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ABSTRACT
S

Point driven, flat, thin aluminum plates of various geometries with

free boundaries are studied in this thesis. We have applied a theory

which allows the mean of the driving point admittance to be predicted

over a wide frequency range at any point on these plates. This

prediction is compared to the experimentally determined admittance.

Also, the expected minimum and maximum variations about this mean are

predicted and compared to the experimental data over a broad frequency

range. Measured loss factors for these free plates were used in the

theoretical models. The actual admittance versus frequency for a center

driven rectangular plate was predicted using a mode sum technique and

compared to measured data. A simple algebraic formula was used to

predict the resonance frequencies of the rectangular and square plates

with free boundaries.

The transfer admittance of these point driven plates was also

measured experimentally and compared to a theory which predicts the mean

admittance versus frequency. The dependence of this mean on plate size

and also on plate damping was demonstrated.
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CHAPTER I

S

INTRODUCTION

1.1 Objective of Study

It is the object of this work to further the understanding of plate

vibrations by the use of a simplified theory to study experimental

results. This theory encompasses the prediction of the mean level of

vibration with respect to frequency of vibrators , specifically plates in

this study , and expected deviations from this mean line (average levels

of resonances and antiresonances). The details of the response of the

vibrator are neglected and focus made of the average behavior of the

system. However, this is not a statistical approach. Use is made of

circuit theory to represent the vibrator, drawing upon solutions to

predict aspects of the behavior of the vibrator. Much of the theory has

been developed by Skudrzyk, and some of his theory has been extended

here to deal with the vibrators encountered in this study.

This work is primarily an experimental study of flat aluminum

plates of various geometries including square, rectangular, elliptical,

circular, quadrilateral and others. The main thrust is the study of the

driving point and transfer admittances (the ratio of acceleration or

velocity to force) for point excited plates. Without exception all of

the plates studied were with free—free boundary conditions, that is,

zero shear and bending moment at the boundaries. The plates were

studied over the full frequency range from 100 Hz to 10 kHz.

- ~~~~~~~~~~~~~~~~~~~
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Important details relevant to the objective were studied. These

include the loss factor of Young’s modulus with respect to frequency f or

plates of different thicknesses; the resonance frequencies of square,

rectangular and circular plates; the effects of the measuring system on

the admittance which one desires to measure, along with mass

cancellation schemes for the impedance head of the driver; effects of

damping the surface of a plate ; and finally, the display of the surface

vibration of a plate.

1.2 Background

Work in plate vibration up to the year 1969 has been extensively

reviewed by Leissa’. This reference is of great value as a research

aid, providing much information and exhaustive references to other work

in the field. Most of Leissa’s summary deals with determination of the

eigenvalues and elgenfunctions of various plate systems, however, little

is said about the impedances of these plates. A great help to

understanding plate vibrations is a book by Mary Waller2 in which she

summarizes a lifetime of her experimental work on the vibrations of free

plates. (It is unfortunately out of print.) Many of her papers are

instructive reading. Dealing more directly with impedances and point

excited plates is a book unusual in its integration of experimental and

theoretical materials, by Crenier and Heckl translated and revised by

E.E. lJngar.3 Of direct importance to the author’s work is the book by

Eugen Skudrzyk4 in which much of the detail of the theory used in this

work are found, particularly the circuit theory approach to complex 
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vibrating systems. A very extensive paper5 bringing up—to—date

Skudrzyk’s work in the field of vibrations contains many ideas and

formulations which have been drawn upon and extended in the author’s

work.

Many papers have been published on point driven plates by John

Snowdon.6’° These include experimental measurements (on simple

supported plates) and comparative theoretical calculations for various

boundary conditions. Contained are useful, exact solutions for

rectangular and circular plates for various boundary conditions and

source locations.

Experimental studies of plates with free boundaries appear to be

few, probably due to the problem of plate support. The method used

here, .supporting the plate with a very compliant foam mat, was first

developed and used at The Pennsylvania State Un iversity by Robert

Hannon. Hannon ’s thesis has served as a prelude to the present work.

— — ——  — - -.~~.- .- - - -
- —-  ----

~~~~~~~~ 
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CHAPTER II

EXPERIMENTAL SETUP

2.1 Introduction

The flat aluminum plates studied in this work are supported on a

soft, compliant foam mat, which in turn is supported by six massive,

slate—covered tables. This system filters out all but the lowest

frequency background vibration from the floor , and prevents the plate

vibrations from exciting any other resonant systems below the foam

layer. A small area in the middle is left unsupported so that a

vibration generator may be attached to the underside of the plate. A

Wilcoxon Research Model F3 generator is used along with a Z602 impedance

head mounted within the shaker. This unit was selected because of its

excellent design: a low center of gravity which helps prevent any

vibration outside of the axis of the shaker which could introduce

bending moments and add rotational inertia. The shaker is capable of a

nomina l blocked force output of 0. 75 pound s or 3.3 newt ons. The

impedance head measures the force between the plate, the driver and the

acceleration of the stud mounted at ~he plate as a means of attachment.

The mass between the force gauge and the plate is 21 grams. The Z602 is

designed to measure , with in its specified accuracy , a maximum impedance

that would be the equivalent of a 114 kilogram mass or a compliance of

1.05 x io8 
newtons/meter. For larger impedances the measurement error

is greater than 10%.

_ _
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A block diagram of the electronic equipment is shown in Figure 2.1.

The sweep oscillator (Spectral Dynamics SD1O4A) generates a harmonic - -

driving signal for the shaker and is preset to sweep from 100 to 10000

Hz. This output passes into an amplitude servo /monitor (Spectral

Dynamics SDIO5A) which acts as a variable gain amplifier driving the

vibration generator. It monitors the force on the plate and provides

the necessary amplification or attenuation to adjust the shaker input

level so that the force on the plate is kept constant, at a preset

level, over the frequency range. A high quality audio amplifier

(McIntosh MC—30) boosts the power output of the servo and provides a

low impedance to drive the voice coil in the vibration generator.

The vibrations of the plate are picked up by a tiny accelerometer

(Endeco Model 22) with a mass of only 0.2 grams. It is quite necessary

that the output of the accelerometer be filtered since the large area of

the plate becomes a surprisingly sensitive microphone (and one with a

very poor frequency respouse). With the force held constant the X—Y

recorder plots the admittance of the plite . This is done with a 100 liz

bandwidth filter (Spectral Dynamics SD1O1B) that provides a DC output

proportional to the logarithm of the root mean square of the input

signal. In most of the measurements this DC signal was fed to the

Y—axis input of an X—Y recorder (Hewlett Packard model 2FRA). In some

cases the acceleration to velocity converter was used and is described

below. The sweep oscillator provides a DC voltage proportional to

frequency and is used to generate the X coordinate . Thus, the X—Y

recorder graphs the frequency response of the plate. Further , a

frequency counter (General Radio 1191—B ) provides an accurate reading of

the frequency when necessary.

- ----~~~~~~~~~~~~~~
-- ~~~~~~~~ - -
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The dynamic range of the measuring system is at best 60 dB , limited

by the f i l te r  which has this range for any given setting of the dials.

Thus, a continuous, uninterrupted sweep can be made over the whole

- 
- frequency region as long as the measured signal does not vary more than

60 dB. By changing front panel switches to follow the signal, one can

increase the sensitivity of the system to 110 dB, but this is

troublesome since it requires continual attention with each frequency

curve generated.

2.2 Mass Cancellation

A system for mass cancellation consisting of two preamps (Ithaco

Model 453) with adjustable gain and an operational amplifier that

subtracts their outputs is shown also in Figure 2.1. It provides an

adjusted value of the force which is necessary due to the following.

Because of the design of the impedance head, there exists a mass of 21

grams (including the mounting stud) between the plate and force gauge.

Thus, the actual force on the plate is reduced by the inertial loss in

this 21 gram mass. Further, the impedance measured is that of the plate

in series with this mass. As long as the plate impedance is much

greater than 21 grams, the effect of this mass can be ignored. However,

this is generally not the case. The thin plate in fact is very soft,

especially at a resonance, and can easily exhibit a dynamic mass of only

a few grams. (This is simply demonstrated by touching very lightly the

driving point of a plate when it Is In resonance and noting the

resultant strong damping of the vibration.) Thus, we are essentially

I
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limited to measuring a minimum Impedance of 21 grams. (It should also

be evident that any external accelerometer placed at the driving point

should be very light, pre ferably less than a gram. ) Standard techniques

exist, however, for cancelling the effect  of this mass which can be

understood with the aid of FIgure 2.2 below.

A Mh
_ _ _ _ _ _

1

Fh Fp fZ pj

~~~~~~~~~~1

FIGURE 2.2: The effect of the mass below the force gauge.

Here is the force measured by the impedance head , F t he actua l

force on the plate , Z the impedance of the plate and a resistor ,

represents the mass below the impedance head. A
b Is the acceleration

measured by the impedance head, here represented as a current flowing

into the circuit. Thus, -

- - 
F — F

h 
— (M

5x A~) (2.1)

Viewing Fa and A
~n as the signals into the preamps shown in Figure 2.1 ,

one can adjust the gains such that the difference between the outputs

represents the right side of Equation (2.1). The differencing Is

produced in an operational amplifier with a potentiometer In the

acceleration input so that a fine tuning of the cancellation can be

made. The standard technique for adjusting the cancellation is to drive
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the shaker with only the stud loading the impedance head and adjust the

gains until the output of the operational amplifier is at a minimum.

Generally, at a single frequency, one can get from 40 to 50 dB of

cancellation, that is, an impedance of 100 times less than Mb can be

measured (0.21 grams).

A more realistic picture , however, is obtained by referring to

Figure 2.3. This strong null soon disappears when the frequency is

changed, and the figure shows the effects of nulling the output of the

operational amplifier at different frequencies. The result is a

reduction of the cancellation to as little as 23 dB. The cause of this

is simple to understand. The sensitivity of the accelerometer in the

impedance head increases with frequency (about 1.5 dB from 100 to 10000

Hz). Thus, the current in the circuit above is larger than it should

be as the frequency increases. This can be viewed instead as an

apparent increase in the mass below the force gauge. (If we set the mass

to 21 grams at 100 Hz, then it appears to be 25 grams at 10,000 Hz.)

With only 23 dB of cancellation we are limited to measuring an impedance

minimum of about 2 grams.

In the course of this work it became apparent that a system was

needed which provided more cancellation over the frequency range. Thus,

a more sophisticated mass cancellation was developed. Better

cancellation can be obtained if we equalize the gain in the

accelerometer over the whole frequency range. This can be done with an

attenuator at the output of the acceleration preamp programeed to

equalize the increase in sensitivity. A digital technique was used to

provide the necessary attenuation values and the resulting circuit is

shown in Figure 2.4.
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Figure 2.4 is a ladder attenuator with FET switches selecting the

appropriate attenuation. The resistors represent a high class voltage

divider. When all the switches are open the signal passes straight

through undivided and unattenuated except for a very small loss due to

the voltage drop across the series bank of resistors. When a switch

closes it grounds a leg of the divider and thus changes the attenuation.

With all eight switches 28 different values of attenuation can be

be.Lected. An EPROM (Erasable Programmable Read Only Memory) is

programmed with the necessary switch code to provide the equalizing

attenuation . The resistor values are chosen so that a maximum

attenuation of 1.4 dB in approximately .006 dB steps can be generated.

The frequency counter shown in Figure 2.1 (page 5) provides the

necessary BCD signals to access the memory of the EPROM so that the

appropriate switch combinations are related to frequency. Each eight

bit signal from the counter addresses a memory location in the EPROM

consisting of eight bits also. These memory locations are preprogrammed

with the correct switch codes to turn on or off each of the eight

switches. With this BCD addressing new switch codes are output every

100 Hz from zero to 9,900 Hz. The process of determining the correct

switch codes is a very tedious one. Initially , the EPROM is replaced

with a bank of eight toggle switches that are manually set by trial and

error to provide maximum cancellation of the force signal over the

frequency range. These values are recorded and later programmed into

the EPROM.

The resultant cancellation with the EPROM circuit is shown in

Figure 2.5. The cancellation is at worst 30 dB. But even more 
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important is the fact that the cancellation from 7 to 10 kHz is at worst

36 dB. The cancellation at these frequencies is especially critical

since the effective mass of the plate (that is, force/acceleration)

decreases at a rate of 6 dB per octave, and thus the plate is much

“lighter” at the higher frequencies.

The peak at 4.8 kliz is not due to a mismatch with the accelerometer

sensitivity but due to a very slight phase change between the force and

acceleration signals out of the impedance head. (When driving a mass

these two signals should be in phase because of Newton’s law, f—ma.)

Since these two signals are subtracted in the cancellation process, any

slight phase shift in one of them will cause incomplete cancellation.

For example, a one—degree shift in phase at 450 limits the maximum

cancellation to 38 dB.

2.3 Acceleration to Velocity Conversion

It is more common to define the admittance as the ratio of the

velocity to force, not acceleration to force. Without resorting to

electronic integration schemes, one can easily obtain the conversion by

the following: For purely sinusoidal signals there exists the following

relationship between force and velocity:

LOC(V ) — LOG(V ) — LOG(f) + constant , (2.2)

where V is the acceleration , f is the frequency, and V,~ is the

velocity. The signals representing the terms on the right side of
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Equation (2.2) are output from the filter and sweep oscillator,

respectively. The simple circuit which provides the acceleration to

velocity conversion is shown in Figure 2.6. The variable resistor is

adjusted so that the output drops at exactly 6 dB per octave as the

frequency is increased. The position of the converter is shown in the

block diagram in Figure 2.1 on page 5.

+.-

/25k

dccc (og F
Y AXIS

OUT
IU ~~ SIGNAL IN

(dccs tog A)
-,  -s

Figure 2.6: Acceleration to Velocity Converter

2.4 Effect of the Foam Support

The technique of resting the plates on a foam mat support was

developed by }Iannon and is presented in his PhD thesis.” The foam

provides an ideal free—free plate condition and eliminates the difficult

task of supporting the plate boundaries with an experimentally difficult

boundary condition. The foam does not distort the vibration pattern of

the free plate in any way, as will be seen later, and reduces the Q of

the plate to under 1000 at high frequencies. This reduced Q is a saving

grace since the dynamic range of the measuring system is at best 60 dB

continuous, and very high Q’s would easily exceed this limit. 

~~ A-
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2.5 Microphone Scanner

Some of the measurements in this work were made using a mechanical

microphone scanner built by Hannon and used in his thesis work. It is

described there in detail. The nearfield pressure field (at a distance

of 1/5 of an inch) is measured and recorded over the entire surface of

the plate. The microphone records essentially the vibration pattern of

the plate, since it is so close that it responds only to the local

pressure field just above the plate. Of course , the pressure above

nodal lines on the plate is filled in by neighboring regions and thus

one does not measure a true null. Also, the excessive vibration of the

free edges is not reproduced with the microphone since the pressure from

the backside of the plate cancels the top side pressure.

2.6 Attachment of the Driver to the Plate

The seemingly simple problem of the attachment of the driver to the

plate must be done with caution and foresight. The vibration generator

is attached to the plate by means of a flat mounting stud which is glued

to the plate and screwed into the impedance head of the shaker.

Problems with this type of attachment are known.’2 Reference 12 states

that due to the low elastic modulus of the glue, the layer between the

stud and the plate should be as thin as possible, preferably less than

.005 of an inch thick. Since a piece of paper is typically .002 of an

inch thick , it is evident that care must be taken when attaching the

stud to the plate. Ideal for this is the fast drying glue, Aron Alpha ,

- - -~~~~~~~~~~~~~~~~ - — - - _ - 
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—_



- -—~~-- 
_ ._

