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~~~. ~oI ~~ ion  t s .  - . t : i v p t  .*~~t ~~- . t l  p r ob l e m s  in  o p er . *t  ion s  resear ch m d

-- 
~~•njt j~- • t I  ~- , -n ~’:~:t ~~s , sim , -h .m ~ t h e  n o n i  ‘ i s - i ’  p~~’~•t rrm~tn e prob l em md I ! . -

, • 5 s n~s m i 5  equ i i  ih  r i Sr t ’~~.d’ I er • 
,~~~~~~ ~~~~ I o t m n s i  isv S t ) ) ’ . 1 fl~~ .1 ~~s i I I  es j Ofl  ( I I

4 • , - : ‘ i • t t  i o f l~. .t n . 1. n ..t I • i t~~~. . Rob i n s . ’u ( ‘-is  s~~(~~ ” !i.t i  h i s  t o )  I ect  ion

o~ ~~~ t S . t t  ~ .‘t ~~~~~ i~i.! m m m i  j !  t e S  , tn  H ~~r i t  en in  .i f o rni ~‘e rv  s i m u l ~t r  i s ’

tn  eq tza t  i on . wh i ch  he ~- • t l  l~~~•t~~ s u e t  .*  I t  . e d  es~~ .t t  i o n . l - x t t • n s i v e  work  by

many e c e • m u  ,- h e r c  h . t s  c r s • .U e l .t ~ e! 1— d e v e l o p e d  h e o r v  and c o m p u t a t i o n a l

.t 1 gor i t  ‘u n s  ~‘r I v  I n  ~ e q u i • , t  ion s  . I H ~t n m  I o v v  I- set ~ een an equzi t ion and

.t g enera l  i : e d  t q u m t  I I :  .~n he u t  I l I : r d  t o  e x t e n d  ~~~~~~ ~~~~~~~~~~~~ and •- i I ~~o—

r i t h m s  to  iu• more d i : ’  i c u l t  pr oh l t’r’s i n v o l v i n ~ eq t i . t t  ion s  .ind i n e q u n li t  ies.

— In h is  p~4~ut~r • .‘n~ • ot ~~~ mos ,es-;~; iii .i ~ .‘r i t  hms ‘ t  comp ut ing t he

so l u t  I . - ’~ .mn ec; 3 . m t  ‘n , ‘~e~~t on s “ e  t hod • I s  sh s ~~n ~ ‘ 1’. - app ) I tb I s

g en e r a l i z e d  e q u at i o n s . To i i  : - ~~r . m t e  ‘~~~~~
- t h e  t r - t hod is a p p l i e d  t i ’

‘r .t ,- t  i - . m l  problems , ~~~o e x - m n p i • - ‘ • t v  e . o l v e d  si~ m t  ‘~s •wt on ‘st n i t  hod • The

i r s  I s  a non I n e t  r ~ s~np I e ruent  .1 r I v p r  ‘h I en U• , m s I  by  K~’ i nia 31 t o  t e s t

h e r  a ~or i t  h~~s The ce ‘nd s ’x - r~~- s-  is  he I n v a r i a n t  c • mp  I t  al st  •‘~-k

p r - s b  I en deve I o~~ed by Hansen •-t nd ~ ss ’pru:ins 1 2 1 . h n s  , t ~~ r ang e  ol

problems w h i ch  Sewton s net  h ’ !  tn H ;ipp l l e d  has been extended i s ’

inc l ude f i n d i n g  s o l u t i o ns  ~o non l i n e a r  ~‘ t ’ s T i ~~~~~~~i n t ’ prob l ems and equil ibr ia

in economic sv s te r’ .t . - -
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~‘! I $ I ~ i s~l r — ’ ’ . t I i t . - l  s -i 1u _ I t  m o s t .  ~‘Lmstv  ; ‘ r s l s ) e m s  . a r  a - .I n g  in n , m t h - r ~ m t  &ca l p s —

.5 m: -:n:us~~ . tnd ~~~~ la , -r ~ m t  i c . . l  i- s - os t ’~~ i c -s s a n  I ’.- •*n~i l v ? s - d  by ~‘ ,- : , .- i  . m l  ~~~~~~~~~~~~~ t - -

lit - s - . . i l i a. .I . 15 , • c l i - - - . m~~~1 ‘ - cliii i q n .  - ‘ t a ’~esl I f l  h~ - s t  t a d - . - s i ng  I t - —

~- .i I ne d eq ~a m  t t ‘ t a - . . c l i  r’. u . i  . n ’.- .- -  t m g . m  t I - ‘ n —  - ‘ ; —  s s : ’~ 
- a t m s  i. and

.t~S p 1 Ic  : I sins  ot  .~ s - u s .  - r i )  I . .- d s i i i  1 - ‘us ~- h.i ye ‘ • ‘, -n  - t a  r I. - d o by R. ‘h t ns~ i t

‘ “ S 7 , M~ ‘i~ 1 0 ) .  I b I s  i ’ , i : ’ s -
~~ is ~ - - n t  r i - n ion to  t h I S  - - n t  I i t t , 1 n ~ r e - s e t r ,

‘ .s ~ .. ‘:u s n. ‘ .~ I —. c I , .  -.1 . . a l  t • - , u :  I q in -  0 hot  1 1 - i i  . m )  •i nd

: - t  i ’ t t5 - .~l t n p~’r t . m n ~~e in  i s - - u  -.sdv .t~~- l  ~- s ’i~~’t a t  . t t  I ’ n  ou  s s s l t i u - ‘u ~s 1 si  n g l

I ta i d s ’ -~ t a m t  I - ‘n -  . h. - i t - - u  -; - . t a ; s ; ’ ’r t  i ng  ~~
. - -.. - ‘. - ‘‘, ‘ s ru . u d d.- va- l op s  a

4 - s  - ‘• i l m t  Ion, .  ‘ :nd, - s  w hich t h e  m u . - ’  ~~‘ . . . ; ‘r - ’ • - s I t t - , - ~ m i ~-h - i  1~~es u ’ .

met hod w I i  - - ‘ n -.- ’ -a -  ~~m - • - i t  .a ~~n . ’-~’n s - - - ‘  so - t  • i~~ n a n . - , - - ., I ‘ f l .

x t  e n’. t v e  • ‘np~~~ : ~‘ : : - m  I .- X l ’ s ’ V l . t t i m~ s t ap ; s . ’ v i  s t h1 - n ’ u  I i ’n t 1 - i t  ‘md i -  r it st ;ah

. o - I - l t t S . ’n . , ‘ I i i’.  •-~~) ‘ t i u : n  i n  • - t t  h m . - n u - - ‘n; - - t t :au tona l p t ~ -~~s-~j ta ~ t . A
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The de fin I. t I on ansi , x an; ’ I . - -. - ‘ gen e v . a  1 I • -~I • -qua t I ‘n ’~ i t s -  g I vim r
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- - , - t Ion . ‘nd I m l  I t a c t  r a t e d  by app ) v i  n~ I t H non ) :i. .a r i snp  I i -m en—
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of y h i  s p . ~p s- r • t ii . -  ,l , ’n ., i n  - i  - a t  I raei io n  s h m - . ’ s s -n  . i n I  t h e  Newton—K ;,sn ~,ov i cli

