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new theory of turbulent shear flow is based on the discovery of a second boundary
layer, which we call the viscous mesolayer, of thickness proportional to Taylor ’s micro-
sej iie for th~1 outer flow or, scalin g on friction velocity U

T 
and viscosity ‘ , proportional to

R~ (u a/v)~ , where a is the outer length. ~‘Fho existence of thi s layer between the core and
th’

~ subIayer makes It Impossible to match the outer (core) expressions for mean quantities
with the Inner expressions based on Prandtl’s “law of the wall” , as in classica l theory .
Indeed, the supposed region of applicability of the classical theory , namely the layer in
which both Inner and outer behaviors are imposed, is precisely in the mesolayer whe re
neither behavior may be imposed.

The mesolayer concept Is used to develop a new theory of the distribution of mean
quanti ties in pipe flow. Solutions are obtained for the mean quantities In an inertial sub -
range and In a viscous subrange on either side of the mesolayer. Major alterations in the
classical theory result.....
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. ‘~ NEW TIIF:OR’V OF 11RflUI.FN 1’ FlOW IN .\ PI P I•’

AflSTRACI’

.\ ti~~~ t heorv of t urLiu lent shear flow is based on th e iii scover ol a secon d

(~IntIa ~ lav ’r , which we call t hi’ viscous mesolavt ’r , ot t hickness proport i onal to

~~ lt ’i~ ‘S tu Ic roscali’ for the Out er h o w  or , scaling on frict i on velocity u 
1 

a

IS( 0$ it v ‘, proport ional to l~~ ~II :1 ~~~~ where a is the outer lengt IL The ex ist enci ’

of I his Li v i ’r between t he core and th e  SUbIayOr makes It imp ossible  to in:it ch th e

outer (corel expreSsion s for mean quant it ies wit ii the i flflV ~ expressions hu sod on

Prandt l s ‘‘law of the wall ’’ , as in classical theory . indeed , the supposed ~~~~‘gii~~~~

oh applicability of the classical theory, namely the lay er in which b~~h i nner ~nt1

outer behaviors are imposed, Is preclsel in the mesolover where neit her behavior

t1LIV hi ’ i mposed.

Each mean quant i t y  Is exp~iided in two infinite series, the fIrst terms of

~vhi ch are appropr iate tor the outer reg ion which is no~v ir and for I he w a l l

region , .~ O(l. ’~ , where 7 is a new sImilarity varIable, R , :ind .~ is sealed on

u and ~~ . Equa l ing the two series solves for each of the mean quantities subject

to choices of universal constants. It Is possible to  choose these constant s to

peimit close agreement with  the data over most of the flow. :\tidlt lonal evIdence

~~~ th e existence and importance of the mi’solayer may by found In the data for

pipe tiow i n wh i ch ~l there are two peaks of turbulence cner~~ In the wall region ,

(corresponding to a fi rst and second component of I urbulent m~~ lon l as

predicted by th eory ;  
~~~~ the rms normal velocity i~~~ (dominat ed in the  t heor v by the

first component .i’Sr a th ick regi on nea r the w~ ll i  is Reynolds mimber inih ’pen *lenh in

a layer thick compareil to the regions in which the f irst oofllpOflt ’nt 01 s e ,, and

- . —~~~~~~~~~ . :~~~
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~ dominates, as predicted by theory ; (3~ t ’ , anti ~~ both reach maxima at or near

z a H , .‘ a~ 11 , and a .  is considerably less tk in  a 5 ,  all of which are pred icted

by theory ; (4~ ~~, (dominat ed by the first component in a thin lay er  near the waib

r ises to a max imum anti then decreases , seeming ly ;ippnmching a constant. It t hen

begins to increase again ibeca use of the se&~ond component i .  The curve has an in—

t iection point and then anot her max imum anti this in flection 1k-hint occurs

at t. a~ R as predict cii; 5i the Reynolds stress peaks at .~ a~ l( as predict ed;

(ts ~ the t heory pr edicts  that there is a region just abov e th e subla er in which TI

increases as ~~
‘ . in .‘. At a point in the mesolaver there is a change to a smafler

S lope, t.
’
~~ f ~~~~ ~~ 

in i where & ‘,-~ ,. is negative, and this is t’ollo~ved ~~ jfl(’ rca sing

slopes in the outer region. This complicated pattern is a weak var i at ion  about

the classical ~~ 
‘

~ in z bt’hav~or and , of course , is unattainable in cla ssical theory ,

but the Predicted behavior appea rs in th e data.

Many readers will feel reluctant to abandon th e classical theory even in the

face of the success of the new t heory in pr edict ing the behavior of many measured

mean quantities. The paper contains a discussion indicating that the location of

he peak of t he Rev nolds stress at i R~ directl y cont i’a diets one of I he basic

assumptions of classical theory regarding the nature  of the ‘‘buffe r layer ’’ between

inner  and outer layers.

The paper contains a conjecture that the ‘‘bursts ’ ’  are characteristic of the

me solaye r a ad tha t they grow as th ey move outward and along t he wall. Indeed ,

i f they grmv by molecular diffusion, they grow to a si c of the order of the meso —

layer thickness in the t ime period of a large core eddy. Finally , an argument ~

advanced that t he’ intermittency ~ is proport ion:l I to R~ ~~, yielding \ 0. 1 - 0. .‘,

at typ i cal H , in rough agreement with observations.

~~~~~~~- 
_____. 
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A NEW THEO RY OF TURBULEN T FLOW ~N A PIP E

1. The Problem of Turbulent Shear Flow.

The classical theory of turb ulent shear flow near a surface (K ~frm ~in , 1930 ,

Pra ndt l , 1932 , Monin and Yag lom , 1971, Chp. 3) is enduring (despite the clear

experimental evidence that it is too simplistic~ because nothin g more appealing

has been offered and because the theoretical mean velocity and the drag co-

ef ficient in a pipe seem close to observations. Its predictions for the root-

mean-sq uare velocities are not as good and recent effort s have been made by

Tow nsend (1976) and Perry and AbeIl (1977) to improve the theory for these.

Many other effort s have been made to develop higher-order approximations for

vario us mean q uantities assuming that the classic tI theory is a correct first

approximation , for example Afzal and Yajnik (1973). Most such investigations ,

inc luding those of the present paper , lead to mathe matical expressions involving

one or more universal , unknown constants , and it is usuall y not convincing to 
I 

-

demonstrat e agreement with the data over the limited ran ges of the theories

when the constants are , in fact , chosen to force agreement at one or more

points of the data curves. The present paper contains a theory which hopefull y

passes more severe tests.

A useful approach to the classical theory was developed independent ly

by Izakson (1937) and Millikan (1938) who assumed two regions of flow , an

“inner ” region near the surface , and an “ cuter ” region further out . In the 
, 

-

t inner region it is assumed that the outer length parameter a (e. g., the

radius of a pipe) is unimportant for all mean quantities. This assump-

— L_~~~_.~~~~~~ _ _. . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~ -~~_ 
~~~~~~~~~~~~~~~ .. , .‘ . ~~__ .1
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tion was f i rst advanced by Prandt 1 (1 9~~, I 93~ I and is called the ‘‘universal law

of the wall ” . We call this assumptIon “independence of outer length ” . La the

out er region , it is assumed that the viscosity coefficient v is unimpo rt ant for mean

velocity shea rs and for the ve l oc i ty  defect ~u0 —Ti I and , indeed , for all mean

quant it ies not connected direct ly to the small scales of the turbul ence. Thi s is

cal led “Reynold s number simi larity ” (Townsend , 197b ) and was also formulated

fi rst by von K~rmitn (1930) . We call this assumption “independence of vis-

cosity ’ ’ . Both assum~~ions have been verified by measurement s , for example

Fr i tsch (192~\ , La ufe r (19541, and Perr y and Abell (1975) . A third assumi*ion

is that th ere is a finite region of overlap of the two region s. We discus s this -:

assumption at lengt h in Section 4 and find I t wanting. Never theless ,

usi ng these three assumptions , mathematical operat ions similar to those used

in Section :3 lead to the fund amenta l results for the overlap regi on, namel y

U ~nz + A (1)

~~ — 1 1  = —~~ - £n~~+ B (.~)

U,, 
11fl R T+A+ B (31

- 1, O~, A~ , 0,,, :~~~., 
(T~ = .\~ (4)

where ‘i~ , a.., are root-mean-square velocIties , is distance from the wall ,

sca led on a , and an other quantities are scaled on the inner variables v and friction

velocity at the wa ll u~ . The Rey nolds numbe r used here is R and u~ is

the non-dimens ional outer velocity which , for pipe flow , is the veloc ity at the

-— . - —~~~~~ 
. -
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cent t’ r l ine.  1’ he c 0n’~ ant .t i ~ c i i  It ’d V on ha i~ nian ‘s con st a at ant i • eXt’ t ’lfl to r One’ set

ot me ’asuretuent s (l3usinger , et al , , 1971)  • appt ’a rs to be abetit th e ’ sj nie , ~ ~~ . -11

in aL L laboratory and geophysical tiows.

