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• Three method s are proposed for estimation of the parmeeters of an autor egressiv~
process of order p with missing observations. These met hods are ba.aed on the

max imum likelihood approach and use the EM algorithm, the Pe,Irton—Raphson method

and the aethod of scoring, which are applied to the likelihood equations. Finally,

comparison on those aethod s is also discussed.
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1. Introduction
S

An autoregressive process t 0, ± 1,...) of order p is defined by

(1.1) 
-i 

- 

~~~‘ 
t — o, ± i..

i—0

where y
0 

- I and is a sequence of uncorrelated random variables with mean

0 and co~~ on variance ~2. We assum e that the roots of Ti 
— 0 are outside

i-o
th. unit dinc. The process (1.1) is completely specified by

• (y
1
,..., y a~~ ’ when the E are assumed to be normally distributed .

p C

Throughout this paper we shall assume normality of

Usually statistical inference is based on a set of T consecutive observations

• Let

(1.2) 1. ~‘i’ ~~~~~~~ ~‘T~~ ’

and let P be a permutation matrix such that — (e ’, fl’)’ , where a is a

(T-s) ~ 1 vector and m is an miii vector, with the ordering in s and a preserved .
I. _.

Suppose only observations in ~ are available and those in rn- are missing. Our

goa l here is to obrain maximum likelihood estimates of •.

For any T*T a a t rt x  C , let us define C , C , C and C to be the
—e s -sm ~~s r~m

(T—vi) ~ (T—e), CT—a) n, m x (T—a) and e~ m matrices , respec tively, satisfying

/C  C
( —i s —sm

(1.3) P C P’ —
— -~

C C
~ss m

For the rest of this paper , let fQI$) denote the probability density function

of y, f (a~,) denote the probability density function of~~, f(1~.,~~) denote the

conditional probability density function of . given ., log f (y f~~) denote the log

• -, . - .  . - ———- --—-
~~~

•-•---————- ---- -— — — - - . - , -

~ •
.-. _-_; 
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likelihood f unction based on and log f( s I~~
) denote the log lik.libood function

based on s. I). assume that the maximum likelihood solutions satisfy

• 
~ log f (sI•)—

• —V
-V

2. Soa. basic results

Assume that y is distributed as multivariate normal with mean 0 and

covariance matrix E , that is, f ( y J ~~) is given by

(2.1) ~
(
~
I,) — — exp (— ~~y ’ 

‘y~.

V..

Then Pv — (a’, m’)’ is distributed as multivariate normal with mean 0 and
~~ •— 

-V

covariance ma tr ix  P E F ’ . Sinc e P F ’ — I , where I is the TxT identity matrix ,— — — — ~- —T —T

(2.2) (P E P’) 1 — P ~~~~ P’

— .L P P1
2 — — —

a

I M  N.as —sm
I I— - i i
o 

~~ M N
-.me

vt~ere 
e,2 

~~‘ • P1, and P1 • N , N and 11 are as defined by (1.3). Also, by
—is ‘-as ‘aa ~~~

(1.3). we get 
_________

H

~ ~~
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(2.3) p £ P’ —— -
Tbar .fore from (2 .2 )  and (2 .3) ,  it follows tha t

(2.4) (CoY (
~I±)

)
~ 

— E ~~~~ — 

~
-
~j 

1~t•~ ~~~~~~~~~~~~~~~~~

(2.5) (Cow (~I s , 
~~~ ~

1
- —  N2 ~~

(2.6) F (!I, •1 
~~~~~~~ ~~~~~~~

• 2~m m . ~as ~~
‘

and

(2.7) I~I — JL .~ L’I

‘~~ M t i n  -M  N ‘N—me ea —-as —mm —a,

From (2.4) and (2.7), we obtain

(2.8) - 

(,c;~
-;•
~) 

