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Abst rac t

-
.

The prob lem of est imating the state of a target in the presence of
measurements of uncertain origin has received a great deal of attention
recently. When this origin question cannot be resolved with certainty,
one can only make probabilis tic inferences as to which detection (and
thus measurement) originated from the target of interest. The investi—
gation reported here deals with a new class of problems characterized
by the following: the correct measurement arrival (detection) t imes
for a target of interest occur according to a stochastic process.
Another stochastic process governs the arrival times of the false
alarms . Thus detections occur one at a time and while some of them
can be discarded as no t hav ing or ig ina ted from the target , the remain-
ing ones cannot be associated with certainty with the target. This
problem is motiva ted by the fact that In some tracking problems
detect ions from the target of interest occurs on an irregular basis.
A procedure tha t associates probab ilisticall y these measurements to
the target Is developed together with a corresponding estimator .
The optima l estimator as well as a number of suboptlm.al algorithms that
are real t ime implementable are presented together with simulation
resul ts. The simulations also indicate that the probabilistic data
association filter with t ime—of—arrival information is significantly
superior to the filter which uses only measurement location information
for probabil istic data association .

The second part deals with the problem of joint probabilistic
data association . In this case there are several targets and each
measuremen t could have originated from one of these targets or none .
The approach to this prob lem Is to obtain joint probabilities for all
the feasible associations of measurements to targets. An example is
pr ovided that illustrates that the results are substantial ly different
from the case when marginal probabilities are obtained directly.
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0.1

0. Introduction

This report Is organized in two parts. The first part deals with the

case of a single target from which measurements are obtained at times governed

by a stochas t ic process , (i.e. asynchronous measurements) with false measure-

ments arriving at times governed by another stochastic process. The purpose

of this study was to develop the methodology of Incorporating the time—of—

arrival information into the data assoc iation procedure . The results Indicate

both the feasibility as well as the significant performance improvements of

the probabilistic data association method with time—of—arrival information .

The second par t deals with the probabilistic association of an arbitrary

number of measurements to an arbitrary number of targets. The result , called

Joint Probabilistic Data Association , accounts for all the possible origins of

each measurement. References are presented following each part.

This study has been motivated by several practical problems encountered

mainly in passive sonar tracking . The algorithms developed in the course of

the study are feasible for real—time implementation and will allow more efficient

use of the available information in tracking systems .
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1. In t r o du c t i o n

I The problem of estImating the state of a target in the presence of measure-

ments of uncertain origin has received a great deal of attention recently. This

I attention was motiv ated by the fact that when tracking with certain sensors one

I 
can observe several detections whose orig in might not have been the target of Interest . ,:

When t h i s  o r i g i n  q ue s t i o n  cannot  be resolved w i t h  c e r t a i n t y ,  one can onl y make

1 probabilist ic inferences as to which detection (and thus measurement) originated

from the target of interest. This problem arises mainly in passive sensors of

I a~~’u s t i c a l  or optical type and can he due to clutter or false darm s or inter—

ference from undesirable targets. In an environment where there are several

targets as we ll as f a l se  alarms the ambi guit it-s in the association f t he

measurements to the targets can become a rather severe problem .

The previous work related to this multi—t arget tracking problem , where there

-an be t a r ge t s  of interest , some of no Interest and sI ~~o faist ’ alarm s (false

targets), vas recently surveyed in IBI] . The Ippro.1 ( he-. discussed in the

l i t e r a t u r e  were either f the likelihood function or h.iveslan t v p t . They

assume d t h a t  at  p r e d e t e r m i n e d  ti~ ws “ snapshot s ’ of t he  e n v i r o n m e n t  w ere  o b t a i n e d

w i t h  seve ral  d e t e c t i o ns  (and t he  cor r e s p o n d i n g  m e a s u r e m e n t s)  that were to he

•isso~ t at e d  in t o  t r a c k s .

The investigat ion reported here deals with a new class of problems charac—

I terized by the following : the correct measurement arriva l (detection) times for

.i target of interest occur according to a stochastic process. Another stochastic

process governs the arriva l time s of the false alarms . Thus detections occur one

J at  a time and while some of them can be discarded as not having originated from the

tar get , the remaining ones cannot be associated with certainty with the target.

A procedure that associates probab ilisti cally these measurements to the target

(s develop ed together with a corresponding estimator. This problem is motivated

I
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by the tact that in some tracking problems contact with the target of interest

occurs on an Irregular basis. A related problem was studied by Nah i INfl and

Jaff er and Gupta (Jl ,J2~ where they considered the measurements , obtained at

ixed time s, as hein h either a linear combination of the s t a te s  p l u s  noise or

( z e r o — m e a n )  no ise  alone . An estimati on problem with measurements occuring at

r andom t ime s was considered In S ny d e r  and Fishman 1 5 2 1  . A combined e-i t lma t ion and

LV on tr~)l p r o b l e m  w i t h  some of t he  mea surements  o c c u r ln g  at random t i m e s  was

s t u d i e d  in Rhodes and Snyder  [ R u . However , in t hese investig.itions there was

no o r i g i n  u n c e r t a i n t y  abou t the observations.

The problem , formulated in Section 2, models the arrival times of the

measurements as arb itrary renewa l processes. The full memory Probability Data

Assoc iation procedure , which carries all the orig in hypothese s up to the

curren t t ime , is developed for this model in Section 3, and the corresponding

estimator in Section 4. Suboptiinal procedures are presented In Section 5.

The simples t of them , the Combined Single Hypothesis (CSH) filter , is only

sl ightly more expensive to implement than the Standard Kalman Filter (SKF).

