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ABSTRACT

Y

Newton's method is a well known and often applied technique for computing
a zero of a nonlinear function. By using the theory of generalized equations,
a Newton method is developed to solve problems arising in both mathematical

programming and mathematical economics.

Nw-*p@ two results concerning the convergence and convergence rate of
- wia @ ‘W“L
Newton's method , for generalized equations. Examples are given to emphasize
the application of this method to generalized equations representing the non-
linear programming problem and the nonlinear complementarity problem.
“we-present; computational results of Newton's method applied to a nonlinear
complementarity problem of Kojima,K 3P and an invariant capital stock problem of

s f- ’,MM'ID‘L,
Hansen and Koopmus,\m.
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Significance and Explanation

The solution to many practical problems in operations research and
mathematical economics, such as the nonlinear programming problem and the
economic equilibrium problem, can be found by solving a collection of
equations and i{nequalities. Robinson [10] has shown that this collection
of equations and inequalities can be written in a form very similar to
an equation, which he calls a generalized equation. Extensive work by
many researchers has created a well-developed theory and computational
algorithms for solving equations. The analogy between an equation and
a generalized equation can be utilized to extend this theory and algo-
rithms to the more difficult problems involving equations and inequalities,
In this paper, one of the most successful algorithms for computing the
solution of an equation, Newton's method, is shown to be applicable to
generalized equations. To {llustrate how the method is applied to
practical problems, two examples are solved using Newton's method. The
first is a nonlinear complementarity problem used by Kojima [3] to test
other algorithms. The second example is the invariant capital stock
problem developed by Hansen and Koopmans [2]. Thus, the range of
problems to which Newton's method can be applied has been extended to

include finding solutions to nonlinear programming problems and equilibria

in economic systems. I\ [
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The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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NEWTON'S METHOD FOR GENERALIZED EQUATIONS

Norman H. Josephy

1. Introduction. A generalized equation i{s a set-valued analogue
of a single-valued equation. Many problems arising {n mathematical pro-
gramming and mathematical economics can be analyzed by generalizing, to
the set-valued case, classical techniques used in the study of single-
valued equations. Preliminary investigations of the properties and
applications of generalized equations have been carried out by Robinson
[6, 7, 8, 9, 10]). This paper is a contribution to this continuing research.

Newton's method is & classical technique of both theoretical and
practical importance in the study and computation of solutions to single-
valued equations. The theory supporting Newton's method develops a set
of conditions under which the iterative procedure which comprises the
method will converge, at a known rate, to a solution of an equation.
Extensive computational experience supports the notion that under suitable
conditions, this algorithm {s an efficient computational procedure. A
Newton method for generalized equations will extend to problems in mathe-
matical programming and mathematical economics these desirable properties.

The definition and examples of generalized equations are given in
section 2. The linearization of a generalized equation is defined in
section 3, and is {llustrated by applying it to the nonlinear complemen-
tarity problem and finding a Kuhn-Tucker point of a nonlinear programming
problem. The condition of strong regularity is defined in section 4, and
a corollary to a result of Robinson [9] is stated. The two main theorems

of this paper, the domain of attraction theorem and the Newton-Kantorovich

Sponsored by the United States Army under Contract No., DAAG29-75-C-0024.
This material is based upon work supported by the National Science Founda-
tion under Grant No. DCR 74-20584 and Grant No. MCS 74-20584 AO2 and the
Graduate School of the University of Wisconsin-Madison.




theorem, are stated and proved in secrion 5. We conclude with some
computational results obtained by applying Newton's method to the gener-
alized equations representing a nonlinear complementarity problem of
Kojima [3) and an invariant capital stock problem of Hansen and Koopmans

(2.
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Ceneralized Equations. Let ¢ be a non-empty, convex, closed

n i
subset of R . The normal cone to ¢ at x ¢ C 1is the set of outward

pointing normals to € at x . We have the following:

3 : ; L ¥ n
& Definition 1. Let C be a non-emptv, closed, convex subset of R .
The normal cone to C at x is given by

2

N {x): -} {z| <z,k=x> <0 ¥ k ¢ C} it x££ 0
g« X =
g ¢ i it
:
B We can now define a generalized equation.
5 : : n
Definition 2. Let f:D < R" = &" .,
; Ler € be a non-empty, closed, convex subset of Rn .
: A generalized eauation isa set relation
0 ¢ f(x) + .\'(.( x)
; Definition 3. A solution x* of the generalized equation

0 ¢ f(x) + Nc(x) is a vector x* satisfving

0 ¢ f(x*) + xc(x*).
Thus, x* {s a solution 1f and only if x* ¢ C and <f(x*) k-x*> > 0

for a1l k¢ € .

The following example shows the nonlinear complementarity nroblem
as a special case of a generali:zed equation when the set C is chosen
as a non-negative orthant.