The agreement of (I  — (31 with the’ data is pu : -li n~ because t.’lsSt ’ obse’rt at ion

ot phenomena in s hea r flow over the past I :, - ‘0 ~~ indi c at e s  tha t t he’ st ru et a r e ’ of

the turbul ence ’ is y e ’  r ’v di ft ’ ’ rent front t he’ pi cture inhe ’ rent in the classical t heori ’ .
rt~ he specif ic , :i II the result s in ~1 —~- Ii may be obt a i n t ’~l Lw di mt’nsional analysis

assuming independen ce of be* h -
~ and a in 1 : - - H. aitt i t h is approach pre~ ‘ ct S

furt her that all lengt h st-ale’s in the overlap n’gion a rt’ of the orde r ot the’ distanc e .‘

fr om th e surfa cc. Mea sureme ’nt s, however , (~.t it e’h~’il and I lanl’at-t\’ , 1 9t’e’, 1’ ru ton ,
I 9~’ 7~ indicate that the’ longitudina l length s e ’a Ic is mach Larger tha n ~ near the

surface’ and may he ot the order of th e outer lengt h scale a. We’ know for e’e’rtain
now t hat large cud it’s , associated with motions in the core , are exerting a st roni~
influen ce’ in the region ~e1st above and even in the VIS t ’e)Lis sublaver. :\flothe’r

exa mp le is the ’ appearance of the ‘‘burst s’’ above the v i  se ’OUs sublaver which have’
a t ime period much longer tha n the only time period of tht’ classical t heorv, namely
distan ce from the surface diy ided by fr ict i on ~‘e’locit~’, and whi ch seems to scale ’ on

the onter variables I .au I~’r and Na ravana n, 197 1 , Ha o, et al . , 1971 . Obviou sly .
then the’ I nelepe’nde flee of a a ssu med in th e so—called buf fe r region is wit ei~~b Ic.

The existence’ and importance of large eddies nea r a wall have’ been demon —

si rated by t heoreticaL anti t ’\pe’rimental studies of the distortion of turbulence in

a Wind tu nne l by a sur t~ict’ parallel to the fl ow and moving at the speed of the ft’t’t’

stream to yie ld shear -free’ turbulence ~t ‘ i kan and Reynolds , I 9~ 7 , Thomas anti

l lancoek , 1977 , 1 lunt and (ira ham , 1 97~ ) . :~t least in the init ial st ages of the ’ eli s-
t ort ion (near the le’sdeng edge ,t he horizontal eli mens ions of the eddies just above 

- - . --~ —~~~
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t he viscous layer are proportiona l to the size of the eddies in the mainstream. The

author (Lon g, 1978) has discussed the importance of this distort i on in problems of

t he mixed layer in stratified fluids in lab orat ory and geophysic al situations. In

problems of shear flow there is a large product i on of eddy ener gy near the surface

but surely t he large eddi es of the outer reg ion must “feel” the wa ll in ways similar

to t hose of shear-free tu rbulence. Townsend (1976 , p . 161) regards the turbulenc e

as being composed of two compon ents , one ca lled a “wall” compone nt whose

dimensions sca le with di stance from the wall , and the other an “inactive ” corn-

ponent wit h horizontal dimension s of the order of the outer lengt h, and vertical

dime nsions of the order of distance from the wall . Perry and Abell (1977) call r .

the se component s ‘ universal” and “non -un iversal”, respe ctivel y, and we will

adopt t his latter terminology. The two component s of motion appear clearl y in

spectra at high Reynolds numbers (Perry and Abell , 1975 , Bullock , et a L, 1978).

T he theory in this paper employ s independ ence of a near the wall and

independence of ‘~ far from the wall in the first app r oximations so that there are

still the sublayer and the outer layer. It appears , however , that there is a second ,

thi cker viscous boundary layer , which we call the mesolayer , whose existence must

be fun damental for the problem of turbulent shear flow in general , and that this layer ,

int ruding between inner and outer layers , prevents the overlap assumed in classical

theory ~ The mesolayer appears to be the layer in which the horizontal velocity of

the large eddies of the non-universal motion reduces to zero at the wall as in the

experimen ts of Uzkan and Reynolds (1967). Indeed , we find t hat its thi ckness, as

determi ned theoreticall y in Section Z , i s identical to the empirical thickness R~

of the viscous layer found by Uzkan and Reynolds. The layer is similar also in

character and behavior to the laminar bounda ry layer in flow ab ove an oscillat ir.g plane.

~ T he failure of the classical approach is show n in detail in Sect ion 4.

_____________ ____________ — _._____ I___J



2. Discussion of the Mesolayer.

In Sect ion 1, we prese nted some general ideas ab out tu rbulent shearing fl ow .

To be defi nite , we now confine attention to a smoot h pipe althou gh the ideas have very

genera l applicabilit y. We may v~ rite down the two non-trivial , exact , mean equations

of motion (La ufe r , 1954) ,

~~ - i ~ ’~~i —
~~~~ (5)dz

d — — ww - vv( P  + W W )  R T (1-c) (6)

where z is distance from th e wall , so that z R at the center of the pipe , ~ z/R

~ is the mean pressure and th e velocities are u , v , w in the streamw ise , tran sverse

and radial (inward ) directions. As in the rest of the pap er , we scale , generall y, on

inner variables v and u T . The Reynolds stress -uw is zero at the wall and its first

derivative wit h respect to z is zero at the wall. Moreover , -
~~~~~ is zero at the axis

of the pipe so that, as measurements also show , it is a maximum at some distance

from the wall , say z = m(R ). Therefore , ii~~ = - h R , both at z 0 and z = m.

When R, is large , t he effect of viscosity is confined to a thin layer and the Reynolds

stress and the total stress (1 -z/R ,) are nearl y equal , except at very small z. Con-

sequent ly, the maximum of -uw must become closer and closer to 1 as R , increases.

Thus, near z m, we have ’ ii~ ~~~~~~~
Let us now make the tentative assu mption that ü, -~~ m ’ in the reg ion of the

maximum of -uw . The two order-of-magnitude estimates , ii ~ m~~ and ii~ —

‘We say A( R ,) — B(R ) if A/B tends to a finit e, non-zero constant as R ,—’ ~~.

We also use A = 0(B) to indicate that A/B tend s to a constant (independent of R,) which
may be zero. A point z whose distance horn the wall varies from experiment to experi-
ment (i.e. , is some function of R T ) is said to lie always in the mesolayer if , for all
large R,, z = c~m(R,) where ~ is a constant .

_________ - - 
____.~J
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lead to in -
~~ R~ . We have an indicat ion in this result of a new boundary layer over

which certain quant ities change from their universal wall values to those typical of

the outer reg lon~ This second layer is much thi cker than the viscous sub layer over

which the mean velocity change s rapidl y. It is quite evident in observations , for

example , by Laufe r (1954 , his Fig. 8). If , for the moment , we use the empirical

fact that ‘u~ is very close to i/it z2 where ~t is von Ka”rm~n ’s constant , we predict
1 1

the maxima of -
~~~~~ at z = a4 R~ where a4 ~~~~~~~~~ or at values of ~ of 0. 016 and

0. 047 for laufe r ’s two experiment s in very close agreement with his Figure 8.

In contrast , the maximum of a ,,  for example , is very much closer to the wall and

is just outside of (fixed with respect to) the viscous sublayer ( Lau fer ’s Fig. 25) as

we discuss further below.

Perry and Abell (1975) found a layer (in inner variables) in which the data

cuives of a~, tend to become level , indicat ing in their view that the classical theory

correctl y predict s a,, = const in a region 1 <<z ~~< R T . Fr 0m~ our pr esent viewpoint

the inflection point of the ; -profile found in all measurements should lie in the

m3solayer. Indeed , these points are further out from the wall at highe r Reynold s
1 I,

numbers in rough proportion to R~ as we will also see below.
‘r

As we have discussed in Section 1 , the mesolayer apoeais to be

si m ilar to that in shear-free turbulent flow above a surface , as in the experi-

‘ The classical approach also predicts a maximum of -
~~~~~~ at z -‘--R e but , in ignoring

th e ph ysical effects of the mesolayer , it fails in other fundamental ways as we see
in Section 1.

