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1 . I : , !  2 .. 1u. ‘ t l i f l t

A .‘:I.’t ml  ~~.‘.1 ‘ 11)!) 1!. m se t — va lu e d  analogue of a

i u . l !  1 0 1 1.  ~,i: ’~~~x’ob1ems .t r i  s i n .; i n  ~~,mti i,’m.mt i, ’ ,’ii ~‘rogr a ~~~inq ,t ii’l

rn-i • ~ . ‘ !7~ t t 1 :a 1 •‘ .. .‘ r i  ‘tfl 1 . 5  . .t:~ l~ ’ . trni I y ~~~ by i ’n ~ r t i  i I 0 ‘. l i t ’  s~~t — v a l u e d

i ‘ , ~ 1m ’ ; s i ( .’a I t m ’ ~’ hnt ;u ’s un,’.i i~ ! ~ s t u d y  of s i n g 1 . ’— v . m i u ’~ ~‘~~u at 1 on s .

1 1 :n,i! y invest ;.t t i .‘ f  the x oj ‘t’r 1 e’n; and .m; 1 ‘ . i  I n

~‘rit~~ ii 1.’,,’~i ‘‘ ,i ,it 1 W:, L iv’’ Li.’, ’ t i  . 1 1 8 i~ ’j oNt . 2 V s. ‘ .. ‘ , 2) 1 ~ 2 ’ .i )  

hy 1 11 • 1 _ i t . v ~~: ~;,‘wt~~~ , methods for computIn~~: t b ’  ~ .‘ l’J t ion  of

:‘ u.’r t i i zed  •‘ W i 7  i ’ r~ ’ . T l . iS  ‘ 1  ~~~~~
‘‘ •I’utN .mti ~1; ;ii  ‘ I t  I on  : 1 ‘ t , , t , u i i Z c ’ i l

.‘ :‘nt ‘1, ’ ’ 2 . r .  • ‘ ,‘ O ’,i’O l ’  ‘‘ 1 III’ I :Inr ; t’ oi ,l  ,.
~~ ~~ ‘ ? • -  ; ‘ r~~j~~..-’ 1:’.l~’; •‘ d~~n ’ ~

: ‘ ‘; m l  1 , 1 ’ ~~ ‘:n . . ‘.‘ r . t m ’ r )  ( P I F ; : - )  I : : i ’ ’ z  ;‘,‘ ~~ - i i .  :‘~ ‘v .’l •‘ ‘ I l:v ¶ h ’  F’ •’ d , ’x a l  Energy

~‘s tz r i : , : ! : m 1 , ’n !,: U~~c~el !J’.~’ I’!,.’r;’; “ 1 ~~~t ‘ 1 t h i ’ ‘ ‘ n i t  , ,1~~~ •’ ’~ . ‘ ‘:.irn’,,

2 ‘1 ~~. . )  . 1  ‘ ‘ a :, ‘ :i : .1 2 iUZfl 1 u t  1 ‘ r n  i s t w c ’ m ’ n  h~’ 522 1 1 •‘i’ N and

‘ 
i :I,;n~~~.’r ’;  f ~~~~~~~ ;~~

‘ . . r . :  . an I:,’ ~i’~h’ I.’d as a ~ t ’r~ ’r a l  1z ’l

;‘.t ,~ t i .:; • . i : in •‘  ,~ n.m lv I’ it . : h. r. ’ t h y ’ ’  I ‘ .i in

.‘ . ‘se~ hv ( : 1 . 1 2 J .

,
2 

.‘ ion 2 i i e ’; i f l s  W L L  i ’ ;’’nerai  . 11 : ,  ‘. i ’ ’ , : o f l  ~f ! t ~.’ .‘

n . : . ’r’. j * ’n.’~’ t . ’ .l I ’ . !‘.‘i n z  ! ‘~~ ba l ir ’i ’ ‘n’1; 1 l y  and .‘h ’’ . n  I ol consumable

: ‘ ‘ I  in  t . -n ; ’~~ i ’ iv . ’  marke t  e nv i r o n r r ~m ’ n t .  An v~x~rr;1 ” ;‘ul~ I i s h e d by

‘ ‘ t i n  ( ‘ ~J t 1 ’ ,is r ,’t! i f i t  ~“ 22n ,’%’ oT a’ i; ’’ i r ;  1 t t ’ i~ I 1F : ’ i  model i s  de ta i led

in  . *‘ ‘ i ‘n ’ 3. A i f ’s -r i ; i ’m  i ” f  t hv ~ Solut ion procedure used by the

E n v r i v  A d m i ni st r a t i o n  (FEA ) in  S C ) ) V i f l Z  t h c ’ “ t t : l  i l t - i n i ~ ; r ot ’i l e n

• ‘u ‘;~~~~ ‘, l  ~ 
• . : • .i ~~~~

, 1, t ir ’,’ und ” : (‘ ‘n ’r  a ’ !  ~ . TtA .‘ — ‘ —  —

This r~’,~! •‘r ia j s  I m ‘ ‘ I rI!’ofl ‘.‘ t ‘
~ n t ! ‘ ‘ 1  by • in” ~ •~~~

• ) ‘ ,‘ 1na 1 ‘ u ‘‘

! IO~~ ‘ ; n l ’  r ‘~rmn! ‘. .  :i ’i. ‘4 — . “4 and ~~ . ‘ 4 — 7 ( ’i ’~dI4 A~~’ and . 1 ,,

