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1 . l i l t r ocluct  i on

~~~ ion re~~rt ’s en tat ion  is an impor tan t  issue in image pro—

‘e ; ~ i n t : , c.i r t ~graphy , and computer graphics. There are’ numerous

r~~ ’re~;e n t a t  ions  c u r r e n t ly  in use (s ee  E DRS ] fo r  a b r i e f  r ev iew )

In  t h  s j~ap er  we focus  our a t  t en t  ion on a p a i r  of such r e p r o—

s~~:t t i  t i ons  t ermed  the  ch.i ~ ri Code ( F re e m a n !  and  the qu ad t  roe I K D J

I n  [DRS ) an a l g o r i t h m  is presen ted  for  o b t a i n i ng  a c h a i n  code

t r o m  i qu ad t re e .  In t h i s  paper , we present  an a l g o r i t h m  for

obtaining the quadtr ee  corresponding to the  c h a i n  code f o r  a

i yen req i on. Such a lgor it hms are importan t because each i eprt ’-

s e nt a t i o n  is w e l l  s u i t e d  f o r  a spec i f i c  set of o p e r a ti o n s  en .1

region . For example , the chain code is very compact and f a c il i -

tates the detection of boundary features such as corners and

c o n c a v i t i e s .  The quadtree is useful because i t  enables a h i e r-

~i rchica L representation as well as facilitating operations such

~is region union and intersection .

I n  the remainder  of the paper we briefly review the defini-

t i ons of a chain code and a quadtree. Sections 2-6 presen t  arid

analyze our algorithm . Included is an i n f o r m a l d e s c r i p t i o n  of

the algorithm and a rationale for its various s teps .  The f o r ma l

presentation of the algorithm is given usinq ALGOL—like (Naur 601

procedures . Note that our cdqorithms are different from t hose

giv en in (Hunterl in the domain of computer qraphics where each

node stores the list of coordinate points that describe t I’ i e

L
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polygon f r o m  w h i c h  the (juadtree was constructed . We don ’t

make use of any information of this nature .

We assume that a reg i on is a simply-connected subset of a

)fl b~ 2~ array , wi thout holes , which we view as bein g composed

of unit square “pixels. ” We f u r t he r  assume tha t  the reg ion

is four-connected--i.e., blocks touching only at a corner are

not ad jacen t . Th e chain code is a representat ion of the boundary

consisting of a sequence of unit vectors in the principal dir-

ections (i.e., N ,E,S,W). The directions can be represented by

numbers , e.g. let i represent  the direction 90i° where i=0 ,l ,2,3.

As an example , consider the region in Figure la. The chain

code of its boundary, mov ing clockwise standing at the leftmost

upper  corner, is 0730302103030362532212122517. Note that

generalized chain codes involving more than four directions

can be used although this is not done here .

The quadtree is an approach to region representation based

on a successive subdivision of the array into quadrants. In

essence , we c o n t i n u a l l y  subdivide the array into quadrants , sub-

qu a d r a n ts,... until we obtain blocks (possibly single pixels)

which are either entirely in the region or entirely disjoint

from it. This process is represented by a tree of out-degree

4 in wh ich  the root node represents  the en t i re  ar ray , the four

Sons of the root node represent the quadrants , and the terminal

nodes correspond to those blocks of the array for which no

L
A.

~~~-~~-~~~~~~~ 1 -- -S



-~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~

ur  t hor  subd i v is  i o n  is n e c ess a r y .  Note t ha t  our quad t r ees  a j o

d i t  t’er e nt  t rem those  in t roduced by [F B I  to represent  point ‘.la t a

i n  t w o — d  m iens ona l  space. For example , F ig ur e lb is a b lock

~1ecompos i t  ion ‘f t h e  r e gi o n  in  Figure la while Figure lc  is

t he  c o r res p O n d  i ~iti quad t roe . In  general  , BLACK square  nodes

r ep r e s e n t  110th t h a t  a re present in  the  region while WHITE

~~lu a i e  nodes re~ ‘resent nodes that are absent in  the req ion  . C i r —

c u l ar  nodes cor respond to non—terminal nodes , also ref er red to

as ~ RAV nodes
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D e f i n i t i o n s  and no ta t  ion

Let each iiode in a qu ad t  roe be stored as a record c o nt a i n —

i~~s s i x  f i e l ds .  ‘rhe t i r s t  f i v e  f i e l d s  c o n t ai n  po in t e r s  to the

‘ s f a t  he r  and it s  f o u r  sons labeled  NW , NE , SE , and SW .

