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A des ira t !e teat ir~ of a database nanaqer~ent system is
t h e  ~h t l i t v  to ; 1rm~)rt many views of the ~~tahase via
se’..~ral ~ser nok~~;. In order to prov~ de this support
wh~ le all ~~inq !~~~v user to believe that his/her view and
lata model ~re the only ones , the dat~ base system must
have a number UI ta c ili ties. ~ne of the noSt important

~ these ~ a nt ch.~i;~iSm to tell when view constraints

~;ill ~~ ~;it ist ~~ ‘i ven that the inde rlyinq ~atahasec)~ strain ts ~re ~~ 1sf ted SO that the user always sees
‘4~ hit is ex:)e~ t (~ 1 .

This paoer dea s with a particular instance of t.~~is
p r) h i e r~ where ~~~ const ra i n t s  are func ti onal dependen-
C i .~

; in~ the vi ew s are created through rei~~~innal alge—
hr~ ~‘x pr~’;si Th~ problem i ruiediately reduces to the
~‘roblem -f  ca -~~lat inq all valid fu ~~oial dependencies
(and ot~~er co”ts tt~~in tS~ on a relational algebra expres—
s.on over r~~l~~~zons in th e base schema . The ; > r o ~~~ er ~ is
i nctecida~~ e ~~~~ . ~~~~~~ hut we !ive •~ sound ani -- ‘)nplete
ali’~r ithn wh’- s s~ difference is r~~itted from relat ional

~l tra .
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CAWU~~ TIUG C0NcTRAINTS 
O~ RFLATIONAL FXPRESS I O NS

A. Klu q

t ~~~. I n t r o d u c t i o n

‘-~t.~base management ;y~;tens exist to (among other thi ni ’;) give

Osel: ; facilities ~;uited t o  their needs , privile ges and levels of

~xpe rt ise. ) f l C  t~~o i  tor providing these facilities is the view

(e. ~~., (Ch ;T ~ ) . A v i t~w can mask off parts of the t a t a ~.t• ; it

‘ i~~ rearrange the database ’s structure , and it can accept a cus—

~~nized set ot ‘peiatlons . In general , a view can ta ilor the

:~~t~~ba ;e  to the needs and privileges of a user.

Ide ally, users of a view should not have to be aware of the

.~ct that  t hey  are i fit eract i nq w i t h  a v i e w  of the ciat ase

:~t~~.er tha~. ~lth a ir o •~ .I level ” database. Now schenas jen—

er all’ . contain varl is --~nstr aints in addit i n to object

~“‘~:r:pt ions . That is , the s~~hcna  not only tells the user what

~~ ~~~~ are available an I ~~~~ what relationsh~~ s, ~~~ a lso w h a t

~~ ;t r i c t~ ons ~n the I r r  and str uctu res of the oh~ ects  h id.

:‘:s means tha t , :~ the :s~’r need not he aware o! th’ level ~!

i~u i i r e c t i - ~n In troduced  hy the view , there mu st he some L i l i t — i n

tat i~ a ’ ,e me chanism whi~~h -an ensure that these view con.t taints

ar’ al.~i~~; satisf:~’:i. An example will help clarify ;,!.a~ We

cuppos” the underl in~ (or conceptual lev elTANST fl 1 atahase Is

i”~-r i L,e~ by the relational schema :

‘ar~ Part (rp l ,:~olor ,~~t)

~)a~~— ParP (’~ ’S , olor ,~~t ).

‘Ier~’ , ~~~‘ ‘ ~~no 4~~ I it  ~~~~~ ~
‘ t ‘1  t I c’~~’’C I ‘‘~ T ’  i~’’ 1’)~IS

~~~~~~~~~~~~ ‘- - . ~~“r ~~ P . i  T~~~~ r~~ under Contract No. taAAd~~ - ‘ .‘ . T h is work T
haq~ d •~pon d- -i - k ‘;o: r~~’~~ l v  ‘fir’ CcI~puter Science Depa r tment , 1V,-’r~~~~~ v ‘f W2Rconc~ir-
“a s i-’  i r a ’ ~ ~ c~~rc ‘- Council of Canada 
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Suppose also that some user wants to have a view according to

the schema

Part (Pi,Wt)

(We will specity below how this view is to be derived from the

base relations.) The constraints in these schemas are that C P* ,

BP, and p1 are keys in their respective relations.

Suppose the Part view was derived by the SequeliAnCEl state-

ment:

select CpI ,wt f ro m Car-part whe re color~~’re d ’ .

Then the key constraint in the user view would always be satis—

f led since the view is just a subset of Car—Part.

Instead, suppose the Part view were equivalent to the retrieval:

(select CPI,Wt from Car—Part )

un ion

(select BPI ,Wt from Boat—Part)

Here , the user may fail to be presented with a view in wh i ch P0

is a key of the Part relation . This is because we mi ght have a

Car-Part with the same numbe r as a Boat-Part , but the two

weights na y be di ’ferent .

What is neede l is a mechanism which can tell that the first

view IS acceptable whii ’~ the second is not. More generally, a

ne~ h a n i s~- Is neede l whi~~h , il ven any underlying schema , any view

sche-~~, an ’1 any ~~~anin- i  betw een the two, can decide whether ~r

nnt t~~e constrai~~tL ; in the view schema ~i ill always be satisfie~

I
ll! 

- ______  ______  

-~~~~~~~~ - .-- —-- ~~~~~~~- -~~~~ ~--
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(assuming the underlying constraints are always satisfied). In

terms of the framework proposed by the ANSI/X3/SPARC database

study gróup fAN S !1, we are recognizing the need for a processing

• function which can accept or reject taappin gs between a concep-

tual schema and an external schema . Note that correct rejection

is just as i mportant as correct acceptance . Correct acceptance

means that the processor would not accept any mappings which

would cause view constraint violations; correct acceptance means

that the processing function would not reject any mapping which

would neve r cause any constraint violation . Recognizing this

type of correctness of mappings is an important problem and one

which we study in this paper. More details on this subject may

be found in (‘(lug)

The ~ey constraznt s we used In the above example are closely

related t- -
~ f~ nct ion al dependencies. Functional dependency con-

straints , which state that certain attributes are in functional

re~~ tjonsh~~~ with other at t r itu te s. are import ant and ub lqui—

; ;  i~i - l it a  n~ - 1e ll inq . Any al-iorlthns for the problem we are

dis - ~ssin’3 nun’ at least be applicable to scherias containing

Lu n - ional lepen iency constrai nts .

In ‘he exarwle, the nappiri q of the view to the base schema was

- ‘ i ’ ~e i ia  ~~~~ ‘ eguel laniuage. For purposes of the presentation .

~e ~~~~ ‘-ave i ll mapninq s expressed as relational algebra

expressions~
(’odd). Then calculatin g whether or not some func—

•.~ 
~onu’i l ~ieD .’ - :“ncy ~~ a relation in a view Is va li d is the same

a ; - --, ‘ - i~~a ~~;i whether or not this f unctional dependency is

i - a l i t  t~~~~’. r o la t i o na l algebra exoression corresponding to the

vi ”

~

; r o la’ i(,’i . ‘l er’-e , the problem we consider in this paner is

a

- - - . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘-- —---- ----- - —---—--- - -- -- -
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the following :

~iven a schema s containing relations and functional depen—

dencles and an arbit rary relational algebra expression e

over r e la t ion s in s , determine exactly the set of valid

functional dependencies on e.

In the next section , we will give the basic definitions to be

used throughout the paper. Section 3 will formulate the algo-

rithm , and Section 4 will show it is sound . Then in Section 5

we accomplish the more difficult task of showing that the algo—

rithm is complete . Finally, in Section ~ we draw some conclu-

sions.

2. Defini tions

In this section we wil l present the basic concepts of schema ,

rela ti onal alge bra ex p ress ion, structure , state and validity.

A rela ti on declara t ion has th e form ‘name(deqree)’; for exam—

ple , R(l 0) defines a relation R of degree 10.

A rela tional algebra expression consists of relation names and

the operators: projection ( . J  ‘, restriction ‘1...)’, selec t ion
‘
~~.s.)’, cross product ‘X’, union ‘.Lj.’ and difference ‘ — ‘ . The

syntax is defined by the following BNFs:

II) e : : ‘  name etX~ I e~ X.Y1 I CIX .V 1 I

exe I cue I e-e

t m e ::~ name I e r x I  I erX .Y1 I e (XiV1 I

eXe I eLie 

- -  -- --
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(III) e : : =  e 1

e1 ::= e2 I e 1Ue 1 I e1 1X J

: :2  e -~ e ,(XaYI

e3 : :a  e4 I e3Xe 3

e4 ::~ name I e4 (XsV)

[ I V )  e ::• e 1

e1 ::“ e2 I e~ Ue 1 I

e-, ::= e~ I e X e ~

e3 ::- name I e 3 (X!V)

We will see later why we have four variants of relational alge-

h ra . ‘Jnless otherwise stated , the general torn !I) is under—

- ‘ood .

The joi n operator is a derived operator in this framework an~

s t~’f:ned as foll”ws :

R[X~ Y)S is (RXS~~ X~ y ’ J ,  where y’~~y+deg (R).

I nt e r s e c t i o n  can also be to fined from the given operators.

f ’in ct i-~nal de~ end”ncv statement (Fm has the forn

‘ “xp r : t - ~’--1’ , where expr is a relational algebra expression , d

is i set  n~~ zero or -n~re l’ m.aj n numbers , and rt is a domain

ni- ~her . (~~~~ numbe r rel ation donains rather than name them in

ott e r t’) fa cilitate ~oiri in- 1 relations with themselves.)

~ :vheri a ‘- nsis !s of a set of relation decl arations and f unc—

i D r , a i  dependency statements on the relations named in the

~ ;‘r ict u re str for -a schema s consist’ ;  n’ a jni v cr nr ’ ‘1 0 ’

at-a elor,,-.nts , for ea--h constant synhol I an j~~ter o~ eta tjra ’-,

_ _ _ _  •
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U , and for each relatio n R(n) in the schema s , a set R(str ) of

n—tuples over J~~ (The constant symbol interpretations allow

arbitrary data universes to he properly modelled.)

The value e(str) of a relational algebra expression e in a

structure str is defined by lnterpreta tinq the relational alge-

bra operators in the usual manner:

~1I R ( s t r )  ~s Ni t s i f U

12 )  e ( X )  ( s t r )  • l t ( X J  : t € e(str))

1 3) e (X = y 1  (str) • It : t ( x l a t [ Y J  & t € e(str))

(4) e (Xsv)(str) a ft : t [X )—V & t € e(str))

~S) (e1 Xe 7)(str) a {t 1Xt~ t 1 € e1 (str) & t2 € e2(str)),

where t 1 Xt 2 denotes the concatenation of t 1 and

~cj  (e 1Je~ ) (str) — ft : t € e1(s t r )  or t € e 2 ( s t r ) }

1~~~ (e, — e~~) ( s t r )  — f t  : t € e 1 (s t r )  & t 9 e2(str)}

A funct i nal dependency e:Z— >A is true in a s t ructure str  If

for ever,’ pair t 1, t
2 

of tuples in e(str), if t 1 [Zla t2[2J , then

t 1 ( A J at
2

[ A 1

A s t r  :c t u r . c  st r  is a state wi th  respect to a schema s if every

f u nc t i o n a l  -1ep~’ndency in S is true in s t r .

A f~ nct ional  dependency e : 2 — ) A  is valid wi th  respect to a

srnerla s .f  e : Z — > A  is true in every  state of s.

W e can n~ w state our problem precisely:

~ iven ‘i n--h ema s an-i a re la t iona l  a l- iehra expression e over

s , ~‘- er-’~ ne t h r~ v a l i d  F~ s -~n e.

____________________
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3. The A1~~~rith m

This section will present rules for determining the valid con—

stra ints on a relational algebra expression . We limit our stud y

t~~ functional dependencies because F!)s are innortant , fam i liar

.i:~ - 1  w e l l - ~ :~ terstood. h owever , because the relations we look at

-i re ict~~i ll y expressions involving restrictions and selections ,

it wi l t  be necessary to define two additional types of con—

.tr tin ts wh ich will reflect the structure introduced by these

-‘p eraturs. We will call these constraints equality constraints

( E  • s’

~‘ons~ te r ~~~~e follow ing example:

s: R (.), Sf:)

4:l— ’7, S:l— ’-~

‘~ : RL~~l 1 S

— In e ~~~ F’ t ; 1 — ’ ~ an - I 3-~’4 are valid. ~ecause domains 2 and 3,

~~ joine~ -I- -~-~a1ns , are always equal in e, we can fol-

io- ‘ho — )  an-i t~~~iQ 5  1— ) - ~ t~~ get a valid FD ‘ — >4 in e. In

— o r - -te r --“ I. ’-’ - ‘- r n a l i y  derive this I’D, we ne’d don~ in

‘~~; 1 ~~ t 1e ,  (n s) as a constraint type:

I D — a~~n ‘~~: - ai i ~~y h s  the form e :XaV . It is true in a struc—

Y r  t ’ ~~~— t ’ V~ ‘or each t € e(str). A DI’~ e:X Y is v n l i d

~ith r”;:-e - -  ‘ ‘ -;- - ‘-“ - -a S i f it is true In every state of s.

‘h ex’ ~‘, r -, i ~~‘ t tn e example:

--- —~~~~~~- --- - -  - - -- -- 

---- ~~
- - - -  -—- - - - -  — - - - -- - -- -
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s: R(3) , R:l ,2— >3

e: R [2s ’B ’J

In this example , states for the expression e will always have a

value ‘8’ in domain 2. Thus, given a value for domain 1, the

value of d-imain 2 is determined , and theref ore doma in 3 is

determined by the FD. Hence , the FD l— )3 is valid in e. In

order to be able to formally derive this FD , we need value

e !l~~ es (VEQ5) as a constra i nt type :

A value equality has the form e:XeV. It is true in a structure

str ~f t~ X)-v for every t € e (str). A VEQ e:XeV is valid with

respect to a schema s if it is true in every state of s.

We now proceed to derive inference rules for these con-

straint s. The natural way to develop these rules is in two

steps. First , we will need rules describing the derivation of

new constraint s from old ones on the same expression . For exam-

ple , regardless of what the expression is , we can derive l—) 3

fr om l—> 2 and 2- 3. The second group of rules will tell how to

derive constraints on an expression from the derivable con-

stra ints on Its subexpressions . For example , from R:2-)3 we can

derive 1->2 on the projection ~ (2,3].

We will fir st discuss constraints on single expressions.

when only F!s are considered , complete sets of rules already

exist(e. -j. r Am s)). The following three rules are one such set :

r A M  ~ X-)X (reflexivity)

A21 x — Z  I- X (J Y— ’ Z (au gmentation)

1A1 J x— ’y , y~JZ— w 1- X~J7.— ’
~ W (nseudotrans itjvjtyt 
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( ,~h~’ t t ’ ‘I- ’ means Nderive s u )

See [St ’rnj for examples.

~ow suppose that ~.s are also involved .

The set of rules must include ones reflecting the basic pro—

perties of equality: ~:ver ythinq equals itself; hence , X— X will

always be derivable. The constraint X— Y implies the constraint

VaX . Also X-Y and Y— Z imply X-Z.

VEQs also interact with DEQ5: If X-Y and YiV are con-

straints , then the X—dom ains are constant and also equal V ,

i .e ., X a V  is a valid constraint. If XaV and Y.V are derivable ,

~h.’n so Is X~ Y.

F~~s also interact with FD5. If X— Y holds and X appears on

‘~~~
.‘ le~ t- or ri -~ht--hand- side of an FD , then the FD with X

r e p la c e  I ~~ V should also hold. If XeV holds and X appears on

‘ne left-hand—side of an ~~~~ ‘ , then since the X-donain is con—

we can drop X fron the I’D.

F r - r  this liscussion w.~ see that the followinq rules are

( i~ Z— ’~”A , X a Y I- ( Z — X ) U Y — ’ A
f i f ) Z— ’~A , A aR I- 2—>8
t i l l ) Z—)A , XaV ~

- (Z—X)—)A

wc’ will u se th.’ following two rules which are

•n juiv ,l e nt to ‘ ii — c jj H:

r a~ X=Y ~
- ‘ ( - ‘V

1~~
- ’ XaV I- ~-‘~X

th c-”;~’ two r i l es , we can dron the reflexive rile 1l~’1 above ,

a’ . I -
~~~~~ can a lso  d e r i v e  riles H i ,  i i H  and H i l l  us inn trans i—

i v itv .

