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and eliminate much of the subjectivity inherent in applying learning—curve
theory. This study investigates approach for developing parametric equa-
t ion. to estimate cost. of the next lot/unit of an aiframe program . Due to
the nature of the problem, estimat ing the recurring cost of the next unit using
all available information (i.e. lot observations of historical airframe pro—
grams and early actual lot cost. available for th. new program) a Bayesian
methodology was chosen. The Bayesian approac h updates RANDOM CER.. developed
from a mixed linear model which considers random effect.. Because the basic
model considers random affects , RANIX)M was chosen as the name for these CERs.
The RANDOM CERs consider an error due to different types of airframes and an
error due to the equation . The RANIX)M CERs were chosen because these CER.
proved to be better predictors of airframe cost than CER.. using other techni-
ques. Compar i son ~t Bayesian CER est imates with estimates derived using other
techniques resulted in the Bayesian CER being a better predictor of the cost
ol the next unit. The Bayesian approach provide, a parametric means of esti-
mating the functional costs of the next ~tirfraae unit.
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- Preface

This study investigates a Bayesian approach for

developing a parametric equation which will estimate

the recurring cost of the next lot/unit of an airframe

program . Recurring costs are predicted because defini-

tionally these costs are expected to reflect the cost

for a follow-on production unit. Although the data base

used for this study consisted of production cost informa-

tion , the Bayesian approach may be useful for providing

a parametric estimate of production cost using recurring

costs from a prototype effort. However , until defini-

tional problems associated with separating engineering

and tooling costs into recurring and nonrecurring cate-

gories are resolved, predic ti on~i of production or next

unit engineering and tooling costs will be marginal.

Because of the defini tional problem, total cost, (non-

recurring and recurring) was used in this study to

develop Bayes ian updated CER8 for the engineering and

tooling categories. ~~~~~
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Abstract

Because production costs of a irframe programs absorb

a significant portion of the defense budget, government

decision makers and program managers use cost estimates to

assess and decide follow-on procurement strategies, to

budget for follow-on production buys, and to control obli-

gations and t~xpenditures of the budget appropriated for

the current production buy . Production esti~nates are per-

formed using a ~grass roots
N approach or an application of

learning-curve theory. The grass roots approach is time

consuming, while the use of learning-curves requires sub-

jectivity by th~ analy~;t. 1 ra~it-tric techniques are quick

and elim inate n~xch of the sub)’ctivity i nherent in applying

learning-curve theory. This study investigates an approach

for dcv~~1 ptn~; parametric cc~uations to estimate costs of

the next lot/unit of an .:irfr~~r~c program. Due to the

nature of the problen , cstima t~ng the recurring cost of

the next unit u !in ; all avail .iblc information (i.e. lot

observation s of historica l airframe programs and early

actual lot costs available for the new proq ram) a Bayesian

methodology was chosen. The I~ayesian approach updates

RAN DOM CERs developed from a mixed linear model which

considers random e f f e c t s .  Because the basic model considers

random affects , RANDOM was chosen as the name for these

CERs. The RANDOM CERs consider an error due to different

types of airframes and an error due to the equation . The

x
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RA N DOM CERs were chosen because these CERs proved to be

better predictors of airframe cost than CERs using other

techniques. Comparison of Bayesian CER estimates with

estimates derived using other techniques reeulted in the

Bayesian CER being a better predictor of the cost of the

next unit. The Bayesian approach prov ides a parame tric

means of estimating the functional costs of the next air-

frame unit.

xi 
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- APPLICATION OF A BAYESIAN /~PPROACH

TO UPDATING AIRFRAME CERs

I. Introduction

This  thes i s  e f f o r t  is conducted to develop cost esti-

mating relationships tha t will prov ide accura te updated

cost estimates of fu ture lots of a irframes as add itional

information of the ac tual cos t of prior produced lots

become available. A cost estimating relationship (CER) is

a mathematical formula which pre~Iicts the dependent variable,

cos t , from a functional relationship of known independent

variables , for example, weight and speed for airframes.

The independent variables are causal effects of the dependent

variable. Due to the nature of the problem of updating a

cost estimate ‘~sing pr ior information (historical airframe

cost data) and observed data (early actua l lot costs of an

airframe program), a Bayesian approach was selected to

develop CERs for estimating costs of the next lot of air-

frames produced . The Bayesian approach employed in this

thesis may be useful for providing lot or unit cost esti-

mates which can be used to determine production budget

requirements during the production phase of a new weapons

system .

The first section of this chapter discusses the phases

of the acquisition cycle and the importance of accurate

1
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cost estimates in the decision process. The next section

introduces the reader to the spectrum of techniques used

to provide cost estimates. The following sections present

the statement of the problem , an enumeration of the objec-

tives, and a brief discussion of the methodology employed.

The las t section is an ou tline of the organiza tion of the

thesis.

Acquisition Cycle

Sys tems analysis has become increa singly important in

this modern complex world for evaluating alternatives and

aiding the decision maker in making informed choices. Sys-

tems analysis is a methodology that assimilates the theoreti-

cal principles of economics , operation s research, and other

disciplines into the managerial decision process (Re f 31:12).

The Department of Defense (DOD) uses this type of analysis

to select between proposed new weapon systems and existing

weapon system(s).

For a new system to become part of the active defense

inventory, the new program must go through five distinct

phases of what is termed the acquisition cycle . The five

phases are the conceptual, validation , full-scale develop-

ment , production and deployment (Ref 4:43). Each of these

will be discussed in the following paragraphs.

The conceptual phase is the initial phase in which the

requirements for a system are defined and the system concept

2 
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of employment is developed . Several studies are performed

in this phase. The feasibility study is accoiaplished to

determine if current design a~id production technologies

exist for producing the system . Then estimates of the

desired operational suitability are prepared. The feasi-

bility study is concerned with whether a specific design

can meet the operational requirements established by the

user. Another study performed is a cost analysis. Current

techniques of cost estimation are used to provide informa-

tion about the preliminary cost of the proposed program.

This cost informati on is then used for comparison studies

between the proposed program and the various alternatives

to meet the established operational requirements (Re f 3:

2-4). An important s tudy  t h a t  must be accomplished in

t~sis phase is a risk assessment of the proposed program.

This is performed to explicitly state the known uncertain-

ties and risk involved with the program wh ich allows a more

informed and intelligent decision to be made concerning the

transition of the program into the validation phase (Ref

4:48).

The val idation phas e consis ts of addi tional study and

analysis. The primary objective is to validate the choice

of the proposed program selected from the various alterna-

tives in the conceptual phase, and then determine if the

next phase of the acquisition cycle should be entered (Ref

2:4). The preliminary design is defined when independent

3
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design studies are accomplished by both the contractor(s)

and the government. Definite performance requirements are

established which in many cases require cost trade—of fs to

be analyzed. Now that performance characteristics have

been establ ished , various parametric studies can be performed

including cost estimation s and evaluations. In the valida-

tion phase, some experimental shop fabrication may occt~r on

various subsystem components or a prototype, fully func-

tioning total system , may be required to be built (e.g. a

flyable system for an aircraft program). The key elements

of this phase are the experimental shop fabrication approach

and the fly-off and test concepts when a prototype is

required (Ref 4:50).

The full-scale development phase is the transition

phase for the system. In this phase the system and neces-

sary support items are designed , fabricated , tested and

evalu ated pr ior to the sys tem movin g into the production

phase (Ref 2:4). While the validation phase required

testing to ensure the performance requirements are met,

testing of additional systems and subsystems produced in

— the development phase is required to ensure the system will

meet all estab li shed opera tional confi gura tions and objec-

tives. Two important events happen in this phase . One is

the initiation of many of the formal procedures and techni-

ques to be employed by manageme nt for a large production

ef fort. Some of these include configuration management,

4 
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contracting, and cost control. The second event is a

specification of a final detailed design. The engineering

drawing! are completed so that contracting can occur for

force structure quantities. Efficient and successful com-

ple tion of tasks in this phase provi de for a smooth transi-

tion to the production phase that follows (Re f 4:60).

The production phase is the period of time between

production a7prova l and delivery and acceptance of the

last system by the customer. The primary objective of

t h i s  phase is to efficiently produce and deliver effective

systems to operating units , and to ensure these systems are

supportable (Ref 2:4). Once the system is in this phase,

any changc3 in the system hardware must be formally pre-

sented in the form of an engineering change proposal (ECP),

(Ref 4:74). As the systems are iccepted by the user or

custome r , the :iext phase begins.

The deployment phase is the period of time from the

f i r s t  opera t ional  un i t  del ivery un ti l the system is phased

out of the i nven to ry .  The product ion  phase and deployment

phas e overlap (Ref  2 : 4 ) .

Role of DSARC

The Defense System Acquisition Review Council (DSARC )

perrorms an important role in the acquisition of new syst~ ns

for the Department of Defense. It is a for’nal body of

off icials from the Office of the Secretary of Defense which

reports to the Secretary of De fense on the status of a

5
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major weapons system. The DSARC reviews the Development

Concept paper which defines the program plans, performance

parameters, areas of major risk , cost analyses, and acquisi-

tion strategy to determine if it is ready to proceed to the

next phase of the acquisition cycle. DSARC then makes a

recommendation to the Secretary of Defense for action con-

cerning the major program which consists of approval or

di sapproval for continuance, or additional study. These

proceedings occur three times in the acquisition cycle and

are importan t decision points. Program decision , DSARC I,

occurs at the completion of the conceptua l phase to deter-

mine if progress should be made to the validation phase.

R a t i f i c a t i o n  decision , DSARC II , is at the completior of

the validation phase. Production decision , DSARC I I I ,

occurs at the completion of the development phase and

pr ior  to the production phase (Ref 3:al-l). These decision

points  are i l l u s t r a t e d  along wi th  the acquis i t ion cycle in

figure 1.

To make decisions intelligently during the acquisition

cycle, DSARC performs cost analyses to obtain estimates of

costs. The basic purpose of cost estimating in systems

analysis is to provide an indication of the amount of

scatce resources required for each alternative considered.

This is the use of 3stimates by DSARC I. As the cycle

moves to DSARC II and DSARC III, where the alternative has

been selected, cost estimates for the program or syst~~

6
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selected provide cost information for budgeting and con-

trolling the program (Ref 11:44). There are many techniques

used for estimating system or program costs. Some of these

techniques are discussed in the following section.

Methods Used to Estimate Costs

The range of cost estimating techniques consists of

intuition at the one extreme to a detailed look at labor

and material cost standards obtained from micro level

time studies of worker actions. The three techniques

that will be duscussed in the following paragraphs are

the analogy , industrial engineer ing, and statistical

approach (Ref 21:1).

The analogy approach consists of the estimator analyz-

ing similarities and differences between some previously

ex isting system and the one under study . The estimator

then applies judgment to obtain the final cost estimate.

Analogy is an approach used by government cost analyst

to provide a rough check of an estimate made using another

technique. Analogy has been used in private industry as

the primary technique for obtaining estimates of costs.

Estimators frequently use analogy when a firm moves into

a new product line where no previous cost experience is

available (Ref 21:1). An illustration of this situation

occurred in the l950s when many of the aircraft companies

were trying to obtain contracts to build ballistic missiles.

S
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These compan ies used analogies between aircraf t and mis-

sUes to provide estimates of cost for a missile program.

Douglas Aircraft used the method to obtain estimates for the

Thor missile from its experience with the DC-4 transport

aircraft. Good results were obtained. Later, when

anilogy was used again to obt~zin estimates for new mis-

sile systems using the Thor experience, the results were

not as successful. The major drawback of this approach

is that analogy relies heavily on judgment and experience

(Ref 21:7).

Industrial engineering estimates are obtained through

the detailed examination of work at the micro level and

aggregating the runy separate detailed estimates obtained

into a total. The first steps in performing the micro

level study requires the estimator to look over the set

of engineering drawings and determine the engineering,

tooling, and production operations required to produce

the item . His analysis will specify the amount of labor

and material required to be used. Where standards have

been established the job of the estimator is simplified .

He simp ly multiplies his est imates of labor and material

by the applicable standards to obtain cost estimates for

each component. These cost estimates are then aggregated

into a total cost estimate. In the event that standards

have not been estab lished, a detailed study of each worker

9
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operation must be performed to specify the most efficient

method for performing that task. Each task , using the

most efficient method of performance is timed. The times

required to accomplish each task are then aggregated into

a total for that operation to determine a standard time.

Because thi s technique is ~n in depth analysis, it is

generally not used in the aerospace industry (Ref 21:2).

The procedure rcqu ires more personnel , time, and data , then

other methods. Also, the industrial engineering techni-

que may be less accurate than estimates acquired from

statistical methods. A reason for reduced accuracy is

that small errors introduced in detail estimates can com-

pound ard :esult in a large tctal error . For example,

if cost estimates of the elements, either manufacturing

lsbor or material , are in error and overhead is a per-

centage of the aggregate of both , the total estimate will

be in error by the amount of the error in the element plus

a percentage of that error. Another reason that estimates

acquired through statistical methods are better than esti—

mates obtained from an industrial engineering approach

may be due to the significant variability of factors

assumed to be standard using an industrial engineering

approach . Variability is frequently experienced in the

aircraft industry and is caused iy the factors of changing

design, limi ted production runs of like models, and fre-

quent unexpected production rates. These factors make it
a.-’

a
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very di fficult for standards , used in the industrial engi-

neering approach , to be estab lished or relevant throughout

a program (Ref 21:6).

The effec t of these fac tors can be repre-
sented statistically by the learning or progress
curve so characteristic of this industry. One
set of fabrication and assembly modes is suc-
ceeded by more efficien t production functions,
whicn lower the total labor requirements (Ref
21:6).

The Department of Defense has found tha t  s ta t is t ical

method s provide the a b i l i t y  for  independent and objective

cost es t ir ~ates. They are  not forced to re ly  completely

on es timates  prov~ ded by the  i n d u s t r i es , which  end to be

optimistic and re’lect the motivation s of the preparers

(Ref 12:55). The statistical approach discussed in this

section is concerned w~.th estimates obtained through use

of a CER. S t at i s t i c a l  e s t i m a t in g  is sometimes defined as

s t a t i s t i c a l  ex t rapo la t ion  from cost or commitments exper-

ienced on the job to provide an estimate of the costs of

the next unit or lot , or costs at the completion of the

job (Re f 2 1 : 2 ) .  The l at t e r  def ined technique w i l l  be

discussed la ter  as a method used to provide estimates

from early actua l cost data .

The statistical approach ca~i be used to provide the

required cos t estimates necessary for long range planning

through contract negotiation . Since the technique can be

used for a variety of situations, it may vary in form for

alternative applications. The variation in the application

1] 
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depends on the purpose for which the estimate will be

used and the available data. For example , for long range

planning the CER used may provide highly aggregated cost

estimates since detailed knowledge may not be available

or desired. In this phase of a program all that is re-

quired is an estimate of total cost. As the program moves

closer to contract negotiation more detailed CERs would be

used . These CERs would provide estimates of costs by

categories. A set of categories that many organizations

use for collecting cost data for accounting purposes is

by functiona l category, e.g., engineering, tooling, labor,

mate r ia l , and overhead . This cost information provides

management with budget and control targets to ensure

efficient program performance (Ref 21:89).

When the statistical technique of regression analy-

sis is applied to historica l airframe cost dat~ , which

- - 
reflects learning-curve assumptions , CERs can be developed

which provide “good t~nbiased and reliable estimates.

The subject of regression analysis and learniflg-curve

theory will be discussed in more detail in Chapter II.

Statement of the Problem

The cost of complete sys tems wi th support equipment

has jumped by a factor of seven during the period 1945 to

1955. From 1958 tn the present the cost of complete sys-

tems continue to increase. Rising costs contribute to

the current operating and support systems expenditures

12
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and absorb a greater portion of the total defense budget.

Since the budget has been relatively fixed in recent

fiscal years, less funds are available for concept and

engineering development of new systems, let alone for

development and production (Ref 4:26,28).

Due to rising costs and fixed budgets , grea ter

responsibility has been placed on the Secretary of Defense,

DSARC , DOD, and program managers for their decisions con-

cerning the eftici ent expenditure of budget dollars to

provide effective benefits (an acceptable defense posture).

When operating under fixed budgets , the managers of the

funds must ensure the best techniques of cost estimation

and available infornition are used to forecast and control

spending. If this is not accomplished , overruns w ill

continue to be a DOD problem . As overruns absorb a

greater portion of the fixed defense budget , funds avail-

able for development of othe r systems or procurement of

additional, systems will be limited (Ref 4:26,28).

Due to increased costs and competition for limited

resources , the acquisition of airframes represents a

significant expense to the Government of the United States.

Early in the planning stages of acquisition , parametric

method s are used . As development units or prototype units

are completed, actual cost data becomes available for use

in projecting costs of full-scale production. Projected

costs for future production lots are also needed by the

13
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program manager for budgeting and controlling future

expenditures. To accomplish budgeting and controlling,

current methods require accurate determination of the

components of developmen t and early production lot costs

that are recurring and the learning-curve slope. The

current m-’thods result in decreased accuracy due to the

errors created by cost reporting systems to identify

recurring and nonrecurr ing cos ts consistently and biases

in selection of a learning-curve slope. A reliable

stitistical technique needs to be developed to estimate

Costs of succeeding lots of airframe s for a new program

using the available early actua l cost data for the new

prog ram and historical airframe cost data.

Objectives

The pr imary objective of this thesis is to develop

a model that prov i des reliable estim3tes of the next lot

of airframes for a program using the prior actual cost

data that is available. The model will hopefully provide

better estimates than now can be obtained by applica-

tion of current methods used to project future lot Costs

from observations on development units. The second

objective is to obtain a confidence interval for the

estimate obtained from the model. Another objective

will be to compare the results obtained from the Bayesian

equations with estimates obtained using several current

methodologies . The comparisons should provide an indication

a 14
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of the value of the Bayesian methodology as an estimating

tool.

Methodology

The RANDOM CERs developed by Marcotte in his thesis

(Ref 19) were selected for the applicat ion of a Bayesian

approach for updating CERs because the RANDOM CERs proved

to be statistically abetter estimators than CER5 developed

using other currentl y published methodologies. The RANDOM

CER was developed from a mixed linear model which considers

two error terms.

Y~~~ XB + uj + cij (1)

where

Y dependent variable of airframe cost.

X independent variables of weight, speed,
and quantity.

u ~‘ error due to a particular airframe.

c - error term across all lots of airframes.

To estimate the parameters of the RANDOM CER the con-

cept of Henderson ’s Method 3 for fitting constants was

used along with the concept of Generalized Least-Squares

(AITKEN ) Estimators. Generalized Least-Squares (GLS) is

a methodology that provides estimates of the parameters

of a general linear model having correlated error terms .

The primary thrust of this research effort is to

apply a Bayesian philosophy to the problem of estimating

is
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future lot costs of an airframe program. Bayesian philo-

sophy allows usage of all information available, both the

current observations for the new airframe program and the

past historical data on all other programs. A methodology

discovered in the literature that is applicable to this

problem is a Bayesian approach to multiple regression

presented by Sasaki (Ref 30). The methodology allows .

regression coefficients from a previous experiment to be

updated as new information becomes available on a new

experiment. The updated coefficients are the posterior

estimates of the regression coefficients. The same value

for the posterior coefficients obtained using the Bayesian

methodology can be obtained by adding the data from the

previous experiment to the data provided by the new experi-

ment and performing regression analysis on the combined

data set.

The i mpor tan t  r e su l t  of the Bayesian methodology pre-

sented by Sasaki is the equation developed to estimate the

posterior variance ,

2 2
1 “ l + ~~ ~2— - (2)

where

variance of the first experiment, prior information

* variance of the second experiment, current informa-
t ion

“1 - degrees of freedon of the first experiment

16

‘a ________________

- - - - ----- S—- ~ - . -.*.~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ----—-



GSM/SM/76D-30

degrees of freedom of the second experiment

— total degrees of freedom (y~ +Y2)

Equation (2) weighs the variance of each experiment by the

number of degrees of freedom for each experiment and divides

the sum by the total number of degrees of freedom (Ref 30:

472).