i von  a node P and a son I , these  f i e lds are r e f e r e n c e d  .15

V A T E I E R I . P )  and SON (P , I) , r e s p ect i v e l y .  At tin~’s i t  is u s e f u l  t o

u e  t he f u n e t  ion  SONTYPE ( P )  w h e r e  SONTYPE ( P )  =Q i f f  ~~ N (FAT t I E R  ( P )

Q ) - ~P .  The s i x t h  f i e l d , named NODETYPE , describes the c o n t e n t s

~-c the  b lock o f  t h e  req ion which the node represents——i.e •

W L L I T E , i f  the b lock  c o n t a i n s  n ’  p ixe l s  in the region ; BLACK , i f  r

t h e  block c o n t a i n s  on ly  p i x e l s  i n  the r e g i o n ;  and GRAY , i f  i t

~‘onta  i n s  p i x e ls  ot  bo th  typ e s .  A l  t e r n a t  i v e ly ,  BLACK and Wh ITE P
nodes are  t e r m i n a l  nodes w h i l e  GRAY nodes are non—terminal

nodes

Let t h e  four sides of a n ode ’ s b lock  be cal led i t s  N , E ,S ,

and W s i d es .  They arc  a l so  termed i t s  b o u n d a r i e s . The fou r

d i r e c t  i ons  that can be r e p r e s e n t e d  by a four d i r e c t i o n  c h a i n

code .ire labeled E , S , W , and N .  A c lockwise  cha in  code is be ing

used w h i c h  means t h a t  the region  is a lways  to the r i qh t  of t h e

h ’und . iry  r e p r e s e n t e d  by the  code . BOUNDARY ( I ) )  i n d i c a t e s  t h e

t y p e  of b o u n dar y  r epresen ted  by a code in d i r e c t i o n  B ; i . e . ,

d i rec t  ions  E , S , W , and N cor ?e s p on d  to n o r t h e r n  , e a s t e rn , s ou t h e r n ,

and w e s t e r n  b o u n d a r i e s  r e sp e c t i v ely .  O P D I R ( D )  is a direction

180° in opposition to direction I). The function COMPARE (D1 ,P~~)

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~
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1

indicates the relationship of direction D2 to direction Dl.

It has values of SAME , CLOCKWISE , COUNTERCLOCKWISE , and OPPOSITE .

For example , COMPARE (E ,S) is CLOCKWISE. Figure 2a shows the

r€ ’l a t i onsh ip  between quadrants of a node and directions of a

cha in  code , and Figure 2b shows the relationship between quad-

r an t s  of a node and its boundaries .

There are a number of other functions which are useful in

describing the relat ionships between nodes , quadrants , and

boundaries. In the followinq definitions we shall use 
- 

-

P , Q, and R as node variables , I and J as quadrant variables ,

and B and C as boundary variables. QUAD (B,C) is defined to be

the quadrant which is bounded by boundaries B and C (if B and

C are opposite boundaries , then the function is undefined);

e.g., QUAD(N ,W)=NW . Quadrants are ordered NW , NE , SE , and SW

in the clockwise direction . CQIJAD(I) returns I’s neighbor in

the clockwise direction ; e.g. CQUAD(SW)=NW . Similarly ,

ccx?UAD(I) returns I’s neighbor in the counterclockwise direction ;

e.g., CCQUAD (SW)=SE. The predicate ADJ(B ,I) is true if and only

if  quadrant I is adjacent to boundary B of the node ’s block ; 
-

‘

e.g., ADJ (N ,NE) true. The function REFLECT(B ,I) yields the

quadrant which is adjacent to I along boundary B of the block

represented by qudrant I; e.g., REFLECT (W ,NW)=NE , REFLECT (E ,NW )

NE , REFLECT (N ,NW)=SW, and REFLECT (S ,NW)=SW. COMMONBOUNDARY (I ,J)

denotes the boundary that non-WHITE (i.e., BLACK or GRAY)