a.-’--- --------— - —  — - -- - -- - - -------- — —------ -----— —- -----—— — — -
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There Is an~ ther * :nd 0! interaction which is name difficult

to detect . It ~s a p r -~~ie”~ wh ich could not occur if we only

consider- c-i constrai nts on a s m ile r e l a t i o n , and it is to this

pruh~~’r~ ‘ h at  ni ’h ~ t t h i s  pape: is devoted. To illustr ate , Con—

su er the f~~~l - ~- i n-- j s:c-l e example:

s: 4(2), n.: ~~~
—

~~~~~;‘

C:  41 1—M R

r- t : . i - ;  exp r F’- ; sioO , . 
~‘ icr ~-~‘- i ~ l~’ c~ ns t r a ~~nts  w ill include the

F~)~; 1— ’ . t~~. ‘ - > -  • t n -i u S a  t he ~ F~ 1.3. uut the two FDs are

r ” u i l y  t~~~~~
.’ - ,a n ~ ’ 5 i t .~~ t• tr.*.y arise f r - ~n the same I’D on the same

u ; .’ •lat~ -~n . ‘~e •u  ~ tht ’ ir  dona~~ns are equated by the E’1 ,

t r ; c i r  rang.’ ; mus t al’; - be equal , i.e., the iY~ 2— 4 must also

10 -~~r- . ’  ~.‘:- .‘r ~~ r . ’ - — ~., 
-~ r c  never  one or more relations appear

~~~; c-,npo:”’Y S -n H !’  s~~ ie - . at  a ~-~ ln , 5 ;ne of the FOs on the

i~ - rui i’ . • -a ” a ’. 1 - , ’ .’ !nc s-a --” ,

I - 1  0. n - u ‘; a c i ~h I y -- - - r e coru o 1 - ‘-a e’t ex arup I ~

s: ~ ( ~) , ~ ( ~) , 7

: ( 5’’ - - 1 MI 1— - 1 (Sr 2—1 R)

n the e~~: - - r e s s i  - ‘
~~~ 

.-~~, t h e -  ~ -:;~a ’,
’, F’ R appears as l—)2 and as

F I— , ... ; n i m i l a ~ ~~ f ec t  ~)c c ’ t r s  with unions which will be illus—

J 
tr at c -~ s~~ ;r ’ l p ’.

7 - ‘e .l w ’ ”n ~~~~ , F~~’; h-a’:” th e c-ann ori— ii ns , they need to he

1 iv ”~ la ~ - ’-’’.c u -
~~~‘-  i f i ~~rs , so ‘-hat when two labels are ~ iial 

-- ------ - -- - - ---—----—-- — -~~~-- ----- -‘— --- — _____
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(o r  es;~’nttau1 
“ equal — as explained below) , the two FI)~-~ are

One r;i t he 5,u ra c . ~4ote that the or iqlns of an FO in a rela—

t iona l  exp r~~:;;.ion w i l l  be tree -like. The tree structure Is not

~nly l ie t~~~~ t r ~~
. axioms f o r  I’ ’ n , especially pseudot ransitiv ity,

Hit a i s — ’  t the tree—st ri cture ~~~ f the relational expression s

~ 
‘he F’~ Identif i ers are essentially derivation

ree- ; .

~~ ex ’ ~:xuri ; ’ les w i l l  :nf ormally describe what F’ identifiers

l 0~~ 1:ke .

• Sf2)

4 : l— ”- J , k : 7 ,3— ~~4

C :  4 ’ IS

Tne fl I ,3-~ ’-~ -..~~Il be derivable in e by rules we will present

s~ c t l -,’. s’-’e what the labe l of this F7~ is , we w i ll make an

in? :r - ’--a l :~-‘r va

Zn ‘ . ‘ - -  ‘ O i f l  4(4 1)S, ‘he -i r’aifl name:; of S have been shifted

h-i i t  m l ’ s ( t h e  ~~‘r , -~ !’ , of R) . So !he F’ : ~~—~~~? in t h e  j o i n

c-a r I-c rep: - ~~~~~~~ ed -u~:

where t ’ - s’ a r c s  ~~ and “ represent the re ]ahe llun ”~. (In t h i s

in:i in ‘ - h ’- f -  I —
~w~~ni exam ples , the r - oot~ of trees will he either

r t i n  left -- u r -at t ’ ”  t ’ i r .)  T hp r -
~~c-~n’- .tra int 4 S  (wh i ch iives

u - - E ’  -~-- ‘>S) Is v -a l l - i  in t h n  lr - in  R~~4.l 1.~ because of the i-~ in—

a’ d s--’ -ia -~ h - i  the -arc ~
- - 

‘~ to  the above F” label,

• a.

_ _  _ _ _ _ _  
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~

as a label for the PD 4->~ which is valid in  the join. The PD

R:2 ,3->4 is not renamed , so its label In the join is the tree:

4 R

The PD R:1 - ” 2 combines with R:2 ,3-)4 by transitivity yielding

l ,~~->4, whose labe l is

4-

We again apply transitivity to derive In the join the PD l ,3—~~~.

Thus the PD in the first example can be represented by the fol-

lowing tree:

A~—2 S ~~l ~~~ 4~~ R

When selections occur, there are special nodes which appear

in r~ labels. For example:

s: RH), R :1,7— )~

n: R[2i ’R ’l

As we have mentioned before , the PD 1— )3 is valid in this

expression. Its labe l should be the fo ll owl nq : 

——-- - - -  -~~~~~ — ~~~~--—-- -- - - -— ---- t -



- - - --~~~~z._ - -- ~~~~~~~~~~~~~~~~~~~~~~ —

3 ~~R 
-

.

3

- The next example u llu strates the case when the labe l may have

tn~):e than one leaf with the same domain name :

-
- S :  R(4) , 5(2)

R: 1 ,2,3—>4

5: 1 — > 2

“: (4 -~~1.2)) ( 1 — 2 1 5

I’ e , ~~~.‘ w u l l  havk’ the Pt) l, 3->4 which resul !s from the PT)

- R : 1 , ,~~, 3— ’ 4  and the res t  rH~-t ion on R in e. Its labe l is the fol—

I ~w :

. : .
~~~f H

l’ne ~~~~.2 from the ~o i n -c on ii t i o n , 1— 4 , will combine wi t I  the FD

S: 1— ’2 , -
~~~~~~~ :h. in t h e  j o i n  is S— ~~6 , to iive th”  F~~ S — ’ l  -.uth the

I I

Conpo;inq the Fr~s 1,~ — 4  and S — 1  in e to produce ~~~~~~ will

; ur respon i tn “-c r 110 ~ the previous two t rees  at the ‘1 ’  nodes.

; n ’° there are two t e rm i n al ‘1’ nodes in ‘ii ~~~ tree for l , 3—~ 4,

- ‘ c - : - i ” ’  o ’ e ¶ r ~~e for c — ) I  mj ’ ; t he ~~ine d:I

-

— ,~‘—---- -- - -

--- —- - -~~~~ -
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4 4 .f :~ ::1~i~L

‘hese examples su i - )c : ; t t t t t ’  jen ’r a 1 -upp r ach : An F!) Z—>A on a

t ase r e - li t t on 4 1:; repre sented by ~t S t ’ 1 t :  a t r ee  whose root is

‘\ , - :  - ;‘ 1 e,u v .’ -; 
~ ‘ P’~e I ‘~ a ns i ‘: :‘ aol wit h an I nter b r  node

1a~ ’t’l :~ s . •~~~- e v e :  ~.- t’ ier :v~’ a new i:~ l y  pseudo t ra n sit  i v i t y,

~.t ’ 1 r i — t * :u .  t
... corr.’:;p ’ :;;liru g I ihels - ‘  : t’the r copies of

t In’ r~,:t 
-
~~ ‘ ne ’  ‘o ~~~~ . c - t - - Hn l  leav es of the other. Whenever a

new ~s I . ’ : i. ’ .’ I  I i - :- an ~ Id one Hi - ;sinq a ‘FQ , we can add a

new labe l t n .  u : ;- : - : r ~~a te  le a v e s  and/ or t n  the r oo t .  The

;‘:r ;n ~~in:: of ‘.e let ’ - ‘ -m I-si I.’ o~ an PT) by application of a VEO

can hd’ ref “ c ” i  in ~~~~. t re e 1-a l .‘l by add ln ; to the appropriate

Ie-a .” s u e r ” ’ .n-i l n~~ e la :-’-ll ed w itn the VEQ ’s value. ‘ 
-

T’ .e irn -;.‘ 01 :.e FO I lent :1 ie rs  ‘ &m g t  — ie’;crihed is to pro—

v:de a means t e l l  w h e n  t w - ~ F’)s -are the sane . However , the

a ; c i s  ‘-“- I no . be i’-’n u<- il for the F — ’; t- be the sane. Being

-a~~i e  to te l l — ‘w -  i l e n r i f  lets or Icri v ati on trees represent

h.’ src~’ ~~ fl :s u ’ ; — ~~- ‘ r - t  i’~~~ : - r t  - t  -
~ i t  algor ithm. Before

::-ese- -- ’ ir~ ‘he r ;~~ s 
t or th~ e i . i ’.-alen ce -u t  FD identi fiers , we

w; l -‘1’ ’.” - ~~~‘-  exa- umle: ; a’ F!) identifiers h~ inq the same .

F u: ‘; • t u ‘~ “ ‘ e f ~‘l low I ni exanpie

5: 4 ( ~~ ) 
, c1 7)

e: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

n ’-’ ~~~s ~— 2  a n !  l-- ~~~ j f l  n ‘ -av e  v’ — ,’ the ~~~n s t r u ~~t i ~~un the respec—

k ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — -  
- -  

- ~~~~~~~~~~~~~~~~~~~~~~~ I
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Ic

t iv e l~u tels :

.~ 4 1 aol • ‘ 4 2  4 - 
~~~~~~~~ 3 1 .

The t w u  F’~:; a r t ’  the sane , although their identifiers are not .

However , the identifiers differ only In the renamlng of the

n~)des. This example - -jeneralizes to the rule that if any two FDs

have I,iIe - I: ; which li ft er only in renam inq segments ” , then they

are the s.u---e PD.

T O e t . - a r e  t~~ other wa-i :; in which Pt) identifiers may differ

wh il e sti l l d e sc r ibi n cj the sane functional dependency. We will

; lve two exa m ples to I l l us t r a t e :

5 :  R ( 4 )  , R: 1 ,3—~ 4, R: l— )~~, R: ~—~ 2

~
( ‘ )  • S: 1 ,2— )

c :  R~ 2,-~~2,l)S

Zn e ‘ ere t s the PD ],3— -.7 which can be represented by either

-t ‘r c trees:

- 
7

I I

- 

I
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If e occurred twice within a larger relation , we mi ght have

derived the FD in the two occurrences with the two different

identifiers. We would have to know that these identifiers

represent the same PD. (These identifiers represent the same PD

because the part R: l—>2 will determine the same R-tuple as

R:3—>2 due to the presence of the PD R:1,3—>4.)

The sec ond examp le is :

s: R(4), R :1 ,2—)3, R:l ,4—>2 , R:1,4—>3

e: (R(2.2)R)(1, Ss ’O ,O ’l

In e, the FDs 4— ’7 and 4—>3 can be associated , respectively.

w ith the trees:

-, 3
I I

Hi
1 2 ‘0’
I I
S 6
I I

‘0’  2

‘ 0’

We must be able to collapse ” the identifie r on the left and

recognize it as equalling the one on the right . (Composing FOs

across joins ~f the same relation is the sane as composing F’Ds

within a single relation.)

- -

~

--- - - - - -  --“  - -  -~~~~~~~~~ --- - - -
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Finally, we note that a single F!) may need to have several

identifiers associated with it . If an expression e is a union

e 1 u e2, and an F’ ?->A is valid in e , then we will need to

-a~~socjate one or more identifiers for Z— )A from e1 and one or

more from e-,. A more detailed example will be given in Section

4 .

When the I’D e :Z—~ A has the identifier Id associated with it ,

we w ill write the association as e:id:Z-~ A or just id:Z— >A and

-a ll this -i labelled F!). When Z-)A has several identifiers

a s s o c i a ted wi th it 2 , we will wri te (id j :i€S) :Z—)A or just

The t i r s t  part of the a lqor i thn  for  ca lcu la t ing  const ra in ts

on express ions  c o n s i s t s  of a procedure for generating a “ free

structure ”3 , with respect to two PD identifier s , the free

struct ure will show t he  equivalenc e or non—equivalence of the

iden tifiers.

First we define a funct ion qentab” whic h generates (as

side—ef fect s) tables of up les with formal values. Then a func—

t i - u n “~ n f r ’rvals equates values accordin u to the FDs present.

If the a ; u p r - i n r i a t e  donains of the two tuples corresponding to

the roots ~f the two identifie rs id 1, Id 7 -are equated then the

val  ~~
-‘ of the p red ica te  E 3 v ( i d 1, id,) is true , otherwise it is

f - i l n~~

The nec - I for several ide ntifiers wil l he explained
fv ~~t ly.

Tnis concept is  s i ru i l- i r to the notion of Lien kin
in ’ .~rpretat :on r~1en k1.

- -- -——--

~ 

-~~~~~~~~ ~~-
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function Eqv(id 1, id .~ : FD— ide - :ut ) : boolean ;

beg in

fstr :— empty; /~ start with empty state •/

jenta b(i -i~~)

gent at (1 I )

;nferva~ ;;

if id 1
(f - ;t r;V ) id-, (fstr ;V)

then E-;~’ : — t t i c

else E-:v : — false

end ;

func tion -ient ab(i I : F~ - ident ) : formal—value;

heq~ n

if i i  is a tnraal n leaf H; ’ then qentab :~ ‘V n /* n_th forma l value0/

else If Id is a value leaf ‘v ’ then qentab :- v

else if succ(id ) is a domain node then qentab :- gentab(succ(id))

else ,- “  succ (id) is a relation name R; root(ld) is a domain A, and

the ch i ldren of node R are id 1.....id~ whose roots are

label led Z 1,..., Z~ /

begin

a - H new tuple t to R(fstr) ;

- 
-

_

~: for j r ” i  t n do t r z 1 l : qentab(id~~);

for Y not in ~~~~~~~~~~ do t r Y l :~ new forma l value;

I°O t- i 1~ : ~

e f l i ;

_ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _
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pro celure intervals;

begin

changes :- true;

— - 
while(chanqes) -do

begin

changes : false;

f ,u~~ each R in schema do

tnt each t 1, t, In R ( f s t r )  do

i ’  r0 R:Z— ”A and t 1~~2)at2 I21 an d  t 1 f A J ~~t 2 1A)

then begin changes : true; equateva 1 (t~ tA~ .t 2IA fl end

end

end;

procedure equateval( x .v : formal —v alue);

beg i n

for each R in schema do

for each t in R (tstr) 1 - u

for each inna in Z in If t 2 1—x then t tI ~) : y

end.

The p r e d i c a t e  Eqv constit utes one part of our alnn r ithn for

-ieter n in jn -i valid co nstr a ints on relational algebra expressions.