____________ —- . - . -— ————— - -~ —=—~~.—.—- . l___ -___ _ ____—— _ . . -__ .--~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~ .~~~~~~~
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went of II zka n a mid Reynold s (1 9b7) or , perhaps , in I u rim! eat h o w  near i a u r fa e’e

at some’ distance ’ from an oscillating grid (llopl’i mi~~’r and I’u i lv ,  197t ) :ts suggt’steti

~ the aut ho r ( Long, 1978). The’ present situation is not a direct anal ogy to th e

shear— fre’t ’ problem , however , heenus~ the ’re is a lread one’ viscous layer at

th~ ~va II of the pipe and it is not obvious how to obt a in another one from a single’

se’t of equat lems. ~Ve’ mar obtain both ~~ follows, however: we imagine’ an initi a l—

value problem of a ver~’ long pipe immm ’r sed in a N avme ’r—St ok es fluid i n i t i a l l y

at rest with a suddenly imposed force’ a long it at t I) cre’at ing a at ross u~ on

the ~ q lls which is then held tixe’d in time. The’ pipe ~vill move’ and e’ventually

~ ‘øfl~~~’ Up to a eonat:mnt speed u~,, (a , v , a ) . We assume complete’ de’te’rminisni’

oh the ’ t uTt )u le’n t niot ion SLiOh that t he velo city component a,1 re la t iv e  to t lie’ w all ,

b r  example , Is th e sam e at i x,, , v ,~ , , t a, v , u I In any two exp ’riment s if

the initi al contlit ions are ident i ca l  even af te r  a ~‘or long t ime ’ when the problem

lx’caiae’s s t a t i s t i c a l ly  stead~’. :\ t a flxe ’ el ~‘ , as the rad ius of the pipe’ a goes to

in fin I tv , we ass un it ’ that  the  effee ’t of a heco maca w e’nke’ r anti w en ke’ r so tha t

u,1 (x,1 , v 1 , y . ,  , t a, , u 1 approaches a fune’tlon u~ (x,, , v~1 , , t,~ v , II 1. The

assu mpt ion th at  the l i m i t i n g  function u i,, exists means t h~ t we may express

u u~ + u~ (7)

.ü
~ + l l~ (8)

wht’ru’ we ha vu’ gone’ over to non—ti i mens lena 1 not at lo n. u~ :m fitl 1~ a re’ independent - 

-

of U and, :15 we have e’on atruct ed the proble ’nm , u .  anti ii~ te nd to ~,cro is it

The re ’atlor who is ae’e’ustomed to t h i n k i n g  el tur bulent  tiow as ‘‘ random ’’
Iii :Iy read an a ti: p1 Ii cii di scils s b r  ~ ‘‘ (‘~ie’ i•ma and Long (19801 .
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‘‘V Iett i i i ~~ a . Tht ’ii, i t  we sulis h i  t u t u ’  in t o  t he ’ set ot N a let ’ 5t oLt ’~ e ’t l I l : l  h e lls

wh i cli we ek’not e’ as N~ a nil let it , 
‘- 

• we oht a i i i  :1 set oh ’ e~~; mn t  ions N , iil~ e’l V ing

oid~ mi t ,  v 1 • a ,,  ‘~ :iiiil inner var iabl e s , x , V . ., I .  I’ho tor mi i  is m h t ’ s a m ’  as

for fl oW over  :111 t u t e n i t e  plane in th e ’ in f i n i t e ’ halt spa~’e’ :ibe ’v e’ w i t  ii I h~’ constant

t el ime ’ns lena Ii i i ie ’i i ien t t im I r :mnai er . ii . nai l  :mI ’ e ’~ e the snl ’l aver (0. g. • in I he

nie ’~ ol :iver l itielepe ’neieiict ’ of v leads to ~i, “ 
— in A • ,

etc . where \ • A a r e uni ~- ei,~al coast :%Iah s . ~ in t ’ l’ N, ~I e ’ e ’5 not inve l  Vi ’

• i t  is  ~-a li ~i h er  a l l  11 anti , the ’ retore , we ma r su1~t r:ee ’t N f ro m N to e’l’t:,~ii 1 iie ’~\

set cib t ’ej i i : i t  j ells ~: m1 i ti for : i l l  l~ , • Il:m mcl v N - . ( W ~v ioiial v t h e ’ non in tl i ’ranl  i ’eliipen u ’n t

ci i  mob ie ’fl may he i t l t ’nt i t  i ee i  ~v t t h i  b ite ’ lar go ae ’:% h , ’ mot ions  :i~~se ’e ’i~~t o , b  wi t  ii th e

e’ofl’ . it we’ ju t egr :l I t ’ t he equat ion of ~eflt I n u t t y  i ’ve ’ V :1 ‘‘hex ’ ’  i fl t i l t ’ ineaol:iv e ’r

oh’ \ cit i cal el i  ni ens , oilS of o icIer m anti hew :.ollt :ii dimensions l~ • ci’ ire s1~ ind in ~‘.

he ( tie ’ peak of t he’ e’ue’rgy sped rum ;%~ ; a t’une ’tt o n oh at  ren mwis , ’ wa~ e uum ti~’r

h , I ~ 
• we ’ get rms ~a 1ut ’s ‘ ,, . ~‘, 

. ‘ ‘ • , , I . mu . Ae ’ct ’reiiug to our t ins

e’one ’tilI oh the  mesetaver , t he her I: ont a! edd y ~eloe’ it v  iii th e in rge ’ i ’d ,  l i t ’s is  f l i t ’

s a in t ’ erele’r in t h e iili ’soiave’r as in tl~ ’ core. k s i i ig  indep e’ndence’ of V • W e ’ have ’

I i i i  t he ’ u ’ore an ti in th t ’ inesol:iver ci t i i : m t  ‘. in!  ‘ in ( l i t ’  mnt ’aola v i ’t .

In t he’ a hen i.- fre ’t ’ e ’\ h’ e ’ r I nie ’ut a • t i l e ’ bert :e’nt a I i ’e i t l ~y eu mona i oils in  the is e ’e’us lay er

:1 ri’ the’ s a l a d ’  order a s in t h i e ~ rt ’~~l t ’l l  t i u t s i e l t ’. We : l s s l l u it ’ then  t h:it I . , II

so t h a t  e ’ . in IF 1 i he t hickne’ss oh’ t he me ’aol:i~ e’r tii:i ~ lion be ’ ou t :1111cc! l’v 

-‘- ‘~~‘. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- , 

~~~ - ~~~~~~~~ - . - -—-1k.
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integrating the streamw ise momentum equation in N~ twice over the “box ” and

equating the larges t viscous term , of or der , to the Inertial term ’ of

order o~~ R3 ma . We find a thickness m = . Thus , we obtain the same

expression R~ for the boun dary -layer thickness and we have identified the

mesolayer with the “sloshing” of the large-scale eddies along the surface.

The analysis in this section depends on the two assumptions for the

mesolayer that ti~ — m 1 and that the axial lengt h scale is of order R 1 for the

second component of motion. The first will be discussed furthe r in Section 3.

The second , as mentioned earlier , is in accordance wit h observations by

Tritton (1967), Mitchel l and Hanratty (1966), Bullock , et al. .

, 

(1978) and

others . These measuremen ts ai~ especially noteworthy because they show

tha t over a considerable range of Reynolds numbers the hor izontal length is

not only large nea r the wall but scales best on the outer length . The observations
‘1

of Mitche ll and Hanratty were made remarkabl y deep wit hin the viscous layer

indi catin g that the large eddies are exertin g an influence even for z < 1 1

~~~ use a coordinat e system moving at the mean speed of the fluid at

the center of the box and assume Tm ~ 0(z ’) in the layer. This assum ption is

veri fieda posteriori. The arg ument involving the inte grals over the “box” is

given in more detail in Chern and Long (1980).



:1. The ’ New ‘rhe’or ~’ for Mean Quantities.

Let us now construct a new theor y incorp orating the mosolayer as a

fundamental elemen t. Quite generally , we may write, for e’xamplc ,

~~ , (zI +~b~ ( ,  H,)

where ~ is a new simila r it y variable ~ m , where in R~ is t h e  t hickness Of I he ’

tiie solay ’r~ It ’ z const ant , the point z is in t he’ mosol.iy~ r. %Ve’ assault ’, as a funda —

mental prop ert y of the layer , t hat all mean quantities ar e of the same ord er at al l

p~,~~ts of the fl~CSq~ yt~~ e. g. , U— ~~~ U~~(Z , H j ,  Then , for 501110 function h~ (I1~)

as U “ , fixed

so that

~i Ti. (z) *1i0(R ~~(i) + ~~~~~~~~ (101

whe’re’ ii~ in the monolayer is small compared to h0 (R ~~u~~ (i) . The same argument

for ii~ show s t hat it must also be of th e form h~(R T )tj~j (~) . Thu s we may write

ii t i.. (z)+ li~ (U )tt,~1(~~+ h~ (R ,~)tl~~ (~ ) + . . .  (111

T 1~4 (z)+ h5~ (R )T~Ø ~ )+ h,3~ ( R ) T ~~ (~~) + .  . .  (1.~)

where T ~~~~~~~~ is the Reynold s st ress. The assumpt ion tha t the first component

of m~~ion is the onl~v surviving component as U 1 “ at fixed z yields two equations

in place of (5) , namel y

r~: + T~ 1 (13)