_ _ _ _  
- ~~~
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q u a d r i n t  3 sh ar e s  W I  t h i  i t s  ad i acent  WHITE q ua d r an t  1 . Note

t h i t  I ar id  3 are  qu a d r a n ts  01 t he same node. For examp le ,

Cl t M M C N  h~) t N L ) A R \  (NW , N E )  W .

~ iV e t i  a quadtree corres})ond i rig to a region  r ep resen ted  by

ii ar r ay  , we say that the root node i a t  love 1 ii , a rid

h i t  .1 11000 at  l eve l  i is at  a di s t ance  of n — i  f r o m  the root

o t  t h e  t r ee .  In  ot he r  words , fo r  a node at leve l i , we mu st

. isce ’n ~1 n — i  i-’ATUER l i n k s  to reach the  root of the t ree . N o t e

h i t  t he  f u r t h e s t  node f r o m  the  root of the t r e e  is a t  leve l ~

I t  is a l s o  u s e f u l  to I u r t i i er  c h a r a c t e r i z e  BLACK nodes i n

o rms o t h e i r  r e l a t i o n s hip  t o t h e  bounda ry  r ep resen ted  b y t h e

ch a i n  code. An encoding  i s  used that stipulates for each BLACK

node the  p a r t  of t h e  b o u n d a r y ,  I f any , t h a t  i t  r e p r e s e n t  s .

i r i d i  cates  t h a t  the node does not  have any side tha t  is e n t i r ely

on he b o u n d a r y  ( r e f e r r e d  to as N OBO RDE R BL A CK) . 1, 2 , 4 , and t~

~ or re spond  to sides t h a t  are en t i  r e ly  on n o rt h e r n , e a s t e r n ,

s o u t h e r n , and w e s t e r n  bounda r ie s , r espec t ive ly. Note t h a t  these

ype s ar e  addi  t ive . For example , a node whose sides serve as

51 ‘u t  b e rn  and w e s ter n  boundaries has type 2 . For comple t enes s ,

Ie CR .\Y and W H ITE i- to represented by 16 and 17 , respect ive l y .

The f u nc t  i o n  CODE (B) y i e l d s  tile code cor respondinq  to a boundary

o typ e  B (B is  N , K , S , W ) . T h e  p redicate  BLACK (P )  in d i ca t e s  i t

N O D E T Y P E ( P )  i s  B LACK .

- S - -S  
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t n t  o t iuo 1 LIt ’ S~~ I I’ t I Oil  0 t t he a I q i-i  h im

‘1’he q uad t t e e  con St  r ue  t t • ~1i a I r i thm has t we phases  . The

i r s  t p hase t t a cos  t h e  boundary  in  t h e  c Iockw i so di iect  ion  and

1 o n~~t ruct s a t r ee  . Our i nq t h i s  process  .ill nodes aj’I’t ’ . i i  i 11.1 Ofl

ho b1 ’~i i i d a  i v  ( 1  • e • , ad ocent  t o  i t  and w I lii 111 t lie t e L l  1011 b e in g

i ~i ceLl 1 ,t re co 1 o red BLACK . All tion— t e rm i no 1 nodcs are co I ot - ed

• I~AY . O r i c t ’ t l ie border  has bt ’eti t FaCOd , 501110 0 t tile i i o t l — t  e t m  l ila 1

node Ut. I ’.’ h av e  so t i s  t h a t  were  no t  v t s i t e d ; y e t  , t h e y  are  nevt ’ 1 —

t he less pa 1t  et  t l ie  req i o n .  A f t  e l  t lie  I i i- st phase  ol t lie a 1 • i e —

i t hm , t hose  soi is  a I t ’ r ep r e s e n t e d  b y NULL l i n k s . The seco nd

p h . i s t ’ ot  t h e  a lg o r i t h m  d e t e r min es  w h e t h e r  such N U L L  1 i n k s  c e i —

rt ’ spend t o BLACK or WHITE nodes , and col or~; t 110111 app rop i  i a t  e 1 \ .

I n add i t i o u , wi ien ev e  r a GRAY node is  found  ( i . e . , a tio n— t OI~I11 t r i a l

n ode I whose  t our  sons ar e  BLACK , t l i e  sons  ar e  removed and t he

~AY 11011 ’ becomes  a BLACK node . I n  t h i t ’ t o l l  OW 11111 we 3 scuss  t he

t~~ . ’ ph ases ot  the  o l q o i i t hm  I n  q t e at e r  de ta i l . 
-

‘

P h i : ;e  Cue

Choose  On\  I i nk  in  the ella iii eo3~ at  random and c root  e a node

or i t , so P. Now , examine the next 1 111k j r i  t h e  clia i n  code ,

say N E W , and compare i t s  d i r e c t  ion  w i t h  t h a t  ot  t h e  i n r n i e d i , i t e l y

p i  o c e 1 h i n q  l i n k , so\ OLD . There ate t h r e e  po s s i bi l it i es :  I, I

i f the  codt ’ ma i n to  ins  i t s  d i r e c t i o n , t h e n  we may n~~~d t o  add .i

node , say Q, which is a neighbor ot  P ~ fl tile OLD dir e c t  ion (see

F j qur o  3o)  • ( 2 )  1 f the code turn s clockwise , then t her e  is tio
I

- 5-—- - -~~~~~~~~~~~~~ - S~~~~~~~~~~~~~~ ---- ~~ -~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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been labeled ccording to the order in which they were visited--