Example 1. Let K be a non-empty, closed, convex cone in Rn.

Define the dual cone of K, K*, to be
K*: = {y|<y,k> 20, vkeK}

Suppose x ¢ K, y ¢ R" and <y,k-x> = 0 for all k ¢ K. This implies,
for k=2x, that <y,x> = 0. But choosing k=ix yields <y,x> = 0. Thus,
<y,x> = 0, Hence 0 < <y,k> - <y,x> = <y, k> for all kX ¢ K, that is,

y ¢ K*. We have thus shown that if x ¢ K and <y ,k-x> : 0 for all kekK,




then x ¢ K, ¥ ¢ K*, and <x,y> = 0. The converse holds trivially, that
is, if x ¢ K, y ¢ K*, and <x,y> = 0, then x ¢ K and <y, k-x> : 0, for
all k ¢ K. Using Definition 3, we have established the following equiv-

alence:

Decy+ Nx(x) if and only if x € K, y ¢ K*, and<x,y>= 0 .

For the special case of K: = R? and F:R" » Rn, we have that

0 ¢ F(x*) + N (x*) if and only if x* % 0, F(x*) = 0 , and<x*,F(x*)>0.

This is the nonlinear complementarity problem.

In the next example of this section, we derive the generalized
equation which represents the Kuhn-Tucker conditions for a nonlinear
programming problem. The result of Example 1 will be used with K de-
fined as the Cartesian product of cones.

m, and h:R" + RP be continu-

Example 2. Let £:R" + R, g:R" + R
ously differentiable maps. We will consider the following nonlinear

programming problem.

nA

(N.L.P.) : min f(x) subject to g(x) 0, h(x) =0 .

Ne define the Lagrangian of (N.L.P.) as




m P
L(x,u,w): = f(x) + ifl uigi(x) + jfl wjhj(x)

The gradient of L with respect to x will be denoted VL. We say that

(x*,u*,w*) is a Kuhn-Tucker triple if and only if VL(x*,u*,w*) =0,

ut 20, g(x*) £0, <«u,g(x*)> = 0, h(x*) = 0. Let K: = R"x R} xRP,
the Cartesian product of cones. Note that the dual cone
k* = {0)" x R] » {0}P . Finally, define the function F on

R" « A" x RP to R" x R™ x rP by

lr YL (x,u,w)

F(X,U,H) - ! o 8(1)

g L - h(x) J

Then (x*,u*,w*) is a Kuhn-Tucker triple if and only if (x*,u*,w*) solves

the generalized equation

0 ¢ F(x,u,w) ¢ Nx(x.u.w) .




Definition S. Let F:D = R" have continuous derivative F'.

Linearization of Ceneralized Equations. The approximation of
a nonlinear equation by a linear equation is a well known and frequently

success ful technique used in the study of equations. In this section,
we define and illustrate the linear approximation of a generalized

equation. We begin with a definition.

= Hood n
Definition 4. Let D be a non-empty, open, convex subset of R

Let F:D + R" be a map with continuous derivative F',

Fix x ¢ D.

The linearization of F at x, denoted by LF; is

defined as
LF;(x): = F(X) « F'(X)(x-X) .

Thus, the linearization of F at x is an affine map passing through
the point x having "slope" equal to that of F at x. The lineariza-
tion of a generalized equation at x 1is obtained by replacing F

with LF-
X

Tye linearization of the generalized equation

0 ¢ F(x) + Nx(x)

at x 1is the generalized equation




T S vz

0 ¢ l.l-‘i(x) + NK(x)

We illustrate the linearization procedure with two cxamples.
The lineari:zation of the gencralized equation for the nonlinecar com-
plementarity problem is given in Example 3. The result is a linecar
complementarity problem., This is analogous to the case of nonlinear
equations, where linearization results in linear equations. The
linearization of the generalized equation for the Kuhn-Tucker triple
of a nonlinear programming problem is given in Example 4. The result
is a generalized equation equivalent to the Kuhn-Tucker conditions
for a quadratic programming problem. This quadratic program was first
proposed by Wilson ([11] as the subproblem in an iterative scheme
to solve concave nonlinear programming problems. The first extensive
analysis of the usc of these linearizations to solve certain problems
in both mathematical programming and mathematical economics can be
found in Robinson [6] . In anticipation of the remarks in section
5, we note that the result of a linearization of a generalized equa-
tion will be the subproblem in a Newton method used to compute solu-

tions to the given generalized equation.

Example 3. Consider the nonlinear complementarity problem in

F(x) 20, x =0, <x,F(x)> =0 .

By Example 1, this is equivalent to the generalized equation

0 e F(x) + NK(X) 5

-y




where K: = R:. The linearization of this generalized equation

at % .28

0 € F(x) + F'(X)(x-x) + Ne(x) .
Regrouping the constant vectors and relabelling as follows:
a:= F(x) - F'(x)x , M: = F'(X)

the linearization can be rewritten as 4

0ca+ Mx + Nx(x) "

which is equivalent to the linear complementarity problem
a+Mc20, x 20 , €X, asMx> = 0 . i?

