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T ARSTRACT

A new theory of turbulent shear flow is based on the discovery of a second boundary
layer, which we call the viscous mesolayer, of thickness proportional to Taylor's micro-
saale for the outer flow or, scaling on friction velocity u and viscosity v, proportional to
Ri = (u_a/v)2, where a is the outer length. The existence of this layer between the core and
the subfayer makes it impossible to match the outer (core) expressions for mean quantities
with the inner expressions based on Prandtl's 'law of the wall', as in classical theory.
Indeed, the supposed region of applicability of the classical theory, namely the layer in
which both inner and outer behaviors are imposed, is precisely in the mesolayer where
neither behavior may be imposed.

The mesolayer concept is used to develop a new theory of the distribution of mean
quantities in pipe flow. Solutions are obtained for the mean quantities in an inertial sub-

range and in a viscous subrange on either side of the mesolayer. Major alterations in the
classical theory result..
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A NEW THEORY OF TURBULENT FLOW IN A PIPE

ABSTRACT

ParDtee

A new theory of turbulent shear flow is based on the discovery of a second
boundary layer, which we call the viscous mesolayer, of thickness proportional to
Taylor's microscale for the outer flow or, scaling on friction velocity u_ aad

]
; , i , & |
viscosity v, proportional to RT - (u a/V% where a is the outer length. The existence i
1
'
§

of this layer between the core and the sublaver makes it impossible to match the
outer (core) expressions for mean quantitios with the inner expressions based on
Prandtl's "law of the wall”, as in classical theory. Indeed, the supposed region
of applicability of the classical theory, namely the layer in which both inner and
outer behaviors are imposed, is precisely in the mesolayer where neither behavior
may be imposed.
Each mean quantity is expanded in two infinite sovies, the first torms of
which are appropriate for the outer region which is now 2 > R% and for the wall ]
region, 2 - 0(1), where 7 is a now similarity variable, z/R% , and = is scaled on
u and v, Equating the two series solves for cach of the mean quantitios subjoect
to choices of universal constants. 1t is possible to choose these constants to
1 pemit close agreement with the data over most of the flow. Additional evidence
£
i E for the existence and importance of the mesolayer may be found in the data for
pipe tlow in which (1) there are two peaks of turbulence energy in the wall region,
(corresponding to a first and second component of turbulent motion) as
predicted by theory: (2) the rms normal veloeity o (dominated in the theory by the

first component over a thick region near the wall) is Reynolds-number independent in

a layer thick compared to the regions in which the first component of o and




N

0, dominates, as predicted by theory; (3) 0, and 0, both reach maxima at or near

1

i .
z=a,R°, 2 =38, R'f , and a, is considerably less than a,, all of which are predicted

by theory; (&) 0, (dominated by the first component in a thin layer near the walb

rises to a maximum and then decreases, seemingly approaching a constant. It then
begins to increase again (because of the second component). The curve has an in-

flection point and then another maximum and this inflection point occurs

. !
at z - a3 RT as predicted; (5) the Reynolds stress peaks at 2 a,R* as predicted;
1

(6) the theory predicts that there is a region just above the sublayer in which 1
increases as C,{n z. At a point in the mesolayer there is a change to a smaller
slope, (Co+Co0)en 2z where C,, is negative, and this is followed by increasing
slopes in the outer region. This complicated pattern is a weak variation about
the classical 7% {n z behavior and, of course, is unattainable in classieal theory,
but the predicted behavior appears in the data.

Many readers will feel reluctant to abandon the classical theory even in the
face of the success of the new theory in predicting the behavior of many measured

mean quantities. The paper contains a discussion indicating that the location of

the peak of the Reynolds stress at z ~ R% directly contradicts one of the basic
assumptions of classical theory regarding the nature of the "buffer layer' between ?
inner and outer layers.

The paper contains a conjecture that the "bursts' are characteristic of the
mesolayer and that they grow as they move outward and along the wall. Indeed,
if they grow by molecular diffusion, they grow to a size of the order of the meso-

layer thickness in the time period of a large cove eddy. Finally, an argument is ‘i

N
1

advanced that the intermittency y is proportional to R,_ Y, yvielding v~ 0.1 - 0.2,

a—

at typical R_, in rough agreement with observations.




f A NEW THEORY OF TURBULENT FLOW IN A PIPE

1. The Problem of Turbulent Shear Flow.
The classical theory of turbulent shear flow near a surface (Kdrman, 1930,

Prandtl, 1932, Monin and Yaglom, 1971, Chp. 3) is enduring (despite the clear +

experimental evidence that it is too simplistic) because nothing more appealing
has been offered and because the theoretical mean velocity and the drag co-
efficient in a pipe seem close to observations. Its predictions for the root-
mean-square velocities are not as good and recent efforts have been made by
Townsend (1976) and Perry and Abell (1977) to improve the theory for these.
Many other efforts have been made to develop higher-order approximations for
various mean quantities assuming that the classicil theory is a correct first
approximation, for example Afzal and Yajnik (1973). Most such investigations,
including those of the present paper, lead to mathematical expressions involving i
one or more universal, unknown constants, and it is usually not convincing to
demonstrate agreement with the data over the limited ranges of the theories ;
when the coastants are, in fact, chosen to force agreement at one or more {4
points of the data curves. The present paper contains a theory which hopefully

passes more severe tests.

[ A useful approach to the classical theory was developed independently
by Izakson (1937) and Millikan (1938) who assumed two regions of flow, an
"inner" region near the surface, and an ""cuter" region further out. In the
inner region it is assumed that the outer length parameter a (e. g., the

radius of a pipe) is unimportant for all mean quantities. This assump-
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tion was first advanced by Prandtl (1925, 1932) and is called the "universal law
of the wall''. We call this assumption "independence of outer length''. In the
outer region, it is assumed that the viscosity coefficient v is unimportant for mean
velocity shears and for the velocity defect (us-u) and, indeed, for all mean
quantities not connected directly to the small scales of the turbulence. This is
called "Reynolds number similarity” (Townsend, 1976) and was also formulated
first by von Karman (1930). We call this assumption "independence of vis-
cosity'. Both assumptions have been verified by measurements, for example
Fritsch (1928), Laufer (1954), and Perry and Abell (1975). A third assumption
is that there is a finite region of overlap of the two regions. We discuss this
assumption at length in Section 4 and find it wanting. Nevertheless,
using these three assumptions, mathematical operations similar to those used

in Section 3 lead to the fundamental results for the overlap region, namely

ULzt A @

-0 -Lmce B @)
Uy %‘ln RT+ A+B 3)

aw =1, 0, =Ay, 0, =Agm Oy =Ag )

where o, , 0,, 0, are root-mean-square velocities, (is distance from the wall,
scaled on a, and all other quantities are scaled on the inner variables v and friction
velocity at the wallu_ . The Reynolds number used here is uTa/\: R and u, is

the non-dimensional outer velocity which, for pipe flow, is the velocity at the

,”"' -
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centerline. The constant «is called von Karman's constant and, except for one set
of measurements (Businger, et al., 1971) , appears to be about the same, « = Q. 41,
in all laboratory and geophysical flows.