~~~~
. ---

- 17

which flows on easily and forms a layer about .002 of an inch thick.

However , even with this very thin layer troubles are encountered .

Tests were made to investigate the effects of this layer by gluing

a small lumped mass of 195 grams to the shaker. The shaker was

supported by a foam cushion surrounding its base with the mass

vertically above. This mounting prevents any spurious resonances from

entering the system. The frequency curve for this test is shown in

Figure 2.7. The vertical axis represents the force divided by the

acceleration at the impedance head , and thus represents a dynamic mass .

The force is held constant throughout the frequency range and the mass

cancellation unit has been removed so that the force from the impedance

head is fed directly to the servo, see Figure 2.1 (page 5). Due to

Newton’s law we would expect this measured curve to be a horizontal

line. Clearly it is not. The culprit here is the glue layer. It

produc es a small compliance between the stud and the mass to which it is

glued . One can model this system with an equivalent circuit as shown

in Figure 2.7. When K and M are in resonance this branch becomes open

circuited and the system has an antiresonance, that is, the acceleration

goes to zero and the dynamic mass (F/A) becomes infinite. This

antiresonance occurs at 3500 Hz. Since we know the value of H we can

calculate the value of K, which turns out to be 1.05 x io 8

meters/newton. From this value the rest of the curve can be calculated

and is shown in the figure. At higher frequencies the impedance of M

becomes large compared to K and a resonance occurs when K resonates with

M .  The resonance occurs at about 11 kHz and agrees with the theory.

When the lumped mass Is removed and the shaker driven with just the stud

- . . I--- - ~ ‘~~- - - .~ -~~-- 
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loading it , the broken line shown in Figure 2.7 is measured. It is

interesting to note that this line slopes upward due to the increase in

sensitivity of the accelerometer (which is designed to operate up to 10

kftz), and at low frequencies the dynamic mass is about 21.6 grams. This

is just the mass below the force gauge plus the stud which weighs about

a gram. (See Section 2.2.) Another similar experiment with a 100 gram

mass gave a value of K to within one percent of 1.05 x io
_8
.

An interesting result occurs when the above experiment is repeated

with the 195 gram mass just resting , unglued , on top of the shaker. A

similar curve results (as long as the acceleration stays below one g so

that the mass stays in contact with the driver) but the compliance

increases tenfold to 1.06 x 1O~~ meters/newton. Clearly, the body

contac t- between the stud and the lumped mass offers a compliance to the

system. If, in fact, one removes the stud and rests the mass directly

on the impedance head of the shaker, this value is about the same.

Furthermore , and more surprising, even when the mass is bolted down to

the impedance head , the compliance is reduced only to 0.75 x 10
g
.

Apparently, unevenness between the mating of the two surfaces introduces

an appreciable (for our purposes) amount of compliance. Further

reduction would necessitate careful machining of the mating surface to

assure a large area of contact.

Of main interest here is the effect of the compliant glue layer on

the impedance measurements on thin plates. In the case of a plate

measurement the mass H in Figure 2.7 will be replaced by the plate

impedance, Z • First , one can see that this compliance K does not alter

the force on the plate if it is kept in mind that the force out of the

S

- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ---- - -
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mass cancellation unit is the force across K which is equal to F—H A.a
Second , the actual acceleration of the plate is not the acceleration

measured on the head , since part of this is drawn through the compliance

K. In fact, if the impedance of the plate is large, this compliance

will , especially at high frequencies, tend to short out the plate. In

order to make an accurate driving point impedance measurement on the

plate it is necessary to attach a very light accelerometer on the

opposite side of the plate in line with the impedance head.

Actually, what we attribute to just the glue compliance is the sum

of this plus the compliance in the impedance head itself. The latter ,

as given in Bulletin Number 4 of Reference 12, is 1.14 x ,O~~

meters/newton. Thus, the actual compliance of the glue layer is our

experimental value minus this value or 0.94 x io
..8
.

2.7 Attachment of Receiving Accelerometer

Transfer impedance measurements require the use of an external

accelerometer attached by some means to the plate. For this purpose the

Endeco model 22 accelerometer was used. It has a mass of only 0.2 grams

and a frequency response up to 10 kHz. Since the accelerometer was

constantly being moved to different locations on the plate it was

necessary to have a convenient means of attachment. For this a green,

sticky putty , Duxseal, was used. To determine the compliance of this

mounting a 100 gram mass was attached by it to the vibration generator

and the response curve recorded. The results are shown In Figure 2.8.

Again , the equivalent circuit shown in Figure 2.7, page 18, can be used
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to calculate the compliance of the Duxseal. Here the antiresonance

occurs at 3300 Hz and provides us with a compliance of 2.3 x io
8

meters/newton which, for sake of comparison, is twice as compliant as

the glue layer investigated in tI~e last section. However, the effects

of this compliance are much less significant due to the actual mass of

the accelerometer attached to it. The resonant frequency of this sytem

(with the accelerometer mass at 0.2 grams) turns out to be 74 kHz; that

is, at this frequency the accelerometer would experience large

accelerations due to its resonating with the compliance of the Duxseal.

Since our maximum frequency is 10 kHz it is clear that the effects of

the mounting can be neglected . It should also be noted that this value

of compliance predicts the resonance frequency shown in Figure 2.8 to

occur at 7920 Hz, as indeed it does.
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CRA PTER III

PRELIMI NARY INVESTIGATIONS

3.1 Comparison of Experimental Ei~enfreguencies with Theory

Warburton ’3 applied the Rayleigh—Ritz method to determine the

eigenfrequencies of rectangular and square thin plates for all of the

possible combinations of boundary conditions. His results are

exceedingly simple to use since the eigenvalues are determined by an

algebraic expression and can be calculated with the aid of a

programmable hand calculator. They were applied to calculate the

resonance frequencies for various rectangular and square plates. The

results for a 2’ x 4’ x 3/16” aluminum plate (plate I of Appendix I) are

shown in Figure 3.1. Table 3.1 lists the results for a similar plate ,

in this case of dimensions 24” x 42” x 3/16”, and includes measured loss

factors which will be discussed in Section 3.3. The theoretical

frequencies were determined by using an average value for the stiffness

parameter of the plate , alpha (see Equation (4.2)], calculated so that

the errors over the tabulated frequency range were minimized. This led

to a value for alpha of 2.708 meters/sec
1 ’12. It is clear that the

agreement with Warburton’è theoretical values is excellent and in most

cases is within 1%. In fact, all of the resonances which are measured

(the modes of the plate) are accounted for in the theory. It should be

noted that the plates used in the reported results here were driven at

the center so that only the even modes were excited; those modes with
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TABLE 3.1

EIGENFREQUENC IES AND LOSS FACTORS FOR A CENTER DRIVEN

RECTANGULAR PLATE (42” x 24” x 3/16”)

MODE FREQU ENCY FREQUENCY % ERROR 3 DB LOSS
(THEORY) (MEASURED ) BANDW IDTH FACTOR

(n,m ) (Hz ) (Hz ) (Hz)

(2 ,4) 251 248 1.0 6 .024
(0,6) 307 310 1.0 8 .026
(2 ,8) 701 703 .3 11 .016
(4 , 6) 787 782 .6 14 .018
(6 ,8) 1643 1649 .3 18 .011
(2 , 12) 1468 1482 1.0 18 .012
(8 ,6) 2152 2165 .6 22 .011
(4 , 14) 2360 2366 .3 23 .0097
(0 , 18 ) 3100 3137 1.1 25 .0080

- (4 ,18) 3617 3635 .5 25 .0069
(2 ,20) 3974 4007 .7 22 .0055

(12 , 6) 4499 4526 .6 24 .0053
(0 , 22)  4679 4709 .6 22 .004 7
(6 , 20) 4990 4992 .04 22 .0044
(8 , 18) 5089 5087 .04 21 .004 1

(10 , 16) 5485 5474 .2 25 .0046
( 14 ,8) 6347 6343 .06 20 .0031
(10 , 20) 6937 6899 .9 20 .0029

(4 ,26) 7096 7072 .3 20 .0928
(14 , 12) 7192 7160 .4 21 .0029
(16,6) 7840 7818 .2 23 .0029
(14,16) 8352 8281 .9 20 .0024
(10 ,24) 8701 8609 1.1 20 .002 3

(4 ,30) 9322 9233 1.0 20 .0022

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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nodal lines at the driver were not excited . This agreement is

reassuring because it demonstrates that indeed a free plate condition is

being obtained with the foam support , except , of course, for the

reduction in the Q of the plate. It is also clear that we are dealing

with a homogeneous material, a basic assumption in Warburton’s

calculations. It is interesting to note that the resonance frequencies

above 8000 Hz in Table 3.1 begin to diverge from the theoretical values.

Here the effects of the neglected shear and rotary inertia are beginning

to be felt. It is known that the addition of shear and rotary inertia

is such as to “soften” the plate and thus lower the eigenfrequenc ies.

(See, for example, Reference 14, Chapter 11.) This effect increases the

mode density at the higher frequencies. Because their effects are as

yet minimal , the analysis throughout the rest of this work neglects the

effect of shear and rotary inertia.

3.2 Square Plate Eigenfreguencies and Modes

The square plate offers some interesting results. Whereas in the

rectangular plate nodal lines are always parallel to the edges., this is

not the case in the square plate. For example, see Waller’s book,

Reference 2, for a clear discussion of this. The microphone scanner

described in Section 2.5 was used to record a few of these nodal

patterns for a square plate of dimensions 2’ x 2’ x 3/16” (plate VII of

Appendix I). A microphone was placed a fraction of a wavelength from

the surface of the plate and moved over the entire area to record the

pressure field. At such a close distance the pressure measured is

L _~~~~~~~~~~~_ _~~~~~~~_ _ :_
~~~_II ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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proportional to the velocity of the surface at all points , except near

the edges where radiation from the back side of the plate cancels the

front radiation in a dipole effect. Figures 3.2, 3.3 and 3.4 show three

- - such recordings of distinct modes of a square plate , (2/4 + 4 / 2 ) ,  ( 2 / 6  +

6/2) and (4/6 + 6/ 4 ) ,  respectively. The nulls in the recording

represent the nodal lines of the plate. Whereas in the rectangular

plate the modes 2/4 and 4/2 (representing modes with two nodal lines in

the short dimension and four in the long dimension and vice versa) are

distinct and occur at different frequencies , the symmetry of the square

plate allows these two modes to occur at the same frequency, causing the

well known degenerate mode condition. Now two new modes are formed ,

represented by m/n+n/m and rn/n—n/tn, at two new eigenfrequencies. The

latter have a node at the center and the former an antinode at the

center . Warburton develops a slightly different formulation to deal

with this. (See Append ix III.)

The resonance frequencies of the square plate were determined

experimentally , and compared to Warburton’s predictions. The results are

shown in Table 3.2.

The smallest magnitude of errors occur with a calculated value for

alpha of 2.68 meters/sec”2; however , the errors are generally larger

than for the rectangular plate as shown in Table 3.2. Measurements were

made only up to 5000 Hz in this experiment. 