The simulation results presented in Section 6 compare the SKF , CSH and a

limi ted memory version of the PDA filter that retains the N most likely

hypo theses. A s~ i,nif icant improvement in performance has been observed for

the CSH over the SKF. The additional improvement obtained over the CSH

when carrying N-R hypotheses was not so dramatic.
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2. Formulation of the Problem

I t  is assumed that there is one target of i n t e r e s t , whose s t a t e  x , an n—

vector , evolves in continuous time a cc o r d i n g  t o  t ht ’ equation

. ( t )  = A x (t l  + B w ( t )  ( 2 . 1 )

where  A and B ar e  known m a t r i ce s  and w ( t  ) i s  i z e r o — m e a n , wh i t e , ( . u I s sj a n  pro-

cess noise with known covariance

~~( t )  w ’ ( t ~ ~ ‘(t— I) ( 2 . 2 )

A mea surement  c o r r e s p o n d i n g  to  a detection that originat ed from t h e ’  t a r ~ t t

~t f n g  t r a cked  Is g i v e n  b y t he  equation

z(t
k
) - H x (t

k~ 
+ v ( t

k
) ( 2 . 3 )

where t
k 

is the’ time’ at which the detection occurs and v is  a z e r o— r n e . I n  w h i t e

Gaussian noise sequence with covar iance

E v(t
k
) v ’

~~~~ R~ 6
kj  

( 2 . -~)

and independent of the process noise.

The set  of measurements and the corresponding arr ival times are denoted as

k k
— i 7 . ( t i

)
~~t l  

( 2 . 5 )

T k 
{t

1~~1 1  
( 2 . h)

The ~ intmum mean square error estimate of the state is then

— E (x(t
k
)IZ

k
, T

k
J ( 2 . 7 )

The arrival times of the measurements , both correct and false- ones are

modeled as renewal processes.

*
The differenc e between “sensor time” and ‘target time has been pointed out In
(FlI . Here we do not make this distinction .

— - . - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _
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The pdf of the arriva l time of the correct measurements is

p(t). 
~~ 

( L — t  
, ~. 1 

(2.8)

w I ’ r ~ Is the tir~ of the pravious  corrac t dete tli ’n .L,l

The’ pd t o t  t h e  art I v i  I t Ime ~ I the  f a l s e  me’.i ‘en rem e nt  s i

p (t) - iQ
(t
~~

t , d ) t - . t~~ 0

where’ t is t h e  t imt of th e ’ lest incorrect measurement p r i o r  to t . The

symbols F
1 

and will he used t o r  th e di stribut ions corre~ pond 1ng to t h e

de n s i t i e s  in ( 2 , ~~) and 2 . ’~~, r e s p ect i v e l y.

When .i cv m ea s u r e men t  is  received , say , a t  k ’ a Va i I d a t  i on  r &~ I on  is

-it t up a round  t h e  p r e d i c t e d  v a l u e  of the’ measurement at t
k 

based upon ; a s t  d a t a .

If the new measur ement is o u t s i d e  t h i s  reg ion  i t  is  d i s c a r d ed ; o t h erw i s e  i t  w i l l

he- a s so c i a t e d  p r o b a b i l i s t l c a l l v  to  t h e  t r a c k  and used to  up d a t e  the  t a r g e t ’ s

est  I m a l e .  This is d 1s~ ussed  in  detail later.

I f  t he  m e a s u r e m en t  i s  fa lse , e .g . ,  f r o m  l u tt e r  or f a l s e  alar i r  • the spatial

di ’;trih ut ion ~ f th is n,’.esurement Is assumed independent of past occurcnces

and u n i f o r m  w ithin t h e  s u r ve i l l a n c e  r e g i o n  ( w i t h  h vp e r v o l um c ’  V

~k , o ’ 
-

~~~~ Tk 1 ]  - p(z(t )~ - I / V  ( 2 . 1 0 )

i
whe re we define as follows the events

t (detection at did not orig inate from the target)

xk,1 ~ 
(d etection at t

k 
origina ted from the target) (2.11)

The information to be used in calculating the probabilit y of each measure—

.. — -—

— ~~~ - -- - -~~- - - - - - -
-
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I ment be ing  c o r r e c t  (t h e  p r o b a b i l i s t i c  da t a  a s soc i a t i on  — FDA ) is t h e i r  a r r i v a l

I t ime and location. In order to use’ a l l  t he  i n f o r m a t i o n , past h i s t o r y  hyp ot he se- s

I 
k ,i 

— 
k—1 ,q ( 2 . 1 1 )

have to be stored and their probabilities evaluated . Each hypothesis is an

I a s s u m p t ion  as t o  the  o r i g ins of  a l l  t h e  past measurements. This  “ f e i l 1—memory ”

PITh is developed in t h e  nex t  s e c t i o n .  I t  i s  somewhat simil -ir to the “f u l l  scan

I * -I back ”  approach  ot Singer et a l .  ( S l )  . The t~~ in d i f f e r ~ n ce-  I s  t ha t  here ’  o n e

I 
w i t h  random a r r i v a l t i m e ’s. S i n c e  t he  r e q u i r e m e n t s  of t h e  full—mem ory ~PA

with t i m e’ , ‘li -n i t ed—mem o ry ’’ vet s  I on s  of i t  ar e  :ilso p r e s e n t e d  l i t e r

I
I

I
I
I
I
I
I
I
I 

This terminology is radar oriented where several detecti ons are obtained at each
scan, i.e ,, a t f i xed  t i m e s .

I 
____ —

— ~- - - . — —~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — 
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I
3. The Probabilistic Data Association for Measurements with Random

Arrival Times — Full Memory

The condi tional mean of the state (2.7) can be written using the total

probability theorem as

;(t k l t k ) =
~~~

E [x(t
k)Ix ’

~
’t , zk, Tk J 8

k,t (3.1)

I where

k ,i~~ k,i k k

i — P {~ Z , T )

is the conditional probab ility that the i—th past history is correc t, The

I evaluation of the probabilities (3.2) constitutes the FDA method . This method

associates past sequences of measurements to the target in a probabilistic

manner , hence its name [B2 ,S l ( .

Each estimate of the state vector conditioned upon a p a r t i c u l a r  hy p o t h e s i s

I on the r . h . s .  of (3.1) is obtained by a standard linear (Kalman) filter.

I The probabilIties ( 3 , 2 )  w i l l  be e v a l u a t e d  n e x t  u s i n g  Bayes ’ ru le  and the

model of the measurements presented in the previous section .

p A k i 7 k T~~ - ~{
k-l ,q 

~k,j
jZ •(t

k
). T~~

1
, t

kl

- c ’P
~~

I
k j .

z(t
k
). t

k 

k_ l
~ q 2 k_l

~~
k_ l

~ ~(
k_l .~~ 2

k_ l~~~
k_l .

1 -l k 1  q k—I k— I
I — c p [z(t

k
) -

~ 
‘ 7. ,T e tk

)

I ‘ ~~~~~~~~~ 
k — l ,q 7

k — l  
T

k
~~~ ~ ( ,

k_ l I~~~~k l
, T

k l ) 
(3 3)

I where c is a normalizing constant . Each expression on the r.h.s. of (3.3) will

be evaluated separately.