The agreement of (1)-(3) with the data is puzzling because close observation
of phenomena in shear flow over the past 15-20 vears indicates that the structure of
the turbulence is very different from the picture inherent in the classical theory.
To be specific, all the results in (1)-(4) may be obtained by dimensional analysis
assuming independence of both vand a in 1 <+ 2z <« R and this approach predicts
further that all length scales in the overlap region are of the order of the distance »
from the surface. Measurements, however, (Mitchell and Hanvatty, 19%vo0, Tritton,
1967) indicate that the longitudinal length scale is much larger than z near the
surface and may be of the order of the outer length scale a. We know for certain
now that large eddies, associated with motions in the core, are exerting a strong
influence in the region just above and even in the viscous sublayer. Another
example is the appearance of the "bursts” above the viscous sublayer which have
a time period much longer than the only time period of the classical theory, namely
distance from the surface divided by friction velocity, and which seems to scale on
the outer variables (Laufer and Narayanan, 1971, Rao, et al., 1971). Obviously,
then the independence of a assumed in the so-called buffer region is untenable.

The existence and importance of large eddies near a wall have been demon -
strated by theoretical and experimental studies of the distortion of turbulence in
a wind tunnel by a surface parallel to the flow and moving at the speed of the free
stream to yield shear-free turbulence (Uzkan and Reynolds, 1907, Thomas and
Hancock, 1977, Hunt and Graham, 1978). At least in the initial stages of the dis-

tortion (near the leading edge),the horizontal dimensions of the eddies just above




the viscous layer are proportional to the size of the eddies in the mainstream. The
author (Long, 1978) has discussed the importance of this distortion in problems of
the mixed layer in stratified fluids in laboratory and geophysical situations. In
problems of shear flow there is a large production of eddy energy near the surface
but surely the large eddies of the outer region must '"feel" the wall in ways similar
to those of shear-free turbulence. Townsend (1976, p. 161) regards the turbulence
as being composed of two components, one called a "wall'" component whose
dimensions scale with distance from the wall, and the other an "inactive' com-
ponent with horizontal dimensions of the order of the outer length, and vertical
dimensions of the order of distance from the wall. Perry and Abell (1977) call
these components "universal' and '""non-universal", respectively, and we will
adopt this latter terminology. The two components of motion appear clearly in
spectra at high Reynolds numbers (Perry and Abell, 1975, Bullock, et al., 1978).
The theory in this paper employs independence of a near the wall and
independence of v far from the wall in the first approximations so that there are
still the sublayer and the outer layer. It appears, however, that there is a second,
thicker viscous boundary layer, which we call the mesolayer, whose existence must
be fundamental for the problem of turbulent shear flow in general, and that this layer,

intruding between inner and outer layers, prevents the overlap assumed in classical

theorxf The mesolayer appears to be the layer in which the horizontal velocity of
the large eddies of the non-universal motion reduces to zero at the wall as in the
experiments of Uzkan and Reynolds (1967). Indeed, we find that its thickness, as

determined theoretically in Section 2, is identical to the empirical thickness R;

of the viscous layer found by Uzkan and Reynolds. The layer is similar also in

eharacterand behavior to the laminar boundary layer in flow above an oscillating plane.

}The failure of the classical approach is shown in detail in Section 4.

it .
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2. Discussion of the Mesolayer.

In Section 1, we presented some general ideas about turbulent shearing flow.
To be definite, we now confine attention to a smooth pipe although the ideas have very
general applicability.

We may write down the two non-trivial, exact, mean equations

of motion (Laufer, 1954),

%-Rn -f{ (5)
d =, —  ww-vv
dZ ( p + ww ) _R?(l‘() (6)

where z is distance from the wall, so that z - RT at the center of the pipe, = z/RT 3
p is the mean pressure and the velocities are u, v, win the streamwise, transverse
and radial (inward) directions. As in the rest of the paper, we scale, generally, on
inner variables v and u_. The Reynolds stress -uw is zero at the wall and its first
derivative with respect to z is zero at the wall. Moreover, -uw is zero at the axis
of the pipe so that, as measurements also show, it is a maximum at some distance
from the wall, say z = m(R ). Therefore, U,, = —1/RT bothat z =0 and z = m.

When R_ is large, the effect of viscosity is confined to a thin layer and the Reynolds
stress and the total stress (1 —z/RT) are nearly equal, except at very small z. Con-
sequently, the maximum of -uw must become closer and closer to 1 as RT increases.
Thus, near z - m, we have' T, ~m/RT ;

1

Let us now make the tentative assumption that i, ~ m™" in the region of the

b !

maximum of -uw. The two order-of-magnitude estimates, i, ~m™" and u, ~ m/R,r

'We say A(R) ~B(R) if A/B tends to a finite, non-zero constant as R~ =
We also use A = 0(B) to indicate that A/B tends to a constant (independent of R) which
may be zero. A point z whose distance from the wall varies from experiment to experi-
ment (i.e., is some function of RT) is said to lie always in the mesolayer if, for all

large RT, Z = om(R) where « is a constant.




lead to m ~ R% . We have an indication in this result of a new boundary layer over
which certain quantities change from their universal wall values to those typical of
the outer region! This second layer is much thicker than the viscous sublayer over
which the mean velocity changes rapidly. It is quite evident in observations, for
example, by Laufer (1954, his Fig. 8). If, for the moment, we use the empirical
fact that ©,, is very close to 1/xz° where » is von Karmdn's constant, we predict
the maxima of -uw at z - &Ri where a, = (u)-%, or at values of ¢ of 0. 016 and

0. 047 for Laufer's two experiments in very close agreement with his Figure 8.

In contrast, the maximum of 0,, for example, is very much closer to the wall and
is just outside of (fixed with respect to) the viscous sublayer (Laufer's Fig. 25) as

we discuss further below.