Since the RANDOM CERs were developed using historical

fighter airframe cost information , the estimated parameters

are considered prior information for the application of a

Bayesian approach to updat ing  a i r f r a m e  CERs.  The lot cost

data observed for a new airframe program arc considered to

be current information from a new experiment. Since regres-

sion analysis on the combined data sets provide the same

regression coefficient values as the posterior regression

coefficients resulting from the Bayesian methodology pre-

sented by Sa’aki (Ref 30), regression analysis will be per-

formed using combined data sets to obtain the posterior

coefficient estimates (B).

Due to the assumption that correlation exists among

the observations, GL.S techniques will be employed to esti-

mate the coefficient parameters. The posterior variance

will be estimated using equation (2). The equation requires

estimates of &~
2 and a2 which will be obtained from inde-

pendent regression analyses on the historicdl cost data and

the new program data.

17
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Because correlation exists among the observations of

a new program, predict ion requires a special treatment

using the GLS methodology presented in Johnston (Ref 14 :

208-213). The posterior CER developed requires the addi-

tion of an adjustment factor which takes into account the

correlation between the observed lots and the lot to be

predicted . Details of the GLS methodology are presented

later in the thesis as outlined in the following section.

Organization

The introduction to this research has provided the

reader with the statement of the problem , objectives of

the research , and a brief discussion of the methodology

employed. Chapter II discusses the techniques and theory

used to develop CERs for estimating airframe cost. Sum-

maries of several recent studies conducted which develop

airframe CERs and two studies which attempt to provide a

technique for projecting future costs from early actual

costs and provided as background of the state-of-the-art.

Chapter I I I  is a discussion of the data bases used to con-

duct this research , and a discussion of the methodology

used by the writer to develop CERs which predict unit

average cost in terms of we ight and speed . Chapter IV

addresses the methodology employed and application for

developing airframe CERs. Chapter V presents the Bayesian

CERs developed and comparisions of the Bayesian CER predic-

tions with estimates obtained from several other CERs.

18
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The comparisons ~re made to determine if the Bayesian

methodology provides a Nbetter h estima te of future lot

cost than other methodologies. The last chapter , Chapter

VI , sun~narizes the research effor t, discusses the conclu-

sions , and presents recommendations.

19  
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I I .  Background

This chapter presents background information that

relates to development of CERs and updating estimates.

The chapter is broken into two sections.

The first section of this chapter is intended to

provide the reader with an understanding of the two basic

concepts used to obtain airframe CERs. The first concept

is the phenomenon corwuonly referred to as the learning-

curve . The second concept is a statistical method that

estimates parameters which provide a best fit straight

line through the observed data. This concept is referred

to as regression analysis. The last concept presented is

the mixed linear regression model containing fixed and

random effects. The Z~ANDOM CERs used in th i s  study were

deve loped using a mixed linear model. The latter part of

this section swnrnarizes ~evera1 stud ies which use various

methodologies , employing the techniques discussed above,

to develop airframe CERs. Predictions wade using the

Bayes ian CERs will be compared with predict ions made using

the CERs developed from these various methodologies to

determine the predictive capability of the Bayesian approach.

The second section o~ the chapter presents the results

of a literature search for statistical approaches which

update cost estimates. Two studies were found. One study

develops a formula to update current estimates for predic—

tion of future procurement cost. Some of the parameters

20
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require the use of sub ject ive informat ion . The other study

attempts to argue for a modified learning-curve developed

using discrete uniform probabilities and a cubic function .

Development of CERs

This section includes a discussion of learning-curve

theory and regression analysis as these concepts apply to

F development of CERs for predicting airframe costs. An

i t e ra t ive  method deve loped by Henderson , modi f ied by

Thompson , and used by Marcotte in h is  thesis (Ref 19) to

obtain airframe CERs, is also discussed . The CERs to pre-

dict airframe costs, developed by Levenson , et al in their

report, Cost-Estimating Ralationships for Aircraft Airframes

(Re f 18) ;  Marcotte in h i s  thes is , A i r f r a f t  A i r f r ame  Cost

Es t ima t ion  U t i l i z i ng  a Components of Variance Model (Ref

19); and by the writer , using the methodology in the Large

study (Ref 17), are used to provide estimates for comparison

to determine predictive capability of the Bayesian approach.

Each of the studies are summarized for the reader in this

section .

Learning-Curve Theory. The primary reason for dis-

cussing learning-curve theory is to provide the reader

with understanding of a method used cor~nonly today by

the aircraft industry and by government cost estimators

to project cost estimates of follow-on production from

early actual cost. The phenomenon of decreasing costs

with increasing quantity of production was observed by

F 21
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T. P. Wright in 1936. This phenomenon is known as the

learning-curve. Wright identified the following elements

that affect the cost of aircraft.

1. Design factors including type of material used.

2. Consideration ot tooling and production methods

as the airframe is designed .

3. Extent of engineering changes once into estab-

lished production.

4. Size and weight of the airframe.

5. Quantity of airframes built.

His primary interest was on the effect of increasing produc-

tion on the cost of labor, material and overhead . Wright

plotted labor cost data versus quantity of airframes.

From the shape of the curve drawn , it became evident that

the curve was of the form generated by the formula c xb

(Ref 37:122-125). This curve was called a learning-curve because

analyst fel t the learn ing process was responsib le for the

phenomenon of decreased cost either in man-hours or dollars

as quantity produced increased . Since then, analyst have

deteimined that many factors are enumerated in the Military

Equipment Analysis handbook published by RAND, and are

listed below.

1. Job familiarization of workmen , which results
from the repetition of manufacturing operations.

2. General improvement in tool coordi~ation, shop
organization and engineering liaison.

3. Deve lopment of more e f f i c i e n t l y  produced sub-
assemblies.

‘ a
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4. Development of more efficient parts-supply
systems.

5. Development of more efficient tools.

6. Substitution of cast or forged components for
machined components.

7. Improvement in overall management (Ref 21:94).

With the revelation that tnese and other factors are respon-

sible for the phenomenon observed , many new tit les have

evolved into cotunon use, “experience curve,” “time reduc-

tion curve ,” “proqress curve ,” and “percent improvement

curve” (Ref 20:1—1).

The learning-curve , C= xb, illustrated at the top of

f i g u r e  2 , is graphed on a r i t h m e t i c  coordinates.  When the

curve i~ plotted on log-log coordinates , illustrated at

the bottom of figure 2, the relationship of cost to quant-

it y  produced changes to a l inear  r e l a t ionsh ip .  Basically,

each time the quantity of goods produced doubles the cost

per item decreases by a constant percentage of the previous

cost of the item (Ref 21:93). For example , an item cost

$100 per u n i t  when 20 units are produced. As production

increases to 40 units the cost decreases by 20 percent,

to $80 per unit. If cost again decieases 20 percent

when 80 units are produced, the curve would be an 80 per—

cent learning-curve .

The formula that is generally used to express this

particular relationship is

(3)

23
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where ,

X = the number of the unit produced .

Y = the number of direct man-hours or dollars required
to produce the xth unit.

A = the number of man-hours or dollars to produce the
first unit.

B = log s/log 2 where s equals the learning factor
(Ref 8:488).

This f u n c t i on  is k nown as an exponen t i a l  (log- l inear)

equation . The dependent variable (Y) gets smaller as the

independent variable (X) increases. Both A and B are con-

stants where A can assume any positive value and B is con-

strained to a negative constant between 0 and -l (Ref 25:

12).

The value of A determines the va lue or magnitude of

vertica l height of the dependent variable (Y). The con-

stant exponent 13 controls the rate of decrease of Y as X

increases. As B approaches the value of zero, V approaches

a horizontal line , A units high and tends to decrease very

little for increasing values of X. Conversely, as B

approaches -1 , the rate of decrease of Y grows larger (Ref

25:13).

The first acceptance of learning-curve theory was in

the aircraft industry during World War II. Management

desired a method for p red i c t i ng  cost , manpower require-

ments , and setting prices in an industry facing many changes

and increasing complexity (Ref 20:1-4). Analyst discovered

25
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that the following learning-curve assumptions were appli-

cable to this industry :

1. The time required to perform a given task
decreases each time the task is performed .

2. The unit time decreases at a decreasing
rate.

3. The time reduction w i l l  follow a spec i f ic
and predictable function , such as an exponen-
tial (Ref 9:100).

The learn ing-curve  method continues to be used in the

.~i r c ra f t  i ndus t ry  to provide est imates for p lanning and

con t ro l .  Some of these usages , as pointed out by Asher ,

include cost estimating required for contract negotiations ,

budget estimations , and preparation of airframe production

schedules (Ref 5:4). The most frequent use of learning—

curve theory is to provide cost estimates. The following

are samples of the various situations where learning—curve

theory can be used for  e s t i m a t i n g  costs:

1. ~ew aircraft proposals. Cost estimates are

required to determine pricing during contract negotiations.

Past production experience on a similar item provides

insigh t into the type funct ion that represer.~~. the learn-

ing phenomenon and the slope of the curve.

2. Follow-on production . Once an a i r f r a m e  has been

in production , learning theory is applied to the available

- actual production cost data in order to estimate future

product prices. This may be required for price negotiations

or purchase of additional lots.

26
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3. Changes. When modif ica t ions  are proposed , the

analysts use basically the same procedures used in deter-

mining new airframe costs, but have the advantage of current

airframe production data. The cost estimate for the change

is evaluated in terms of the additional construction

required to be made to the present airframe.

4. Unsolicited proposals. Along with competitive

bids based on learning-curve theory, the company coninits

funds  for  development a i r c r a f t  based on estimates pro-

vided by learning-curve theory . These development air-

craft or prototypes which are produced to provide a basis

for  unso l i c i t ed  proposals .  The r e s u l t i n g  proposal wi l l

hopefully be evaluated and approved by the government,

and lead to follow-on contracts (Ref 6:16,17).

When production has not st ar teJ , the estimation proce-

dure using learning-curve theory becomes enlightened guess

work . Several options arc open to the analyst . One option

has been used for previous applications in the industry .

Another option is for the analyst to assume a learning-

curve percentage that is applicable for the same or similar

products. The last option is to analyze the similarities

and differences between the proposed startup and the pre-

vious startups to develop a new learning-curve percentage

which appears to best fit the situation (Ref 8:490).

Two counnon methods are used for applying learning-

curve theory to cost estimating. The first method requires

27
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an estimate of the cost of producing the first unit. An

accur ate firs t unit est imate is d ifficult due to the ma’~y

sources of variation in producing the first unit. Pin

assumed learning-curve percentage is then applied to esti-

mate the costs for followin .~ units. The second method

establishes cost at some unit well along in the production

curve process (i.e. 100th , 200th , etc.); then an assumed

l ea rn ing -cu rve  percentage is applied to determi ne the cost

of the preceding and following units. The “num ber one

cost” using the second method is defined as the theoretical

cos t of producing the first unit. This first unit cost is

termed theoretical since actual first unit costs are rarely

equivalent with the costs estimated by the curve. Errors

are generally compounded by both methods due to the selec-

tion of an assumed learning-curve percentage (Ra f 20:VII—l,

VII— 2).

Many factors uiflucnce the assumed learning—curve

percentage selected by art analyst. One factor is the

amount of initi a l investment it~ planning and engineering .

The more money sper.t i n i t i a l l y  in planning and engineer-

ing reduces the number of changes required to be mado later

in the product ion  process , deaig n , and labor force ; there-

fore ,  the rate of improvement is generally less than the

converse situation . Low rates of improvement are asso-

ciated with high percentage learning-curves. Another

factor which also effects the selection of a learning-curve

28
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percentage is how the work will be accomplished , either

by mart or machine. Labor intensive production systems

have high rates of improvement, while machine intensive

systems have low rates of improvement. A fact related

to this is that different types of labor generate different

percentages of improvement. Assembly line labor shows a

very high rite of improvement. The fabrication worker has

a lower rate of improvement. Many times the worker is

not responsible for the particular rate of learning, but

the nature of the work . For example , the speed of a job

depends more on the equipment th.~in on the skill of the

operator . The rate of learning improvement is reflected

only in lessening the time required for set-up and main-

tenance . If these two items canno4- be reduced significantly,

the skilled operator of the equi pment has a very low rate

of learning (Ref 20 :1—8 ,1—9 ).

The reliability of t:~c cost estimates from the appli-

cation of learning-curve theory depend on the estimate

of first unit cost and the assumed learning-curve percentage.

Where production has beg un , one source of error in the

application of learning-curve theory to early actual cost

is el iminated because the value of the “number one cost

is no longer an estimate but an actual value . Other

assumpt ions which are also impor tant follow :

1. The same production condition exists for follow—
on production as existed in the past.
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2. Large changes do not occur in the labor force.

3. Major changes will not be made to the airframe
(Ref 6:10).

If an error does occur in an est imate, many times the

error can be attributed to one of the three assumptions not

holding (Re f 21 and 6:118 and 11).

Regression Analysis. Regression is a statistical

method that identifies patterns in historical or observed

data. Regression provides a method to measure the rela-

tionship between tt.a or more variables. There are basi-

cally two main objectives for performing a regression

analysis. The first and most important to scientific

research is for testing hypotheses. Because many hypo-

theses in the social sciences cannot be proved using deduc-

tive methods, the statistical method of regression is an

invaluable tool to the social scientist for verification

of hypothes is. The second objec ti ve is to make predictions

of the values of variables (Ref 30:404). Development of

cost e s t ima t ing  r e l a t i o n s h i p s  to pred ict a i r f rame costs as

a function of one or more independent variables using past

historical data is an example of this second reason.

Though it is desirable to predict a value of one

variable exactly in terms of others, this rarely occurs.

Regression analysis predicts an average or expected value.

The theoretical model underlying regression analysis

is

E(Y
~

IX
~
) — A + 8X1 for all i (4)

30
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where X. are constants and are random variables with

a conditional probabi l i ty  d i s t r ibu t ion. The assumption

of a conditiona l d i s t r ibu t ion  which is a set of random

variables normally distributed, underlies regression

analysis. The rational for this assumption is that there

exist two types of errors in regression analysis. The

first is the error in the variable which involves the

measurement of Y. The other type is the failure to include

ce r t a in  variables that influence Y. The latter error is

referred to as the error in the equation . The common

assumption made is that there are no errors involved

with the measurement of the variable , but only in the

equat ion .

Each conditional probability distribution has a mean

or expected value of which is expressed by

E(Y~~!X~ ) ~~
..

2~~
I 

~

and s i m i l a rly  the va r i ance  by

VAR (Y1~
X1) (6)

Regression theory further assumes the conditional distri-

butions have equal size standard deviations, o~ aj — a.

In regression analysis, the regression curve is assumed to

pass through the mean s, E(Yi fX j), of the conditional distri-

butions and to be linear. Since the individual value of Y

is not exactly equal to the mean, the deviation is expressed

31 
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by i~~~~ and must be added to equation (4) (Ref 30:405-407).

The A parame ter , a constan t , is the Y intercept of the

curve and the B parameter determines the slope of the

linear relationship. For a curvilinear relationship B

is referred to as the regression coefficient.

There are several methods for performing regression

on observed data to obtain estimates for A and B. The

most cos unon method is least-squares, which min imizes  the

sum of the vertical deviations squared from the regression

l ine , fi gure 3. The derivation of this technique will

not be discussed here. If the readar desires information

on this subject see Freund (Ref 11:358) or Sasaki (Ref 30:

404).

If logarithms are taken of both sides of the exponen-

tial learning-curv e formula , equation (3). the formula is

transformed into the form of a l i nea r  regression equation ,

in Y L in  e + ~ ln X (7)

where , - i in e A and ~ B

By performing multivariate regression analysis using

explanatory var iab les such as weight and speed, more com-

plex func t ions  are developed which are used to predict the

cost of prototype airframes, even when observed data is

not available. Because CERs developed using multivariate

regression contain explanatory variables which reflect the

32
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causal effects of cost, the multivariate CER has improved

the accuracy of cost predictions.

Two widely accepted functional forms for predicting

airframe cost are the (Ref 38 :6),

Logarithmic Model

Cost - eaW~
)
ScQd c (8)

Exponential Model

Cost = eaWbScQd+c (9)

where ,

a,b,c,d regression coefficients derived from actual
data.

W = Weight  of the Airframe

S = Speed of the Aircraft

Q = Quantity produced

c Residual error term

The basic linear regression form of the equation is, in

Cost a in e + b ln W + c in S + d in Q + ln c.

Fitting Constants Method. Fitting fixed effect linear

models is of ten referred to as the technique of fitting

constants because the effects are sometimes called constants.

The general form of a linear model is

Y — X8 + c (10)

Y - dependent variable

4, 
X = independent variable

c error term

34
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Henderson (1953) developed a method, Henderson ’s

me thod 3, for estimating the variance components which is

based on the fitting of these models. This method is now

commonly referred to as the fitting constants method . It

uses reductions , R( )-terms , of sums of squares due to

fitting the model and submodeis. These reductions are

then used to estimate the variance components by equating

each computed reduction to its expected value . This bas-

ically is the same manner in which the sum of square terms

are used in the least—squares technique of regression

analysis. The vector can be fixed , random or mixed (Ref

32:443,444). The fitting constants method provides esti-

mates for the : terms as does least-squares , therefore

this technique can be used to develop CERs .

Cunningham and Henderson (1968) used the fitting con-

stants ~-~‘thod on the following linear mixed model,

Y X~ + Zu + (11)

where ,

Y dependent va ri ab l e

X represents fixed effects

u represents random effec ts

c — error term

Equations to estimate the variances of the error term (c)

and the random effects (Zu) were developed using an itera-

tive procedure based on maximts~t likelihood equations

35 
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implic it in Henderson ’s Method. Thompson (1969) discovered

an error in the presentat ion made by Cunningham and

Henderson . The error resulted in the estimates of the

variance components to be biased. Thompson then developed

equations to provide unbiased estimates for the variance

components (Ref 32:465). A detailed explanation of this

method is presented in a book written by Searle , Linear

Models (Ref 32).

Marcotte Study. This study investigated the applica-

tion of a mixed fixed effects/random effects model, Henderson ’s

Method 3, to historical airframe cost data of nine fighter

type aircraft consisting of 33 lots. It was conducted as

a result of an observation made by Womer, that lot costs of

the same type a i r c r a f t  are correlated wi th one another as

compared to lot costs among different or new airframes.

Figure  4 , is a reproouc t ion of the graph made by Womer of

res iduals  versus weight  which i l l u s t r a t e s  this  point .

Womer further argues that the total error between actual

costs and the cost estimates obtained from the regression

equation is made up of two components. One component of

error is error due to a part icular program, type aircraft.

The other component of error is the error due to the

regression across all lots and types of aircraft in the

data base. This second component is the residual error

normally obtained from a regression analysis (Ref 36:

10—14).
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RES IDUALS

.: 

gT38 F104

-2.25-

In (WEIGHT )

FI(~JRE 4 - Stirndarthzai ~~siduals Versus ~~ight (Ref 36:11)

* Mu ltiple observation s at the same location are indicated
by numbers.

Marcotte (Ref 19) adapted the mixed model composed of

random effects and fixed effects to airframe cost data and

developed CERs to predict both airframe cumulative and marginal

cost. of total engineering, total tooling, recurring labor,

and recurring material. In his presentation , the random

effects Cu) of the mixed model is the random error associated

37
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wi th  a par t icular  a i rc raf t  type . The residual error term

(L ij) is the random error across all aircraft types Ci)

and all lots (j). The assumptions made in the study are

that the errors are independent and normally distributed

with zero means and variances 
~
°u

2 and U 2 ) and the total

error has a constant variance. T~’e fixed effects CX) of

cost is due to the variables of aircraft weight, speed,

and quantity produced . The (X) matrix , 33 by 4, ~,as con-

struc ted as fol lows :

1 i n S  m W  lnQ

1 . .
X — . . .

The ran dom e f f ects, Z matrix, was cons tructed using

columns of zeros and ones. The one represents a lot of

a particular aircraft tjpe. Since nine fighter airframe

types were used in the data bace, nine columns we re con-

structed as follows:

1 0 0 .

1 0 0

. 1 0 .

. 0 1 . .