Sp .n .~~’ I m -d h- s .- t h e  I n  i t , - !  St ; i .’’. ,- \ r n \ -  t ind er  Ci’nt T a ,  t . - . ]lA ,~(: ’u—7 S_ (_ 0h ) .’
T h i s  n . i t c r i .-il I s  based upon work suppo rt s - s i by t t i , -  N a t  i s ’n a l  Se l r n . - F ’ u , ~t d - i - -

I ion ‘ i n s l s - r  - r a n t  N - . ~
%‘
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7 . ’ — 2 f I S R 4  and t , t - ;i n t  N.’. M t S  ~ - 4 — 7 l Y ’h ~ i \U2 , i i~~il t~: s
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2 . ( - - r a l  t snt I ; : , u  I - -un . • s t I - , - .1 u . n — . ‘‘I  V • ‘us  Vt -  ‘- • i I i~~~- j

-is!’ - s t  ‘ - -~ . l I t .- s a , s s  ru . t  I . ‘ u s .  - i •~~‘ ~~ ~~ (5  ~~~~
. ‘.~~

- 
~~~ ~ ‘

m ’ .’ i n t  I n c  u . s  - a ) ’ .  t o  C . m t  x . sc  l m . t s . t - t h i -  ! ) 1 I t ’ % i l t a s

.~~e t n t  t i o t i  I . I ~ t ( H i t t , ’ u ~ —~ nt v , c Ios , - al , , i t u I \ s - S  s : t ’ - - s t  o) H’

. m I . ‘ u i t  t ‘- - i t x is c i  ‘. n - u u  by

‘. (s~~~ • t . j  - - .k — x  - 0 ~. k • C)  I’ x ( ,

l u  x
5-

in :u. ’’- - 
~:~~- ‘ l~~ . .1  t - t , e r .t  I i . t i h  ru t s - a t  ion . 

- 2 .  .- :  I :D * -

It C tsr  i u - ’u— ~- ---; ‘ u ‘.- 
, ~

- 1, ’ —is -d  • .- . ‘n v s - x  su b se t  o:

A ~ ent- r a 1 i I t ’~! s - - n i t  I . ’s u 1’. .1 se t  s . - 1 . i t  ion

a (x) N (x)

- i I n i t  I -n . •- ‘ - it  iIt~ x * o ~ H- t u t - n e  t - i  I i  ? i -d  s i l t a l i t  I Ofl

o - ( x )  * N ( x )  j s  ,i \ i ’c t o r x* c:i t is ’v int ’

o ! ( ‘: ‘ - N ( x~~)

Thu s , x~ is ., solia ’ i on  I and ‘n lv I x~ • C a n !  - ( x~
) •k_x * > ()

f ’r  a l l  k • C

T~~a’ ~ol l~~~t n ~: v x • t r t - ’l e  s h, ’t_ s t h e  non line is ‘r’pleme ntarltv prob l em

as a spec ial case of a gener~t I i:c5I equation when the ~ct C i~~ chosen

as a non-negat~ vc orthant .

Exantplc l. Let K be a non .erNv , closed , convex cone in R’~.

Define the dua l cone of K , P , to be

( v l i c y , k > ~ 0 , ~~
- k c k}

Suppose x £ K , y R’~ and <y,k-x> ~ 0 for all k c K. This implies ,

for k.2x , that <y,x> ~ 0. But choos ing k~~x yields ~~,x> ~ 0. Thus ,

~
, x> • 0. Hence 0 ~ <y,K - <y,x~ <y,k” for all k c K , that is ,

[ y £ K .  We have thus shown that if x c K and <y ,k- x-’ ~ 0 for all k€K ,

—3—
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t hen x ~ v K ’ , ~a i ~J <x ,y -  L 0. The ~- o u m ~~~~~~~- -  ho ds a . ’. ~al :. , ‘J -~~~

a s . if  x ~ K , y K’, and <X , y s  • 0, th e : :  x I mnd ~ ,k—x > ~ 0~ f r

~i l  1 K c K . Using Defmnit i - -s n 3, ~~s ha~~- c s t t i - I  i sh c J  t h e  f - i  i - -s -~~u~~ -

a ler iec:

0 £ y • N
K

(x) if and o n ly  if x c K , y c K’, and< x ,v~~ 0

- • n n nFor the spec ial case of K: k and I- :R -. R , we have t ha t

O c  E (x ) . N’
K

(x *) jf and only if x’ 0, F(x ) 0 , and<x ,F(x ’)~~0.

This is the nonlinear cosnplementaritv problem .

In the next examp le of this section , we der ive the gencra I~~:ed

equation which represents the Kuhn-Tucker conditions for a rh:n]inear

prograutm ing problem . The result of Example w : l 1  be used wi t h  K de-

fined as the Cartes ian product of cones.

Example 2. Let f:R~ -
~ R , g:R 1’ Rm , ari d h:R~ ‘ be continu-

ous ly differentiable maps. We w i l l  consider the f o I l o s ~~ng nonl inear *

progra mmin g problem.

(N.L.P.) : mm f(x) subject to g(x) 0 , h (x )  • 0

We define the Lagrangian of (N.L.P.) as

-4 -

- - -
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I
m p

• L(x ,u,w): • f(x) • E u
1
g1
(x) • E w h  ( x )

i= 1 )~~l 
-

The gradie nt of I. w i t h  respec t to x will be denot ed VI.. We say t hat

(x ,u ,w ’) is a Kuhn-Tucker triple if and only if VL( x ’,u ,w )  0,

~ 0, g(x ’) ~ 0, <u ,g(x ) • 0, h(x ) 0. Let K : R”x R xR~ ,

the Cartesian produc t of cones. ~ote that the dua l cone

(0) ” • R” {Q}P • Finally, define the function i- on

Rn K R m
~ R~ to R

n X R m X R P by

VL(x,u,w)1

F(x ,u,w) a - g(x)

- h (x)L
Then (x’~ u ,w )  is a Kuhn-Tucker triple if and only if (x ,u ,w )  solves

the general i :ed equation

0 c F(x ,u ,w) • NK (x ,u ,w)

—

—---- — -
~~- — -,, -- -- - - -
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I . h In ~— a u  m ~a t j ~’us -
. - , C s - t u e  s . a ~s - .: I - i ; :  a t a  ‘ns - I h u e  - m ; ’ l ’ t ’ ’\ I suu . a t  i on ~‘t

n o u l  I S l e  i t  s - n .  a t  t on !‘‘: .a I m i t e . , !  , ,~ t a . m t  t , ’u: j , - . i w  d l  know n a n s I  I s s c p n - u a t  lv

I t a t  •-~-ttn 1 ;ne  used in t h e  St  u s , t v  o ’ s - u i : a , m t  i on s  • l a s  i t s  I s  ses t i o n ,

we deb t m : : ~ a n !  i i !  t ’ . t  r t t S ~ t h i s  i i  fl~~.i a appriax imat ion ‘t a ~‘ i -ne  r a i l  -, o.l

eq t s , i t  ‘ -- se !‘~-~, t n  wit ’- a - l e t  i t u i t  ion .

D e f i nj t  ion 4. Let D I - . -  a ::, ‘ u s — s - ’ I ’ t  ‘. • 
, ‘u ’ e ss  • 

,- , “ iv s -x  ~u h s e t  oh

Let F:D • be a map wit h continuous derivative F’ .

Fix i c D.

The lineari:ation of F a t x ,  denot ed by IF- is

defined as

LF-(x) : F(i) •

Thus , the lineari:ation of F at ~ Is an affine map passing through

the point i having “slope” equa l to that of F at x. l isa- lincariza-

t i - sn oh  a g e n e r a l i ? a - d  e q u a t i o n  at x is obtained I-v replacing F

-.- i t h  LF- -x

Def ini t ion  S. Let F:D • have Continuous der ivative F’.

~‘-o linear izat i on o the RenerallEed equation

0 £ ? ( x )  + NK(x)

at x is the generalized equation
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0 £ t I- . ( x )  •

We illus trate the linear ization procedure with two examples.

The linearizat ion of the generalized equation for the  n o n l i n e a r  corn-

plementarity problem is given in Example 4 . The result is a linear

comp leaaent.aritv problcm . This is analogous to the case of nonlinear

equations , where linearization results in linear Cu~u3tiOfls. The

l inearization of the generalized equation for the Kuhn-Tucker triple

of a nonlinear prograr-.ming prob l em is given in Example ~~. The result

is a gene ra l iz ed  equat ion equ iva l en t  to the  Kuhn-Tucker condit ions

for a quadrat ic  progr amming  problem . This  q ua d r a t i c  program was f i r s t

proposed by W i l son  ) l ~~ as the subproblem in an i t e r a t i v e  scheme

to solve concave nonlinear programming problems . The first extensive

analys is of the usc of these lineari :~ations to solve certain prob l ems

in both mathematical programming and mathematical economics can be

found in Robinson “~~ 
- In a n t i c i p a t i o n  of the remarks in sec- i Ion

~~. 
we note that the result of a linearization of a generalized equa-

tion will be the subproblern in a Newton method used to compute solu-

tions to the given gcnerali:cd equation .

Example 3. Consider the nonlinear comp l ementarity problem in

>F( x )  • 0 , x • 0 , x,F(x)~ • 0

By Example 1 this is equivalent to the generalized equation

0 £ F(x) • 
~~~~