The next let in jt jon specifi er~ the inference rules which we have

a lrea-i -,’ j r l f -T ,rn~a l l ,’ — liscussed for derivin g constraints on a sin—

-ile e*pressior~. This constitutes the second part of the alqo—

t it h r:

~
e’ S be -a s c h e n a;  let •‘ ~-‘e an ex : ; r” c sj on  over s . The rules

for  d e r ;v : r - ui new ~:‘ s a n-I labellød Pt)s from old ones on e are as

- - - - ~~~~~~~ --~~~~~
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(l~ X-Y I- Y X

Hi) X=Y , Y.Z I- x— z

( 3 )  X Y .  YeV I- XeV
14 )  X!V , YsV ~ X Y

( 5) I- X-X

(6) X Y  I’- id:X— )Y,

where Id is X— )Y

( 7 )  X eV I- Ø— )X

whe re id is ‘V —)X

(8) (id 1j ):Z—)A 1, fid 2j}:Z—>A 2. Vi ,~ Eqv(id 1j )’.Eqv(id 2j) I—

(9) (id 1j ):Z—>A . (id 2~ ):ALJX—> 8 I- (id 3jj ):ZUX—)B .

where id 3jj is obtained from id 2j by mer g ing a copy of Id 1j
to every leaf of id 2j la belled A.

Any expression will always have just a finite numbe r of deriv-

able constraints. (There are only a finite numbe r of EQS and

FDs on an expression altogether.) The process of generating all

derivable constraints with these rules f rom a given set of con-

straint s will be called taking the closure and will be denoted

‘Cl’ .

Two additional conditions are used in the closure construc-

tion:

(a) If an PD is already present , it will not be added wi th

another identifie r. This will prevent non—termination from

For technica l reasons which will become apparent
shortly, we have not explicitly included the augnenta—
ti on rule. However, our notion of completeness will be
appropriately modified , and there will be no loss of
generality.

- ~ -— - --  - -- - -  ‘.,-—-- ,-- - -

- - - -~~~ - - -~~~~- - ---~~~~
—

~~~
- - -  -~~~~~~~~~~ --~~~~~~—-- - ~~~~~~—~~~~~~-—-~~—~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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repeated app l i- ’tt i on ot rules (91 with FDs from rule (A).

( t ’ )  Any F’!)s 2— ) A such that  an PD Z1 —)A is present with 21 £ 2,

~ 2 , are renoved.

We have spec i f i ed  inference rules fo r  const ra in ts  on one

. x n r e s s io n  f rom ~iven co n s t r a i n t s .  ~Jow we want to g ive rules

:or jene ratin g constraints on expressions from constraints

~‘rive d un subexpre ssions . First we will informally discuss how

Y h i ;  should be done , un - I then we will present the formal rules:

For a base relation R ., we take the FDs in the schema belong—

i:; ; ~~~~ R ~inI lah~ l ‘hem t , ’ themselves.  Then the c losure opera—

r in app liel .

For pro ’ecti -on s , there are two special points. First , in

or d er for an Ft  or -in F:) to “surv i ve” a projection , all o f the

~.ferenced i - una i n s n-i: - ; ? ~ -.‘ included in the projection . Second ,

we -
~~~~

- ;
~~ r ename the lu na in s  by the order of th~eirappearance -in

‘ . _ _ s ’  n r - i e c t i ~~:; u s ’ , Take the followin- i example:

5 :  -~(1O) , R:2 ,4 ,6 —

R t2 . 4 ,’~,1fl

e2: fl ’ 1, 2 , 3 , 4 ,6 ,~~~

“ i :  ~~~~~~~~~~~~~~~~~

e4: q 7 ,ç , - ,q )

In ~~e p r o je c t i o n  
~~~~~~~ 

the f~
) appears as 1, 1,3_ ’~4 . In e-,, the F’)

:~ 2,4,S— ’~. In e3, i~~ Is ‘,4 ,~ — l ,  and in e4, there is no F!).

I~ ‘~
‘ i the se~ of de r i vab le  cons t ra in ts  ~ r-u r sone ~xnre ssion e ,

‘ h en  ~~ t ’~c’ ~~‘t of In riv abl e constra ints for a i r ot e c t  ion

we need to ‘ m d  -a l l  the c o ns t r a i n ts  in C which - -- : r v i v ø  the

- -  ~~~~~~~~~~-- - - - -~~~~ - -~~~~~~~~~~~~~ -
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p r oj e c t i o n , ? - - : t  we ! -  ~~~~ n t . - I to appl y the c1o~ ure ope r a t o r .

The reason i ; that C is .il rei ~~.
- c losed , a n i  i t  one or more con—

st: atnts l:; ‘ survive th e nr o j e c t i - n  and also combine according

to  one o~ tn ~ riles r u —  ~~ Jet m m - ;  c l o ’;ure , then t he  resultin g

constr ai’ . ~- i1 i u~ so survive p iujection hecause every domain in

the tc - ;u t  -appt- irs i: at least one of the or i -i ina l constraints.

Notatio naU -,- , the condi t ion for Z - )A  to be der i vab le  on e ( X )  is

that X (:)—~ X [A) : ‘  derivable on e. The n tation X IZ ) is like

array :;itscri pt ~ :i1 : n ut tr i bute A is in x 1 2 1 i f  and only if

there is :;~~~~~
-
~~ ‘ ~ 2 such that A is in the j— th position of X .

For example , i~ x is 2,~~,;,6 an-i Z in 2,4}, then X F Z ) is the

set (6,R~~.

In cross ; ‘ r - i i ’ t ;, renan inq a ls o occurs . -‘~iven relations

R(m) and S (o i- , the -i i rua ins of S In the cross product RXS have

been T h h i f t e - 1” ~~~
-, He  length m of R. That is , they numbe r m+l

through -u~~n. All -connt raint ’; u t S are valid in the cross pro—

duct , b i t  ~~~~~~ ‘;av’ aso been renamed accordingly.

For —a r c - .’ r i-c t i -- “ (x-YJ , we aci d the const ra in t  X — Y to the

ones -a rea iv - -I in’~ in e and take the closure. For a selection

— e (x~ ’;’ , we sv-ilarl y -add XaV to the cons trai nts of e and take

t h e  c b s - i r e

F - i  a ‘inion e 1Ue ,, a constraint basically mu st hold in both

conJnnent ; I:. - )r Ier to hold in e 1Ue 2 ; any const ra in t  va l id  on

only one cn - u n- - une ’ - t ~~— i ’  he vio la te t by tuples in the other con— - -

ponent , an - I these t ip le c will appear in the union . To qet the

C)s v .ilid :r) e 1~Je ,, we 3i-mly ta a c ,? the intersection of the sets

of ‘ialld s fo r e , and ~~~~~~. To ca~~c i la te the va l i d  FT)s. the PT)

ide n tifiers ~~v;t ~e :-nn ;ilered ; i .e ., “intersection ” mus t nake 

-- -~~~~~~ - -
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sure that the PD identifiers are Eqv. The next example will

illustrate this:

s: R(2) , 5(2)

R :l— > .!, t~:l— ) 2

e 1: RIJS

e 2 : R !2 ~~’ 2 ’ )  U R !2s ’ 5 ’ 1

I n  e1, the F~ ~- 2  does not hold. for example , In the state st ,

where k ( s t )  ( ( 0 ,0 ) )  and S (s t )  - (0 ,1)), the FDs on the base

relations are true , but (RUS)(st) ((0 ,fl),(O ,l)), and this

violates the PD 1-~~2.

~ow consider the expression e~ . Clearly the FD l-~ 2 will be

va l id  in th is  express ion  (s ince , e.g . ,  R ( 2 — ’ 2 ’ ) U R f 2 ~~’ 5 ’ )  C R ) .

This is because i - 2  is the same ” Fr) in each compone nt- . In ;

-ienera l , f - t  an PD i d : Z — ) A  to appear in e 1(Je 7, it must be valid

i n  both e , and e 2 and have the “sane ” identifier in both com-

ponents.

If the tw o  FDs are Eqv , then the F~ is in the union . We

nist , however , attach both id entifiers to the F’). The followinq

example w~ il ill u strate why .
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s: R (7) R :l,2—> 4 R :2,3—)5 R:l,2—>6 R:l ,3—>6 . R:7,~ —~ c
R :4, 5,6—)7

e1 : ( ( ( R ( 4 — 4 ) R ) ( 5 — S 1 R ) ( 6 . 6 ) R ) ( 7 + l — 2 l + l , 7+ 2 l 4 + 2 , l4 + 3 s 2 1 + 3 1
[7~~1,7+2 ,1+ 3,0+7)

e 2: ( ( R ( 4 4 ) R ) ( S 5 ) R ) ( 6 ~~ )R) ( 7 + 2—l 4 +2, 7+2 2l+2 ,l4 +3 21+3)
(7+1 , 7+2 , 14 +3, 0+7 )

•3: R (l ,2,3 ,7)

e 4 :  e1 (J e 3
e5: e2 (Je 3

e 6 : e 1 u e 2 -

e 7 : e 4 u e 2 - (e 1 U e 3 ) U e 2
in e1 and e2 we have written each domain in the restrictions as

1 displacement plus a domain of R, e.g., 14+2 denotes the second

domain of the third copy of R in the join. In each of e
~
, e2

and e3 the PD l,2,3—> 4 is derivable and will have the following

respective ident i fiers (with relabelling nodes removed):

Id 1 : 7 id 2: 7 Id 3: 7I I I

pH rh

And we have Eqv( 1d 1, id 2), Eqv(1d 2,id 1) but not Eqv(id 1 id2).

However , on e5 this PD is not valid. If we had only retaine d

l I - ~ for the Fl) in e4, then we would have incorrectly derived the
- .

FD on e • We cou ld conce ivably have a procedur. to decide which

ident i f ie r  shou ld be reta ined , but it is simple r just to keep

them all. 

~~ - - - 
- 

-
~~ 

- • - - • - — 4- 
/ - - -‘

.
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:ne cons t ra i nt s  derivable on a Set d i f f e r e n c e  w i l l  be the

c- nn ’ r a i n ts  d e r i v a b l e  on the f i r s t  component. There w i l l  be at

!~~~~~~~~~ t t h a t  many d e r iv a b l e  const raints because the d i f f e r e n c e  is

a - ; i h s c t  - ) f  the r i r s t  component . More wi l l  be said about set

I ! frr ence l a t e r.

This discussion is !ormalized by the following definition :

v t  :; be a schema and e an expression over s. The set Dry (S )

—~~~~ ie r i v u t l e  con s t ri; n t ’; on e is def ined by the fo l lowing rules

..- : - ~ ch use induct ion r~ the number of opera tio ns in e and in

wh ich  “C1~ denotes the ° losu re operator :

( 1 !  !~r v ( R )  — Take ~~~ closure of R’s Ffls in the schema and

ha- ;” •-ach F u R :~~-~ A labelled by the tree consisting of a

r o t  segment ~ -A (A is the root) and an arc d~~ into node

R for each i ~ .~~.

~~) ~rv (e !X~) — Ta~~e i ll ~EQs y”z where X fY !—X t ZJ is in

D iv e ) ,  - a ll V~~~s ~
‘
~ V where X (YJ.V is in ~rv (e), and all FUs

I ~~:.—~ A s ich u- - a t  ~d 1 :X !Z~ —~ X fA) is in t)rv(e) , where

is obtained ton i t , by attachin g to each leaf X (d I ot Id 1

‘ ‘ c arc d— , and to t’ e root X~ M of i - ~ the arc A.

~) : r ( e rX ~ y)) — ?~~~I t  X~~
j to t ) rv ( e )  and take the c losure.

f 
( -

~~ 
r- ; (e ?X~ V 1) — Add XIV to flrv (e) and take the closure.

( S )  T; (e : 
~~~ “ -,) — r~onanc~ the c o n s t r a i n t s  In t ) r v ( ’ ,) according

to t h e  le - i ree 0 ’ e 1,  i.e., ~ ~)t’) X Y  t P c o n e S  Xek~~Y4~

(.~~te-ire e (e~ ) ) ;  a VI~-) become s X’kaV , and a F°

:~~- c --)nD5 id ):7~~~-’A~ k. where id 7 is obta i ned f r o n  i i :  
~~y 

- -- - -- ----—--
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a d d i n  a n arc J+k - t o  each leat labelled d , and an arc

A . lc  r - -  rh ’~ r - - t .  Then add n r v ( e 2 ) renamed to Drv (e 1) and

t ~~~~~~~ : . ~ ~~osur ~

E~~) 
)rv(e

1 -,~
.- ) ~ X— Y or ~~V ~s in ¶)rv (e,Ue ,) if it is in

: z  v te . ant Di- .- (e ,) . l i d  } : Z -  ~A is in Dry (e 1 ) and

-~ - J 2—); is n ~‘rv e ,) ~in V i  , j E4v ( i d~~1 . ~d ~ ) then

: d 1 , 
~~~~ 

) .: — - -
~ Dz v ( e : - -

~

( 7 )  ~ t ~
- (e~ — c )  — —  ice  Dry (e 1

~~e w i l  say Y at e .s cons:- ent wi th :~-spect to s) if for

no dona:n - rH  for - hs ! lnct values ‘
~1~ 

v~ are both XIV 1 and

X~ V2 n.’
--
~ is ot r -~ ( e ) .  :‘ is ruean in ; les s  t o  t r y  to d e r i v e  con—

‘ t a i n t s  on .- -~ pr . -ss ~ -u ns ~-h ich a:.- not consiste nt . U

0- i r  a ; -r :th n o- -~~~- - - s i s t s of the t - i n~ t~~ons : r v , (‘1 and Fqv.

v~i t h  me-~e IICS , a solut~~- n may be propose I to Problem posed

.‘ a r 1 i ~‘ r

Pr ~~ - s L 1 r - . ~. .
-.- . - - a - “on-a U an express ion e~~ an ~~~~~ e:X— Y

or e:XiV •.‘al i I i t -and only i f  it is in Drv(o); an F”

e: Z — -~ is .- -il :1 i f  v I only  i f  for son” s - i t - s e t  Z 1 C 2 ,

e:~’ 1— -- i s In ~ r~’(’-’)5.

T e ; i ’ r~~f i ca ion o ’ t * i i s  n r - n , - ;i t in n has two p ar t s .  F i rs t,

a r ’ -  the r - i lc :~~~-~~~ ; -. I? T’ -at i~~~~~, a r e  an’,’ i nva l i d  F °s or F . s qen—

e r - a t ” : ;  •‘ - - . 
~~ , -ar e ~- h~ r i i ’~~ co -’~-- let °? ‘

~o the y f i nd  a l l  of

~e h a -.-” ~ ‘‘  o u t  ‘ n c  a - i~~’.’’-;ta t i c ,  t i le , P~~t t h is  no—
o~~ at  St ;ndr) ’- ,s t co n ra le teness  - r’1 ’~ ‘ t a t  t ho r i l ’~ - -an 

-v ni le - i  1 .  ‘b “ - i ’ r .’ -a-~ s !ct in a i i ’ ri v a—

_ _ _ _ _  — - - - - - — --- ---—-- -~—---- -—--~~~~~~ --— -- ——-— -—— _ -- — --~~~~~~~~~~~~ A
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t~~e v a l id  FDs an i ~~~~~~~ ;?  The quest ion of soundness is considered

in h t ’ n ex  se’c t 1

4 .  5- -u n--tnes~ - t  ~ n e  A1 -jorit hm

The f - urna l  development of the operator  Dry was in three

p a r t s :  ~ i r - ~t ., E~;v was d ef ined; then we defined the closure

rules - i s i n~ F.qv , and tina ll v the derivable constraints Dry in

t e r:~~ ot ~‘l ~~
-; ir’ arid ~; -~v. To prove th e  soundness of the ru les ,

— t~ t i L S t  v~~ ,one p r - ~pe r t i es  of Eqv and ~l and then properties

of Dry .

E - izict :onai lepe : •n~- l e - ; , a’; the i r  name impl ies , are closely

~t e d  - u t  hnar y ma ’hemat ~ - - -a funct ions . If , say,  In R( n)

t ’ .” r i ~ is ‘h. ~~~~~~~~ ‘-hen ~:ven any s t a t e  at , the proiec t ion

(: .~~‘ ( s t i  def i : ;t ’~ -a pa r t i a l  funct ion i~ -~ ’J, where k is the

v~~-e: o~ t ’ n u : n s  15 ( a n d U is the  da ta  un i ve rse  of the

!~~ i t e)  . 1n~ .ar y, i iven -isv s t a t e , p~ ide n t i f  le ts  def ine par—

t i il  in~~’~~ 
- -

-~~~, :t i~ u’- venien t to t ak e  as the domain of these

~nct ‘. ~~~
- ‘- set - f i n ! 1 - :’c  sequences of elements of

t~~~~~ u ’ - IV ° Se .  In th i s  wa,’, a l l  f u nc t ions  w i l l  have the same

]-s -~nn. ~~~ v. “ io n  we j:;sn:jate w it h  an i den t i f i e r  w i l l  then

- ,:‘. ~il.y ~°:- ‘- ‘~~- 1 on ly  on ‘he ~ -a’~ it  i n s  1’ ; the Sequence

r r e s p o ’ . ~~~~~~~~~~~~~~~~ ; r - t e ~ er labels of the leaves of id. That

i s , V , f — i  “x a n; il” , ‘;e leaves -H id are ~,5 ,7 , t hen  in an

~~~~~~~~~~~ (*~ ,x~~, . . . , ~~~~
,) , oni values *2, x~ and * 7 will a f f ec t

‘se ‘ ia l  ii’ o~ Ui’~ i n c t i n . GIven a s t a t e  at , we w i l l  denote the

- t  .on te~ e r — i n e  I by -an ilen t i f let i—I by i-I (at) or id i st

-.- .l l :irst 1.- t i ’ ’ - he f inction s deter m ined by id e n t i f i e r s .