. . 1 . .

. . .
—

38
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When 2 was multipled to the column vec tor of u, the result

was the random error due to a particular airframe program.

The CERs developed by this technique, referred to as

the RANDOM . technique , were compared wi th CERs developed by

Marcotte using the same data base of nine fighter aircraft

and the methodologies employed by Large, et al (Ref 17),

and Levenson, et al (Ref 18). The significant conclusions

drawn by Marcotte from the comparisons were that the

RANDOM technique provides a “better ” es timate of cost for

the first and second lot than did the other CERs developed .

The statistics , squared correh~.tion coefficient (R
2), esti-

mate of the variance of the residuals (a L
2
1
)
~ 

and t-ratios,

of the CERs developed from the RANDOM techniques were con-

sistently better than the statistics of the CERs developed

using the other methodologies (Ref 19:64—68).

Levenson, floren, and et al Report. A RAND stud y per-

formed in 1971 reported the resul ts  of s ta t i s t ica l  research

accomplished involving development of CERs for airframes.

The CERs developed were to be used to estimate both develop-

ment and production costs of aircraft airframes. They were

mainly to be used for long range planning. Separate equa-

tions were developed which provide estimates for engineering ,

development support, f l i g h t  test operations, tooling, manu-

fac turing labor, m~’inufacturing material , an~ quality control.

Additional equations were developed for prototype estimation.

39 
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The data base used for the study consisted of 29,

p r i m a r i l y  a lu m i n u m, post-World War II  a i r c r a f t .  The

physical and performance charac teristics range in weights

from 5,000 to 113 ,000 oounds and maximum speeds from Mach

0.5 to Mach2.2. The cost data was separated into appro-

priate categories , and adjusted to ensure comparability

and compatibility.

The CERs were derived through application of multiple

rej r ess ion  techn i ques to the his tor ical data .  The equations

were expressed as exponential forms . The three explanatory

variables that best explained the variations in cost were

aircraft quantity, maximum speed , and weight. However , an

addition of othe r explanatory variables to these were

required for some categories of cost. The tooling equation

used production rate. To explain the cost of fiight test

operations , this equation required the addition of a vari-

able for the numbe r of flight test vehicles needed (Ref

l8:v)

Lar9e Report. This report was performed by RAN D in

1975. The rcse~ rch conducted developed generalized equ;-

tions for predicting development and production costs of

airframes using two variables, aircraft weight and speed.

This information is usually defined and available early

in a program . Separate equations were developed for the

following cost elements:
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1. Engineering

2. Tooling

3. Nonrecurr ing  m a n u f a c t u r i n g  labor

4.  Recur r ing  m a n u f a c t u r i n g  labor

5. Nonrecurring manufacturing material

6. Recurring manufacturing material

7. Flight test operations

8. Qua ity control

Equations for estimating total program cost and prototype

deve lopment cost were also developed .

The data base used in this research consisted of cost

data on 25 military aircraft from 1953 to 1970. This study

attempted to eliminate or reduce the variances caused by

differences in construction and manufacturing techniques

used prior to 1953. (Many of the earlier studies derived

CER5 using aircraft developed ~s far back as 1946.) The

sample of aircraft ranged in wi~ic;ht from 5,000 to 279,000

pounds and in maximum speed from 300 to better than 1300

knots (Ret 17:v).

The technique of multiple regression was the founda-

tion of the methodology employed. In order to obtain

input values , the cumulative total hours or dollars were

plotted against cumulative quantity. Lines were drawn

between plot points. From the line drawn , cost values

were p icked of f  for quantit ies 25, 50, 100, and 200.

41
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:The reason for examing cost at several quantities

was to determine if the cost-quantity curve was segmented,

rather than linear. The conclusion was that the curve is

linear beyond the 24th aircraft and nothing was to be

gained by using a segmented curve . The CER5 developed

can be used to predict the cost for either the 25, 50, 100,

or 200 cumulative units.

A stepwise least-squares procedure was used initially.

This method determined the explanatory variables that are

statistically significant in explaining cost. Due to the

low predictive value , many of the explanatory variables

were elit ~unatcd leaving t our or five variables remaining

to be examined. After checking for the logic of each of

these vari~ib1es , many were discarded . It was concluded in

this st~~!y tha t ~~~ with their deficiencies , weight and

speed •~rc ~‘~-~ r.iable predictors of airframe costs. Also,

the 1 ~;.trtthmic mc’del CER showed a better distribution of

the residuals th~ n the exponential form (Ref 17:16—17).

t’; consistent with current belief at
RAND that (1) the error distributions for cost
data tend to be nore constant over the range of
data in th i ’ loqarithm s than in the actual (raw)
values , and (2) the criterion of percentage
(relative ) errors is more aperopriate than on
of actua l errors. (The lotjarithmic regression
rinlmlzp s relative errors rather than actual
errors as in the power regression.) (Ref 17:
17).

• Projecting Cost from Early Actuals

From the literature search performed, only two statis-

tica l studies were found that attempted to improve estimates.

42
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A RAND report by Robert Sun~ ers, Cost Estimates as Predic-

tors of Actua l Weapon Costs (Ref 33), developed statis-

tically a debiasing equation that would be useful for

adjusting current estimates in predicting future procure-

ment cost. The other study by Van Puryear , New Pro2ress

Functions- With Probability Modifiers (Ref 26), analyzed

the log-linear learning-curves as they exist , and then

modified them using discrete uniform probabilities and a

cubic function .

In a discussion of cost estimating techniques with

Chuck Samson of the Aeronautical Systems Division , Camp—

troll er , Cost Analysis Dircctor~ te , Cost Est :mating Division

(ACCC), several methods currently used for projecting esti-

mates from early actua l cost data were discussed . These

technijuc s along with summaries of the two studies will be

presented in this section .

Summers Report. This report is a RAND repor t  performed

i.n 1962. The report co:i~~ists o f a s t a t i s t i c a l  s tudy of a

sar~p1e of military cost estimates . An objective was to

decrease the unccrtainti~ s about the interpretation and

use of these es t ima tes. The sample of cost estimates con-

sisted of estimates made for major hardware articles in 22

weapons systems. These estimates were compared with the

actual costs to assess their accuracy as predictors.

Accord ing to Summers, the grosser differences disappear

when the estimates are adjusted for the actual quantities

43
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of the end item procured and take into account the changes
~ 1

in price levels due to inflation (Ref 33:v).

The research performed found that even when the adjust-

ments were made , great variablity still exis ted, ranging

from 15% to 150% of actua l cost. The study identified

s i t u a t i o n s  where the v a r i a b i l i t y  is l i k e l y  to be large .

Summers developed a Ndebiasing w equation so the estimates,

although still variable , would be more likely to be low

than high. The debiasi iq formula developed using multiple

regression techniques illustrates how low a cost estimate

is likely to be. The formula follows (Ref 33:8):

F 11.929 (cxp L .097t — .0 32 tA  — .3llA

+ .O]5A 2 + .0081. - .075 (T—1940HJ v (12)

F r~itio of actual cost to adjusted estimate.

t = t~~e :minq of the estimate within the develop-
ment pro ;ram exprc~;~;ed aS a f r a c t i o n  of program
length.

A the de;r.’e of technological advance required in
the program (On a numerica l scale).

1. = the length of deve lopment period ( in  m o n t h s ) .

T - the calendar year .

v residua l error of the regression.

When an original estimate was inultipled by a debiasing

factor (F) of two or three, the new estimate still has vari-

ability associated with it. Because the new estimate was

no more likely to be low than high, the revised estimate

44 
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provided a higher degree of confidence. Summers said , ~It

will almost certaxnly be closer to the true cost than the

original estimate (Ref 33:lO).

The important parameters of the debiasing formula are

t, A , and 1.. Greatest uncertainty exists in the value for

A. This is due to the subjectivity in the establishment

of the numer ical scale and where a particular program is

on the scale . The scale used was developed f rom a survey

of experienced RAND engineers , which rated the magnitude

of improvement in the state-of-the-art for each program in

the sample.

!urycar Study. The purpose of this research was to

develop an improved technique that would provide manage-

ment with a tool in the Acquisition Process for determining

reliable and accurate cost estimates. Purycar reviewed

2388 recourds of learning-curve experience on a variety of

Army equipment. The outcome of the record review was that

for 94% of the items purchased the learning-curve percentage

was 90%-lOO%. This fact led to the logica l conclusion

that , the greater the amount of projected improvement of

a given improvement function the less the chance (proba-

bility) of achieving tha t reduction N (Ref 26:11). Puryear

then estahlishes a relative probability curve . The curve

consists of a linear graph from a probability of 1.0 where

no reduct ion in cost occurs , 100% learning-curve percen-

tage, to a .05 change of achieving a projected productivity

45
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or learning-curve percentage of 75% (Ref 26:11). Equal

Chance in p robab i l i ty  t heory states, that  for a large

number of trails there is equal probability for achieving

a particular trial. The Equal Chances theory was applied

to 11 learning—curves , i.e. 100%, 98%, 97%, .. . 90%, and

each curve assigned a 1/11 chance of being achieved . The

1/11 probability was then weighed by the relative diffi-

culty of achieving the projez~ted learning-curve , supported

by the sample data. This weighing modifies the latter

linear portion of the function y — ax~~ and shifts it to

a higher positicn on arithmetic grid. The beginning part

of the learning-curve is modified by a cubic function :

y - ax + bX2 + cx 3 + d (Ref 26:14). Puryear speculated

that the cubic function was applicable for the following

reason :

The expected production rate , for  prorated
investn’ent , is a slow initial rate , a debugging
and management ~mprovement phase which  has a
sizable incre~ se i~ productivity, f o l l owed by
a r~~ ucirv; rate of productivity as the produc-
tion continues (Ref 26:14).

Techniques Used by Cost EstimatorE to Project from

Early Actuals. In a conversation with Chuck Samson, a

cost estimator in the Cost Estimating Division of the Comp-

troller for Aerospace systems Division , several techni-

ques used to project cost estimates for follow-on production

from early actuals were discussed. One metnod is regression

analys is, provided there is enough early actual data

46
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available. This technique is considered wbetter a since it

averages the variation s statistically and is not subject to

the implicit b iases in jected by use of the other methods

which require judgment. Another way to obtain the learning-

curve slope is to visually inspect the observed actual data

and simply draw a straight line approximation . For rough

estimates this technique is often used according to Bannon

(Ref 6:6). Bannon gleaned the following from conversations

with estimators employed by a well known airframe contractor.

Actually, this method is not as ‘rough’ as
one would expect. A good analyst has knowledge
of not only past performance but of future pro-
duction considerations and requirements. He is
able to weigh the effect of changes in the labor
force , the airfram e, the production run , etc.,
and can use h i s  exper t  opin ion  tc i n f l u e n c e  his
best fit of a curve to this data (Ref 6:6).

A t h i r d  approach , provided the company contracted to perform

the development work on an a i r f r a m e  has had a recent program

which is similar to the current ~rogram , uses the learning-

curve slope and program experience from this past program

to provide the estimate for follow-on units. The last

a l t e r n a t i v e  technique ava i lable is to use an industry wide

l ea rn ing-curve. This l a t t e r  technique has many fallacies

as pointed out by Chase and Aquilano (Ref 8).

In any case , while a number of industries
have used learning-curves extensively, uncri ti-
cal acceptance of the industry norm (such as
the 80 percent figure for the airframe indus-
try) is r isky , and therefore , an analysis of
the similarities and differences should be under-
taken even though it may ultimately lead to the
industry improvement percentage (Ref 8:490).

4~~
..
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Some reasons for the d isparities between industry rates of

l ea rn ing  and the ind iv idua l f i r r ~s rate , are the differ ence s

in opera ting charac teristics stemming from equipment,

methods, product design, plant organizat ion, and the pro-

cedural d ifferences in the determinat ion of the learning

percentag’~. An example of the latter is an industry rate

for a single product or a product line which hinges on the

manner in wh~ch the data is aggregated (Ref 8:490).

McDonald also criticizes the use of an average industry

curve. Each company and prod uct is differen t which causes

different rates of improvement for each firm and sometimes

each product. Firms with a high percentage improvement

curve or 95% have maintained with some justification that

the production was properly planned from the very beginning

and that a 70% cur”e indicates poor initial planning and

execution (Ref 20:1-7).

Sunu~a ry

The first Section of this chapter dis~ usscd the theory

used for developing airframe CERs: learning—curve theory,

regression , and the fitting constants method . This dis-

cussion was included to provide the reader with the back-

ground theory of airframe CERs. The section also summarized

reports of various state-of-the-art methodologies used to

develop airframe CERs. The CERs developed using the metho-

dologies discussed will be used for evaluating the predic-

tive capabilities of the Bayesian approach.
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The second section sunznarizes studies which investi-

gated statistical approaches for updating cost estimates.

Both studies were the result of an in-depth literature

search. The studies are presented to provide the reader

with background on the state-of-the-art approaches to

updating cost es timates since this problem relates directly

to the stated problem of this thesi8. Also included in

this section was a brief discussion of other techniques

used by the cost estimator to forecast from early actual

costs.
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I I I .  Data Base
‘p

Of the many hours spent in the development of a CER

more time and effort is expended on the collection and

adjustment of the data base than any other aspect (Ref

10:130). Any extensive empirical work , such as develop-

men t of a CER , requires a collection of suitable data as

the first step in the analysis. The data base is a source

of two problems which surface in the development of a CER.

According to Johnston , TM the first major difficulty is the

extreme pauc i ty  of published data on costs and outputs ,

a difficulty that is aggravated by the secrecy that often

surrounds unpublished data on these variables (Ref lS:2)M .

The second major problem is to insure the data is relevant

and conforms to the theories used in the development of

the CER. The latter problem may require adjustments to

the data (Ref 15:2).

This chapter begins with a discussion of data bases

in general. The discussion concerns adjustments and the

difficulties of separating costs into recurring and non-

recurr ing categories. Separation of costs into these two

categories is an essential requirement to accurately esti-

mate follow-on lot or unit costs based on early actual

costs. Following this  is a section which discusses the

data base used for deve lopment of the Bayesian CER5 .

The sources of the data and the various categories of
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costs which will be analyzed using a Bayesian appioach are

described . The last section of this chapter presents the

methodology emp loyed to obtain marginal unit CERs for the

50th and 100th unit. These CERs use only the explanatory

variables of weight and speed. The same methodology was

used in the Large study to obtain the cost of a particular

unit airframe from information on cost accumlated by lots.

Data Bases in General

The development of a cost est imat ing procedure requires

at least three types of historical data. The first type is

resource data which includes expenditures for material and

labor hours. Resource d3ta may have either of two classi-

fications. One classification is end-item , which means

the cost for resources is collected by system , subsystem,

component, and part. The other classiciation is func-

tional category, i.e. engineering, toolin g , labor, material,

and overhead . The second type of data required is descrip-

tive data. Descriptive data are the various performance or

physical characteristics of the item that have a direct

relationship to the cost of the item . For airframes, past

analyses have determ ined that weight , speed , and quantity

are good cost-explanatory variables. The third type

of data required is program data. This data is informa-

tion concerning past development and production history

of a particular hardware program. Program data includes

acceptance data, significant milestones, production rates,
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ECPs , and contract lot sizes. This data provides insight

into the cause for the fluctuat ions and variations in the

program as compared to other programs or industry histori-

cal data (Ref 21:13-16). For major programs, program data

can be obtained from the Cost Information Report (CIR) ,

a cos t report required by the government from the contrac-

tors. Many times complete historical information can only

be obtained from contract records or management records.

The government analyst has a great advantage over his

industry counterpart in this area since he has access to

a broader data base composed of data collected from

several contractors. The industry analyst may have only

the historical data of his firm (Ref 21:12).

Data Base Adjustments. To ensure the data base is

consistent and comparable several adjustments must be

made to the raw data collected . Three instances where

adjustments must be made to the data are for definitional

differences , production quantity differences, a~d yearly

price changes. Other types of adjustments, such as for

contractor efficiency , for con tract type, and for program

stretch-out , are largely due to judgment and opinion .

Research has not been done to treat these variables in

a defini tive manner; therefore , only the first three types

will be discussed (Ref 21:17).

The first step in establishing a data base is to state

the definitions and adjust the data to this definition.
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For examp le, phys ical and performance type data has this

problem of inconsistency of definitions. Speed data may

be maximum speed or maximum speed at optimal altitude .

Weight data can be maximum gross weight , takeoff weight

or empty weight . Def initional di fferences are quite common

due to the various accounting practices that are used in

industry and make or buy arrangements. In many instances,

the government has required the contractor to report cost

to them by categories different from those used by the

contractor ’s own internal system of accounting. This leads

to inaccurate cetegorization of cost data, especially if

costs are required to be broken down by recurring and non-

recurring categories. The problem of separating cost into

recurring and nonrecurring is discussed in more detail later

in this section since it plays an important role in the

estimation of production costs rom early actua l Oata.

Another reason for this problem is due to the government

changing categories from time to time . To make data com-

parable over time , some progra~ns require adjustments for

definitional differences (Ref 21:18,21).

Cost-quantity adjustments are very important. If

the cost-quantity relationship is ignored large errors

will result. In most production processes , costs are

generally a function of quantity , and cost is associated

with a given quantity . In order to compare the costs of

two systems when the quantities are the same, the costs
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can be adjusted with knowledge of the learning-curve slope.

If cos ts are the same and the number of units are di fferent,

the compari son can be made by an adjus tment  to a common

uni t, e.g. 100th unit. Many times discounts are given for

large purchases. Cost-quantity adjustments also must be

considered in estab lishment of a cons istent and comparable

data base (Ref 21:30).

Price-level changes are the third type of adjustments

that will be discussed . Price-level changes are generally

due to inflation in addition to other factors which cause

yearly price increases and devaluation of the dollar.

This adjustment is made by a price index based on a par-

ticular base year applied to a dollar value of cost for

any category . This problem is less severe and comparability

improves when cost information can be collected in hours,

e.g. labor hours , and a current rate applied to the hours

to determine the cost in dollars. However , mater ia l s  and

purchase parts require the adjustment to be made . Some

problems exist in identifying a base year for the indices

and the year in wh ich expenditures occurred . Identifying

these factors can be difficult because in many cases the

only data available is total contract cost (Ref 21:23,27).