-1-
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~~l a t - a s  K :  • !~~
‘
. The linearizat ion ol this generalized equation

at x

0 £ F(~ ) • F’ ( i )(x .i) • N~ (x)

Regrouping the cons t an t  vectors  and re l a b e l l i n g  as fo l lows :

a:~ F(i) - F’(~)i , 14: a F’(i)

the  l i ne ar i z a t i o n  can h~- r ewr i t t e n  as

0 £ a • Mx + NK (x)

which is equ iva len t  to the linear coap lementarity problem

a • M x  .0 , x •0 , <x , a.Mx> .0

Thus, linearization applied to the nonlinear complementarity problem

results in a l inear complementarity prob lem . A Newton ’s method for

solving a nonlinear comp lementarity problem will then consist of itera-

tively solving a sequence of linear comp lementarity problems .

Example 4. We consider the linearization of the Kuhn-Tucker

conditions for the non l inear-programming problem, as given in Example

2. Before doing so, we will use the results of Example 2 to derive

the generalized equation whose solution is a Kuhn-Tucker triple for

the following quadratic progra~~ing problem .

(Q.P.) aim 3 (x-~)
T l-l(x-i) • (x_ ~)

Tc subject to

A(x - i)  . a 0 and B(x-~ ) • b • 0 ,

-8-
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where i ~ k’~ is fixed and H is a symmetrix n n n~atrix . Let

• H(x-x). C • ATu • BTw be the gradient of the Lagrangian

for (QP .). Using the results of Example 2, a Kuhn-Tucker trip le must

satisfy the generalized equation

0 C F(x,u,w) • NK (x,u,w)

- ii a pwhere K: a R ‘ R R and
•

~~D(x ,u,w ) r C1 r 
H AT BT 1 ~~

x
~
x
~i

(4) F(x,u,w): - -A (x-i)-a a -a -A 0 0 u

-B(x-~)~bJ L t~J -B 0 0 L w J

Now consider the nonlinear programming prob l em of Example 2.

(N.L.P.): mA n f(x) subiect to g(x) ~ 0 and h(x) a 0

The grad ient of the Lagrangian for (N.L.P.) is

a p
V L (x ,u ,w ) :  a Vf(x) • t uVg

1(x) • 
; w4Vh (x)

j a l  j~~l “

As in Example 2, a Kuhn-Tucker triple for (N.L.P.) is a solution to

the generalized equation (K.T.), defined by

(K. T .) :  0 c P(z) •

where :: a (xu ,w), K: a R~ ~ R
a 
~ R~ , and

r
a — g (x) J

L

_ _ _ _ _ _  _ _ _ _ _ _ _ _  

_i

~~~~i
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Let G ( x ) : [Vg 1 ( x ) , . . , Vg~ (x ) )  and H ( x ) :  a

Then the derivative of F at ~: a 
~~~~~ F’(~), is the ma t r ix

V2L() G(i) H(~ )

F’(i) a -CT (~ ) 0 0 • and the linearization of

L -H
T(~) 0 0

F at is LF ; :): a F (~ ) • F’(~ )(:-~ ). After some algebra , the lineari-

zation can be written as

- - - 1  —-
V f ( x )  ~ L(z) G(x) H(x) I x-x

tF:(:)a~ -g(~) • -GT
(~~) 0 0 u

-h(~ ) -HT (i) 0 0 JL —~ L
and the llr - ca ri zati5~n o t  (K.T.) is 0 c LF— (z) + N K ( z ) .  Comparing this t o

~
- .- ~‘ - t t ~~- i  a ’ I . - 1  e~~- t - a h  I sr ~~~~

- (i i. I )  we ~~-e that i h .  l i n ear iz a tio n

of the j en er a l i ed e -luat ion IK. T .) ha c  as i t S  solut i on the Kuhn-Tucker

t r i p le for  the guadratic ~~~~~~~ H

mAn l (x.~)
T V’L(~~(x-i) • (x-i)T~f(~) subject to

Ig~(x) ~ 0 and Lh~(x) a 0

Thu s , an iterative procedure which attempts to find the solut ion to
a nonlinear progra ing problem by successively solving the linearized

generalized equation will rep lace a general nonlinear programing problem

with a sequence of quadratic program2ing problems.

-10-
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~~~~ i t ~~~t V t  i v . - - . 1- - i~~~ - he~h - i - - i o t  ( ‘ ( s )  ) 1 a - a  - In -.  n .

a _ , 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ - :~~~, - 

~~~~~~~~~~~~~~~~ .- -
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-
~~~ o~ ~~. ~~ d i . .