J The first term is the pdf of the location of th: last measurement and is

eit her normal ( f or a correc t measu remen t , i,e., j’.l) or uniform (for an Incorrect

I detection , i.e., j—O)

I * follows from the linear-Gaussian model (2.1)-(2.4).

I
_______________________ 

_ _  —~~~
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k—l ,q . k l k l
P(:(tk

) ‘1 k ,j ’ 
~

- • 1 • t~~l

k-i ,; -( A [z~ t )  • tt ~ ~~~ ‘ ‘ S(t
~~1t~~~1 

, , ) ) i t  — I

—

i t  _j —

wh ere % [ z ;  z , S I  j .-_ the norma l d en sit y v~~t h  v a r i i ~~1r i , :~e -en z end ~~‘ v e r i e n . e

~:.tt rix S t w l i i  i s  t h e  i w i  v e t  i o n  c o v . e r l . e i e e e i n  t h i ~. . i s i -  c o n d i t  i - : u - ~I on a

;~.er t i~~ i l .u  : : v ; . . t h e ’sl s , t o  be’ dis~ tess -d in m ore  d e t . e i  . t t  e r ) ;  V t ~..‘ h y p e r—

I o~. .‘~~ t ~~~~~~~ I I t i e  t e g  Ion,

0 s c - o n . :  t I s t c j t  i n  t r ~ i l ’  i 1 1 v Of  t . e  I v i  n t t h e ’ I • .ic t t -  t i - n

it  k 
Is  I t - . ;-  ‘- j I and  • -  a t  r I v t  1 t a t ii i s  de c c  n c n :  I - n .  1

‘ i st  ~~i s t ~~~r V  , ‘~~~e t t c  “ I s . Not . t I . t t  I t !~c t , , i i i . ~~i t i o t t  I ’  r o n I t ~ v - e r I . e ~ - i c

wh i ii I ‘‘ a r r I v  t I ~e ’ o t t n f l y  s t  .1’ t • :~ - t v ;  u . :  •

~~~ t ( •~ o r e ’ t~~ I s j~~ i ; e t  ; r . ’h. e~ ’ II i t v • e n  ‘i. - - .~ i t t  c - i c .

k— I q p — I  k—Ir .  , t . • ‘ ,:‘ ,r

k 1 ,., P ~ I— I — I , , , 7 ,
~~~ 4 -~-~ ,i k

.~- l ,q ‘p — I  ~— i
I’ ( t . • , ,

w h e t .  t ~~. - l e - n u  i ‘. eh ~~ve’ -. s u h ’e c r  i pt e ’ d t m d  I i t , - t h ’ i .ete ~i~~~ v e t  e t h i c  i~~ - :. -c r  ita -~

“n- -~ •- h~- ”  ho- ‘I,0,t art l v i i  tim e ’ o f  a l e t .  t 0~n 0 tv;. pr t - -r to t . “ ( I n

m l  ire :-~y v . l l  l e n  e r . -~~ i o n ;  tf ;is 1s t , Ided lv t i .  - •~ n d i t  i - ’n i t e~ ~~~1f l  
k i

I e ’ - n n.- . 1 —

p [1 I ~~~~~~~~~~ 1
k-I 

- c~~ 1 ( t  - “, I
k I I ~ IC , ?

0~~~~~~~~~ 
—

T!e I ~ is  a ml ~..-d prohab ii it v o f  an event and .e c en t  i n c u . -. random v et - i t  le . The
flot .it ion u sed I s  I cc one lot c - v t - n t  s , I. e ., P,
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where the- net at ions t 2 - 8) (2 - ‘~ 1 a r e ~ u- .ed . 1he- norma liz.it I on constant -

J

i s  ne -dt ’d ~‘ec.iuse c U e  h i s  a t ru n c at t ’d d e n s i ty :  t m u s t  hi- I -irg e- ! t h e n  
k— l 