Recurr ing and Nonrecu r r ing  Costs. For some decisions

based on cost estimates, breakdown of functional cost

categories into the categories of recurring and nonrecurring

costs is desirable. As mentioned previously, decisions

54

_ _ _ _  - - - - - -~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~  ~~~~~~~~~~ -~~~~~~~~~ -~~~- - -



~
-
~~l”~~~~i T - ~~~ ~~~~~~~~~~~~~ 

- . 
-= -

~~ 
-- 

~~~~~~~~~~~~~~~~~~ - - -
~
=

~ 
.- --—- 

-~

GSM/SM/ 7 6D-30

concerning follow-on production lots require the break-

down of costs into these categories. Recurring costs

are costs that are incurred throughout the program and

arc a function of the number of aircraft produced. The

nonrecurring costs are costs that are incurred once during

the life of the program . Some examples of nonrecurring

costs include preliminary design work , mockups , static

tests , and i n i t i a l  s tar t u p  costs ( i . e .  tool ing and produc-

tion planning , tool do~~ign , t o o l i n g  m a n u f a c t u r e r , purchase

tooling and tool checkout (Ref 29:11-4)). Recurring costs

arc associated with a normal engineering requirements to

keep a production system operating , normal equipment main-

tenance, and rn.~nufacturing labor and material used for

producing airframes (Ref 17:8). Separation into these

cate or~ es is very difficult if not impossible , especially

for older ~ircraft models where tht~ costs were not recorded

using these categories (Ref 17 and 29:8 and 11-15). Due

to this limit ation many experts in the field of cost

analysts usi’ judgment and experience from past studies to

make the separation of these costs. Although not empiri-

cally possibi to verify the reasonableness of this approach,

the separation made must be evaluated on how logical it is

and the acceptability of comparison of the results with

past experience (Ref 29:11-15). However , accor di ng to the

Large Study, a determination of a breakdown into these

55

- --~ --~~~~— - - --—- --~~~~~~-—  - - -~~~~~~~~~~~~~ --~~~~~~~ -— -
-
—-- - - -— — -  -- -



- - - -  — —-.-- -- -.— —— -- - - - - -

‘1

GSM/SM/76D- 30

categories after the fact tends to be questionable and

introduces error into the data (Ref l7:8).~

Engineering and tooling labor are two functional

categories that are difficult to separate into nonrecurring

and recurring cost categories, and do not lend themselves

to learn ing-curve  a n a l y s i s  due to the non-repetitive nature

of the work. Engineering is a function of time rather than

the number of production units. For example , an eng ineering

department may Lc working on a number of problems at one

time which do not have a relationship to the number of

units being pxo~ uced. According to McDonald , NTooling

labo r is usually a nonrecurring cost based on the time of

tooling and the levels of production anticipated (Ref

20:I-IO). However , managemen t has the decision to charge

tooling costs directly to a production lot or a.nortize the

cost over f u t u r e  anticipated pi~oduci ton units (Ref 20:1—10).

in the p i s t , the governmen t and industry management spent

a great deal of tim e and effort to determine a basis for

amortizi:u; the initi al startup costs. The contractors

desi red  a short  t ime  period in which to recover their

inves tments .  The government auditors desired to defer

port ions  of the expense to o b t a i n  a pro ra ta  wr i t e -o f f

ove r a l l  the p roduction b c n e f i t t -~ng from the initial

i nves tment .  Many problems developed in specifying the

timing of the amortization period , and in the case of

tooling determining obsolescence (Ref 35:191). Trueger

states in Account ing Guide for De fense Contracts.
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The Covernment has come to the realization
that preproduction costs must be paid and is now,
generally, quite willing to reimburse the con-
tractor for such costs coincident with the first
price redetermination so long as the armed
services representatives are assured that no
danger exists for possible dup lication of such
charges in subsequent periods (Ref 35:191).

Methods have been developed to separate costs into

these separate components. Us ing  the definitions in the

CIR and the methods developed to separate costs into recurr-

ing and nonrecurring categories have made current data more

consistent and comparable (Ref 21:21). According to the

Ai r Force Systems Cornr~and Pamphlet , AFLCP/AFSCP 800- 15,

~\ c j~i i s i t i o n  Management Contractor Cost Data Reporting

(Ref 1), the following are general princi ples that are

appl ied to d i f f e r e n t ia t e  between nonrecurring and recurr-

ing cost categories:

I. Nonrecurring

a. Prelimin ary desi gn e f f o r t encompassi ng the
translation of weapon systems concpcts and require-
ments into :;pocifications (or new systems as well
as for major mod ification of existing systems.

b. Design en;inccring that entails the spec-
ifications and preparation of the original set of
detailed drawings for new systems as we l l  as for
major modification of existing systems.

c. With respect to (a) and (b) above, it is
preferable to identify the point of segregation
between nonrecurring and recurring engineering
costs as a specific event or point at which
design frecze takes place as a result of a
formal test or inspection , and after which for—
mal engineering change proposal procedures must
be followed to change design. If no reasonable
event can be speci fied for this purpose , then all
engineer ing drawing release may be used. The

I~
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precise method used for segregating, recurring
and nonrecurring engineering cost will be identi—
f i e d  and explained in the ~Remarks M space of the
CIR.

d. System test and evaluation .

e. All partically completed reporting elements
manufactured for tests (e.g. static , fatigue).

f. Costs of all tooling, manufacturing , and
pro curem ent  effort specifically incurred in per-
forming development  or tests  except for  manufac-
tu re  of complete u n i t s  during the development
program .

h. T r a i n i n g  of service instructor personnel.

i. In it ial prtpa ration of techn i cal data and
manuals.

j .  S tar t -up  costs  such as p l a n t  lay—out ,
operations , planning, plant rearrangement , tool-
ing de:; i ; n  an I p l a n n i n g  th e  or i~~inal industrial
c n - ; l i e e i :  i n g  e~ f o r t s  to p er f e c t  a manufacturing
t ec h ni q u e .

I I .  R e c u r r i n g

a .  E n ; :  neer  m g  r e q u i  red f o r  redesign , modi—
f i ~’at ion , r e l i a h i l it y ,  maintainability, associated
,‘v~iltia tion an d  liaison .

b. Comp lete report ing elements produced
either for test (e. ’;. R&D flight test , opera-
tional evaluation , fliq ht test , quality assur-
ance, design “valuations , etc.), or for operational
use.

c. Tool naintenance , m o d i f i c a t i o n, rework ,
and replacement .

d. Training all service personnel to operate
and m a i n t a i n  cqui~~nent .

e. Reproduction and updating of technical
data and manuals (Ref 1:4-5 ,4-6).

Data flase Used

The data base used in this thesis is cost data for

nine fighter aircraft obtained from the data base used by
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.1. R. Large. H. C. Campbell and D. Cates for development

of CERs in this report , Parametric Equations for Estimat-

ing Aircraft Airframe Costs (Ref 17). This report deletes

all aircraft with first flight dates prior to 1953 from

the available data base, hopef u l l y ,  reducing variances

due to technological advances in design,  production sys-

tems , and cost data collection systems.

Copies of the Large study work sheets are on file in

the Cost L i b r a ry of the Aeronautical Systems Division

located at W i i qh t - P a t t e rson AIR, Ohio. The work sheets

provide a breakdown of hours and then-year dollars into

both recurring and nonrecurring classifications of the

various airframe cost accounting categories of engineer-

ing, tooling, manufactur i ng labor and material , quality

control , and f l ig h t  test.

En~j in e e r in ~~~a n I  Too l in ~ _Cate~~~r ies .  Eng ineer ing  as

defined by the Lar g i ’ study, ref cr5 both to engineering

(or the basic airframe and to the system engineering per-

formed by the pr1~ e contractor (Ref l7:18). This category

includes engineering hours for design studies , w ind tunnel

model s , and other  system and subsystem tests, and eng ineer-

ing hours for tooling and production planning . Excluded

were those engineering hours not directly attributable to

the aircr.if’ system (Ref 17:18).

Tooling is limited to only tools designed for a par-

ticular program (i.e. assembly tools, dies, jigs, etc.).
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Tool ing hours include all effort spent for tool and pro-

‘p duction planning, set up, and main tenance of the machines ,

dies , and jigs (Ref 17:23).

Marcotte found that CERS for nonrecurring and recurr-

ing classication of engineering and tooling were very

unreliable. However, when recurring and nonrecurring cost

data were combined within each functional category a

reliable CER which could predict the total cost of the

functional category resulted .

Our original intent was to estimate non-
recurring and recurring hours separately, but
regression analyses of hours reported by con-
t r a c t o r s  as n o n re c u r r in q  ind ica ted  discrepan-
cie s in t h e  da t a .  Consequen t ly ,  cumula t ive
total engineering hours ~eze plotted for eachai r c r a f t , and va l ues were read o f f  the curves
at 25 , 50 , 100 , and 200 a i r c r a f t .  (Re f 17:18)

The same d i f f i c u l t i e s  were observed by Large and assoc iates

in the tooling hour data. Therefore , only aggregated

recurring and nonrecurring costs are used in this study

to predict the costs of engineering and tooling for follow-

on product ion . A better prediction of follow-on unit cost

probably could be obtained if the recurring portion of total

cost could be separated with a high degree of confidence.

Manufacturing Labor and Material Categories. Manufac-

turing labor and material are much easier to separate into

the components of recurring and nonrecurring cost categories.

Th is is due to clearer definit ions and more uni form account-

ing procedures for dealing with these functional cost

- — categories.
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In the Large study work sheets, manuf acturing labor

is accounted for in hours , therefore , a price index is not

required for comparative adjustments. Usually, a standard

wage rate per hour is app) ied to obtain a dollar figure.

This category includes all di rec t labor hours for assemb-

ling the :.ajor structure of the airframe and installation

of purchase parts and equipment , whether contractor or

government f u r n i s h e d .

Manufacturing materials inc lude the raw and semi-

fabricated r,iaterials. Also included are purchased equip-

ment , standard hardware items ( i . e .  f i t t i n g s  and r ivets ,

government furnished items (radios and avionicsj, and

contractor  procured i tems (Ref 17:31)). The manufacturing

material costs provided in the Large study work sheets are

broken down into recurr in: and nonrecurring costs of the

components of m a t e r i a l s , purchased equipment , and Govern-

ment Furhished Aerospace Equipment (GFAE) . These costs

are in t h e n - y e a r  d o l l a rs ;  r e q u i r i n g  a conversion to con-

stant  19’) year dollars to improve comparability.

The converiion to constant year dollars was accomp-

lished using aircraft acceptance schedules provided by

J. Large. The year a specific airframe was accepted by

the government was assumed to be the year in which the

cost was incurred. Since material costs were aggregated

by lot in the CIR and the Large study work sheets, the

costs were broken out by year and the appropriate price
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index applied. The breakout WAS accomplished by summing

the number o f ai rframes accepted in one year from the

acceptance schedules and forming a ra t io  to total airframes

in the lot. Multiply ing this ratio times the cumulative

cost of the total lot of airframes resulted in the cumu-

lative cost of airframes by year. Once the cost was

broken down by year , the cost per year was multiplied by

the price indices provided in the Large study to convert

dollar cost to constant 1973 dollars (Ref 17:32). Pur-

chased equipmen t and GFAE were aggregated and multipled

by the pr ice index for purchased equipment resulting in

a total purchased equipment cost. After this correction

was performed , the constant 1973 dollar material cost and

total purchase equipment cost were aggregated by the orig-

inal lot quantities into a total material cost. This method-

ology w~s employed to obtain material cost for each air-

frame in the sample selected for the study except for the

F-l4 airframe program.

The acceptance schedule for the I’-l 4 airframe program

was not available, therefore , the schedule was estimated .

The F-l4 data work sheet indicated five lots of F-l4

airfr ames were accepted. The estimated acceptance schedule

was based on the assumption that a lot of F-l4 airframes

was accepted each year beginning with the year that the

first flight occurred , 1970. Since 1973 was the base year

used for the Large study, the last two lots of F-14 air-

frames were assumed to have been accepted in 1973.
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Other Categories. Cost data for Aerospace Ground

Equipment (AGE), T r a i n i ng , Spares, Genera l and Admini-

strative , Quality Control, and Flight Test expenses are

also provided on the work sheets. These costs were not

used for any of the analyses performed in this study.

Physical and Performance Data Source. The physical

and performance data was obtained from two sources. The

speeds, maximum at best altitude , of the various airframe

programs used in the sample were obtained from the Large

study (Ref 17:13), and consisted of the value of speed

for the one hundredth airframe . This value was assumed

constant for all lots of each type airframe produced.

The value of speed for the F~-l4 was a recent estimate

released to the public. The weight data was obtained

from the data used by V. Handel in his thesis, A i rcraf t

A i r f r a m e Cos t E s t i m a t i o n  by the A p p l i c a t i o n  of Joint

G e n e r a l i z e d  Least-Squares,  (Ref  13) . The weights  fluc-

tuate between the different lots due to modification s of

the airframe . The value of weight used for the analyses

was the weight for the lot in which the airframe quantity

being analyzed fell. For example, if a first lot of air-

frame s , airframes 1 to 20, weighed 1200 pounds and the

second lot, airframes 21 to 72 , weighed 1400 pounds, the

50th airframe was assumed to weigh 1400 pounds.

Because the data is privileged information, it is

included in Appendix A. The Appendix shows cumulative
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cost data  by lot , broken down into engineering hours ,

tool ing hours , r e c u r r i n g  labo r hours , and recur r ing

material cost in 1973 dollars. I f  one , two, or three

airfrume~ were produced in the first lot , the recurring

costs for that lot were discaided and assumed to be non-

recurring costs associated with a prototype effort. When

this as~ umption was made , the number of units in the first

lot were incLuded in the cumulative quant ity because some

learning has rt•~i .ilt ed from work on these first units.

Devcj~ j~m~ nt ot Marg inal CER using Large Methodology

The marginal or unit average cost CERs developed by

Mareotte and the ~~ye~~ian approach provide estimates of

cost usirg quantity as one of the explanatory variables

in addition to ~~ ight and speed . The Large study devel-

oped equations which e:;timite the cost of a specific

a i r f r a m e unit in te rms of the explanatory variables of

wci~;ht and speed. The ~iethodoloq y employed by Large

represcnt~; the current state-of-the-art and was selected

for comparing the pr~’dictive capability of the Bayesian

approach . In order to compare estimates using the Bayesian

equation s with estimates using equations with weight and

speed as the only explanatory variables , marg inal CERs

must be developed using the methodology employed by Large

and the data base of fighter airframes.

Development of marginal relationships involve calcu-

lation of an average cost i~er lot (C) which is obtained
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by dividing cumu!.ative lot cost by the quantity of units

in the lot. A problem arises due to the learning-curve

assumpttons applicable to CER development. The problem

is where along the quantity axis should the average cost

per lot be plotted . Since the log-linear function of

learning-curve theory is applicable , the use of ari th-

metic midpoints produces an unequal distribution of area

under the curve, figure 5. The lower graph in figure 5

illustrates the rational for using a true lot midpoint.

The t rue  lot midpoint  is the un i t  (Q) which repre-

sents the entire lot and reflects the average cost (Ce)

of that lot. The total cost of the lot is equal to the

product of C times Q*~ The product approximates the

area under the curve for the number of the units in the

lot , i l l u s t r a t e d  by the shaded areas of approxi .i~ately

equal size on the lower graph of figure 5 (Ref 21:105) .

The f i r st step in the development of a marg ina l  CER

for estimating the cost of a functional category of cost

in terms of weight and speed was performance of regression

a n aly s i s  on the data of each a i r f r am e program in the data

base. The dependent variable of cuznu]ative cost per lot

and the indepcndent variable of cumulative quantity by lot

were used for the regression analysis. The resulting CERS

estimate cumulative functional cost directly from cumula-

tive quantity for each airframe program in the data base.

Table I presents the CERs for engineering hours (EN),
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Table I
CER to Predict Cost f rom Cumulative Quantity

and
Learning Curve Slope. Derived f rom Quantity Coefficient

Type Learning Curv e
A / C  C ER Slope

A-4 1) EH =C Q~~
691 56%

1 3~~c
13 0175  Q . 4 ( 83 69%

lZ .9 3 90  . 576 9
Q 75%

M(.ze 13 3310 Q 8
~°~ 91%

~-l0Z F~~=e
’4 5636 

~~ 
1896

r 1~~~
15 - ° 70 Q~ Z3 Z 3 59%

— 13. t 8 5 3  .~~O4 L .7 
~
.Q

104 E11~ e
1 3. ‘p17 35Z1 

C4 °

T11~ c
13
~~ Q 3’

~
4

L11.e
1
~~~

180° Q•7.15 82%

M c_ e  Q. 903t 94~7

~-l05 EH e’5
~~

’39 Q~~
498 59%

T11=e
13
~~~

53 Q.3 768 65%

LH=C ’4 4209 Q 5632 74%

M~~ e ’4 4908 Q 87’6 I 91%
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________ 

Table I (continued ) 
__________________

Type Learn ir .~, Curve
A/C CER Slope

F- 106 F1~~~e
14 3660 Q ’

~
585 60%

T1 e 14
~~

089 Q”~~
56 61’~

L13~ e
13
~ 
1255 Q~~

95
~ 81%

~‘~~l9 ü 725 80%

A-5 F11 e 15
~ ~

5S1 
~~~
. .~‘09

T11~~c
’4
~
43
~~

’ Q 2 ’78 61%

I Ij~ c t3 .4t1 1 Q 7315 83%

M~~~~
15• ,0

~~
4 Q~~

4
~~ 83%

3’)3 3 
~~~
. 1737 56%

T1~~e~~~ 
34~ O 

~~~~
• 1301 55%

14. 0555 .6239Q 77%

M
c

C
15 4487 Q~~

2
~
6 83%

F - I l l  E1~~ e~~~~
324 1 G 1370 55%

T1~ — e
14 8401 Q 3685 65%

I 1j C
1
~~~~~~

0 Q 8533 90%

Mc~
c ’5 7443 Q 8°°’ 87%
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•t t- (~c on ~ nued) _____________________________

T ype L c a r n i n ~ Curve
______ 

____________________
__

~

;EH Slope

T.38 1~:1~~e 
133’ ~ ~

•4lOS ~~9Q

i’fl~ e
1 3. O~4t, 3t~72

- l l . ’~5~ 8 .7 37 1I ~~~— e  Q 8~~,o

\1 •~~ ~~ 3~~4 
~~~
. ‘~~~t 3

tooling hour~; (T11) ,  labor hours (L a), and material costs

in dol~~i r s  (Me ) developed f r o m  the f i r s t  step.

The second t t ’ p  rep~: red deve lopment of a m a r g i n a l

CER i n t t ~ri~s of q . i • % n t i t y  t e r  each fu n c t i o n a l  cost cate-

gory of •~ ich a i r - f r~t~ o p r o p a m .  The ma r g i n a l  CERs were

obta i:~ed f rom re;re ion of •iv cr a : e  cost per lot by func-

t i o n a l  cost.  The t r u e  l” t  ~ t d t ~o i r . t s  we re de termined

u s i n j  t ab les  of lear :  ~~ —c u rv e s  l~~~ l i s hc d  by the RAND

C • r  .: • ion ( Pt ’ f 7 ) and the e luat ions in Table I . Tl~e

coef~~i ient of the variable ;uantity of tho cumulative

CER Wa :; w;4 ’d to calculate ¶hf ’ slope of the unit learning—

cu rve u s i n g  the f o l l e w t~~; r e l a t i onsh i p,

ax B (13)

whc~ e ,

cu m u l at i ~.e average cost

a - constant

X variable iuantity
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b c oe f f i c ie nt of X , equal to in S/in 2

s slope of the l ear n in g - c u r v e

and

T Y X , where t equals  cumula t ive  cost of X
C

Un i t S

T (14)

b +  1
~ aX ( 15)

and , k — b 4 1 , coef ficient of cumulat i ve quantity term

of the cu~~u i a t i v c  cost CER

Ln Sk —-
~~~

—
~
- + 1 (16)

Once the  u n i t  l e a r n i n - ; - ur v e  s l ope( s)  is known the tables

o l e ar a  ;n q — c u z v e  ~;1o~- -.”; we re cor.:;~;lt cd  to o b t a in  the t rue

lot ~ 1 d l o L n t s  fo r t he  lot  qu a n t i t i e s  of the  data base .

The last :;tep in to obtain the marginal CER in terms

of the (‘xplanatery v a r i a b l e s  if we i g h t  and speed. Us ing

the m a r ; i n a l  CFR: ; lcvelo;~ed in st t ’ I ’  two , an e s t i m a t e  of

unit cost f o r  the  50th and 100th a i r f r a m e  was ca lcu la ted

by f u n c t i o n a l  cost eat ec ;ory  an d tyl :e a i r c r a f t .

The e st i m a t e s  and : tep tbo m ar g i n a l CERs are shown in

Tables I t - V .  The va lues  of cost by functional category

for the 50th unit were regressed against the values for

speed and weight, Table VI , to obtain the marginal CER5
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•rab le 11
CI~Rs to Ca lculate Fngincer~ng Hours
for a ~~~i\  en M.tr~ ina1 A i r f r a m e  Unit

Type En n t e r i s~~_h o u rs
Air~ raft _______________________________________ SO 100

13 .7400 -1..~503
:\ .41) F11 e Q • 2. 928

F-1O~ ~-~~~~I1 . 1~~U 21 ,~~I7 12.396

F.104 F Ire 
L 

~ 
184 4I~ 7’~2 27,223

F. icc E 1.~~r
14

~ 
~~
‘ ‘~~~~ 5 i - , 845 30,478

F-I Oo F:~~~c
1
~~ ~40O 30.839 15 ,17 1

14 . 1 ~~ 7 7 ~0Q • 7.~ 4c 196

1— 4 l- 1j~~c
14
~ 

‘

~~ 
°

~ ~~~~~~~ ~
800 

~:, 2 18  18 . 909

F— I l l  F 1~ 
~~~~~ ~~~~~~ ~~~~~