T-a ( T~,,.I) ~
~~~~~~~ ~~

_ s’ 1$ 
- N N -t N a) .2~~ — p s — a n —mm -sq —

2o

Ixpressions (2.5 ) and (2.6) will hi used in the following sections. Though (2.8)

gives the expression for the probability density function of u, we will not use

I ... 
• . . - •  •‘ — .• ..— — - -

~~
-
~~~

— .  — - -  — -.-- —
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it to obtain th. score function 
a log f(si*)  

, due to the simplicity of

) log t(2~~)
and Lemma 1 in section 3. We will use (2.8) in proving the asymptotic

properties of the estimates in a subsequent paper. Under suitable conditions ,

th. estimates of • based on the N.wton—Raphson method and the method of scoring

are shown to b i’i: - consistent , asymptotically normal and one—step asymptotically

efficient if the initial estimates are — consistent.

3. Estimation

Let

(3. 1) -y — (r ,.. ., -Y )‘
~~ 1 p

W a nd

(3.2) -Y —

Then (i.e Anderson (1971), sec 6.2, and Box and Jenkins (1976), sec 7.A.5)

(3.3) log f(y~~) • — log (2w 02 ) + 1 1O~~ tNt - —
~~~~~ 

y ’ $ y
— L - 2 — 2o — — —

1’ 2 1 ~~ 1
• - ~ log (2, a ) + ~ log in1 — — y D ~v—. 2o — U U

where the elements n of the TXT matrix N is given byat —#

st ~ r+l—t , T+ 1—s

sin(s t)—l
• ~~~ •V j+ts_ ti , 5, t — 1,..., p,

p-Is-ti
• V V +t I
1.0 ~ i ‘~~ t i ,

mm (s , t) -
~~ T-p,

s—t i . 0,1,..., p .

• 0 • Is—t i •

- — - - - .___ _ _
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and the element d~ 1 
of the (p+l) ~ (p+l ) aatrix b is given by

(3.5) dii z’ b~1 z
with the element a of the TXT matrix Au given

liv

(3.6) a — 1, if (m ,n) • (i+. , j+ s),

5 — 0,1, . . . ,  T+l — (i+1),

• ,, otherwise.

From (3.3) we obtain

~ log f ( y l • )  1 ~ log t N t
(3.7) — 

— 
- 

~~~~~ i~o 
‘
~
‘
~~ d

1~ 1 1~ 1,

I — 1,..., p,

and

a log UZI ±) T(3.8) , — — ~~~~~~~~ + V D V
ac’ 2o 2o ~~~~~~~

) log f ( .J ~~) ~ log f(yj~ )It its —
~~~

--- that  ii of interest to us and not a~ 
— 

~~~

— , since
— 

~ log f ( si , )  -.
observations in • are missing . However , — can be derived from

a i~~ f( , I ,) —

a. — 
•~ indicated in th. following lemma.

L~~~(A I. (Orchard and Woodbury (1972)).

a log f(.~,) 
~~ 

log Uz iV 1
a, I

— • . -.- ‘  , - . — — —
--- ~ -~~~_ - £ _ _ ._ —~~~~~~ - - - ---_--~~ —— - - - —  -
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T’rnof. The renult follown immediately from

~ log ~~mIs,~)(3.lO~ P.C ‘

~ I ~~ 
-

It is clear from (3.7)  — (3. 9) that

~ log f (
~ i~
) 

1 ~ log 
~~~(3.il~ 

~
-Y _1 

-

~~ ~~ 
F. [d~+1 1+1 I 

~~
.

— 1,..., P.

and

~ log f( a ~~ ) T
(3.12) 2 

— 
— — + —i- y ’ F. [D Is . • I ‘r2a 2a ~~~~~ — —

The term log ~MI is 0(l) (see Hannan (1973), e.g.) while d
ii 

is 0 (T). The

effect of neglecting log ¶M I is negligible for moderate or large T, and we shall

neglect log IPI f and other negli gible terms henceforth. Prom (3.11) and (3.12),

it follows that the likelihood equations are given by

(3.13) Yg F[d~~1 1~ 1 I 
~~~~ 