Perry and Abell (1975) found a layer (in inner variables) in which the data
curves of o, tend to become level, indicating in their view that the classical theory
cormrectly predicts 0, - const in a region 1 <<z << RT. From- our present viewpoint
the inflection point of the J,-profile found in all measurements should lie in the
mosolayer. Indeed, these points are further out from the wall at higher Reynolds

o 8
numbers in rough proportion to R® as we will also see below.
97

As we have discussed in Section 1, the mesolayer appears to be

similar to that in shear-free turbulent flow above a surface, as in the experi-

1
'“The classical approach also predicts a maximum of -uw at z ~R® but, in ignoring
the physical effects of the mesolayer, it fails in other fundamental ways as we see
in Section 4.




ment of Uzkan and Reynolds (1967) or, perhaps, in turbulent flow near a surface
at some distance from an oscillating grid (Hopfinger and Toly, 1970) as suggested
hy the author (Long, 1978). The present situation is not a direct analogy to the
shear-tree problem, however, because there is already one viscous layer at
the wall of the pipe and it is not obvious how te obtain another one from a single
set of equations.  We may obtain both as follows, however: we imagine an initial-
value problem of a very long pipe immersed in a Navier-Stokes fluid initially
at rest with a suddenly imposed force along it at t 0 creating a stress u'1' on
the walls which is then held fixed in time. The pipe will move and eventually
come up to a constant speed ugy (2, Vv, u ).  We assume complete determinism’
of the tubulent motion such that the velocity component u, relative to the wall,
for example, is the same at (Xgo Voo Zay to 3 23 V' u ) in any two experiments if
the initial conditions are identical even after a very long time when the problem
beemaes statistically steady. At a fixed z, as the radius of the pipe a goes to
infinity, we assume that the effect of a becomes weaker and weaker so that
W (Xe o VaoZgstys v, u ) approaches a function gy (Nyo Yas 2 o tai Vo U ). The

assumption that the limiting function uy, exists means that we may express

uouy +oug %)
n 0, + 0, )

where we have gone over to non-dimensional notation. uy and 0y are independent

o

of R and, as we have constructed the problem, ug and Wy tend to zero as R
- (SR

UThe reador who is accustomed to thinking of turbulent flow as "random”
may read an areplified discussion in Chern and Long (1980,

T
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by letting a + ~. Then, it we substitute into the set of Navier-Stokes oquations,

which we denote as Noand let R+~ we obtain a set of equations Ny involving
only uy, vy, wy, py and inner varviables, X, v, 2, . The form is the same as
for flow over an infinite plane i the infinite halt-space above with the constant
(dimensional) momentum transfor, u': . and above the sublayver (.., in the

1

mesolayer) independence of v leads toTy w7 dn 24 A, o, Ay, 00, AL,

O AL, otes where Ay A are univemal constants,. Since Ny does not involve

R . it is valid for all R and, thevetore, we may subtvact Ny from N (o abain a new

sot of equations valid for all R , namely N.. Obviously the non-universal component

of motion may be identitied with the large-scale motions associated with the
come. I we integrate the equation of continuity over a "box" in the mesolayer
of vertical dimensions of order moand horizontal dimensions L, corvesponding
to the peak of the energy spectrum as a function of streamwise wave number

ke  LJIY, we get rms values oL~ o~ o bome Yo According to our basie

concept of the mesolayer, the horizontal eddy velocity of the large eddies is the

same order in the mesolayver as in the corve. Using independence of v we have

a0 ~1 inthe core and in the mesolayer o that o . - ml b in the mesolayver.

\ e

In the shear-free experiments, the horizontal eddy dimensions in the viscous lavor

are the same order as in the region outside. We assume then that Lo~ R

~

o that 0L, < mR™'. The thickness of the mesolaver may now be obtained by

oy " ke

o

- gp——
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integrating the streamwise momentum equation in N, twice over the "box" and
equating the largest viscous term, of order 7,2 R': , to the inertial term’ of
order OT:ﬂR’T m°. We find a thickness m = R% . Thus, we obtain the same

3 for the boundary-layer thickness and we have identified the

expression RT

mesolayer with the "'sloshing" of the large-scale eddies along the surface.

The analysis in this section depends on the two assumptions for the
mesolayer that i, ~m™" and that the axial length scale is of order RT for the
second component of motion. The first will be discussed further in Section 3.
The second, as mentioned earlier, is in accordance with observations by
Tritton (1967), Mitchell and Hanratty (1966), Bullock, et al., (1978) and
others. These measurements are especially noteworthy because they show
that over a considerable range of Reynolds numbers the horizontal length is
not only large near the wall but scales best on the outer length. The observations
of Mitchell and Hanratty were made remarkably deep within the viscous layer

indicating that the large eddies are exerting an influence even for z <1!

1we use a coordinate system moving at the mean speed of the fluid at
the center of the box and assume U, = 0(z"') in the layer. This assumption is
verified a posteriori. The argument involving the integrals over the "box" is
given in more detail in Chern and Long (1980).
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3. The New Theory for Mean Quantities.
Let us now construct a new theory incorporating the mesolayer as a
fundamental element.

Quite generally, we may write, for example,

N, (2) Fu, (7, R) "N

1
where z is a new similarity variable 7 z/m , where m - R"f 1s the thickness of the

1 o o s 5 , P
mesolayer. 1f Z  constant, the point z is in the mesolayer. We assume, as a funda-

mental property of the layer,that all mean quantities are of the same order at all

points of the mesolayer, e.g., -, u,(z, RT), Then, for some function hy (R,)

u,(z, R)

ho(HW U,z ) as R'-' «©, 7z fixed
so that
; U T, (2) Hho (R)U,0(2) + Ty (7, R) Lo
where ug, in the mesolayer is small compared to I\\(lt_‘ﬁw (z). The same argument

for u,; shows that it must also be of the form hi (R )u,,(7). Thus we may write

U T (24 ho (R DT (A+ hy (R )Ty (D+. .. (1) l
g f
T T, (2)+hso(R)T o (Z)+ hm(R_T)T“(?fH-. o (12) '3

where T -uw is the Reynolds stress. The assumption that the first component
of motion is the only surviving component as R~ w~at fixed z yiclds two equations

in place of (5), namely

W+ T, =1 (13)

1 1 {
WR WM R “0 4.0 +he Tothg  Taat. .. ¢ 14 '
where primes denote derivatives. Since T and its first derivative are zero at

z 0, we have

1
"In Section 4, we derive m ~ R"‘ by arguments independent of those
of Section 2.

B e S A st s i R eTe 4 . A
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ho lle"

*0

(0) = =1, T80 0, '@ 0, ..., TH(O) 0,0..(0) O,...