, ~~~~ 35 , 795

T— 3 8 F e 1 I. ~~~~ ~~~~~~~
. t 270 

~~ 7 575
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Table 11~1

CER~ to Ca l c u l a t e  Too ling h ours
for  a G iv en  M ar~~ina 1 A i r f r a m e  Uni t

Type Tooling  Hours
.- \ i r c  r a f t  CER Q 50 100

A-4 1) 1 H ~c
1 .~~. I ~

“
~~~‘ 12 , 79 8 7 . 903

b 70 
~~~~~~~ 

83 1 1 55 ,043 30,94 k

1-104 T1~~ c 1 ~~• 
~~~~~~~

. 802 1 3~ , 52 1 18,~~5Z

F — t o ’  l1~ -e 1 ~~. ~~4 1 40 ,074 23 ,033

F- 10~ ‘r 11 c
14 

~~~~~~~
. ‘05 55 ‘~1 ~ 28 . 145

A -S (~I 3~ ‘~ 4 1 ~~..7’H.I 34 , 19t’

1 H ~
14
~~~

’
~
’” Q I.OII 4 23 , N 8 11 ,508

F - il l ‘l’11 :e 1” 1
~

0 3  Q~~ ~~~~~~ 51 ,~~13

T — 3 8  l Il t’ ~~~~~~~ 13 , 0 ’2  7 . 224
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Tab le I V
d R .  to a l cu l at c  R e c u r r i n g  Labor h ours

for  a (~iven M a r g in a l  A i r f r a m e  Unit

T ype I •t t,~~r I t o u r s  
—

A i r c r a f t  C E R  Q 50 
- 

Q 100

~ -4D L~~ c n ’7~~ ‘~~~~~~ 4 , t~~7 32 , 760

1-102 1 l 0 ( -  35 ’~8 120, ~28 t~4 , ~34

F- 104 ~.l .~~. ~~( ( 4  

~~~~

- . ~ ‘ 38 5 ~~• 2 7 7 41 ,402

F— l 0~ 
(• I~~~0t  Q~~

4
~~~° 

. O t ~.54 t 145 .814

F- lOb 
~~~ 

c t ’ . Lt ~~ 3~~ 4 124 ,t79  ~T , 386

A -S 1 - c ~~~~~~~ 
Q .flSl l~~2, 37~ If 3 ,429

F — 4  I 
~ 

e t 3~ 84~~’~ ~~ I 0, 305 I 32, 327

F— I l l  ~ I 3 . 0 1 ‘ -  n - 7 4  .~3 3 , QO2 ~~(l8 ~77

T-38 L~~ ~~~ 1. 4 ’  ~ ) 
~~~~

_
• ~-23.~ ~7. 81 22 , 124
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‘l’able V
( E R a  to Ca l c u l a t e  R e c u r r i n g  M a t e r i a l  Cost

b r  a Given  M a r g i n a l  A i r f r am e  Uni t

Type M a t e r i a l  ( :~~~ t 1973 $
:~i rc  r a f t  

- 
dIR 

— 
50 100

A-4 1.) ~.t~~~ e I L 4t
~
01 Q~~~2 i b O 30 1 , 051 259 , 187

F-1 02 M
~ ~,13 .4~’52 ~~~~

- . 1030 485, l1t ~ 451 ,675

1-104 ~~~ ,I ~~. 1341  
~~~~

_
• 0’~57 347 ~J( .5 325,644

F— 1 0 ’~ Mc~~’ ’
~~~

°7
~~ ~~~~

- . l3 .~ 77.~,~~17 705,243

F — I  0~ ~~~~~ ~ 
s 304 1 1, o~ 3 454 8t 1 , 315

~ 
, l~~. i4~~5 ~~- .247~ l ,~;3l ,7~ 8 1~~Z0S,875

‘
~~. ~~~~ ~~~~

- . 30U I • 282 , s I, 040 . 882

F — I l l  I S . “I ~ •~ t )0 .~ ~ 5 4 , S 5 ’~ 2 , Z4 ’~, 955

1 
~~~~~ 

I t ’~-’0 34, 
~~~~~~ 32 5 , 370
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~~~~~~

in term s of these explanatory variables. The same method-

ology was employed to obtain CERs for the 100th airframe .

Table VI I  contains the mar g inal CERs deve loped whi ch wi l l

be used to provide theesttmates for coc~parison in a la ter

chapter.

Appl ica t ion  of Marginal CERs. The slope of the

l ea rn ing-cu rve  caluc la ted  f rcxn the equat ions  for 50th

and 100th unit is assumed to hold throughout production.

This slope is then applied to the 100th unit to determine

the cost of the f i r s t  u n i t .  The f i r s t  unit cost and slope

are used to det€rmine the cost of the X unit using the

following equations ,, (Ref 17:55).

‘
~
‘
lO0

~ slope C S) (17)
50

b 1°’
~~
5 18log 7

— ~~ (100)b (19)

X (20)
(x)

— Y 1(x ) b (2 1)

where,

- estimate of coat of i uni t

S • slope of learning-curve
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Table V II

CER . Developed f rom RANt ) Data to Predict
Mar ginal  Unit  Cost for the 50th and 100th Unit

f ront  Knov. ledge oI Weight  and Speed ’
CER 

— _______

-12. 3484 .t443 1.4068
Fçp = e (-5. 18) W (2. 70) S (2 .  72) .95

- l3 .4 5 6~ .5042 I.b691
E ioo C (-3.84) \V 1.47) S (2.18) .92

-3.  2 l ’~~ .85 14 - . 1955
= e 

~~
- . 8.~) W (2. 17) S ( - . 23)  .97

- 2. 9404 .81ü2 - .274 8
T100 e ( - .70)  W ( 1 .98 )  S (- . 30) .96

-4 . t> 1S0 l. 2b60 • . 3 3 7
= c (- .~ 

38~ W (t ~.53 )  S (- .94)  .98
- 4.  ‘i72 1. 3037 - . 4 3 4 2

1100 e ~- 3 . 2 7 )  W 8. 74) S ( - 1 . 3 1) .97

-4. 208 1 1. O JS I  .1474
M50 - e 

~~
- I. ‘ - ~~~~~ W 4. 08) S i. 27) .99

-3. -’810 l. 0 14 ’~ .Ot 17
c ( - 1 .  74 )  W ( 5 . 0 1 )  S ( . 1 4 )  .99

t - st at i st i c  g z v -n in p aren the se s .
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b = coe f f i c i en t  of var iable  quan t i t y

x = pa r t i cu l a r  uni t  for which an estimate of
cost i3 desired

Summary

Some general information concerning data bases was

discussed in this chapter. The information included the

types of data required for development of CERs and some

adjustments that are made to data to ensure consistency

and comparab i l i ty .  This discussion was followed by a

detailed d iscussion of the definitional difference s and

difficulties associated with separating cost into non-

recurring and recurring cost classifications. The next

section enui~’erated and provided the explanation of the

procedure used to convert the work sheet then-year dollars

data to constant year dollars for the analyses of the

material catcg~ ry . The last section provided an explana-

t i on o f the r~t ’thodo 1ogy employed to obta in  marg ina l  CERs

h a v i n g  e x p l a n a t o r y  variables of weight and speed for esti-

mating total engineering and tooling hours , recurring

labor hours and material dollars.
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IV. Methodology

The methodology employed in this thesis integrates

two concepts: generalized least-squares (CLS) and a

Bayesian approach to m u l t i p l e  regression. GLS is a

methodology that allows ordinary least-squares to be

used to estimate coefficients and variances for a gen-

eral linear model having correlated error terms. The

concept of a Bayesian approach to multiple regression

allows the use of available info~~ation , both historical

and cu r r en t  information from a new experiment , to update

estimat’s of the coefficients of a linear regression equa-

tion , CER. The application of a Bayesian approach to the

problem ot ‘ - - l i c t i ng  f ut u r e  lot costs should have parti-

cular app~ .il to the analyst who performs cost estimation

of a i r f r a m e  program s assumed to have s i m i l a r  design and

production variance s found in past programs .

The RANDOM CERs developed by Marcotte (Ref 19) from

historical data are used for the application of the

Bayesian approach in this research effort because the

RA N DOM CERs were provej~~to be s t a t i s t i c a l l y  0better 0

estima tors of coat than CERs derived us ing other recen tly

published methodologies . Since the RANDOM CERs were

developed from a model which cons idered correla tion,

prediction using the Bayesian updated RANDOM CERs poses a

problem that requires special treatment in the GLS model.
S.
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The f i r s t  section of this chapter provides a brief

introd uction to Bayesian philosophy and includes an

exam~ 1e of a Bayesian appl ica t ion  to a discrete case .

The next two Sections provide discussions of the two

concepts employed in this research . The final section

discusses the application of GLS and a Bayesian approach

to multiple regression for updating an airframe CER to

predict the cost of the next unit. Also included in this

section is a brief discussion of how the 95 percent predic-

t ion  i n t e r v a l  was calculated .

Bayesian  Phi losophy

The Bayesian approach is concerned with predicting

the occurrence of some underlying w statc of nature N that

is uncertian . The Bayesian approach uses the available

evidence to aS~;L’SS a r:sk to each of the various alter—

nattve actions for ~;o1ving a problem (Ref 23:1). Some

problems involve the implementation of various decisions.

These problems f a l l  in the realm of statistical decision

theory. Othe r problems require only one action, either

to accept or reject a hypothesis. This is referred to as

statistical inference . The prob lems involving estimation

are of this type. The decision rule is the estimator and

the action is the estimate . The Bayesian estimator refers

to a decision rule with the smallest expected risk (Ref

30:358).
a.

‘ a
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The development of the theory was made by an English

Clergyman , Reverend Thomas Bayes , dur ing  the 18th century

(Re f l6 : , 14 ) .  Since tha t  t ime Bayesian philosophy has

found app licat ~ on to many problems involving inferences

from prior information . Bayesian philosophy has several

interesting aspects.

Aspects. The f i r s t  aspect is a basic concept which

al lows the use of p r io r  i n f o r mat i o n  about probabi l i ties

or evidence . Thi s  f e a t u r e  of the e x p l i c i t  t reatment of

pr ior  evidence is d i s t i n c t i v e  of Bayesian S ta t i s t i c s .

The prior information in classical statistics is only

considered i n f o r m a l l y ,  i f  at all. The Bayes ’ Theorem

uses both the prior information and additional evidence

~;athered (i.e. sampling) to revise the prior information .

The vaule of the Bayesian approach is only to the extent

that both typc~ of information are related to the uncer-

tain future state of nature . As more information is

gathered , less uncertainty ‘xists. The Bayesian analysis

for updating the prior information is only as good as the

additional information obtained . I f  the additional infor-

mation gathered is related to the future state of nature,

more information results in less uncertainty (Ref 22:2,3).

\The main aspect of this philosophy is that prior

probabil it ies can be either subjective or objectively

determined. The objective probabilities for example may

be obta ined from historical data which is the case in this

81 
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research. However , the greates t  power of Bayesian analysis

can be derived when no prior information is available and

subjective probabilities are used. Many times the subjec-

tive probabilities are nothing more than “gut feelings

that evolve from experience and judgment (Ref 16:318).

The use of subjective information from intuition ,

judgment , and feelings directly in the forma l analysis

of a decision problem is the primary philosphical differ-

ence between the Bayesian statistician and the “classical”

statistician. The Bayesian statistician tries to make

use of judgments and experience , and infers that these

count for something (Ref 22:3). The “Classical” approach

believes that subjective aspects should be left out of

the forma l analysi~; (Ref 28:XX). These probabilities ,

whether determined subjectively or objectively, are

referred to as “a priori ” probabilities. The probabilities

obtain .’~ from observation and app lication of Bayes ’ Theorem

are referred to as “a posterior” probabilities (Ref 23:

439).

Another asD2ct is the philosophical differences in

interpretation . The results obtained by both Bayesian

and classical approaches are the same, but the interpre—

tation is subject to differences that are philosophical

rather than methodological. “C1a~ sical ” statistics

basi cally start with the premise that some true value of

the parameter exists to be estimated, for example a mean.
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Using a sample, a confidence interval is developed . The

confidence interval is established with some probability

that the true value of the parameter falls within some

specified interval (i.e. ninety-five percent probability

the conf idence interval contains the true value of the

mean). The estimate of the true value of the parameter

is the random variable.

In Bayesian statistics the parameter is treated as

the random variable. The existance of a true value of

the parameter is seen as irrelevant since the true value

cannot be observed. This treatment of the parameter as

a random variable i~ particularly of interest for predict-

ing future events. Bayesian inference assigns probabil-

ities directly to the parameter spaceN which is the range

of values the parameter can take on (Ref 22:48).

Another major aspect of philosophical difference is

that the underlying probability distribution of the random

variable of the prior distribution in Bayesian analysis

can be assumed to be any form , and can be based on judg-

ment or past objective data. The two distribution func-

tions that are easiest to deal with mathematically are

the diffuse or uniform and the normal or Gaussian (Ref

22:45).

Discrete Appl.cation of Bayes’ Rule. .~s discussed

in the previous paragraphs of this section, Bayes’ Rule

(Theorem) provides a mathematical formula by which

83
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probabilities of prior events can be updated given addi—
4,

tional information . If the probability and corresponding

value of the payoff  are known , application of Bayes ’ Rule

can result in the expected vatue or an updated estimate of

cost. The Bayesian probability revisions provide the

decision maker with a measure of the ef fect of the addi-

tional inform ation (Ref 27 :110:

If B1, B21.... and 8k constitute ~ set of
mutually exclusive events of which one must
occur and none has a zero probability, then
for ~ny event 1’. for which P (A) ~ 0

P(B )P(AIB )
P(B IA) k 

r r (22)

:1 p ( B . ) P ( A I B . )
i~ 1

for r 1,2,..., or k (Ref 11:62).

where,

P(Br) the prior probability of

A the observation

P(1
~IB r

) the probability of the observation given
B is truer

P(Br IA ) the posterior probability of Br

The denomina tor of this  expression is simply P(A)

from a theorem called the rule of elimination . This

theorem states:

I f  B1, 82...., and Bk constitute mutually
exclusive events of which one must occur and
none has a zero probability, then for any
event A (Ref 11:59).
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K
P(A) ~.P(B~) P(AjB1) (23)

i~ l

A simple problem consisting of three actions with one

intermedi ate state is presented to i l lustra te Bayes ’ Rule.

The following paragraph is a statement of the problem.

In a tactical war game , the enemy can take one and

only one action as their next move in the game. The first

action denoted as B
~ 

is to attack usin g tactica l nuclear

weapons . The second action denoted B2 is to attack using

conventional weapons. The last action denoted B3 is to

retreat . Our in te l l igence section has determined ei ther

through experience or expert judgment the following prob-

abilities for each action , where P(B~) is the probability

of the 0th action .

P(B1) — .3

P(B2) — .6

P(B3) — .1

The intelligence experts have also determined that there

is a .2 probability that the enemy will precede a nuclear

attack wi th a reconnaissance f l i ght, a .7 probability that

they will precede a conventiona l attack with a reconnais-

sance f l i ght, and a .1 probability that a retreat will be

preceded by a reconnaissance flight. As the staff is di.-

cussing various strategies for each of the possible enemy

actions, an enemy photo reconnaissance plane is sighted.
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With this additional information, what are the probabil-

ities for each of the three possible enemy actions.

The following is the general expression for the

above problem:

P(B ) P(RFIB
P(B~~1RF ) k (24)

~P(B~ ) P(RF1Bj)
i~ l

where,

P(B~) = probability of one of the n actions

P(B fRF ) - probability of one of the n actionsn given that a reconnaissance flight has
been observed . This is referred to as
the posterior probability.

= probability of a reconnaissance flight
qiven one of n actions occurs. This
probability is referred to as the
likelihood .

Using the above notation to formulate , the revised proba-

bility of a nuclear attack given that a reconnaissance

fligh t has been sighted is as follows:

P(RF~B1)P(B
1~

RF 
P(RPIBJ ) +P (82) P(RYTB2) +P(83) P(RPJB3)

(4)

The specific values of the posterior probabilities of the

three possible actions are indicated as follows:
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P ( B 1 RF ) = 
~~~~~ + 0.6 X O~ 7 + 0.-i X 0. 1

~., ~~~~ — 
0.6 X 0.7 

=r
~~ 2Ii~

L
~ C.3 X 0.2 + 0.6 X 0~ 7 + 0.1 X 0. !.

P(B 1 RF) 0.1 X 0.1 0231 0.3 X 0.2 + 0.6 X ‘0.7 + 0.1 X 0.1

Summary . Decision makers desire to decrease the uncer- 
-

tainty that exists in the decision required to be made in

this complex world. Modern decision makers spend much time

and money gathering additional information to improve their

knowledge o’ the future outcomes or events (Ref 16.3).

Bayesian analysis provides a means for treating the addi-

tional info’~~ation with probabilities determined from

prior information which results in a revised probability of

a future event occurr i ng that is max imum likel ihood with

minimum variance . The Bayesian approach also has an

intuitive appeal to the decision maker because this approach

allows the subjective probabili ties determined from judg-

ment and experience to be used . For the estimator, the

historical or prior iniormation helps reduce complete

ignorance of the cost of an item that is similar to items

fo~ which prior information is available.

Concept of Generalized Least-Squares
(AITKEN) Estimators

-. - Generalized Least-Squares (GLS) is a methodology which

deals with linear models where correlation is assumed to
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exist ~mong the disturbance terms. The methodology to

obtain estimates of the regression coefficients ard var-

iance is presented in this section. To begin the presen-

tation of the methodology the following paragraphs provide

a comparison of the GLS and ordinary least-squares

assumptions.

Assumptions of GLS and Ordinary Least-Squares. A

linear model assumed to have correlated disturbance terms

with a mean of zero requires the application of GLS to

provide unbiased estimates of the parameters B, Var (B),

and u2. Expressed mathematically, the model is of the

form

Y = X B + (25)

and the assumption

E(i ’c) (32Q (26)

where ,2 is an unknown constant term and Q is a known sym-

metric positive defir4ite matrix of n X n terms. Equation

(26) infers that the error terms are correlated a:sd that

the variance and covari~ince of c terms are known up to a

scale factor (Ref 14:208).

The assumption expressed by equation (26) is signi-

ficantly different from the assumption of ordinary least-

squares. The assumptions of ordinary least-squares state,
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1. The mean of the error term is equal to zero

E(c) = 0 (27)

2. The error terms are independent and the variance
constant

E(c ’c) — ~
2i (28)

where I represents an identify matrix with zeros in the

off diagonal elements and ~~~2 is constant (Ref 14:122).

r~ o o~
E(c ’) — ~

2 0 1 0 ( (29)

Lo 0 iJ

Positive Definite Matrix. A positive definite matrix

is a matrix where every principle minor is positive. A

simple example in Johnston Ref 14) uses a 2 X 2 matrix

for illustrat ion . If Q is this 2 X 2 matrix , then

2E(cc ’) a Q — I (30)

L°12 °22J

where is the variance of and is the covariance

between and Cj. To be positive definite 011>0, and

011022 
— 012 — 

~ll~22 
(1 — p12

2)’O where p12 is the popu—

lation correlation between C1 and C 2•  Translation of the

previous mathematical statements is each error term must

have a positive variance and the two errors are not per-

fectly correlated. For multiple dimensional matrices
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there must be no perfect correlation between pairs of
‘I.

error terms or between the set of all L ’s (Re f 14:209).

Methodology to Estimate Parameters. Assuming the

error terms are correlated the first problem is to esti-

mate B of the linear model, Y = XB + c. This estimation

can be approached in several ways ; the presentation out-

lined in Johnston is the simplest (Ref 14:209).