- 0, j - 1,..., p,

and

(3.14) ‘~~ — 
+ 

y’ FIfl I 
~~~

When there are no missing observations, Fid~~l j41 I 
~~~

J• d~~1 ~~ 
doe. not 1nv~ Ivr

unknown parameters. Then the equations are linear in -y
~~~~

, i — 1,..., p. and are

the Yule—Wal 1~er equations . When missing observations do occur,

s, involves unknown parameters and (3.13) and (3.14) are

highly non—linear in the unknown parameters. In fact, fro’i (2.5) and (2.6),

(3.15) F[d~~1 j+1 I
• s ’t (A ) — (A ) 

~— L —~~~ ,J41 as 
..g+1,j+1 is —

- K 
~~g+l,j+1~aa ~! ~~g+1,j+l~i.i 

i~] ~
+e2 rr (A . .) N ’. 

-

LE.. - 
- --- .• • • -- - - -  
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where I • L’m.’ and the matrices involved are as defined in (1.3). (3.4)

and (3.6). Therefore solutions of (3.13) and (3.14) are not straightforward

and iterative procedures have to be used .

We propose the following three methods of solving (3.13) and (3.14):

the ~‘I algorithm, the Neuton-Rapheon method arid the method of scoring.

a. The ~~ algorithm. Since • is to be estimated, it is natural that
one replace E[. t a in (3.13) and (3.14) by E[. I a , •~J, vhere~~1 is
some estimated value of • and obtain •j~~] iteratively by solving

(3.16) 
~~~~~~~ 

£[d~~ 1~~~ 1 •a -,~~~
— 0.

and

(3.17) °i+l — T ~~~~~~~ ~ ~~
‘ ~~ J ( r ) ~~.

Her. (y ) and (y ) denote the estimates of y and ‘y , respectively, atg j  g

the j— t h  i te ra t ion . As shown in Tan (1Q79), the above method gives the sane

solutions as the EM algorithm proposed by Dempater. Laird and Rubin (1977).

b. The ?1ewton-R~~ hqon Method. From (3.11) and (3.12), we obtain

a2 
log f(s~•) a

(3.1F) - 

~~k ~~~~~~ 

- 

~~ 
(
g
~~ v~ 

-
~~~~~

— E[d~~.1 1+1 
~~
‘ ±1

+ E[d~~1 1~ 1 I

• k • 1,..., p.



- - 1  8

I: . . a2 log f(sJ~)(3.19) 0
1~~+l 

- 

~‘r1 aa
2 — 

g.;o ~~~ ~~~~~ ~~~

-

— ~ Efd~9~1~~41 I

J — 1,..., p.

and

2
~ log f(sI~~) T 1(3.20) 0

p+1 p+1 
— 

~(2
)2 

— + z~ ~! ~]‘

where the .lement b
11 

of the (p+l) 
~ (p+l) matrix 3 U ~‘?~ven by

(3.21) b11 
— — -~~-~~ Efd~~ a,,] + 1~ tr 

~~~~~~~~~~~ 
1 .

Thus , the Nevton-Raphson method leads to the fol lowing set of equations :

a log f (.~~ )
(3.22) .2I.~ ~~~~~~~~~~~ 

— — 

~~~ 

I ±i
~ log f(s 1 4)

where the elemen t 0 of 0 ii as given by (3.18) — (3.21) and —
ij — a,

is as given by (1.11) (without the first term on the right—hand side) and (3.12).

c. The Method of Scorin .~~ From (3.15). (3.18) — (3.21), we obtain

(3.23) • (r oU-j + -Yg F ~~~ E[d~~1 J41 I ~~~~~

~~, ~ 
• 1,.... 

~~,

(3.24) 
~j,p+L ~[ - i

,~~~ 1J 
~~ g!o Y

8 
tT ¶~g+l,j+1~mm ~

I • 1...., p.

— 
— . - - - .  -I — - 

— — 
— - — — — .— 

—~~~- - ----- -.- - -
~~~~~~~~