I 1

h,-,R~~ T L T h~R % ~’1+. . . +h ,
~ T$L,+h,,~ T$l+ . . . (11 1

where prunes (lenote det’tvatives. Sinet ’ 1’ and its fir st derivative are zero at

z 0, we have

In Sect ion -I , we’ derive ’ in R by a rg uments I ndepende’nt of t hose
of Sect inn .~~.

k . L .  _~__._~L ____ 
~~~~,_

.-.--—~~~ —----.-- -~ . . — — ~
. ---~

.----- -
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t~ ~~~~~~~~ -l , T1~~~(01 0, ti ’~~ 0 0, ..., ~~~~~ 0,~~~ (0) 0, . . .

Evaluating (11) in the mesolayer , we find

ll

~

s

~ 

It , • h1 R~~’ h~~ , h:Jt ,~~ hi ,

_ _ _ _ _ _Solutions for Mean Velocities 1 Iteynolds_~~ress~~I)Lssj~~ion F’w~~ ion anei

Ener~~r F1tLX-t)ivergencc.

Let us now match the first approximation for the’ form for the velocity —

defect in the region near the w:tll with its form in t he’ outer region assuming

independence of v Ifl  t h e ’  outer region. We have’ , to the pre’se’nt ord er,

— ç’ ( 1 (M e) ( 151 r

ti ü.(z) + ti~ ,(z ) ( M 1) ( I t’) ‘r
where we denote here and below re”giOns (0 ~- z. << U by M 1 , (R~ ‘- 7. U 1 by M,~ and

(R - /. S - . U T ) by M1 ~~. Using u~ u~, (U 1 ) ,  we have

U~~(it ) -  t14 (z) -Ti~~~ 2) -‘ ~r( (M id  (17)

Differentiating (17) w ith respect o ‘
~~~, ,holding fixed , we get

~~~ ~1R 
— - 0  (M 1.d (18 )

Different iating (18) with respect to z , holding R fixed , we get

~~~~~~~~ 
‘

~~~~~~ 0 (M ,~,i (19)

l’he terms in (19) must each equal a constant so that t he’ solut ions for ii , and 1k~

are , to the present circler ,

Ti, C,, in z -I- C , 
~

z. -
~~ 11 (.~0)

U~, :\~ ~+ (‘ ,. + C ,+~.’,,+ L (‘~~ ,“) I
’ fl t

~~:‘:i~ . :z ~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ . .~~~~
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Also

z (‘,~-, ifl ~ + C (M 1 ,:‘~ 
(22)

u0 — T i  - A~~—~CO+CCd)in (M 1,) (23)

where (‘
~~, C~ , A~ ~~~, C ,, ~~~~~ are universal constant s and we rej ect a solut i on of

the form z ’ in z for cift,. /dz because of the principle of independence of \ .

The expression in (20) for the mean velocity is the same as in classical

theory although they have different reg ions in which they are supposed to apply.

(*viously , C ,~ is close to ;:~~ where ~t is von K:frm~ n ’s constant . The C~~—

terms in (21) and (23) are absent in classical theory , but we have no reason for
F

assuming thi s in the present analysis , even though experiment indicates that C0~

is small compared to Q.. The fact that the profile of Ti is logarithmic bot h below

and abov e the center of the mesolayer with the contribution of the second component

small mean s that ii (as opposed to o~ , (Tv ,  (T~,as we discuss below) is a poor indicator

of the mesolayer and explains why the classical theory has been so enduring.

If we use’ (20) and (2 ~) Ifl (13) afl (i (1.11 , we find

T~ 1-C~,z 1 (~ ~-“ 1) (24 )

‘1” “ ~~‘ ~~~~~ /lt.I i )r
I ~~ 7. ~ivi1 o’

Notice that the ’ equation T4’+R~ T~~- 0, or C~~~
4 +T~0(~) 0, defining the position of

th e ma.xlmunl of the Reynolds stress ,yields ~ a~ , showing that the peak of the

Reynolds stress is in the mesolayer as suggest ed abov e and by the data.

:~ physical interpretat i on of our resu lt s is that ~~~ /dz represent s the

shear in a r egion z 1 abov e’ an infinite flat plate ’ and since a is absent and

viscosity should become negligible , 7.~~~ /d Z must be a un iver sal constant C ,~ on

dimensional grounds in agree ment with (~~ ). When U is fi nite , zdti/dz C,~ shou ld

hIIIIIISS.~SSIIL~.I._LIS.SHIL.SII.II.IS.. - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~ ~a,,.., _ .
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hold in some region near the wall. On the other hand in M~ (R’ << z <<R ) both “

and a are unimportant and we again find z11~ = C0 + C00 is a constant in agreement

with (23) .

Let us now assume stri ct independence of v in the outer region to solve for

T in M 10. We have

T++R ;1T~0 xo(C ) (M10) (26)

Mat ching yields

= k1
-~~~ ~ Z~ ’ (z >> 1) (27)

T~0 = t~~~ + ~~~~~~ (M 10) (28)

Since x = 1-~ to this order , ~~ = 1, ~~~~ = -1 and by comparison with (24) and (25),

= -C~~ = C0. According to (23) we lose the logarith mic behavior for the velocity

defe ct in M 1 ~~~
. This seems highly unlikely but , in any case , the deduction , C0+ C00 = 0,

cannot be made once we recognize that independence of v cannot be strictl y correct .

Thus we are required to add a higher approximation on the right-hand side of (26)

of the form

T+ +R ~~T~o :-c+ç ’x~(c ) (M~ 0) (29)

If we now match , we find that the coefficient s of z ’ and r’ in (27) and (28) need

not be the same and we get the behavior of (24) and (25) without the requirement

that C0+C 00 0.

We may make two interest ing interpretations of the mesolayer which help

to overcome the difficulty in underst anding how molecular friction can be important

in a region far above the sublayer. We may define the sublayer as the regi on in which

the Reynolds stresses are of the same order as the viscous stresses. In the meso-

layer the viscous stress becomes negligible , as we would expect , i. e.,  

4



— it .’ —

Ti. / — ( u ’w ’) lt~~ . h o w ever , —u ’w ’ is near1~’ constant in the ine’solave’r (indeed the ’

classical logarithmic laye’r is often re’fe r re ’d to as t he’ ‘‘constant st re’ss ’ laye’I’) so

t hat its ele ’r i va t iv e ’ is small :  ~—u ’w ’L — + or ~—‘,i~~’). W 1 . ‘l’his is

e’xa et ly of the order of Ti. re’vea I ing that in t he ’ nie’so1a~~,~ (hit’ to i’cc S diit’ t 0 th e ’ Re ’V~ ol ds

stress are ’ of the  same order as the ’ forces clue to the viscou s st resse’s and that both

are ve’ry small . .~nother interpr etation cit t he’ viSCous effects in the mesola~’o r is to

conj oct ure t hat the ‘‘burst s’’ ori ginate in t he regi on ye ’ r~’ nea r the wall and t he’ll grow

by molecular diffusion , with dimensions of circle t ’ (~‘t) . In a t ime ’  per ie d of the ’

orele’t’ of the large core eddies thi s becomes (hI \ ~’u )~~, i. e. ,  of the thickness e)f the ’

PlesOlaye r. Apparently the burst s tran sport most of the momentum and the ’ snia 11

change’ with height of the in omentu in fl ux is cont i’ol led Lw the viscous growt Ii of t he ’se ’ IS

bursts.

Furt he’r discuss ion requIres use’ of the ene’I’~~ equat i on (Laufe r , 19511:

‘F + ( 1 / i l )  [ ( [ — .‘lr ’ I F ’ (30)

where’ ~
— is the cbs sipat ion function non—di mensionalizeel Lw inner variables ,

1 ~~y 1 v ” +w ”
+ R~ ( l—z R~~’~ ~~~~ + R~( 1—z R~~

1i1(1 F ~s the non—dimension al ener~~’ flux

a~f~ /~ + F F , + h ~1 ,,F 4, , (M 1 ) (31)

where P is the turbulence pressure function , q ’ is turbulence speed , a ’, v ’, iv ’

or a are turbulence velocit ~e’5 and all quant It it ’s a re’ sea le ’d on a and ‘~ . Writ ing

~ ~~+ + ~~~~~ in (l~l~ 1 and U sin g Eq. (2-I ) and

- T +~ d’i. dz

we get

- , dF,
€ 4 ( 

~~i + — - “ 1)
eiz

S ~—.--—-- . - — - - -—--— — . —. .—— 
~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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Suppose’ elF’, d.’. r 1. Then F , I)etla ~ OS loga t’i th in ica l iv  and I he ’refore , bec a liSt’ all

corre ’la t io n e ’oeff ie ie ’nt s for t ht ’ f i r s t  compoui( ’nt of m ot ion lutist , IC ) f i r s t  circler , he ’

uni Vt ’ rsal constants  tot ’ ~~~~
‘ I , veloci t ies  in t he flle ’se) iaye ’ r arc  of Ia rge’ r circle ’ i’ tha n

on e’, (‘ont ra rv to OUt ~ tund a fli e’ntal as sUinpt ion i i i  t ier i i i  iig at R f ront  t he’ N - SO t c ’ t

N a v ie ’r -Stok e’s equat ion s . Also , of course’, F’, In / i icilate ’s the ’ pr inc ip le ’  of i nde’ -

penelence’ of v . We rej  ect th i s  logar i thm Ic he ’havwr and ree~ui re’ tha t F,. he ’ smal le r .

Then i t  follows fro m ( i t )  tha t

= C~ z~~ , F’, - l)~ (:‘ 1) (.141

where fl, is a new unive ’rsal constant . If we subt ract (32) from (30), we’

get , to first circler ,

l~ C~~~~~ R ( M l  (35)

This show s t hat h- -
~ R and l~~ 1. Applying independence’ of v to F in t h e ’  oute’r

region and matching, ive f ind tha t }‘
~~,, is constant in ~~~~ Equating coefficient s of

R , i n (35 ) , we fin d

= ( ‘ 2 ~~ (~~~ ) (3(i)

Thi s completes t h e ’  search for first approxima tions for ~, Ti,, 1’, and F , but it is now S

clear from our present results t hat a continuing process is possible’ in which

mean quanti t ies have the form ~ ~~, + R~~~4~+ ir t ç~ + .  . . ,  F F , + F’~~ + 11 ~F 41 + .

etc. where’ 
~~~ 