~~~~~~~~~~~~~~~ ~~~~~~ ~~~~ 
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SQUARE PLATE MODE
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TABLE 3.2

EIGENFREQUENCIES FOR A CENTER DRIVEN SQUARE PLATE

(24” x 24” x 3/16”)

MODE FREQUENCY FREQUENCY % ERROR
n/urfm/n (THEORY) (EXPER 1ME !~~)

Hz Hz

2/0+0/2 76 82 7.3
2/2 202 200 1.0

4/0+0/4 380 384 1.0
4/2+2/4  542 523 1.7

4/4 881 870 1.2
6/0+0/6 925 937 1.2
6/2+2/6 1082 1073 .8
6/4+4/6 1476 1449 1.9
8/0+0/8 1713 1735 1.2
8/2+2/8 1867 1864 .2
6/6 2039 2035 .2

8/4+4/8 2263 2244 .8
— lO ft Y  3/ 1 0  2 7 4 4  2 7 6 6  . 8

8/6 + 6/8  2 8 8 2  2849  1 . 1

10/2+2/10 2894 2913 .7
10/4+4/ 10 32 90 - 3281 .3

8/8 3681 3676 .1
10/6+6/10 

- 
3919 3892 .7

1 2/0 + 0 / 1 2  4015 4055  1 . 0

12/2+2/12 4166 4175 .2
12/4+4/12 4559 4552 .2

I 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  _ _ _ _ _  _ _ _ _ _- - ~•o~~~~~ ~~~ — -  — - -- 

~~

_ -- -
~~~~~‘~~~~~ 

— .

L. - -- -- ••--
~~~~~ 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~

— —

~~~ 

-- —

~~

--

~~~ 

— -  --



32

3.3 Loss Factors

With the frequencies of the resonances of the plate well defined ,

one is able to proceed with the measurement of the loss factors for the

plates. The method used here is to measure manually the 3 dB bandwidths

by slowly changing the driving frequency, vibrating the plate and noting

when the response at the driving point drops 3 dB from the peak,

resonance value. It is important to realize that one must have well

defined , well separated resonance peaks of single modes to use this

technique. Often, however, modes overlap and these are excluded from

our measurements. Table 3.1 (page 25) shows the measured bandwidths for

a plate of thickness 3/16”. The loss factor is calculated using the

relation, loss factor = 3 dU bandwidth/center frequency. Well separated

resonance peaks are easily identified by use of Warburton’s formulation.

A summary of the loss factors for this plate along with those for a

plate of thickness 3/8” (plates I and X of Appendix I) are shown in

Figure 3.5. The hyperbolic nature of the data is evident, which

indicates that the bandwidths are nearly constant with respect to

frequency. (See for instance Table 3.1, page 25.) In fact , the average

bandwidth for the 3/16” plate was 20.7 Hz, and that for the 3/8” plate

was 10.2 Hz over the frequency range 500 to 10,000 Hz.

To understand more ftilly what is going on here it is necessary to

note a few facts about loss factors for aluminum plates. Both Young’s

modulus and the shear modulus have damping (loss) factors associated

with them , and this is usually expressed by representing these moduli as

complex numbers. That is:

- 

E — E
f

(l 
~~~~~~ 
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and

— G
f
(l + itlgf

)

where the subscript f denotes dependence on frequency. (See Reference

6, pages 883—884.) As described 6 when the damping factors for shear and

Young’s modulus are equal, as is nearly the case for metals, losses in

the plate are completely described by the loss factor due to Young’s

modulus. Further, these factors are essentially frequency independent.

It is clear from Figure 3.5 that this is not the case here. The

effects of the foam support are now evident. The foam increases the

internal damping of the plate so that instead of a constant loss factor

we have a constant bandwidth. It is also evident that the losses for

the 3/16” thickness are twice those for the plate of 3/8” thickness.

Thus it appears that the losses double when the thickness is halved. Or

similarly, the Q of the plate (inverse of the loss factor) varies

directly with the thickness. This relationship was not investigated

f ur the r.

3.4 Experimental Admittance Measurements: Distortion Due to

Driver Attachment

The frequency response curve of the driving point admittance for a

center driven rod of dim~nsions 1.83 meters length and .0381 meters

diameter (a—6.99 rn/sec 
1i2
) was made by attaching the shaker via a glued

stud , as described in Chapter II, and c~~~~•~ ;he acceleration from

the impedance head instead of with an external accelerometer. The

results are shown in Figure 3.6. As the circuit diagram in Figure 2 .7

~ 

~~~~~ . -~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~
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(page 18) indicates, due to the acceleration which branches into the

shunt compliance (the glue layer and impedance head compliance), the

measured acceleration (and thus admittance) is not the actual admittance

of the rod . In Chapter II the effect of this compliance on a lumped

mass frequency response was shown and here we wish to show the effect on

a nonlumped system. The rod was chosen because its frequency response

curve is well known. (See, for instance, Snowdon.
14) That is, the

driving point admittance of a center driven rod should show a 3 dB per

octave decrease with frequency, and its antiresonant frequencies should

occur at frequencies about 2/3 of the distance between bordering

resonances. Reference to Figure 3.6 will show that neither of these

properties is indicated in our measurement , except at low frequencies.

However , the resonance frequencies occur at exactly the correct values

in our measurement and they clearly are not affected by the compliance.

Two results are evident due to the compliance. First, the

antiresonance frequencies are shifted to the left more and more as the

frequency increases causing a sustantial decrease in the resonance peak

and increase in the antiresonance valley. Second , the level of the

whole curve increases with increasing frequency.

Several illuminating calculations may now be made to fully explain

these results. The first draws upon some of the theory presented in

Chapter IV and serves somewhat as an introduction to that material. It

• deals with the calculation of the mean trend of the admittance curve of

Figure 3.7, which can be calculated by the following . The

characteristic admittance of a rod driven at the center (that is, the

impedance of an infinite rod) is known to be : 

~~~~~~~~~~~ -- ~~~ ---~--~~ —-~~~~ -~~-— —~~~~~~~ -~—~~~—--—----- -- ---
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— (1 — j) / 2 3~’2mc , (3.1)

where in is the mass per unit length (3.06 kg/rn) and c the bending wave

speed (c — a1 ). decreases 3 dB per octave with frequency due to the

frequency dependence of c. Now this admittance appears in parallel with

the compliance of the mounting system K as described before. Using the

circuit theory approach the mean line of this combination is simply the

sum of two parallel branches or

Y — jwK + . (3.2)

The absolute value of Equation (3.2) is the dashed line plotted in

Figure 3.6. The value for K is that measured in Ch apter ii, 1.05 x io~~

meters/newton. The agreement could not be better , and the success of

the circuit approach is clear.

The other effect of the compliance K, the shift of the

antiresonance frequencies, is explained by the circuit model shown below

in Figure 3.7. The two parallel branches represent two modes of the rod

and the third the compliance K of the mounting system. We want to

determine the effect of K on the antiresonance that occurs between two

resonances f1 and f2 of each M—K branch , respectively. With a little

algebra one arrives at the following expression for the antiresonance

frequency:

f
2 

— f~ + f~ + 2f~ / (f ~—f~) , (3.3)

I- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - — • —— —- : , -  -
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Figure 3.7: Circuit Model, for Demonstrating Antiresonance Shift

where f0 is the resonance frequency of K with M. Using the following

values for the rod , M2.8 kgms, K 1.05 x io~
.8
, f1

=7500 Hz, f2
=8850 Hz,

is c-alculated to be 923 Hz. The last term in Equation (3.3) is equal

to .07 and thus can be neglected . Thus 
~a 

is nearly equal to f 1 and , in

fact , if we were to increase K, f0 
would become smaller and the

antiresonance would shift even closer to the bordering resonance below.

[Equation (3.3) was derived assuming that f
0 is less than f1.] Also at

lower resonance frequencies the quantity f
1 is smaller but f

0 
does not

decrease in value and thus the antiresonance is more separated from the

resonance below.

Similar measurements on thin plates showed little discrepancy

between the impedance head accelerometer and an external one attached at

the same position. The following list should help to indicate when

problems would occur. Listed are the average admittance (kg/sec)~~ at

10 kHz for various mechancial elements.

Y of plate (1/8” thick) .... —50.6 dB

Y of plate (3/16” thick).... —57 .8 dB 

-- 5 - - - -  — - - - - - -- - — —--- ---- -.~~~---— ~~~~~~~~
_ -_ -
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Y of compliant mount .... —63 .6 dB

Y of plate (3/8” thick) .... —69.8 dB

Y of rod .... —80.6 dB

Thus, the first two elements would be relatively unaffected by K whereas

the last two would be affected , especially the rod.

In summary, when there is compliance between the measuring

accelerometer and the system to be measured the effect is (1) to

drastically change the mean level of the admittance curve, and (2) to

shift the antiresonances of the system to lower frequencies (as far as

the resonance below) with no corresponding effect on the resonance

frequencies. It is also interesting to note that the reverse effect is

true if this compliance is replaced by a mass, so that the system is

driven through this added mass. In this case the antiresonance

frequencies remain unchanged , but now the resonance frequencies are

shifted to a lower frequency. (See Snowdon, page 231.) Thus ,

measurements taken from the impedance head accelerometer must be used

with caution and they may be altogether incorrect for admittanc e

determination. With these important effects in mind one is armed with a

stronger insight for interpreting the measurements of more complicated

systems.

L - 
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CHAPTER 1V

THE C HARACTERISTIC ADMITTANC E OF PLATES

4.1 Mean Value Theorj:~ Prediction of Mean Vib ration Levels

The mean value theory drawn from Skudrzyk
5 is presented here and

extended to deal with cases where the driving point is close to the

boundary of a vibrator. The mean value can best be represented by the

line which passes through the inflection points of the frequency

response curve of a vibrator. In this case the admittance is plotted on

a dB scale and it will be seen that this mean line effectively bisects

this plot. The mean value or mean line is calculated using the simple

expression:

~ca 
—jw/8ma2 , (4.1)

where Tca is the magnitude of the characteristic admittance

(acceleration/force), w the radian frequency, m the mass per unit area ,

and a the plate stiffness constan t given by:

- ‘ ct” = Eh2/12(1—v 2)p, (4.2)

where E is Young’s modulus, h the thickness of the plate , v is Poisson’s

contraction , and p is the density . The u’nits of a are meters/second lLP’2.

Note that the admittance here is defined as the ratio of acceleration to

force and thus the ca subscript on Y. Throughout the work we will also •

S - - — _
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use the admittance as the ratio of velocity to force which will be

represented as V .  Thus,

V = 1/8ma2 . (4.3)

is exactly the solution for the admittance of an infinite plate. In

order for this to describe the mean line for a finite vibrator one is

forced to the conclusion that the reflections from the boundaries of

that vibrator do not contribute to the mean level. We can model this

effect by picturing a characteristic wave5 that propagates out from the

driver and does not return and is unaffected by the boundaries. This

characteristic wave is given by the solution for the point excited

infinite plate and can be written as:

Y(k r) = [H~
2
~kr) — H~

2
~(—ik r)]/8a2m , (4.4)

where is the zero order Hankel function of the second kind , k
0 0

w/c, and r is the distance away from the driving point. At the driving

point r=O , and this expression simplifies to Equation (4.3). Equation

(4.4) can be simplified by noting that for all but the lowest

frequencies (usually the first few modes of a finite plate) for small r

(less than a few inches), the Hankel functicn of imaginary argument can

be ignored since it represents a decaying exponential in k0
r and is soon

negligible compared to the oscillating first term in Equation (4.4).

This second term corresponds to a distortion field near the driver , a

“wattless field”5 that does not propagate any appreciable distance. 