_____
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and then we will compare these functions with the FDa to which

the FD iden t i f ie rs  are attached.

The partial function id(st) whose domain is the se t of

sequences of universe elemen ts is defined by the fo llowing

Algol - l ike procedure , where x is a sequenc. of domain values :

id(st;x)

if Id is a domain leaf i then x i

!J.1! if Id is a value leaf v ’ then v

( )  else if succ(id) is an inteqer node then s ucc( id )  ( s t ix )

else / succ(id) is a selation name R; root(id) i s  a

domain A , and the set of children of R is

( id 1,..., id~~) whose roots are labelled 2 l’•~~•’ 2 n 1/

i,f id 1 (st;x)....~~id~~(St;x) are defined

then begin

v 1 — id 1 (st,’x) ~

vn(~
idn (st;x)

it R ( Z 1... . .Z~ sv 1.....v~ 1 ( A 1 ( s t )  ( a )

/~ i .e., if there is a tuple in R ( s t )  whose

2—values equal the v ’s /

then a / i.e., return the unique ‘i—value •/

!i.! ! undefined

end

else undefined 0

Sow i den t i f i e r s  were not associated w i th  FDa in a ha phazard

fiss ion. They were chosen so that the function deter m ined by

the identifier essentially equals the function determined by the

-

-~



~
urJ

~~~~~~~~~~~~~~ 
-

30

FD. To decide , as in rule FR ) of the definition of closure , if

should be inferred from id 1 :Z—>A 1 and id 2:Z—>A 2 is then a

;~ est ion of deciding if id 1 (st) a id 2(st) for all states st ,

i .e.,  if the funct ions dete rmined by the ident i f ie rs  are equal.

~it a r e  ~iiven as an hypothesis of rule (RI in the definition of

c l o s i r e  the t ruth of  Eqv (id 1,id 2). Hence , we need to know that

the truth of Eqv means equali ty of the identifier functions.

Thi s is proved in the toll ow inq theorem:

~‘ r en 1. Let f~ a schema and suppose Id 1 and id2 are asso—

-~iated with FDa derived on expressions over s. Then

Eqv (id 1, id 2) tru e ~n;Hies that for all states St and value

- i ’ ~-:.no ’e s x , it i - 1 1 (st;x) and id 2(st;x) are defined , then they

are ,‘

Pr u t .  The proof -- -~v be found in the appendix. 0

To prove compl eteness , it will be necessary to know that the

converse of the at~ ’ .’v theorem wil l  hold. This is proved in the

next  theorem.

Th e-~re 2. t.e ’ s be a sch e ma and let id 1 and Id 2 he associi ted

~.i ’h IS ’ s derived on ‘-~ nrecsio ns over s. Then Eqv( id 1, id2 ) f a l s e

i~~, l i o ~; that there e *ists a state st and a val ue se-i lence x such

~~r ; at  id 1 (st;x) anI id~~(-;t;x) are defined and unequal.

Pr f. This is :-r~e - Iia te from the -t .~fin it ion of F.qv: Take St

be the free ,t -a ’- -” fst r and the value sequence x to be V. 11

-s”  have cla i-’ o t ‘ a  the f unct ion de t e r m ined  by an F~’ 7- ’~A

tef i so - I  on an express inn e Is essentiall y the sane as the func—

i on  deter m ine - I  t v  the -a ss ’- u - iated ide n t i f i e r .  The prec ise

- - - - - - - —~ -- --- ~~~~~~ — - ---
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- n e anin - i ~ t t’;sent i a l l y ~ is t he  f o l l ow I n~j :  Suppose .~ state st

— and a -.eu - : e 5~~’e x is liv e:; . i’P e value s ot x vt i c h are relevant

- to t Ie  F~’ -i~~~v X [ ? ~~~~~. The appli ca t ion of the function to the
- 

in put * c - :  :e: ponds to the selec t i - n  expression e !Z~ x [Z)J . To

ext r -a ~
‘t  • - e A — v  ,a I , the pr o e~~t ion e ( Z ax  7 [ A)  1 s used . If ‘ -

— 

the ‘ c ’  i - n  is ief m e d  ut st in- I x , there is one element in

- e (.:~~x ( ;) (;~ ( - ) , s~~r w i s e  i t is empty. The essent i a 1” equal—

~ e[Z~~x [ Z )  (A~ ( c t  ) if and only if id (st;x) 1$

- -:e: .n,- - : and e ; u t l  to  t ’ ...~~
. - I not prove this Cdi ili t y

-p ur - i ’ e i v  n i ~ ie~~n&’ r w : t h  t h e  - - - ~ndness statement itself

..it~ ‘ t . -  a: - ce ‘ u n st  r - i c t ions , we can prove the soundness of

— clos-~ r.- 0 : — ’ :  t o r .  ~~e hypothes ize two properties -~~~~ a set S

of CO~~~ r — a: -’-its . ~‘e nropert -,’ says that all ‘-‘lerten ts of S are

va 1~ d ~~ u ’~~;~
- t a i n t s .  The - th o r property is a statement that FD

1- I e n t i f i c - r s  ~~ ree ” wi th the F’~s as discussed above . The

theore~u ‘ -~- n :;t - -a te - ; t nat the cl o su re operator preserves these

two i~~~ - : ‘ r ~ i.- s .  - t  - i t - ; ” , -.~e are :r ina r il v isterested in the

- ru’ - -~e:’.-a of -
- t l i - h ty .  However ,  the second nropert v is

- 
n.’.’ f ’ - d  I ~r j  - - i  ‘he is I ~—~t ion St .’ n:; r;u fo r  the completeness

eoren

- T t a ~~~-o r e - ~ L a be -a s:se—a v- -f e a n  express i-a n over a , and

- 
5 5 1  1 ’ - : tn’- f -H ~~~i- ~ i 

-.
~~

- -  statements:

- ( i )  eve r-i ~--u - nst - :a~~nt in the set Is valid;

(i i) for e ve r , - F~ ~jd 1~~::’—~~A in  t o  set , for every state and

7 i’ r ”  i s  n - -- ot-vious way t --  a—i~~u s t  r~ ident :fiers for
an ai- ine’ -,

~ at i- -n r i ’ . ~f the i d e nt i f ier for, say,
n - - san e -as ‘or 7— ” ’- , the’- t - e  above rela—

- t i o n ;’- i~~ w i ll  -~- l ~ h-I-i i n t~ io “only if ” direction .
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ev e r y  sequence x of universe elements , a €

e [Z sx~ Zfl (A I (st ) if and only if a = id 1 (st;x) for some

i l 1.

Let S be a set of E )s  and labelled FD5 defined on an expres-

si on ° such that (j) and (ii) hold on S. Then ( j )  and (ii) hold

on Cl (s).

P r - ’)t The nr uo f uses indu ction on the length of the derivation

and can t,e tound in the appendix. 0

Wit h this theorem , it is now easy to show the soundness of

Dry : (We again must prove the extra clause (ii ) a~ i n Theorem

Theoren  4. Let S be a schema , and let e be an expression over

S .  T f i~-c; s t a t e m e n t s  ( i )  and ( i i)  of Theore m 3 hold on the set

:-r v(e)

~~~ : ‘of. 7:is -~~oo~ iso , in—lic t ion on the number of relational

al i e t  r i  ope r i t  - r s  in e and can be found In tI- c appendix . 0

~ -~r o l l a r 1 . :et ~ :~~ - -a s ”;pr~a and  e he an expression over s.

Then ‘ - .‘e: E’) i n  Drv(e) i s valid , an’— every F’) e:Z—>A such that

is ~ri Srv(°) tor some Z1 C~ Z is valid.

5. - ‘np~~ t .ene—~s f th ‘~
i1orithn

~~~~
‘ n- -v know ‘ at ‘

~ : loes not iene rate any invalid con—

st rai nt s. The :‘- ‘t ;
~ ep in a s- -u l -u t i on to the problem of calcu—

la t i n - i  cons~~ra~ r t s  on r e la t i o n a l  a lgebra exnresslon s is to prove

conY } le ’e ’ i(’ss : ~~or~~ 
— rv ‘je ner -a t e  all of the valid constraints? 

----— ------- —-——--~ - - - -- - --—~~~~ - - — -I
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As we have defined Dry , the answer is no , Dry does not generate

all valid constraints . The following example illustrates this :

sl: R(2), S(2), R:l— )2

e: (R US)- (S-R)

Drv (RUS) a

Drv(e) •

C learly , the expression (RLJS)—(S—R) is equivalent to R , and

th erefore the FD 1->2 is valid in (RjJS)-(S—R) . However, the

rules calculate no FDa on e. it seems, then, that the con-

straint formula for Set difference must have some knowledge of

when formulas are equivalent so that it can recognize , at leas t

as far as FDs and EQs are concerned , (RIJS)—(S—R) as being

equivalent to R. it turns out , howeve r , that this is impossi-

ble: Functional dependencies are sufficient to capture the

notion of equivalence of two expressions , and this problem is

undecida b le.

The following definition specifies what we mean by

equivalence , and the next theorem shows the relationship between

FDs and the equivalence property:

Let s be a schema , and let e
~ 

and e2 be expressions over a of

degree n. Then e1 and e 2 are equivalent (with re~~e~t ~~ s),

w r i t t e n  e 1ae 2, if fo r every s tate a t , e 1 (st)ae 2 (e t). II

Theorem ~~~. Let a be a schema , and let R be an n-ary relation

over s su ch that for every domain X of R , the FD R:Ø —> X is in

s. If e1 and e2 are ex pressions of degree n which do not con-

tain R , then e1se 2 if and only if every possible F’) ø-)X is 

----~~~- - - - -  -~~~~~~~ - - ~~ - -~~~~~~~~~~~ - - - -—~~~~- - -- - -- - - -- I
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v~- t . i - 1 ira the express ion  E = RU (e1— e 2)U (e2—e 1~~.

Proof. I t  e 1~ e 2, then it is immediate that for every state at ,

E (st - ) a R ( s t ) ,  and so every FD ~— >X i s valid in E. Now sup—

;‘o’;e e11e2. This means that there is some state at and some

t- ip le t such that e i ther  t € e 1( st )  and t 0 e2 (st), or t €

e ( s t ) arid t 0 e1 (st). In either case, t €

((e1 -e2)U(e2—e 1))(st). Let t ’~~t be any tuple not in

(t ’ iUe 2 ) ( st ) .  ( If  (e 1Ue2)(st).U
a , we can extend the universe U

— 
h-

~~ adding one more element u, and we can then construct tuple t ’

f r on U . )  Because R does not appear in either e1 or e2, we may

assume that R (st)-~ t ’). Then E (st) contains both t and t’ and

therefore some FD ~- X  is not true in E(st). H

It is also pos si l ie t o  prove this theorem without using the

new rel ation R , that is , by only using relations appearing in e1

and e 2 .

This theorem w i l l  be enough to show the impossibility of cal-

t c u lat i nq all valid Frs on arbitrary relational algebra expres—

: - i nS . Th is is be raino the problem of deterriininq the

e l - J i val ence of two re lationa l algebra expressions is undecidable

‘~t~~ fo 1low in - ~ theo rem states:

. ‘ u -ore n 
~~~~. Let s t — r ’ i schema . The following problem is unde—

ci  i~~ble:

l iv e n arbitra ry relational expressions e 1 and e2 over s of

“i ree n , deto rn:ne if e1 ie7.

f . The nro- ~~ I - . f - a --;” I on a sim ilar theorem hv

‘ o l ’ m - un 1~~o 1 J  a nd - ‘-an he found in the appendix. I)

—-  - _ _ _  _ _ _ _ _ _

_ _ _ _
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W i t h  this -ci l e c i d i b i l it .  rt’ :;ult , we can prove the undecida—

h ili t y  of a c i l a t : ; ~ con’ ;’ .ra i r it s  - ‘n expressions:

Tnt•’ rem 7 . ;- :~~~ : 1  - ‘ :  I ~~-i ot do t  e m m  n a 11 valid corist ra I nts in

- t -;iven r e l a t ~ - n i l  exnresslon ot syntax (I) over a g iven schema

.S wi f e -c l  Li~ le

Pr t . : -
~~• r ’ ~ 

-..e r o  1 p ro ’~.1uro for calculating all con-

str ain t s v i l . - i  ~n a re~~it i - ’ n - i l al - ;eb ra expression , then by

Th eor en ‘
~ ‘n o r  e w ui 1 ho a pr oce - lu re  t o m  de termin ing  the

equi v a le r ~ce : rel at ional aluebr a expressions. But this latter

pr — ~bl’- ’ is b c ;  - l - atl ~- f -
i’ Theorem c . i i

;~ ven r t:I s i: i s c : - h a b i l i t .  result , we next ask what changes

can ne -i-a I”  - th “ ,-1
~~~~~~1n i langua -io which w i ll allow a decidable

coriple ’ - ; e ’  ~ -~er~ v a ti o n rules .

There ar~’ t~~~~~- - e -a :;v--t o—specify restrictions which can be

I us  he rel a ’ io n - a I al -ra syntax which  w i l l  e l im inate  the

ahov e incon ;~l.’ten”:;s. One re stri ction is to allow relation

names to - a pp e a r  a t  most -once in an expression. Then expressions

s i - :; a:; (~~ S)— will not he allowed , and the constraints valid

on a set d;L ~ ’-renc e w i l l  always he exactl y the ones valid on the

r ;‘ 7onOo’- ’’nt o’ • ‘ e di f “re n— e.

- her r” :; r i - ~t ion is  to lisa llo t,  set d i f f e r E n c e  as a rela-

tion - i l al i ” :ri - - ne r a  - r .  ~~~~it h- it set d i f f e r e n c e ,  we Cannot per—

• s’ -’ r° ; o ’ Th’-’ - - ren ~~~, and the complete calculation of 

-;tr-i i’ - a on relat :ona i l ie b - ra  exnresslons not u sin g set

1i~~fn r ’ - -- -- e w i l l  be r>ossibl’- . This second restriction is the one

we sf - a ll ~s-.’’- s

- • — - - —--~~~~~ —.-- -

- - --- - - -—- - - - -

~

-— — - - - —
.
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Let us consider , then , the lanquaqe of syntax (II) in which

Set d i f f e ren c e  has been omi t ted . Does completeness hold now?

With t h i ~~~ language , the answer is still no , not all F!)s and E’)s

are detected .

~ef ore we ‘ive a counterexamp le (pointed out by E.F. Codd),

we will briefly discuss certain behavior of joins of projec-

tions. For thi s - .l i scussion only, we will use different notation

which will allow examples of Such joins to be written more suc-

cinctly. The example relation R will have domains named A , B

and C. A ~o i n , denoted by ‘
~~~

‘ will be understood to be an

equ i-join on the like-named domains of its components , and it

w i l l  elim inate one ut the joine d domains.