.-q~ a a ~ t . ’f l - . - . - ~v i .~r - . ha - sa -t—va l a . - - - . - i t  1 * 
-

- ~~~~ 

I 
,,~~

- x ~
:n .i net  ~~~~~ - - rh  .-‘od ~

- a- -
~ o a ~ I -n x - .- .-g in  ~.- a a h .-

~ It- in a I - - i i  -

l e ~ I he a set- du’-d ma;’.

Then

1 1 (y) : a ( x i v  ~ l ( x i )

- 

- . It follows that T~~(0) • {~~ 0 .. 1( x) )  is the solut ion set of the gen-

erali:ed equ atior -  0 1 ( x ) .  ~c arc interested in T~~ when ~ a

— 1 • The not~~n of sfl-ong regularit y , in t roduced in Robin’.~an

- 

~ I descr ibes the bt-~-avi or of (If- • NK~~
1 appropriate to the con-

vergence of Nc~ton ’s m c t h ~ J .

t f i r :t i ~~~: . (~~~ h i n s c~n 9 ~) .  t c - t  0 c F ( - t ) • NN (x) have a 
solu-

tion :. Let 1: a IF •

Then z is a strca~~~iv re5:—2 lar ~~l’~:t1on of Oc F(x) • NK (x)

if Ed o n l y  i f there ex~ ct s a neighborhood U of the

origin , and a neig orh~~-J K ~-‘f :, such that the

— restriction of K I 1 to U as a single-valued and

Lipschlt : continuous map.

t
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Th1 map ~ n ii.  ~~~~ ine-d by (W n 1~~~~~( v i  a U !~~~(v )

‘.‘ ‘~ e~.t by R~sh I n~. -n - I K • ~~~ 
- a .-a: t hi- ~ a-ne a - a  - - ‘- e- q a a a t  Ion

h e-  - h a l a t  i~ .n • ~~( x) , t n -A  ~ t r a ’n w regai l U i~~ s- is t he

~s n , I I t  i _ Sn ! h , t  F’(z~ has . ‘aaii nuou- - , l i n e - a r  l f l \ t- r -,i-

t -n-a und er  wP- ~~~ - 
~- ‘~~~~ ‘O f l  1 in e ar  compl ementar i  t -.- 2 r a ’h 1 em - - 1  1 xarr p It-

I t a n i  t h e  n on l in e 4r  p r o g r a m m i n g  pr ob l em ~s! E x amp le 2 are -a~ r .n g l v

re -c - i  I a r - an b.- -ian in Robin son  (9

I n I t -  P-a l , .  ~.e, - I on vi h a coro l . a  V Theorem 2.-. ~ I

k - P ~t n ~ 5~n !~~~~.

Corollary 1. Let C be a closed , convex , noneapty subset

of RT’, and let 0 be an open , convex , nonempty subset of RT%. Let

f;D - R~ have Fr~chet derivative f’. Suppose x0 
c D and the gener-

al ized equation 0 c If (x) • N
~
(x) has a strongly regular solution

0
with associated Ltpschlt: constant d. Then there exist positive

constant s c- , r, and R such that the following holds:

For any x satisfying x-x 0~J ~

(Lf .Nc)~ ra I(x1,r) restricted to ~(0,R) is single-

valued and Lipschltz continuous with modulus

d(l—d II f ’(x) - f’(x0)~ )
_ l

where ~(x ,s): a {z lIz-zlt ~ s )
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Let D be an open , non-empty convex subset of R~, and let

f:D -, be a c o n t in u o u s ly  d i f f e r e n t iab l e  map. Newton ’s method for

solving the equation 0 • f(~ ) consists of replacing f by Lf~ and

solv in ì: 0 • Lf (x). The point i is some approximation to a zero of

f. A solution -‘ to the linear system replaces ~~~, and the process

— 

- 
is repeated (see Figure 1).

Newton ’s method for a generalized equation 0 £ F(x) • Nk
(x)

Consists of replacing F by LF- and solving the linearized equation

0 t LF~ (x) • N~ (x). The iterat ion procedure for generalized equa-
- tion is formally iden tical to that in the case of a single-valued

e q - a t !  ion  11 • p ( x )

- Figure 1. Newton Itera tes

- 
— I I—

-~~~~~~~~~~~~ -- 

-
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I t : -  Jon~i 1 - a a a ~~ a ~‘a: he5 a r ~ :-: and the N~- st o n -  kanto rov  ich

rc-~ are 1 s -  i n a i d .  - a t  a l  a -
~- s u 1 t  s wt a  i ch  desc z-ib e the  behav io r  of

the N - w t ~~n : t e r~t t i5 -a:  p~~a~~ ss . Th~ doma in of a tt rac t ion theor em -t --

st~ es that a s o lu t i o n  to an equation exists. Under condition s re-

lated to the behav ior of the lineari :ed equation in a neighborhood

of the solution , a region is specified in which a vector used as an

i n i t i a l  v a l u e  for the i t e rat i en  process can be chosen. Any such initial

choice s ill c~~J to a well defined sequence which converges quad-

ratically to the assuaaed solution.

The Neston -kantoro vach theorem i~~ an e x i s t e n c e  r e s u l t .  ! h a d er

conditions related to the behavior o~ the li’:t-n ri:ed equation ia - a ~l.c

ne i ghborhood of an tnat:a l v ;11ue it states that the Ncwton iterates

are well d c fi n-d and ~-~‘n - . e r g e  to a solut ion of the oa a a : i n a l  equa t ion .

The proof t e c h n i q u e s  for both theorems ar t .- adaptat ion s to the  gener-

a l i z e d - e q u a a i c n  case of cl .assaca l techn ique s taken fra n Ortega and

Rheinholdt :-. i-

Th~orca I is the doaaaa -aa: of attraction r e su l t .  Ke .assura e f ’

is  l ip s c h i t :  c o r - t i n u o u s  on a reg ion  0. he also assi~ c that the equa-

tion 0 c f(~~a N (x) has a strongly regular solution a ’. This im-

plies the caistence of a ne i ghborh ood of 0 , say U, and two neig hbor-

hoods of x c5tv V and K , such that for x c K , I : (Lf • N ) 1 f~ V- x x C

restricted to U as single -valued and L i p s ch i t ~ c o n t i n u o u s .  The by- —

potheses of the theorem sil l guarantee that each iterate remains in

W ~ 0, and the linearization of f at each iterate and I itself are

close in value at x .  This and the I - i p s c h i t z  c o n t i n u i t y  of T~ w i l l

establish the theorem .

— 14 —
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T ht.~~~~~ ~ i s  t h e  \~~a t .  -k :~t ovo\ ich t!.~- 5 ’au . The same as~~-- p-

t ions are aaa J ~ on f a : d  1’ . The l i n c a r a : a t  ion of 0 € f ( x )  .

at sa-’ra.- u a : t  t a l  p o i n t  a
~ is a ssLm-ied t o  have a s t r o n g l y  r egu l a r  so~~u-

tion x 1 . The hypotheses of the theorem will guarantee properties

of I sim ila z- to those in Theorem I. The method of scalar majorants ,

described tn detail in Ortega and Rhcinbold t ( -
~ 

) ,  is then invoked

to esta b 1i-~h the theorem. The -~a a o r -  results of the method of

majorants are s-u~-~ arizcd in t - - -:--., A . an p t - a r i n ~ in  t h e  appendix.

Ke si ll deno t e  the  d o - e d  b a l l  atceut x sith radius r by

~(x,r).

Theorem 1 - Let C be a a :ona - ~~j -t v , closed , ~. o a a v c . a  suba -et  of Rn

and let he a none pty. open , convea  subset of R~~. Let f :l !  • R~

have a I ~p sch it con t i n u o u s  I :- a-J~a -t  J e r i v a t  a~~a- f’ s i t h  L ap s ch i t :  con -

s tan t  b. Suppose t he  g e n e r a l i z e d  e q u a t i o n  0 a- f(x) Nc (x) has a

• s t r o n g ly  r e g u l a r  s o lu t i o n  x w i t h  a s s o c i a t e d  L i p s ch i t :  constant d

Let c- , r , and R , a l l  positive , he the  c o n s t a n t s  assoc ia ted  w i t h

strong regularity, as g iven in C o r o l l a r y  I. Let x0 
c F’, and define

the following notation .

a : • !~x -

S : • Lf • Nz x C

a: • d ( l - d b m )~~

h: a jabm

Suppose that the following relation s hold:

(l) dbm c~~

(2) ~ba2 c R

(3) m ‘ o

(4) ~(x ,m) C 0 n

— I S —

- --

~ 

. - - —— —

- ~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~ •~~--• --~~~~
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Then h ~ 1 , the sequence given by

a (S
~~
)
~~
(0) m ~(x ,r)

is well defined and satisfies the following relations.

(5) II x~,1 - x~ f ~ !ab~ x~ -x J1 
2

~ 2
n.1

(6) H - ~~ 
< 2~(ab) h~ ~

Proof. We firs t define the following notation .

I :  a ~(x ,r) - S~~ and Ik: 
a T

X
k

a d(l— dIj f’(x) — f’(x’) ~ )~
‘

a L f ( x )  - Lf
~.

(x’)

We nex t establish the following relations.

(7) fl I (u ) -T  ( v ) J ~ ~ a~ u - v ( t  for all x c ~(x ,m) and u ,v c

(8) x c s;
1c J c x )) for all x c 0

(9) x • T (J(x)) for x t ~ (x~~m) and J ( x )  £ ~ (0 ,R)

(10) a J(x)~I ~ -~~~~ x .x fI~ -

• Corollary 1 es tablishes that I~ is single-valued and Lipsch i tz  con-

t inuous w i t h  modulus  g ( x )  whenever x c ~(x ,o). A lso ,

fi f’(x) - f’(x ) ff ~ b~ x-x ff ~ ba for x £ ~(x~~m) c ~(x ,p) n 0,

thus g(x )  ~ d (I-dbm)
1 a: a. Since g (x) is the Lipschitz constant

for T
~ . (7) Is proven . Now let x c 0. Then we have

0 i f (x ) • Nc (x) 
a t f ~~ (x ’) Nc(x ’)

— • Lf
~

(x*) - J(x) . N
~

( x )

• -J (x) • S~
(x )  • Nc (**)

-1 6—
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Thus a) i S (~ ) w h i c h  t•~~t ab l  a shea. (8) . I q u i t  i i :  (9) fol la aa ~s

- l i o n  (~~ and T b t - in ~ s i n g l e - v a l u e d  on ~ (x  ,m) . I a - a - X a I~, I a- a nn .i

A .3 v i t -hi s ( 10 ) .  F i n a l l y ,  we have

(II) h < 1

- . since  h a ~abm ~.d b m ’( l - d b m Y ~ = 

~ 
where e: a dba ~ , and h ~ I

if and opj~v if -j-
~
-
~ 

< 1 , which occurs if and only if -
~ ‘ e: • dbm ,

and this is hypothesis (I). The next part of the proof consists of
>

- u s i n g  i n d u c t i o n  to prove t h a t  the  f o l l o w i n g  ho ld  for a l l  k • 1.

- 

( l ~~) x
k : 

a Tk-1 ~°~ 
is well dc-fined ,

(13) If x~- x I f  ~ lab ff X
k l

_ X
~~~~ ~