Evaluating (14) in the mesolayer, we find

b |

-2 -2 =
ht‘O l".- [ th’Y" h:\lo h:\l“ il h:\"\' DY

E |
f Solutions for Mean Velocities, Reynolds Stress, Dissipation Function and ‘
) Energy Flux-Divergence.
Let us now match the first approximation for the form for the velocity - g
1
5 defect in the region near the wall with its form in the outer region assuming >
: § independence of v in the outer region. We have, to the present ovder, {
i £ *
: Uy - U = ¢ (C) (My (s S
i T W(z) + Vo l2) (My) (1)
£ \ I
; where we denote here and below regions (0 < 7z << R_Y) by My, (R] << z< R by M, and ¢
i ) i
4 (R, <<z << RT) by M, Using u, uo(Ri). we have ;
i “o(“,“ W, (2)-Uo(2) () (M) amn ‘
Differentiating (17) with respect (0 ‘{l.holding { fixed, we get '
3 t
d—‘-"“.. : (El_’_l ~(El‘o Q !‘.
erRY 23z 2% 0 (M) as) f:
Differentiating (18) with respect to z, holding R fixed, we get :
I
|
d (EL i d ~ (m‘o &
-t — b - - — 9 Ll
i “az "z 2dz a3 0 (M) a9

The terms in (19) must cach equal a constant so that the solutions for @, and u, 4

are, to the present order,

= e

W =Colt g+ G (z >>1) (20

R

U Ao+ ot CHCo+ L Cood dn R (21

- ———

.

4
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U, = Cooln Z + C, (M, ) (22)
W -0 - App-{Cot Con)én T (M) (23)

where Cy, C, ,A15,C,, Coo are universal constants and we reject a solution of
the form z~! &n z for d, /dz because of the principle of independence of v.

The expression in (20) for the mean velocity is the same as in classical
theory although they have different regions in which they are supposed to apply.
Obviously, C, is close to »' where » is von Kirman's constant. The Cao-
terms in (21) and (23) are absent in classical theory, but we have no reason for
assuming this in the present analysis, even though experiment indicates that Cqo
is small compared to (;;. The fact that the profile of U is logarithmic both below
and above the center of the mesolayer with the contribution of the second component
small means that u (as opposed to o,,0,, 0, as we discuss below) is a poor indicator
of the mesolayer and explains why the classical theory has been so enduring.

If we use (20) and (22) in (13) and (14), we find

T, =1-Cog™ (@ >1) (24)

Ty = ~2-Coof™} (M, o) (25)
Notice that the equation T,'+ R’T1 Tio- 0, or (‘oé"a+T;o(i) 0, defining the position of
the maximum of the Reynolds stress,yiclds z - a, , showing that the peak of the
Reynolds stress is in the mesolayer as suggested above and by the data.

A physical interpretation of our results is that du, /dz represents the
shear in a region z >~ 1 above an infinite flat plate and since a is absent and

viscosity should become negligible, zdu, /dz must be a universal constant C, on

dimensional grounds in agreement with (20). When R,r is finite, zdu/dz - C, should
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hold in some region near the wall. On the other hand in M,, (R% «z <<R_) both v
and a are unimportant and we again find zu, = Co+Cyo is a constant in agreement
with (23).

Let us now assume strict independence of v in the outer region to solve for

T in M{o. We have

- 4
T+ RTdT*O =%o(C) (NI1 o) (26)
Matching yields
T, = y=H 7 " (z >>1) 27)
Teo = a2 + n2 ™" (M;o) (28)

Since x = 1-( to this order, #; =1, #3 = -1 and by comparison with (24) and (25),

#y =-Coo=Co. According to (23) we lose the logarithmic behavior for the velocity
defect in M, ,. This seems highly unlikely but, in any case, the deduction, Cg+ Coo = 0,
cannot be made once we recognize that independence of v cannot be strictly correct.
Thus we are required to add a higher approximation on the right-hand side of (26)

of the form

3
T+R T = 1-C+R %) (M) (29)

If we now match, we find that the coefficients of z™ and Z~* in (27) and (28) need
not be the same and we get the behavior of () and (25) without the requirement
that Co+Coo = 0.

We may make two interesting interpretations of the mesolayer which help
to overcome the difficulty in understanding how molecular friction can be important

in a region far above the sublayer. We may define the sublayer as the region in which

the Reynolds stresses are of the same order as the viscous stresses. Inthe meso-

layer the viscous stress becomes negligible, as we would expect, i.e.,
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T, /-(u'w) <“R_*. However, -u'w' is nearly constant in the mesolayer (indeed the

'

classical logarithmic layer is often referred to as the "constant stress' layer) so

that its derivative is small: (-u'w'y, ~27" + K.' T}, or (-u'w'), ~R7'. This is

"
T S

exactly of the order of i, , revealing that in the mesolayer the forces due to the Reyvnolds

stress are of the same order as the forces due to the viscous stresses and that both

are very small.  Another interpretation of the viscous effects in the mesolayer is to

conjecture that the "bursts' originate in the region very near the wall and then grow

1

by molecular diffusion, with dimensions of order (vH)*. In a time period of the

; : , &
order of the large core eddies this becomes (ll\:’uY }*, i.¢., of the thickness of the

mesolayer. Apparently the bursts transport most of the momentum and the small
change with height of the momentum flux is controlled by the viscous growth of these

bursts.

Further discussion requires use of the energy equation (Laufer, 1954):

™ g_-_\—! l _il_ T o 1 ~ = «
Tl (i) O LEAR T < o e

where ¢ is the dissipation function non-dimensionalized by inner variables,

Qu uy e o .a_\-" ow} AN A
xR AR YRt R

and F is the non-dimensional energy flux

|4

\%ﬂ:—@ + i—i'l}:—"—‘l———“’-) -F = F,+haoFpo (M) (31)

T
where P' is the turbulence pressure function, q' is turbulence speed, u', v', w' 3
or uy are turbulence velocities and all quantities are scaled on u_ and v . Writing f%
€ - e, thhyein, in (M) and using Eq. (24 and
we get
e, =Coz” ¢ Sk (z > 1) 33

2 dz




Suppose dF, /dz ~z~'. Then F, behaves logarithmically and therefore, because all
correlation coefficients for the first component of motion must, to first order, be

universal constants for z > 1, velocities in the mesolayer are of larger order than

[ 28

one, contrary to our fundamental assumption in deriving m ~ R* from the N.-set of

b
Navier-Stokes equations. Also, of course, F, ~ &n z violates the principle of inde-

pendence of v. We reject this logarithmic behavior and require that ¥, be smaller.