~~~ --~~~~~
_ _

~~~~~
: -~ - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



42

4.2 Source in Plate Interior - ) t  Near an Edge

Figure 4.1 is the exper nentally de termined admittance (a/f) of a

rectangular plate (2’ x 4’ x 3/1 6”) driven at the center , as indicated

by the dot in the inserted r-ccangle in the figure. This was recorded

as described in Chapter -II. The mean value , Equa tion (4.1), is the

dotted line on this curve ; ft is seen to bisect the experimental curve

and thus is an excellent prediction of the mean trend of the data . Note

that since the vertical scale is in decibels , the mean is essentially a

geometr ic mean. The signi~~~ ance of the mean Line is broug ht out

furthe r by damping the surfa-e of the plate . To do this two coats of

GP— 1 damp ing compound were ar --L ied to the top surface of the p late . The

driving - point admittance t~~~ain at the center of the plate) was

measured. The measured r~~ ults , after adjusting then for damp ing

eff ects as explained in t’.pp~ ~aix il, are shown also in Figure 4.1 (the

heavy ,  Less undulated curve). This is an important result for it shows

tha t as the pla te is damped ~ts response curve tends to the mean line

pred iction , and again ref lczt -j ns from the boundaries are unimportant.

To further prove that t:~~~ boundary of the plate has no influence on

the mean line one can look at the results of studies on plates of

different geometries. Figure 4.2 shows the frequency response for a

plate with nonparallel boundaries with the driving point at the center

of mass of the plate. The largeness of this plate is reflected in its

increased density of resonances. The thickness of the plate is 1/8” and

its calculated mean line is plotted in the figure. The agreement is

excellent and the mean line passes directly through the center of the

data.
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Figure 4.3 shows the frequency response curve for a plate with

curved boundaries (figure eight shape) with the driver and receiver in

the position indicated by the dot in the insert in the figure. The mean

line is plotted as shown and again passes through the center of the

data . The mean of the data drops somewhat low in the frequency region 4

to 6 kHz, an effect that will be accounted for later using image

theory. Again this plate has a thickness of 1/8”.

Figure 4.4 shows the frequency response curve for a square with the

mean line indicated (plate VII of Appendix I).

4.3 Source on the Boundary of the Plate

The effect of placing the driver on the boundary is shown in Figure

4.5 for the rectangular plate (compare to Figure 4.1). Note the

absolute level of the mean line for these two cases. With the driver on

an edge the level of the response curve increases by 6 dB. This result

appears surpr ising at first but can easily be attributed to the “edge

distortion” present at the free boundaries of a plate vibrator. To

understand this effect it will be helpful to consider the simpler case

of a beam vibrating with free edges.

Since the boundary condition at a free edge requires that the

bending momen t there vanish, the region near the edge vibrates with a

constant slope which, like a lever effect , amplifies the extent of the

motion at the edge. In the mathematical solution, Equation (4.5), for

the displacement amplitude of a center driven beam of length 1 this

“edge distortion” effect appears as a term proportional to e~~~~~~~/2
1”2.

-—~~~~~~~~ - -~ ~~~~~~ _.~~~~~~ _ 5 _ — - - - — -  - ~~-
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y (x) F Icos(k(l_x)+ ,r/4 )+e kX sin(kl+1r/4 )+e
_
~~~~~~ /?T)

2 mc- sin(kl+ir/4)
for xa0 . (4.5)

The driver is placed at x O ;  the above solution neglects the edge

distortion at the left end and is valid in the right half of the beam.

At x 1  this solution reduces to:

y(l)..F[1/ñ + 1/v~~1 * (4.6 )

2- me. sin(kl+ir/4)

This is equivalent to saying that the admittance at the edge is twice

that at the center. The response at the center has the same form except

that the second factor , i,V~, is missing. Thus it can be concluded that

this edge distortion term actually doubles the amplitude of the motion

at the edge of the beam. This doubling of amplitude is reflected in the

• admittance , which corresponding ly-must also increase by the same factor.

Note that kl= (n~r— w/4).

In the next figure, 4.6, the driver and receiver are placed at the

corner of the plate. Now the admittance increases another~ 6 dB, a total

of 12 dB above that shown in Figure 4.1. The effects of the two free

edges combine to quadruple the amplitude of the corner versus an

interior point.

4.4 Source Near the Boundary: Effect on Mean for  a Beam

The driving point admittance for the case where the driver is near

a boundary of the plate is best understood by again looking at the

similar case for the beam. The characteristic wave for a beam is

L. 
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determined by considering the infinite case of a point excited beam.

The analytic solution is conveniently represented with the Green’s

function for the problem and can easily be shown to be:

g(xla) (e~~~~~~
at 

- ie~~~~~~~1 /4ik
3 

, (4.1)

where a is the coordinate of the driver, x is the field point and k the

wave number (w/%). From this the characteristic velocity for a point

force of strength F per unit length is easily found to be:

V = te ~~x a 1  
— ie~~~~~

ah ] F/4mc
b , (4.8)

where m is the mass per unit length, and C
b 

the bending wave velocity.

In this development we have used the important relationship

C
b 

av~ . (4.9)

The characteristic admittance is given by the ratio V
c/F•

Now we can deal with the situation of the finite beam and the

driver close -to the end . We make the very important assumption here

that the mean line response will be given by the characteristic wave

added to its reflection from the near boundary, an 
- 
assumption which we

will see is valid for plates as well as beams. This is merely an image

source technique with one important consideration. The characteristic

wave undergoes a perfect reflection from the end of the beam, but

experiences a phase change which we will show is equal to — ir/2 radians

or _900
. Setting a—O for convenience and considering only the right 
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part of the beam, the right going wave can be represented as e~~~~ and

+ik(x—2l)+i4the reflected wave traveling to the left as e , where 0 is

the phase change upon reflection. The sum of these two waves can be

shown to give

2 e~~ 
2
~ [cos(kl-kx)—0/2)j 

- . (4.10) 
-J

The final solution for the characteristic wave and its reflection is:

v e t 
~
W2)[cos(kl~kx)~ 0/2)] F/2mcb 

. (4 .11)

Figure 4.7 shows this result plotted against the exact solution for a

beam driven at the center , with the receiver at a distance of 2/10 of

the length 1 from the end of the beam. The normalized frequency fl is

the ratio wlw, where ~,=w c/l, the approximate frequency of the lowest

mode (the total length of the beam is 21). Thus, it can be seen how the

characteristic wave plus its reflection describes the mean trend of the

real admittance of the beam. It is also interesting to note that the

deep antiresonances are correctly predicted by this mean line. With the

identification of Ø —ir/2, the cosine term in Equation (4.5) is the same

as the one in Equation (4.11). Since ki is much greater than k(l—x)

(when the receiver Is close to the end) the denominator is a rapidly

varying function of frequency and the numerator a slowly varying

function. It is the former that shows up as the higher frequency

oscillations in the figure and the latter is represented by the deep

nulls. Unless k(l—x) is small (for instance at the very low

L - - -~~~~~~~~~~~ -- - - - — - - - -  ~~~~~~~~~~ 
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frequencies) the second and third terms in Equation (4.5) are

negligible. We will find that there is a perfectly analogous situation

in the case of a plate , although here due to the spreading of the

characteristic wave the nulls will not be as pronounced .

4.5 Source Near the Boundary: Effect on Mean for a Plate

This case is treated in the same fashion as the beam case. We have

already shown that when the source is sufficiently interior in the plate

the characteristic admittance represents the mean line (see Figures 4.1

to 4.3). However , when the source is close to an edge, the reflection

of the characteristic wave from that edge is important and causes

undulations in the mean line similar to those shown in Figure 4.7 for

the beam , although the nulls will not be as pronounced as indicated

above. As with the beam, the characteristic wave is given by the

Green’s function for the system and is well known to be:

- — H~
2k—ikr)] /8a2m

or

~c 
= [~~

2
~1~~) + 2K (kr)/i-ir] /8a2m , (4 .12)

where K is the MacDonald function. This second term is, as with the

beam , a distortion field in the vacinity of the driver caused by the

bending moments there, and is again a wattless type of field. The

MacDonald function, or the Hankel function of imaginary argument, decays

essentially exponentially away from the driver and in almost all cases
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can be neglected. Although each of the terms in Equation (4.12) is

singular at raO , their singularities cancel and the terms within the

brackets reduce to unity. Thus, we have the important expression for

the driving point admittance of the infinite plate:

2
= 1/8a m , (4. 13)

where m is the mass per unit area, a is the stiffness parameter given in

Equation (4.2) and is the velocity/force.

When the source is close to the boundary of the plate , the

b oundary ’s local e f fec t can be expressed by in troduc ing an image source

on the other side of the boundary at the same distance away as the

original source. The reflected characteristic wave behaves as if the

pla te were semi—Infinite in character; thus , one could obtain some

mathematical rigor by looking at the semi—infinite plate with a point

source near the boundary. The solution for this problem can be

expressed in the form of an image solution, and the standard technique

would be to express the functional form of the image so that the

boundary conditions on the edge between the source and its image are

satisfied . These boundary conditions are no moment and no shear force

at the boundary. We back away from this rigorous type of solution since

a simpler approach can be
5 
found. It is reasonable to expect that the

functional form of the image source will be the same as that of the

source , that is, a Hankel function , although the phase of its argument

will be different due to the phase change which occurs when the wave

travels across the boundary (actually reflected), as was the case with

the beam.

- ~~- —-- -- ~~- .- — - --~~ -—-- -  ~~~~~~—---~~
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We will assume that the source is far enough from the boundary that

the distortion term will be negligible, an assumption that has proven to

be valid if the source is at least a few inches from the edge. To

determine the correct phase for the image source we can use the

following technique.

4.5.1 Reflection of a Plane Wave from a Semi—infinite Free

Boundary. Skudrzyk5 considers the reflection of a plane wave from this

free boundary by formulating the wavefield in the plate to be:

— k y  —fix
w(x,y) e y [cos(k x+0) + Ce ] , ( 4 . 1 4 )

where C is a constant which represents the amplitude of the edge

distortion due to the free boundary , and 4 is the phase change due to

the free boundary. This satisfies the wave equation if k =k.cosO,

k k  sinO , $ 2.
~k
2
(1+sin 2

O), where k=wIcb
__ V

~
/a and 8 is the angle of

incidence (from the normal) of the plane wave incident upon the

boundary .5 It is easily shown that the reflection coefficient is given

by e
2
~
0. When Equation (4.14) is plugged into the equations for the

boundary conditions at the free edge we are able to determine 0(0) and

C( 8) . The algebraic solution is complex and is not repeated here;

however , the solution Is plotted in Figure 4.8. Part (a) shows the

negative of the actual phase change for a plane wave hitting the

boundary at an angle 0. It is seen that at normal incidence the phase

change is _900 
as is the case in the beam where all the waves are at

normal incidence to the free end . This should be contrasted with the

L - 
-
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1800 phase change for the reflection of a sound wave from a pressure

release surface , and the 00 phase change upon reflection from a rigid

boundary. A minimum in phase change occurs around 700 incidence and at

grazing incidence there is a 1800 phase change. Part (b) of the figure

shows the amplitude of the edge distortion versus angle of incidence.

At normal incidence the value is 0.707, as it is with the beam [see

Equa tion (4.6)). As the angle of incidence approaches grazing the

amplitude of the edge distortion drops to zero.

Figure 4.8, Part (a), provides the desired phase change to put into

our image source. Although the angle of incidence does not appear

explicitly in the image representation using the Hankel function, one

can introduce the angle formally into the solution by decomposing the

Hankel function into a set of plane waves each with a phase change as

calculated. The method would be similar to that used by Brekhovskikh
15

in which he expands a spherical wave into plane waves and uses the plane

wave reflection coefficients to determine the reflection of a spherical

wave from a plane boundary. (See pages 238—245 of the reference.)

However, it is much easier to anticipate the solution from this type of

approach. A priori , one knows that the dominant contribution in the

reflected wave field will be the specular reflection , that is, the plane

wave represented by the ray which passes from the source undergoing a

specular reflection from the boundary to the receiver. For example, if

one wants the driving point admittance, the ray is reflected at normal

incidence. For this case the image source would be represented by a

Hankel function with a phase change of _9Q0, since this is the correct

phase change for a plane wave normally reflected .

—- .5--- — -- — -- - —5- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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4.5.2 Driving Point Admittance with an Image Source. To account

for the image, a term representing the Hankel wave with appropriate

phase change must be added to the characteristic admittance of a plate

in Equation (4.3). This gives

= [1 + H
(2
~(kr

i)e 
i0

118
2 

, (4.15)

where ri is the distance from the source to the image source, and is

the phase change given in Figure 4.8, part (a). As was stated before we

have neglected the distortion term for the image since it will be

assumed tha t the source is far enough from the boundary to allow this.

In fact , we generally will have the condition that kr>4, so tha t we can

use the asymptotic expansion for the }lankel function and thus make use

of a simpler formulation for the mean line includ ing the image, which

turns out to be

‘~ ci ’ 
= 

~ + cos(kr
1
— ,r/4+4,)18/irkr

1 
+ 2/irkr~]/8a

2
m , ( 4 . 1 6 )

where is the characteristic admittance for a source close to the

edge of a plate, r. is the image distance and 0 is the phase change.