-

I f i u S

L
j  f f

j
l t

k k  ~
) dt

k 
- 1 - F

1~~r~~~2 
-
~~~~~ ( 3 . 7 )

S I : i , - o c V e f l t  k k ~ 
I~ t- qu iviIt-n t t o  t h e  e ven t  t h i t t I e  I i t  s t  dot i-~ I I l l  I r em

; t o  ,• 
~. -, j  ~ ~ ‘~ ~ k— ~~e s  l a t e r  t h a t e  t h e  - c i ’ -  t i • - r ;  0 ‘ - - 5  1 , t hc  I I r s t  p!

Ii l v  -n t h e  r - h _ s .  - - - 
-
~ can  he ’ writ I c i i  i~,

- ~ - i .q k - I  k - I
k .j k—I ,j

t
k ’ ’ 

, .  , I I

• ~ 
- - — ~ 

k —  1 , ; _ k — 1  — I
- 1 ,j ~ ..- — i  , j k 1 , )  k ’ ‘ ‘

I _ V  ~ t ..
— - k k 1J~ - - ( 1 .~~)

I — F  * ( t  .

J k—i k ,~

who - r e  t I ce  de ie -~’, i e i i t o y  i s  ,ig. i  in  a :i ’rm. 1 1 1 : ,i t ii o U st  .inI c s c m l i  c i ?  I ( I - 
‘ 

-

N . t o - t n e t , f r  an Y  
k I 

~ne of  these two n ’r~~c I 1: - i t  1~~fl n s t . in t  ~ will h. u n i t  v

The’ l as t  t e r m  in I L  3) i s  av a i  i s h ie  f r o m  th e ’ p r e v i o u s  cep d . c t c - . 1 h i - ~ com—

1 e t •- he ’ - .i I c  u i - i t  I •n  - , t h e  .e p e s t e r  I ‘ri p robat’ f l i t  I ..~ s f . ’ r e.ic Ic r~ -e -it h is t e rv

- h i - s  is

I
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. i he

& ) n ~- e the h v p o t h e ~~i~ pr o h a b i l i t  i c - s  t idve be-e’n obtained , the m.m.s.- - .

e s t i m a t e- o f  r h .  t a r g et  ~~. s t d t e  r e su l t s  t X - c t : 4 .1). Fach I e v p o t t c i s i s — c o n d i t  I no d
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S e - c t  lens I and h.es growing me~~’rv end ct c m pu t  at  i. -n. c 1 t ~- ‘ ; c c  I .-me ’nt ( 2 1 ,  per t i c -  -

sc ’ s -in t - e •  gene - r a t e d  al t or N dc -te’c t jolts • each - i t he -ne  r -q u  I t  i n g  a Ku ima n I l i t e r  I

I it 1 no t tc - .isil’le for imp lementation . This leads to the I n v est i g a t i o n  of

I suboptimal algorithms ,

t~nt - sub opt  im.i l t i - i . -  kIng scheme , w h I 1 - h e l  j :~ l n , e t c -s t i e. - c-x ;~~-n -ie t i i i  l v  i n —

I c u - u s i n g  ,~-m o r v  rt -h :i ’~u e -mo- nt s - - I  t h e f u l l memory  I ilt e ’ r can ! -e’  c ’h t . c i n e d  .i l - e c g
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e ’V ~ :onsi- ,ts In .C - 1 1 5  c , l s e  -t t ic , ’ t - l  1. -~ - : n g :

1)  lb . - pr e-d icte ’d state x(tk 
tk_ l ) and associated covariance matrix~I i i )  the a r t  i v , i i t i ne s  
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t . -- be ‘k 
, That is , the’ most recent t ime that ~i de ’t e- c t  i c - l i  s- es  met e’ 11k.’ Iv t - -

leave- been .esss-ciated with the tar ge- I  than w i t h  background c l u t t e r  i s  c~- u:si dere- d

- - be the last - ‘1 -curr t’nce- cc l  S t a r g e t — o r i g i n a t e d  d e l i - c t  ion :
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Thus , the ; ‘u  - 1 - a l - i l l  eel i - data assoc i.et Ion  of t he  CSH i l  gor It bin al ui ales the

pr- -ebah il ttv et an origin hvpothe~~Is of only th e current dete’- t ion beIng corr ect.

In the f u l l  memory procedure the probabi li ty of -‘ hypothesis as to the origin of

ea c h detection from initial to present time must he determined . The two pro-

babiliti e s of (~~~‘-. ) are ca lcul ated ‘ Ib ing  Bayes ’ rule ace In Section 1.

1.

___  - rn-- -~~ —- _ _ _ _ _ _ _ _



T h i s  comple te s  the  d e s c r i p t i o n  of the  p r o b a b i l i s t i c  J , it , i  a s s w- i a t  ion f o r

the USH procedure. The t’ovar l.ince ot  the state e st im a t e  ( S . -~~( mus t  he’ deter—

mined - Fqu ~et ion t -. . 1) can be used. However • due’ t o  t h e -  nu t  u re  of the CSH

ap p r o a c h . t h e ’  1o125s - i n g simpler expr ession for t h e c’ov a r i a i e c - e- ‘1 t he’ c i n c o n d i —

t i c cn , u  I t ’S t  ins t e- Is cc bt  , i in ed -
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~~~~~~ t h i s  s I m p l est  a p p ro a c h  t h e r e ’ a rt ’ a number  of fistre c om p l e x  I Ilt e- r s I- ’

d i s .-  u sec ed  next.

se-  end ecuhoptim a l f i l t e r , sdc i  be was implemented , is one’ In w hi - be c fixed

m a x i i n u i n  n eeneh e ’r N of h y p ot h e se s  .ire r e t a i n e d ,  For examp l e- , once the ’  number  te f

hv ; -o th eses  e~~~- , ’e-d ’. N ,  only the N inost 1 ik e l v  ones are  r e t a i n e d  and the  o t h e r s

~re di s-~ urd.’d - The’ p robabilities t -f t he r et  a in e d  hy p o t h e s e s  are ’ then  r t ’n o r n t a l—

I~~,’d such . th at 1 1cc -v sum up t o  unit y . Such a scheme’ is simp l e’ to imp l ement and

will give’ the optimum performance when the retained probabilit y mass is near

- fl 1 t y -

Other  approaches  can ,u l so he t aken : one can keep a p r e d et e r m i ne d  p r o b a b i l i t y

-~~ i - - s , t- , g .  -“~Z , r e g a r d l e s s  of the number of hypotheses to he retained or one can

c ombine ’ hypotheses that are sim ilar by some relevant standard. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - --—— .
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6, Simulation Results

The problem which was simulated was the tracking of a target with a

four—d imensiona l state , consisting of position and velocity in two cartesian

coordinates, driven by white noise.

Using the notations of eqs. (2.1) — (2.4), the system is characterized

by the  f o l l o w iag s t a t e  vec to r

(6.1)

where ~ and ‘-‘ denote the cartesian coordinates and the sYstem matrices are

0 1 0 0

A 0 0 0 0  6 20 0 0 1
0 0 0 0

8 -  [
~~

] (6.3)

The process noise covariance matrix was tak n as

1 .01 0 1
~ [ 

~ o i J  (6.4)

I and the measure ment matrix

I
H L o o i o i  (6.5)

I
I
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w i t h  measurement noise covariance

1 9 x 1 0 2 0 1
R —  

2 
(6.6)

0 9 x 1 0  j

The p r o b a b i l i t y  d e n s i t i e s  of the  i n t e r — a r r i v a l  times of both the

correct measurements as well as the false alarms were chosen from the

ga
~~

a density family

f
1
(t) ~T 

(,
T
t)
m
~~ e ~T

t 
t >0 (6.7)

— ( m — 1 )

for the target - orig inated detections and for the false detections

(~ V 
rn-i i

F
V t

f
0
(t) 

~~~~~~~~~~~~~ 

- F 
t) C 

~ > a (6.8)

where \~. is in units (time)
1
, is in u n i t s  (time.voluae) ’ and V is

t he size of the surveillance reg ion. The average t ime between detections

or i g i n a t i ng  from the target is mI~1, f rom the f a l se  alarms is m/ (A V ).

The f o l l o w i n g  were the parameter  choices :

— 2 ( 6 . 9 )

— 1 (6.10)

and asst~~ed a number of values to simula te various degrees of environmen tal

inter ference -

The val idation region size was set such that the probab il ity that a

detect ion or iginat ing fro . the targ et fall , in it wa n .999.