P (14)  J ( x k ) C ~(0,R)

We first show tha t  ( 12 ) ,  (13) and ( 14)  ho ld  for k:1. By Corollary

I~(0) as single -value d . Hence (1) holds. By (10) and ( . ) ,

(j J ( x 0)~ ~ ~ x - x f~ a ~ R , and thus , by (9), x 10(J(x0)).

We can now est im a t e  the d i s t a n c e  from x
1 to x .  We have

ff x~-x fI ~T0 (O) -T 0 (.l ( x 0 ) ) f l  ~ a ff J (x 0)~! by (7)

- 

~ Iba ff x~-x ’fl
2 

a aba 2 by (4) and (10)

-~ • ha < a by (11)

Hence , by (3) and ( 4 ) ,  x 1 £ fi(x ’,m) c 0. We can also estimate the

-
- norm of J (x 1). Using (10) , we have

_ _ _ _ _ _ _ _ _ _ _ _ _  1:
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ff J (a1)~ 
~ -~~~~ x~ -a fj ~ ~b( hm ) a ~bm •h 2

< ibm 2 by (11)

by (2) .

Thus , (12), (13), and (1 4) hold for kal . Proceeding with the induc- a

tion , we assume that (12), (13) and (14) hold for all k~n and show

that they also hold for k~n.l. By (13), (3) and ( 11) ,  it follows

that (7) holds for x = ~~ By (14) and (9), x T~ (J( x ) ) .  Thus ,

a 1 (0) is well defined and

ff x ,,•1_ x ’ f f  a f~T~ (O) - T
n (J(X 

) ) j f ~ a ff  J (x ) fI by (7) ,

~ Iba ff Xn~X *lj~ by (10). (13) , and ~(x ,a) c

~ lba(ha)
2 by (13)

< a .

Also ,

II J(x ,~,1)~ ~ ibff x~,1 -x ’fl
2 by (10) and *~,1 c ~(z ,a) 0

~ j b(ha)2 ~ ibm 2 R

Thus, (12), (13), and (14) are established for k ’n .l .  This completes

the induction . Relation (5) follows directly from (13), and (6) fol-

lows from CS) by induction . This completes the proof.

Theorem 2. Lot C, 0, f , b , and S be as in Theorem 1. Let

c 0 and assume tha t the generalized equation 0 c S~~(x) is strongly

regular at x 1. Let r , r , and R be the positive constants associated

—18—
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with st - a ~~~~~ i a --~~ul a i - a t v  • 
.a,ad d the associated I. :j~schi t coust ant • as

given in (‘oio l l a r y  I. le t m : = ff x 1 -x 0 fl and t ’ : (db)~~ (l- (1-2a)~ ),

where a: ‘ ~~~~ Suppose that the following relations hold: a L

Ibm ~ R , and ~(x01 t’) -~ F’ n ~(x 01c). Then the seque~ace ~x~) defined

by

• S (0) n 8(x 11 r)xn

is well defined , converges to some x c ~(x 01t )  which satisfies

0 £ f ( x ) ‘ 
~C

(X). and f l x ’-x~~ ~ (2%d)~
1 (2a)~

2
~ 

for n~ l ,2 

Proof. We first define the following notation .

a d (1-db~f x -x 0

a (I dbt ’ -m ) (d b t - l )~~

Q(s ,t): • (idbs
2
) (l-db t)~~

t0: 
a 0 , tk l :  a G(t

k
) for k 0

I :  • ~(x 11 r) s~

L f : a L f• n xn

. 3:  a f (x ) - Lf 1( X )

Before beg inning the induction part of the proof, we prove the follow-

ing relat ion holds:

(15) a 1n.i~~n.i~ 
when ~~ x~~ 1 c ~(x 0, t )

x~ : a I~ (O) . 
~n .l C ~(0 ,R) and Tn.1 restricted to

—19— 
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~(0 ,R) is s ing le -va lued .