)r ii n ar i i y ,  a jo in uf  p r o j e c t i o n s  such as R 1A C 1D~~ r RC 1 w i ll

conta i n  all the t u p le s  In R , plus e x t r a  tuples , I.e., R C

Lot R # R 1AC 1D~~tBC ) . Take the followin r~ example:

R R Y’- ’~ R~~BC1 R (A C 1DORIBC)

A 9 C  A C  B C  A B C

0 1 ’  0 2 1 2  0 1 ?
3 ~ •~ 2 4 2 i) 4 2

3 1 2
3 4 2

I f  eno u~~h s ’ r u c t - u r e  is added to R , namely in the form o f FDa ,

t hu-::. ru e x t r a  t up les  w i l l  appear in the join; that is , the join

will be Th n-Io’,-; ” . ~n our example , the F~) C—)R Is sufficient

to  ca use ~ t ’
-
~ have -a non- loss ioin. (The above example v io la tes

t :.~ ~ - T - ~~-~.) ; p ne r a i  n e c e s s a r y  and s u f f i c i e n t  condi t ions for  a

r e - -at i on to  n a v e  -a non—loss join are ‘jiven in rAh Bu l .

• ;  ,.~ ~ e ’ or; re ’- u r n c o n s t r u c t i ng  a counterex ariple to the 

--- -- -.- — 

- - --- -.- - 
~~
—-- - 

— — - - ----——— — -  _____
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completeness problem. We use the relation R as above (returning

to the usual notation) and add a second FD l,2—>3 to the PD 3—>2

alrea dy mentioned . We have :

5: R(3), R:l ,2—>3, R:3— >2

Drv(R(l ,3)) 0

Drv(R (2 ,3~ ) (2— ’
~l , l—> l , 2—)2, l ,2—>l , l,2—>2}

Drv(R(l ,31 (2—2]R (2,3)) • (4—>3 , 2—>3 , l—> l , ...)

Drv((R (l,31 (2a21R (2 ,31 )(l,3,41 • f3 >2 , l >l, ...)

(The ellipsis represents the triv ial F’Ds arising from the

reflexive rule.) Yet , we know that for any state at , that

R(st) a cR r l ,3) r 2a2)R12,3))(l ,3 ,41(st),

i.e., that R has a non—loss join . (The expression on the right

corresponds to R [AC )~~~(BC).) Therefore , the PD l,2— 3 is valid

in the expression , but it is not calculated by Dry.

Intuitive ly, it is not hard to see why this happened . The PD

l ,2 — 3  was lost through a projection , but the later join was

- -
~ non—loss and so the FD reappeared . This problem can be elim-

inated by restricting the mapping language. The problem arose

by doi ng projections and then undo i ng them by joins. Pt res-

tricted mapping language which does all joins (formally, cross

products) before any projections wil l be just as powerful as the

unrestricte d languaqe and will not cause Dry to lose any FDs as

happened above . This is what the th i rd version of the rela—

t ional algebra syntax does. It first allows cross products on

base rela tions or selections. Then restrictions are allowed ,

and lastly, union and projections are allowed . (The reason

_ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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s e lec t i o n s  are moved inward to base rela tions will be given

la t e r . )

In orde r to show that  syntax (III) is just as powerful  as

;::& t a x  (11), we show tha t  every s y n tax — ( I I ) — e x p re s s i o n  can be

— tr auu: ;to rm ed to an equivalent syntax—(III )—expression . The

‘~~.snsformations move cross products inward until their operands

are either base relations , selections or other cross products.

They also move selections in to base relations. The following

tseur em accomplishes this:

T:;e-’rera ~~~. Let s be a schema , and let e1, e 2 and e 3 be expres-

sions over s. Then ‘Se following equivalences are valid:

(1 a ) e, ~~ Xe (e1 X e - ) IX ,r)21
w~ ere oi is d e q ( e j+ l ,deq(e 1)+2 ,..., deg(e 1) +deq(e 2 )

‘:~~) e 1X ( e 7 ( < ) )  ~ (e 1 X e 2 ) f D l , X ’ J ,  where X ’ — X+de q(e 1) and
DI i s 1,2, . .  • ,deg(e 1 )

(s-a ) ‘~1 r x ’ y i x e2 a (e 1 xe2 t IX .y 1

12 :-) e 1 X(e7~ X= Y )  ~ (e1 Xe )IX ’ Y’),
wfiere ~ ‘~~X+dei(e 1 ) an~ Y ’ aY+deq (e 1 )

( 3 a J (e 1Ue 2 ) Xe 3 (e 1 . e 3)U (e 2Xe 3 )

I ~~h) ‘~ 1 x (e 2Ue 3 ) 
~ (e , X e 2 ) U(e 1X e 3 )

~fl o~~~~~) Y~~’il ~ e t Y’ i~V l ( X ~ , where X (Y 1 Y’

E S )  e 1X~ Y )  ‘Z ~~’;1 e ( Z iV )  r X a y l

r cj (e l Ue 2 )TX !V 1 e 1(X !V 1U e ,rX aV )

( h -i )  ( e - X e 2 ) t X e V l  e 1 (X !V )X e 2 . whe re X <deq (e 1)

( - ‘ i - u~ ( e
1X e 2 ) 1 X ~~V 1 e~ X(e7tX’ sV1), where X)deq (e1 ) and X’aX—deg (e1 1

Nfl e (XJ ry ~~~~ a er y ’~~z’) rx l , wher e Y ’a X IY l and 2’ — X I Z l

H) (e1Ue 2)r Y— y i e j r x ~ v
~Ue ,(Xay1

Proof . The r r f  is ‘rau ihtforw ard and is omit ted .  I)

—

~

- - -

L. - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The equ ;v aleruc e s of T h e o r e m  -
~ -.:an he viewed as transformation

rule s: -~1ve ’; ~-to ex~- ress lot ; o -~~~~r -bi:u d to syntax (I!), match 
- 

-

Some pa!t O f  e W i t h  trne let t—f ;an d— s i d e  ~ an eouivalence of -

- 
. -

Theorem -
~~ to o r o d - ; a new expres sion e’ I ron the right —h and—

st- i c of Se e - u i ~~ i lence . Pu-’:~e’at t s e  process w i t h  e ’ . Continue

a:-; i o n ’. -a - ;  p sszt2 o . :‘
~~~~

• resul t w i l l  Ire - t n  cx r ess io n  according

to  syntax ( I I I )  whi ch ii ~ u’~~-;i va1e nt to e. We record this result

he ol 1 w i  S eo r era .

Theor~’n • . ~ v e ry  expression o ! syntax (II) is equivalent to an

expres s ion of svnt a x  (I l l )  . 11

~-
-,• t n i s  t heore m , we are ~u sttf it’d in assurn inq that all

e x p r e ; s r o r -. ;‘u~~f oro to ; . nta x  I II.

~efore w’- cr)nt in - ue with th e conpieteness problem , let us

re vi e-.~ : e  u~x a — n l e  ,wh i - ~h was used to show that ~) rv was not corn—

plete f o r  :;ynt a x - ( f l ) — e x p r e ’ ; s i o n : ; . Reca l l  that we had a rela-

tion R(3) ui’’ F r- s 1, ;’— ’ ) and 3—~~~. For the expression - - 
- 

- -
-

(R( 1, 1) ( .~~~~~ 2 1 Rr  , ~~ t r 
~~, ~~~~~~ ,

we r ’~ilcul a

rv ( (fl T I 3) (2 ?r 2 )R t 2 ,31 I (1, 3 ,4) )

{3— ~~2 , . . . } .

In act u a  fa~~t, the I- ’) 1 ,2— -’ it ; also v a l id  u- u t  is not calcu—

1ated by Pr- .’ . Let us s- .’ what hanpens by anplv inc t the above
1’

e q -uiv - al °s - ”~ ~r-anc ’or raa !io rs. On.-’ of  the two pocc ib le  t ransfo r—

- I S :

_ _ _ _ _ _ _ _ _ _ _  •
~~~~1



,. ~~~~~~~~~~
--‘ 

~~~
‘ : - - - -  

~
-
~~

‘-- —--- —

r 
-

_ I 40

(R( 1 ,fl (? .2)Mt 1’ , ~J ) (1 , 3 ,4 )  —— ‘u- ( b y  Ia))

S 

-

~~ (H I 3s2) R (?. H (1, 3 ,4, ~) (1 ,3 ,4) 
- -

~~~ (by t i b ) )

- ‘ 

(HI ~~~ 3) ~) (1 3 , ‘~ 
) ( 1  ~ ~ -1 , ) E l  , 3 , 4) .

t~- / -

W e ~-a 1 c u . i t e  the c o n 5 t  rai:~t:; valid in~ this last expression as

follows : - - -

— 
S

~ .2—> ~— )2 . 5 . )

zv(R E ~~- fiR) .. (1 ,2— > 3— > 2 3”’~ 4,S—> ’~ ‘~—)5 l,2->6

- J ‘. —  ‘:~~~ 4 , 5 — > ? 4,~ —~~3 3—)5 .~~~~~‘- l , S — > 3

- 2, 4 -)~ 1,~~~ ’- 2,4-)3 . . .)

— - H -> 2 and 3-)5 are the same Fr))

~)rv ((Rf ~~)H) ~l , 2, ~ , ‘ , - ) )  ~ ‘ 1 , 2 — > )  3- > 2 3a5 5 - >4  ) , 2- >5

: -
~ - - - 

~~—~ •: 3—~~d :~~4 1,4—)3 l,4— >S ... )
• L - 4  4.> 3 ~r ’ ~3 l, 3->2

- 

- 

- 
- 

1 , 3 — > 4  . ..)

- 

- 
-

- ~ : v ( ~ 
( ~ fl ;~) (1 .2 ,3 ,5 ,‘-‘ I ( ,3 ,4 ,5 (1 , 3~~4 )  a 3 — > 2  1, 2—> 1 . . . )

;:. ‘ .‘- ar e - -e xa c t l - , ‘s. - -
~ c n s t r a i n t s  In R (to wh ich the expression

-S

- Is c i u ;va ien ! ) . The coaur ;t .’ :exanp le is no longer a problem , and

- 

- ~h1s ~~ an i’ -t u i t ~~-e a t  - a 4raent that completene ss hol Is for the

-
~ 

- 

- 
t eS !  r i ‘ ‘ - : ‘ d X .

~~ 

-

- : 1:; the ~~t ~‘~~‘ i i : , .  - - u s c  i - n c  , we have fir  c t reroveci set  di f fer —

~
- - once  f ro m  - u: :.- : n u 1iniuage , and then we restri cted the syn—

— 1 -
~~~~ no ~~:- .-at c ros :. pr ’d u - .  -

‘ are performed before projections .

‘ti ’-h ‘ • ‘ ; .‘ i ’- . ’ ii ~tions we an f i nally prove r -)raPleteness of the

-ier~ -: i t ,  t i e - , . ‘i .’ be gin with a ~heore-’ which proves con—

p i e t -e:P - ,:; expressions without the r es t ri ct i- ~n operator (syn—

t a x  IV) , 
~~ 

• ‘-n we prove it fo r any exoression of syntax III. 

_ _ _ _ _
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Theorem 10. Let s be a schema~ let e be a consistent expression

- ver s expressed in syntax IV . Then any valid ~Q on e is a

membe r of Drv(e), and if Z->A is valid on e, then for some Z~ c
•~ ~~~~~ 6 Drv(e) .

Proot . Pr oofs of completeness theorems generally follow the

contr aposittve direction: If c is not a membe r of Drv(e), i.e.,

it c is not derivable by the given rules , then c is not valid,

i.e., there is some state at such that c is false in e(st). The

state st is called a counterexample state. In the proofs of

~omp1eteness for FPs and for MVD5(BeFH), the counterexample

state is a single set of tuples since only one relation is being

dealt with . In the present situation there are (possibly) many

relations , each of which must be assigned a set of tuples for

the counterexample state. This cannot be done in as straight—

for ward a fashion as in the case for one relation because the

expression e may have several occurrences of the same base rela-

tion. For example , suppose e has the form e1Xe 2 and that base

relation R appears in both e1 and e2. If we try to arrive at an

assignment of tuples to R by a recursive procedure (which is

natural since relation algebra expressions are recursively

defined), the procedure call on e1 may resul t in an assignment

to R which conflicts with that of the procedure call on 5,. In

the proof of this theorem , which can be found i n the appendix .

we are able to overcome this problem because of the special

str- i- -tu r e of operations embodied in syntax IV . We first use

res~~its by ot her authors for the case of base relations and

sel ections on base relations. Then for cross products of selec—

tions , -.~~“ - h o - ~ how counterexanpie tuple sets on suhexpressions

— 

~ rc~~~~~’~~ :.

- --- 
_ _
~~J~— —
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-i fit’ ira r eqreted Into the whole expression . The case of union

.ur. ~~~; Theorem 2, and the case for projection is strai-’htforward.

‘. w we want to us’ thi s theorem to prove completeness for

exp~ css i - ru; - ; of syntax 111 , which cont ain restrict i on operators.

We S t hi s by id tnin - j a transformation from expressions of syn—

t i x  1 1 1  to tho~;e -~t syntax IV; that is , it is a transformation

wh i - s remove s ~o’ - cx:t ence 5 of the rest riction operator. This

‘r a : - t o r m a t i o n  w i l l  n o t  be an e quiva lence , but it w i l l  have two

rn operties which will be sut ficient for our purposes . Namely,

t S e  resultant expre cs i -.n w i l l  (have values which will) always be

.t - .uI ’set o t  the on ~inal expression , and the resultant expres—

s i i t;  w i l l  have the  san .~ set of deriv ab l e constraints as the o n —

r.nil. We ti~~e- I  to 1st- t h i s ini1 rect approach because if we

ti e d -~~ d~~re c t  i ’ i  i t  ive argument for a restriction e (X— Y 1 we

co :1 aet a co un t -rex i--: .l. ’ state -~ n e; but after appl ,-i nq the

n ’ s ’  r~ - •  I ri oner - at - ~r (X~ Y }  , we could neve r be sure that the

it I” were St 1 1 oresent .

i C t  s be - -
~ 

- ;  -‘-“n - -i an-i ~~~~~~ 
e be an expression over s according

cyn —i x 11, We - a  w r i t ’  e a: ; r 7 ~~
X llU...Ur n EX nl , where each

is -~ res ’r i  - .  ton of a -ross t a r o - d uct  (see the de f in i t i on  of

syn~ ix  111 ). “ “ - :- r ess ion G . -~~
t over s conf ormi nq to syntax IV

i s :‘- ‘ined v; Ilows :

‘ - !  r h, -
~~~~~.-. ~ t h e - ’ ter n ; r . ,...,r n. and let ~—Y be one of

ro ’  r - - - ‘ r i - ~~ io nc : f l  r . ‘ y t  r ~e r with the rectr iction X Y

n’ - - - - “ I .  ‘J’-’ x , ‘ - - •‘ r ’ - ’  are !‘ ; t e p  a s e c :  X~ V ~ fl r v( t~~ for come

il~~’.’ ‘ Dr~~( r )  cone V; an’) no V~~ on X or Y is a n o rv ( r * ) .

in ~~~‘ u ts t - a - - - - re; - lace r by r (YaVI ; In tse  second — ase

_  _ _ _

-
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re p lace r tot- r ’ ( >~~V 1 , ~nd i r a  ie third case replace r by

r ( x ~ v 1 J f Y i V j U r~~~~x~~V . )  (Yiv2), where V 1~~V2, and neither V 1

nor V 2 i r i t o a t  i n  e or in s. ~ow i.~~- i i  ran ;e the resulting expres—

5 i On ~)‘) t n t ’ i t j S -t i t  n o t the t o i n r I 1 1 U. • Ur 0 I X~ 1 , where

e~iCf r~ 
-. s a ~~~.~ - - t r i - ’ t t o n  of a cross product. The new expression

