been tabulated by Young and Fel gar. Equation (26) g i ves the natura l

modes ,

~~~~ cosh8~~ - cos8~~ - cn(5I~~
8n~ 

- sin8~~) 
(30)

3 The func ti ons f~(~) are orthogonal in the interval (0,1); in fact , it is

easily shown that

f ~~~~~ 
- o~f 

fn
”f

m”d~ 
- o, m

f f~
2 

d~ - (f ”)
2d~ - 8n 

(31)

The fact that the functions f~(~) satisfy the end conditions (Eq. 18),

makes then i dea l approx i mating functions for use in numerica l attacks on

Eqs. (17) and (22). Presumably, a solu tion of Eqs. (17) or (22) can be

approximated by

9
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y(~ ,t) E q~ (t)f (~ ) (32)
n—I

This approach reduces the probl em to one of a fin ite numbe r of degrees of
freedom. The generalize d coordinates are q (t). The Lagrange theory of
linea r vibrati ons is then appli cable. Accordingl y, let

2
8 r

— ‘
~T ‘ T

Then , Eq s. ~24 ) becomes

gm” + w
2
g - 0 (34)

Since I depends on t , note tha t 
~ 

depends on t. Consequentl y, 
~ 

Is not

exactly the frequency of a harmonic motion . The general solution of Eq.

(34) is

g~ (t. A~ . B )  35)

in which A , B are constants of integr ation . An in fini te series solutionn n

of Eq . ~.22) is then

y(~~,t) - f
~ (~ )~~~(t . A , B

n) (36)
n— I

Equation (36) automati cally satisfie s boundary conditions (Eqs. 18) at the

free end and the root. One m ight expect that the constants (A , 8 ) can be
chosen to sa t i sf y the conditiøn~ at t — 0 and t — t 3 ; i . e. ,

10
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f (
~

)g (O . An~ B~
) —

n— I

~~~ 
f~ (~ )g~~(t1, A ,B )  a

n—l

Alternat ively, the constants ~~ 8~ mi ght be chosen so that the beam has

a g i ven l n ltlal deformation (the f I rst of Eqs. 37) and given ln t i a%

v.loc it ies; I.e., 
~~~~~~ 

might be spec ified instead of

If L(t) is a sufficient ly slowly vary ing function of t , the approxi -

mate solution of Eq. (3L~) I s

— A,~ s i nw,~t + B~ COS&IJ t i 38)

Then , Eq. (36) becomes

y(~ ,t) •
~~~~~~~ 

(A slnw n t + B cost~i~ t) f~ (~ ) (39)
nel

The in I t i a l va l ue prob l em then reduces to

~E 8n~n~”~
n— I

n— I

In wh i ch ~~~~ — and Is the initial value of 
~~ 

Unde r fa i rl y

~
.: broa d conditions , the constants A~ . B~ can be chosen to sat isf~ Eq. (IsO)

when F0(~
) and tb0(~~) are prescribed functions. Then Eq. (391 represents the

solution of the i ni t i a l  va l ue problem .
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The kinetic energy and the stra in energy are , respec ti vel y,

T — ~~~~~~~~~~~~~~ y~
2
d~ — .