By de f in i t ion  of T~ . x 1 c ~ (x 11 r) and 0 £ Lf ~ (x~~ 1) •

Thus 
-

0 c Lf~,l(x~~1) 
- (Lf~~1 (x~,1))_ Lf~(x~,1) $ Nc (X n,i )

a L f  (x ) - J  • N ( x  )n.l n.l n.1 C n.1

Rearranging results in c (Lf ~~~ Nc) (x n .l ) , that is ,

~. (Lf ,~~1 •N~
)
~~

’(J n i ) . Since £ ~ (0 ,R) and x~~1 
£ ~(x 11 r),

we have x • 1 (.3 ) ,  wh ich is (IS) . We now proceed by induc-n.1 n+l n.l

tion to prove the following for all n 1.

(16) In restricted to ~(0,R) is single-valued and Lipschltz con-

tinuous with Lipschitz constant g(x~).

(17) JI x,~,1-x,~ll ~ Q(H x~~x~_ 1 lf .11 x,~-x0(( )  • where x~~1 :

( 18) 1n’I ~ ~(x 0, t )

(1 9) II 
~n’i 1’ ~ R.

We f irst  show that (16) to (19) hold for n•1. By Le~~a A .1 ( 4 ),

t 1 ~ t .  By def ini t ion , a G(t0) 
a • • f J x 1-x01f . Hence ,

c ~(z01 t 1) I(x01t )  c 0 ~(x0,p)

By Corollary 1 , I~ restricted to ~(0 R) is a single-valued and

Lipschi tz continuous map with modulus d (l-dfl f’(x1) - f’(x0)II ) l

-20- 
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By hyp othe-is , ff f ’ (x1)— f’ (x 0) ~ b f f  x 1 — x 011 , so tha t  d ( l - d f f  1’ (x 1
) —

f ’ ( x 0 ) I l  )
_ 1  

~ g ( x 1) .  Hence . (16) holds for nal . Now define

• I~ (0) .  By Lemma A . 3 , : ~ ff f (x 1) - Lf 0 (x 1) f 1  ~ ~b~f x 1-x 0 ff 2

ibm 2 
~ R .

Thus , J 1 ~(0,R) and by (16),

ff 
~1(~ 1

) - T
1
(o)ff ~ g(x

1 )’ff 
J~l! ~ Idb II x 1-x0ff 2(1-dbff x 1-x0ff ~~

• q( fI x~— x~ ff ~ X l
_ X
O lI ) .

Bu t x
2 

Ti (0) and by (15) , x 1 • T
i

(J
I

) ,  hence we have

1 x
2
-x

1 ff a ff T1 (0) 
- 1

1
(3

1) (f . This establishes (l) when n— I. By

Lemma A.2(6), c ~ (x~ .t ) .  Thus , (18) holds for nal. Also ,

£ ~ (x 0, t )  C 0 , and thus

•

~ 
~ J~~f f : • Iff(x 2)-Lf 1(x 2)~ ~ jbff x 2-x 1 ff 2 by Lemma A .3

~ 
ib(t 2-t 1) 2 by Lemma A . 2(9)

~ Ibm2 11 by Lemma A .l ( 5 )

R by hypothesis.

Thus , (19) holds for n” l , and we have completed the induction when

na l. Suppose that (16) to (19) hold for all n~k. We proceed to show

that they also hold for n—k.l. By (18), Xk,l t ~(x0, t )  c ~~(a~~,~~)n  0.

— 21—
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By C~- :o l.I Fy ~ ~~~ restric ted to ~ (O ,R) is single-valued and

L ip s c h i t :  c o n t i a a ~.ous w i t h  modulus  d ( 1 _ d f f  f ’ ( x k l ) - f ’ ( x 0) f f  )
_ 1

By h yp~~ h~ s i s , j f ’  (X k l ) - f’ (x0) f~ ~ b ff X k 1 -X o fl . Thus,

g (x ~~~~ d ( 1 - d f f  l ’ ( X
k , l  

- f ’( x 0) fI ) 1 . Hence (16) holds for n=k.1.

Let Xk,2: Tk l (O). By (15) to (19), Xk l  = Tk I (.Jk l ). Thus,

II X~~ ,2
-X ~~~~1 ~T~,~ (0) - Tk,1 (Jk,1)II ~ g(x~~ 1 )ff 

~k,1
11

2• g(x ~~ 1 ) . i b J f  X k.I_ X k fI

a Q(ff X~ 1
_ X
k It ,fj X k , J _ X

O~ 
)

This establishes (1) for n * k.1. It follows from Lemma A.2(6) that

Xk.2 c ~(x 0, t )  c D, thus (18) holds for n~k.1. Now,

II 
~~~~ ~

‘f(x ) - Lfk l (xk 2 )ft

~ ibff X
k .2  

- Xk 1 112 by Lemma A.3.

— - 
. 

~~ 
ib (t~ ,2 - t

k l ) by Lemma A.2(9)

~ ibm~ by Lemma A.l(1S ) ,

a R

Thus , (19) holds for n=k.1, which completes the induction. By Lemma

A .2, the sequence (~~ ) converges to x’ £ ~(x0, t )  and

~ 
z’_x~(f ~ (2%d ) 1 (2a)~

2
~~ . It remains to show that x is a solu-

tion to the generali zed equat ion 0 c f(x) ‘ Nc (x) . Let graph Ncj
—22- -
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denote t~~c gr -q - ! :  o l \~~~, t h a t  i a . , grap h N~ ( ( u ,~~) v

The as~~~p~ t o n s ~~- ai C ia - p h- th at  graph N~ a s  a c losed subset ‘f

R’1. hy cons t  ~uc t ion ,

(x 1 ,  - Lf (x c gra ph \ .

It f o l l o w s  from the continuity properties of I and I’ on F’ that

(Xn.1~ 
- Lf

n
(X

n ~~ 
converges to (x , - f (x )). Since graph Nc is

closed , (x ’, - f a ’ j )  be longs  to grap h \~~~, wh ich  i m p l i e s

0 c f ( x ) . Nc (x *).  This comp letes the proof of the theorem .

—23—
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6 . - - .~- u t ~~t t on _ * l ~-~t-- - t i 1 t s . ~t— a~~~~-~t- n a  ~
- r e s u l t — . o’ ip ~~1’- t ” .-

~ t~wt ~~n ’s r,,-t hod t o  ~i.n’ n~~n h i n k - a r  ~~u-~p l i - r r t - n t - ~ r 1 t v  : a - k - l  -

~~a l i i  I 3 )  give’. t! a ,- ‘ ol lowin g  n o n l i n e a r  ~- r l e r ~& - n t : i r : t v  prob lt-ra :

( x )  fl , x , x ,~ (x )  ) a () 
• where

4- ‘ X
1

X~~ + + X + IX : —

2x 1 + x 1 + x~ + 3x
3 

+ — 2

~~ + + ix A 
—

.,
L ~1 + 3x ., 4- 4- Ix , —

x :— (x i .. , , X 3, X : ) ~. -

:h -  u n i q u e  s ol -  i~~ .~~‘ ~he nr oh l em IS iai ~- t-r aic
a • ~~~~~~ 

.
~~~ x , • 0 . X

3 
• 0 . , • 0. 5.