Thus, linearization applied to the nonlinear complementarity problem

results in a linear complementarity problem. A Newton's method for

solving a nonlincar complementarity problem will then consist of itera-

tively solving a sequence of linear complementarity problems.

Example 4. We consider the linearization of the Kuhn-Tucker
conditions for the nonlinear-programming problem, as given in Example
2. Before doing so, we will use the results of Example 2 to derive
the generalized equation whose solution is a Kuhn-Tucker triple for

the following quadratic programming problem.

Q.P.)  min J(x-X)T H(x-X) + (x-X)Tc  subject to

A(x-X) +a =0 and B(x-X) + b =0 ,

-8-
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where X ¢ R" is fixed and H is a symmetrix n x n matrix. Let
D(x,u,w): = H(x-X)+ C + ATu . BTw be the gradient of the Lagrangian
for (Q.P.). Using the results of Example 2, a Kuhn-Tucker triple must

satisfy the generalized equation
0 € F(x,u,w) + NK(x,u,w) ;

where K: = Rn X R: x Rp and

rD(x,u,w) b 1 e rH ATt ’_x-ij
(4)  F(x,u,w): = | -A(x-X)-a = -a [+ |
5 ;
L -B(x-X)-b, _ -b
Now consider the nonlinear programming problem of Example 2.
(N.L.P.): min f(x) subject to g(x) = 0 and h(x) = 0 .

The gradient of the Lagrangian for (N.L.P.) is

m P
VLh(x,u,w): = Vf(x) + I wuVg.(x) + I w.Vh (x)
gop 4 K jer 1)

As in Example 2, a Kuhn-Tucker triple for (N.L.P.) is a solution to
the generalized equation (K.T.), defined by

(K.T.): 0 ¢ F(2) + Nx(z)

where z: = (x,u,w), K: = R™ x R: x RP , and

L(z)"
F(z): = | -g(x) | ;
-h(x)

-9~




Let G(x): = [Vg‘(x)....,Vg.(x)] and H(x): = (vhl(x).....vhp(x)]

Then the derivative of F at z: = (x,u,w), F'(z), is the matrix

p—

sz(i) G(x) H(X)
Fr(3) = 6@ o0 o , and the linearization of
| HE o0 o

Fat zis LF.(z): = F(2) » F'(2)(2-2). After some algebra, the lineari-

zation can be written as

-

wE | [V om no | [ xx)

LF-(z)= -g(x) . -GT(i) 0 0 i o % .
. T - ; :
L-h(n) J ‘b-u (x) o0 0 J L » |

and the linearization of (K.T.) is 0 ¢ LF;(:) + NK(z). Comparing this to
the generalized equation for (0.P.), we see that the linearization

of the generalized equation (K.T.) has as its solution the Kuhn-Tucker

triple for the quadratic program

ain J(x-%)7 OPL(E)(x-X) ¢ (x-R)TOE(X)  subject to
Lgz(x) 0 and Lhy(x) = 0 .

Thus, an iterative procedure which attempts to find the solution to
a nonlinear programming problem by successively solving the linearized

generalized equation will replace a general nonlinear programming problem

with a sequence of quadratic programaing problems.




AT b

4. Strong Regularity. An important element in the analysis of

: . n n
Newton's method for solving the equation 0 = f(x), where f:R ~+ R

has derivative (' , is the behavior of (!'(x))_l for x in a neigh-

,

borhood of a selution = . The analopous element for generalized
: R
equations (s the behavior of the set-valued map (fo + N,) oy %

K

in a neighborhood of the solution X . We begin with a definition.

Definition 6. Let T be a set-valued map.

Then

T'l(y): = {x|y eT(x)}

It follows that 7‘1(0) = {x/0 ¢ T(x)} is the solution set of the gen-
eralized equation 0 ¢ T(x). We are interested in T'l when T =

Lf; . NK. The notion of strong regularity, introduced in Robinson
(9] describes the behavior of (Lfi . Nx)'l appropriate to the con-

vergence of Newton's method.

Definition 7. (Robinson [ 9 ]). Let 0 ¢ F(x) + NK(x) have a solu-

tion 2, Let T:i » LFz . NK .

Then z is a_strongly regular solution of Oc F(x) « NK(x)

if and only if there exists a neighborhood U of the
origin, and a neighborhood W of 2, such that the

-1

restriction of W * T ~ to U is a single-valued and

Lipschitz continuous map.