, F’~ are functions of 1. and that we may go on to higher approximations.

We have seen so far that T is of the ’ form T = 
~~~~ 

(~ 1+ ir \~ (~
) in the outer

region (M0 ) ,and the (‘ner~~’ ~~uat ion inei ie ’ate s t hat ~ l~ (~ 
)R ~~ + I~ ~ 1

that S zTi, and F are of similar  forms ant i , in 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~S 
~~~~~~~ —~~ ________________________
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general , that all four quantities are expandable in infinit e series in R ’ . The next

approximation s arc obtained from the matching,

S~+S 40 + R ~~~S4~ + . . .  ~~~~~~~~~~~~ (M~0 ) (3 7)

T4 + R T ~~+~~~
1T41 + . . .  = 1-c+ x~R ’+~~w~+. .. (M 10 ) (38)

F,+F ~~+ R 2 F 4~+ . . .  = A0 + A ~R ’ + . . .  (M 10~ (39)

€~ +R 2
~~,+ ~~~~~~~~~~ L0 W ’+L ~~~

2 + . . .  (M 1 0 )  (40)

Retaining the first three terms on the left of (37) and two terms on the right and

cross-different iatin g to eliminat e first S4 and then S,~,0, we find an equation of the p

for m L
H0(~~) + R ’H~~~ ) (M r n )  (41)

so that

S41+2S~~ = 2 C 1~~~+ K 2~~~’, ~~~~~~~~~~~~~~~~~~~~~~~~~~~ (M 10 )

w here C~~, C~1, K 2 are constants. Eq. (37) is now of the form

S+ +S~0+K 2 R~~~
_’

~~i2 = }100( C) + lç~ H10 ( c )  (M 10 )

Eliminating S4 and solving for S,~,0, we get

S,1,0 — K 4 L f lz +  C0~~~~ +C00 (M10)

where K~, C0~, , C00 are con stants. Then

S÷ = C 0 +C 1z~~ , 1<4 =K .~ =0 (z~~— 1 )

where C0, C~, are constants. Continu ing in this way for all the quantities in (37) and

(39), we obtain

S~ = C0 +C j z ’+C 2 z~~+ . . .  (
~ 

>‘> 1) (42 )

S,~o Cr’o+Co +C o,Z 4+... (M 1~-, (43)

S~~ C~~~+C ’+C~~~~
3+... (M 10 ) (44)

- -
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F4 = D0+D1z~”+D2 z~~+... (z >> 1) (+15)

F ,1, 0 = D00 +D01~~~ +D02~~~
4+.. . (M~0 ) (46)

F 41 = D10 2 +D~~~~~
1 + D 12~~~

3 + . . .  (M 10 ) (47\

If we multip ly Eq. (40) by z , we obtain by an identica l argument

c~,. = E 0 z ’+E 1 z~~+E 2 z 3+ . . .  (z > > ~~) (48)

= E001 1 +E 01 1 3 + . . .  (M 10) (49)

= E10+E~~ 2~~~+ .. .  (M 13 ) (50)

Similar ar guments applied to (38) yield

T4 = B0+B1z 1+B 2 z~~+ . . . (z >>1) (51)

T40 = B 00 I + B 01 r ’~~B~~~~~+. . .  (M 1 0 )  (52)

T 41 = B 10 +B~~~~~+ . . .  (M 1 0 )  (53)

where (5), (32) and the difference between (30) and (32) yield a number of relation s

among the constant s including

E0 = C0, E~ = C1~~~ —D1, E00 = C00, E~~ = C01 —2D01

B0 = ~ , 
B~ = —C 0, B2 = —C 1, B~ —1 , B01 = —C 00, B02 = —C 01

B10 = —C 10, B11 = —C u., B20 = — C 2~ , B21 = —C 21, ...
In outer variables we get , to first order ,

S = C o+C oo+ C~~C+C a ,C2 + . . .  (M 10) (54 ) 5

F = D oo +D o+D loC+ D~~C
d + . . .  (M~o) (55)

= (C00 +C 0)ç ’+E 10+E 20C + ... (M 1~ ) (56)

The mean velocity field is given by

= A12+C ++C44~C0+~ C00)~tn R T+~~11R ,~~+K 12 R 1 + . . .  (57)

— —  — ~~~~~ S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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An att e’mpt was made ’ to compute ’ t h e ’ constant s f rom publish ed data.  The f
solution in ~~~ t’or ~ was fi t t ed to the’ dat a of Pe’rrv and .-theli ~I 977~ to  t~.fl:ti n

~~~~~~~~~~ C, + C, 1. 135, iC~+ ~C: ~
) — 2 -195 , l\ 

~ 2 . :~55 . The’ comparison is shown

in Fig. 1. Next t he’ vcloci t v— ele fc~t law in i,55~ was fitted to the dat a of Perry and

.\bell as seen in Fig. 2. This ~ie’ld~’d A 1— 1. 5~ , C~ , — 2 .03 , ~~~
‘ ,+  C5~-,) 2. 37

so tha t C, z 2. t’2 , (‘,~ - 0. 25. F’rom the’ data of Laufer (195-I , his i 1g. 20), we

Se ’t ’ that the ’ predict ion t hat elF d — is constant agre’es well wi th  measurement s and

we cst i mated [)~ .+ L We now have the constants in the f i rs t  two t erms  in ~5c+t :

= 1. t ’c ’ + - — —  (M 1 .,~ 
(b0~

This may be’ conipare-’el to the’ estimations of Laufer for cR . For the’ hi gher

Reynolds number and at smaller t he’ agreement is excellent , for example

.~L0 vs. 25. 3o at ~ 0.1, 13.5 vs. 13.51 at — -0.2 and 9.0 vs. 9.S’ at 0.3.

The’ measure’ment s of € R for Laufer’ s low Reynolds number case’ are’ about

15—20’ lower than these three predictions. The inner solution for the ’ mean

velocity was fitted to the data of Laufe r to yield (‘1 = 25. 58, (‘,. •t .  37. The’ corn—

pal~son is shown in Fig. 3. \Ve now estimate 1)1 from La ufer (his Fig. 19) by

c’st imat ing the ’ rathe ’r small d ifference be’tween the’ pressure and t he’ kinet i c—e ’ne’rL~
d i f fu s ion  terms. Ve ’rv roughly we get 

~~~~ 
‘. We noi have’ the constants in

the first two te’r ms of ~- l$1 :

2 . b 21 + 1 2 .  7~~~ ~~~ ~~ 1\ (01)

Thi s agree’s rather we’ll with the ’ data for ~ in Laufe r ’s Fig. 19 for 20. \Ve’

- —
S _  - .~~~~~ 

S. - - ~~~~~~~~~~~~~ ~~~~~~~~~~~
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conclude our comparison w i t h  T, in 51I . The’ result

1, — 1—2 .  t~2 ~~ — 25 . 5s (7 ~~~~ 
1) ( t 2 )

agrees well wi th  Laufe r ’s Fig. 2t ~ for z ~~
- 10.

Solutions for ro~~ — mean —square velocities and mean pressure.