e.g., block 1 was visited prior to block 2 , etc .

Phase_ Two

This phase has two goals. The first is to fill in all NULL 
- 

-

li nks of non—terminal nodes. The second is to convert GRAY nodes

that have four BLACK Son s to BLACK nodes. This process is achieved

by moving from the border of the region towards the center.

Prior to describing the algorithm in detail we make
c-S

the following observation . An absent son to eventually correspond

to a BLACK node must be totally surrounded by BLACK nodes since

otherwise it would have been on the border and not absent. There-

fore, if any absent son is BLACK , say P . then all rema in in g absen t

Sons must also be BLACK since by the preceding statement they must

h ave at least a partial BLACK component in order to be able to

surround P. Similarly, if an absen t son is WHITE , then all  re-

maining absent sons must also be WHITE . For example , see Figure

ic where the presence of BLACK node K
1 implies the presence of

BLACK nodes K 2 and K 3. Similarly for the absence of the WHITE

nodes surrounding BLACK node U.

Tra ver se the t ree in a clockwise order (say NW , NE , SE , SW)

For each GRAY node encountered , say P , if any of the sons is

ab sent (i.e., a NULL link ), then choose one such sort , say R ,

that is adjacent to a GRAY or BLACK son , say Q. Consider the nodes

~~---- --- --. ---~~ —~~~~~~
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i i i  t lie sul)tret’ rooted at Q that ore ad lacent to the boundary

sh~i t ’d by R and ç) . I f  any  of thost- nodes are Wh ITE or ore BLACK

w i t ii a hot-der  .t .Ionq the shared b o u n d a r y  , t h e n  H and the  remain i nq

Ib l en t  s ons  ot  P a re W H ITE nodes . Otherw i so , H and the rema in sq

a l ’se ii t  SO I lS  a r t ’ BLACK nodes . I f i l l  S O IlS  015’ BLACK , t h en  I he

GRAY node is  l o p  1 iced by a 1) la Ck node and the soli :; arc dt ’ i t ’ I eli

Pr  i 01 I o tIe let  in t ’  the  f o u r  sons , N ODE TYPE ( P )  mus t  be 51’ t . I t s

‘.‘a lot ’ l I t  oh t~~ m e d  by t rav er s i n q  t i l t?  fou r  sons in c l o c k w i s e  or d e r .

Wht ’tie vt ’t two ad j a ce n t  sons bot h have borders alonq the  t r i V e t : ;  i sq

~I i  i- c-ct ion , then  node P a iso has a b order  alonq t h i s  di  r o ot  ion

i- ’~ ‘i e x a mp le  , in F i q ure 5 j nodes I-: and A have n o r t h e r n  bounda i i Os

A t~~ej 11 hav t ’  e.i~; t e i -n  b o u n d a r ies  and C and E h iavt ’ we:; t o t  ii bound—

.11 10:;  . F i ’ T U F ’ i~ cost .t in:; tile resu 1 t i n ti  t ree  where  the  ntt ’rqt ’d

n o l i t ’  has ,i NO1)l-F1’YP E value of 14

N ote  I i to t NODE’ rYPE on ly  i tid i t’~l I t ’:; whether  the ent i r e  bou nd—

i t v  of a itode a lon q  a give n d i re c t  ion is on the border.  hlowevot - ,

i t o  i i i  t ormo I ion is lost  in t h i s  case ( i .e • , i n f o r m a t i o n  w i t h

t~~’spect  1 o part of a s ide  being on the border)  because such a

110410 , to y P , w i l l  never be a d j ace n t  to an absent Ilode alor t q  t h i  s

h o t i nt l ,t  ry  ~ nt1 I iiu :; t he  boundary  cc-lit’ of P in t h i s  d i re c t i o n  w i l l

neve r  he ex ami  nod aqa i n .  Roca I i  t h a t  the only t ime the  second

i t ’ of I lie .1 l q o i  i t  km r e v is i  I s  a node I s when i t  is ad ocei it  1 o

he ho rdt ’ r c-I  ~ n .ibsen t node . For example , in F’ i t iure 4 , t h e

Nol )E’rYPE c - I  t he  tic -do resu I t ifl~1 f rom the merger  of nodes A , B , C ,

i t id  1-1 d0t ’5 not  have a component rt ’present  i ng a southern border .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



However , by virtue of the presence of the adjacent node D it

can neve r have an absent southern neighbor.

F i g u r es  lb and ic show the result  of the app l ica t ion  of - -

-

phase  two to the region represented by F igure  la and the quad-

tr e ’t ’ of F i qu r e  8. F igure  lb enables the corre la t ion of F igure

ic with Figure la. The blocks in Figure lb have been labeled

according to the order in which they were visited—-i.e., block

A prior to block B , block Z prior to block AA , block AA prior to

b l ock BB , etc.  Note that blocks K 1, K2 ,  and K3 have been labeled

wi th the same letter in order to indicate that only block K