A positive definite matrix (Q) can be expressed by

PP’, where P is nonsingular, therefore

Q — pp’ (31)

then

— I (32)

and

P
_ l’

P
_ l 

— Q i (33)

Now the linear model is premultiplie d by P 1 to give

— ~~~~ + P~~’C (34)

where,

— P ’Y, X~ — P ’X, and C~~ —

It can easily be s”en using equation (32) that

E (t .C~~ t )  — ~
2t (35)
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t therefore, equation (35) satisfies the assumptions of
4

ordinary least—squares. By performing ordinary least—

squares on equation (34) the estimate of S is,

( X X ~) 
—1 (36)

Making substitution s the GLS B estimate is

—1 —l • — lB = (X Q X ) X Q ‘i’ (37)

This estimate is a minimum variance unbiased estima-

tor with the following variance-covariance matrix

VAR(B) a2 (XQ~~X)~~ (38)

The unbiased estimate for ~
2 using ordinary least—squares

is

c c  (39)
-

~~~~~~~~~~~~

where c = Y - XB

For the general least-square model , an unbiased estimate

2for a is

— (Y 0 - X~ B) ‘ (Y~ - X~B)

— CT  — XB) Q~~~(Y — XB) (40)

4
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where n is the number of observations and k is the n umber

of explanatory variables in the linear model (Ref 14:

210). The resultant difference of n less k is the r.umber

of degrees of freedom.

The unbiased estimate (B) provided by the above

methodology is a maximum likelihood estimator with mini-

mum variance in the class of all unbiased estimators.

The B estimator def ined in equation (37) is the generalized

least-squares (Aitken) estimator . Furthermore, if Q is
4’

know , the GLS estimator S can be computed using equation

(37) and the standard error from equation (38). With

this informa t ion , the tests for significance and confi-

dence intervals can be calculated . For a more detailed

explanation see Johnston (Ref 14:208-210).

Treatment of Prediction_ in the GLS Model. Johnston

presents the following treatment of the prediction problem

in the GLS model (Ref 14:212)

y XB + C (41)

with E (c) 0 and E(~~:’) V, which is assumed to be a

known , symmetric, possitive-definite matrix. The problem

is to predict the dependent variable y0 given a set of

independent variables X0. The prediction equation becomes

~ X0
B + C~~ (42)

where c0 is the true , but unknown value of the disturbance.

Assuming
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E(~ 0) 0 (43)

E(c1c0)

E (c2c0)

E(c0c) . W (45)

E(c C 0
)

where W is an n X 1 vector of cortvariances of the predic-

tion disturbance with the vector of sample disturbances.

p c y  (46)

such that C is a vector of n constants. If p is to be a

best linear unbiased predictor , then a value of C mus t be

determined that minimizes the prediction variance

0 2 = E  { (P _ Y
0
)2} (47 )

subject to E (p - y0) — 0. C must satisfy the following

expression for p to be an unbiased predictor.

C X — X 0 — 0  (48)

The prediction error is
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p — y0 
— C t— c 0 (49)

wh ich resul ts in the prediction var iance of

2 c’vc + o~
2 

— 2CW (50)

Using  LaGrange m u l t i p l i e r s  and d it f eL e n t i a t ion , Johnston

derives an est im ~*te C such tha t

V 111 — X CX V 1X) ~X V ~
1 )W + V

1X ( X V 1
X

1 )X  (51)

Substituting the estimate of C into equation (46), the

following prediction equation results ,

p = X
08 

— W V 1 (52)

where ~ = Y - XB is a vector of the GLS residuals and

X0B is the prcdi :Lion not adjusted for the correlation

e x i s t i n g  among the observat ions .  The produc t W V ~~~c is

the adjustment factor which takes into account the corre-

lation between the actual observations of the sample

program and the prediction (Ref 14:212 ,213).

The fo l lowing  section presents the methodology for

the app l i ca t ion  of a Bayesian approach to mul t ip le  regres-

sion. Using Bayesian methodology , the S and ~
2 estimates

can be updated as new informatiofl is acquired .

A Bayesian Approach to Multiple Regression Analysis

The application of the Bayesian approach to multiple

regression analysis is complex mathematically when
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I
compared with the discrete example presented in a preceding

section of this chapter. However, the underlying concept

of updating prior information is the same.

The following is the presentation of the application

of a Bayesian approach to multiple regression analysis

made by Sasaki (Ref 30). The approach determines the

posterior distribution of B and ‘ from knowledge of the

posterior Jistribution of B and i obtained from a previous

experiment. The distribution of the previous experiment

is considered the prior probability distribution to be

used in another experiment to derive a posterior distri—

button of H and ~~.

Prior Information and Distribut ion. If the first

experiment consistcd of N1 observa ti ons on a l l  Y and X ,

denoted and X~ for the dcpcnd.~nt and independen t vari-

ables of experiment one. The following is the posterior

di5tribution of B and ~~~.

P(U,~~1 fY 1
,X

1
)

~ ~~~~~~~~ { - 

~~~~ 
l~~ l 

+ (B-b’) ‘X’1X1 (8-b ) (53)

where b’ is the least-squares estimate , and V 1 
is the nwu-

ber of degrees of freedom from this first sample. A

detailed derivation of the above formula is presented in

Sasaki (Ref 30:464—467).
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Current Information and Distribution. Now a new

random sample of size N2 is taken on all Y and X. The

second set of observations are denoted Y 2 and X2. The

lik elihood of ge tt in g these observa t ions is

L(Y29X 2 j B 1a2) — (2r .I
_N
2/202

_N
2exp{_ 2a 2~

—N 

( Y X :B) (Y 2 x 25)

• (2-) 2/2(,~ 2
) ~ exp { - — -

~~
-

~~ ((Y 2
-X2b ) (Y

2 
- X2b 

)
20

2

+ 8_ b ) X
2

X
2 (B_b)J }

— 
2/2 2—N

x exp - -_ ~~~~~~~ + (B-b ) X
2X 2(R-b)J ~~ (54)

(• 
2~~ )

where

‘2 - (Y
2-X 2

b )  (Y
2
-X

2
b )/(N

2
-k), and b denotes the

least-square estimate of B for the new sample (Ref 30:468).

Posterior Distribution and Estimate of B. The poster-

ior distribution of B and ~ is proportional to the product

of the prior distribution and the likelihood function.

The posterior distribution of these parameters can be

der ived from equations (53) and (54). The following i.

an expression for this product (Ref 30:468).
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P(B , ’1Y 2, X2, Y11 X 1
) Constant o

~XP 
2
02 (~~2

2
Y2 + + (B-b) X X(B-b)) } (55)

The assumption made is that o~ — °2 a, therefore

X x  X 1 X 1 + X 2 X 2 (56)

and b the r~osterior estimate of B is

b (X X)~~~(X1 X 1b +X 2 Y2b )  ~- (X X ) ’(x 1 Y 1 
+X 2

y
2) (57)

Posterior Variance. By integrating equation (55) with

respect to .
~~~, the marginal posterior distribution can be

derived along with an t’stimate of ~. The result is

I . .
P (BIY ,,X2

,Y1,X 1
) Constant (1 + (B-b) X X(B-b)/, 

~~? (58)

where

- 2

~.1 
‘
~1 

+ ‘2 ~2— (59)

and

- N 1 + N 2 
- K (60)

which is the form for the multivariate t distribution with

y degrees of freedom (Ref 30:468—472).

-a
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Trans lat ion of the Methodologies to
Updating Airframe CERs

As discussed in Chapter II, the RANDOM CERs are based

on a mixed linear mode l, having two error terms. Although

Charter IL provides some discussion of the application of

a mixed linear model for development of an airframe CER,

more detail concerning the use of GLS techniques in the

development of the’ RANDOM CER is required to provide the

reader with an understanding of the methodology used to

obtain updated CERs.

RANDOM CER. The general model for the RANDOM CER

was a mixed l inear model or components of variance model,

Ti) X jJ B + U
j  

+ 1iJ (61)

where. ‘1 is a vector of cost . X is the matrix of explana-

tory variables of weight , speed , and quantity . u~ is the

error term associated with a particular aircraft program ,

and is the error across all lots of all aircraft air-

craft programs . The error associated with different air-

craft ai r frame programs may result from several factors

such as totally new aircraft designs, new matorials used,

and new and complex technica l design features, etc. Air-

craft ai rframe dif’erences definitely affect cost, but the

explanatory variables used in the CER may not capture

totally the variance resulting from these differences.

The general economic conditions present during production
S .
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of each lot of air frames is the most probable cause of

variabil ity reflected by the overall error term, c~~~.

This error may be due to small changes in labor or

material caused by strikes and infl ation or slight changes

in the designs that occur in aircraft airframe programs

between lots (Ref 19:13).

Marcotte assumed that the distribution of the error

teri.~s were norma l , independent , and had variances of

and ~~2 respectively. J~s a result of the assumptions, the

overall error could be preseflted as

uj 
+ (62)

The overall g1~ 
is also distributed normally with a mean

i and a variance equa l to the sum of the variances,

+ ;2 Further development resulted in the general

model,

Y XB + G (63)

where G is distributed normally with a mean and a variance

matrix of ci and V, respectively. Sirce the G disturbance

terms arc correlated , the V matrix of var iance will have

non-zero off diagonal terms (Ref 19:13,14).

Marcotte applied the fitting constants technique to

the mixed linear model to obtain estimates for and

With values of o
~

2 and ~~~~ a V matrix can be constructed

(Ref 19:11—18) .
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The estimated V matrix is a positive definite sym-

metric matrix. Using triangularization of a matrix , a

subroutine of the OMNITAB II computer program, a non-

singular matrix (T) was determIned such that

T T  • V
_ i 

(64)

where V is Q and T represents the P 1 of equation (33).

Using the GL.S methodology discussed earlier, the depen-

dent variable vector of costs and the matrix of indepen-

dent variables (weight, speed, and quantity) from the

historical aircraft airframe data was multipled by the T

matrix. Ordinary regression was performed on the result-

ing products formed to obtain estimates of regression

coefficients and variances for the development of the

RANDOM CERs. These estima tes and the historical data

base to derive the estimates are the prior information

for application of a Bayesian approach to multiple regres-

sion, while the available or observed data on a new

program is the current information .

Differences in Notation. In the above paragraph ,

a difference in notation was pointed out to the reader.

Clar ification of the differences in notation between

Johnston, Marcotte and this research effort are important,

in order to follow the translation of the methodology to

updating the RANDOM CER.

4 
The V matrix estimated by Marcotte is not equali-

valent to the V matrix presented in Johnston, equations
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(50), (51), and (52). The Johnston V matrix is assumed

to be a known symmetric , positive definite matrix and is

equivalent to cl2Q, if is known, or ~
2
~~

l using the

notation employed by Marcotte . To obtain an estimate of

the v matrix, ~
2 or average variance across all observa-

tions must be estimated using equation (40). In this

effort the notation for the estimate of the average

variance (02) or adjustment to the V”1 matrix for predic-

tion will be 62. Furthermore , 62W is an estimate of the

W vector in equation (45). Refer to Theil , Principles

of Econometrics (Ref 35) for another presen tation of

GLS.

Posterior B Estimate. An ordinary regression analy-

sis was conducted on the summation of the new experiment

data and the historica l data of an example presented by

Sasaki (Ref 30) to verify that the coefficients of explan—

ator~ variables , B estimates , calculated were the same

as the posterior B estimates using equation (57). Since

‘the estimates were equivalent and the method simplifies

the methodology presented by Sasaki for obtaining pos-

terior estimates of B, thia simplier method was used.

The logarithm of the dependent variables of weight,

speed, and quantity of the 33 lots of historical data

(X1) and the four lots of observed data (X2) were added

together, represented by the vector
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• rxil
1 (65)

Lc2J

The logarithm of the independent variable of average unit

cost for marginal equations or cumulative lot cost for

cumulative equations for both sets of data is represented

by the vecto:

y
~~ (66)

L~2J

The non singular matrix

T~~ ( , (67)
T
3j

was derived by Marcotte using partitioning of the T matrix.

App lying GLS the posterior estimates of B were derived

using equ~*tion (36),

• • —•1 • •
D~~ (X T TX) X T Y  (68)

The variance (~ 2) resulting from the regresaion performed

on the combined data set is the estimate of the avarage

variance, and an adjustment to the V’1 matrix for predic-

tion.
• —
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Posterior Variance, ~~ Using GLS, ordinary regres-

‘‘ sion was performed on the historical data represented by

the following equation,

T1Y1 T1X1B + T1G1 (69)

An estimate of variance (t J
1

2
) was obtained from this regres-

sion.

Applying GLS and performing an ordinarj regression

on the observed data for the new program represented by

the followi.’~g equation.

T2
Y2 T2X2B + T2G2 (70)

results In an cst.imatc of variance (~ 2
2) for this observed

dat a.

Now that estimates for a1
2 and I

2
2 have been calculated,

the posterior variance (a 2) is calculated using equation

(59)

Prediction . Using the Bayes~ an updat~d RANDOM CER

to predict the cost of the next lot of airframes, presents

a major problem . The problem is how to take into consider-

ation the correlation that exists in an airframe program

between the observed lots of airframes and the lot of air-

frames for which a cost estimate is needed to make a

management decision. The RANDOM CER was developed based

on the assumption that correlation exists between the

produced lots of a given a i rframe program. Therefore,

GLS treatment of prediction is applicable.
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The form of the Bayesian updated RANDOM CER is

‘ft

B
1 82 B3C~~~e

as W Q (71)

whore,

C Lot Cost.

Coefficient of the constant term.

I31~ 
B2~ 

83 = Posterior regression coefficients.

S ~ Maximum spced at best altitude .

W Unit airframe weight .

Q Airframe quantity .

To simplif y the presentation of predicting airframe cost

using the Bayesian updated CER, the following linear

equatior. represents the prediction equation.

X~ B + 10 (72)

where, is the logarithm of the cost to be predicted ,

X0 is a row vector composed of the logarithm of the

explanatory variables (S, W, and Q) for the airframe for

which the cost is to be predicted , B is a column vector

of the posterior estimates of the regression coefficients,

and is the unknown, but true value of the prediction

disturbance . The Bayesian updated RANDOM CER has been

converted to the form presented in equation (42). The

same assumptions hold.

The covariances between the prediction disturbance

and the sample disturbances that compare to the column
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vector W, equation (31), are assumed to be constant and

equivalen t to th~ covariance between to different lots

of the same airframe, ~~~~ The values used for

were estimated by Marcotte. The number of rows which

make up the n X 1, W vector, is equivalent to the number

of lot observa tions available on the new program used to

predict the cost of the next lot to be produced . For

example, if the cost of the fourth lot of airframes is

to be predicted W would consist of three rows, one for

each of the first three lot observations.

Substitution of T T  for V 1 in equation (5 1) results

in

— • , • — l •
C = T T(I - X(X T TX) X T T)W

+ TTX (XTTX ) 1X0 (73)

The estimate of the predictor , p, becomes

p C V  (74)

• ‘ ‘ —1= W - (I - T TX(X T TX) X )T TV (75)

+ X0(XTTX ) ’X T T Y

W T T Y  - W T TXB + X~B (76)

W T  (TY - TXB) + X08 (77)

The TY - TXB portion of equation (77) iS made up of

the residuals associated with the available lot information
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on the new program multipled by t)~e T atrix. The value

for the products of the vector of residuals times T were

obtained from the regression analysis performed on the

combined data set of historical data and the available

observations on the new aircraft program. The product

• • • — 1W T (TV - TXB) is equivalent to W V ~ and is an estimate

of the unknown pred iction disturbance The X
0B portion

is a vector of the values of the variables of weight, speed.

and quantity for the lot of airframes to be predicted times

the vector of Bayesian updated regression coefficients.

Equation (52), when converted from the log-linear form

becomes

B1 82 
B3 K

C ” e
1
8 W Q e (78)

where K W V ”1
* , the estirr~ te of the unknown prediction

disturbance in the log-linear form of the equation and is

the coefficient of an additional constant term or adjustment

factor . This additional constant term takes into considera-

tion the correlation among the lot obs .~rvat ions of the new

p rog ram .

Now that the prediction equation has been developed,

the standard deviation of the prediction (r~p) must be

estimated to calculate a 95 percent prediction interval.

From equation (50),

a 2 
— a 2 C 6 ~VC - 2C6 2W (79)
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• I
let a = ~ (C VC 

- 2C W) (80)

‘ ‘  2
- W T TW~S

2 —1
- 2X~ (X T TX) X T TW

• ~ 2 1 I I I —l
+ W T [TX~ (X T TX) X T J (T ) W

+ XQ ’~
2(XTTX ) 1X0 (81)

Now, assume that variance is constant , ~~2 = ;2

then

= a + ~2 (82)

and

— 

~~ 
~2 (83)

The prediction interva l is the range between estimated

limits in which a v.~1ue of a single point estimate lies

with some probabili ty. The prediction interval also can be

described as the range of the conditional distribution

within which most individua l values fall (Ref 30:420).

Assuming the following equation

V1 — a + BX~ c (84

and a large sample size, the interval estimate for 95%

confidence is 
-

P I (a + BX
0) + Z .05 0.95 (85)

—y v N
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}‘or ~i small ti~;; 1e size the t distribution is used .

The interva l estimate for 95% confidence is then

P[(a + BX 0
) + ~~0 2 5  ~/ R  (Y 0 ) J  — 0.95 (86)

Because the data base used to derive the Bayesian

equations was a small sample , the t value for  i n f i n i t e

degrees of freedom Was used to calculate the upper and

lower limits of a 95% prediction interval. An estimate

of VAR V0 has be ’n calculated and is equivalent to ~~~~

I)uc to the loqarithmie form of the CER , the expression for

the prediction interval is

P t In Y + 1.96 a )  = 0.95 (87)

The upper and lower linits are found by calculating
(ln V + In 1.96

C — p .

SulflmarX

This •~h.ipL.~r discussed thf’ me t hodology employed to

obta in  up dated a i r f r a m e  C!~Rs. To f a m i l i a r i z e  the  reader

w i t h  I~ iy . ’:;i .~n s t a t i s t i c s, the chapter  began wi th  a discus —

sic’n of Bayesian ph i lo sophy .  An example of Bayes Theory

appl ied  to a d i s c r e t e  case was presented and discussed .

In add i t ion , two concepts were discussed which are signi-

ficant to the development of the Bayesian approach used

in this thesis. The first concept discussed was Generalized

Least-Squares (GLS). The use of GLS in the methodology was

necessary due to an underly ing assumption of the RANDOM
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CERS of the existence of correlation between two error

terms. The second concept discussed was a Bayesian
L

approach to multiverate regression analysis. The final

section translates the use of these concepts for updating

CERs ~Bayesian CERs) to predict costs of tne next lot!

unit of airframes. Also included in the final section

is a brief discussion for calculating 95% confidence

intervals for the Bayesian predictions. The following

chapter presents a comparison of the Bayesian CERs and

prediction s with those developed using other methodologies.

The 95% confidence interva l for the Bayesian predictions

are also presented .
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V. Equat ions  and Comparisons

This chapter presents the marginal and cumulative

Bayesian equations developw~ for predicting the cost of

the next airframe unit or lot , and compares the Bayesian

equation prediction with predictions from equations

derived using other methodologies. The other equations

used for th~’ comparisons are the Levenson equation (Timson

and Tihansky equations developed by Marcotte), RANDOM

e~luat ions, ordinary regression e luations (lot observations

assumed independent ) and Large equations. The first

secti n discusses the problems of using the F-14 program

as the sole test case. The next sect ion of the chapter

compares the RANDOM equations and ordinary regression

equation:; with the Bayesian e~uations. Comparisons are

made for both marginal and cumulative cost equations for

each of the followin ; categories: total engineering ,

total tooling, recurring labor , and recurring material.

The las t  section presents  the Bayesian predictions and

comparisons with predictions made using the other equa-

tions mentioned previously.

Test Case Problems

The Bayesian equations using the F-l4 program as the

test case of the Bayesian methodology were used to predict

the recurring material fifth lot cost. Performance of

ordinary regression on the observed lot information raised
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quest ions concerning the selection of the F-l4 program as

the test case of the Bayesian methodology , because the

learning-curve slope (quantity coefficient) of the material

cost category differs significantly from the average

learning-curve slope indicated by the regression on the

historical data , RANDOM equation . The reasons fo- this

significant difference may be because the airspeed was

estimated from published in formation or the assumption

of the acceptance schedule . The estimate of airspeed

did not pose a problem except for the engineering cate-

gory since the airspeed variable was not significan t for

the other categories. For an explanatory variable to be

significant the t-statistic must be greater than +2.0.

The t- st at i st i cs  of the airspeed var i ab l e  in the cumula-

tive total engineering cost equations wer o not much

greater than +2.0. The assumed acceptance schedule is

a possible source of error. Although the acceptance

schedule assumption only affects the recurring material

cost category, the A-6 airframe program was selected as

a second test case.

Equations

The following tables compare the coefficients of the

explanatory variables, the estimate of variance (02), and

the standard deviation of prediction for the ith unit

(Opj) for the equations derived using the Bayesian, RANDOM,

and ordinary regression methodologies.

Ill 
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The RANDOM cqu~ tions were de -ived by Marcotte using

33 lot observations of Lighter airciaft. The lot observa-

tions of the test case airframe programs were not included

in the 33 lot observations. The Bayesian equations to

predict the cost of the fifth lot were derived using the

33 lots of fighter aircraft data and four lot observations

of the A-6 or F-14 a i r f r a m e  programs. The ordinary regres-

sion equations to predict the cost of the fifth lot were

derived us ing only  four lots of A-6 or F—14 information .

Because the r e c u r r i n g  labor category is def ined

bet t e r  th a n  the o the r  cost categories , the recurr ing labor

cost data  is it~~re cons i s t en t  and romparable. The labor

category is the on ly  cost category which  l eg i t ima te ly

r e f l e c t s  a t rue  learning-curve . For the above reasons ,

the recurring labor cost cat ego ry  was selected for  fur ther

analysis using the Bayesian methodology. In addition to

the recurring labor equations developed using four obser-

vations to predict the labor cost of the next lot,

Bayesian equations were derived to predict the labor

cost of the next lot using one, two and three lots of

information . An ordinary regression equation was developed

using three lots of information and a straigh t live equa-

tion using two lots of information. These equations were

derived for comparison purposes.

The following are the definitions of the explanatory

variables for the coefficients presented in the tables:
a

112
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K.  - C o e t f i c i e n t  of the constant  term (e ) .
t. 1

S - Maximum speed at best altitude (knots).

W - U n i t  we igh t  (pounds) .

Q - Quantity ot airframes (cumulative total
or t rue  lot m i d p o i n t ) .

K2 
- Coefficient of the Bayesian adjustment

constant (
K2)

The numbers enclosed in the parentheses below the value

of the coefficient are the t-statistic for the coeffi-

cient. The relative magnitude of the t-statistic greater

than +2.0 indicates the relative significance of the parti-

cular cxplanatory variable in explaining the cost.

Cum u l a t i v e_Eq’iatinn~~. Tables VIII-XI present the

cumulative cost equations derived for total engineering,

to t a l  tooi i ng ,  r e c u r r i n g  labo r , aisd rec u r r i n g  m a t e r i a l,

respectively. The s ta t i s t ic s  prest’n~ ed are the variance

(.2) standard d .’viation of prediction for the fifth lot

of airframe s (~~ 5)~ and in parentheses the t-statistic.

The ordinary regression equations consistenly reflect

a smaller value of than the Bayesian equations. The

value of •pS should not be used for deternuning which

methodology provides the better prediction equation since

the regression equation was derived using four lots of

information . The lower value of 0p5 may only reflect a

lack of variability in the data.

Mother observation is ~2 of the Bayesian equations

- are less than the value for the RANDOM equation in all four
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tables. Also, t~ e coefficien t of the quantity variable is

adjusted in the Bayesian equat ion from the value in the

RANDOM equat ion towards a value closer to the coefficient

of quantity in tne regression equation. This was observed

in all four tables. For example, the RANDOM CER for cumula-

tive recurring labor hours in Table X has a value of .6104

for the coeff icient of quantity. The regression equation

results in a coefficient of quantity of .7481. These

values indicate that the A-6 program has a different

learning-curve slope than the average learning-curve slope

represented by the coefficient of quantity of the RANDOM

equation derived from the historical date base. Using the

Bayesian methodology the value of the coefficient of quantity

changes from the RANDOM CER value, .6104, to a value of

.6353 in the Bayesian equation . Both the decreasing var-

iance and chanc;inq coefficient of quantity illustrate the

wcicjh1inqc ff .~ctof the Bayesian methodology on prior infor-

mation as new information is considered.

For the cumulative HANDOM and Bayesian engineering

CEFs in Table VIU , the t-statistic indicates that all

three variables of speed , weight, and quantit y are signi-

ficant in determining the engin3ering cost. An explanation

for this occurring is that the physical performancs charac-

teristics represented by the three variables directly

relate to the technology employed. The technology employed,

state-of-the-art or advanced, is directly related to the

total engineering cost.

114
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The t-statistic of the exp lanatory variables of the

cumulative RANDOM and Bayesian tooling CERs, Table IX ,

indicate quantity to be a significant variable for deter-

mining the cost of this category. This result should be

expected for this category since tooling costs are related

to the number of machine set ups required and the length

of the production run for ~t~ ortization ot the tooling

costs.

The t - s tat i s t i c  of the explanatory variables of the

cumula t i ve  RANDOM and Bayesian CERs , Table X , indicates

weight  and q u a n t i t y  are s i g n i f ic a n t .  The s igni f icance  of

q u a n t i t y  in the labo r category equat ion is expected since

the cha racter ist ic of learning associated with labor has

been found to be d i r e c t l y  related to the cost of labor .

As more units ar e produced , labor cost decreases. The

sign i f i cance  of we igh t  may be attributed to a relationship

that heavier airframes are larger , therefore requiring more

manufacturing labor resulting in increased labor costs.

The t-statistic of the explanatory variables of the

cumulative RANDOM and Bayesian material CERs, Table XI,

indicates that quantity and weight are signi ficant var iables

for predicting cost. The significance of quantity should

be expected for this category. Material costs are directly

related to quantity d iscounts , improved manufacturing tech-

niques, and learning attributed to labor working with the

material. Using the magnitude of the t-statiatic, weight

was considerably less significant than quantity, but did

115
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meet the +2.0 criteria. The writer can not provide an

explanat ion  for  the s ign i f i cance  of the weight variable.

A possible and very likely explanation of why weight

and speed are considerab ly less s ignificant than quantity

for these equations is the homogeneous nature of the data

base. The data base consists of a specific type of air-

frame , fighters , having a narrow range of variabili ty for

the physical performance variables of weight and speed.

There fore , quantity produced becomes the more significant

v a r i a b l e  for  d e t e r m i n i n g  cost.

Marg ir.alj~j~ations . Tables XII-XV present the margi-

nal equations derived to estimate total engineering, total

tooling , recurring labor and recurring material costs.

The tables present the coefficient of the explanatory var-

iables of the equations developed using the RANDOM, Bayesian,

and ordinary regression methodo logies. The Bayesian and

regression equations were developed using information about

four lots of the A-6 or F-14 airframe program to predict

the cost of the fifth lot . The t-statistic is presented

in parentheses below the coefficient .

The ordinary regression equations have a lower °pS
than the Bayesian equations for all cost categories. As

stated before the value of should not be used as the

criteria for determining the better prediction methodology .

The regression equations were derived using only four lots

of information, therefore , the lower a~5 may reflect the

lack of any significant variability in the data.
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The obse rva t ions  concerning  the  w e igh t i n g  e f f e c t  of

the Bayesian approach and the significance of the t-statistic

are the same as discussed for the cumulative equations.

The result which led to the selection of the A-6 program

as a second test case is i l l u s t r a t e d  by the disparity

between the coetficient of quantity for the RANDOM equation

and the regression equation for the F-l4 airframe program

found in Table XV . The value of the RANDOM equation is

-.2029 and reflects an average fighter airframe program

learning-curve . The regression equation for the F-14 air-

frame program is -.6568 rf~flectinq a higher percentage

learning . This significant difference resulted in the

decision to select a -;a-cond •~.irframe program as a test

case.