Now due to the cosine teriii in Equation (4.16), IY~~ I is an undulating

function and no longer constant as it was for the source in the interio r

of the plate.

To bear out the above assumptions experiments were made with the

source close to the edge of a rectangular plate. Figure 4.9 is a

- t
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display of the experimental results with the source 511 from the edge of

a plate of dimensions 24” x 48” and thickness 3/16”. The mean line

calculated by the above approach is shown and it can be seen to

accurately predict the trend of the mean of the experimental data. Also

included in this figure is the same measurement on this plate when it

was damped , as described in Appendix II. Again, the very significan t

result is obtained : the damped plate response coalesces to the mean line

prediction , in this case with a single image source added to the

solution.

4.5.3 Driving Point Admittance—Source Near a Corner. ~ext  th~~~

theory can easily be extended so that we can predic t the drivi - ’--. poin t

admittance when the source is close to two boundaries. In this case we

need three images to account for the reflections from the corner , two

being the mirror images across the two real edges of the plate, and the

third lying such that the line from the source to it passes through the

corner of the plate. This last image represents a wave which is

reflected at an angle of 450 from each adjacent edge, assuming that the

source is placed equidistant from the two edges. Referring back to

Figure 4.8, part (a), this corresponds to a phase change of 460 upon

each reflection or a total of 92°. With these phase changes added to

the three images a mean line prediction is made for the case of a source

-
‘ within 5” of the corner, and the results are shown in Figure 4.10. The

agreement is excellent. It should be noted that if one does not add the

phase changes in the reflected waves, the resulting mean line has minima

at 4.8 and 9.1 kHz instead of 3.9 and 7.5 kHz as shown in Figure 4.10. 

- - 5  ~~~~~~~~~~~~~~~~
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Figure 4.11 shows the similar case but with the source only 3.5” from

the corner.

The frequency response curve was also obtained for the case of the

driving point in the corner at a distance of 5” from the edges when the

plate is damped (see Appendix II for a discussion of damping). The

results are shown in Figure 4.12, and again the results are in excellent

agreement with the theory. Again we have important verification of the

fact that as the plate is damped the measured results converge to the

mean line with images.

To further the understanding of this image method Figure 4.13 is

included . This is a theoretical calculation of the effects of including

more and more images in the mean line calculation. Source and receiver

are separated by 4” and the driver is closer to the boundary at a

distance of 5” as shown in the insert in the figure. The images are

selected so that those with the smallest path lengths are the ones

included . One can see that as more images are added the effect is to

create an oscillation about the one image line, but not a shift in the

actual level of the curve. As we progress past five images the

oscillation becomes more rapid ; however, the one image line will still

serve as the mean of that oscillation.

4.5.4 Drivjn2 Point Admittance Near a Convex Boundary: :Li~!~
Elliptical Plate. In this section we extend the image method to deal

with the reflection from a curved boundary , in this case the curve about

the ends of the major axis of an ellipse. The plate used was of the

following dimensions: major axis O.93 m, minor axis—0.606 in, interfocal
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length~O.7O6 in. The aluminum plate had a thickness of 1/8” and an

a~2.23 m/sec
hh’2 cut from the standard stock alloy 6061—T6.

The driver was placed at the focus of the ellipse and a driving

point frequency response curve was made as shown in Figure 4.14. This

figure demonstrates the remarkable regularity of the resonances and is

unlike any of the other plate frequency response curves, except the

circular plate driven at the center (see Figure 5.2 in Chapter V) where

only the one—dimensional ring modes were excited. This regularity

indicates the special geometric role that the focus plays in which any

ray emitted from a focus will return to that focus with t~ e same path

length independent of the angle of emission. This same effect occurs in

the center driven circular plate.

The mean line prediction for this case shown in Figure 4.14 was

obtained by using one image in the solution. The image was placed as

shown in the insert in the figure and is located at an equal distance

from the end of the ellipse as the source. It represents the wave which

is specularly reflected off the highly curved bowl of the ellipse and ,

thus , returns to the driver. It is especially interesting and somewhat

significant that the image technique that treats this bowl as though it

were a straight edge works so well, and even more surprising is its

success at the low frequencies (below 2.5 kHz). The wave length at

these low frequencies of the bending waves in the plate is actually

larger than the distance from the focus to the near end of the major

axis. In fact , in the calculation of the effect of the image no attempt

was made to include the effect of the curvature of the boundary at the

point of reflection. It would appear that the ray theory approximation
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was working well in a region (distances of the order of a wavelength)

where one would expect problems .

The next figure, Figure 4.15, is a frequency response curve for the

case where the source is at one focus and the receiver at the other.

This is an extremely interesting curve for it displays the symmetry

present at the foci. Compared to Figure 4.14 with driver and receiver

at the same point , we can see that the half of the curve above the mean

line is identical in both these cases. The height of the resonances

does not change. Indeed , all of the energy from the one focus is

reflected into the second one without any loss at the resonances. One

can understand this in another way. Since the source and receiver are

at symmetrical locations with respect to the boundaries, one would

expect that the magnitude of each mode shape would be the same at these

two points. In other words the mode shapes for an elliptical plate are

always symmetrical (or antisymmetrical) across the minor axis.~
6 If the

mode is antisymmetrical across the minor axis then the phase of the

vibration is 1800 compared to the driver. Generally, at the second

focus succeeding modes (with respect to frequency) are alternately in

phase and out of phase with the driver. This alternation of phase

explains the disappearance of the antiresonances in Figure 4.15. That

is, an antiresonance is caused when the mass reactance of the mode

below just cancels the upper mode’s compliant reactance. But if the

phase of one of these modes is in 180° opposition to the other, then

both of the modes are either compliant or masslike at the antiresonance

frequency and this cancellation does not occur. Instead a shallow

trough occurs which is tangent to the mean line prediction. It can be 
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easily verified that the regions where the antiresonances do occur in

Figure 4.15 are regions in which two succeeding modes occur with the

same phase. (See for instance Wailer,
2 
page 25.)

This case should be contrasted with the end driven beam shown in

Figure 4.16. Here without exception the modes alternate in sign at the

end opposite to the driven end , and all of the antiresonances are turned

into shallow troughs which are tangent to the mean line.

The final figure, 4.17, on the elliptical plate shows a case in

which the receiver is at the very end on the major axis opposite to the

driver (still at the focus). It is included because of its interesting

response curve. It is similar to the others only at the very low

frequencies and in the occurrence of the shallow troughs.

4.5.5 Driving Point Admittance Near a Concave Boundary: The Figure

Eight.  The final example of the use of this image theory is the

figure—eight plate with the driver situated near a convex boundary. To

find the image the specular reflection is calculated for a ray emitted

from the source, and thus the image source is located directly across

the boundary along the line of this ray at an equal distance from the

boundary as the source. The distance between source and image is 19 cm,

or 7 5  inches. Again the phase change upon reflection is taken to be

_90
0 
as before . The mean’ line prediction with one image is shown along

w-~~h the experimental results in Figure 4.18 and agrees remarkably with

t~ e data. As before geometric optics seems to apply and to find the

c rr p r t Image one need only find a tangent to the closest boundary that

- .r~ .- -’~~i - - ’il ar to the line connecting the source with its image.
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4.6 Transfer Admittance (Source and Receiver Separated): Theory and

Experiment.

The mean value theory accounts5 for the case where the source and

receiver are separated using the same considerations as we saw in

Section 4.1. Equation (4.4) represents the admittance of a plate which

is infinite in extent , and it will be used here to predict the

characteristic admittance of finite plates. Now r represents the

distance between the driver and receiver. Again , unless the receiver is

located within a bend ing wavelength of the driver , the second term in

Equation (4.4) is negligible. In this case we generally are in the

region of the asymptotic expansion of the Hankel function; then Equation

(4.4) reduces simply to:

J Y I  = (2/7rkr)~~
2 1/ 8a2m , (4.17)

and the characteristic admittance has a cylindrical divergence with ,

distance. Thus, the mean line decreases 3 dB for every doubling of the

separation between driver and receiver. When kr is at least 4 the

difference between 4.18 and 4.4 is negligible and is at worst about one

dB difference when kr>0.8. Since k=whI’2/a, if r = 1” and a=2.23 (1/8”

thick plate), then kr>O.8’ as long as the frequency is at least 775 Hz or

1.1 kHz if a =2.72 (3/16” thick p-late). Figure 4.19 is a plot of the

loss as the source and receiver are separated at two frequencies (5 and

10 kRz) for a plate of thickness 3/16”; it is calculated by taking the

magnitude of Equation (4.6) and it will be useful in interpreting the

curves that follow.
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4.6.1 Experimental Results: Damped Rectangular Plate. Plate I

(see Appendix I) with damping compound applied to its top surface was

measured in the following set of figures. The source was placed off

center so that the full set of modes were excited and frequency response

curves were made at source to receiver separations of 0,1,2,3,5 and 10

inches. The results are shown in Figures 4.20 through 4.26; the inserts

in each figure describe the placement of the driver and receiver.

Figure 4.20 is the driving point admittance included for comparison.

The dotted lines on the figures represent the mean line calculated using

Equation (4.4). They indicate that the mean line offers an excellent

prediction of the mean trend of the experimental results over the entire

frequency range. The drop off in level at 10 khz should be noted in

these figures, and as can be seen from reference to Figure 4.19, the

level is down by about 16 dB from that at the driving point at a 10”

separation. The next figure, 4.27, represents the case where the source

is at the center of the plate and the receiver at a corner so that their

separation is 26.8”. In this case 12 dB is added to the mean line

response to account for the corner effect , as described in Section 4.3.

At the lower frequencies the mean line prediction appears to be somewhat

low.

When the source or receiver is close to a boundary, the method of

images can be used as before with the driving point admittance in

Section 4.5. Figures 4.28 and 4.29 are made by imaging the source

across the longer edge of the plate located a distance of 5” from that

boundary. The solid line represents the mean line prediction with one

image, and it is seen to represent the mean of the data fairly well. In

— 
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the latter figure the receiver is 4” from the source and is aligned so

tha t it shares a mutual perpendicular with the source to the edge. Here

the mean line oscillates more rapidly since the image to receiver

distance has increased. It should be noted that one must include the

correct phase changes for the image sources depending on the angle of

specular reflection as described in Section 4.5.1.