=ife




The map W T‘l is defined by (W T-l)(y) 1= W T-l(v) + AS

noted by Robinson (9], if K = R" , then the generalized equation
reduces to the equation 0 = F(x), and strong regularity is the
condition that F'(z) has a continuous, linear inverse. Condi-
tions under which the ronlinear complementarity problem of Example
1 and the nonlinear programming problem of Example 2 are strongly
regular can be found in Robinson [9].

We conclude this section with a corollary to Theorem 2.4 of

Robinson [9].

Corollary 1. Let C be a closed, convex, nonempty subset

of R", and let D be an open, convex, nonempty subset of R". Let
£:0 - R" have Fréchet derivative £'. Suppose X € D and the gener-

alized equation 0 ¢ Lfx (x) » Nc(x) has a strongly regular solution
0

X with associated Lipschit:z constant d. Then there exist positive
constants p, r, and R such that the following holds:
For any x satisfying Hx-xoﬂ s o,

-1

(LE +N)™" n i(xl.r) restricted to B(O,R) is single-

valued and Lipschitz continuous with modulus

a(1-d fie'(x) - £ (xg) |l s

where B(x,s): = {z | [lz-x|| = s } .




5. Newton's Method for Generalized Equations. Newton's method
for solving systems of equations is an iterative procedure in which each
{teration involves the solution of a linear system of equations. There

is an abundant literature on this technique. (See Ortega and Rheinboldt
[4] and Rall [5] as representative samples of the literature). In this

section, we will briefly recall Newton's method. We then prove two

fundamental results on Newton's method for generalized equations, the

domain of attraction theorem and the Newton-Kantorovich theorem.

Let D be an open, non-empty convex subset of Rn, and let
£:0 + R" be a continuously differentiable map. Newton's method for
solving the equation 0 = f(x) consists of replacing f by Lfi and
solving 0 = Lfi(x)' The point X is some approximation to a zero of
f. A solution x to the linear system replaces x, and the process
is repeated (sce Figure 1).

Newton's method for a generalized equation 0 ¢ F(x) NK(x)
consists of replacing F by LF; and solving the linearized equation
(VI LFi(x) . N‘(x). The iteration procedure for generalized equa-

tion is formally identical to that in the case of a single-valued

equation 0 = f(x).

L=
X

B,

~

< x
X

M

Figure 1. Newton Iterates




The domain of attraction theorem and the Newton-Kantorovich
theorem are two fundamental results which describe the behavior of
the Newton iteration process. The domain of attraction theorem as-
sumes that a solution to an equation exists. Under conditions re-
lated to the behavior of the linearized equation in a neighborhood
of the solution, a region is specified in which a vector used as an
initial value for the iteration process can be chosen. Any such initial
choice will lead to a well defined sequence which converges quad-
ratically to the assumed solution.

The Newton-Kantorovich theorem is an existence result. Under
conditions related to the behavior of the linearized equation in the
neighborhood of an initial value, it states that the Newton iterates
are well defined and converge to a solution of the original ecquation.
The proof techniques for both theorems are adaptations to the gener-
alized-equation case of classical techniques taken from Ortega and
Rheinboldt [4].

Theorem 1 is the domain of attraction result. We assumec f°
is Lipschit:z continuous on a region D. We also assume that the equa-
tion 0 ¢ f(x) « Nc(x) has a strongly regular solution x*. This im-

plies the existence of a neighborhood of 0, say U, and two neighbor-

-1
C)
restricted to U is single-valued and Lipschitz continuous. The hy-

hoods of x*, say V and W, such that for x ¢ W, T‘: = (fo + N ny
potheses of the theorem will guarantee that cach iterate remains in
N 7 D, and the linearization of f at each iterate and f itself are

close in value at x*. This and the Lipschitz continuity of Tx will

establish the theorem.




Theorem 2 is the Newton-Kantorovich theorem, The same assump-

tions are made on f and f'. The linearization of 0 ¢ f(x) « Nc(x)

at some initial point X0 is assumed to have a strongly regular solu-
tion X The hypotheses of the theorem will guarantee properties

of Tx similar to those in Theorem 1. The method of scalar majorants,
described in detail in Ortega and Rheinboldt ( 4 ), is then invoked
to establish the theorem. The major results of the method of

majorants are summarized in Lemma A appearing in the appendix.

We will denote the closed ball about x with radius r by
B(x,r).

Theorem 1. Let C be a nonempty, closed, convex subset of Rn,
and let D be a nonempty, open, convex subset of R“. Let £:D = R"
have a Lipschit: continuous Frechet derivative f' with Lipschit:z con-
stant b. Suppose the generalized equation 0 ¢ f(x) + Nc(x) has a

strongly regular solution x* with associated Lipschit:z constant d.