- - --- -~~
.- — - -- -- -

~~—
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and

(~.25) p+1,p+1 Et0
~..i 1,.,.1] — — + 

~i; 
T 

~~~~~~~~ 

y
1 

c(i—j)

• . 
- 

~~~ ~~~~~~~~ 

Y
~ 

V~ t r  (Aj+i j+i)mm $
~~~1

where 0(k) - E[yt+k 
y
~3- . Thus , the method of scoring leads to the following

set of equations:

a log f ( s~~ )
(3.26) !I .~ ~±i +l 

— — 
—

a log f ( sI ’)
where the elements -f ~ are g iven liv ( 3 .23 )  — (3 .25 ) ,  and —

is given by (3.11) (without the first term on the r ight—hand side) and (3.12) .

We have used the  f .~~ t tha t  E1J~+1 1+1) — [T — (1+1)] o(i—j), which  can be

approximated by ~ ~(i-j) fe~r moderate or large T.

4. Compari son of t h e  m.’thods of estimation

The eat 1r~.aren r~f based on the Newton-Raphson method, the method of

scoring and the EM Algorithm can be expressed In the follosi-inp, form

~ log f ( q ; - ~ )
HI, ~~~~~~~ 

— —

~ 
Jog f( s~~ )

where - is given by (3.11) (without the first term on the right—hand

•ide) and (3.12). Tn the Newron—Raphson method , we have

wher e 0 is given by (3.18) - (3.21). In the method of scoring, we have

____ !_- -
~~~~~~~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—---- —--~~~~~~~~~~~~~~~~~
-- - - -

~~~~~~
---. -~

-- --- --
~ 

— —
~ -- -- — -
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where • is given by (3.23) — (3.25). In the EM algorithm , we have

H —

where eleme~ts of ~ are given by

w • ( ~gj jg

• -~~
-

~~ E[d~.,.1 1~~1 ~~‘ ±1 g,j 1,.... ~~

— 0 , g —  l , . . . , p ,  j — p4 1

— K — p+i, j — p+l.

Let

A — 0 -

C • -

and

~og f ( y~~ )
t ( ~ ) - E  f -  

~~~~~~~~~~~

a 2 log f (~I~
)

~[
log f ( v I ~~)

•
~~~~~

[- ~~~~~~~~~ J - E ( 2 F

-
~~~~~~~ ~~~~~~~~~~~~~~~~

- —_ __ -— _---
~~
- 

~
— —
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I (a) is r e f e r re d  to  as rh.’ lost information “~at r tx In C~rchard and Woodhurv

(l°72). It followo t h a t

E(A) — 0,

and also

F.(K) E(C) I (4)
- .. -ii -i n  —--  - -- — u n  - - - - - -- • u n  —‘ I— n --r ’ ,

E(~) ~ 
~2 log f(y~~)

since u r n  - - -  
~~~

- -  - u r n  - E —— -— --— - - - -—-~—~~~~---- (see Box and Jenkins (1976)T-m ‘~~

I (~~)
section 7.A.5). In general , u n  H~~-

” Is not  neg l i g i b l e .  For example,

when p — 1 In ( 1 . 1)  in- ! the  pr  t-~ s ~~~~ is p eriodi-allv observed for o rime

points and th~’n n-~~ ~ f r  ~~ r ime poInr~~. I c -rn be shown that  (see

Tan (1979))

I (~)-j im

/ ~
‘ (l  + .~ -~~~~) (3 1- - ‘~~~) 

- v
i

(l + 2V~
)

—
~~~~~~~

— (
~ + 2 v ~~) 1

-, 4
where — (1 + -.‘

~ 

4- It is eac v to see t h a t  t he  above matrix is positive

definite.
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