We have found estimates to fir st order Ot rrns velocities and turbulence ’

ie’ngt h scales in the ’ mesolaye-r: L~ -
~ I~., l~ 1. . R~, T

~ 1., ~ -~~~

We therefore wr i t e

f 1(z ~+ ç1~ ÷ h 11 f ,11+h 12 f412 + .  . . (M, 1

(7+ 
f : ( z) +f *~~+h 2i f ~~i +h ~: f , . 22 + . . .  (M t ) ((~l t

- f ~ ( z) + R  f ,. +h ~~f~~1÷ h 2 f 4~~+ . . .  (M 1 ) ( ‘5l

where’ h, , h , , anti f t , ,  ~ + , (~ 
‘
I, We’ also need F’q. ~~ which we may

w r i t e ’, to fi rst order, as two equations ,

R~~(1-~~) 
~~~~~~ +1

~~~1~~~~~~1+ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 2R~ f ;  h-~ 1ç 1 +2 f~ h~ 1f~~1 + ...
(i’s!1 I (001ir ~’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 2 f - -.f ,. .~~—f ,~~, —2 f - -,f ,. .1 h~~—

‘P~. + 2f ~ f ,’ 0

where’ st e’ ha ve’ used

~~~ 
-

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (M 1 ) (e8)

Evaluat ing (001 in the ’ me’solave’ t’, we get ~~ ~ R :~, 
~~~~ 1 

- a— ’  , . . . , h~ — ~~~~~~

h .~. - R , ..., h1~ - h,1 ~‘R ~ h~ ~~~ R ’ ... . In the outer regi on (Mg, LI~~~n~~

S 
-

~~~~

L - -  - -~~~~~~ 
~~~~~~~- - -
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(J~ F’~~(1) f ~~ (I1~~ F’11 ( 1+ . . .  (M t,) (to ))

~~~ 1” -~( 21+ ~~ ( U I F~ 1 (~ ) + . . .  (
~k~ 

(7(1)

~~ F ~~~ 1+ ~ 1 ( fl , ) 1”~ i ( 2 ) + . . .  (~~~) (7 1)

T~ F 4~~( 1+ * 11 ( It ) F 41 ( )+ .  . . (M ,~ (72)

We’ see’ that Eq. (0) l) ’(’OIfleS

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
(M ,~~ (73) 

5

1

~~ that 1 .11 ~:;1 e~~1, ~~ k’7:’ t~~ i t
~~~1. . . .

We ’ have’ found that the’ e’fle’r~3’ tiux in the n’g l ou I afld R •“ is

b,. I 
~,:‘ + ¼~’ + I tice corr e la t ion  coe’ffic icut s in this re’gi on tuust be’ of

(‘rI ic r Ofle ’ t o  fi ,‘st order, we ge’t

f~t~ consi + const 7.~~~~+ . . .  (z - - ‘~‘1) (74)

, , ~‘/T + ... (Z - t ) (75)

~1~~+~
) 1~~~ + . . . (-i. ‘- ‘h (To)

‘I ’ he’ se re’ve’a 1 t hat t~ ~ ~
— i ~ nd the outer forms for 

~~~~ 
, ii~ ,

a re’ revealed. We’ match

~11 + ~1:~~ 
+~ ) i~~~~~~~+ . . .

(M 10 5t (77)

~~1(’
(
~~ + iç~ F 11(~ ) + .

an(I si m l  Ia r’ (‘xpr(’ssions for 0. , ti~, and ‘

~~~
. The’ r esults a

‘~~i~~~
’
~~~11~~~~~1” ~~~~~~~~~~~~~~~~~ (M 10 ) (7S)

CT ,, • 111 + ~ .‘ f 1, 1, +.. . V ~ -‘ - I )  ( 79)

“ V ~v .’i + 8~~ * ~~~ 2 ~~ + . . . (M1,~
) (80)

— - - -~- -----‘- ‘ . - ----—--------—-

~
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,r )~~1+ ) 7~ .’
1
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P ~4~~+ r 4 - +~~~4 ~~~~~+ . . .  (M 1,~1 (S-I )

~ 
).~~j + (~ + ( 4 + ( ‘ - 11 (

~~~ t~ )

4 
The ce)flst aflt s in (7 5) — ( 5 3 )  we’re’ e ’st i ina t ed using the ’ data of Perry and Abel I 1975)

to t  the oute I qu ent itit ~ m d  0,,,. iml I IU I (  I (l ’)5 I ) fot ~ uul r Th i .~ ‘~u 1t’~ l i e

~11 2 . 1  , ~~~ 2 . ), 
~1 -  :130 (5(4

‘ l l  =0.13 , 
~~ ~~~~~~~~~~~~~~~ ~‘1’ (1. l OS

~ ~‘1 1 70, -, -
~~ 0’~, ~ ~ 7” (“ “1

~~ ~~0 , ~~~ ., - i . -i s , ~ 0. 533 (59)

t~ 07~ ~~ ~~ SE , 
~~~
, 52 (LW)

11 0 , ~~~~ 0 .32s , ~~~, , — 0.0117 (911

The comparison with the data ar e shown in Figs.  - 1—9.

As i nd icate ’d by Figs. 1, 5 a n d 10 , 0,, ine ’r ~ ’ ;Is, ’s ~~~~~ rapidl y to  a peak at

z I S and then ele’e’re’ase’s gradually in t erms  of infle’r variable’s and sharpl in

t t m~ Of oute 1 ~ Iii ~hle ~ The ( gion b fore the  pe tl~ rn~~
re’gar(le ’(l roughl y as the’ reg ion in which Tl~ is constan t so t hat if we’ represent T,~

-
~~~~ as of orde’r zit,, we’ ge’t t he’ st rong lineat ’ increase ’ obse’rve’d. In th i s  region t he’

pr odue’tion term in the e’ncr~~’ equation which produces u—fluctuations only incre’ase’s

mu d ha~ i minor e 1k e t  Ofl 0 intl 0, 1 Iu ’~ i~ ~uppOrte ci I~ the dit m (Liufe i I i~ 4

whi ch show that u~, is the major pa rt of the t ota I turbulence ’ e’nt ’r~v in th i s  region.

4 ~1ust before ’ th e’ pe’ak of 0,,, howe’vm ’r , the pre ’ssure ’— se ’ra mbl ing te rms in the moment

-~~~ c’eiuat ions (Uin z ’, 1975 , p. :12t4 begi n I o create v — a n d  w- —fluc ’t uat ions , r,, dec rea ses

~~ and o
~ , 

0, iflc ri ’ase’. i’h i s he ’hav b r  is :i Iso revealed by the dat a for 7 ~‘ 15. I he ’

(Ict a i i  S of th e rms ~elo ’ i lv profile ’s in and ne’a r t he’ m, ’solav m ’r a re’ of great i nq~~rI a nec

bait we’ need f i r s t  a cl er i va l ion  i i i - th e  beh avior  ~ t mean qu ant  i t i e ’ s  in the re ’ ~ it ’n ~ ‘ I

~ 

- ~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ - - 
-
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Behavio r of Mean Quantities in the Region z

For computation al purposes we have assum ed above tha t there is a region
(at least for larg e R )  in which 1~ , ; ÷ ,  ... are good approximati ons to .u ,
and this is a good assumption becaus e in experimen ts there are regions in which
there is good ind ependence of the outer length ~Reynolds number similari ty).
However , as we increase z and app roach the mesolaye r , contributio ns from the
mesolayer arise which we may obta in by assuming a Taylor series expansion of
the functions of ~

, for example , f410 (~) = ~~~~ + o~112 ~~+ ... for ~ <- 1. We get

r
f1(z)+ 

~~~11~~~~~ 
+ . ~~~~~~~~~~~~ ~~ 22 12

+ *  
(9Z)

(0< z< < R 2)

J
~ 

= f 2(z) +cy 21~~ + 2 + . . . + R~~ (~y 221~~+cy 222~~ + . . . )+

(0 < z ~~ R~.)

a~ = f ~(z)+ R~
2(~~22 cy32~~~

3+ . . .)  ~~~~~~~~~~~~~~~~~~~~~~~~~
(94)

(0 < z

where we use 0 a~ z = ‘3. Also

e = €4(z) + R~~ (E1,0 +E 121~ + . . . ) +  ~~~‘ (E~ ,0 + E 1~~1~ + . . . ) +
I 

(95)(0 < z

F = F ÷ (z)+ 131111 +Du21~ +...+ lç~ (D~~1z +D 122 1~+...)+ 
(96)

(0 < z ~ R~.)

S = S + (z) - 1
2+C 114~~ +... + R~~(C124 1’+C125 2~ +...) ÷

1 ‘97)(0< z<< R~,)

L~._- -- - ~~~~~~ - 
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T l - z ~~S~ (i- I l 1 ’  ( ‘ 1k ~~~~~ .~~~~+ . .. 1 -1t~~
((’i.. ~~~~~~~~~~~~~~~~~~~~~~

- 

( ‘.15)

t (0’ - .. .. 1

where we have’ u sed ~S1 ant i  requirt ’d tha t V 1’ , F . , 0 at ~‘ 0. A 1~~

Tm ‘fl.~ (7 ’t — 
~~‘~~~~~~~~~~~ 114~~~~~~~ ’”  +R ~~~ 1.~~ ~~~~~ ~-~~~

‘
1 ,’ - ~~ 

+~~~ . )1- .. .

t ~99)

(i) .
~~~~~~~-’ W I

The’ Behavior of Me’an Q~~~~t itk ’s i the  Nesolaver .