.-‘~ hoo 1 • I, ” t ’ n ’ v . ’ ’ ’ 2 ’ ’ ,’ ~ ~ ~ri ’ ; in — M a d i so n .
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ts t t ’ ~~ i f i  . .‘ ,‘ •  l o t)  I .  ~,, ‘w t  ‘ti ’S met L ‘ 2  t ’  ‘F t m ’ n t ’ t ~~~~~I 1 ~~~ C W,j~ ~~u’ . 18

.ij I l : ’ ’ .I  ! , ! ~~, ‘ ‘ ( , ‘ . ‘ : 2 . , : : :L , ’ , : : ; , : ! :~ i m ; n , : : , L: , ~~~, , . ‘ . , i S .  j h t ’ ss . I

.1 .‘ “~‘ : . !~ t’ I , .  c omFu t  L! CCOflO~~j C t’  1 1 1 ium i I x ’ S t  ‘~~ 
‘ ‘ .1 i t .

l~o l ’ t n , n ’ m 11’ I . An . m . t t ’ r i , , t 1  iv.’ approach t o  i ; : Iy inq a 1~~’w’,, 2i mt° ? .

1 , ’ tt I ,  ; ES ni~i._’I .m:, I.’ ! _, u;i ,l in I aV,~ :; (5 )

‘i. • ; . t~ ~.. the a;.a’r • ~~~‘ 1~X ’ .’Sf’f l t  ~~~~~ U t  1’ 1 ij t , . l  I (‘SU It S

.1! lf l’ I SQl ‘,: 1 no; t ul . i i  ~ li. ’ ,t by Ho’iati dnd 1’ .’ sol ‘it ions obtain ..’ , by

: 1 I : I ’ m ~0 ’ s  .m ’ .;,, I. !f ~~ 1 , ’ : ,  ~Iv . ’  the  l int’ ,ii ‘o:,~ I n  n t , it . 7’.’ uu1;:~ .I1.’~v

I ‘ : ,~~‘ 
‘
~~~~‘ 1 . :  1 • ‘i a’, l ouis .  Tht ’ d a t a  for Hogan ’ s .‘x ,im; 1. ’ a t  .. ‘ r . :  z o ’ , ’..

11. ‘In .1~
’i’
~’! l i x .

2 .  E~ u : . :  : . .:- o, a Y’I U % ’.. .’

rn; • ‘I : 7  :Vt ’ rn,m! .,’ ‘.‘L i  h underlIes I L ’ ’  I iL: model COf l 51s t ,~ ‘1

•, ‘—‘, ‘ C l  ,)n ;5.’S II .1 . 2. 2.1 , SliHil i ‘‘L I:: I ‘ ~fls:irner,’, , and tw o  . 1,’ir t~
,

; ‘ ~ , i ’ . . ~.i’ ’1 I:. I : ., m i  ‘ 1 ; .  2; , in * 1 ‘o!juiim ii I ’ ’  ; > ‘ ~ i :. . Tb’’ ~~~ 2 1 i~ ’r:~

2 ‘*1 ?. 1 : ‘ : ‘‘1’ .’’’ I’ rn~ n 1:z , : , : ur’ ,it .1. ’ ‘:oi s.l ’ , 
• convert i a ’ t  or ’ ’

~~~~~ t~~ . :, ‘ n, ’ 1 ~rn, t h e  ‘t o o l ’ . , ‘ - ; i s ! . i l : I n u  U ‘ ‘ N t  h . ~‘ uv ’ 1 ’  lo t,  to

and ~‘‘ 1 iv ’ ’  ry  of :;‘~n irn . ml ‘ 1  . ‘ : ‘ ~~t : , ,  m : ~ 1 charqinq  a I r ‘.‘ for 1 1 , ’ .,