1 was

visi ted . Since K 1 was a NULL link in Figure 7 , having been

det ermined to be BLACK , blocks 
~
<
2 

and K
3 
are also BLACK and hence

need not be v i s i t ed .

The observa n t reader wi l l  have seen that during phase one

no WHITE Nodes were added to the tree . Clearly , this  need not

be so. However , if WHITE nodes were to be added , then the

mergin g process performed by FILLIN would have to be applied to

them as well as to BLACK nodes. For examp le , in Figure la , the

pair of nodes adjacent to nodes 9 , 11 , 12 , and 14 are known to

be WHITE . However , by failing to mark them as such , we need no t

merge them with their northern nei ghbors at a subsequent step of

phase two . In other words , by treating WHITE nodes as ab sent sons

in phase one , phase two is only confronted with maxima l sized

WHITE nodes. 

~
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4 .  Formal s ta tement  of the al~~~~~~~~m

The followin g ALGOL-like procedures specify the chain code

to quadtree  a l g o r i t h m. The cha in  code is assume d to be in a

l i n k e d  l i s t  of records of type l i s t .  A record of type l i s t  has

two f i e l d s  name d VALUE and NEXT which  correspond respec t ive ly  to

the d i rec t ion  of a code element  and a l i nk  to the record con ta in -

in& i the nex t element of the code . The main procedure is named

()UADTREE and is invoked with a pointer to the first element in

the chain code . QUADTREE implements the f i r s t  phase of the algo-

rithm by constructing the quadtree corresponding to the border

nodes. FIND _NEI GHBOR and recursive procedure TRAC E NEIGHBOR are

used to loca te neighboring node s along the border. Once the trot ’

h~ s been obtained , recursive procedure FILLIN is invoked to fill

in non—null links of GRAY nodes and to convert GRAY nodes having

four BLACK nodes as sons to a BLACK node . 
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procedure QUADTREE (HEAD) :

/*given a chain code in a list pointed at by HEAD , f ind  the

corresponding quadtree. Each list element has two fields ,

VALUE and NEXT . VALUE contains the value of the l ink in the

code and NEXT points at the next element of the list */

begin

list  P ,HEAD ;

direction OLD, NEW ;

node Q;

P~-HEAD ;

OLD-~-VALU E (P) ;

Q .E-CREATE N ODE (NULL , NULL , CODE ( B O U N D A R Y ( O L D ) ) ) ;  /*create the

f i rs t  node in

the tree */

P~-NEXT (P)

whi le  not nu l l  P do /* traverse the boundary of the region

and build the tree */

begin

NEW~VALUE (P);

if COMPARE(OLD ,NEW)=CLOCKWISE then /*Figure 3b *7
NODETYPE (Q) +NODETYPE (Q) LOR CODE (BOUNDARY (NEW) )

else if COMPARE (OLD , NEW )=SAME then / *Figur e 3a *7
begin

Q4-FIND NEIG H BOR(Q,OLD) ;

NODETYPE (Q) ~NODETYP E (Q) LOR CODE (BOUNDARY ( O L T ) ) ) ;

end

‘4

- 
. 

- - 
- -. - ‘ 

4—~
_ _
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else if COMPARE(OLD ,NEW)=COUNTERCLOCKWISE then /*Figure 3c* /
begin

Q-~-FIND NEIGHBoR (Q ,OLD ) ;

Q~ FIND NE I GHB OR (Q, NEW ) ;

NODETYPE (Q) -‘-NODETYPE (Q)  LOR CODE (BO UNDARY ( N t  )) .

end

else ERROR ( “ wrong direction ” ) ;

OLD~-NEW ;

P~-N E X T ( P ) ;

end ;

while not null FATHER(Q) do Q#FATHER(Q) ; /*find the root of the

tree */

F I L L I N ( Q ) ; / * f i l l  in NULL links of GRA Y nodes and merge

if possible */

end ;

[ 

.--
‘
~~

-
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nc -l i t’ procedure FIN D NE I GHBOR (Q,  S)

/* qiven node Q, return node P which touches side S of node Q *7
beq iii

tic-lit’ P ,

d i r e c t i o n  S;

NTRACE NE IGII13OR (Q,s);

i f  G R A Y ( N O D E T Y p E ( p ) )  then NO DE TYPE(P) .-NO B ORDER B~~~CK .
- *  i f  t h i s  is the f ir s t  v i s i t  to the node , then

i n t t j ~~I j ~~e i ts  border code */
return(P) ;

I nd  ;

node proce dure TR ACE N E I G B H O R ( Q , S) ;

* qiven  node Q,  r e t u rn  node P which  touches side S of node t~ .

This is done by f i nd i n g a common ancestor of the two nodes

and c rea t ing  one i f  it doe s not exist  /

l)c q l n

node P ,Q;

di rec t io n  S;

if null SON’rYPE (Q) then /* common ance sto r doe s not ex ist */
begin

P~ CREAT ENO DE (NULL , Nu LL , Gp~ y ) ;  /* create a common ancestor ~~~