Then it follows from (33) that

€. (‘0 z—l i “w‘ - l)O ('/, e l) (34)
where D, is a new universal constant. If we subtract (32) from (30), we
get, to first order,

": dF o Al -1 & =
]\v \\t‘.‘ﬂ }\:\,R"’ Tl—;&vf- (‘DO?' R' o (h’lio) (.‘;))

| P

This shows that h. R; and hey -~ 1. Applying independence of v to F in the outer

region and matching, we find that F,, is constant in Myo. Equating coefficients of
b -

R_* in (35), we find

g0 = CooZ ™ (M) (36)

This completes the search for first approximations for ¢ u,, T, and F, but it is now
clear from our present results that a continuing process is possible in which
3
mean quantities have the form ¢ = ¢, + R-%e‘\# R:‘ ate.., FoF +F o4 R__:F‘ﬁ e
cte. where e, F_, are functions of 7 and that we may go on to higher approximations.
We have seen so far that T is of the form T - xo(7)+ K '\ (0) in the outer

region (Mo),and the enaergy equation indicates that ¢ Lo (C )Rj‘ + L, (¢ \R‘f.

that S -z, and F are of similar forms and, in

|
i
t
|
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general, that all four quantities are expandable in infinite series in R_'. The next

approximations are obtained from the matching,

S§+SN+R:%S*;+... =+t R ... M) (37
T*+R;%T*O+R;1Tu+... = 1—§+x;R‘Tl+x2R;2+... (M,o) (38)
F,+F,O+R;%F,,,+... =Mt NRC +.L. M, (39)
e++R;% cot Kleat... = LR+ LK +... (M,5) (40

Retaining the first three terms on the left of (37) and two terms on the right and
cross-differentiating to eliminate first S, and then S0, We find an equation of the
form

'l;' A
SR%(S,atS1a2) = Ho(C) + RTTHy (D) M) (@1

so that
Saat28,1 =2Cy0Z +Ko27", 8,37C102+Cyy 2 +Ko27 403 (M,o)

where Cyo, Cy1, K; are constants. Eq. (37) is now of the form

S§+S*O+K?R;%z""1m£ =Hoo(0) + R_'Hyo(L) (M)
Eliminating S, and solving for S_,, we get
Seo =Kgtn 7 + Co32™%+Cho (M o)

where K;, Coy, Coo are constants. Then

8, =Co#Cy2t, K, =K, =0 (z>1)
where C,, C, are constants. Continuing in this way for all the quantities in (37) and
(39), we obtain
S, =Co+Crz ' +Coz>+... (z>>1) (42)
8.0 = CootCoaf +Coat™"+.vs (M, (43)

Se1 = Cy02+Cy127 4 Cy 2 %+, (Myo) (44)
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F, =Do+Dyz '+ Doz 4. .. (z >> 1) (45)
F,o = DootDoyi “+Dgaz™ "+... (M(o) (46)
F*l :D10£ +D11£-1+D12£-3+o.- (MIO) ‘47\

If we multiply Eq. (40) by z, we obtain by an identical argument
&, =Eoz '+ Ey z+ E22'3+ Siers (z>>1) (48)
€vo = EooZ ' +Eq1Z7%+... M, ) (49)

A

€. = EjotE; 27 +... (Myo) (50)

Similar arguments applied to (38) yield
T, =Bo+Byz " +Boz"+... (z >>1) (51)
T,0 =BooZ +BoaZ ‘#BeZ™"+... (M,o) (52)

A

T*l :B10+B11Z o (Mxo) (53)
where (5), (32) and the difference between (30) and (32) yield a number of relations
among the constants including

E, = Co, Ey = C3-C3-Dy, Ego=Coo, Eoy = Coy-2Doy

Bs = 1, By, =-Cy, B; = -C3, Bo =-1, Boy =-Co0, Boz = ~Coa
Byo = -Ci0, Bya = =Ci1 Bzo =-Cz0s Boy =-Coy, ...

In outer variables we get, to first order,

S = Co+Coot+Cyol+Cap L3 +.. . M;o) (54)
F = Doo+Do+Dyol+ Dy (4. .. M,yo) (55)
¢R_ = (Coot+Co) L™ +EptEsol + -+ (Myo) (56)

The mean velocity field is given by

Uy =A;2+C++C*+(Co+%coo)l,nRT+K;1R;%+K;2R:1+... (57)
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=T = Ay 2=(Cot Coo)dn (-CyoC-2Cao0 "+, M) (B8

<

% =C,+Coln 2-Cyz" ' -§C. 7" -8 Cz -, .. (2™ 1) (59) ;

An attempt was made to compute the constants from published data. The
solution in (57) for u, was fitted to the data of Perry and Abell (1977) to obtain
Ao+C,+C, =4.135, (Ch+3Coo) = 2495, K 11 =.355. The comparison is shown
in Fig. 1. Next the velocity-defect law in (58) was fitted to the data of Perry and

>

Abell as seen in Fig. 2. This yielded Ay - 1. 50, Cyo =2.03, Lo+ Chg) = 2.1

ol

sothat Cy - 2.02, Cyo - 0.25. From the data of Laufer (1954, his Tig. 20), we
see that the prediction that dF/d? is constant agrees well with measurements and

we estimated Dys =2 We now have the constants in the first two terms in (50):
> am

eRt = 1. 60 -"—_;‘ (M, (60)
This may be compared to the estimations of Laufer for €R . For the higher i3
Reynolds number and at smaller ¢ the agreement is excellent, for example
2.0 vs. 25.36at C = 0.1, 13.5 vs. 13.51 at ¢ -0.2 and 9.0 vs. 9.56 at ¢ - 0. 3. r
The measurements of eR_for Laufer's low Reynolds number case are about
15-207 lower than these three predictions. The inner solution for the mean
velocity was fitted to the data of Laufer to yield Cy = 25.58, C, - 4.37. The com-
parison is shown in Fig. 3. We now estimate Dy from Laufer (his Fig. 19) by
estimating the rather small difference between the pressure and the Kinetic-energy
diffusion terms. Very roughly we get Dy - 6. We nov have the constants in
the first two terms of (48):

¢, =2.62¢ 1 +12,. 177" ¢z 3> 1) (61) i

This agrees rather well with the data for ¢ in Laufer's Fig. 19 for 2 ~20. We




conclude our comparison with T, in (51). The result

T, =1-2.627*-25,582" (z>1) (62)

agrees well with Laufer's Fig. 26 for z > 10.

Solutions for root-mean-square velocities and mean pressure.