~,. ~.-•- .~ - r i t  I a- e ’ .- - :  ton r ct’ t-e ’~ent  tri g it i~ n o n  linear cons, Iemert a i r  i t  v t ’ro~- I ~-r

i s

0 l x ~ ‘- ‘ .( x ) -

The 1 t n e a r i - .~ ~~~ ~ t ’a f c  generalized ecuation at t h e  no in t  i - .

0 • -‘ •(; (x— ) • N , ( x

+
w h e re

# 

~ 2 ‘
~~ l ~ 

6)1
2 

1 3

— • 
‘ 1 ~3 2

a 
- 

~
- 

-

+ ~~~ + -.X , 2

-

- 
6~~ —

I f  we let ía :— — ‘ ‘( x )~x and H :— f ’(x), then the linearization

corr e~ t ond~ to the linear  come l ,itientaritv nroblem

x 0 , ‘4 x 4 q 0 , (x , Mx4- o ) • 0 . —

—2 4— •
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- . . -.~ ‘, , 1. -~ e- n t , n v  ~- a - - -~ t .t1~~t . rj t I t~ ~(ott1i- md 9.,nta -ar: I ) ~

o ~
- -vt t : . . i  a . r-u, I em&-nt ar -_ - p r o i  t eira wt  t a ‘ - t I l owing  r e s t i  1 ‘- as

t ~h ~~~ a i- .! in 1 i~ I ! - lii ret- s a ~ tri g po I n t  - . l a s t , - . ’ 1 at t o  I umn I • a l l  1. -~d

— .1 - - t a . !  ~ ,- !t t ~~~~~~.f l (c  t ’ 1 I n - a r  ‘.roh I •-t’ s . Column 2 1 i St  ~ . . nuther

I a - a - a ’- i a  .ortpli -rr ,-nt ritv nr oh l t-a’n-. solvt-d , with a ht ~~na1 v.-i]~~-~-. o’ x ~ nd

l I ~~t etI in & o l u nna in .’ -, 
• i . -~~t~t- .- t  ivt- l~~. !a~h lint-ar complementairir’- - r - ’f --

l.- rt ‘~!o-!u - e! .s s.’ltit Ion a’ t er two a ’ ‘- .‘t I n . - op t -rat ions .- ‘ t h e  ~~~- t - ~~~- -~ I ~~- v a a -

thus , ,-r t - x c ~t r I , - , when t~~t~ ..l gor i th -”~ st a rt s at  x a ( 5 , 5 .5 . St , there iv.-

I .k 1 t n ~- . ir  •o~t- -’l orient a r - i t  i- prob e~- -. solved b et  ore ~~.
- solut ion t ~t t

or i g in a l not-r i i n t - i r  .- oar--p l  era-nt ir r i t s -  pt-oh I (-tta IS ! ound - !-~.- i t h  l inea r complemen—

t a r - l a y  t~roh lem is o~ s t :e  • • .  and each 1a solvt•d in tw. - p i v o t s  of Lemke ’s

.,l~~.’ r j t h r ’ _ Thus , -~ t o t a l  -~~ s j~~ d e r i t - i t i v e  .-~-~iIwi t i . -at~ and t~ v1~- t- -~ t - - - -~

I “ s  at- .- r *-íaui re d t o  sol. - .- th is t~roh ! .- ~~ r i s i n g  ‘~i~~~t .‘at S r ’t - t i ro d ~~~~ ‘a

i n i t i a l  .on d it ion x (‘,~~~~~5 ) _

TabI. I E o j I s !~~~-1~~ t i •

t n t t t a L ~~ iSiL!ti2~! Final a Itnut f

(I. ..,1. .. ) ~~~~~~~~~~ 0. .. . •~ 9Q~~99) ~~~- i . ~~~~~~~ ~~ • - ‘ .

( 3 . . 3. .~ . .~~- )  S (— .6’10~~ , 3. 4 4 ~~, ~~~~~~~~~~ -~~~~~: 
- 

)

(~~- .~ - • ‘ .~~~ _ )  
(_ .l.10 6 , 3.2~~7’S . ~~~~~~~~~~ — - 1-~

__
’

The ~ecnn d n c t n u l n e a r  - t-’rnplem en t ;4r ia v prob l ea’ I~ taken t r ’ r  Hansen and

I 
‘ooprian s 1 2 ) .  ! eT v !~e a real—valued function on , and - on q l de r  t he

~- - l l c * i j n ’  r a i x i r ~j * n t 1 o n  nroh l pm .

—2 5—
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ri. ax “( ‘a I - t o

‘tx z , Bx - - , t x  a.p • x -- (1
a • .

v t i e - r  c v t -  a - . - a a - .t  i !’ t  .- a r  ., . a , !  - - I — , ‘j x ~-d o t  the nK ,m ,— n t  — Ih.- f . i i h n —

Fu ,  ke r ~ .‘n d i t  i .‘n ~-. a .- t h i s  ;‘r . ’h 1 ,- ra a !

— .v t x ) + A o
1

--H T
a ,+t T

r 0, x > o , (d(x ,q 1, n~ ,r ) ,x ) — 0,

a . . r - a s -- 0 , r 0 , ( w— C x ,r >  .0 ,

— AX ~ 0 , ~- (3 , 
( 

-- — .\x ,q 1 
) • 0

Bx - -  0 • q ,  a’ 0 , C Bx — ;. o 2 
) a ()

.~t-n :.-
~ . t ! r c  ‘ r a ! I t ~nt ct’ v . ~ix  . , 0 I - The Invariant

t. o,~k -‘ r .d’ 1 c~ 
- !~ at’s i~t’ - m d  Kot ~prnan s - ‘ .- i t m d  1mg a vi- . t - ‘ r-

a a ~r - , -a —- e x~~, ~~~~~ i t t , !  r *

( I )  (x * .~ ~ ,c~~, r - sa i t  i s~~v thi- Kuhn —T ucker . - - a - a - f i t i o n s  when z.z *

and

( i i )  — L -~~ -

~.‘p i . a. - i n ~a ~~~, hi’ i n t h . Kuhn—Tucker  . on,H (ions rt-a4111 -, In  h.

- .- ilowl ng on,!1 - - a g  ~:‘a i - h  x * ,q~ , and r * nris t sat  Is! v The subsc r i p t

. sti 
~ 

ha- -a  3 e.-r dr - ’ pated

d (x ,r i , r) :- - ~~~~~~~~~~~~~~~~ 4 C
T r 0, x 0 , (d*(x,q,r),x 3 a 0

— Cx 0 , r - (1 , C u  — Cx ,r 3 a 0 
•

( i i i )  — 0 , g () ( a- — Ax. -aa 3 • 0

( i ; a  B x — , 0 , q O , ( B x — 7 ,q ) - 0 .

However , ci — r i t i t t ,~ns (1113 and ( l v i  . an  he r e n l a c ed  by (B—A )x ‘ (3 , q 0 ,

C (B—A)x ,q 3 a 0 , qi nce any x and q satisfying t h i s  condi t ion  w i l l

a lSo sat is ’v (~~i 1~ . -
, civ) with z a Ax. The converse is immediate.

Thtsq , we have the folic-iving nonlinear comp ler’wntaritv problem.

- 2f,—
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‘a .h • 
) 

• 
, x 0 , C d ’~~( x ,q , a ) ,x 7 • (I ,

a: — s C) 0 , C~ - — s ,a 7 a f l

~a i— .t x 1’ • ~ 
(3 , C ( H — A ) x .q ) 0 -

— The a - - •-d c.~u .i  t I ofl t i - p a  .- s . -n  t 1 h I s ~t r  oh 1 -ra is

- T 1 T - - - -
- ‘ , (I & - 

A — i H

I 
• — a 0 0 r 4 N (x ,r ,q)

1 8—A 0 0 +

s I s  t h o  s t i r .  .- . i  t i - a c  dimensions of x ,r and q - The l i n i - a r i z a r t ion

at  x . r ,q ) th ~ -t generalized a -~~ a a a t  i o n  i s

- - - —-  - I I
— v t x ~~-~’ ~.a - (x t . X  

- 
— :~ (x ) C A — ,H x

0 
— 

u —C 0 0 r ~ N (x ,r ,q) ,
- 

- R
0 8—A 0 0 

-

whle! ’ ‘--ap -- als a -  t h t - l i nea r  ~oaa p l e r a n t . r r - i 1 v  p r ob l er a

“s 0 , x ‘ 0 , C x ,9x -’- t 7 • 0 •

—
— V~~~~i 

4 - v ( ) . X

t :.

0

a at
- 

.. 2 (
-~ ~T A~

“ a -  - (  0 0

0 (~ -

.

The r e s u l t s  of applying Lenke ’~ al gorithm t~ this linear cnmplementarttv

2 - prob l em is ~umnar ized  in Table  2. ~or the v a l u e  c—f a l isted in column 1 ,

2 each component of ~ t initiali zed It ’ the value given In column 2. The

rb  nura~’er of iter .~~ic—ns ~c r forned to reach the solution published in Hanmen

and Koopaans 12 , r b e  2 )  is listed in column 3, and the average nu~~er

— ‘ 7 —
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“ a  ~— k - t s  needed in Lemke ’s algorithm to compute t-a ,-h i t t - r a t . -  i s  g i v t - a ’

in column 4.  I t  should b•- n oted t h a t  potent ial J i l t  I. t i lt jes e x I s t  in

applying Newton ’s method t o  this prob lem , s ince  the  derivative :v I t t - s

a
not ex i s t  fo r  c e r t a i n  values of ~ . However, this difficulty d i d  not

arise for the Initta! conditions chosen as test cases .

Table 2 Hansen-Koopmans Example

Initial x Iterations Av. Pivo ts per- I t .

.7 .1 8 10

. 7  .2 14 10

.7 . S  14 10

.8 . 1 11 10

.9 8 14 

_ _ _  _ _  

_ _ _ _ _



APPENDIX A

RESULTS FROM ORTE GA AM) RHEINBOLDT !~.1

The following two results can be found in Chapter 12 of Ortega

and Rheinboldt ( 4 ). The third result is standard .

Lemma A . I .  Let d a’ 0, b a’ 0 and m a’ 0. Let a: • bdua and sup-

pose a ~ j. Let t :  (bd)
_ 1

(l_ (l_2a) I) and t** : • (bd )~~~(l.(1-2a)’).

Define t 0 : a 0 and tk l : a G(tk), k ~ 0, where G(t): 
a (ldbt

2
-m)(dbt-

l) 1. Let Q(s,t): a (~dbs 2) ( l -db t ) 1. Then the following hold.

(I) tk l  
a • Q(tk

_ t k_ l P tk) for all k I -

(2) G is monotone non-decreasing on (0,t J

(3) t is the smallest  fixed point of G on (0 ,t~~ ).

(4) ii~ t~ 
a 

~ • and the sequence U k ) is monotone increasing.

(5) tk l •
~
tk ~ m ’~~ for a l l  k 0

(6) tk.l ~ 2 (1 (j)
~~l

J a for all k 0

(7) It ’~t k I ~ (2a)~~
2
~~ .(bd 2k)~

1 for a l l  k 0

Lemma A .2. Let D be a subset of Ra and let (xL n 0 • be

a sequence in RR. Assume that the following condition s hold , where

Q, (t b
), k

>
.’O, t’ a, d and b are as in Lemma A. l .