-wi ll ti - i - .- .- one less te: ;tnictt o n tha n the o ni; in al . Repeat this

i i  th ere are no more r e s t r 1 c t  ions. The result is

;~~~ ) .  1

The i r - :1.  :.~~ t s t ..~ a schema , and let e he an expression over

~ 0! ;‘~ n ’ a x  III . Then Sr v (1 (e) 1 ~
- S r ‘.- (e) , and for every Structure

str , G ( e )  ( S t  r )  ~ e ( S t r )

Proof. The p r - - -’ t nay ~-e o i~~-i in t he  appendix.  I]

The -~oa1 s:s p ap e r n- --’w -w pe~~rn as a simple corollary of

Theor .- ’-- ii:

Theorem 12 . ‘ et s he a schema , and let e be a consistent

expr~~c ci - - n wet s expressed in syntax I II . Then any valid EQ on

e ne-1’ er of Dry e), anl it Z— ~~ is valid on e, then for

cone :-
~~ 

C 2 , Z1 — > \  ~ Drv (e)

Pr - f .  -ii pose e ~s consistent and c ~ Drv(e). Si nce e is

- n s igt ~:- ’ ~. ,  ;(e) i s  con- .istent . If c is an E ) not in

Drv(e)— rv(G(e)), or i f  i t  i ;  an Fl) 7—> A such that I

Srv(e)aDrv (; (e)) f i r  every 21 ~ 7 , then t ’y Theorem 10 , there is

a - ; t a t~~ St  s i - n t ha t  c I:; f a se in ~ (e) Nt) .  Since ~(e) (st) C

“ (st) , c ~:; a l s o  false an n ( ;t) . II

_ _ _ _  ,—*—-— .-~~
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; mni rj and C o n c l u s iO n S

This paper has prese nted re su lts about calculating functional

lenendencies n relational algebra expressions. The mot ivation

t o t  studying this p r Thlen arose from t h e  d e s i re  t o  be able to

itr t e rni ntr c o r r ~~ - t  V i d W  mappin’3s.  k cri rrect v i e w  mappinq is one

in wt aicf , t t ~~~ ’ cor ;t r - it n ts in the underly ing schema and the pro—

- - pe rties f the raipp i r~~ ensure that the cons t r a ints in the v i ew

~ - heni  ire al-w i -;s sat i sti ed (in the view) . Given the underlying

schema , t he  view schema and the rruappinq , we need a decision p o —

c e irur e t o  t e l l  us the correctness or incorre ctness of the map—

ntnr ; . This is  a h - a s i c  pre r  e~~u t s i t e  for  implement ing rta ult a level

)a !~ i t - a s  
~‘ S~ s~ ~~~~~~~~ r ~ S - i

T : . - basic f u : : l i t i e s  of vi”w mappings can be -- ;- - - l e ll ed P - -  rela—

t ona 1 a I ;e br i , a:- - u -a s i c  t 
- -  
~e of cons! ra a nt appear i t .  In

i s  f u n- ’’ fon al l epen - - l enc y ;  henr:e , fe pr t;len of

re - f - In ~ Z~~~f~~
-1 -

~~ 
— t r ect v iew raapp l’i ~s is a: i - i l i.. par t the prob lem

-,f c a r - - : l i t  i c - a  the - ‘ i i i  I functi ona l lonø- ndt ’:a’ies on re lat ional

-a1~ et;ra ex :- re s s l -- n s vet the L -- hi r ly in- 1 sche~r- i . We studied this

: r o t len in d e t a i l  ::-. t ,e preceri inq sect i ons.

~~~~~~~ re’ i lt s w e r e  S ~th :- e 1~it ave and i’ - ’ ’  t ave . W e t i u n d  t h a t

•: : t ~ - n -iS s t — a ’ “ - f  is  s i o nly  unsolvable. If -w~- ; t - t i  the set

i i  t f-r enc e - a;e r - t ) t  f t  -- re la~ a s a l  a l  uebt-i , we found that th e re

~s an aii on i’ hri ‘ ca i c u l - ’ t i - i  f u n c ti ona l lependencic’ s on r e l a —

t io n-a i1. ~ - -F -a < t i  ‘ : — cs  j ‘s , Th.~ a l i t  r I’ - na~ es use -of ‘ie

le n -i -i ’ ion : ~~~c -a~~i e a t -i vnown ‘or f u n t i  nil  dependencies on

- - r ’ Ia’ 1 3 f l,  ~~- ;~ a ’  i s  onpl i  ‘ -i te d  t- - - .- t~~ ’- flee’) t ‘ .r
~~I)~~~T C

_ _  _  
_ _ _  _ _  ~~~~~1
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derivations of functional dependencies. With suitable modifica-

tion t o  the relational alge bra language which does not decrease

it s power , we have shown that the algorithm is both sound — no

invalid functional dependencies are accepted — and complete —

all valid functional dependencies are found.

In terms of the feasibility of constructing th. mapping pro-

cessors in the fram ework of the ANS I/X3/SPARC Study Group, we

may conclude that the processors can in principle be con-

structed , but care must be taken in the design of the mapping

langua ge , or else the processors cannot exactly determine the

correct mappings .

We are currently working on a numbe r of log i cal extensions to

this work:

~lthouqh functional dependencies are very important constraint

types , they are not the only ones which have a wide applicabil-

ity. For example , there are constraints in hierarchical models

which require that each child segment occurrence have a parent .

In Codasyl networ k models , a similar construct is that a record

type has mandatory membership i’a a set type. In relational

models we have what are called foreign key constraints. These

are all cases of what we call subset constra i nts. Their

interaction with funct i onal dependencies and mappings Is beinq

a i nvestigated .

In this paper we only studied structure mappings. k complete

vi ew specificatio n will also include operation mappings. P~n

operation applied to the view must be mapped to operations on

the underlyi ng relations such that the effect will he as if the

I
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view were operated on directl y. We are current ly inves tigat ing

c- iu nd and complete algorithms for this type of problem.

_ _ _ _ _ _ _ _ _  - - - ---- 

_ _



_

47

‘. References -

(ABCEJ Astr ahan M. M ., Blasgen M.W., chamber lin D.D., Eswa ran

K.P., ray~~l.N~~, ~r i f t i t h s P.P., King W.F., Lorie R.A .,

Mc~ ones P.R ., Mehi 3.W.,, Putzolu G .R., Traiger I.L., Wade

B.W. m d  i~at  son V .  “Systera t~~: R e l a t i o n a l  Approach to

Min - i~ eraena t ACM—TODS 1 , 2, pp.97—1 37 , 1976

(AhHU) ~-.ho ’\ .’-.’ ., Reer i  C. and Ul inan J.D. “The Theory of Joins

in Re lat i - n i l  Databases ” Proc. 18th IEEE Symp. on Foun—

Lit ions o f  -2onputer :~cience , 1977

(ANSI) “The A~ S-t/X3/SPP%RC Framework: Report of the Study Group

-n S a t . u  Rase Management Systems ” D.Tsichritz is and ~.Klug

els .), A FIPS Pr ess , 1977

(Arms) Arm st r - ,n i w.;~. “Dependency Structures of Data Base Rela—

t~~- ’ r - ~s ’ :~~u; ” Inform ation Processing 74, North h olland Pub.

2 • , 1 4

BeFH ) ~~ e n i  ‘
. • Fa - l in R. and ~oward .1.11 . “a, Complete Axiomat i—

zation for Functional and Mu ltiva lued Dependencies in

sa ’ -if- i -; e Relations ” Proc. A r M - S I ~~Mrar) Conf. 1977

f :~e r nJ  Bernct .-’ in F . “Synthesizin g Thir d Norma l Form Relations

from F un’-~~iona1 Dependencies ,” ‘~C2M-TODS , 1 ,

‘4- . 2~’ ‘ — 2 ’ ~~ , 1

ICh3T I ‘h a ruber l in  ~~ .
‘ .,  ‘~r-m~ 3.~~. 

and Tr -m i l er 1.1. “Views ,

~t —at ~~- sr i ~~ati on and Lockin -’j in a P~~ia tion a 1 Data ease Sys—

t i - - - ” M-TP S Con erence Proce ”iin- is , 4-1 , 19Th

I
_ 

- - -  - - -~~~~ - — —- - -—-- - - - -— -- - — - - —----—- —~~~~----- -~~~~



_____________ 
- —---~~~~----~~-—-~------

---- - -- - 

48

ICodd i Codd E.~~. “Relational completeness of Data Base Sub-

langti.i t~es ” Data Base Systems , R. Rust in (ed.), Prentice

‘ II a 11 , I ‘~ ° 2

• (IIenkJ Henkin L. “The Completeness of the First—Order Func—

t i - n a l  Calculus ” 3. Symbolic Logic , 14 , pp.159—166 , 1949

(N iug)  Niug A. “Theory of Database Mappinqs ,” Ph.D. Thesis ,

‘J nave rs ity  of Toron to , 1978

[Solo] Solomo n M. “Undeci -labi li ty of the Equivalence Problem

for Relational Expressions ” Bell Laboratories , to appear

4

_ _ _ _ _  - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— r—-— “- — - ~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

[ I
f 49

8. AQ~endix : Proofs of Selected Theorems

Theorem 1. Let s be a schema and suppose Id 1 and Id2 are asso-

ciated with FDs derived on expression over s. Then Eqv(1d1,id2)

true implies that for all states st and value sequences x, if

id 1 (st;x) and id 2(st;x) are defined , then they are equal.

Proof. By removing unnecessary tuples . we may consider the

given state st to be the result of a procedure gentabl in which

the newjormal_value func ti on is replace d by a func t ion not

necessarily generating unique values. Suppose we apply gentabl

to id 1 and Id 2, obtaining a structure stri . Clearly, any equal—

)ty relationships holding in the free structure fstr (before

applying the intervals procedure) will also hold on the analo—

qous tuples in stri. Now apply infervals to strl. and fstr.

This will not change the above property: Any equality holding in

fstr wil l still hold on analogous tuples in strl . But str’l is

already a state , hence id 1 (fstr ,V) - id 2(fstr ,V) impl i es

id 1 (strl;x) id 2(strl ;x) • I.e., 1d 1 (st;x) id 2(st ;x). 0

Theorem 3. Let s be a schema and e be an expression over s, and

consider the following two statements:

(I) Every constraint in the set is valid;

(ii) for every FD ( id 1 ):z— A in the set , for every state st

and every sequence x of universe elements , a ~

e tz!x1 211 (Al (st) if and only if for some i , id j(st;x)~~a.

Let S be a set of EQS and labelled FOs defined on an expres-

sion e such that (I) and (ILi hold on S. Then Ci) and (ii) hold

on Cl (s).



~~~~~~~~~~~~~~~~~~~~~~~ -~~~ - — 
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so

P t - t o t .  We assume (i) and (ii) hold on S.

It c € Cl(s) is present by one of clauses (1) through (51,

then property (I) ‘t olds because of the basic properties of

~ua 1i ty.

It i d : X -) ’ Y € Cl(s) because X-Y € Cl (S) (clause (6)), then

x - --’y is valid because equality is functional (and valid by the

induction hypothesis). Also , for any state st and sequer.ce x , a

~ e f X ~~x (X)I (Y) (st) if and only if for some t € e (St), X IX )

- t(Y1 a a; i.e., i f and only if a — id(st;x~ .

If ld:Ø->X € Cl(S) because XIV € Cl (s) (clause (7)), then

ø-)X is valid because the X domain is constant. Also , for any

state St and sequence x , a € e(~ lx (~~)J (X J (st ) ~ e (X)(st). if

- m d  only if a V ld(st ;x).

Suppose that (id 1~~1 :2-~ A j and (id 2~~}:Z— >A 2 are in Cl(S) and

that statement (ii) above is true for them and also that

Eqv (id 1~~,id ,~ ) - true for all i ,j. Then for every state st and

any t € e(st) , t (A 1 1 F e (Zit (Z)I (A 1 ] (st) , so for some i ,

- - - t (A 1 1 i d 11 (st;t). similarly, for some j, t (A2J.id 2~~(st;t).

Hence t (A1 J— t(A 21 and so A 1 -A 2 is val id for e.

Suppose id 11 :Z-~~ and id 2~ :A~JX— )B are in Cl(s) and satisfy

(i) and (ii), and t~~- i t  id 3ij :ZUX— )B is obtained per clause t91 .