We have found estimates to first order of rms velocities and turbulence
; -3
length scales in the mesolayer: L, ~ Ly ~R.L, ~R%, 0,2 ~0,,~1, 0,.~R_*~,

We therefore write

gu = f;(?,}‘f‘ fno"'huful"‘hzrfuz"" .. (I\I!) (()3)
g, = fg(?,)'f‘ f*@‘f' h?l f‘:z‘f'h:\gf*a;g'f. oe (1“1) (b—“

p
Oy = fa(z)+R_*f s0+hy feasthaaf o+, (M) (65)

where hy.  h, (R_) and foo 1,0 (Z). We also need Eq. (6), which we may

write, to first order, as two equations,

R7“(1-7) hyoPlothaBat. o+ R P flaot Al a0+ 2R oo f]

*30

F RO By fysx 12t benflsy + <o

J
& ) M) (66)
RO fafa=folot 26af 0o R R 20+ 260 hy £y 0g #u
‘3f:~f*:o‘f‘::o =2Mofioaihy- ..
B+ 2L =0 (67

where we have used

PP (24 h o (R)Pyo D+ (R )Py (D4 (M) (68)
Evaluating (66) in the mesolayer, we get by o R:i. Ry = R:l ¥ evey Doy = R™ o
h.. '

-3
R 5 ..y hyg=hy = R 7 hyo hae R:‘ «++ . Inthe outer region (M,), Using

Y . il e i it i

P
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Uy "‘;n(‘.’”’ "11 (Rn Fx; (:)‘f o (Nlb‘ (()9\

T = Fao(O+ Ly (R )Fo3 (DF... (M) (700

Tu = Fao (O Ly (RD)Fay (O (M) (1)
P = Fao (O La (R )F4 3 (OF. .. (M) (72)
we see that Eq. (6) becomes

(1- r)l l".;.» e f.| 1 F.’u’l‘ R Fao F;‘m"‘ ..).1“_1(\ Fay 24 1t 2 i:ll F:%O l“:'«a L SO
(M) (73)

Faot2F30Fag dayt €3y Fayt s« -Fon-2Fg0 ey Fay -1 Fagees
sothat &, = 43 = £o3s Lo = byo = loa = By = Ly - o
We have found that the energy flux in the region 2 >>1 and R © s
i
< = vy ; S ; o
F, DotDyzm '+ ... . Since correlation coefficients in this region must be of

order one to first order, we get

fofy -~ const + const z7 ' 4., (z >1) (74)
fo = aqgtegez ¥ ... (z > 1) (75)
fi sagatoyaz tt ... (z =™ 1) (76)

These reveal that 43 ~ G5y ~ 4, ~ R:‘ s ... and the outer forms for o,, v, 0,, D

are revealed. We matceh

1

1 + 0oz togar C+... +t‘u0(2)+ll:“'ru;(£)+. -

My 0) (17
ol + REVF () + o
and similar expressions for o, o, and Pp. The results are
0y ~ aqatPratPral #8132l +eu (M) (78)
Oy = gatogo? " +maz +ees @ =1 (79

O, gt B tBon (FBa T H.L. (Mia)  (80)

v




‘
o nn+,*.-;:7"+n;.'."/.'2+... z>1 (81 f
Oy = Oq1 #8334 Baa (+832 (" +... (M, ) (82)
Oy = Qg+ QnoZ ' +aaaZ +... 2 >>1)  (83)
D = BatBeal +Bual +.o. (M) (84)
P = 0gat a2 FoyaZ Hao. (z *>1) (89) |

The constants in (78)~(83) were estimated using the data of Perry and Abell (1975)

for the outer quantities and o, and Laufer (1954) for o,, and o,, . The results are f

mr =21 , gy =24, ogz= 330 (806) '
Bi =0.13, By =-1.534, By, = 0.108 (87) l‘
!
azy ~1.70, ago--1.08, gy - -T8 (88) :
|
Pa =0, PBxp =-1.48, B, = 0.533 (89) !
|
a3y =1.07, oy = -10.81, age = 52 (90) ;
Ba = 0, Big =-0.325, Bay=-0.0417 (O1) i
The comparison with the data are shown in Figs. 4-9. ;
As indicated by Figs. 4, 5 and 10, 0, increases very rapidly to a peak at '
z = 15 and then decreases gradually in terms of inner variables and sharply in i
terms of outer variables. The region before the peak may be {
r
regarded roughly as the region in which T, is constant so that if we represent o, |
as of order zu,, we get the strong linecar increase observed. In this region the ‘
production term in the energy equation which produces u-fluctuations only increases
o, and has a minor effect on 0, and o,. This is supported by the data (Laufer, Fig. 26
which show that o} is the major part of the total turbulence energy in this region.
Just before the peak of o,, however, the pressure-scrambling terms in the moment :
equations (Hinze, 1975, p. 326) begin to create v-and w-fluctuations, o, decreases ‘
and o,, 0, increase. This behavior is also revealed by the data for z > 15.  The E

details of the rms velocity profiles in and near the mesolayer are of great importance

but we need first a derivation of the behavior of mean quantities in the region z <« R® .
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3
Behavior of Mean Quantities in the Region z << Rf ¢

For computational purposes we have assumed above that there is a region

(at least for large RT ) in which 1, 0,,, ... are good approximations to q, o

and this is a good assumption because in experiments there are regions in which
there is good independence of the outer length (Reynolds number similarity).
However, as we increase z and approach the mesolayer, contributions from the

mesolayer arise which we may obtain by assuming a Taylor series expansion of

the functions of 7, for example, fo20(Z) = gz + g2+ ... for z << 1.

We get
~ A2 —% et £2+ )+
oy =fi(2)+ 03117 + o2 +~-'+R~. (04222 a2 .
1 by
2
(0<z<<R7)
; 2 23
o0, =f3(2) +as112 +aa2z3+...+R;%(of?a,_z+%gaz s | R -

s
(0<z<R?)

1 2 i
- & A3 - AG . .
Oy =f5(2) + R “(052,2% 032,2 *#.00) +RT N (Omo? +@agaf®+een) t

1 (94)
(0 <z <RZ?)
where we use 90,/9z = 0 a’ z = 7. Also
1" ~ ~
€ =e(z) + R “(Eyyo +Ejeaf +..0)t KN (Ey ot EagZ +oo) 4 Lo
3 (95)
2
(0 <z <<R7)
3 -3 2
F=F.(z) 4+ DyjaZ +Dyof 4.t R “(Dygy2 +DyoeZ +ou0) oo o6
3
(0_<_z<<RT)
7 A -4 ALY NP LE N
S =S¢(Z) - Z +Clhz +.00 + RT (C;Q‘Z 128
3 7
(0 <z << R:) dd

ysee e

g S

g TV

—
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1

4

T =1-27'8,(2)- R_* (Cyaa 2402 +..0) -RTT(Cp 27+ Cher 2 4e )b,
(98) !
(0 <2 RY) ,
where we have used (5 and required that T T, T,, 0atz 0. Also ‘
144 ~d ‘1- 1 al 1
BN -5 430 20 h 0 R0, ARG TR b §
9N |