Let p, r, and R, all positive, be the constants associated with
strong regularity, as given in Corollary 1. Let Xg € D, and define

the following notation.
m: = ux. Y, xou
Sx: = fo . Nc
a: = d(1-dom)”!
h: = jabm

Suppose that the following relations hold:

(1) dbm < §

(2) ibm® < R

(3) m<op

(4) B(x*,m) < D » B(x*,0)

«lS=




Then h < 1, the sequence given by

Xt 5,070 B
n

is well defined and satisfies the following relations.

< 2
(5) I x50y = x*ll = dabl x -x*]l

nel
(6) I xgyy - x*ll ¥ 2eab)™! 2

Proof. We first define the following notation.

5 i BR L B
Tx' B(x*,r) "Sx and Tk' T

*x
-1
gx): = d(1-dfl £1(x) - £1(x0) )
J(x): = fo(x') - fo_(x')
WNe next establish the following relations.

M I T -7 W S alu-v| for all x ¢ B(x*,m) and u,v ¢ B(O,R),

8)  x* ¢ S;I(J(x)) for all x¢ D,

(9) x* =T (J(x)) for xce B(x*,m) and J(x) ¢ B(O,R) ,

(10) | 3| £ 3 x-xe?

Corollary 1 establishes that Tx is single-valued and Lipschitz con-
tinuous with modulus g(x) whenever x ¢ B(x*,p). Also,

I £1(x) -£'(x*)]] < b]| x-x*]] = bm for x ¢ B(x*,m) < B(x*,p) 1 D,
thus g(x) = c!(l-db-)'1 =: a. Since g(x) is the Lipschitz constant

for Tx' (7) is proven. Now let x ¢ D. Then we have
0 ¢ f(x*) » Nc(x') = fo,(x') - Nc(x')
- fo(x') - J(x) + Nc(x')

= -J(x) + 5, (x*) « N.(x*)




BN R T

Thus, J(x) ¢ Sx(x‘). which establishes (8). Equation (9) follows
from (8) and Tx being single-valued on B(x*,m). For x ¢ D, Lemma

A.3 yields (10). Finally, we have

(1) h <1l

since h = labm = i-dbm-(l-dbm)" = | T%; , where e: = dbm, and h < 1

5
if and only if } T%; < 1, which occurs if and only if % > e: = dbm,

and this is hypothesis (1). The next part of the proof consists of

>
using induction to prove that the following hold for all k = 1,

(12) X o= Tk-l(o) is well defined,

< 2 <
(13) I x -x+ll = Jabjl x, ,-x*[|° = hm
(14) J(x,) € B(O,R)

We first show that (12), (13) and (14) hold for k=1, By Corollary

: S TO(O) is single-valued. Hence (12) holds. By (10) and (2),

<b g% 3
HIxll = 30 x-x*[|* = 5 =% < R, and thus, by (9), x* = To(x ).

We can now estimate the distance from X to x*. We have

I xp-xl = [T, @ -To@x Nl = all 3xd ] by (D
s Ibal xo-x'H2 « jabm? by (4) and (10)
= hm <m by (11)

Hence, by (3) and (4), X, € B(x*,m) « D. We can also estimate the

norm of J(xl). Using (10), we have

«17=
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Bl =30 x-x+ )2 £ fom? = jonon?
< }bnz by (11)
<R by (2).

Thus, (12), (13), and (14) hold for k=l. Proceeding with the induc-
tion, we assume that (12), (13) and (J4) hold for all kﬁn and show
that they also hold for k=n+l. By (13), (3) and (11), it follows
that (7) holds for x = L By (14) and (9), x* = Tn(J(xn)). Thus,

x I Tn(O) is well defined and

nel
I xper=xell = I - T @l = all sl by (),
£ dballx -x*|? by (10), (13), and B(x*,m) < D,
< jva(hm)? by (13)
B hs-- < hm <m.
Also,

I3ty Pl = 36l %, -x1? by (10) and x| ¢ B(x*,m) < D,

"A

joam)? S jom? <k .

Thus, (12), (13), and (14) are established for k=nel. This completes
the induction. Relation (5) follows directly from (13), and (6) fol-

lows from (5) by induction. This completes the proof.

Theorem 2. Let C, D, f, b, and sx be as in Theorem 1. Let
Xy € D and assume that the generalized equation 0 ¢ Sxo(x) is strongly

regular at X Let p, r, and R be the positive constants associated

-]
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with strong regularity, and d the associated Lipschitz constant, as
given in Corollary 1. Let m: -|]xl-x0" and t*: = (db)'l(l-(l-Za)ix
where a: = dbm. Suppose that the following relations hold: a B i,
ibm2 SR, and §(x°,t') <D ﬁ(xo,p). Then the sequence {xn) defined
by

1

WL sx (0) » i(xl.r)

n

is well defined, converges to some Xx* ¢ i(xo,t) which satisfies
RIR (2" for n=1,2,...
0 ¢ f(x*) + N.(x*), nndl}x'-xnh = (2bd) "~ (2a) ATARE"

Proof. We first define the following notation.

g(x): = d(1-db]| x-xou )-l .