~~~~~~~~~~~~~~~~ r~~~~~~I~~b9r. The recur r i n g labor

cost category was ~;I’lccted for a more detailed analysis

for determination of the predictive capability of the

Bayesian methodology. The reasons for selecting this cate-

gory were discussed at the beginning of this section.

Bayesian equations were developed using one , two, or

three lots of infprrnation to predict the cost of the next

lot of airframes. The Bayesian equations derived using the

A-6 and F-l4 observations are compared with a regr~ssion

equation developed using three lots of information and a

straight line equation developed using two lots of infor —

mation.
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The coefficients ef the explanatory variables for the

cumulat ive equations developed to pred ict the recurring

labor cos t of the second, third , and fourth lot of A-6 and

F-l4 are presented in Tables XVI and XVII, respectively.

In addition to the coefficients , the t-statistic in paren-

thesis, the variance standard deviat±on of p!ediction

for the next lot (c~~ ), and the standard deviation of pre-

diction of the succeeding lots through the fifth lot are

presented

The variance for the Bayesian equations for both the

~-6 and F- 14 programs decreases as additional lot infor-

nation is considered . For example , the var iance for the

cumulative Bayesian equation for the A—6 program using

the first lot observation was .9104. When three lots of

i n f o r m a t i o n  were used , the var iance  decreases to .8562 .

For four lots ot information , Table X , the variance

de~~ ca ;t ’s to .8347 .  This  result can be expected due to

the w e i g h t in g of va r i -~*ncc using the Bayesian methodology .

As more observat ions of a new program are used , the var-

iance of the new program will carry an increasing weight

duo to the increase in the degrees of freedom. In addi-

tion , the lot observations of the new program consists of

one type of airframe ; less variability between the lot

observations exists than is present in the historical

data.
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Tables XVII: and XIX present the coefficients of the

4 - ’  marginal recurring labor equations deve loped using one,

two or three lots of A-6 or F-].4 airframe data to update

the PJ¼N DOM CER.

The same observations discussed for the cumulative

equations in Tables XVI and XVII are found in the marginal

equations and statistics.

Comparison of Predictive Capability

The previous section presented the comparison of

Bayesian equations deve loped to predict future lot cost.

This section will present the prediciton s made using the

Bayesian equations and compare these predictions with

predicti r~ns made using other airframe CF.Rs.

Mea~ urcment  ~Jced. The measurement used to compare

the predictions is the p~’rccnt deviation of the prediction

from the actual cost. The percentage is calculated by

subtracting the prediction from the actual cost and then

dividing the result by the actual cost. The reason for

using this measurement for comparison of predictive cape-

bility is due to the difficulty of deriving the statistics

for the Bayesian equation which are normally used for

comparison of predictability o~ regression equations.

Using the percent deviation from actual value as the means

of comparison has the advantages of being s imple and

straightforward .
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Marginal versus Cumulative Equations. Bayesian cqua—

tions were developed to estimate both the marginal and

cumulative costs. Several reasons exists for developing

the marginal or unit CER. First, the cumulat ive data may

hide variation . The unit curve is much more responsive

to a trend change, therefore, use of a mar ginal CER should

improve the prediction of the next unit (Ref 6:69). Another

reason invo lves the purpose of the RANDOM approach which was

to acknowledge the fact that correlation may exist in the

data between lots of the same type of airframe . Using

cumulative data. another type of correlation takes place

since successive lot costs include costs of preceding

lot(s). This type of correlation is referred to as auto—

correlation which bias the regression statistic, R2. The

biased statistic may indicate the cumulative CER fits the

data better than it actually does. The margthal (unit)

CER eliminates the presents of auto-correlation within the

cost data (Ref 19:27). Due to these reasons and the nature

of the problem , prediction of the next unit or lot of

airframes based on all known information , the predictions

using the marginal equations will be used to evaluate the

predictive capability of the Bayesian approach.

Bayesian Predictions and Percent Deviation. Table XX

presents the predictions made using the Bayesian equations

and the upper and lower limits of the 95% prediction inter-

val. The percentage column is the percentage deviation of
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the upper or lower limit from the prediction . This per-

centage value is used as a means of comparing the variance ,

and is calculated by subtracting the prediction from the

— estimate of the upper or lower limit. The resultant sum

is divided by the prediction .

The upper and lower limits are consistent for both the

marg inal and cumulative cos t predictions made for all cate-

gories except material. The percentage values in Table XX

illustrate this result. For example , the marginal mater ial

category for the A-6 program has a 95% upper and lower

limit prediction deviation of +81 percent and -45 percent,

respectively. These values arc consistent with the per-

centage deviat ion for the upper and lower limit percentages

of 79 and -44 for the cumulative material cost prediction

for the A-6 program . The 95% predict ion interval  for mar-

g inal mate r ia l  cost of the F-14 program results in an upper

and lower limit percentage of 88 and -47 and for cumulative

material cost 67 and -40 respectively. This cost category

for the F-14 indicates some inconsistency between marginal

and cumulative prediction . This again illustrates the prob-

lems with the F-14 material cost data.

Another observation made while analyzing the above

phenomenon was that a significant difference exists between

the value of the Bayesian coefficient of tie quantity term

for the F-l4 cumulative material cost equation , .7079, and

the value of the quantity coefficient of the RANDOM

133
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T able  XX
‘
~~ 1’ r edic t i on  Inte rva l

For Bayesi3n Equation.

Program/ Lower
Lot # L im it  Pe r c en t  P r ed ic t ion  Percent  L’pper Limit

Cunrila tive Cost Data*
En ~ i e er in g
A .h  Lot s 3897 .47 7304 87 13688
1-14 Lot S 1142 7 -47 21470 88 40340

Tooling
A -h Lot 5 2816 -40 4671 66 7748
F-14 Lot S 6712 -3’) 11011 64 18063

Labor
A -t Lot S 84~ 7 -44 15042 78 ‘S.. 26756 -

Lot 4 592 4 -44 10650 i~0 19146
Lot 3 3740 ~45 h806 - ‘. 12385
Lot 2 2132 -46 393 1 84 7248

F-14 Lot S 1 392 3 -44 -~49Z9 79 44636
:.~~ t 4 10155 -45 18358 81 33186
Lot 3 5962 — 4 5  10885 83 1~)874
Lot 2 2898 -46  5348 85 9868

Material Coat
A — 6  Lot S ~a77 0 3  -44 a~74 S7 79 120693
F.14 Lot S 19~06$ -40 32 8193 a 7 519353

___________ 
M~~j~in.t L Cost  D~ta

E n g in e e r i ng
A -t Lot 5 4500 -.48 8737 94 16950
F-14 Lot S 182 IC, -47 34439 89 65120

Tooling
A - 6  Lot ~‘ 6370 -40 1062 6 67 1772 0
F-14 Lot 5 11750 -40 19628 67 32790

Labor
A-6 Lot 5 53090 -44 95185 79 170670

Lot 4 63590 -45 115126 81 10R440
Lot 3 87730 -45 160591 83 293960
Lot Z 104700 -48 201911 93 389380

F-14 Lot S 78710 -44 141484 80 254320
Lot 4 98050 -45 177620 81 321750
Lot 3 130730 -45 239063 83 437190
Lot Z 217940 -.46 407069 87 760320

1n Tho~asand. of Dollars
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T.~blo XX (Cont i w i e t l )  __________________________________

Program / Lo\%er

Lot 4 Limit Percent Pr e d ic t ion  Percent  Upp er  Limit
Mater ia l
A -6  Lot 5 271250 -.45 491290 81 889840

F-14 Lot 5 76.U40 -47 1362786 88 2566330

*ln Thousan ds of Dollars

NOTE: For eac h  c a s e  the A c u ta l  V a lue  iu w i th in  the pred ic t ion
i n t e r va l  -

C
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cumulative material equation and the Bayesian equation for

the A-6 program , .7976  and .8174 respectively.  A s ignif i -

cant d i f ference  in the mater ial  learning—curves of the F—l4

program and the A-6 progr~’m is illustrated in the cumula-

tive regression equat~~. is for the material cost category.

The ollowing reasons may explain the observations

discussed in the above paragraphs. The first reason for

the d i f f e r e n c e  in the mate r ia l  learn ing-curve slopes is

the tecnnology advances made between the F-14 program and

the A-6 and other airframe programs of the historical data

base. The A-6 program and other airframe programs in the

historical data base were developed and produced using the

current state-of-the-art technology . The primary material

was aluminum . The workers had experience working with the

m a t e r i a l .  In add i t ion , e f f ic i e n t  m a n u f a c t u r i n g  method s

had been d~-v’loped for working with aluminum . Therefore,

material cobt did not decrease much as follow-on lots were

produced , resulting in ~i h ighe r  percentage learning-curve

slope. The F-l4 prograri used titanium and som~: carbon

expoxy composites. Associated with these new matcrials

are three factors which cause a lower percentage learnit.g-

curve to be reflected in the material cost category. The

first factor is economics. As the supply of a new material

increases to meet demand, the price of the new material

decreases. The second factor results from increased learn-

ing by the worker to work with a new material. As the

136 
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worker  l earn - ;  to work w i t h  a new ma te r ia l  the ma te r i a l

wastes are reduced r c su lt i r .g  in decreased mater ia l  cost.

Related to the above factoi s are improvements in manufactur-

ing techniques for producing a~d working the new material.

The second reason is tolerance requirements . The F-l4 air-

frame was required to perform at a higher speed and operat-

ing ceiling . Because of this increased demand on the F-l4

airframe , closer materi al tolerances are required than for

the A-6 airframe . Increased learning for the F-l4 program

may have resulted from reduced waste due to worker learning

and improved manufac~~u r i n g  techniques to meet the closer

tolerances. The last reason for the difference in quantity

coefficien t~; may Le caused by having to estimate the accep-

ta nce schedule  fo r  t h i ~ F-14 pr~~;ram . As p rcv ioua ly  dis-

cussed , the acci- V ance ~; & -h . ’dules were required to calculate

cost per l~)t in constant  yt ’~tr d o l l a r s .  E r ro r s  due to

conversion to constant y -ar d o l l a r s  ~1 i rec tly  a f f e c t  the

learning- (-urve ~;inc~’ the learning-curve is a function of

dollars versus quantity. Therefore , the F-14 program

material cost cannot be used with confidence for deter-

mining the predictive capability of the Bayesian equations

for the material cost category.

A final observation made analyzing the data in Table

XX and seen in the data previously presented in this chapter

is the weighting effect on the Bayesian metnodology. As

more in fo rmat ion  about the new program is considered, a
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higher probabilit y exists that the prediction will be the
4.

true value . The weighting effect is illustrated by the

anaiysis performed on the labor cost category. The pre-

diction interval decreases or converges on the prediction

of the next lot as additiona l lots are considered . For

example , the upper limit percent deviation decreases from

84 percent for lot two to 78 percent for lot 5 for the A-6

program cumulative labor cost predictions . The same con-

vergence is seen in the marg inal cost predictions.

Table XXI presents the cumulative fifth lot hour/cost

predictions using the various methods discussed previously

and the percent dev iat ion  of the pred ic t ion-  from the actual

lot cost. Using percent deviation as the measure for

determining the best methodology,  o r d i n a r y  regression

re su l t ed  in e st im a t ” s  h a v i n g  the ~:rra1lest pe rcent devia-

t i on for  three  out of fou r  of the cost ca tegor ies  when

four lots of information were available. For the material

cost category, regression was more consistent across the

two test programs. For ex .inple , the Levenson methodology

ha-i a .01 percent devi ation for the F-l4 program and a 68

percent deviation for the ~-6 program . Ordinary regression

resulted in percent deviations of -14 and 2 respectively

for the F-14 and A-6 programs . Regression provided the

smaller and more consisten t percent deviation of prediction

from the actual. However, ordinary regression applied to

only four observations for predicting the next unit may

138
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1~th1e X X I
unnalat ivc 1’ifth 1 ot lluur/C08t Predictione

(u ~ thousande)

-‘un ct i on a l  A r e a  A -t l’ro~ r am F-4 Pr og ram
Methixi Used Pr ed ic~~on P e r c e n t  Pr ed~ct ion  P e rcen t

Dcv ___________- 
1)ev

1:x( ;INE ERIN C1

l .ev en ~ on 4 lt~’98 -15
RAN I) OM ~‘58Z - 1 2  1t ~Z,5 -17
l3aycs.m 7304 15 21470 9
R cg r c s s~on ~3Z -2 Z0~~68 3

T()U1 ING

L e ve n s on  1 2 d 0 t . ~~ 208 11522 19
I~ANDOM S’74 114 10756 II
1~ay e e i a n  4 t 7 1  12 110 11 13
1~cgrce~3ion 452t 8 “ ‘~2 - . 1

I - A t~ OR

I evenson 2O~~4~ 20 31 081 18
~O’45 21 3(~~L 5  17

)%ayesian I ~~~~42  — 1 3 Z4~ fl
I~c~ rcssaon 17880 3 Z~-574 I

MAT F R I A L

1 c vcns on 1Z7704 ~ t 8  ZZ 175 .01
1~AN 1)(~M 7821t 3 I82 87~~ —20
I~ayc s~an 7457 - 11 328P ’3 43
Regression 7784 1 2 1’!585k~ -14

+I)rcdlction not w i t h i n  flayesian Equationa ~sc Prediction Interval
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have a high risk if the dat~i has a large amount of van —

ab i ii ty.