u ’ n~~~r n ” n  ‘.~u n ’ , m : . ’’ consumable : • ‘ t ’ . a t  1.’v~’ 1s k’;.’ndi’nt

~~~~~~~~~~~~~~~~~~ OI ,i. i z , ’ d s .

~l l 1 : . n ~
.’ th~’rc. .mr ~’ fl >n-.::’,)lni,lt’I.’ ; “o.Is. Ir’ t ~ ‘~~~ and I ‘

‘
~ u’’ n ’ ’ ; i s ~ N’ :~ :;nir ’i; t 1. ’n l( ’V. ’ 1 t ;~~‘ i ’ l ’ , ‘tc’od . and i’ i s t hi’ n ice

hi ’ I h, ~‘j . For a •‘ r ’ . ’e ived demand i of consuniabi ‘ io. . i r ;  
•

SIIj L I  Ii’t~~~~’. 11 lm i t ; ” ; r i’ ~ ~‘t n ’  I~~~er than P5
(q) ~ R~~. The consumer.

.Ii ’ s i r t n ’ ~ leve l ; “if consumable qoods , is w i l l in ’ .j to i’ay no rnoy.~ than

I 1’” 5 1 ;)  1- ‘~~ . A m a  rk r! epI i i i I i irn is a W a n !  t V vv ‘~~ o r :  and

m price V . ’c t o i ’  i ‘ i i  i i  ~~(q)  ; (q )  . That is , at I ! i ’( ’

—2—
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the  markt,’t for  a l l  goods w i l l  c l ea r . The producers w i l l  supply at

pr i ce p a I m ~\ c i of c o i i ’~i~n ab l c ~‘‘ods q wh ich the cons~~ers are wi l l i ng

to 1 t ’ ~ h :i’~ ’ .tt pr i~ c p. The supply rel ation PS 
is typical ly  de termined

In. the solution of a cost minimization problem modeling the engineering !

technologi .d procecses inv o lved in conversion of factors of produc ti on

to delivei ’trd consumable goods . The demand relation is tradition-

ally a behavioral model econometrica lly determined from historical

data. The following example will illustrate the determination of

the supply relation

Example 1. The supplier converts two factors of produc t ion

into two consumable goods. The factors cost c
1 

dollars  per unit ,

i~ 1~ 2, respectively. The total cost of converting x
1 

uni ts of fac tor

on c and x~ units of factor two in c
1
x

1 
• c

2
x
2
. We assiune a linear

technology, tha t ‘~ for fac tor le~els  x
1 
and an m ount

• a 1, x 2 of good one and an amount a,1x1 
• a22 x

2 
of good two

will be produced. We ass~ ne there is a demand of q units of good

one and 1 unit of good two . The cost riinimization prob l em faced by

the suppl ier is the following linear program :

minimize c
1
x
1 

• c
2
x
2 

subjec t to

a 11x 1 • a12x2 q

• a22 x
2 ~ 

I

x
1~~~

O , x
2 — O •

The dual linear program is given by

- 3 -
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maxim i~ i~ qp
1 

• p2 
subject to

• a ,1p 2 C 1 ,

• a ,2p2 C 2 ~

p1
.O ,p

2~~~
O .

The dua l prob l em is illustrated in Figure 1.  It is assumed th~.t

the supplier will pr ice  the con sumable goods at marginal price levels

p 1. p2. The dua l linear objective function is a line qp
1 

• p , in

the p
1 

- p
2 

plane . For gLO , the optimal dua l solution is the extrt’r..e

point 1 , (O ,~~ ). This remains optima l as q is increased until the

ob)ect ire function is parallel to face I - 2 . At that value

of q , every poin t on the l ine  segmen t between (O ,
~ 2

) and (
~11f,2 ) is

a dua l opt ima l solution . As q is increased further , ext reme point

~1

Figure i .  Supplier ’s Dual Linear Program

2 , (
~1~

12) becomes the unique dual optimal solution . This behavi or

is repeated with face 2 - 3 when q is increased sufficiently to

make the objective function parallel to it. For larger values of

q, extre”c point 3 $ (p 1,O) renains the unique duil optima l solu-

tion . The relationship between q and p1 is illustrated in F4ure .: •

— 4 -
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Figure 2. Supplier’s Price vs. Quantity Curve

The consumer ’s demand curve is obtained by fitting historical

data to prespecified functions (see FEA (~1. Halvorscn (81). In

part icuLi i’, a l i nea r re la t ionship bet ween the logarithm tn(q~) and

the logarithm s ~ii (p.) is postulated . Thus, for the case of n consum-

able goods , the demand relation is determined by the following set

of equations:

4 0 0 0tn(q 1/q 1) = e
11

tn (p
1/p 1
) • ... • e

~r~ 
tn (P /p~)

4 

tn(q~/q~) c~ 1 tn(p 1 /p~ • • . e~~ tn(p~/p~) ,

where c is the elasticity matrix and q , p are fixed reference values

.4 . 0 0of p0, that 15 , P~(~ ) P

The market equilibri um for n=2 is illustrated in Figure 3.

It should be noted that p ,  the equilibrium price vector , is not at a

value given by an extreme point of the supplier ’s dual linear program .

Thus, if q were assigned the value q in the supplier ’s cost minimiza-

tion prob l em and the simplex method was used to solve the resulting

-5-
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l i n ’ t r  ~~t ’ g r . t m , one t . ou ld  ,~( i t a i I i  e ither j or as op t ima l dua l v.ii ’~ illt  “~

and not th~ equilib rium value p .

—.__

Figure 3. Mark e t  Equi l ib rium

For the case of n const,na:ible good s , the  equilibr ium quantity

q and p r i c e  p and f ’. i ct o r  l eve ls  x for  the  c o m p e t i t i v e  m ar k e t  h n t h

supply modeled as a linear program

minimi ze < c , x~ t o t a l  cost of produc t io n

A x q deman d requ i remen t s

b non-demand constrajn~s

x 0 non-negative factor levels

and a log-line ar consumer demand model

0 0 .tn(q , /q.) L ~~~ tn(p ./p ) , i=l ,. . .

i s a t r ip le  (q ,p’,x )  ~ 0 satisfying the following equilibrium cond i-

tions.

(EQ. 1) x solves: minimize <c,x~ subject to

Ax ~ q , Sx b , x 0

(EQ. 2) For some multiplier s , (p* ,c’) solve the dua l

problem : maximize <q’,p> • ‘cb ,s’ subject to

ATp • BTs ~ c , (p.s) ~ 0
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0 0
(EQ. 3) tn(q~/q~) E e

~j 
tn(pVp.) ,

j~ l ~

In non -technical terms , the equilibrium conditions put a constraint ,

the dem and rela t ion , on the opt ima l dual solution. The constraint

relates the optimal dua l solution to the cost coefficients of the

dual linear program . We note that it is incorrect to solve the

equ ilibrium p r o b l cn  by i n c l u d i n g  the demand constraints in the sup-

pl~ cr ’s l in ear pr o~ r trt . The following example illustrates this point.

Example 2. Consider the supply linear program minimize x