2 -1
G(t): = (}dbt®-m) (dbe-1) " ,

Qs,t): = (ldbs?) (1-dbt)™!
toz =0, tkolz = G(tk) for k 20 2
T,: ® ﬁ(xl.r) 7 S;l ~
n
AL

Jn: = f(xn) - Lfn_l(xn) .

Before beginning the induction part of the proof, we prove the follow-

ing relation holds:
1s) Xie1 ® Tne1@pey) whem x., x ¢ !(xo.:-) .

x i =T (0),J ., ¢ B(0,R) and A restricted to

-19-
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B(O,R) is single-valued.

By definition of Tov Xp0y € ﬁ(x,.r) and 0 ¢ Lf (x ) ¢ Ne(x )

Thus

0 ¢ LanI(‘nol) - (Lfn.l(xn.l))- Lfn(‘nOI) + Nc(xn'l)

s LanI(xuOI) 4 JnOl . NC(!nOl)

Rearranging results in Jnol € (l.fml
-1
Xpey © (LE oy N7 )« Since J e B(O,R) and x . ¢ B(x),1),

. NC)(xnol) , that is,

we have N Tnol(Jnol)' which is (15). We now proceed by induc-

tion to prove the following for all n =1

(16) Tn restricted to B(O,R) is single-valued and Lipschitz con-

tinuous with Lipschitz constant g(xn).

a”n | xn.l-xnn = xn—xn_,H l xn’lo" ) , where x  ,: = T, (0) .

(8)  x ., ¢ B(x,,t0) .

<
9 I = r

We first show that (16) to (19) hold for n=l. By Lemma A.1 (4),

<
t) = t*. By definition, t, = G(t)) =m -llxx-xo" . Hence,
x, ¢ i(xo,tl) e I(xo.t°) e Dn 5(:0.9) +

By Corollary 1, T, restricted to B(O,R) is a single-valued and
Lipschitz continuous map with modulus d(1-d|| £(x)) - f‘(xo)n )'l.

-20-




By hypothosis.llf'(xl)-f‘(xo)u: bl x)-xoﬂ , so that d(1-d]| f'(x,) -

f'(xo)H )'l : g(x)). Hence, (16) holds for n=1. Now define
x, = T,(0). By Lemma A.3, [0, [l : = [If(x)) - LEg(x ] £ b xl-xoﬂz .

<

1bm® £ R.
Thus, J, « B(0,R) and by (16),
17,0 - T, £ gx)+l 9,1 dab]l x -x, 12 1-ab] x-x [ )7
= QCll xy-xgl . I %%, 1)

But X, = Tl(O) and by (15), X, = TI(JI)' hence we have

il xz-xl” =l T,(0) - T!(Jl)ﬂ . This establishes (17) when n=1. By

Lemma A.2(6), x, ¢ ﬁ(xo.t-). Thus, (18) holds for n=1. Also,

X, € B(xo.t') < D, and thus

I Jzn i . Hf(xz)-fo(xz)H s v xz-xlﬂz by Lemma A.3
< r 4
ib(r,t) by Lemma A.2(9)
S jom? 27! by Lemma A.1(5)
R by hypothesis.

Thus, (19) holds for n=1, and we have completed the induction when
n=1. Suppose that (16) to (19) hold for all nsk. We proceed to show

that they also hold for n=kel. By (18), Xgop € l(xo.t') c i(xo.p)n D.

21~




restricted to B(0,R) is single-valued and
1

By Corollary b Tk'l
Lipschit: continuous with modulus d(1-d]| £ i) - f'(xo)ﬂ Y

By hypothesis, || f'(x - £ (x| b x Thus,

kel ke1 %ol -

> TR -1 : j
g(xk'p= d(1-d|{| £ (xkol - f'(xo)U) . Hence (16) holds for n=kel,

Let Xpe2' ® TROI(O)' By (15) to (19), Xpa1 = Tkol(Jk01)' Thus,

2 o ne ] 2T (00 - T W O S g 3
< 2
" g(xk,l)';b" xk'l-xk"
» Q(" "k,l"‘ku -u xk,]°"0" ) .

This establishes (17) for n = kel. It follows from Lemma A,2(6) that

X2 € i(xo,t') D, thus (18) holds for n=k+l. Now,

= | -

LELY

2
vl Bean ™ xk'l" by Lemma A.3,

< 2
4 = lta(tl“2 - tkol) by Lemma A.2(9) ,
< 2
= ibm by Lemma A.1(15) ,
iR

Thus, (19) holds for n=kel, which completes the induction. By Lemma
A.2, the sequence (xn} converges to x* ¢ B(xo.t') and

s n
Ixe-x | £ @")7! (20)2). 1t remains to show that x* is a solu-

tion to the gencralized equation 0 ¢ f(x) + Nc(x). Let graph Nc




porrr——

%
i
:
.
.

denote the graph of N, that is, graph Ne = {(u,v)] ve Nc(u)) 3

Ct
The assumptions on C imply that graph NC is a closed subset of

n n ;
R x R, By construction,

(x - Lfn(xnol)) ¢ graph NC.

ne+l’
It follows from the continuity properties of £ and f' on D that
(xnol' - Lfn(xn’l)) converges to (x*, - f(x*)). Since graph NC is
closed, (x*,-f(x*)) belongs to graph Nc, which implies

0 ¢ f(x*) « Nc(x'). This completes the proof of the theorem.