((] < 7 << l‘;‘ ) \

'

|

The Behavior of Mean Quantities in the Mesolayer. ;
|

We may now infer the behavior of mean quantities in the mesolayer itself, E
According to theory and measurements in shear-free turbulence (Hunt and }
Graham, 1978}, we expect the mesolayer to tend (o cause an incrcaseloeal !
{

maxima) in tangential velocities ¢, and o, since the wall, in effect, transfers {

energy from the normal component o, to the parallel components.  For o {
the inner behavior involves an additional peak at fixed 2 near the wall as we have
already seen. From (92) we obtain '

. - £
Ty = opatoga? ' 4o. bqud toued o bR Fmg it (M) (100)

in a region beyond the inner maximum. Obviously, at very large R ., there will
be a subregion in M in which o, is nea rly constant for a long distance between
points Ty and T, in Pig. 10. To the left of T, the universal law of the wall is obeved.
On the other hand, at very large z, but not near the center of the pipe, the behavior
is Reynolds-number independent and is given by

o, o+ By + Rl (Ma) (101)

as also shown in Fig. 10 to the right of Tq. But nearer the mesolayersthe behavior is
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, I
- - Amw ~d 2 S~k >
O, oq1+B11+3,327 12 +...+r~1.\~/.l{Y Fyae (M, o) (102)
Since we have assumed, on physical grounds, a peak of o, in the mesolayer as we
move to smaller z along the linear curve of (101), the 27%-term in (102) begins to |
5
be of importance and §, - < 0. The slope becomes less and less negative and

finally becomes zero (and 0, becomes a maximum at T,), as we portray in

Fig. 10. Still closer to the wall,there is a region wherwe none of the forms for
0y in (100) -(102) apply. As we increase z in the region just to the left of T,
the 7, '}fa. ... terms in (100) begin to be important and the curve turns up as shown
to meet the portion to the left of T,.

We may find the various transition points in Fig. 10. Obviously, in the
region between T, and T, and not close to ¢ither, the only important term from the

inner solution is the constant term gy and, from the outer region, f,20(Z). Thus

(T“ an + f‘xo('/,\

and the data should collapse when plotted against 72 . We see, in fact, a clear
tendency for this behavior in the data of Perry and Abell (1975) in Fig. 11 which
is plotted against ¢n z. The inflection point T, is at fixed 7 which we sce from
Fig. 11 is approximately 3.0. At T. the weak 7z~ '-behavior of the inner solution

is matched by the weak Z-behavior of the mesolayer contribution in Eq. (100), i.c.

1

= A p . - ~ s 1
7' ~7 orz~R . at the location of T.. At T, the 7~

- -3
~term matches the R‘” -

. . e g
term in (102) and this occurs at 7 ~ R . or z ~l{" . The locations of T., T, and
T, show why the collapse of the data in Fig. 11 is confined to such a small region
at the typical Reynolds number of the experiments.

Not all of the details of this deseription of 0, in and near the mesolayer

RE—

‘an be verified by experiment because of errors of measurement and too -

244 i
3 e bt
L " - i
AP RS — L NPT U, “ “




=0

low Reynolds numbers but the data of Perry and Abell in Fig. 11 is in remarkable
agreement with the general behavior outlined. The data for o, from both Laufer
and Perry and Abell is less reliable but the theory indicates that a similar be-
havior occurs but with the peak in the sublayer missing and with ay in (81)
negative as we decided in (88). For o,, 8;, is tentatively evaluated as 8,y ~ 0.13
in Eq. (87). For o,, the data does not permit a ccurate evaluation of &, and we have
set 85, = 0 in Eq. (89).

The outer maximum of o, is at z ~ Rf but for the typical Reynolds
number of experiments this is probably indistinguishable from the mesolayer
2

region z ~ R This may also be true of 0, . Very roughly, Laufer's data indicate a peak

of o,at 2~ a, R% where a,~ 3.0. The normal component 0, has a maximum
at z = a, R} and the data of Laufer and Perry and Abell suggest a, = 7.0. This is
as it should be because o, is little influenced by the second component of motion in
the inner portions of the mesolayer. Because of this, we would also predict that

g, should show independence of RT over a greater distance of the wall region

that o, and o, and this is also revealed by Laufer's data.

The analysis of 1 in the transition is delicate because, as observations
show, uis so close to logarithmic in a large region. We may arrive at some
interesting predictions, however, as follows: We write down the forms for 8

(which is the slope of T in a logarithmic plot) in M, and M,, as
8 = CotCootCoaf™ +... (M) (103)

S =Co-E 40 M) (104




We also need the outer form of T:

1 % foAg
T 14ZR “HCot Cy) E7R - Cqf™ B % (M;o) (105

1
In (105) the z ~° R;" - term probably contributes negative curvature so that
Coy >0. A sohematic plot of S near the transition region is shown in Fig. 12.
The upper dashed line is the classical solution S Ca. For larger z and very
large R_, S is close to Cy+C,o but at smaller 7 the Coy - term causes S to
increase as shown. The joining requires that Co,, is negative, perhaps, Cyo  -0.25
as calculated roughly from the data. This behavior suggests a picture of T vs.
£n z or £n z in and on both sides of the mesolayer as in the dashed curve of
Fig. 13. The data of Perry and Abell (1975) is suggestive of this but the data
points are so crowded that one can't be sure. Laufer's data (Rotta, 1962) also has
the same trends but again the deviation from logarithmic behavior is weak. The
present theory does not apply directly to turbulent boundary layers at zero pressure

gradient but a similar theory in preparation (Long and Chen, 1980) has a similar behavior for

U in and on both sides of the mesolayer. Ueda and Hinze (1975) measured W at two

Reynolds numbers and both are suggestive of the trends in Fig. 13. Similar measure-
ments of Smith and Walker (1959) appear conclusive. Details are contained in Long

and Chen (1980), {
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4. Comparisons of the Classical and Mesolayer Theories.