— — - - - -— - -- ------—-~- _ .~~~~~ —.-
~-

- ---
~~~

-- 
-- ----- -— - -  

_ - --— --- -~
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The th reshold  in (4 .5 )  uas set assu~~ ing a chi—square density , as

d — 13, 8 (6, 11)

Three f ilters were implemented :

(i) a standard K.a lma n filter (SKF) which processed any d e t e c t i o n

ly i n g  w i t h i n  i t s  validation region as if it -‘ere target originated ;

(ii) the CSH filter

(i ii t a fixed memory filter in which the N most likel y track s were retained .

The purpose of implementing the standard filter is to compare its

performance against the two PDA filters.

The compar ison wa s per f ormed v ia a Mon te Car l o s imula t ion for  var iou s

clutter densities . Each run lasted 30 units of t ime and an average was

obtained over 100 runs . Measures used to compare the per fo rmance  of the filters

includ ed the Cartesian norm of the position and velocity esti.ocation

error at time of the last detection ,

- I - I H (z(t
L
) - x(t l~~

t
L~~

] I (6 .12)

I - H [z(t
L
) - x ( t L j t L

) II (6.13)

where

11 0 0 01 (6.14)

~ L O O 1 0 J

V

5- L-~~~~_ . —--—- - - .E~~~~~~e’ ~~~~~~~~~~~~~~~~~~~~ - _ -~~~~~~~~~~~~~ -
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H 10 1 0 01
V [o 0 0 1] (6.15)

The normalized posi t ion and vel ocit y error s

£ — lx (t L) 
— x( t L I-t L))’r l1i~, P(t ~j t~~ ) u;] ’ ’

16.16)

p l ( t L ) — x (t L j t L ) ]

and with a similar expression were also evaluated . This was done to check

the consistency of the filter , i.e., whether its errors were compatible with the

calc ulated covariances . The expected values of c and c are 2 because they

have , theore t ica l ly ,  a chi square di st r ibut ion with two degrees of freedom ,

assuming no lost t r a c k s .

In addi tion, the number a t imes the f i l t e r  “ lost ” t he target wa s

determined . A target was considered to be lost when more that 25! of the

actua l t arget- o r igln a t .d  detections fe l l  outside a f i l t e r ’ s validation region .

The par ameter of our stud y was the densit y of fa l se  alarms . The

parameter entering into (6.8), V , was taken as 5, 10, 20 and 30

for  V — 1600 . To get an idea of the severity of these environments Table 6.1

shov the average number of false detections in the va lidation region of the

standard f i l t e r .

- __-  — 

S 

- 

10 20 30

• Average Number of
false d.t.ctions 1.3 2.7 5.2 7.3

L Expec ted number of
correct detections 15 15 15 15

Table 6.1 Effective rat. of false vs. true detections

a-

— __ .. ~~~~ — - - -
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The percentage of lost tracks is presented in Table 6.2. As it can be

seen , for a relat ively low rate of false alarms the  SKF has a l r e a d y  a si g n i l i -

cant probabilit y ~f los ing the track. The number of lost tracks for both the

CSH and fixed memory f i l t e r s  is substantially lowe r than the SKF for all clutt e r

dens i t  it’s.

5 10 20 30

SU .17 .31 .64 .77

CSH .02 .05 .09 .19

Fixed ory N — 8 .02 .04 .07 .11

Table_6.2 Probability of Losing the Target

Tables 6.3 and 6.~. present the position and velocity errors , respectivel y,

f o r  the three filters. For each clutter density , in both position an~ vel ocity ,

the SKF has the largest error Cartesian norm followed by the CSH , with the

f ixed memory fil ter having the lowest error norm in each case. In additi on , the

SKF Is very “optimistic ”: the real t ime covariances are much too small. The

performance of the standard filter in degraded and the covariance of the

estimate does not increase to correspond to this situation . The normalized errors

ot both PDA filters are larger than the expected value of 2 (based on no lost

tracks) which is due to the time. these filters actually lost the target. 
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S 10 20 30 40
Filter 

~~~~~~~~~~~~~~~~~

H~~I I  9.17 1.05 x 10 1.97 x 10 3.61 x 10 2.81 x 10

t SKF ______ ______________ _____________ _______ _____________ _____________

4.20 x ,~
3 

1.12 x ~~~ 2.99 x 10~ 1.04 x 8.48 x

4-
I I ~~I I  5.21 x 10~~ 4.82 x 10” 1.17 6.00 3.07

CSH 

1. 45 1.50 2.35 2 ,4 1  x

Fiz.d II ” II 5.21 x 10
—i 4 .90 x lO l 5 .42  z 10 1 3.09 2.03

memo ry
with ______ _______________ ____________ ______________ ___________ _________

N— 8 1. 47 - 1.59 1.66 1.06 x 10 1.55 x 101
Hypotheass p

Table 6 . 3  Sample means of position errors. 

---
-- — -_
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À y

Fil ter 10 20 30 40

I I ~~I I  5.64 ~ 10~~ 5.40 x 10
_ i  

9. 67 ~ i0 1 1.60 1.19

2.96 x 101 1.0 3 x lo ’ 3.82 x 101 1,06 x io 2 5.38 x 101

j I~~I I 2.25 x 10
_i 

2,00 x 10~~ 2 .94 x lO~~ 4 . 5 7  x i0
_
~ 3. 03 x 10

_ i

CSH ________ ______________ ____________ _,~~~~

£ 1.64 1.31 1.87 6.00 2.14

Fixed 1I~~I I  2.21 x 10
_ i  

2 .03  z 10~~~~ 2 . 3 4 x 10
_ i  

3.7 8 ~~~~~ t2.9O x 10~~

with 

~~ 
1.61 1.36 1.81 4.20 

— - 

2.70

Table 6.4 Sample means of velocity errors.

-_ - -  - — - -—— ___
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The two PDA filters discussed above use bo th  loca t ions  and a r r i v a l  t imes

to estimate the state of the sys tem . To determine the effect of us ing  a r r i v a l

t ime i n f o r m a t i o n  on tracking performance , a ‘ comb ined s ing le hypothesis with no

t ime” filter (CSH—NT) was run incorporating onl y location information In the PDA .