~~ PL~~~~ ~~
2(A cosw t - B sinw t)2

6

u — !.L~f y~~d~ — !.Ly 
~~~ 

8 ’
~(A SiflU) t + Bn cosw~t)

2

Hence , in view of Eq. (33 ) ,  the total mechan i ca l energy is

T + U — ~~~~ 8n
4(A 2 

+

n—I

Thus, the total mechan i cal energ y is i ndependent of t , prov ided that A

and B~ vary as L
312. Apparently, for the cond itions stated , this requ i re-

men t ensures conservation of mechanica l energy.

(b) F(t) Prescribed . If one prescribes F(t) , then Eqs . (17) and (20)

subject to Eqs. (IS) and (21) must be sol ved simu l taneously in order to

determine L(t). The method of solution for both cases L(t) prescribed

and F(t) prescribed is outlined in the following section .

Me thod of Solu t ion

Equations (17) and (20) , together with the initial and boundary cond i-

tions given by Eqs. (18) and (21) form a system of two nonlinea r partial

differential equations in the two unknowns L(t) and y(x ,t). An approx i mate

numer ica l solution of these equations can be obta i ned by a Galerk in finite

elemen t formula tion .
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Thus , in accordance with the Galerk in FEM , we form the approx i mate

solu tions of L and y as ~ and v which  are ,

1(t) q ( t )  — 8 ( t)
T (41)

y(x,t) — v(x ,t) — N (x)ct(t)

where N are a set of quadratic shape functions with loca l support. A

quadratic shape function is associated wi th each nodal point of the dis-

cretized finite elemen t model. Quadratic interpolation over an elemen t

requ i res each elemen t has three noda l po i n ts, say one at each end of the

elemen t, and a noda l po i n t i n the center of each e l e ment .

Fi gure 4 shows that the odd numbered shape functions N 1, N3,

assoc ia ted w it h nodal po i n ts a t the ends of an e lement span f i ve nodal

points (two elements) , wh i le the even numbere4 sha pe f uncti ons N 2, N4,

span the three noda l points of one element.

I n accordance with the Galerkin FEM , we for m the res i dual funct i on

for Eqs. (171 and (20) as,

R
1
(x,t) !4~.~~ ’”  + p[v”~

2
~~~~+ 2v ’~~±~.

- 2~~’~ 
.
~ - v ’~ + •

~
) (42)

R
2

(l ,t) a + 
2~:I. 

(!+ v”2( l ,t) — ~ {— v ’(i ,t) +

— F(t) (43)

The fin ite element equations are obtained by requiring tha t the res i dual

functions , g i ven by Eqs. (42) and (43) , be orthogonal to each of the basis

functions. That is ,

13 
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f NR
1
dx —

f HR
2dx— 0 (45)

where H is the function g i ven by

H — I  O < x < l  (46)

Substitution of Eq. (41) into (42) and (43) gives

R 1
(x ,t) — ..!~.(El Nt1

T
ct)

’b 
+ ~~~ N~

Tc& + 2~ 
8

(47)

- 2~~ 
~~ ~4 f

T~~~ - B N’
T
~ +

R2
(t ,t) 8 + .....L. (!4~.(N”

Tcs) 2 - p
~~ ~~ 

N’ Tct + NT& }2]
o B — 

~aI 
B 

~al

— -
~:~
— F( t) (48)

Substitutio n of Eqs. (1+7) and (48) into Eqs. (44) and (45) respectively,

and performing in tegration by parts , g i ves

BT +f ElNI NhITcz~cL~ p~
2N,NI T

~~~ + 2 ~
2f ~NN~

Td~cs

I T 
(49)

- 2 CNN ’ d~& - CNN ’ d~ct +f NN d~& — 0

11.



and

~ 

+ ci2n~ l 
- + 

~ T a2~~1 ) 

2 1 

(50)

- p{- 
~~ (._.. 

~2~~ 1 
- r ci2n + ~ 

ci
2~~~~1 )  

+ ci241 ) ~ 
— F(t)

e e e

where BT denotes a boundary term .

Letting ,

A f El N,,N IT d~

B p~
2N’N ’

T 
d~

c_ f ~~N N ’ T d~ (51)

- í
oaf N N T dE

.1
a (

~~7 ‘2n- I 
- ci2n + ~~~ 

a2~~ 1 )

b — (.
~
. (

~ ? ciZn + ~~~ ‘~2n+l~ 
+ 

~2n+I~
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Equations (49) and (5%) become

• D~ — 0 (52)

~ 

(a - .‘b] — F(t) (53)

Def ining the following terms ,

‘y a - ( BT + A ~~)

I ~*
- -  B

B 8’

C’~ — -2 }- C
t — — — C c i

G — F(t) - (a - c’b)

where is the value of ~ at the previous 
time , Eqs. (5) and (53) become .

Dci s. ~~ + C ci + a
- 5 - (55)

8 — G

or , in matrix form

2n+l 2n+2

2n+% H~+ 
[ i~-~ t”2n+ 0 . . . . 0 l J ~~~

3
~~ 

0 ~~~~~~~~~~~ ~~~~~

56)
Equations (55) (or (56)), subject to initial conditions may be

solved by numerica l integration .

16
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Figure 1. Cant ileve r Beam Mov i ng Axially in Cylindrica l Hole.
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Figure 2. Region of Integration for Equation (6).
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Figure 3. Region of Integration for Equation (17)
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