subject to x q, x 0 , and its associated dual program

m a x p q  subject t op
< 

I , p~~~0 -

The ol’ t i r:tl dual pri ce is p ~ I for any q ~‘ 0 • Suppose the demand

rel ation is given by

~(l-q) if 0 ~ q ~ 1
p0(q) = .

0 if q > I

The equilibri um , as shown in Figure 4 is p I , q’

Figure Equilibrium for Exa~’p1e 2

fl LT~~~~~~~~~~~~~~~~~~~~ 
_
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I f  i~~ i ncorporate the demand relation into the dua l linear program ,

wt obtain the problem

maximize p(l—~-p) subject to 0 p ~ I

whose solution is p• •
~~ with corresponding q’ ~~, wiich is not the

equil ibrium point of the original prob lem. The equilibrium point

is ch.iracterized by finding that value q of q which , when qJs fLxc d

at that constant value in the supplier ’s l inear prograri yields a

value p of p which s a ti s f i e s  the demand r e l a t i o n  at q .  Incorpor-

ating the demand relation into the supply l inear program h;t~ the effu .~

of changing q into a variable in the supplier ’s prob l em , which is

incorrect if an equi l ibrium is desired.

3 . rh • H~ ~~~~ tI:~; Ex.u~~ I”

As an illustration of PIES , Hogan (
~~ descr ibed a simpli-

fied situation which included the major aspects of the PiES model.

We will use this example to test the feasibility of Newt on ’s ~ethoJ

as a solution technique for the market equilibrium problem . Figure

S illustrates the structure of Hogan ’s example. The factors of

production are coal , crude oil , steel and capital. The consum able

goods are coal , l i gh t  o i l  and heavy o i l .  There are two coal min ing

regions , two crude o i l  d r i l l i n g  regions , two oi l  ref ineries , and two

demand regions. Coal can be mined at three d i f fe ren t  levels  for dif -

fering production costs. Oil can be drilled at two different levels

for differing production costs. For example , consider production

of coal in region 1. To mine up to 300 tons of coal will consume $

— , ;~~-

~ 

— - - -~ -- - - - -~~ — . .-
~~~

-
~~~~
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1 u n i t  of c.i ~ ’ i t t . tn .. 1 t u l i  of ,tet~l i cr ~~n of  coa ’. , and h i l l  co ’

S d o l l ar s  per ton of c o a l .  The ~a r t a h l t ~ c
11 

represents thi~. level

of coal  1~r oJu ~ t ion . Ad.1 , . t  le! .. l ~:od~ ct ion a!~ovc 300 t~~ n~ t . p  t o

600 tons of coal c o n c t ~- e~ S u n i t s  of ca;~i t a l .i:~d 2 tc .r.s of s t t - i l  u r

ton ot coal , a:.d costs b do l i a r s  I c r  ton . 1 l~: I c~ 1 ~ cs ’.~ 1 ; -

tion above 30e~ ton,. s de~:ot ed by c 1 ~~. B etween ( O~’ and l~i~~i t c n ~

of coal ninod , eac?~ - - f coa l rt~~:jrc,; 10 units of c apita l . 3

of steel , and co~,t s ~ dollar s per ton. TM ~. ev e  I of  ; • .~u . t • on i

denoted ~~~ c 13 . Thus , t~ e t o t a l  to’- ige of coal ~w;cd in  rc~~~~’n 1

is c 11 • C 12 • c 13 , where  0 ~ c 11 ~ 300 • 0 ~ c 12 ~ 300

0 ~ C 13 ~ 400 . The t o t a l  cost  of t h i s  p r o d u c t i o n  i s  Sc
~~ 
. ~‘c 1 1 •

and r e q u i r e s  l . . . i  • 2-c 1, • 3•c 13 tons of ~.t c c l  and

• S.c~2 • l0~c 13 u n i t s  of capital. The cost curve for coal

mined in region I i s  g iven  in F i gu r e  . .\ sim ilar anal :i ~

to the othe r coal and o i l  r egior ~s. Data for those regions are givcn

in ~... ~~, ~~~~~ ~1x

cost , r
t on

6

S

4 4

300 600 1000 coa l ( t o n s )

Figure ‘ . Cost Curve for Coal Region 1.

— _ _ _
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Coal j c  transported at level cT~~ from coal region i to demand

region j  at a cost per ton given in ‘ ~~~~ ~~
-j  ~~~~~ U. 3 . -  41 1$ i .:. ’ --

por ted from o i l  rcgion i to r e f inery  j in a quantity oT~~, where it

i s  r e f in ed i n t o  a f i ~ eJ opor t i on  of l i g ht and heavy o i l .  R e f i n e r y

1 ~cn~ t ’rt s ~~~~ of i t s  c rude o i l  into l i g h t  o i l , w h i l e  r e f i n e r y  2 con-

v e r t s  ~~ of its ~ruJe o i l  i nt ~ light oi l , t i g h t  o i l  L . . and heavy

oil H are t ransported fran refinery i to demand region i .  The

tr .tl v.;~ort at  i o n  cos t s  f o r  c ru de O i l  oT and refined oil 1., H, are given

h i  t t . ’~ •‘ :  ~: :1 ix.

The l i n c a ’  p i o g r a m  representing the m i n i r u .~ cost of production

and deliv e ry of consumable good s to meet a demand q R 6 is of the

form

mm sub jec t  to

A~ q demand r e q u i r e m e n t s

Bx 0 t r a n sp o r t a t i o n  f l o w  ba l ance

t. ’. ~- a factor of produc t ion  upper bounds

h steel a~d cap ital resource constraint

x 0 n o n - n e g i t i v e  f a c tor s  of produc ti on

The conponcntc  of x represent the l e v e l s  of product ion of coal and

crude oil , levels of coal transported to demand regions , levels of

crude oi l t ransported to refineries , and levels of refined oil trans-

ported to t~ e demand regions. The coefficient r~ is the unit cost

of the a c t i v i t y  associated with x .  The vector Ax consists of levels

of consumable goods Jelivered to the demand regions. Bx represents

the concervat ion of material ; t ransported through a region or re-

finer~ Fx i~~ the bector of steel and capital consumed in the

proc es s ing  of f a c t o r s  x.  The equations and inequalities given by

- 11-
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t h i ’  l i n t  a: p r o g r a r .  are detailed in ‘n~
.

The demand rela y. jotiship b ( ’ t I e c I l  the  des i red  quant  ity of a c.

d’le good i f l  i p a r t  i cu l  .~r demand region , q .  , and the p r i c e s  con—

11 i n g  p ay  for such goods , {p j  ~l .  . . ,6 , is given

0 6 0Li 1 e tnft P~) , 
1 — 1  

0 0I n c  -..& !ucs ~- t  he d a t a  q . p and e~~~are given in ‘~~~~. • - - ~~‘. : . x .

~~ .~~~~ ~~ ion A •

The riot t i o~ . f or  th~ I I  \~~ s o l u t i o n  algc irxthn for conputi :.g

the ~arkct u-~~i 1 ihrjum in the PUS model (Hogan ~~. F l \  
~~~~~ 