\Ve’ may now infe r t he’ behavior of men 11 qua u t  it i ~‘s in the ni esolay ~‘r its t’l I.

According to theory and me’asuren 1e’nt s in shear-  free lur iuult ’ne ’e (I  hin t and

( raham , 1975\ , we expect the’ mesolayci’ to tend i t’  e’ause’ an

maxima ) in tangential velociti es er ,, ant i ‘‘~ si nce I he’ wall, i n effee ’t , trans fe’rs

e’ne’r~ mr from the normal comiXMieflt 0, to the par allel components. For 0 ,,

the ’ inne ’r be’havior involve ’s an ,ideii t ional pe:;k at fixed i near I he’ wall :is we have

already seen. From (9.’) we obtain

— ~114’,’m1 ’ + . . . +~‘t 11j7 ~~~~~~~~~~~~~~~~~~~~~~~~~ (M i , ) (100)

in a re’gion beyond t he’ i 111W r ma xi umsmum. Obviously, :m I ye ’ i~y In i’ge it , there w i l l

be’ a subregion in M 1 in which 0,, is nea rly const ant for a long distance between

p o ints  T1 and T~ In Pi g. 10. I’o he Ie ’ft of T~ th e  mum i v~’ rsa I law of I ho wal l  is obeyed.

On the other hand, at v e’r large , but not near the center of the pipe, the beh aVior

is Reynolds—numbe r independent and is gi von by

~~ ,, 
~~ + ~~ * ~~ - 2  (M,~) ~l0 l 1

as also shown in Fig. 1 (1 to tI’e ’ r ight of F4 . Bu t non i’er tl~’ mesolnver ,th e ’ b ehavior is

________________ . .5._ - — —--.——--
~

— ~~U . % ~~~ 5 5 ~A d . ~~~ 
. - ——
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(7 - )11+~~~11+~~ l1~Z 4-
~~~ .~1

4
+ . . . +~ .;iç~-+ . . . t M ,~~) (102 )

Since we have’ assumed , on physical grounds , a peak of “,, in t he’ me’solave’i’ as we’

move’ to smaller z a long the’ l ifle’ar curve of (1011, the 2 — I t’rm in (102) begins to

be’ of importance and ~~ - 0. The’ slope ’ be ’eomes le’ss and less negative ’ and

finally become’s zci’o (a ad ,~,, become’s :i ma xi mu imi a t  T ,), as we port ray i ri
Fig. 10. Still closer to the waIl ,the’re’ is a region wheir . none’ of the ’ forms for

0,, in (1001 -(1 02) apply . As We ’ increase’ 7. in the region just to ti’e’ left of T~
the 1, ~~~~ , . . . t e’rnt s in (100) begin to be important  and t 1~e’ e’u rye tui ’ns up as shown

to meet time ’ portion to t he’ left of T4 .

\ \e  may find the various transition points in Fig. 10. Obviousl y, in the

region between T~ and l’4 and not close to c thei ’ , th i_’ only important term from the

inner solution is the constant te rn~ c~~ and , from the outer region, 
~~~i’ (~~ 

‘,. Thus

IT ,, ~~~~~ + f~1~~(21

and th (’ data should collaps e when plott ed aga inst 2 . We see , in fact , a clea t’

tcn j oiicy for this behavior it-i the’ datn of Perry and Abe’Il (1975) in Fig. 11 which

is ploth’d aga inst t’n -2. The’ intl e’ction point T~ is at fixed 2 ~vhIe’h we’ see from

Fig. 11 is approximately :1 .0. At T,~ the’ weak z 1 —b eh avior  of t he’ inner so lut ion

is matched by the’ weak 2—behavior of the niesolaye’r coal i’ibut ion in Eq. (100) , i . e.

— - i. or ~ . l1’~ at the ’ local ion of T -. A l T 4 I he I —
~~ -t oi’m matches the It —

term in ( 102) and this occui’~ at 2 or z I t .  i’he loc at ions of 1’ ., T , and
1’•~ show why the’ (‘01 Ia pse’ of t h e ’  dat a in I”i g. i i  is e’onfi ned to sue’h a smal l  region

at the typic al Reynolds nmi n th e’r of t he’ e’xpe’I’ i mea t s .

Not all of the detail s of this description of ‘‘ ,. in  :111th near t he’ iue ’sola t ’r

can he ver i fi t’d I v expe ri iii eat l)( ’t ’a (use of error s of nme’a su t’t’ment a ad too —

- -—-_-~~~~~ - - -- - - --5- _-~ -~~~~- --~~~~~~~- -- -5 -~~~~~~~~~ - -
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low Reynolds numbe ’rs but the data of Perry and Abd I in F’i g. 11 is in r ’ma rkable ’

agreement with  the general behavior outlined. The’ data for ti,. from both l4tufe’r

and Perry and Abell is le’ss reliable ’ but the theory indicate ’s that a similar be’—

havior occurs but with the peak in the sublay e’r missing and with -
~~~ in (8 1)

negative as we decided in (88) . For (i,,, ~~ ~ is t entat i vel y evaluated as 
~i ~ 0. 13

in Eq. (87) . For cry ,  the data does not permit a ccurate evaluation of 
~~ a nd we have’

set 
~~-i 

- 0 in Eq. (89) .

The outer maximum of r,, is at z R~ but for the’ typical Reynolds S

t

number of experiments this is prob ab ly indistinguishable from the me’solaye ’r

region z R~. This may also be true of (i~ • Very roughly, Lau fe r ’s data indicate ’ a peak

of iT, at z~~ a~ R~ where a~ 3. 0. The norma l component r, has a maximum

at z - a.~R and the data of Lau fe r and Peiry and Abell suggest a:~ 7.0. This is

:ls it should be be’cause’ (7 , is little ’ i nfluenced by the second component of mu ot ion in

the inner portions of the mesolayer. Because of this , we would also predict that

r, should show indep endence of R over a gr eater distance of the wall region

that a’,, and a~ and this is also revealed by Laufer ’s data.

The am~alys is of Ti in the transition is delicate because , as observations

show , Ti is so close to logarithmic in a large region. \Ve’ may arrive at some’

interesting pi~dicti ons , however , as follows : We write down the ’ forms for S

(which is the slope of fl in a logarithmic plot ) in M 10 and M~ 1 as

S (‘,~ +(‘ ,~~ +~ ‘,,12~~ +. . . (M rn) (10:1)

S ~~~~~~~~~~ (M e) (lOll

_ _ _  _ _ _
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We’ also need th e outer form of T:

‘1’ - 1~2 l (‘
~~
+(‘

~~~ ) ~~~ R - (‘~~2 R , + ... (~ l~~ ) ( 105)