By inspection of the al - !)rithm , we can see that Id 1~~~(st)(x) =

id )~~(st)(xrid 11 (st)(x)/A)) (where xfy/k l denotes the sequence

obtained from x by pitting y at position k). By definition , b €

e~ ZUXsx f ZUX J J (A J(s t) if and only if there is a t F e(st) such

t h u ~ t f B j~~b and t(Z Ux J—x~~7,UX). This Is true if and only If

th ”re Is a t ~ e(st) such that trR l *h and t ( A L JX )  —

x(tIA) /A j (A[JX 1 and t ’ZJ= x i z J . ~y induction , we know that b F

efALjX~ x ’t fA] /A) tA jJX~~~fR l (St ) If and only if b =  

_ _ _ _ _  

~~~~~~~~~~~~~~~~~ — - -~~~~~~~ - — ‘--- -~~~~~~~~~~~~~ - --
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Id 2) (st;x (t (A) - -‘ A l )  • a n t  th it t (A 1 € e (2~ x (Z] 1 (A ) (st) if and only

i t  t(AJ a i - d 11 (st;x). Ht.nce b € e (ZUXsX(ZUX)] [BJ (st) if and

only i t  h id~~~(st;x (tf;l/A )) a iLi 3~~~(st;x). Li

Theorem 4. Let s ~~~~~ a schema , and let e he an expression over

s. Then s atem ents (ta and (i i) of Theorem 3 hold on the set

Drv (e )

Proof. Th i s nroo~ is -i - ~ite st ra iqh tforward , with most of the

work hav in i bet ’s ~- ‘ r - ~-.’ in the previous theorem. We will only

show ~a - w :latise (ii) nroceeds for p rolec t ion  mm d how clause (i)

proceeds t — r  a n l n:

Suppose i t ~):Z_ ~~\€ D r v ( e rX ! ), wher e id 1 :X{Z )— )X IA1 is in

Drv(e) and I ? ~s u -, -de scribe d in clause ( 2 1 .  F i r s t  note that

id 2 (st) (x) I ~1 (st) Cx ’), where x~~~x ( x t Z ] / X ! Z 1  ). Then a €

e (X) (Z=x ~ Z] 1 ~~) ( s t  ) i t  and only if there is a t € e ( s t )  such

that a— t (X) [A l ‘X !A l ) and t (X [2) ) a t (X ) 12) = x t Z ] =

x (X(Z ] I • i . e . ,  if and only if a F e !X (Z1 x ’ (X IZ1 1] FX IAI 1 (st) ,

wh i cta , -
~

- i n t a c t  ion , that a — id 1 (st) (x ’) id 2 (S t) (x)

For an t  ~n , s-ann ’~se e ~s e1Ue2 and that ~id ii , id-,~~
):Z—)A €

Dnv (e), ~~~re i ii )::_
~~

A €  rirv(e 1 ), and {id 2)}:2— )A€ Drv(e 2)

art -i E ~~~~~~~~~~~~~~~ VI ,). Suppose t , t ’ are in e(st) and that

t r z l r t ’ (7). There 5 s”ne id kn (k—i or 2) such that

t (A1 id kn ( st ; t) m t  ther e is some id 1~ (1—1 or 2) such that

t ’1A 1 . :1 n (s~ ;’). Rc1-Rrdiess of the val’ies of k and 1 , we have

and so ~~(~~ l - ~~ ’ r A J . 0

Theor o— ~~~. : ‘ ~~ s ~~- ‘- a s—hena. The fnllo w in g oroblen is unde—

:~ i - isl e :
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Given arbitrary relational expressions e1 and e2 over s

of degree n , de termine if e 1ae 2.

Proof. Let us say that two expressions e1 and e2 are stror~ ly

equivalent (with respect to some schema s) it e1 (str) e2(str)

for all structure s str for s. In (Solo] it is proved that the

strong equivalence problem is undecidable when the expressions

do not contain selections . Clearly, the problem is still unde-

cidable when selections can also appear. From this we conclude

that equivalence problem (i) is undecidable since an algorithm

for it would still work when the schema contains no constraints.

As an aside , we will show that we can also reduce equivalence

prob len (I) to the strong equivalence problem:

First we show how to express constraints as relational alge—

br a e.-Iuali t jes: An FD R :Z—)A is true in a structure str if and

only i f  (R (Z— ZJR) (A zA ’) (str) = (R(z—2]R (str), where

A’ =A+deq (R ); a DE’) R:X-Y is true in str if and only if

R (XaY~ (str) a R(str) , and a VEO R :X-V is true in str if and only

if RrX aV 1 (st r ) a R (str).

~ iven  a schema s, let L be the cross product of the left—

hand-sides of every equality as above correspond i ng to each con—

st ra int  in s , -in-i let 4 be the cross product of the correspond—

in~ ri m t — h a n d - s i d e s .  Note that L(str ’i— R(str ) if and only if

st r  i~ a s ta t e . and that L( s t r )  c R(str) for all structures str.

N~~~ s’mopose that the relations in s are R i~~
...p Rn • define the

expression W — R . ( 1 1 U . . . U R ~ r 1 1 .  Then ;~~ has deg ree 1, and

=~~ i f and na - l y if R(str)aØ for each R € s. Now define

~~ •,~~(JX (~~_ L )) II i . T h is  exnression has the nroperty that

‘;(str )— ~ if  ~mrH only it str Is not a state or str is empty.

_ _ _ _ _ _  - —-
~-n ——-~~~—~~ -- — - —
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We now have the reduction: e1~ e2 it and only if e1XE is strongly

e4uivalent to e2XE . fl

Theorem 10. Let s be a schema ; let e be an expression over s

according to syntax IV be consistent . Then any valid EQ on e is

a membe r of Drv(e), and If 2—>A is valid on e, then for some

C 2 , 21—> A € Drv(e).

Pr oof. First consider a selection e.R(X1aV 1 1 •~~.(X mIV m Ji  where

X 1. v~ ar e s i ngle doma ins or values , respectiv ily. We first

define a set of equivalence classes of domains IE 1 : 1(1(n)

leterm ined by the EQ constraints on e. This will allow us to

remove EQs from consideration and to utilize existing theorems 
*

on the completeness of rules for FD5.

For each set we associate a value V j: It X € Ej and XsV €

Drv(R) , them V 1.V. (This value will be unique if it exists

since R is consistent .) Otherwise , V i is an arbi trary, un ique

Integer. (Hence , L~~j imp lies V j#V 1.) We first define a

state St
1 

such tha t e(5t 1) contains only one tuple t. Namely . t

is such that t(X)-V 1 if and only it X € E j . Note that since

R(st 1) has a car dinalit y of one , all PDs are true in R(st 1).

Now , if x-y is not derivable , then for some I and i, X € E1, Y €

Ej. and i~~j. Hence (in e(5t1)), tfX ] V 1, tIY ) Vj. and so

t(X J~~t (yJ . The state st 1 is therefore a counterexample state

showinq that e:X—Y is not valid.

S im ilarly, if XsV is not derivable , then V~~V , where X € E~
and t ( x J - V 1, t(X1#V , again showing that st 1 is a counterexari—

pie to the validity of e:XsV .

_______ - -—  - --- - - -  — ---- -- -I
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!~.o.. Lonsider an FD X >Y such that for no X 1 C X is X 1 >Y €

Drv (e). Using the sets ( E j : 1<1 (n) defined above we define a

N anc t ion -
~ 

which maps FDs on e to FD5 on an n—ary relation R’.

~i rst , we write q (X)a {i} if X € E i and V i was an arb itrary

va lue ; otherwise q ( X ) a ~ (where V j was assigned because XsV 1

-..- ,u~; derivable). Then for a set Z(Z i..•Zn } of domains, g(Z)

and  tin all y, g(2—>A) — g(Z)— )g(A). We let s’

he the schema cons is t ing ot R’ and also every PD g (Z—)A) where

k :~’-” A € s. First we note that g (X ) - ) g ( Y )  is not derivable in

S
I
, I.C ., there is no X C q (X) such that X’ —>q (Y) € Drv (R’).

(X-> Y is the given non-derivable PD.) Since the reflexive and

pseudotr ansit ivity rules are complete (according to our

i nte rpretation which incorporates augmentation) for FD5 on one

t ’ -l a tion (with no EQS)!Arris), there exists a state R’(-3t 2) such

¶ ? ma t g (X )— q(Y ) is false in R’(5t 2). We now use q to construct

~u counterexample state st~ for R :X— )Y. To do this we define a

in~~t Ion h, an inve r se of - -;
~~ 

wh ich , from tuples of R’ (st2) , will

iield tuples of R(st 3). Namely, if t ’ € R’(st 7), then h(t ’) is

the t ipie t such that t !X 1-V if XiV is derivable , and t I x J - t ’[Il

w~~~ r~ V~ was arbitrary and X € F 1 . Then we let R (st3)

-

- 
- s ( R ’ ( s t ~))). It is  not hard to see that all constraints in s are

~r-~e in R (st 3) and that X — y  is false in R(st 3).

We next assume that the expression e is a cross product of

--;elections or other cross products. That is , e Is of the form

R 1 (X 1!V 1 1X ...x R~~(X~ 3V~ J . where eac h X 1 and V 1 nay he a list.

ap ;~ >se that Z— )A is such that 21— A  ~ Or v(e) for every Z
~ 

C

-~~~. 
Let C Z he the doma ins of e appearing in the sane selec-

t i o n ‘o r n  that ~ appears in. 
~~ 

nay be empty.) Let us also

____ - -- - - 
- 
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assume that t~~ls term is t i t s t  in e , i.e., that we can write e

as R (X~ sV 1 l ‘-e . Then t Ot no 2, c 2 1 ~~ 2 ,— ) A  € Dr v ( R 1 Z 1~~V 1) )

for  o t h e r w i s e  -~e would h~uve 2 2 — -’A ~ Drv (e). By the induction

hypot hes is , there is a state St
1 

su-Th that Z 1 — > A  is f a l se  in

R I X 1sV 1I ( s t : ) .  I f  e~~(st 1 ) (the  renainde r of e ) is nonempty,

then Z —~ A ~ i l1  ~m ls o be f a l s e  in e(st 1 ), t ’ r  it and t~ are

tuples of R tX 1~~~1 ) (st 3 ) contradi~~t inq 21— >A and if t ’ is any

tuple o f e~ ( ~) ,  then t~~~ 
‘ and t -X t ’ are tuples in e(5t 1) con—

trad ict m i  T— A . I t  re ma ins t - ~, nh ,w th a t  it e 2 (st 1) 0 ,  that

we c m s  ~~~~~~~ 1 i t — 1  t he - :~~ it e t — get e~~(st 1 ) nonempty whi le  reta in ing

t u t l t ’c in 
~~~~~~~~ 

co r ;t r a d t c t i n d  :.
1
_
~

;%.

Firs t cons~ aer the subexpess :-’n r ot e consisting of all the

selec t ions - n the ~- i’ ;.~ r’ a t  i - - s  R: r — R (x~ sV 1 ) \ . . .XR (X~ iV~~l

(The Xs an - I Vs have t ” e n  r .-n i- ther ”t ~a n l  any se l ec t i on  tern not

in r ~s on :- -m - ;~ - r ’~~m aon oth.’r t~~an R.) We w i l l  write this as

sI X . ~~~~~~~~~ ~eto r e we nr - - :ecd t ‘ r~ ) - t 1  t y  st 1 s~ that r is

non’~~~ ~
-
, we pt~)v” -ì lemma . Note that every - i’~nain Y in r can

~~ w r i t t ”n ~~~~~~~~~ wne re l~~X’ ie-j(R ) ari d i~ (a “Iasplacem ent ) ~- -

equals (1—1)-ic a(~~ , where Y Is a 1~~~ai n an the tern s~~. Then we

have :

I (i) 1’ d 1 +X L+Y ~ rrv (r ), I�~~, X is different from V .

an - I n V~ or -:i~~~Y~ V is der ivab le  in r , then

an - I -i 1 +Ya d~ +Y are in nrv(r) , and X— Y is in

( i i )  I f 1 , ‘~~~~;; ~ ~ rv ( r )  • th ’~n ~— ‘ X  ‘ T)rv (S j • and ‘

( i i i )  i~ ‘~~~x~ -i 1 ’~~~ r- .~(r) , then Ø—~ X~~~ n rv (s1 )fl~ rv(s~ ). —

This lemm a deg~ r~~~ s t tt ~’ kind of ~s wh ac h can ho ld on a



r

cross product ot selection terms , each tern on the same base

relation. A forma l proof of the prope rties is given , but first

we will - ‘ive an intuitive discussion .
I

Conside r a cross product r - s1 X...Xs~ . where eac h s 1 has

t he form R(x 1iV 1
l , with X j,V~ 

lists.

An EQ within a single term , e.g., d 1 +X— d 1+Y could be the

result of the selections on that tern: d~ +XsV and d 1 +YiV are in

Drv(s 1 j. If t hi s is not the case , then the E must be the result

of the E) x -y  wh ich must be in Drv(R) . This is because the only

linking f r nn  one te rn  to another in r is through VEQs with the

same value. The transitivity rule may have been used in the

derivation of d 1 +X =1 1 -.Y , but eventually we will arrive at the
— 

. above result.

Cons ii~~r an ~~ -I j -4Xad j+X . an equali ty of co r res pond ing

d o m a i ns  in - i i f f e r e n t  te rms .  As above , th is  e q u a l i t y  could be

the result  of V E s  d +X sV In D ry ( s 1) and d~ +X.V in n r v (s j ) .  If

this IS r-t t  the -~-ms e, it m i s t  (even tua l l y )  be the result  of an

PD - ‘ e ~ and VL~ s 1
1 

+~~~~~~V ira Drv(si ) and d
1
-.ZaV in T)rv(sj). By

:onposinq , we me t ~- -~- -i +X in Drv(s 1 )flDrv(s~ ). That is , i f an

E~ is  der i ved  by eq i lv a l e n t  Pfls, the left-hand-sides of the FDs

must be e-~-ma1 becaise of VCQs and this means that the domains

Gonsi i’-r in E) cl 1 +~~ad , +Y with i$j and X#Y. Again, this

~~ —t a-y t~~~~ the immediate resu l t  of V EQs. If not , it w i l l  be the

r e ; - jl t of t - .- p r ev l- - . -is two cases using transitivity. That is ,

wil l fe d e r a v ~ah le in r , and X.Y will he derivable in

H. .~e can fo r t her lerive 1j -~Y-~11
-4y in r.

-- I ~ VT
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Finally, consider a VEQ d i+XIV in Drv(r). If this VEQ is also

in Drv(s j), then Ø—>X is in Dry (s1 ). Bu t d 1+X will be con—

stant in s~ even if the VEQ is not derivable in S j .  since cross

products do not filter out any tuples.

To prove (i), note tha t rule (2) of Cl (transitivity) is the

on ly one which can generate the ind i cated EQ. So we use induc—

t ion on the numbe r of applications of rule (2 ) .

There are only two possible pairs of EQs to which transi-

t ivity can be applied and which themselves are not the result of

transitivity. One pair consists of d i+ X d k+X , which would be

the result of rule (8), and dk+X~d i+Y , which would be the result

of an EQ X-Y derivable in s~ and s~ . From X.Y we can ge t

d j+Yad~ +X~ wh ich yield s d 1+Y-d 1
-sY derivable in r , and also

d~ +Y .d 1
+X , wh ich yields d j+Xad j4X derivable in r. Now the EQ

X-Y must , in tac t , be derivable in R , for the only other way to

get an EQ in a selecti on on a base relation is to derive it from

VEQs whic h we assumed impossible.

The other pair of EQs is like the one above with the roles of

X and Y interchanged.

N ow assume the hypoth eses hold and also the there are EQs

d l-ixad k +Z and d k +Z~d j+Y derivable in r . First assume X$Z#Y.

We cannot have any VEQa dk+ZIV since this would yield d j+XIV and

d j+Yiv . By induc tion , we have dk+Zsd j+Z and d i+zsdk+z derivable

in r , and X-2 and Y—2 derivable in R. We therefore have

derivable in R and d 1+Z.d 1
+ derivabl , in r , and from this we

get d j4x-d 1
+x and d i +Y.d j+Y derivable in r . If Z is X , then we

have d j+Xa d k+X and d k+X •d j+Y derivable in r. By induc tion on

~

1

~~~~~~~~~~~~~~~
secii

d EQ. we have dk+Xrndj+X and dk+Y~
dj+Y derivable 

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and XaY derivable in R. From this we derive d 1+X.d 1
+X and

d~~+Yad~ +Y in r. If 2 is V we proceed analogously.

To prove part (Ii), f irs t assume X~V Q Dry (s1 ). Then ,

clearl y , ~— >X € Drv(s j ). If d i +X.d j+Y and d
1
+Y.V are in

* 

Drv(r) and i#j and X~ Y , then by (i) d i +X.d j+X € Drv(r). By

— ( i i i) ,  ~~>X ,€ Dry (s1 ). I f i.j or X is Y , we also ge t ~— >X €
/Dry (s1 ).

To prove (iii), we have tha t if d i +XIV and d j+XIV are in

Drv(r) , then ø—)X € Drv (s 1 )flDrv(s 1
) by (ii). If d j+ X d k+Y and

d k +Yad )+X are in D rv(r ) , and X#Y , then by (I), d i +Xsd k+X and

d k +X •d )
+X are in Drv(r), so by induct ion, ø—>X € Drv(s j) and

~->X € Dry (s3). If the EQ is the result of rule (8), then

there must be an PD Z— )X € Drv(R) such that d 1+ Z d 1
+Z is in

Drv(r). By induction , Ø-)2 € Drv(s j )flDrv(s 3
), an d therefore

ø->X € Drv(s j )flDr v (s
3
).

This proves the lemma .

We now will indicate how to modify St 1. We may suppose that

R(St 1) a R (X 1.V 1 1 (st 1 ) 
a (t 1,t~~). (If no t , delete the extra

— -iples; they do not add anything.) First let u be a 1:1 function

defined on values appearing in t 1 and t2 such that its image is

d i s t i n c t  f rom the va lues in t 1 and t 2 and from the values

-appearing in the selection terms of r. Let E1.....E~ he the

equivalence classes of the domains of r under ‘ - ‘ . Associa te a

value V~ with each as follows: (1) V 1.V if XiV € fl rv(r) for

5 010 x c Ej; (ii) if there is some X € such that 1<X<d eq(R )

( i f  X is a domain of 
~i~~’ 

then V 1 .u( t 1 1X1 ) ; (iii )  otherwise V 1

is a n a rbitrary unique value. Qefine R(st 2) a (tj.t~~) as

follows : t~~(X1 V k if X € Ek and V k is assi gned by a VEQ ;

___________________ - 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
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t l ( X)  = u(t 1~~X1 ), otherw ise . Also , t !,(XI — V k if X € Ek and

is assigned by a VEQ ; t~ ( X )  a u(t 2(X)). otherwise.

We t i r s t  show that st2 is a state , that t~ and t~, appear

in 
~l’ 

and that st, is still a c unterexample state for

If ~~~~~~~~ as -i c- nn ’ne ra t - -,t x 1~ V 1, then Vk i s assi gned by a VEQ,

where X .— E~ 
‘. . Hence t~~~X )a t~~(X1zV. Thus R(s t 2 )

sat ist ic ;  t :e VE~ S of R (X 1~~V 1 ) , and R ( X 1sV 1 1 (st2) 
a R(st 2).

E r  rr - .o - t  h ’ - r  p r o p e r t i e s  of R ( s t  .
~~) • we will show that

t j (X )a ~ ‘ (XI i t  an - I only i t  t
1

f X ) ~~~~~t
2

r x )  . Fi r st , it is clear

t r o m t h t  def~~n i t i ’ n  that t 1
(X )at

2 ( X )  impl ies t~~( X ) = t ~ iX l.

Now sun p e t t ( X i  - ! ( X ) .  If is not assigned by a V EQ ,

where x s Ek ,  t e n  t f  I X )  — u(t 1 I X ) )  and t~, f X )  • u( t 2 IX J ) ,

and since u Is 1 :1 , we get t~~(X) t~~tX) . *

Now suppos.~ t~~’X ! a t - 5( X f ,  where x € and is

assi inc- I  b y  a V~~~. This n - -ins that XSV k is derivable in r. By

part (ii) ot the lemma , Ø— )x is in Dry (s1). Since t1, t2 €

R~ X 1~ V ] ( s t~~), we have 1 1 1X )=t 2t x1 . This proves t1 rX )— t 2(XJ if

i n-i ‘~r a1- .- i~~ t t ( ( ) a t~~(X 1 .  Prom this we can conclude that FDs

and DEQs ~~ a-: h are true (false) in R(st 1 ) are true (false) in

R ( s t ) .  Thus st - is a state of s, and Z 1 — >A is false in

~~~~~~X l :V
1~~ (st2) .