)

low s r - . . ho o~~s c r ’. a t  ion that f i n d i n g  a zero of a gradient riappi::,

Can , ~r du r suit able cond :tions , be repl aced by riin ini :ing a sc a l ar -

v a l u ed p o t e n t i a l  f..;~ction defined in term s of t h e  2 i n c  i n t e g r a l of

t P -  g r a d i e n t  p p i n g  (Ortega and Rhcinboldt ( i ~~ ) .  Th i s  o b s e r v a t i o n

can he applied t o  the riar~.ct equil ibrium problem in the following

manne r. The ~uhn- 1uc~ er conditions for the supplier s linear pregra-~

(1’) wi th per ce ived demand q•,

(P) aim <c ,x ’ subject to Ax q • Bx b • x 0

are the  cla cc ical coaplementarity conditions (Luenberger l~~ ):

there exists x , p ,  s , such that



( I )  c-A
T
p - BT S, ~ 0 , x 0 , <x , c-A 1

p’ - 8
1s >  a 0

(2) Ax - q’ ~ 0 • p 0 , p ,  Ax - q ’  0

(3) Bx ’ - b ~0 , s 0 • <s , Bx - b~ s o

The demand constraint is given by

(4) p• a p0(q•)

Note that the equilibri um conditions (EQ. 1) and (EQ. 2) of the prey-

• 
~
. ious section are e q u i v a l e n t  to c o n d i t i o n s  (1), (2), and (3), while

e q u i l i b r i u m  c o n d i t i o n  (EQ. 3) is e qu i l v a l e n t  to equation ( 4 ) .  Thus ,

the four condit ions (1) - (4) de t e rm ine  e q u i l i b r i u m  va lue s of con-

sumption q u a n t i t y  q ,  price p ,  production factor levels x , and non-

demand constraint multip liers s • Suppose p0 is a gradient mapping,

that is , for sone function g:R~ -, R

(5) p0(q) 
a Vg (q)

The Kuhn -Tucker conditions for the non-linear minimization prob l em

(NLP):

(NIP) mini m ize <c ,x’  - g(q) subject to

Ax-q ~. 0 , x b , x 0

are the following:

there exists x , p ,  s , q such that

(1’) c-A1p - ~~~ ~ 0 , x 0 , cx ,c-A1p - BTs~i~ a 0

(2’~ Ax - 0 , p ~ 0 , p ,  Az -q > • 0



( 3 ’ )  - b - 0 , , = 0 , <s , Bk -b ’  • 0

(4’) — V~:(q ’) • • 0

Usa ng (5) t o  s t i t ~~.t  i t  n t  e ) for ‘. g (q ‘ ) in (4’) , ~~ ~ c ’  t h a i  (1’ )

(2’), (3’), and ( 4 ’ )  ar c i d e n t i c a l  t o  ( 1) ,  .
~

) , (3) , a~~d ( 4 ) .

under the assuxnpt ion t h a t  P [) j s  a g r a d i e n t  n.t~~ A ng, we can r c p l a ¼ c

the equ i 1 ib r i u m  proti torn w ith finding a Kuhn— ~no ker ;~o m t  o: the no:

l i n e a r  p rogramming  prob l em N 1 I ’ )  . ~h m ~c~~er  . P0 i s  a g : . t d  u - n t  r n a p 1 - m n~

in a not gh~~ rhood of a point q’ i f  and onl y i f t h e  ,kr ~ at iv c p 1 (q)

i s  s)llmiet n c  for q in  t h a t  ne g l~h o r h o o ! (0: -t ega and R h e i n b u  ldt 11 n~

p. 9S). This condition does n t  hold for t !~~ P I t S  nodol p0 ~ n:~~~t m L ’ n .

To ci r o : r~~ o: i t  t h i s  di f~ i cu l  y , he .11 go n i  t hn uscd in I ‘\ C f7 J

e m p l o y s  a :ero C t O S $ . - c t a ’~t i c i t y  ip r  \~~r~at  i on . th.~t i s , the ori~~ n~ l

demand r e l a t i o n

th • • 
~ ~3 1p ~ ) i a l ,... ,n

j a~

i s repl aced by

0 . 0(6’) tnq a • c n ( p . I p . )  i~ l ,... ,n

This yields the con ~~ur~er dc — m d  function p0 
wit h compon ent s

0 0
(7) p0(q)~ ~~~ 

•(q
1
/q

1) 
‘~~ i•1 ,..• ,n

which has a sy~~etnic deriv ative. We are now faced wi th solving

prob l em (NLP), with g given by

—
~~ 4—

I



‘L I
(8) g (q )  ~ 1 I p,(a) da

i~~l 0 “ ‘

Since the elast ic:ti es e , ial ,...,n arc negat iv e , each p0(q)1 
i s

m o n o t on e  non - increasi ng, and h O  can thus approximate (-g) by a piece-