A number of authors (Tennekes, 1968, Bush and Fendell, 1972, Afzad and
Yajnik, 1973, Afzal, 1976) have gone on to higher approximations using the classical

results for the first approximation. If one assumes*(Afzal, 1976)

S = fo(2)+hy R (2)+h(R)B(2) + ... (106)

T = g(2)+ 4(R gL (2)+ L= (R )EZ (2)+ ... (L07)
for the inner expansion and

S =@ (O+my (R (C)+mo (R oo (C)t ... (108)

T =vo(Ot ny RV (O+Na(R )V (C ). .. (109)

for the outer expansion, then, substituting into (5) we see that h, = ¢, = m, =n, =R’

or
S=f5+ Ky + K6+ ... (110)
. T=gi+ K 'g*+ R gt ... (111)
and f-i
S=q + K'; + Ko + ... 112 !
t T=¥+ Rt K 6+... (113) E
Matching yields |

S = c°+A01z'1+Ao?z"“+...+R;1(Amz+Au+A12z-1+...)
(114)

+ RI%(An0z +AgztAgat. ) + oo

The forms in (106)-(109) follow from the universal law of the wall and Reynolds number
similarity and the assumptions that in regions z ~ 1 and  ~1 mean quantities have the same [

order of magnitude at each point. Afzal's work seems to be the most recent of these efforts !
and he claims to include earlier work as special cases. One may search for other routes

to higher approximations in hopes of rescuing the classical first approximation. I don't

know how to make an exhaustive search, however, and I will be content in this paper to
advance the new theory as best I can and,in the arguments of this section,to transfer the
burden of proof to anyone still favoring the earlier theory.
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We may, in fact, use the concept of the mesolayer as a layer of transition from

inner to outer behavior for the Reynolds stress T to derive the

thickness of the mesolayer without reference to the "eddy-sloshing' argument of

Section 2. We accept as sufficiently general the following forms of the shear-

function S and Reynolds stress T, in which the similarity variable z is now z = z/RbT

and M,;, M, are now 0.§z<<R.,r andeT<<z5RT:

S =8, (z) + .f’l R_°!S,,(2)
1=

S=a(C)+I RPto(0)
i=1

T=T,(2) +T R T, (%)
i=1

T = Xo(C)+ T R Ph, ()
=

where s,,3 >3, 2,43 >ay, ... . Usinga = (1-b)"!, matching yields
o]

Az, T, =B+ £ B,z
1 i=1

-bi

™M 8

S, =Ag+

e
11

o] @

. as at
©o =Ao+ T A*iog 5 Xo = Bot I B*iOC ;

i=1 i=1

~ as & ~a(s,-a
S*l =A*£o VA 1 +'>:1A*uz ( 5 ")
J:

@ =X A*J 1C a(sJ =8y + Ay Q-ai

Ty =Byio 538y 5 B*Uia(t’_b’)

a(tj 'b -b!

Xt =% Byy € l)+Bl€
jd
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Substitution into Eq. (5) yields

by =1, by =1+a,, ty =1-b, sy =1-2b, t; =s,+b (120)

We obtain, for example, for larger 2

-b, -1+h . a =8
T 1‘(‘\\7._1'{‘13?7. bd+... +R‘,l 8‘7.4'n‘117, lb"‘..-)

a2n

-b-s. ~a(s.tb-1)
(S

+R “(Byoa 2o T

and for smaller Z ,

T =1-Coz™  +Boz" % +... +R1_1+h(:\“f“+...) . (128)

We find in either case that the existence of a transition region Z ~ 1 requires
1
b=%orz~ R7 as in the

‘eddy sloshing'" argument of Section 2.

We may now conveniently discuss the third basic assumption of classical
thecry (Tennekes and Lumley, 1972, p. 146 and p. 265) that there is a finite
region of overlap of the inner and outer regions. According to Tennekes and
Lumley and, indeed, the basic concept of an overlap region, v should first be-
come important at large R at some 2 ~1 as we move toward the wall, and H
should first become important at some z ~ H as we move outward. As portrayed
in Fig. 14, the overlap region at high R is the double-hatched region. In the
present theory a transition region replaces the region of overlap. Here both
vand H are important but H decreases in importance as z decreases within the

region and v decreases in importance as z increases in the region. The situation

is then as pictured in Fig. 15.

Malkus (1979) has stated that an overlap "is not required by cither logic or
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dynamics'. Nevertheless, our finding that viscosity has importance in a layer
much great in thickness than the sublayer needs explanation. We may extend an
argument first advanced to me by my student, C.S.” Chern, who, together with the
present author, extended the mesolayer concept to the problem of thermal convection
over a hot surface (Chern and Long, 1980). In this case, we find a mesolayer

N R
thickness 6§, ~ K= H®q °, where K is the coefficient of molecular diffusion, H is

the depth of the fluid and q is the buoyaney flux. Chern argued that a thermal
rising from the hot surface would move vertically but also be carried horizontally
by the large eddies of size H. Since these have a speed of order (qH)% , their
time scale is T, = ng- % and, if we assume that the thermals expand by thermal
conduction, they attain a size (KT, )%, which precisely equals the mesolayer
thickness &,. After that they presumably lose their identity. Thus the transport
of heat by these thermals which must be of primary importance in the layer where

they exist, i.e. the mesolayer, is influenced directly by molecular conduction

because they increase in size by molecular conduction, even when they are far

above the sublayer. In shear tuibulence, observations indicate the existence of

a burst phenomenon, as we have already discussed, and the bursts may play a role

similar to that of the thermals. Then, if they also diffuse by molecular processes,

-
their size after a time of the order of the outer eddy time, H/uT » 18 (\)H/uT >

which is again precisely the mesolayer thickness. Such may be the basic

importance of viscosity in the mesolayer.




Conjectures on Intermittency.

We have conjectured that the viscous mesolayer is the region of origin
of the bursts observed in pipe and boundary layer flows. This suggests the
existence of three time-scales in this layer. One is the time-scale of the energy-
containing eddies. Another is the period of the bursts. This may be identified,

perhaps, with the set of equations N,. We may estimate

A~ AU Ju Y YO\
& T, W3x TR, e

vielding Ty, ~ R, as conjectured by a number of experimenters based on observations
(Rao, et al., 1971, Ueda and Hinze, 1975, Heidrick, et al., 1977, Chen and
Blackwelder, 1978). A third time scale is the duration of the bursts, T,. The
intermittency of the turbulence may be defined as v - T, /T.. All observationn indi-
cate that the Reynolds stress is provided in major part by the bursts which pre-
sumably act as mixing elements so that we may write, in the language of mixing-

length theory,

aw ~ 1~ (Lo, (130)
where v L. u. is the eddy viscosity and we have written L, for the mixing length

and u, for the velocity of the burst. Estimating u, ~ 1 and writing @, ~ 1/R7

we find
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1
V~ R:.'/I\, ' e

If we now assume, quite natur.dly, that the duration of the burst is the time

for travel over the mixing length, we get Ty ~ L,. But

R-
v 8 L Ls :
Ty R, L (132
so that
I, ~B*, v~R %, T, ~R* 13

The expression for v yields v = 0.1 - 0.2 for typical Reynolds numbers and

this is in rough agreement with observations.
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