4.6.2 Experimental Results: Undamped RectanRular Plate. Plate II

(see Appendix I) was measured to determine the transmission loss between

source and receiver. The driver is located at a point off center so

that all of the resonances are excited, occurring at an average of every

23 Hz. The bandwidth of the resonances was determined to be (see Table

I in Chapter III) about 20.7 Hz, approximately constant with respect to

frequency. The ratio of these two figures provides us with an important

parameter for the plate 
~
,/wb which in this case is about unity. This

quantity will be used later. The following figures show the

experimental results for source to receiver separations of 0,1,2,3,5 and

10 inches. (Figures 4.30 through 4.32.) The dashed lines in these

• figures represent the mean line calculated using Equation (4.4), and the

solid line above it is the driving point admittance included as a guide

to illustrate the actual change in level. It is clear that after a

separation of 1” the mean line prediction no longer represents the mean

of the data , which falls nearly midway between the mean and the driving

point mean. Thus, we must conclude that in this small, undamped plate,

the reflections from the boundaries do affect the level of the mean

admittance of the plate, and that the Hankel function does not describe 

~~~ -• . -~~~
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accurately the transmission loss as the source and receiver are

separated. One can explain this in another way.

There is a certain reverberant field which is set up in the plate

whose level depends on the size and damping of the plate. As the

receiver is moved away from the driver, its level eventually falls into

this reverberant field and there is no longer any drop off with

separation. If the plate is damped as in Section 4.6.1 then this

reverberant field is so weak that one does not encounter it. To further

study this effect a larger rectangular plate was used.

4.6.3 Experimental Results: Undamped Large Rectangular Plate.

This is plate III (see Appendix I) of dimensions 4’ x 8’ by 1/8”. With

all modes excited the mode separation for this plate is 3.3 Hz and it is

apparent that there are many modes per bandwidth. The following figures

show the measured transfer admittances of this plate. (See Figures 4.33

through 4.36.) The source to receiver separations are 0,1,2,4,8,16 and

32 inches. Note that the admittance measured is the ratio of

velocity/force. These measurements were taken using the acceleration to

velocity convert described in Section 2.3. As Equation (4.3) indicates

the characteristic admittance in this case is a constant, and indeed the

curves are easier to study with this vertical scale. Again the dashed

• line indicates the mean line prediction. Up to a separation of 8” there

is excellent agreement between the mean line and the trend of the data ,

but after this distance the mean line appears somewhat low. It would

appear that the mean vibration field reaches its minimum when the source

and receiver are separated beyond 8”, and after this there is little if

0~•~~~~ ~~~~ ~ ~~~~~~~~~~~~~~~~~~~~~ — -~~ .~~~~~~0 0~
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any further decrease in the mean of the data. Thus the reverberant

• field is reached after a separation of 8 inches.

4.6.4 Transfer Admittance: Quadrilateral Plate. The area of this

plate is 14.7 square feet or 1.4 square meters and its shape is

indicated in the inserts in the following figures. It is about one half

of the area of the large rectangular plate described in the last section

but is of the same thickness (1/8”). Figures 4.37 through 4.42

represent driving point admittances for this plate with the driver

placed at the center of mass and the receiver at various positions on

the plate. By reference to Figure 4.37 one can see that the mean line

prediction is already a bit low for a source to receiver separation of 8

inches. - At separations of 16 and 26 inches (Figure 4.38) it is below

most of the recorded data . Figure 4.40 indicates the increase in mean

level when the receiver is placed on a free boundary, and parts (a) and

(b) show a difference in levels of about 8 dB. It would appear that the

distortion field near the free edge is increasing the level as with the

rectangular plate. As the receiver approaches the sharp corner of the

quadrilateral , however , an interesting effect is seen. (Figures 4.41 and

4.42.) A large undulation occurs in the transfer admittance , especially

when the receiver is placed in the corner , In which case it is

surprising to note that the admittance of the plate around 8 kHz is

actually less than at the low frequencies. This effect is only so

pronounced in a sharp corner and does not occur in the other corners of

the plate. (Figures 4.40 and 4.41.) No other frequency response curves

measured have demonstrated this type of effect. Figure 4.42 (b) is a
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driving point admittance measurement with the source near the sharp

edge; two images have been used to make the mean line prediction for

this case. This prediction is not expected to be very good since the

sharp corner generates a large number of images at similar distances

from the driver. In fact the angle is not an integer divisor of 180
0

and thus there are an infinite number of images. However, the two image

approximation is very good at the low frequencies and begins to diverge

at 4 kRz .

4.7 Summary

We have shown that the mean line response for the driving point

admittance can be calculated at any point in a flat plate vibrator with

excellent accuracy. If the driver is located sufficiently within the

plate , the mean line is merely given by Equation (4.3). When the driver

is close to a boundary one can neglect any curvature there and calculate

the mean line with an image about the line tangent to the boundary at

the point of specular reflection for a ray generated from the driver .

The mean line is calculated using Equation (4.15) or (4.16). If the

driver is close to the corner of a rectangular plate , then more than one

image must be used to derive the mean line. Here one uses Equation

(4.15) with added Hankel function terms to account for each added image.

If the driver is on the boundary then one uses EquatIon (4.3) with an

additional 6 dB to account for the effects of the free edge distortion

term.
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When the source and receiver are separated we can use Equation

- 
(4.4) to predict the mean line trend of the data (velocity/force) and

the technique works well for the damped plate. However, in the undamped

small rectangular plate we have shown that this technique no longer

works and that the data is limited by a reverberant field in the plate

that is measurable at small separations of the source and receiver. For

the larger undamped rectangular plate the mean line works well out to

farther distances, but again the reverberant field is encountered and

the mean line no longer is a good predictor.
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CHA PTER V

LE VE L OF VARIATION ABOUT THE MEAN LINE

5.1 Mode Parameters

In the following we will make use of the mode parameters (see

Reference 4, Chapter IX) for the plate. This system defines the

vibrator as an electric circuit consisting of parallel branches each

representing a mode of the plate and each containing a mass (mode mass),

a compliance (mode compliance) and a resistance (mode resistance). This

circuit description is described in detail in Reference 5. We will

confine our attention to the driving point admittance and to the

prediction of the levels of variation about the mean line for this case.

Figure 5.1 shows this canonical circuit representation and is reproduced

from Reference 5. The accuracy of the circuit method is demonstrated in

• the mode sum program in Section 5.5, which uses the circuit to predict -

the frequency response curve for a plate vibrator.

Each branch of this circuit represents a mode of the vibrator. At

resonance the mass and compliance of that particular branch cancel and

-~~ the mode resistance dominates. If these resonances are separated by

several bandwidths , the m ode resistances for the resonant branch will

determine the height of the resonant peak in the admittance curve. Thus

Y,— l /R , where R, is the mode resistance of the v’th mod e and Y, is the

admittance (velocity/force) for this mode of the plate at the resonance

frequency.  R, can be related to the loss in the plate by the important

relation

• ~~~~~ 0 • ~~ -— — -- ~~~~~—
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(5.1)

where i is the loss factor, and K., is the mode compliance. If is the

resonance frequency of the v’th branch of the circuit then:

2K, 1/u
0M,,, 

(5.2)

where N, is the mode mass . Thus , the mode resistance can be expr essed

in terms of the mode mass by the following equation:

R, = (5.3)

and thus:

= ~~~~~~~ (5.4) -

Equation (5.4) expresses the peak height in terms of parameters that  are

F known for the system. For a rectangular plate driven at the center,

- 
I M,=M/4 fo r  two—dimensional modes or 14/2 for  one—dimensional (beam ) 

-

modes , where N is the total mass of the plate . In this case Y

and if we measure acceleration instead of velocity this becomes merely

• Y =4j/’iM . (Replace the factor 4 by 2 for a beam mode.) Thus, the

height of the resonance is Inversely proportional to the loss in the

plate . This is the expected result , for  as the plate becomes more

damped we have seen tha t the deviation of the peaks fr om the mean line

is reduced . This latter formula leads to a very convenient rule of

t humb : The peak accelerations in a resonance system are approximately

given by FxQ/M. The dynamic mass is reduced by the quality factor Q of

• •~0~ \~~ • • A o _ o~~~L •_ —• -~ 0~~ ~~0

• •___•_ 
• _ --—- -S- -• -- - -s —~~ •-- -
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the system. Since we have found that the bandwidth of the resonances of

- plates on foam is nearly constant , it is better to wr ite Equation ( 5 .4)

using the relation “b ’
~ o 

as:

= l
~
’
~b
M . ( 515 )

Thus, if we measure the velocity admittance of the plate the peak

heights should also be nearly constant.

5.2 Peak Heights for a Center Driven Circular Plate

In this case the mode masses are not constant as with the center

driven rectangular plate but are given by M,=2M/ vir2 (see Reference 4,

page 272). The following figure , Figure 5.2, represents the admittance

of a center driven circular plate (velocity/force) with its mean line

from a measurement on plate VI (see Appendix I). Only a one dimensional

set of resonances is excited representing modes with circular nodal

rings only. Since the plate was not a perfect circle, one can see the

appearance of the modes with one nodal diameter by the peaks which occur

in the antiresonance minima. The resonance frequencies of these

nonradial modes occur midway between the resonance frequencies of the

radial modes. The actual frequencies of the resonances are given by the

formula:

f v2ira2/2R 2 
, v’4,2,3,... (5.6)

I
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where R is the radius of the plate and ii is the mode number. This

formula is valid above the first few resonances of the plate . Table 5.1

lists the necessary quantities so that the actual peak heights shown in

Figure 5.1 can be predicted via Equation (5.4). Note that the

bandwidths are measured at the 6 dB down points instead of the 3 dB

points since this will provide a more accurate measurement for these

well separated resonance peaks. To derive the 3 dE bandwidths one need

only divide the 6 dB measurements by the square root of 3. Comparing

with Figure 5.2 one can see that the peak heights have been plotted with

x’s up to 6 kHz. The line with the long dashes represents an

admittance of the equivalent of one gram mass. Admittances less than

this are subject to high experimental error due to the mass cancellation

process.which cannot be expected to be accurate in this range. (Note

that it is the peak heights that are most affected by the mass

cancellation.) Thus , the peak heights are not plotted beyond 6 khz.

The agreement between the predicted and actual values Is good and the

worst deviation at 5.3 kHz is 2 dE.

• It is interesting to note that the second dip in the peak heights

occurs exactly at the coincidence frequency for this plate , although

there is no corresponding explanation for the occurrence of the first

dip in the peaks at 500 Hz. Note that the antiresonances and resonances

are equidistant from the mean line, the dip in the peaks is always

reflected by a corresponding increase in the valleys, although at the

lower frequencies noise begins to lncrease the height of the

antiresonances, and at the higher frequencies the first nonradial mode

begins to appear out of the antiresonances. (The system noise is

• —5---— — - t~~L- i •
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TABLE 5.1

EICENFREQUENCIES, LOSS FACTORS AND PEAK HE IGHTS FOR A CENTER

DRIVE N C IRCULAR PLATE

MODE FREQUENCY FREQUENCY % ERROR 6 DB LOSS PEAK
• (THEORY) (MEASURED) BANDWIDTH FACTOR HEIGHT

Hz Hz Hz dB

4 218 215 1.40 13 .0349 —38.2
5 340 337 .89 11.5 .0197 —35.2
6 490 487 .62 11 .0130 —33.2
7 667 664 .45 24 .0209 —38.6
8 872 871 .11 24 .0159 —37.5
9 1103 1102 .09 26 .0136 —37.1
10 1362 1364 .15 24 .0102 —35.5
11 1648 1650 .12 24 .0084 —34.7
12 1961 1962 • .00 23.5 .00692 —33 .8 

0

13 2301 2301 .00 25 .00627 —33.6
14 2669 2666 .11 46.5 .00585 —38.4
15 3064 3064 .00 52 .00980 —38.7
16 3486 3483 .09 41 .00680 —36. 1
17 3936 3927 .23 43 .00632 —36.0
18 4412 440 1 .25 39 .00512 —34.6
19 4916 4894 .45 29 .00342 — 31.6
20 5447 5407 • .74 31 .00331 —31.7
21 6007 5959 .77 26 .00252 —29.8
22 6591 6528 .97 25 .00221 —29 .0
23 7204 7118 1.2 19 .00154 —26.3
24 7844 7737 1.4 37 .00276 —31 .7
25 8511 8374 1.6 26 .00119 —28.3
26 9206 9041 1.8 36 .00230 —30.8

- •
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— essentially proportional to acceleration and thus drops off at 6 dB per

octave in our velocity measurement , as can be seen in Figure 5.2 up to

500 Hz.)

5. 3 Peak Heights for the Rectangular Plate

These results are for a rectangular plate (plate II of Appendix I)

driven at the center so that the mode density is not too high. Similar

measurements were made on this plate so that the peak heights could be

predicted using Equation (5.4), where M~=M/4 or M/2 depending on whether

the mode is a plate or beam mode respectively . For this plate the total

mass H was 8.36 kgms.

The results are shown in Figures 5.3 and 5.4 representing the

frequency response curves with an expanded frequency scale, from 100 to

2,500 Hz in the first and 2,500 to 5,000 lIz in the second figure.

Unlike the results for the center driven circular plate the predicted

peak heights seem to vary at random about the measured ones. Note that

predictions have been made only for well separated peaks consisting of a

single mode. The average discrepancy in peak heights amounts to an

• average 3 dB variation. Similar measurements of a thicker plate show

this devIation to be worse even though the mode peaks are better

separated due to the thicker plate’s smaller mode density. The

following investigations were made in an effort to account for this

discrepancy.

First , we investigated radiation loading on the plate and its

effect on the peak heights. We thought that the different modal

-~~~~~~~ 
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patterns might be loaded by differen t amounts. The radiation loading

was changed to see its effect by several different methods. One method,

for example, consisted of laying acoustic tiles over the surface of the

plate . It was found , however , that there was no change in the relative

peak heights from mode to mode.

Second , we noted that variation in peak height can occur if the

impedance of the plate Is of the order of the cancelled mass , that is,

about one gram. This was noted before in the description of Figure 5.2.

For this reason the thicker rectangular plate (plate X in Appendix I)

was studied . Due to its larger mass it had no peak values less than a

5—gram equivalent. However, as noted before, the peak—to—peak variation

was even worse in this case. Clearly it could be concluded that the

mass cancellation technique was not causing this discrepancy.

A third hypothesis was tested . We thought that it might be possible

that the direction of rolling of an aluminum plate during manufacture

might create an inhomogeneous effect that could cause a difference in

elastic character between the short and long dimensions of the plate.

To investigate this two rectangular plates were cut from the same piece

of aluminum, one with the roll in the long dimension and the other with

the roll in the short dimension. The results of the frequency response

measurements on these plates are shown in Figure 5.5 (a) and (b). The

figure indicates that the peak heights are identical in these two cases

and it can be safely concluded that the plate is indeed homogeneous with -•

respect to the rolling direction , with no difference in its elastic

character with or against the rolling direction.

L - ~~~~~~~~~~~~~~~~~~~~ 0 _ _ _
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Finally, we tried a different method of excitation of the plate .

To eliminate any possible problems due to the driver , mass cancellation

and servo feedback unit we used a 1/2” diameter voice coil taken from a

0.3 watt miniature loudspeaker, along with its magnet as a driver .

Since the voice coil maintains a constant force over the frequency range

of interest as long as it is driven with a constant voltage, the driving

system is much simplified . The results of this type of driver were in

complete agreement with earlier results using the shaker and impedance

head . This is a gratifying crosscheck on the excitation system.

However, no change in peak heights was noted and we were still at a loss

for an explanation of the peak height problem.

We were forced to conclude at this point that the problem does not

lie in the equipment but somewhere in the physics of the plate . One

possibility may be the coupling of the longitudinal vibrations with the

bending vibrations through Poisson’s contraction. It would seem that

this coupling would increase as the plate thickness increases where this

problem becomes worse. However, we did not carry this investigation

further.

A note here on the voice coil method of excitation. In studying

the above problem we tried to use voice coils to excite beams at the

center with much trouble. First , it turned out to be absolutely

necessary that the diameter of the magnet be such that it fits snugly

into the voice coil. Otherwise the coil generates a moment due to the

imbalance of force across its diameter , and thus no longer acts as a

point source. Even with a coil and matching magnet combination one can

sti l l  easily generate moments if these components are detached from each 

~~ ‘s - s . ‘ 5 _~~~~~~~~~~ _ ‘ “ “ ~~ ~~~~~~~~~~~~~~~ •.- •-~~~~~~
—
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other. We had the best success when we used a loudspeaker with its cone

- and metal bracing around it removed but with the voice coil still

connected to th) housing by the inside compliant suspension. This

- 
provided good alignment between the coil and magnet and the compliance

was small enough so that It did not affect the measurements. We found

also that the moment generation problem was not nearly as bad in the

plate measurements with the voice coil. Since the plate is stiff in

both directions, unlike the beam, the moments are not generated so

easily.

5.4 Minimum and Maximum Predictions of Admittance

- Skudrzyk has outlined the theory in his paper
5 
and the results are

quoted here. The average height of the resonance maxima is given by ~

times the characteristic admittance and

0 = 2~~/~r~~ , (5.7)

wher e ~~, is the frequency difference between successive modes, and

the bandwidth. If the driver is at the center of a rectangular plate ,

• then the mode density can be related to the area ~ and stiffness a by:

f~ ’uh 16ira2/or . (5.8)

For the driver not on a line of symmetry, the 16 in this equation should

- be replaced by 4 since the mode density quadruples. Note that the units
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of ~,, are radians per second. Similarly, the height of the

antiresonances is given by 1/~ times the ch~racterist ..c admittance.

Thus once the mean line is plotted on the frequency response curve, the

minimum and maximum excursions below and above this mean line are found

by calculating 2OxLOG10(~). When the modes are spaced close together so

that more than one mode occurs in a single bandwidth (~,,<5 wb
)
~ 
Equation

(5.7) must be modified . Skudrzyk has5 (Equation (4.7)h

(2e V /twb
) ( l  + ~~ 2/(1+(21,~ j,/wb)

2
3 ) . (5.9)

From Jolley’s book on summation of series (Formula 124) one can show

that Equation (5.9) reduces to:

- = cotanh 
~~~~~~~~ 