wise  l i n e a r , convex function whose value at any q can be represented

- • as the so l u t i o n  of a line ar program with q appearing as a constant

in the constraints. Thus , replac ing (-g) in (NLP) by a linear pro-

gram , we arrive at a large linear prograri of the form

(LI’) mini m ize <c ,x~ - <a ,z subject to

Bx ~~b , Ax-D: • ~~d , F: •f ~~q , x ~~0 , z

which  is  an a p p r o x i ’— a t i o n  to  (~ t P ) ,  whose so lu t ion  y i e lds  an equi-

l i b r i u m  po in t  of the o r :g i n a l  riarket equilibri um problem . The details

of the approximationc and forru la ti ons discussed above can be found

in Hogan f9~ • and FEA 1 1 1 .

The FEA solution algorithm proceeds as follows. The linear

prograzwling problem (LP) is solved to obtain an estimate of the

equilibrium price vector p .  If p is not ‘~close” to p°, a new “base

point”, q1 , is computed by setting p • p in (6). A new zero cross-

elasticity approximation is made about (q1
1p 1): that is , (7) is re-

placed by

I 
(~~~)

(7’) P~(~)~ P (q~/q1) i•l, ~~

— i t ,—
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The pro~ css of ap p r o x i m a t i n g  g in (3) and s o l v i n g  (LP) is then re-

peated . The a l g o r i t h m  can be wr i t t e n  as f o l l o w s :

i) input q0
, p

0 and (e
13

) ; set t • 0 .

ii) replace q0, p0 in (7) by (qt ,pt)

iii) use (7)  and (8) to fo rm (LI ’) and solvt for (x,z), then

compute p .

iv) if p is “close ” to then “solution” has been found ;

t•lif not , set pep ’ in (6) , compute q. set q q

p
t+l 

• p ,  set t to t.l, and return to (ii).

Let (q0 p0) in Equation (6) be called the center of the demand curve.

Step (ii) at iteration t has the effect of shifting the demand curve

to a new center (qt pt) where the zero cross-elasticity approxim ation

(7) is then made. The point (qt ,pt) is always chosen to lie on the

original demand curve centered at (q°,p°). This is illus trated in

F i - ~~.:~ - 7 .  - r m t i ’  - : - - ;: t . - r i~l .~~ - l .  :.~~~‘; algorm ’Sr - o n v e r c e s can r~-

• • . . n i  fl c.: t 1 j .

p

t~ shifted demand curve

p0 original demand curve
I q

q q
0

Figure 7 . Shifted Demand Curve

— I €- —
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N~~w i m ’ Me t hod ~or t iI.i.~ E~j~i iu i br iu ~m

The market equi librium for the PIES model is a quadruple

(x ’,p’,q~ ,s ) satisfying conditions (1), (2), (3), and (4). Let

F: R L f l  
‘ be defined by

r; 
:

T 
~~ 

..:~(9) F(x,p,s,q):

0

I n a n vand K: • R R , where I • m.n’v , x c R , p m R , s c R • arid

q c . Then the equilibrium conditions can be written, u~;ing  the

n t . m ~ ion of Jos’-~- h~ I l l ) ,  as x ,~: * , s* ,q * soivinq

(10) 0 £ F ( x ,p,s ,q) . N~~(x ,p~ s~ q)

The l inearization of (10) about ~~~~~~~~ is

c 1 
~0 -AT _BT 

~~ 

1 ~~
0 A 0 0 - I  I p

(II) 0 I. .N~ (x~p~s~q)
-b 

• • 
B 0 0 0  s

I 0 -P$(~), q

This corresponds to the linear coaplementarity problem obtained from

conditions (1), (2), (3), an d (4) by replac ing (4) w ith



( l a )  p ( ( p0) — ( i ’) , ~b ere  ( l ~~~~— ( q ~~: 
~~~~ 

• p~(~~ ( - ~~ -
~~~~)

Thus , ~ em ~t ~ :, ‘ ~ r e t  h i  i r a t  i i  e ly  so I c— t h.. I i  r ica  r cor~ ’ i t -n t  . 1 : : !

proble:~ (I), (‘
~~ 

, ( 3 ) , ani  ( 1 2 )

• ~~~~~~~~~~~~ .t ~o ,~~j - ,u - -

i t  n.m . .- • - n - -n- h: . :0 ‘on . - : h y ( 1 1 )  ~~~~~~ ~:,- w t o ~~’ s ~i, -~~h~-d : -.~, - r . ~~: - m ~~i zed

n -  • wl;.o~ aI-; I : t h. r m o ~~ 1 n t - a m  : - r - .  :.~ ~ 2 • 
— 

2

- - in a s~- ;a. -r .  - . -  ot  I m:u m r - ‘rn~ I~
-r r . - r t . , ~r i t ’~ I - r i ) i~i ..m s  . ~~~ h i . t

~~~~~~~ how • n’ tY 0021 ) 2 f l i - . •- .~u i 1  :z r m u r ~ ; r o t . I ’. m ‘ • - . P 11- . .- n - :

- ‘ . :n a n - n i  m n . - a r  . .~~~~~i; i . ’n, - o t . m z i ! y : :- . - r-. . ~~~~~~~~

-~~~~ l~~h r i u m  solutions t a  Pt!-::- , ‘a.- solve liro-a r :; ~‘ - r .• : ‘ . , m  .
~~ :~~:

~‘h. seA-a : ~~~ . - - l : r i  - 0:. w .- w i l l  ~-~e 1 -  i i ~ik . - ’~ - r :  • - r m , - n ! - m ! ; i v(- )t

- m l  ;~~~ithm ( . o t t  i c  mi : ! t i n ’ .-~ m~~ 1 4 ) ) .  ‘
~~~