SON ( P , QUAD ( BO UNDARY(S)  , OPD I R ( S )  ) ) *  Q ;

• F A T I I E R ( Q ) ÷ p ;

SONTYP E (Q) - 4- Q UAD ( BO UNDA RY ( S) , O P D I R ( S ) ) ;

end

4
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e lse i t  A D J ( S , SONTYPE (Q) ) then P~ TRACE N E IGHBO R ( FAT HER (Q)  , S)

else P~ FA TLI ER ( Q ) ;

- * trace a path from the common ancestor to the adjacent

node creating nonterminal nodes as necessary *7

retur n (if null SON(P ,REFLECT (S ,SONTYPE (Q) ) )  then

CREATENODE (P ,REFLECT (S ,SONTYPE (Q)) ,c,RAY)

else SON(P ,REFLECT (S,SONTYPE (Q))));

e:- i ;

t rocedure  F ILLIN ( ROOT ) ;

* process the quadtree rooted at ROO T by f i l l i n g  in all NULL

l inks  of GRA Y nodes. Also change every GRA Y node having four

BLACK son s to a BLACK node */

‘ ‘‘1 111

node ROOT ;

quadrant ABSENT , I;

integer B;

if BLACK (ROOT) then return; /* a terminal node ~/

ABSENT~-NULL ;

for  I in ~NW ,NE ,SE ,SW} do /*recursively process tile sons of

ROOT in clockwise order */

begin

i f null SON(ROOT,I )  then AB SENT~ I /* a NULL l i n k  of

a GRAY node */

else FILLIN(SON (ROOT,I));
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for I in {NW , NE , SE , SW } do

DELETE (SON ( ROOT , I ) )  ; 7* l i n k  f i e l d  is set to NULL */

end ;

end ;

node procedure CREATENODE ( ROOT , S , T ) ;

* create a node P with border code T wh ich is the S son of node

ROOT and return P */

b e g i n

node P,ROOT ;

quadran t I,S;

integer T;

P *-GETNODE O ;

if  ROOT then SON ( ROOT , S) —.-P; /* created node has a father *7
SONTYPE(P ) - * - S ;

FA T H E R ( P )  k-ROOT ;

NODETYPE (P ) *- T ;

for I in (NW , NE , SE , SW } do SO N (P , I )~- NU LL;

r eturn ( P )  ;

- t
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i f  not nul l  ABSENT then

~~ ROOT has at least one GRAY node with a NULL l ink .

Determine if i ts  NULL link corresponds to a BLACK or

WHITE node and set all of its NULL sons to the same color */

begin

while not (null SON(ROOT,ABSENT)

and SON (ROOT ,CQUAD(ABSENT))) do

ABSENT*-CQUAD(ABSENT) /*find a non-NULL son adjacent

to a NULL son */-

B-’--if ADJACENT INTERIOR (SON (ROOT,CQUAD (A BSENT ))  ,ABSENT ,

CCQUAD (ABSENT) ,COMMONBOUNDARY

(ABSENT , Cç’JAD ( A B S E N T ) ) )

then NOBORDERBLACK

el se WHITE ,

for I in {NW,NE ,SE,SW} do

begin

if null SON (ROOT,I) then CREATENODE (ROOT ,I,R)-

end ;

end ;

if BL A C K ( SON ( ROOT , NW) ) and BLAC K (SON ( ROOT , N E ) )  and BL A CK ( S04 i

( ROOT , SE) ) and BLACK ( SON ( ROOT , SW) ) then

/* all four sons of node RO OT are BLACK . Change ROOT f rom

GRAY to BLACK , up date the border code , and delete -

ROOT ’ s sons */

begin

NODETYPE ( ROOT) “-0 ;

for I in (NW , NE , SE , SW } do

NODETYPE ( ROOT) ”- NODETYPE (ROOT) LOR

(NODETYPE ( SON ( ROOT , I ) )  LAND

NODETY P E ( SON ( ROOT , C Q U A D ( I ) ) ) ) ;

-S - 4—— 
— 
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• - u n t e r c l o c k w i s e  t u r n s . Since the number of counterclockwise

t - i r n s  is 4 less  than the number of clockwise t u r n s , we have the

result that FIND NEIGHBOR is invoked LEN-4 times. Q.E.D.

Each ca l l  to FIND _NEIGHBOR for node P and direction S requires

t ime equal to two times the path length , termed the distance ,

from P to the ancestor it shares wi th  i ts  neighbor along d i rec t ion  —

s. In th.’ worst case , this will require ascending from a terminal

node to the root of the tree and back . The average time is ob-

tam ed with the aid of the following theorem :

Theorem : The average time required to find a common ancestor is 2.

Proof: Assume that the space has been partitioned into a 2n by 2 0

array. Given a node P and a direction S, there are 2n~ 1 possible

~-cis i tioris for node P and a neighbor in direction S. Of these

2~~~i neighbor pairs , 20 have their nearest common ancestor at

Ic-v ol n , 21 
at level n—i ,.. - ,2~ at level n—i , and 2n—l at level 1.

A ;suming that node P is equally l ikely to occur at any of the - 
-

2~~~l positions , then the average time required to find a comm on

ancestor is as follows:

n n - n -
1 - - n — l -- 1 • n—i ,- i

— Z i • 2  = - -  —p-n - n - - 1
2 — l i=l 2 i=l i=l 2

n - n—i
~ i/2~ = 

~~
- E ( i +l)/2

1

i=l i=0

- n-i - n-i -
=