In (1051 the’ 2~~ R~~ - term pr obably cont r ibutes ne’gativc curvature so that 
‘ -

~~~~~ ‘--0. A schem atic plot of S nea r the transi t ion region is shown in F’ig. 12.

The’ upp er dashed line ’ is the classical solution S C~ . F’or large r ~ and very
large ’ R , S is Clos(’ to C~ + c ’ , , but at smaller 

~
‘ t he’ C,,1 — term CaUse’s S to

increase as shown. The joining requires that (‘~~ is negativ e , perhaps , ‘~~ -0. 25
as calculat ed roughl y from th e data . This behavior suggest~4 a P ictu re of Ti vs.

£ a z or £n ~ in and on both shies of the mesolayer as in t he’ dashed curve ’ e) f

Fi g. 13. The data of Pen y and Abell (197~~ iS suggest ive ot ’ this but the data

points are so crowded that one can ’t be sure . Laufer ’s data (Rotta , 1 9t~2) also has

the same trends but again the deviatio n from logarith mic beh avior is weak. Th ’

pres ent theory doos not app ly directly to turbu lent boundar y lay ers  at zero P1’e’ssur e ’
gr adient bu t a situ ila r theory in pr epa ration (Long and Chen , 1980) has a sim u n  r be— hay ior for

U in and on both sides of the’ mesolayer. lTeda and Hi nze (1975) nmeasu r eei U at two

Reynolds numb ers and both air suggestive of the t rends in Fig. 13. Simil ar  measure~-

ment s of Smith and \Valke ’r (1959) appear conclusive. De’ta u s  a re’ contained in Lcn~
and Chen (1980).

~~ -_-~_._.~~~~~ L _—- — .~ -,.-_-. ~~
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4. Comparisons of the Classical and Mesolayer Theories.

A number of authors (Tcr inekes , 1968 , Bush and Fendell , 1972 , Afzad and

Yajnik , 1973, Afzal , 1976) have gone on to higher approximations using the classical

results for the f irst approximation. If one assumes ’(Afzal , 1976)

S f (z)+h 1(R ,1)f~’(z)+h 2(R ,1)f ~(z) + ... (106)

T g,~(z)+ 22 (R ~ )g~(z)+ L2 (R~) g (z) + ... (107)

for the inner expansion and

S = ~0(C) + m1 (R jcp~ (C ) + m2 (R ) z c 2 ( C  )+ ... (:08) r

T 4 o ( ~)+ n~(R T)t l ( c) +n 2(R T )~2(c ) + . . .  (109)

for the outer expansion , then , substituting into (5) we see that h 1 m 1 n 1 = R ’

or

s 1 + W 1f * + ça f2* + ... (110)

T = g~’-f Jçl
g1*+ 1ç~ g~+ ... (111)

and

(112)

T ~~ ÷ 4i~ + 4i~ + ... (113)

Matching yields

S = C0 1 z~~+A 0~,f~+ . . . + W ’ (A 1o z+A 13. +A 12 f ’+ . . . )

(114)

+ R;2 (A 20 z~÷A 21z÷ A~2 ÷ . . . )  +

‘The form s in (1O6)-( 109) follow from the universal law of the wall and Reynolds number
similarity and the assumptions that in regions z 1 and C —. 1 mean quantities have the same
order of magnitude 4t each point. Afzal’s work seems to be the most recent of these efforts
and he claims to include earlier work as special cases. One may search for other routes
to higher approximations in hopes of rescuing the classical first approximati on. I don ’t
know how to mak e an exhaustive search, however, and I will be content in this paper to
advance the new theory as best I can and,in the arguments of this section,to transfe r the

burden of proof to anyone still fa voring the earlier theory .

— - . - —
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We may, in fact , use the concept of the mesolayer as a layer of transition from

inner to outer behavior for the Reynolds stress T to derive the

th lnkness of the mesolayer without reference to the “eddy -sloshing” arg ument of

Section 2. We accept as sufficientl y general the following forms of the shear-

functi on S and Reynolds stress T, in which the similarity variabl e 2 is now £ = z/R~
and M 1 , M0 are now O < z~~< R and Rb <.~ z < R :

S = S~ (z) + f R ,T
S1S~ I (2 ) (M 1) (116)

i=1

- ri -.
~ =~~~~~~ + E R T

a t~~l ( C )  (M0) (117)
i=1

T = T÷ (z) + E  R t t T~ 1 (2 ) (M 1) (118)

T = x0(c + ~
‘ R~~tX j ( C ) (M0)  (119)

where ~ + ~ > 
~~ ~ a 1 ~ > a 1 Using a (1 -b) ’ , match ing yields

S~ =A 0 + E A 1 Z
_a I . T~ = B 0 + E  ~~~~~~ (120)

c~0 = A 0 +E A~ i o C a 
‘, Xo B0+ E  B~10C a 1 (121)

1=1 i=1

~~ , =A ,~ 0 2 as 1 
~ A~ 1, 2 a (s 1 _a j (122)

j =1

= ~ A~, ~ 
a(s 3 —a 1) + A 1 ~

—a 1 (123)
- 

j =1

T~ 1 = B ~ 10 
2at i + E B~ 1 3 2 a(t 1 _b j )  (124 )

:1=1

X i  =~~~ B~~ 1 C
a(t 3 _b i)  + B 1~ 

-b 1 (125)
J4

~~~~~~~~~~ 
-
~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~~~~~~~~~~~

--. - S
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Substi tution into Eel. (51 yields

I , h ,, ~ 1+a , t~ i—h , s, 1 —2 b , t • s • +b (1 O i l

We’ obtain , for exampl e’, for larger .~

1’ i -( ’~i~ ’+lL ,.~~~ + . . .  + l ~~~~~~~~~l~1 + . . . 1

(li~ - -~ 
.3( s .

~
b l )

÷ . .
and for smaller ~ ,

‘I’ i - C 0 ~~~ i - 1~~~~ f . . .  +R l+h (A~~ 2~~+. . .1 + .. .  ( 1051

Wt ’ f ind in ei ther  case’ that thc e’xi~ tence of a t ransi t ion region ~~ I roquire ’s

h L or z II as in the ‘‘eddy -sloshing’’ argument of Sect ion 2.

Wt ’ may now convenientl y discuss the third basic assumption of class ic~l

the cry (Tenne ’kes and Lumley , 1972 , p. Hu and p. ~~~ tha t there is a fini te ’

re’gion of ove’rlap of the inner and outer regions. :~(‘cor diflg to ‘re ’nne— ke’s and

Lumle’v and, ifleli’t’d, the has Ic concept of an overlap re gion , V should f i rs t  be—

come important at large ~ at some 7 1 as we’ move toward the ~vall , and 11

should first become’ import ant at some’ z ii as we move outward. As port rayed

in Fig. 1-I , the overlap region at high R , is the double-hatched region. In the ’

prese’nt theory a trans it ion region replace ’s the region of overlap. h ere ’ both

‘~and hi are’ importan t but II decreases in importance as z de—cn’ases wi th in  the

re’gion and u decreases in importance as z ine’re ’ase’s in the’ region. The’ s i tuat ion

is then as pictured in Fig. 15.

Malkus (1979) has stated that an overlap ‘‘ i s not require’d by Ci the’r logic or

_______________ _______________ ____ L ~~— -- -—--- ---- ~~- - -~~~~~~ ‘-- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .—- — —‘~~~-~!‘
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dynamics ” . Nevertheless , our finding tha t viscosity has importance in a layer

much great in thi ckness tha n the sublayer needs explanation . We may extend an

argument first advanced to me by my student , C .S. Chern , who , together with the

pres ent author , extended the mesolayer concept to the problem of therm al Convection

ove r a hot su rface (Chern and Long, 1980). In this case , we find a mesolayer

th ickness ~ K~ h1~~q ~~, where K is the coefficient of molecular diffu sion , H is

the depth of the fluid and q is the buoyan cy flux . Chern argu ed that a thermal

rising from the hot surface would move verticall y but also be carri ed horizontall y
4

by the large eddies of size H. Since these have a speed of or der (qH ) 3 , their

~ 4t ime scale is T, = lI~q and , if we assum e that the thermals expand by thermal
1

conduction , they attain a size (KT , )~ , which precisel y equals the mesolayer

thickness 5 ,. After tha t they presum ab ly lose thei r identity. Thus the tr ansport

of heat by these thermals whi ch must be of prim ary importance in the layer where

they exist , i. e. the mesolayer , is influenc ed directl y by molecular conduction

because they increase in size by molecular conduction , even when they are far

above the subl~yer. In shear tu ibul ence, observations indic ate the existence of

a burst phenomenon , as we have already d iscussed, and the burs ts may play a role

similar to that of the thermals. Then , if they also dif fuse by molecular processes ,

their size after a time of the order of the outer eddy time , H/u T , is (vH/u ~
which is again precisel y the mesolayer thickness. Such may be the basic

i mport ance of viscosity in the mesolayer .

- ,--~~ —~~~~~~~~~- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--
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5. (‘onjectur es on m t  e’rmit t e’ncv.

We have.’ con~ccturcel that the viscous mt ’solaye.’r is the’ region ot origin

of the burst s ~)se’ rvcel in pi ix’ and boundary layer flows. This suggests the

e’xisteflce.’ e)f three time—scale ’s in this layer. (~ie is the’ tiim’— se’ale’ of the e’ne’rgv—

containing eddies. An~~he’r is the’ period of the bursts. This may be identified ,

perhaps, with the’ set of equat ions N ~. We’ may estimate’

~iT~ ‘ Jx •‘ H I ‘-

y i e ld ing  T b Ii as conje’ctutrel by a numbe ’r of experimenters based on ubse’rvat ions

( h ~ iO , et al. , 1971 , IT e~da and I l l n z o, 1975 , lle’ i drie’k , t ’t al. , 1977. Che’n and

fl la e’kwelder , 1975) . A third time ’ scale’ is the ’ elur at ion of the burst s, 1. . The ’

intermittcne’v of the turbulence may be defined as ~ 1’~ 1’~. All obse’rvat ion&i m di-

cate’ that the Reynolds stress is prov tde ’d in major pa rt by the bursts which pre -

suniably act as mixing e’le’ment s so that we may writ e, in the ’ language of mixing--

lengt h the ’ory,

- 1 - (‘~1 _ U. (130)

t’e ‘~ i ,. u. is t he eddy v i seos it v and we’ has’ e’ w r i t t e n  I . for the  mi x i i i  lt ’ngl h

b

and U. for I he’ ve’loe’ity of the’ hurs t . F s t ima t in g  ii, 1 and writ ing ti. I R~

\V L’ t in d
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- R~ I ,,

If W t ’ flOW assUme, quite natur 11y , that the duration 01 th e ’ burst is the ’ t I m e ’

lol’ trave ’l o~ er the mixing length, XVI - get T1 — L~ . Hut

I~ 14
~ 1

~~T 
L~ 

(13 ~

so that

— R , — R~~ , T~ H 4

The expression for ~ yie’lds 0. 1 — 0. 0 for typica l Reynolds numbers  and

thi s is in rough agree-me-nt with observations.
(
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