- all I ~n m i  c ’omp lementmi : 1 - -

;-rob lems •i r ’  solvable y emkv ‘ n a I r~~oi I • ! l( ) wPV ’-r  , : ! is - n-~~: 1:

:0 n ( -m - hy 1 4~~ 1- mt  data ~ v,-:- hy Hooan • h’ It near - -
~ I • n . :. t m r

hiems ‘ - - - a l t  i n  i r - m  •i~ i y i n m  N ’-wt  on ‘ n n~~t }: .  d 1 :~- n . - r - a 1  I ~ (— ( i ,-  n m . —

t~~or~S - H . ’~~,n ’ S • - X - U f l~ I c  m r ~~~ ’ ;o i v i ! 1 . -  by T mkc :- m 1 ~~ - r i t ! m i ~.

1. 1 - .ii~xnm ri.~’-~ h . ‘- . m i l m b r m a r  n : m n t  i t  i o n  and m i r . n 1

Hoqan ’s t- xi 1.- . O-~ 1 urru-m 1 - -~~i t 1  I fl t n — ~~~~ ’~ :ih l I ~hc1 ~~~~ U I  1;

va lues. - n - ~iu m n  e o n t a m n ~ the p i : l i I i i ’ i m  v a l u .- - coafli:.’! by N ’ w ~~- - : - ’~-

method as developed here, wi th  :e- m~c ’s ii- ;ori thm , i I - t - I i # ’ 1 • t h e  l i n e a r

m~ 1’~r n m- n t  a r m  ty :-roh letn. Th” c o m m  I ibrium values in col m m  3 are

-
~~ 

- ‘ i t  c i as w ’-r ”  those of Colur,n • c x  -; t . h m t  h ’- I ! — 1 :  i o ’n m I

elements of hc .- c ’l a s t  i c it y  m a t r i x  a re  Se’- ’ to z .r . I n  “ — ac-h c ’ase
in which Newton ’s met1o~1 was appli ‘-~~! ‘ - t h e  P iu i l .ib r iu i f l  nonlmnr- ar

e.Jm~ icn ~—nt -ir :ty problem , ‘ ov. T . i C f l e o’ urred in  thr c— e’ l i e r a t i rmmm

-18-
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j

TA1~ILI I

EQU ILl~ R 1LJ~’l QUAN TITI E S ANt ) PRICES

Newton with Zero
Newton Cross-Elasticities

q1 996 1016 1029

q2 910 912 913

q3 1205 1201 1212

q4 1229 1223 1205

q5 996 998 1012

q6 1020 1011 992

p1 11.3 11.7 11.6

I ~ p2 13.4 13.7 13.6

p3 15.4 15.8 15.7
4

p4 15.6 16.0 15.9

p5 11.5 11.9 11.7

p6 12.0 12.4 12,7

L

-19-
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h
1 : 1  I’’ss t h i n  I 

— 

. i l . .-  ~i t  .-  ia. • : , ~ v a l  o- 1 . - ’  m ! .

I ~ :. t -lumn 2 a x .  du.- ‘ n , cr ior  ~ n t i a  ‘ - 1  if l  • : .

t i  :u I. ‘ n : .  -~‘ i . -n I f l m t • 1 1  ran ~~i~~~’-; ~~ :- r o x l r a ’ -~ i-~~ :‘n. • n.

: 1 . - a :  - I :1: 1. -o h . i ) . ~ hrm 11) ha~ ~how:i t ha t  • .1:: : t - r

t a  I t  - o : : t  m a n - ., , t h o  F F A  algorithm wil l -onv -ru. - to an ‘- n. j l i l t :  ,si~

i f  :.: ) l a ’ : . - t~~ a: ( :- I  I is solved a t  ‘-a . - l .  i ! . - r - m t ~~~’i: .

.~~~: :.• .1 l i n t  s ’he :1 i br i -a i r  v a lu c s  • x al I c - n  v a t  ~~~ it ” .

The -
- • t : .  -o~~- :r m bo th  ,il I m - :  i s  - 1 . - f i n ’-  I in  n,_- a:

~ows 1 m: 2 .1 ml I • 3 1 : 1  • 1t ’  opt ima l ~!u.t I r i - ~~e; ~or • n’

- - . :  - - -  ‘ ~ 1 1 : c - -i r i o- :: ~mr~ when ‘ ~ i xed d - n i m n , l  S ‘ .- ! t 1. ’- tn

e ~~~ i i  - : : 1 - .m ~r m :  ~~) I • :.- -  n . - wt -i —- . na u t  ed •-~;ui  11! : ; : r .  The tl:i ri m o w

of 1. -  3 j i  -~~~~~ 
• . - ! . a l  : c- f t  the ~u ;- ; h e r ’s l i nea r  I-rocraz ~

— i  ?i : x . -  h - i ~~m r , i a -a- ’  . • 0.-  h •w t - : n  e m :  I :1- i i a r  w : t t - . g
1 

- 0  I ’ - - m : ’ -

by .1 percent . These numbers were obtained by applying the simplex

method to t h e  supp l i e r ’ s l i n e a r  program .