~~~~~ 
~ i/2 ’ +~~~ ~ i/2~

i=0 i=0

- - - I 
—•-- -‘-

— 4- - _—~~~~~ 
- -
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nodes at level i where  i ranges between 1 and n .  THus

the tree contains approximately 2m nodes. These assumptions

are based on the observation that as the tree is built the nodes

t ha t  touch or abut the border are adjacent to each other . Most

of ten successive pairs of these nodes are sons of the same node ,

civ Q, and if the code does not turn , the remaining two sons of

~j  are left NULL to be colored later as BLACK or WHITE by FILLIN .

The same reesoning applies to the GRAY nodes at level 1 through

n. For example , consider Figure 8 which shows the result of the

application of phase one of the algorithm to Figure 7. There

are 43 BLACK nodes at level ~~, 21 GRAY nodes at level 1, 10

GRAY nodes at level 2, 4 GRAY nodes at level 3 , and 1 GRAY node

at level 4. Note that our assumptions are less accurate at the :

I ’v ei of the root of the tree .

The first part of procedure FILLIN visits each node in the

c
~uadtree once in order to determine if it is a BLACK node (i.e.,

if it is a terminal node). Using our earlier assumptions with

- - m-l -respect to the size of the tree results in 2 nodes being

v i s i t e d .

The second par t  of FILLIN visits non-terminal nodes to deter-

mine a pair of adjacent sons one of which is NULL while the other

i~; not. Using our earlier assumptions with respect to tree size

results in rn-i nodes being visited.

‘I

I ~

_
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‘I’hie t h i rd pal I c-i F1I.I.IN a t t e m p t s  to t i l l  in the N U L L  1 ink s .

i~et - a ii , t i-cm t h e  dccci  i pt ion of phase  two , our observat ic-ui t h a t

on I V out ’ NUL l .  i i  u k  c - t  any  n o n —  t e r r n i n4 i  1 node , say P , m u st  be so

e x a m i ne d  (i.e. , the r e m a i n i n g N U L L  link s w i l l  have  t h e  same

- • I c - i )  . Ph i s i i ;  th  ~uie by p rocedu i- c- ADJACENT INTERiOR wh i c-h t ra —

V et s e s  •~l cmi bt tee of P that is -~d laceil t t o  t he  NULL l i n k . N o t e

I h at  on lv ;c-ii~; t hat  a re ad l4icent to the  l)OrdcF shared by P and

he req ion  cc - ir ec p on d  ing t o  t he  N U L L  1 ink need to be exanh i lled -