-

~~~~

(1) 
~ 

x 2
-

~~~ ~ 
Q(~ ~~~~~~ ,fl x 1 -x0~J ) whenever X~~,X~ •1C D

(2) X0 cD .

(3) t
1 ~ llx 1~x 0 ll •

(4) x £ 0 whenever ~ x-x~~ ~

(5) The hypotheses of Lemma A.I. hold.

Then the following conclusions are valid:

(6) H x~-x~I} ~ t for a l l  n 0

(7) {x~ ) converges to some x with I(x -x011 ~
(8) ~IX ’~ X k l ~ ~ t’-t~~ 1 ~ (2a) (2 ) (db.2 k l )~~ for a l l  k 0

(9) IIX~.1-x~3 H ~ 
t~•~

•~t~ for all n 0

The following standard result can be foumd in Ortega and Rheinboldt

Lemma A.3. Let D be an open, convex subset of Re’. Let

f:D -. R~ be continuously differentiable. Suppose that for some
C

k a’ 0, II f’(u)-f’(v)ll a k~I u— v fl whenever u,v £ D. Then

fl f(u)-Lf~(u)Il a Ikil u-v~
2 whenever u,v £ 0.

~~~~ H _ _ _ _ _
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e a t  t a o r  s d. - a or r l  he- s 1 —.ub mi I t~~.I t o  t ht- D e p a r t m e n t  el Indust rial
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Newton ’s method is a well known and often applied technique for computing a

zero of a nonl inear fu nction . By using the theory of generalized equations , a

~raiasing and mathematical  economics .
.e prove two results concerning the convergence and convergence rate of

New ton ’s method for generalized equat ions. Examples are given to emphasize the

- - application of this method to generalized equations representing the nonlinear

Newton  method is developed to solve prob lems ar is ing In both mathematical pro—

programming problem and the nonlinear coaplementaritv problem. (continued)
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