The next s~~ n is to show that we -‘an add tuples to R(st2) to

—let -ì n r ~- ’ - : t - .- state for every other selection in r.

Consider -a sc~ .- - .  v- n ter— ~~
— ;
~
TX
~ aV 1 l ( ia2 , . . ., m) in r of

disp1acer~e’-. - —1
~~~ 

that a -; , the domains o~ the selection are

d~ 4:,. ..-i + dei (~n . Def ine a toMe t~ hy t j~~X )V ~ where d 1+X €

— - - — - ‘.. --. — -‘—-
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Ek. By construction , if t
1 

is placed in R(st2), then t~ will

appear in R(X j~ V 1 ). It is also easy to see that t j wil l  sa t isf y

all EQS In schema s. We must show that when t 2 I•~~•~~
tm SO CO n—

structed , are added to R(st2), that no P1)8 are violated . First

we show that there w i l l  be no FD viola tions among t2~ •••• tm • So

suppose R:W- >B is in s and t~~EW )~~t~~fw ). Then for each component

Wk of w , t i (W k )~~
t j (W k I . If one of the values , say Vw• was

assigned by clause C i) or (iii) of the definition of (E j). then

- : both d i- 4 Wk and d k+W k are in E
~ 

since this V
~ 

is distinct from

all other values associated with E—set s. If one of the values

was assigned by the second clause , then both were , and we have ,

for some and I ,, l-11 1, tJ 7<deg(R), d i +Wk U I and d j+Wk~ U2 
deriv-

able. If is Wk, we have d j+WkaW k deriva b le in r ; i f not,

then part (i) of the lemma will qive d i+WkaW k derivable in r.

Similarly, d)+W kaW k is derivable in r. Hence d j+W¼ dj+Wk is

derivabi c in r . The component k was arbitrary, so we may write:

d
i

-4’W
~
.d

~~~~
+W is derivable in r. Now d 1+W—)d 1 +B and d j+W—)d 3+B are I -

also derivable in r and have the sane identifier. We therefore

have d j+Bad~~fB € Drv (r), and there fo re  t j fBl- t
3

(B) since d 1+B

and d~ +B are in the same n~~set.

Now we will show that there will be no FQ violations between

or t~ and any of the t1, i—2 ,...,m. So suppose R:W—)B is

in s and t ’ ~~~ i
’ —~~ 1 (wl (where t ’ is t~ or t~~). For each corn—

ponent W
3 

of W , t ’ ( W 1)*t 1 1W 1 1. First suppose Vk is assigned by

* -a VEQ , or by the third clause , where d 1-.W 1 
€ Ek. The values

assa jned to these E—setS a~e unique , so we also have 04W 1 ~
i.e., W )ad 1 4W 1 is  de r i vab le  in r. Next suppose V k was assi gned

by the second clause: There is an X € F.k with l~~ <deg (R). We

- -- _ *-‘---
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have d 1 +W j-X derivable , but from the lemma , we also get dj+W~.Wj
derivable . Collectively, we have Wsd 1+W derivable in r. Since

W—>B and d i+w— d j+B have the same identifier , we get B—d j+B in

Drv(r). If these domains (B and d j+B) are in an E—set Ek whose

value is assigned by a VEQ , then t’(B I’t j (B)sV k. Otherw ise, V k

is equal to u(t 1 (X)), where l<X<deg (R) and X € Ek. Since X—B

will be in Drv(r), i t is also in Drv(R (X 1iV 1 ) ) and if t ’ is

tj, then we know tj(B).u(t 1 (Xfl-.u (t1(B)).t~~(B3 . If t’ is

t~~, then from B-d 1+B we can conclude that ~—>B is in

Drv (R (X 1!V 1)), and this also yields tj(B)—t ~~(B)— t~ (B1 . Thus

no FDs are violated , and we may define a state St 3 by R(st3)

R (st 2) ~J (-t a,. ..,tg~). This state will have the property that

and Z 1— >A i s false in R (X 1iV1)(st3).

We still may have e(st3)—Ø because selections on other

rela tions may be empty. However , by a process similar to the

one above , we may add tuples to get a nonempty cross product.

The case for EQs which are not derivable in the cross product

can be handled in an ana logous fashion .

This completes the case for cross product .

Now suppose that e is a union e1LJ.2 and that Z1—)A ~

Drv(e 1Ue2) for every 21 C 2. In particular , we have Z—)A ~
Drv (e 1Ue2). Suppose Z-)A is not derivable in •l By induction

there is a state St 1 such that 2—>A is false in e1 (st1). Then

Z—>A will also be false in (e 1Ue2)(st1). If Z— ’A is not den y—

able in •2~ 
we proceed in a similar manner. In the remaining

case (id 1j:Z—)A € Drv(e 1 ) , (1d
21 hZ— A € Drv (e2) but

Eqv(id 11 ,id 71) for some 1 ,1. By Theorem 2, then , is a state St
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and a valua t ion x such that id11 (st;x)~~id21 (st;x), and by

Theorem 3 there are tup]es t1 € e1(st) and t2 € e2(st) such that

t 1 (Z I— t 2(Z) but t 1 (AJ ~~t2(A). Thus we will have t1, t2 €

(e 1(Je2)(st), and these tuples will contradict the PD Z—>A .

If an EQ is not derivable in e1Ue2, it Is not derivable in

either e1 or e2. We construct a counterexample state by induc-

tion on the appropriate component 
~‘l 

or ‘2~ ’ 
and this will also

al so be a counterexample state for the union.

In the last case, e is a projection e1 (X) . If c is any con—

straint not derivable in e, then c1 will not be derivable in e~ ,

where c1 is c with each domain Y replaced by X (YI. By induc-

tion , we construct a counterexample state for c1 in e1 and this

w i l l  also be a counterexample state for c in e. El

The theorem demonstrating the properties of C needs the fol-

lowing lemma which says that moving operators around does not
— 

change the set of derived constraints.

— Lemma . Let s be a schema , and let e e 1 and e 7 be expressions

over s. Then

C i )  Drv(e IX aY )  !Zs V J )  a Drv (efz.V 1IXaYJ)

(ii) flrv ((e1Xe2)(XaV ~) — Orv (e 1 I XIVlxe 2)- , if X (deg(R)

( i i i )  r)rv( (e1 xe2)txaV l ) — Orv(e 1X (e2r XaVl)), if X)deg (R)

(i v) Drv( (e 1Ue7) (X)) — Drv(e1 1X11je2(X))

(.

r

~ iH1~~~~~~~~
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Drv (e (Zsv)(xay)) Cl (Cl(Drv(e ) U ZaV) U X—Y) .

It is not hard to show that the inclusion Cl(Cl(Drv (e) U X Y )  Li

ZiV) C Cl(CXUDrv(e) Li ZaV) U X=Y)) Is true and also that the

reverse anc lu sion holds.

(ii ) The de ini tion s give us

Drv ((e 1 x~
.:) rx~ v)) a Cl (Cl(Drv(e1 ) U Drv ’(e 2)) U XsV) and

Drv (e1 1 x v )xe.,) — Cl (Cl(Drv(e 1 ) U X~V) U Drv ’(e2)).

Again we can show equal ity by showing inclusion in both direc-

tions.

Part (iii) as analogous.

(iv ) The form ula ; qive us

Drv ((e1 tJe 2)(x)) a ( id 2 : Z — ) A  : id 1 :X (Zf— >X fA ~ € Drv (e 1Lje2J J U
(Y— Z : X (Y 1 X t 2 )  € Drv(e 1LJe ,)} U

(Yi V a X IY 1aV € Drv(e 11Je2)}, where id 1 and id2

are as in the def in i t ion, and

D r v ( e .~~x IUe ,(x 1) a (x € Drv(e 1 i XDflDrv(e2(XJ ) : x is an EO) U

( id 1:Z— )A € Drv(e 1 i X ) )  : there is id2:Z—)A

in Drv(e 2 1X) ) with Rdc( id 1 ) a Rd’ (jd 2)).

First we see that

(Y= ” : X( yl~~X r Z1 € !)rv(e 1Ue 2 )l U (YsV : X (Y )~~V € Drv (e 1Ue 7))

a

~x € ~rv(e 1 r X1 )fl’lrv(e2~ X)) : X is an Eq).

Now an PD id 1 : X I Z ) — ) X I A l  is in Drv (e 1Ue,) if and only if

1d 1 :X ’Zl— - X Iv  € 
~rv (°-~~i and there is id 2 : X t Z l — ) X f A 1 in f l rv(e,)

with ~d c ( a l 1 )=ndc (td 2). This is true if and only if idj :Z—4A

—



r ~~~~~~~~~

---— 

~~
-

~
-‘ .------

~~~~~~~~ 
— —---- — --- -

- — --* ~L “-~~-...-- ~---~- -

it
€ Drv(e 1 [X)) and id~~:2-)A € Drv(e2IX fl, where id~ (id~ ) is

obtained from id 1 (Id 2) by add ing an arc to each leaf node and

to the root node . Now Rdc(id~ ) Rdc (i d 1)-Rdc(id 2)—Rdc(id~ ),

and so the condition is equivalent to idj :Z—>A €

Drv(e 1 (X)Ue 2(x )). This shows that the two sets of FDs are the

same . E~

Theorem 11 . Let s be a schema , and let e be an expression over

s of syntax III. Then Drv (G(e))-Drv(e), and for every structure

str , G(e)(str) C e(str).

Proof. We first note that for any expressions e1,e2,e3, if

e1 (str) C e2(str), then e1 tX aVl (str ) C e2(XsV1 (str),

(e1Xe 3) (str) C (e 2Xe~ ) (str) , (e3Xe 1) (str) c (e3Xe2) (str)

e1 [X— yJ (str) c e2 [X—y ) (s tr~~, (e 1Ue3) (str) C (e2Ue3) (str) and

e1 (X1 (str) C e2(X)(str). In other words , the set—inclusion con-

dition is preserved by all the relational algebra operators

(except , -3f course , set difference) .

Now suppose e has the form r i rX i )U...Ur n Ix n), where each

is a r e s tr i c i to n  of a cross product. Let r 1 € (r 11..., r~~) which

contains a restriction X—Y. As in the definition , r is r j with

-• 

- 
X— Y removed. We treat each of the three cases in the defini —

t ion.

In the first case , since XaV € Drv(r ’), we have X Y  €

Dr v (r~~ YsVfl . Therefore )rv(rj ) C Drv (r *IY.V1). On the other

hand , since XaV and X Y  are in Drv(r 1 ), we have Drv(r fYsV)) C

Drv (r1). Therefor e Drv (r tYaVl ) — 1)rv(r1). This implies that

Drv (r
~~

rX t 1U ...Ur j rX j )U...(Jrn fX n ) )  -

Drv(r i (X i )U...LJr * Y
~ fl’X i )Lj...Urn tX n1). Moving the selection

L i_~-~__ _ _~~~~_ __ 
- - -- - - - - 
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term YaV inside to its base relation gives us, by the previous

lemma Drv(r 1 (X 1 )U...Ur1(X jIU...Ur~~
(X
~ J ), where ri has one

less restriction than r j.

It Is easy to see that r*[YSVI(str) C rj (str) for all struc—

tures str. (In fact , r*(Y.V1 a rj.)

The second cas e is analogous to the first case.

In the third case, r 1 is to be replaced by r ’ a

r (XaV 1 I (YsV 1 JUr 0(XiV 2)(Y.V2), where V~j’V~ are new values.

The EQ X-Y is derivable in both terms of this union , so Drv (r 1)

a 
C D r v ( r - ’ ) .  Any V EQ 2eV in Drv ( r ’)  must be derivable in both

r (XiV 1)(YeV 1 ) and r*(XeV 2J [YaV 2J . This means that V$V1 and

V#V 2, and therefore Z~ V is derivable in r*. Prom this we con-

clude that 2eV € Drv (r j). Suppose an EQ 2—W is derivable in

both r (XaV 1)(yav 1) and r (XeV 2)(Yev2). Then it is either

de riva ble in r , or it follows from X.V1, Y.V1 or X.V 2, Y.V2 via

the EQ X-Y. In both cases it Is derivable in rj.

Now suppose an PD Z— )A is derivable in r .  Since it must

have equivalent identif lens in both r~ (X.V1I (YaV 1 J and in

r* (XCV 2J (Y.V 2), the identifiers must not h ave any nodes labelled
with either V1 or V2. This means no FD5 $—>X or Ø—)Y whose

identifiers would be V1 — >X , ‘V 2’-)X, However , the P05 X—>Y

and Y-’X , whose identifier s are themselves can be used , but if

so, it is because the PD was derived from the EQ X.Y (unless

x - y  or Y—>x € Drv(r~) which is still fine.) Thus Z—>A will also

be derivable in r 1. We have therefore shown that Drv(r ’) C

Drv (r i ). Let ri — r~~(XIV 1 1 (Y*V 21 and r! — r~ f XaV 21 (Y.V 21 .

Then by the previous lemma , we have

Drv(rl (Xi JU ...Ur i tX jJ1j...Ur~ (X~1)

a
_ _ _ _    — ~~~~~~ - — -- - - - ------ - --—
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Drv(r i (X i JU ...Urj (X j1Ur~~(X j)U...Urn (X n)). We also note that

if t € r~ (Xsv1)(ysV 1 I (str), then t [X)—t (Y~ , and so t €

r *(XaYI (str) — r j (str). Similarly, we get r*(X1v21 (YIV 2J (str) C

r 1 (str). Thus r~ (str) C r i (stn).

We have shown for every step in the construction of G(e),

that the Dry—set does not change , and that structures of the new

expression are subsets of structures of the original expression

e. Therefore Drv(G(e))aDrv(e), and for all structures str ,

G(e 4 (str) C e(str). 0

Theorem 12. Let s be a schema, and let e be an expression over

s which is consistent and of syntax III. Then any valid EQ on e

is a membe r of Drv(e), and if Z—>A is valid on e, then for some
* C 2, 21—)A € Drv(e).

Proof. Suppose e is consistent and c 0 Drv(e). Since e is

consistent , G (e) is consistent. If c is an EQ not in

Drv(e)aDrv(G(e)), or if it is an PD Z—)A such that .Z1—>A 0

Drv (e)-Drv (G(e)) for every z1 C 2, then by Theorem 10, there is

a state St such that c is false in G(e)(st). Since G(e)(st) C

e(st), C is also false in e(st). 0

r
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Abstract - continued

This paper deals with a particular instance of thi, problem where the con-
straints are functional d.p.ndencies and th. views are created through rela-
t ional algebra expressions. The probtem i .diately reduces to the problem
of calculating all valid functiona l dependencies (and other constraints ) on

a relationa l algebr a expression over relation s in the base schema . The

problem is undecidable in qen.ral but we give a sound and c~~plete algorit~~
when set differenc e is omitted from relationa l algebra .
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