6. Computational Results. We present the results of applving
Newton's method to two nonlinear complementarity problems.
Kojima [3) gives the following nonlinear complementarity problem:

f(x) >0, x>, (x,f(x) ) = 0, where

Y 2 B
; 3x1 + lexz + 2xé + x3 + 3x6 - 6}
i 2x2 + x, + x2 + 3x, + ?2x, - 2 %
e | % L2 P

! 2 2

i Bx; . X1 %, - ?xi + 2x3 . 1x& - !;
3 2 2 !
L X} + 3x? + 313 + 3:6 -3 :

&

X = (xl.zf.xB.xa) ¢ R
The unique solution of the problem is given as

x, = 0.5.

“ /B/2 = 1.2247449 , x, =0 , x, =0 .

1 2 3 §

The generalized equation reovresenting this nonlinear complementarity problem

x

is

D¢ f(x) + N “(x)

R,

The linearization of this generalized equation at the point x is

0 ¢ £(x) + £'(X)(x-%x) + N S

where R#
f six - 2;2 2§1 + ‘;z 1 3 ?
o é 4x, + 1 252 3 2 i .
\ G+ i Ll . 3 3 ;
{ 2%, bx, 2 3 J

If we let a := f(x) - ¢'(x)*x and M := f'(x), then the linecarization

corresponds to the linear complementarity problem

x>0, Mx+q20, (x, Mx+q) =0 .




Lemke's complementary pivot algorithm (Cottle and Dantzig [1]) is applied
to the above linear complementarity problem with the following results, as
tabulated in Table !. Three starting points, listed in column 1, all lead
to a convergent sequence of linear pnroblems. Column 2 lists the number of
linear complementarity oroblems solved, with the final values of x and f
listed in colurmns 3 and 4 , respectivelv. FEach linear complementarity prob-
lem produced a solution after two pivoting overations of the Lemke algorithm.
Thus, for example, when the algorithm starts at x = (5,5,5,5), there are
six linear comnlementarity problems solved before the solution to the
original nonlinear complementarity problem is found. Each linear complemen-
tarity problem is of sfize 4~4, and each is solved in two pivots of Lemke's
algorithm., Thus, a total of six derivative evaluations and twelve pivot

operations are required to solve this problem using Newton's method with

initial condition x = (5,5,5,5).

Tadble 1 Kojiea Example

Inftial x iterations Final x Final ¢
'y W0 S e s (1.2247449, 0, 0, .4999999)  (.6-1077, 3.22474$, 5.000000, ~.3+10" )
(3e03.,%,3.) s same (=.6+1077, 3.224748, 4.9999999, - 6+17" )
(30354 4355,34) . same (=.1-107%, 3.224775, 4.9999999 , - &.10"

The second nonlinear complementarity problem is taken from Hansen and
Koopmans [2]. let v be a real-valued function on R: , and consider the

following maximization nroblem.




max vix) subject to

Ax =2 . 'Bx ot ew o ox >0,

- ~ - -

where w s a constant vector and 2z is fixed for the moment. The Kuhn-

Tucker conditions for this problem are

T

d(x,q,,0,,r) := ~Tv(x)+A'a -BTQ“+C r 20, x 20, (d(x,q,,4,,r),x) = 0,

1

w-Cx>0 ,r >0, (w-Cx,r? =0,
z‘-Ax.'O.QI;O.(z-ﬁ'\x-Ql)'oo
Bx - z > Q- q 2 0, (Bx - z,q,) =0,

where 9Yv denotes the gradient of v . Fix a, 0 <a < 1 . The invariant
stock problem of Hansen and Koopmans [2?] consists of finding a vector z*

such that for some x*, q;.q; and r* ,

(1) (x‘.ci.cg.r‘) satisfy the Kuhn-Tucker conditions when z=z% |
and
(1) q} = nq; .

Replacing a, by qu in the Kuhn-Tucker conditions results in the

following condfzions which x*.q; , and r* must satisfy. The subscript

lon q has been dropped.
o T T T
d*(x,q,r) := -Tv(x)+(A'-aB)q + C'r > 0, x > 0, (d*(x,q,r),x ) =0,

vw-Cx>0,r>0, (w=-Cx,r ) =0

(i141) z - Ax > 0, 920, (=2~ Ax,q ) =0,
(iv) Bx-23>0, q>0, (Bx~2,q) =0.