. (5.10)

It can be seen that when the argument of cotanh is small this equation

reduces to Equation (5.7).

Figure 5.6 illustrates Equation (5.7). Here plate V (see Appendix

I) is a circular plate driven at the center and at 4” off the center.

Only radial modes are excited at the center and thus the mode separation

~ is larger than when the driver is 4” off center. As Equation (5.7)

or (5.10) indicates 8 decreases due to the increase in mode density.

For a more quantitative look a rectangular plate (plate II,

Appendix I) was driven at the center with o 25.6 in
2 
and *,u~SlO rad/sec

(90.7 Hz). Values for w
b were averaged over several kHz and

corresponding values for 8 were obtained. Figures 5.7 and 5.8 show the 

--—-0k. - - - ~~~~~~~~~~ ~~~~~~~~~~~ - —
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Figure 5.6 Response Curves for a Circular Plate Driven at the Center
and 4” Off—Center, Illustrating the Effect of the Increase

- in Mode Density on the He ight and Depth of the Resonances
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results. Up to 2.5 kllz (Figure 5.7) a decreases from 16 dB to 14 dB.

From 2.5 to 4 kHz ~9=9 dB and from 4 to 5 kHz 8-’10.4 dB (Figure 5.8).

Remembering that these maxima and minima represent the expected average

deviations about the mean line, it appears that the theory is providing

a good measure of the dispersion of the data about the mean line.

5.5 Computer Program for the Mode Sum

As a final proof of the validity of the circuit approach with its

use of the mode parameters , mode mass, mode compliance and mode

resistance, the following computer program was undertaken for the center

driven rectangular plate. Consideration of the plate as the parallel

branch electric circuit shown in Figure 5.1 leads to the following

equation for the admittance of the plate in terms of its modes:

Y = ~~~jW/(M,(Zi, (.))] + 1/jD~M , (5.11)
Wi. -

- _ 2 2
where 1/jiaM is the rigid body mode, M,=mode mass, and ~, ~ (1+j~).

Th us, in terms of the real and imaginary parts this is written as:

‘1 — (-v~L~) + + 
1 

(5.12)4_
~-~ ~

-~.[(o~-cI) + (~-
~c.~ ))  4~-’ M,[(o~- cf) + (i~~ .~~ ) I j~~M

At a resonance ø—.~~, and the summations of Equation (5.12) are dominated

by just one term in the first summation, the resonance term. In this

case the admittance reduces to Equation (5.4) for the peak height.

This is true as long as the modes are separated by more than a 

~~- - ~~~~~~~~~~~~~-~~•--. ~~~~~~~~~~~~~~ 
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bandwidth. Also It can be seen that at a resonance the admittance is

essentially real.

Although only one term is needed to find Y at a resonance, at an

antiresonance this is not the case. It turns out that the number of

terms one must consider increases to over double the frequency of the

excitation. The eigenfrequencies are determined by Warburton ’s

equations as explained in Chapter III, and the losses are average

measured values.

The comparison of the real and imaginary parts and the magnitude of

their combination are shown in Figures 5.9 through 5.11, respectively,

using this mode sum on a hypothetical plate. In Figure 5.11 an effort

was made to plot the magnitude of the admittance with a dotted curve (a

reproduction of Figure 5.9) on top of the imaginary component to show

the relationship. The results show that the regions of resonance are

- 
determi ’~ed by the real part of the admittance , that is, the mode

resistance of that particular resonance excited ; and that the depth of

the antiresonance is also determined by the real part. However , close

examination indicates that as soon as we pass out of the tip of the

v~lley the imaginary part immediately takes over. For example, compare

the antiresonance sections of Figures 5.9 and 5.10. Thus the imaginary

part determines the antiresonance frequency but the real part determines

the actual level of this antiresonance.

The significance of the imaginary part is interesting and if it is

pursued a little further some insight can be gained into the general

nature of vibrators. Since ,
~ is small the second term in each of the

denominators of Equation (5.12) can be neglected and the admittance

reduces simply to:

--- -- -5-— - -- -_ — - —— -~~~~~- -• ~~~~~~~~~~~~ — -~~
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J~ /Mv ( ~~
2 u2 ) , (5.13)

except when o~psw. Thus, when w,>w the terms in the sum with v greater

than the resonance mode number act as positive terms , and since they

behave proportionally to +jw they act as compliances . (Note tha t the

admittance of a compliance is ju~K.) The modes which are excited below

the resonance frequency provide a negative denominator and thus a 1/j~iM

dependency acting as mass impedances. At some point the mass reactance

of the modes below just cancel the compliant reactance of the modes

above and the antiresonance is formed . As more and more terms are added

to the reactive sum in Equation (5.12), more compliance is added to the

system and the result is a shif t  in the antiresonance frequency to a

lower frequency. In practice it was found in a particular example that

an antiresonance frequency occurred at 7360 Hz when this sum was cut off

at 10 kHz. It dropped to 7320 Hz when the sum was taken to IS kRz and

finally to 7318 when taken to 20 kHz. This is exactly analogous to the

effect noted in Chapter II of the compliance added by the mounting of

the driver to a plate system. In our mode sum model this compliance

adds a significant positive component to the reactive sum and, indeed as

we have seen, shifts the antiresonances to the lower frequencies.

5.5.1 Comparison with Experimental Data A rectangular plate (plate

II of Appendix I) was driven at the cent- : and the losses were carefully

measured . The losses were averaged over 500 Hz frequency intervals and

inserted into the computer program. The resonance frequencies were

. calculated by Warburton’s formulas13 as described in Chapter III. Since
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~~~~~~~~~—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- -
~ _ _
~ - 