Iii t .) t  i lel- w o r ds  , the  m a x i m u m  number c-i nodes v i  i ted when P ii; a t

I c -v t ’ I i is the ci ~e of a comple te  b i n a r y  tree ci height. i— i ,

- e • , 2 ‘ — I . A ssuming the wors t  case t hat  ADJACENT INTERIOR £ I ~

- I ap p l i e d  t o  one of the two sons of each node at level 1, we have

sc-u s be inq  vis i ted . Ther efo i-e  , the  number  c-f v i s  i t s  made by

;\I JAC I-:NT I N’r I-:RIOR i s:

( 2
I
~~ l)  ~ = m Y  

2

= mn—rn Y -

i=l 2 ’

f n  
~= nm—m i Y - -.- — 11

i ( )  2

/ 1
f 

~= mn — m i — l

= mn—m i 2— - —l
., 0

_________  __________  - S .  —~~~~~—~~~~~~~ - - —- - ,
~~~~~ - -~~~~~~~-— -
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= nm - m ( l  -

mn—rn

= m ( n — l )

The four th  part  of FILLIN attempts to convert each GRAY

node h a v in g  four  B LAC K sons to a BLAC K node . Our assumptions

s t i p u lat e  t h a t  a t  leve l i (l~~i~~n )  there ex is t  --
~~~ GRA Y nodes.

2
Therefore , at level i , this part will visit * 4 nodes. Sum—

21

w i n g ove r all i yields:
(

~~~~m L 
!1 1

* q 4 m Y  - r

i=l 2~~~ i=1 2 1

— 

n
— 4m ( ~ —v- — 1 )

1=0 2

1
/~ 

- 

2 n+l \
= 4m ~~~~

—
~~~~~~~~~~~~

-- ~1)
2

4m(2 — —
~~
- — 1)

4m

Therefore , procedure FILLIN makes approximately (n+6)m

visit s to the nodes in the tree . Note that rn~ LEN and can be’

approximated by it. Thus from the analys is of phase one and

phase two we have the following theorem :

Theorem: The quadtree is obtained in average case time propor-

tional to the product of the perimeter and the log of the diameter

-
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( -I t  t hh . ~ req m c i i .

1’ roo f : Phase one and phase two have an aver ag e case execut - ion I
t c-ne p r op o r t i o n a l  to (n+lO)*LEN as derived above . Q.E.D . -
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6. concluding remarks

An algorithm has been presented for converting a chain code

description of a simply-connected region ’s boundary into a quad-

tree representation of the region . The algorithm ’ s running time

is proportional to the product of the region ’ s perimeter and the

log of its diameter when certain assumptions are made about the

shape of the region .

This algorithm , coup led with the algorithm in (DRS] for

constructing a chain code representation for a quadtree , enables

the  use of the quadtree as a convenient data structure for

describing regions. In particular , operations can be performed

using the particular representation which results in the greatest

efficiency.

As a final observation we note that the trees that we have

constructed do not necessarily have a minimum number of nodes.

An interesting question for future research is the degree of

deviation of our trees from the trees with a minimal number of

nodes. Techniques similar to those of (Hunter] could be used

to transfon-n our trees into minimal trees. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -
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W~f4~~~~E
Fig. 2a - Relati onship between a block ’s four quadrants and

its chain code representation.
Fig. 2b — Relationship between a block ’s four quadrants and

its boundary .
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Fig. 3 - Exa n~ les of the actions to be taken when the code maintains
Its di rection (a), turns c l ockw i se (b ), and turns
counterclockwise .-
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FIg . 4 - Sample region and its chain code . 

~~~~~ - -S- - - - --- - -S -~~~~~~~~~~~~~~ - ---S---- - S -  -_ -- -~~~



-- - -  --

~~~~~~~~~~~~ K~~

z
~~~~* ‘~ 

JI L) O~

w ~~
a,

— ‘ 4’

-~~ V w ‘

U,
C.) ~~~ a,

~~~ -~~ 
‘
~~
‘ 

4’

~ .!
z

I.LJ ~~~~ —
C

p-I

_ C.)

U,
wz 

~
,, 

C-.-J



---S - - - - -  - S - -S - — - - -- -S-S -S

NE~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ SE

F ig .  6 - Resul t of the application of phase two of
the algori thm to Fig. 5.
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Fig . 7. Block deco mpositio n of the region
in Fig. la after appl i cation of
phase one of the chai n code to - -
quad tree algorith m.
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Fig. 9 - Sequence of turns i l lustrating the need for one clockwi se
turn for each counter clockwise turn . 
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