The comparison ot t r a c k i n g  a b i l i ty  f o r  the  two CSH f i l t e r s  is d i s p l a y e d  In Table  6 . 5 .

F s

~i l t t - r 5 10 lO 31)

SKF . 17  .11 .6.~ .77

CSU—N ’T .05 .18 .33 ~52

~~ SH .0 .05 .09 .l~

Tab 1 e t~ . 5 Prohab li l t  v ot Los ing  ht -  Tar~~vt

These result s indic ate that s i g n i ti c a nt  i m p r ov em e n t  i n  t r .~~k i n g  a b i l i t y  can be

realized t r om use a r r i v a l  tint- intorma tion .

— - —  -- -- _______________ -
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7. Conclusion

An a lgor i thm has been developed to t rack a t a rge t  where the o r ig in  of any

detection is uncertain. In add i t i on , the de tec t ions  do not  occur a t  f i x e d  i n t e rval s ,

but instead th. t ime inter vals between detect Ions .ire’ random . Sinc e the optima l

procedure requires exponentially increasing memory and computatlon ,subop t ima l

versions are presented. A simulation was performed to compare the performanc e

of these algorithm .. versu, the standard filter.

The least expens ive filter th at uses a FDA pro ct-~ture — the combined sing le

hypo thes is (CSH ) al gorithm - pr ovides a substantial pertormance improvement over

the standard filter. The fixed memory I i~~ter , whi :h carries the N— 8 most likel y

hypotheses, yielded a performance whi ch is probabl y yt’rv c-lose to optimum . It

prov ided further improvement ove r the (SM , hut a~ a substantial cost — it Is

8 t imes more expensive than the CSH. The trad e-off bet’..i~~., j~.rformance and cost

is a question which must be Judged within the context of an Individual problem .

The deletion of the time ot arrival Information from the (SH filter resulted in

significant performance deteriorat ion. Thin indicates that the t i me of a r r i v a l

Information can be used succe ssfully to obtain significant tracking performance

im p r o v em e n t  In t h i s  ( - l a s s  of problems .
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1. Introduction

The problem of associating probabilietically measurements to a number of

known target. (establIshed tracks) was first considered in (Si]. The resulting

algorithm, which was an extension of the results of (B21, used a diffuse prior

for the false measurements. While this was shown to be equivalent in the

single target case to a Poisson model (see (63]) it was not adequate for the

multiple target cage, More recently , an algorithm was presented in [Ri ] that

yielded probabilities of measurement histories being a track. While this

latter algorithm is more general than all the previous ones, it has a number

of l imitations . Its feasibilit y of application for complex state models

where the state is not completely observable f rom one sensor is an open

question. The model used for “new targets”, which consisted of an arriva l

process with strictl y positive rate cart lead to saturation of the surveillance

region .

The algorithm to be presented in Section 2 deals with the association of

an a rb i t r a ry  number of measurements to an a r b i t r a r y  n umber of established

t racks ( t a r g e t s) ,

—
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2. The joint FDA for  targets wi th  co~~ on detec t ions

For the sake of i l l u s t r a t i on  consider f i r s t  the case w i t h  n 2  known

ta rgets .

Let the validation regions (“gates”) of the two targets be

— {z H z — H j 1 ,2 ( 1)

These regions are depicted in Fig. 1 with a total number of validated measure-

ments m~ 4 including one which is comeon.

—5 -
—

5-- ‘_ 5_ _ _

2

Li / -

I

I 

~ 
0 

1 — 
1

4

~~~~~~~~~~~~~~~

- — - - 

- --

~~~~

,- 

~: 
- 

- - -

~~~~ 

- -

~~~~~~~~

- - 
- -

Fig. 1 Two validation regions with nonempty intersection

Next , consider the general case.

The validation matrix for m measurements and n targets Is

— (a fl ] i l ,...,m j 0 ,l,...,n (2 )

wi th  binary elements Ind ica t ing whether measurement i h-as been validated for

t a rge t  j .  Inde x j .O stands for  “c lu t te r” . The validation matr ix correspond ing

to the above figure i. (for n2)

- _ _ _ _ _ _ _  _ _ _
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0 1 2

1 1  1. 0

2 1 1 1 (3)
3 1  0 1

4 1 0 1

The probabilities of joint events

m

(4)

8 i i

where me an s that measurement i originated from target j
~~, 

will be computed.
‘i i

To obtai n the feas ible events we sha l l  use an indicator variable equivalent of

namely

- 
1 ii occurs

—
- ( 0 otherwise

Then to a joint event ~ there co rrespond . a m a t r i x

— (:~~(,~) J (6)

The condition s for  an event to be feasible  are

(i) only  one u m i t  f rom each row of Il can be picked up for ~i

n

~ 
~~~~ (,~,

) — 1 i 1 ,...,m (7)
.1—0 

—

(i i )  at most one measurement can belong to each target

6 (~
) Z (x) < 1 j 1 , . .. , n (8)

i—i

The binary variable 6~ indicates whether target j  was detected and its

aaureasn t validated in even t ~.

~~~~~~~ L.~~~~ 
_i~

_
~~
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Measurement i is associated wi th  a target in event ~ if

~ 
1 (9)

- 1—I

An algori thm that  obtains all  the feasible matrices  ~ can be set up as

follows

1. Scan through the (say , N) non—zero e lements  of ~. to set up all the

possible binary numbers (2 N ) f r o m  them

2. El iminate all those that do not satisfy (7) and (8).

Using i~ one can obtain the set

( 10)