Table XXII compares the various predictions of mar-

ginal fifth lot hour/cost for the A-6 and F-14 programs.

Except for the engineering category, the Large equations

developed to predict marginal cost were not as good as

either the Bayesian or ordinary regression equations.

Using  the percent  d e v i a t i o n  as a measure , the Large equa-

t i o n s  were second to the  B ay e s ian  equa t i on  for  the A— 6

program and second to ordinary ri &;ression equation for

the F - l 4  program . An e x p l a n a t i o n  cannot  be provided by

the writer for the a n o m a l y  observed i n  t h i s , cost category.

For t’a~~h ~-r~~-;r~u1 and ‘e~;t category  a methodology

can be ~;c1ected f o r  p r o v i d i ng  the best prediction capa-

b ility using the p er cent  deviation from actua l cost as a

measure of nbest m . However , acre~~; both test program s and

.il 1 catecjor ics t h e  h a y e s  ian methodology appeared more con-

sistent , followed by ordinary re-iression , for providing

the Mbest~ prediction of future lot costs.

Tables XXI II and XXIV show the prcdictioas for cumula-

tive and marginal labor hours for future lots respectively.

The analysis involved adding information about one more lot

of airframes to predict the next lot. The addition of lot

in fo rmat ion  was only  accomplished for  the Bayesian methodo l-

ogy and ordinary regression . With information on three lots,

ordinary regression of cost versus quantity was performed .
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Tabit’ X X I  I
?darL intl }- &ith I et I lour -! C&’st I~r e d i c t i un s

Functi onal Area A-~ Pr~~ ram F -14 Program
Method U sed P r e d i c t i o n  Pe rcen t  P r e d i c t i o n  Percent

___________________ ______________ 
Dcv 

______________ 
Dcv

• ;NGl N 1~ER1N G

l evenson 11032 28 3t429 40
RANDOM 1085~ 2e 3 72l 41
1~ayesian 8737 -2 34439 32
Large 737t -14 31527 21
Regression 4855 -43 2l~ 47 -17

1 t~~. I ING

1 cscnson 45732~ 432 30863 48
RANI )UM 4~~77Q 4 432 31589 51
Rayce~an L0 ~~2~ 33 l Q h Z 8  -7
Lar g e 25881 ~01 2b260 35
R c g r e~~sio n 78~~2 - ‘

~ 12896 -38

LA )~OR

I cven~~on P’5~ O~ “ 1 180274 39
P ~- i 37  181 3 ) 1  40

I~~~y e e i a n  ~~~~ -8 141484 10
I a r g o  l44~~S0 40 178738 38
R c ~ : r e s s i o n  10 3 7 ) 4  .04 I350~4 4

M A I I R I A L

f cvcn~ on 82 7 3~35 ~d2 144)495 13
R A N I X M 7~~18~i0 4~ 1324161 4
1~a yes ia n 4 1 t ~~ Z7 -4 1362786 7
large 811768 59 1300612 2
R cg r e s s io n  5 7 14 4 6  12 655742 -48

4Prcdiction Not Within 1~aye.ian Equation. ~~5’~C Prediction Interval
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However, the equation has only one degree of freedom . For

one observation or two observations , regres .io. could not

be performed . When information for two lots were avail-

able , the equation for a straight line between two points

was derived and used to predict the cost of the next lot(s).

The RANDO M equa t ion was used in the analysis t~ serve

as a baseline upon which no update was performed. The same

RA N DOM equation was used to redict lots 2, 3, 4,  and 5.

Separate Bayesian and regression equations were derived

as each new observa t ion  was added to the data base. The

r e s u l t i n g  equa t ions were used to predic t  the remaining

f u t u r e  lots , up to the f i f t h  lct .

Compar ing the percent devi a ti on  o .  the p red ic i ton

from the actual the RANDOM equation does not provide the

best estimate of cost of the next lot. The Bayesian ,

regress ion , or s t r a i g h t  l ine  e q u a t i o n s  are better predic-

tors. The same result was observed for the labor cost

ca tegory  for  f o u r  observat ior ’; , Tables XX I  and X X I I .

For c u m u l a t i v e  cost p r e d ic t i o n s , the  strai ght line

and regress ion  ;~ethod s r e s u l t  in lower percent deviat ions

than obtained using Bayesian equations . However, in the

case of marginal predictions the Bayesian methodology

res2lts in better prediction capabilities than straight

line and regression equations to predict lot four. The

regression equation becomes a better predictor of lot five

labor costs. Because the regression equation has only one
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degree of freedom , may explain why regress ion was not

better than  the Bayesian method for  p red ic t ing  lot four.

Figure 6, shows two plots of the results of the

analysis of the labor category. The top graph displays

the cumulative labor hour prediction s for the A-6 program.

The bottom graph displays the cumulative labor hour predic-

tions for the F-14 program . Both graphs portray identical

trends , therefore , the discussion will only address the A-6

program predictions. The slope of the line drawn through

the prediction values from the RANDOM equation represents

an averagt-’ for cumulative labor data for fighter type air-

craft since the RAN DOM equation was derived using historical

fi ghter aircraft data. The line of plotted actual values

represents the learning-curve slope unique to the A—6 pro-

gram . Straight line and ordinary regression yield point

estima tes as new data are added . The straight line and

regression equation point estimates show relatively small

deviations from the actual value s because the actual values

show very little variance .

Al though the Bayesian estimates appear to have a con-

stant slope the points cannot be valid ly ccnnected because

the estimates are also point estim ates. The coefficient

of the quantity term (indication of learning-curve slope)

and the adjustment term of the Bayesian equation changes

with addition of new information . Therefore, the predic-

tions using the Bayesian equations are point estimates.
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Althou ’;h the Bayes ian  predic t ion  unders ta tes  the lot cost
6

when compared w i t h  the ac tua l  cost , the Bayesian estimate

is close r to the ac tual value than the es timate using the

RANDOM equation.

Figure 7 shows the comparison of f u t u r e  lot margina l

labor hour cost predictions using first , second , third

and fourth lot costs for both the A— 6 and F-14 program.

The results observed were basically the same as discussed

for Figure 6, except the straight line and regression

predictions showed more deviation f rom the actual values.

This may be due to variance being introduced in the data

as a result of the estimation of the learning-curve slope

for calculation of true lot midpoints. The Bayesian metho-

dology uses the variance between observed lots in development

of the equation . The variance is used to estimate an adjust-

ment factor  fo r  the  p r ed i c t i on  equat ion .

In this chapter , the marginal and cumulative CERs

developed using the Bayesian methodology were presented

for the cost categories of total engineering, total tool-

ing, recurring labor, and recurring material. Using the

coefficients of the explanatory variables , t—statistics,

variance and standard deviation of prediction , the Bayesian

CERs were compared with the RANDOM CERs and CERs developed

using ordinary regression . The Bayesian CERs were
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developed using historical lot cost data and cost in~ arma-

tion on the f i r s t  four  lots of a test case a i r f r a m e  program .

Addi t ional  Bayesian equat ions  and s t r a igh t  line or regres-

sion equations were deve loped for the category of labor.

These cquatic’is used the first , second , and third lot cost

i n f o r m a t i o n  for  p red ic t ing  the cost of future lots.

The chapter also presented the f i f t h  lot cost predic-

tions obtained using ordinary regression , Bayesian , RANDOM,

Levenson , and Large equations for the A-6 and F-14 programs.

The pe rcent dev i a t ion of t h e p red ic t io n from the actual

cost was used as the measurement for comparison of the

methodologies.

Predict ions of the next lot cost using one, two, or

th ree observat ions  and o r d i n a r y  regress ion , Bayesian , and

RA N DOM equations were compared for the  labo r category.

The labor category p r e d ict i o n s  were g r a p h i c a l l y  displayed.

Predic t io n~; and uppe r and lowe r l i m i t s  of a 95% con f i dence

i n t e r val  were calcu lated  for  each Bayes ian  CER. The next

chapter present s the  conclusions drawn from the results

a n d cor~par isons  presented in t h i s  chapter.
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:. V I .  Summary and Co n cl u sion

As a resul t  of h igh i n f l a t i o n  and a smaller  (percentage

of DOD budget)  approved bud get for  research and development

of new weapons systems , increased emphas i s  has been placed

on accurate c- it es t imates . Cost est imates are required

for making  i n t e l l i g e n t  decis ions concerning expendi ture  of

budget do l l a r s .

DSARC I I I  is a DOD review commit tee  chaired by the

Secre ta ry  of De fense which makes t h e  p roduct ion decision

for  a cqu i s i t i on  of m aj o r  weapo’. systems . Because this

decision commits a large amount  of bud getary  resources ,

a r e l i a b l e  cost estimate i~; es~;ent~ al. Program Managers

req u i r e  r e l i ab le cost e s t i m a t e s  to bud get for  f u t u r e  pro-

duc t io n lot acquisitions and control future expenditures.

Cu r r e n t l y ,  product ion ~i~;e e st i mat e~ ~i re provided by

apply ing learning-cur .re theory to “cjrass rootsw cost data

obtai ned d u r i n g  the prototype phase or from earlier lot

product ions . These es t imates  may be in e r ror  due to the

inaccuracies in the cost r epo r t i ng  system or biases in

the select ion of a learning-curve slope.

The objective of this thesis was to investigate a

statistical technique to provide a reliable estimate of

the cost of the next lot using the available early actual

cost data. The statistical technique developed should pro-

vide a quick independent method for evaluation of estimates
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obtained us ing c u r r e n t  techniques and methodologies .  The

na tu re  of the problem to e s t i m a t e  the cost of the next  lot

or u n i t  using early ac tua l  in fo rmat ion  lead to the selec-

t ion of a Bayesian approach fo r  updat ing  a CF.R to predict

the cost of the next  lot of a i r f r a m e s .

F idh t e r airframe cost da ta  was used for  several rea-

sons. F i r s t , ai r f r ame  cost data  has e x h i b i t i e d  a direct

casual  r e l a t i o n s h i p w i t h  the explanatory variables (CERs).

Second l y , da ta  adjusted for cons is tency was r e ad i l y  avail-

at~.1c f r o m  a r ecent  RA~ D s tud y (Re f 17 ) .  Ne x t ,  l i m i t i ng

the  :;t udy to One type of a i r f r a me  provide s a more homo—

qe:-~eou~ d i t a  base . F i r a l l y ,  the f ig h t e r a i r f r a m e  subset

et dat a  censi s ted  of a la rge num be r of observa t ions  for

per f o r m i n g  ~;t at ~~;t i c a l  an a l y s e s.

The y. ’~~t a n  app roach w i ~; app l ied  to the RANDOM

O~~~S to (~ht  ~ ~fl ~i~~d a t t ’d  a i r fran-c CERs . T~ e RANDOM

e~ U at i ons  we re chosen Pecause they prove to be s t at i s —

tica I ly  hetter .‘dict ors t h a n  eq u a t i o ns  developed using

ot h . ’r ccer t  ly  puh i  i shed met hodologies . The RANDOM equa-

tions were developed from a mixed linear model which con-

siders two sources of error. The firr t source of error

i s  due to d i f f e r e n t  types of airframes. The second source

of ‘~rror is the overal l  regression er ror .

GLS techniques were required to estimate the various

parameters of the Bayesian CER and the RANDOM equations.

The primary reason for using C-LS was the lot observations
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w i t h i n an airfram e ~e t’qram were .t~;~;umcd to be cor r el a t ed .

For example , lot t wo sha r e ~; dependency w i t h  lot or.c in

the u reas of design , m a n u f a c t u r i n g  labo r , etc.

Based on the  d e fj n i t en of r ecu rr i n g costs, production

costs and r e c u r r i n g  co - it s  are d ir e ct l y  r e l a t ed . Because

o ’ t h i s  r e l at i on sh i p ,  a p r o L i c t i o n  cost est imate can be

obta i ned u~;in q  recurr ing cost inIori~a t i o n .  The refore ,

developme nt  of t h e I~-iy e ; Ian  eq u a t i o ns  to prcdic t  the pro-

d u c t i o n  cost ~ f the ne xt  unit fo r  the  labor and m a te r i a l

cost ca teqo-ics  used r e c - i r r i n g  costs for  the  f i r s t ,

secon d , t h i r d , and t~~-~r t h  un i t s  of the new program and the

r e c u r r i n g  c’ont of t h e  h i s t o r i c a l  lot o b s e r v a t i— n s .  For

the en~; ineer  i ‘
~~~ 

and t o o l i ng  c at e g o r i e s  t h e  sep ar a t io n  of

c~- :;ts into r ec- ~u :in’; in~1 r- - n r  e c u r r i n g  costs was d i f f i c u l t .

As di scu~; :~ ‘ ‘ !  n Cha - I t I , i ne ~n s i e ne ics cx i  s ts because

of d e t  m i t  i on a l  ! r c h l ~~m s .  :u . ~ t o  he in ~~~n~ t ;t encics ,

~ot a l  cost  w i s  ~i~~t ’d tc  develop the Baye~~aan i- -~uat 1ons  for

he ~- n ; m n e e r 1 n t J  and t - -vol i n ; ~~ t . ogo r ic s .

sever a l  com par i ~n:; -~ o r- - ~ - m-es. --n t oI in Chapter  V.

Fou r lot ubsc~ vation :; of each test e- ise were used to develop

the o r d i n a r y  r~-qr es :~ ion c j ~ia t  i en s  anu  I~ayos  ia n equa t ions .

The coefficient of the  ex p l a n a t or y  v a r i a b l e s  of the Bayet~ian

equitions were compared w i t h  RANDOM and ordinary regres-

sion equations . The t-statistic values for the quantity

variable indicate that this variable is significant for

4 
predicting the lot cost of fighter airframes. The value
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of va r iance  for  the Ba y e s ian  equa t ions  are !ess than  the

values of v ar i an c e  for  the RAN DOM equat ions . The smal le r

va lue of variance should be expected as more new informa-

tion becomes available because Bayesian philosophy allows

consideration of all knowledge , prior and current , and then

weighing the information accordingly. The Bayesian predic-

t i o ns us ing four  lots of i n f o r m a t i o n  have a lower percentage

dev i a t i o n  f r o m  the  ac tu a l  cost than  the  RANDOM equation

p r e d ic t i o n .

The labo r hour category was i n v e s t i g a t e d  u s ing  one ,

two , or thr ee  lot  ob ser v at io n  in the development of the

Bayes ian  c Iuat ion .  The p r e d i c t i o n s  obtained from the

Bayes m a n  -q ia t I on~; were ccn~ t st e nt  l y lx~t ter  than  the pre-

d ic t  inn s  u~~i n g the  PAN~ O:-i equations. The g reater  the lot

numbe r be i n . ; p r e d i c t  ed the  bet t or t lie p r e d i c t  ion us ing  both

the R mND OM and Tt i y e  5 i an  qua  t i en s  . Tb is phenomenon can be

observed in Table XX. The percent  deviation for  the next

lot prediction is le:;s than the percent deviation for the

prediction of the p r e v i o us lo t .

F igu re s  6 and 7 i l l u s t r a t e  the convergence of the pro—

di c t ion  and ac tua l  va lue  fo r  the an a l y s i s  of the labor

category.  For the Bayesian prediction this result can be

explained . As additional cost information is used in the

Bayesian approach , the new information is weighted and

adjusts the resul tant CERs such that the p red iction of

the  next lot is closer to the actua l value . The conver—

gence of the RANDOM estimates to the actual values cannot

be explained by this writer .
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U s ing  the mar g ina l t i f t h  lot hour/ cost  p r e d i c t i o n s ,

fo r both the A-6 and F-14, Table  X X I I , and the  percentage

deviation as a measurement  of p r e d i c t a b i l i t y ,  the Bayesian

approach , except for ordinary regression , resulted i n  pre-

dictions closer to the actua l cost than did the other

methodologies Presented. Ordinary regression equations

must be regarded with caution s ince  these equa t i ons  were

developed using only four lots of inforr’.ition and huve

three degree:; of freedom. With any variability in the data

p red i c t  torts made i:: ; i rig the regi  Lu; : ;  ion e q u a t i o n s  would be

un r e l i a b l e .  T h e r e f o r e , t he  Hav e si an  approach results in

equal  ion:; w h i c h  con:; i :;t ent  ly prov i h’ i e  liable cost predic—

tions of the next lot . Th i :; conclusion is further sup-

ported by the b - t a i  led aria ).y:; is  and ceripar i sans performed

on the labo r co:;t category.

P-e-~ornmend.it ions

Th i :; tho si:; e f f o r t  was an e x t e n s i o n  of the s tudy ,

?¼trcraft A i rf r.ir ~ -’ Est;r’ation t;t_i i i  ;~inja Components of

V~~~t an c u Mo~~~l~~~~~ M . ir cot to  (Re f 1 9 ) .  The unde rly ing

assump t ion of t he  st u dy by Marcotte was , “there is cor—

relation between observations of different lots of the

same type airframe (Ref l9:6).~ Therefore , this assumption

underlies the Bayesian approach used in this effort.

Based on the above in fo rmat ion  and assumption , an

obvious effort requiring investigation is the application

of OtIS, instead of ordinary regression, to prediction of
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the cost of t h e  f o u r t h  and I i fth lots of a new program

using q uan t i t y  as the on ly  explanatory variable . Apply-

ing CLS us ing  three or more observations of recurring

cost may provide a better estimate of production cost since

GLS considers correlat ion and adjusts for variabil ity of

the da t a .

Anothe r area requiring furthe r investigation is treat-

ment  of the l e a r n i ng - c u r v e  as a random e f f e c t .  Because

the l e a r n i n g — c u r v e  is signi ficantly affected by the quan—

t ity to r;i and lot qua:~t i t y  purchases are r an de --  • th e

quantity explanatory vat- iablt~ should be treated as a

random of f.:ct in Henderson ’s Method 3 mixed I - model.

This - :t~iond.-ttton i~; supported by Tables VII 1 - - .

c o e U i ¼ - l e : i t  of the  qua n t i t y  van  ible (an  i nd ic.~
icarn i r; ;— curve  d ope) for  the RANDOM equations represents

a n .rv oi - a ;e l e . i r n i n ; — c u r v e  for a l l  lot observa t ions  and

pro~Jvarn: ; . The c o e f f ic i en t  of the  q u a n t i t y  t erm of the

0 2 !  i n a r y  re ; ro : ;5  ion equation dove loped u s i ng  da ta  for

a t e s t  ca: ; ” p r o ;r a m  represents a u n i q u e  learn i ng—curve

slope fo r t h at  program . Both the A-6 and F- 14 programs

have l ear n i n g - c u r v e s  w h i c h  are different from the average

l e ar n i n g - c u r v e  slopes of the h i s to r i cal data  base . The

closer the particular cost category learning—curve for a

specific airframe program (A-6 or F-14) was to the average

learning-curve slope resulted in a better prediction of

the cost of the next lot using the Bayesian equation.
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4.  Fur thermore , the coefficien t of the quantity term of the

RANDOM equation changed to a value in the Bayesiar6 equa-

tion closer to the value reflected in the ordinary regres-

sion equation.

An observation , undoubtedly an obvious one, is the

accuracy of future program cost estima tes for t new pro-

gram increases threctly with additiona l knowledge of the

“true ” learning-curve for the program.

•

S
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