However, conditions (1{{) and (iv) can be renlaced by (B-A)x >0, q > 0,
{ (B-A)x,q) = 0, since any x and q satisfying this condition will

also satisfy (ii{) and {iv) with 2z = Ax. The converse is immediate.

Thus, we have the following nonlinear complementaritv problem.




d*(x.q,r) 20 , x> 0., (axx.a.0),x3 =0
\,-—x’x.»,(), r;u,(u—Cx'r)-o.
(B-Ax > € , q2>0, ((B-A)x,q) =0 .
The seneralized equation representing this problem is
. -'.‘V(K): '-0 C‘r AT-QBT.‘% rx'}

w j*g-c 0 0 L

! r + NRs(x.r,q)
| B-A 0 0 J La ¥

where s s the sum of the dimensions of x,r and q . The linearization

|
!
|
{ i
i |
l (o)

{ ° \
- 4

at (;.;,E) of this generalized equation is

- - e el SR i |
—?v(x)+v2v(x)-x 1 | =7 w(x) CT AT-uBT x
i ; ‘
0 ¢ E w | + -C 0 0 s 1rl ¢+ 8 .(x.r.q).
| 0 e 0 0 4 o

which corresponds to the linear complementarity problem

0, (xMx¢t) =0 , where

>
-

Hx+t;0. x

{'-?v(i) + Pu(®) » % 7’

= |
] e 4 §
: ? 0 |
E and
; | Sy A e
i T G 0 0 !
f | B-A 0 §

The results of applving Lemke's alporithm to this linear complementarity \
problem i{s summarized in Table 2. For the value of o listed in column 1,
each component of x 1is initialized to the value given in column 2. The

number of iterations performed to reach the solution published in Hansen

and Koopmans [2, Table 2] is listed in column 3, and the average number ]

27~
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of pivots needed in Lemke's algorithm to compute each iterate is given

in column 4. It should be noted that potential difficulties exist in
applying Newton's method to this problem, since the derivative Vv does
not exist for certain values of x . However, this difficulty did not

arise for the initia! conditions chosen as test cases.

Table 2 Hansen-Koopmans Example

a Initial x Iterations Av. Pivots per It.

.7 .1 8 10

o7 .2 14 10

.7 .5 14 10 E
.8 .3 11 10 :

9 «3 8 14




APPENDIX A

RESULTS FROM ORTEGA AND RHEINBOLDT [4] |

The following two results can be found in Chapter 12 of Ortega
and Rheinboldt ( 4 ). The third result is standard.

Lemma A.1. Let d >0, b >0andm> 0. Let a: = bdm and sup-
4,

k > 0, where G(t): = (}dbt>-m)(dbt-

pose a = }. Let t*: = (bd)"(x-(l-za)l) and t**: = (bd)"(xo(x-za)
Define to: = 0 and tk": k)'
D). Let Q(s,t): = (Jdbs?)(1-dbt)"}. Then the following hold.

= G(t

>
(1)t =t *Qt-t, .t forall k=1,

(2) G is monotone non-decreasing on [0,t*] .
(3 t* is the smallest fixed point of G on [0,t**],

4) lim t, = t* , and the sequence {tk) is monotone increasing.

) t..-t Sm2* gratirido.

kel 'k
< k+1l >
(6) they ® 2[{1-(})" '] m for all k = 0 .

K
¢ I (LR (20) @) . vd-2%)! gorannk20.

Lemma A.2. Let D be a subset of R" and let {xn). nzo , be

a8 sequence in R™. Assume that the following conditions hold, where

qQ, (tkl. k’-o. t*, a, d, and b are as in Lemma A.l.

«29-
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) ] xno2'xnol” : Q! Xne1~X I, xn’l-xoﬂ ) whenever X Xpeg€ D -

n n+l
(2) Xy € D.

(3) tl i u"l"‘ou

4) x ¢ D whenever || x—xou S

(5) The hypotheses of Lemma A.1. hold.

Then the following conclusions are valid:

© | xn-xo" St* forallnz=o0.

N {x,} converges to some x* with ﬂx'-xoﬂ St

-1

kel
(8) u"""k,ll'n : t"tk,l : (2‘) (2 )(db'zk’l) for all k : 0.

< >
® Ik, x5t ,,-t, forallnzo.

The following standard result can be found in Ortega and Rheinboldt
4] .

Lemma A.3. Let D be an open, convex subset of R". Let
£:D » R" be continuously differentiable. Suppose that for some
k>0, || £ (u-£'(v)]] = k|| u-v|]| whenever u,v ¢ D. Then

] f(u)-Lfv(u)H = k|| u-v"2 whenever u,v ¢ D.

3=
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