needed to evaluate the marginal probability

— i tx~~~z
k
, ~~ — p{~~~7

k (11)
~~~t xi)

from the probabilit lea of the joint events

Tb. probab ilities of the events ~ we obtai ned f rom

p(z (k) ~~1
k-l ,~ P{~~I~~,z

k_
~ .} p(~~FZ

”
~~

} (12)

where Z(k) the set of current observations , — Z(k)UZk l  Is the set of

observations through K.

The f irst term on the r.h.s. of (12) is obtained next

p (Z(k) ~,,z
k_ 1

,,,) — ~ ( z~~(k) ~11 3z
k_ 1

,~~j (13)

1—1
where

k 1 
c
_ i 

f [z~ (kfl j#O
— 

,il] • Jr 1 ~ ( 14)

I v~’ 1—0V

-- 5 - - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~1I_ _
~

_ 
_ _
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In the above f~ (.) is the density of the predicted measurement for target j(at

~‘he current time K); c~~ f~ is this density restricted to the region V irt

which z
~~

(k) lies. Fo r example in Fig. 1 the three regions V are illustrated.

There is one such region for each different row of ~ and their total number

is m .  For the validation matrix (3) the indices r~ corresponding to each

measurement in Fig. 1 are

i f i  2 3 4

r u 1 2 3 1

The falge measurements pdf in (14) is the inverse of the volume of the

correspond ing region

V — vol ~ ;‘ ( 15)
r1

The cor~straits c~ are given by the expression

C
ir 

- f
1

z
1
k~~ dz

1
(k) ( 16)

I

which does not have to be calculated because it will cancel out as shown

later.

The second term on the r.h.e. of (12) is

~~ [
~~ 

{Z
i(k)*V r l X ijt Z

k_ 1
)]

- 

~ 
P(z

i
(k)~ V

rj
lx ij,Z

I
~
_1
})P[ 
(
~\ {z i (k)J

~r i
I X ioZ

k_ h
}} ( 17)

where th. product is over the measurements associated with a target (since the

corresponding events are independent); the second term contains the measure-

ments not u .ociatsd with any target.

- - ——

- —— - ‘5- -~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘ - ‘5~~~-’--~~~~~~ _ _ _ _ _
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Note that for a detection associated with a target the probability that

the corresponding measurement falls in V • conditioned on Xjj is

Ptz t
(k):V

r~~xlj
,Z
k_l

} - I f~ [z~ (k)]dz~(k) [ I f
j

[z j(k))dzj(k)j

if n
i
(
~) 

— 1 (18)

The denominator in the above fo l low s from the fact that if X1j is considered

then z~ was validated for  target  j  and thus its pdf is 5 div ided  by the

probab ili ty tha t it f e l l  in the gate

~ f  f
1

(z)  dx (19)
.1

Then using (16), Eq.(18) becomes

P(Z
i
(k)tV IX ij,Z

k_t ) — c
1 

P~~ (20)

The last term in (17) can be rewrit ten as the prod uct of probabil ities

that  the number of fals, measurements • in the nonoverlapping regions V
i

originating from a Poisson distribut ion with rate \, are as specified by

the event ~ mda r conside r at ion

~[ (
__•_%

\ 
(z i (k~)~~Vr I X io P Z

k_ 1
}]

i:T
1(L)—o

m a
— IIP{, _,t c

~
)} 

_ I j e

_

~~

?
9
~

A
~ t

t
.t :

_ 1 
(21)

1—1 i—i

Combining (20) and (21) into (17) yields

P ( c~i . Zk
)_f S’j Cj r j  

P~~ f1e  
L 
~~~~~

t ,
t :

_ 1 
(22 )

1—1

- 0 -— ——.5

. . — .5—. .5. . ‘ - -

hi - —--- —- -- — - -- .., - -
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The last term from (12) is the prior (w.r.t. the current t ime K)

probability of event ~~~. Note that (17) is the probability that

(i) the correct measurements implied by ~ (i.e. given that they are

detected and validated) fell into the corresponding nonoverlapping

regions
i

(ii) the incorrect measurements fell into the various regions V 1 
as

imp lied by ~: •~ in volume i’~~ i.e., their number and apportionment

among the regions.

in view of this the last term will reflect

(1) the probability of detection and validation of the correct

measurements

(2) the probability that the measurements of the targets whose

(no measurement associated with target j) were either not detected

or fell outside the validation region.

It will be assumed that all joint events that have measurements from the

same set of targets are a priori equiprobable.

Denote the binary vector that indicates which targets are assumed

detected in an event as

(23)

with components def ined by (8). There are 2~ such different vectors where

n is the number of targets. All joint events ~ :hat have the same ~ are

thus considered a priori equi probable .

Let

q6 
— q(6 ,0) (24)

—— --.-.-------- ---_ - — -‘ --5--- ’ —.5—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --5--- — -~~~~~-‘ — ‘——— _ _ _ _ _ _ _ _ _
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be the number of events ~ wi th  the same 6 as it follows from the ma t r i x  i~ (see

Appendix A for the expression of this number and consistency check with [32)).

With this the prior probability of an event .x is

P {~jz ~~’) — 

~ ~ ~D1 ~
c
1 

j ’  I (1_PD ~1) (25)

— J:6
1
(x) l

I
Note that

~~~ P(~jz~~~~) - E 1 1 ~D1 ~~~ ~~ 
1( 1_P D, ~1)6 J :ó~~(~~) l

— [1 (~D1 ~‘G1 + ‘~~D1 ~~~~~ 
) — (26)

which indicates that the normalization constants in (25) are “natural .

Combining (14), (22) and (25) into (12) yields

— ~ [
“

~~~~ 
c~~ f

1
[z
1

(k) ) I ‘IE ~— i :r
i(X)

i

• I - ] C jt . P~
1 [j e

t 
~~ u

t
)

t 
(,

t~~
_ 1

i t  ( )—1. 
i 1—1

• 
q I - 1 1’

D
J 

1’
G ~ 

- I (‘PD ~~~
~ j:6 (~ ).l j:6 (Z) o

— 
~rj- f j [z i (k ) 1  j~j 

(,~~)~ 1

-‘ [~~
..I 

~D
1 
[~~T (‘PD ‘~1) (27)

~ ~~~~~~~ ,~~~~~~ _ .. __________
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where m

• •~ (
~) (2 8)

tel

and Cir • 
~ 

cancel i~~~dlately and the term
LI m

a

II e £ 
— e — e 

( 29)

1—1

appears regardless of which -~ is under consideration and thus cancels between

numerator and denominator in (27).

The probability of a joint event A given in (27) was derived assuming

that there are validat ion regions correspond ing to each target. While the

vo1~~~s of the validation regions cancelled in the final equation some

factorials corresponding to the number of false detections subsumed in A

war, left in the final expression. Also the normalization constant defined

in (24) appears in (27).

The derivation of the conditional probability of a joint event is done

next assuming each validation region to coincide with the entire surveillance

region. L~ ~~is case the validation m a t r i x  (2) is made up of units everywhere.