—-0— 

~~

•- -0 — iTII_
~~~~—~~

_ .
~.--

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~III~

130

the plate was center driven the mode mass was 14/4 for a two—dimensional

resonance or 14/2 f o r  a one—dimensional resonance. The mode compliances

could then be calculated by the formula K —1/M i~~~. An average value

for a of 2.70 m/sec 1~
I2 was used . The results are shown in Figures S.12

an~ 5.!3. T~ i ~~~~~~~~ is excellent in the frequency range 100 to 2.5

kHz and remarkable in the fact that the levels of the antiresonance

minima are predicted so well by this model. As would be expected the

peak heights show some discrepancy, as was noted earlier in this

chapter. (The modes were summed up to 20 kHz for this example.) There

is no doubt that the mode sum program provides a very accurate and quick

(about 10 sec CPU time on the IBM 370) method for predicting the

response curves of rectangularly shaped plates. This method should work

for  any shape plate , although the work was not carried any further. The

actual computer program is included in Figures 5.14 and 5.15; the

principal program is named MODESUM, and the plotting program is named

PLTSUM.
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00050 /*USERID EGWO 2
00100 /1 EXEC FWCG

• 00 150 // SY S I N  DD *

00200 D 1HEN STON FF(2000),FREQ (4 0 0 0 ) ,Fv(2000) ,yR (4000) yj(4000 )
002 50 D I U E ~~S I O N  O R D E R ( 3 0 0 0 ) , E T A ( 4 0 ) , E T A F ( 3 0 0 0 ) , M A S S ( 2 0 0 0 ) M H A S S ( 2 0 0 0 )
00300 D I 1 I E N S I O N  F V S ( 2 0 0 0 ) , Y A ( 3 0 0 0 ) . N v I ( 2 0 0 0 ) , H v I ( 2 0 0 0 )

• 00350 D I M E N S I O N  N V ( 2 0 0 0 ) , M V ( 2 0 0 0 )
00400 REAL J,M ASS ,MMASS
00450 IN TEGER ORDER
00500  C
00550 C INPUT LEPICT II ,(JXD T H ,STIFFNE SS PA RAHET ER .THICENE S S
00600 C
0002 0 C
00630 C INPUT UPPER FREQUENCY CUTOFF
00 040 C
O06~0 DATA A ,B ,ALP HA JIT/42 .,24. ,2 .7 1 1 , 1875 /
0~1700 DATA FVMA X /10000./
0072 0 C
00730 INPUT PLOTTING FRE QUENC Y RANGE
0 074 0  C
00750 DATA FM IN ,DF ,FHAX /3000. ,S.,5000. /
0 0 7 7 0  C
00750 C IN PUT LOSS FACTORS IN 500 HZ INTERVALS
00740 C
0080 0 DATA (ETA(T), I—1 ,11 )/.0315 , 018 . .0105 . .008 ,.0067 , .0068 ,-0076 ,
00850 #..006, .0049, 00405 , 0035 /
00900 A_ A *,0254

-
~ 00950 B .B * 0 2 5 4

01000 HT.HT * 02 54
OIOS C P 1 .3 - 1 4 15 92 65
01100 TPI.2 *P1
01150 CO 0 .PI*ALPHA*A LPHA/( 2 .*A*A )
012 00 RAT I .A *A/(B *B)
0(2 50 RAT2 —RAT ! ~~~~~~~~

01300 RHO— 2 700.
01350 AHTOT .RH0*A*B *Ht
01400 C
01450 C CALCULATION OF RESONANCE FREQUENCIES
01500 C
01550 NF(~-O
C1 600 DO 105 N—0 ,100 ,2
~ 1 650 DO 100 M — O ,100 .2
017 00 IF (N+M .EQ -O. OR.N +M EQ .() GO TO 100
01750 E .CON *SQRT(C (N )**4+RAT2 *-C (N)**4+2 *RAT1*( .325*H (M)*H (N)+

• O l bO O 1 .675*J (H)*J(N )))
0185 0 IF (E .GE.FVMAX -AND.M. EQ .O) GO TO 200
01900 IF (E.GE.FVMAX) CO TO 105
01950 NFQ —N FQ -s- 1
02000  I F  ( E . E Q . O . O R . M . E Q . 0 )  GO TO 80
0 2 050  J 4 H A S S ( N F Q ) — A I - I T O T / 4
0 2 1 00 GO TO 90
02 ~50 80 N~;ASS (NFq )—A1-,ToT /2 -
02200 90 FI ( NF Q ) — E
02250
0 2 3 0~) NV I ( H F Q ) — N
02 3 5)) GO TO 100 -
02400 1 - 0 CON T INUE
02 4 50 105 CONT INUE

Figure 5.14 Computer Program for MODESUM
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02 300 C
02550 C SORTING OF M ODE FREQUENCIES
02 600 C
02 050 200 IT—N FQ
02 700 I D UM H — 1 4
02750 CALL QSORT (FF (1) ,FF(2), ORDER , IT ,3 .IDUNM )
02800  W R I T E  ( 6 .890)
02850 890 FORMAT ( .9 1FREQUENCY .IR H N H MODE MASS //)
02 900 DO 300 t— t , NFQ
02950 IS -ORD E RC I )
03000 FV (I)—F F(IS)
03050 FVS( I )—FV (I ) *~~~l / ( j )

03100 MV (I)—MVI(I S)
03150 NV( I )— N V I (I S )
03200 WRITE (06 ,992 ) FV (I) .NV( I) ,MV (I),N M A S S ( I S )
032 50 992 FORMAT C’ ‘,F8.2 ,2 14 ,F l 5 - 4 )
0330 0 300 ?IASS( I)—HIIA SS (IS)
033 50 NEV— N F Q
0340 0 C
03450 C MERGE MODE AND PLOTTING FREQUENCI ES
03500  C
03550 F—F1-IIN
03 600 310 IF  (F~ CT .FMAX) GO TO 320
03 650 NFQ —UF Q+ 1
03700 FF(NFQ) .F
03750 F—1 +DF
0360 0 CO TO 310
03850 320 ID UZ- tM—1 4
03900 IT NFQ
0395 0 CALL q SORT(FF( 1 ) , FF(2 ) ,ORD ER ,IT ,3 .IDUM II )
04000 DO 400 I—1 ,NFQ
04050 IS— ORDER (I)
04100 400 FREQ( I)—F F( IS)

H 04150 C
04200 C CALCULATE ADM ITTANCE
0 4250  C
04300 00 600 N—1 ,NFQ
04350 YR (11)—O. -

04400 YI (N ) .(_ 1./ (FREQ(N) *FP•EQ(N )*AHTOT))
04450 FS~~FREQ(N )*FREQ(N )
04500 IF (FREQ(N).LT .Fl-IIN.OR.FREQ(N).CT.FNAX) CO TO 600
04550 -IN F—I NT (FRE Q (N)/S00 .)+1
04000 ETAF(N) .(ETA(INF+1)_ETA(INF))*(FREQ(N)/500._INF+1)+ET#i(INF)
04650 DO 500 I—1 ,N F V •

04700 EFVS .ETAF(N)*FVS(I)
047S0 DIF—FVS (I)—FS
04800 DIFS D IF*DIF
04850 DEU .(DIFS+EFVS *EFVS) *MASS(I)
04900  9999  F O R M A T  C’ ,2F6 .O, 4E1 6-8)
04550 YR (N)—Y R (N )+EFVS /DEN
05000 YI (N)—Y I (N )+DIF/DE1.
05050 500 CONT INUE
05100 YR (N ) .YR(N)*FS/ (TPI*PREQ(N))
0515 0 Y I (N )_ Y I (N )*FS / (TPI *FREQ (N))
05200 - TA (N).!O .*AL OGIO (YR(N) *YR (N)+Y1 (N)*YI (N))
052 50 YR(N ).20 .*A LOG IO(AB S(YR (N)))
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05300 YI(H)..2O.*ALOG1O (ABS(YI(N)))
053 50 600 CONTINUE
05400 NN NFQ/5
05450 DO 991 K—1 ,RN
05500 WRITE (06,990 ) (FREQ(I), YA(t),yR (1),YI (1),I—K ,NFQ ,~.N)
05550 990 FORMAT (‘ ‘,6(F6.O ,3F5.L))
05600 991 CONTINUE -

05650 WRITE (7,995)
05700 995 FORMAT (I4HXXXXXXXYYYYYYY )
05750 NFIRST O
05800 DO 996 K 1—1,NF Q
05850 IF (FREQ(K1).LT .FMIN.OR .FREQ (K1).GT .VHAX ) GO TO 996
05900 IF (NFIRST.NE.0) GO TO 700
05950 NFIRST—1
06000 KSAV2 KI
06050 YANAX=YAHIN—YA( K1)
06100 700 IF ( YA ( K 1 ) GT .Y A t , t AX)  YAMAX—YA(KI)
00150 IF (YA (K1).LT .YAMIN) YA HIN—YA(KI)
0 02 0 0  W R I T E  ( 7 ,998) FRCQ (K1),YA (K1),Yft(K1),YI (K1)
002 50 998 FORMAT (F7 1 ,3F7.2)
00 3 0 0  K S A V ’X l
06350 996 CONTINUE
00400 ADD IO—1O.
00450 IF (YAMAX .LE.O .O) ADD IO—O .O
06500 YDUM2.(INT (YAIIAX)/10)*1O .+ADD10
06550 YDUM1—YDUN2 — 60.
0 0 6 0 0  W R I T E  ( 7 ,998) FREQ (KSAV),Y D U H 1 ,YDUM1.YDUH1
06650 WRITE (7,998) FREQ (KSAV ),YDU1-12 ,YDUM2 ,YDUN2
06700 WRITE (7 .998) FREQ (KSAV2),YDU M2 ,YDUM2 ,YDUU2
06750 STOP
00 80 0 END
06850 FUNCTION 11(1)
0 6900 IF (1—2 ) 1200 , 1100 ,1000
00950 1000 H.(I~~.5)**2*(1.

_ . 63 66/(1— .5))
07000 RETURN -

01050 1100 11—1 .248 -

07100 RETURN -

07150 1200 11—0.
07200 RETURN
072 50 END
07300 FUNCTION 0(1)
07350 IF (1—2 ) 1200 ,1100 ,1000
0 7 4 0 0  L 000  C — I —  .5
0 7 4 5 0  R E T U R N
07500  1100 0 . 1.5 0 6
0755 0  R E T U R N
0 7 6 0 0  1200 0 — 0 .
07 650 RETURN 

-
0 7 7 0 0  END -

0 7 7 5 0  F U N C T I O N  J(I)
07500 REAL J
07850 IF (1—2 ) 120 ,110 ,100
07900 100 J.(1 .5)*(I_ .5)*(L.+1.910/ (I_ .5))
07950 RETURN
06000 110 J—5 .017
08050 RETURN
08100 120 J.l.2 1 6*I
08150 RETURN
082 00
052 50 //IjATA.I --~-fl7FOo1 DO UNIT—BAT ,FILES—($IISUM I ,$MSIJM2 ,$MSUN3 )
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00001 C LISTING FOR PLTSUM
00002 C
00003 C
00004 C THIS PROGRAM PROVIDES PLOT OF THE RESULTS OP HODESUM .
00005 C
00050 /*USERID EGW O2
00100 II EXEC RUN ,PROG— GRA PH TK
00150 /SYSIN DD *

00200 / /DATA .PT17POOI DD UN IT—RA T, PILES- $PLOTI
00250 //DATA .INPUT )!D *

00260 CP OVERSIZE
00310
00320 FREQUENCY
00330 ADMITTANCE
00340 F IGURE 42 X 24 X 3/ 16 INCH PLATE DRIVEN AT CENTER .
00341 THEORETICAL PREDICTION PROM lIN E MODE SUM W ITH MODES SUMMED
00342 UP TO 20000 HZ. RIGID ROU T MODE ADDED .
00350 CP TI K 6 Y 7
01340 C? CURVE
01400 C?
01500 /*INCLUDE ECWO2. $MS UM I
01510 /*INCLUDE EGW O2. $M SUMZ
01550 CD
01600 /*INCLUDE EGWO2 .$M SUNI
01610 /*INCLUDE EGWO2. $M SUM 2

Figure 5.15 Computer Program for PLTSUM
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CHAPTER VI

SUMMARY AND CONCLUSIONS

6. 1 Summary

This work provides a method in which the average characteristics of

the point admittance of a vibrator , in this case flat plates of various

geometries, can be predicted . These predictions include the mean line

through the response curve (admittance versus frequency) over the

frequency range of 100 Hz to 10 kHz, and the average height of the

resonances and depth of the antiresonances on the response curve for the

vibrator. I~ other words, given a point source exciting a flat plate

vibrator, the resultant average velocity and expected maximum and

minimum variations about this average at the driving point can be

predicted . Also the average velocity at other points on the plate

surface has been predicted .

The mean line is easily calculated when the point source is in the

interior of the vibrator. When the source is close to a boundary an

image method is used for the calculation of the mean line.

A computer program was developed modeling the vibrator as an

electric circuit representing the sum of the modes of the vibrator. The

program predicted the actual driving point admittance (not the average

value) for a center driven rectangular plate over the frequency range of

0.1 to 5 kHz.

I 
_ _ _ _

--0.

-0

~

•

~

-0 --.—- --5

~

-- •••



— --0—-—--- —-- -
~
-- — - - - - _~~~~~~~ 

—-0- 
------0— — -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

138

Also, predictions of the eigenvalues of the f ree—free  square and

rectangular plates were made using a simple algel raic equation.

6.2 Conclusions

The predictions of the mean admittance are generally accurate to

within 1 dE. The predictions of the excursions about the mean provide a

good measure of the expected minimum and maximum response of the

vibrator to the driving force. The calculations used are quick and

numerically simple. The only measured data used In the predictions were

the the loss factors for the vibrator. We have also been able to deal

very accurately with the coupling between the vibrator and the point

driver attached . The accuracy of the circuit theory approach in the

prediction of the actual admittance of a vibrating plate has been

demonstrated . Further , the predictions of the eigenvalues for the

square and rectangular free plates were found to be generally within 1Z

of the actual measured values.

6.3 Recommendations for Further Stu4y

The next logical step would be to appiy these techniques to more

complicated structures such as ribbed plates and ribbed shells, 
- 
making

use of the mean line theory and also the circuit theory approach. The

MODESUM program should be extended to deal with transfer admittance.
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APPENDIX II

DAMPING OF PLATE SURFAC E

A rectangular plate (plate I of Appendix I) was coated with two

coats of GP—1 damping compound which, when it dries, has the constancy

of a cement. The mass of the undamped plate was 9.80 kilograms and

after damping this weight increased to 12.92 kilograms. This was

equivalent to a 32% increase in weight. Certainly some of the

effectiveness of this damping material is in this mass loading. By

virtue of Equation (4.3) it is evident that this inc rease in mass will

lower the mean line, decreasing the characteristic admittance of the

plate. - In this case the loading is equ!v~1ent to a 2.4 dB drop , as did

indeed occur. Also the thickness of the plate was increased from 0.188”

to 0.304” due to the damping layer.

An important consequence of the damping on the response curves for

the rectangular plate is a stretching of the frequency response curve.

For example, a sharp antiresonance which occured at 8350 Hz shifted to

8925 Hz when the plate was damped. In Figure 4.1 of Chapter IV , page

43, the damped plate response is plotted along with the undamped

response. For this comparison the shift  in mean line due to the mass

- 

- 
loading and the stretching of the frequency response curve were removed

so that the curves could be compared properly. The stretching of the

frequency spectrum is equivalent to an increase in the stiffness

parameter (see Equation (4.2)] of the plate from 2.73 to 2.84 m/sec
l12.

It is apparent that the effect of the damping compound on the plate is 
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to stiffen the top surface of the plate by increasing the resistance to

bending. Note, however , that the increase in mass In the plate has the

opposite effect. Since the mode mass must also increase it is apparent

that this effect alone will reduce the resonance frequencies of the

system. (see Equation (4.2) for example.)

The frequency response curves using this damped plate in Section

4.6.1 had their mean line predictions decreased by 2.4 dB to account for

the added mass due to the damping compound. -
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APPENDIX III

CALCULATION OF EIGENFREQUENC IES FOR THE RECTANGULAR PLATE

The following results are taken from Warburton . ’3 Equation ( 15) of

his paper is recast in terms of the stiffness parameter alpha so that

2 2f ‘Xira /2am,n

where a is the long dimensfon in meters , ~~. is the stiffness param.~ter , f

the frequency in Hz, and X is given below:

X2 .~G
4 + G 4

a
4/b~x y

+ 2a2/b2(H H +(1— o’)J Jx y  x y

where G ~~m — .5 m>2x

= 1.506 m—2 
-

-~~ = 0 in<2

H — (m _.5)2[1 — 2/(in— .5) ] in>2

I — 1.248

— 0  
- 

in<2

and — (‘5 — 5)2U + 6/(m— .5) I m>2

— 5.017 m 2

2
— 121w w 1

— O  m—0.

- 

J

Li~~~~ ~~JITI 11T ~~~



T~~~~~~~~ Tvaluat Ty ,Hy and JyTp 1acemwIiTe TovTuations .Te
o- is Poisson’s ratio , in and n represent the mode numbers and b is the

shorter dimension of the plate in meters.
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