(Howeve r , for practical purposes one can still use validation regions to

avoid considering events that will  have negligible probabi l i ty .)  In this

case there is no i~ in (12), which becomes

-. P(AI z
k} — ! p (Z(k)IA,Z

k_l
J P(AIZ

It_ l) (30)

The first term above is

p[Z( k) Iz. zk h ) — f_ i p ( z i (k) l x jj ,z
k_h ) (31)

i• 1where
I--

V. 

- -- - - - --—‘ ----~~~~ ~~~~~~~~~~~~~~~~~~ - -‘ —-— — _ _ _ _ _ _ _
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I (z (K))
p [z

i
(k)~~X ij , Z

k_l
] — 

i (32)

with  V being the volume of the ent i re  surveillance region.

t The “prior ” probab i l i ty  of an event A is

P{AIZ
k_l) — 4

~jy ~ j~ P~ [ ~ (
1_P

D )

~~~~~~ 
• (,)1 (33)

whe re

• — •(~
) ( 3 4 )

is the total  number of false measurement s in event A and -
~
(A) is the numbe r

of events A with detections from the same set of targets. This is equa l to

th. number of permutat ions of a (total number of detections) takes as m—~

(numbe r of correct detections)

— P ..., 
— ( , ) (a—~ ) — 

~~~~
- (35)

Insert ing ( 3 l ) — ( 3 5 )  into (30) y ie lds

P(AI Z
k — ~ I 1 f

1
[z

1
(k) ] v

i : t 
~ 
(A) — 1

~T I . 1 
~
‘
D 1 I (‘-ED )

~

I
•e~~~ ( X ~V) (,:)

_ l 
( 36)

which becomes after cancellations

4

—4
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P {~JZ
K) 

~•
(A) 

~~~

—_--- 

~ f
1

(z
1

(k) ) 1 1 1’D I I (1_PD)
j: ~1

(A) o (30)

whi ch is consistent with the expression of (Ri].

I

0

-- - - - 
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3. An k~x.a.ple

Consider two targets with a one—dimensional measurement with predicted

locations for targets 1 and 2 as

z~~O , z~~~3

and variance of the prediction S—i. The following three measurements were
I

to be associated with the two targets

g — —1.5 , a — 1.5, a — 4 . 5a b 0

This is dep icted below. Only Z
b 
was val idated for both targets.

Z & z z a
a I b 2 o

— 1.5 0 1.5 3 4.5

Table 1 presents the probabilities of all the joint events , assuming

P
0 

- 0.8, for various densities for the false alarms. Table 2 shows the

corresponding marginal probabilities.

Note that in the absence of target 2, the events and Xb ,1 would

have been equiprobable. Since z
b 

can also belong to target 2, the joint

PDA yields a drastically different reNult, This tilustrateR the need to

account for  all the possible ori g ins of each measurement.

a b c A — .1 A— .05

0 0 0 .009 7 .0027

I 0 0 .0506 .028.4 .0122

1 2 0 .262 5 .2945 .3168
1 2 ,, . 

— ________

0 1 2 “ “ “ 
—

Table 1. Join t pr obabilities for all the feasible associations

for variou s false alarm densities.

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _
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X— .02

x .5756 .6174 .6458
1,1

Xb ,1 
.3131 

— 
.3229 .3290

Xb 2  
.3131 .3229 .3290

x .5756 .6174 .6458
c,2

Table 2. Marginal p robabi l i t i es  for  all the

feasible associat ions.

0

-

~

--

~ 
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4. Conclusion

Raid [Ri] derived his expressions for the joint probabilities assuming

(i) The ta rget detection events are identically d i s t r ibu ted  (same

P0) and independent

(ii) A number of new targets are detected according to a Poisson

dist ribut ion (this  implies a net in f low into the surveillance

reg ion , i.e., monotomically increasing number of targets)

(iii) Initialization of new targets from one measurement is possible

The JPDA approach descr ibed above is

1. More general than Reid ’s because the ta rget detection events are

not identically distributed

2. Less general because it assume s no new ta rgets

3. More realistic because both assumptions (ii) and (iii) above do not

seem to fit many practical situations , in par t icular  the passive

sonar tracking.

0

— - -—-- - — •~~~~ .5 —~~~~~~~~ -— --- ---.-5-- —-—---— - -- - .5 —-— - —
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Appendix A

In the part icular  case of n 1  target the computation of the priors is

done as follows. For )(~~ 
i—i ,... ,m (“ the i—the validated measurement is

correct”) one has 6—1 (“target detected”) and from (24)

q1
m (A.1)

From (25) it follows that

P x 1I z~~’ — ~ p p
~ 

(A.2)

For i o  one has 6o  and q 1 , thus

P(~ 0Iz
k_1

} — 1—P
0 

P
~ 

(A.3)

Computation of the posterior probabilities is done next. Note that in (14)

f is the nontruncated density of the predicted measurement. in the survey

paper [g3 j I was used as the truncated density, i.e., it included the factor

P~~ . From (27) on. ha. for i#o (in which case •m-1 , q
6

m)

m-lk 1
m, m } — —r—— f ( z ~ ) ( 1 ) ’ P0 (A.4)

for  i o

80
_P { x 0 I Z k , a~~a) !r ~ r ( 1—P 0 P~ ) (A . 5)

The normalization constan t c ’ is

C f
~~ i~ 

+ ~-r ( 1—P 0 ~~~ 
(A . 6)

id

Then , for 1—1 ,...,.

rn— i

~~ ~ D 
f(z~) f(z~)

81
e 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
— (A.7)

~T + ~-r- P
i~~j(&i

) b + f ( z
i)

1—1 

- _________



A-2

where
1—P

b • A D (A.8)
D

and

b
0

b + 
f (z i

) (A .9)

which matches the earlier results of [32).

Consider n—2 targets with the following number of validated measurements

— for target I only i’-l,2

— for targets i and j (in the intersect ion of their validat ion

regions)

Then the number of events for different ~ 
— [6

i 
82 1 is

q(6
1
e1, 62

•l) - a
11 a22 + a11 a12 + a12 a22

q(6 1 o , 6 2
dl)  — 

a12 
+ “22

q(-&
1

1 , 6
2

u’o) — 

~~~ 
+ “12

q( 8
1
.o, 62

o) — 1

I 

~~~~~~~~~ ~~~~~~~~~~~~ _ _ _
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