The numbers in Table 3 indica te  tha t  the dua l feasible region

has extreme points whose price components , as listed in rows I and

2 of the Table , arc not close . However , a small change In only one

component of the dual program objective coefficient vector causes

the optima l prices to jump between the two extreme points. Also

note that neither dua l solut ion is the equilibrium price vector.

This type of occurrence is discussed in Section

We remark in closing that the generalized equation fraaework

is eminently capable of modeling equilibritan problems containing

equations or unconstrained variab les. kn example of a more general

equilibrium problem than that discu~~~i~~~~ in thu naper is the fo1l~w’i~~.

-20-
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1 ,\hI 3

DUAl . I. I \~ A~ I’ u~;!~A’-I I ~ ici5S

p 1 p2 p3 p4 P5 P6

Hogan 8.5 10.5 16.4 16.6 2.6 3.1

Newton 37.6 39.6 45.4 45.6 416 42.1

Newton with 
-

.i~ q. Change 8.! 10.5 I - .-I lti .t’ 2.:’

I’ i s  of i n t . - i - - - t  to  - n iu  i~~- t h . -  ~‘f l . -  t I  t 3 - ~, -- . - n . - i a ’ , St~~~t~~ -t

Un • e l  ~ t i t, :;  .- - - . - : i - - ‘
~~ 

-
~

- - n h. c -un  m y  J~~ 1 wn~ 1 - -  (~~et’ ~nk  i i ~ 1 .. 31

Uoq.w and M mnne LI I ) . cnt - .:mj ~ 
i m  ~m - h  ~~. - - - i i  : z - :  • h i s  - I I i- . is ¶ -

— inc lude , i n  t h ’ -  n~ a uc ’C- rm ’ ~~ : - n - :  a .  L T m t I - - 1  , !~nt~ - r ’) ’- - -nolna c -- ~~u .t t 1 - - n : -

rci~~ m n.~ h- . m - v t ’ l  01 c - r - - a ~~ • - 7 - : - . : . -  both i i  ic - m s  1 a s - ~i8 an - :

t o  na o.-~_ un,n: -.- i x  iab 1 es - - a  as at  ons na t iona l  - r m ~~iu ~- t . The -.-

itH i ’ ;o : m a l  ‘ ~U1 ’ 1 : 8  -at i  £)e l r m . - O r : c ’ x - m ? , - . I  I n ! , the ‘ - ; i i l i l m i  mum f , r ~ t u h m —

I n . i n I  7 , -  ,-  ~ : :  - t i s  -u s u . - I m : ; 0 5 m 3 h ’ . 1 111 in  be i~ 1 : - i  to

I e-~u i !  m utt l n : n.-~ j . i~ i o n  - _  I t i~.- en 1ar ’x ’ ~d m- -~ut 1jbr m .;n t -  : ‘n. .

-2 2—

— 5-- -- 5 -  -5



APP E N D IX

DATA FOR I~)GAN’S E XAMPLE

The following notati on is used :

c1~ : coal in coal region i at increment j .

oi l  in oil region i at increment j .

cT~~: coal transported from coal region i to demand region j.

oT
3
: oil transported from oi l  region i to refinery j.

ligh t oil t ransported from refinery i to demand region j.

H
13 

: heavy oil transported from refinery i to demand region j.

TABLE I

QUANTITY AND PRICE NOTAT ION

Quantity and Price G~~d_ Region

q 1 1 p 1 
Coal I

q2 , p 2 Coal 2

q3 , p3 Light Oil I

p4 Light Oil 2

• PS Heavy Oil I

q6 
Heavy Oil 2

The following data specify the supply side of the economic

equilibrium problem.
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Coa l j~i J u m - t m ~~ n 1~ v eI  l i m i t s :

coal !eg~on 1 : 0 < < 300 • 0 < C 12 < 300 • 0 < c 13 ~- 400

coa l  region 2: 0 C < 300 , 0 < c,, < 300 • 0 ~ 
C 600

I 1’:cJu~t io n  lev e l l i m i t s :

oil re~ 1on 1: 0 011 1100 , 0 
~ °l2 

1200

o i l  region 2: ~) O ,~ < 1300 , 0 < °22 
c 1100

m on f!ow bala nce:

coal  regions:  c .  • c. • c. - - ci. - ci. - ci. ~ 0 i~~l , 2
11 i2 ~a 11

o i l  regions: °il  • °i2 
- oT~1 

- 0i
i2 

• 0 i R I , 2

Ref incrL ldsj

Refinery 1 Refinery 2

Li gh t Oil .6 .5
Heavy Oil .4 .5

Tr~nmsj~9rtat ion f l ow balance:

light oil , refinery 1: L~~ • L12 
- .6 (oiii 

e 0121) 0

light oil , refinery 2: L21 + L22 - .5 (0112 • 0122) • 0

heavy oil , refinery I: H11 • H12 
- .4 (oi~~ • oT21) • 0

heavy oil , refinery 2: U21 • H22 
- .5 (0112 

4 01
22) 

- 0

t~cmand Constraints :

coal: cT11 
. c121 ‘ q1

c112 • cT22 ~ q2

light oil: L11 • L
2
~~ ‘

L32
.L 22 ’q 4

heavy oil: 
~~ 

• H21 ~

H 12 . H 22 ’q 6

-24- 
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Resource const raints

stee l CS): 12 ,000. > c 11.2c12
.3c13

.c21.4c22+5c23
s40

12
+20

22

capital ()~): 35,000. > c 11 .5c 12.l0c 13.c21.5c22+6c23
.100 12 +15022

Production cost function:

Sc 11 ,6c12 .8c 13
,4c ,1.5c2,.7C ,34011 +l.5012

+l.2S021~ l.S022•

•cT 11
.2.ScT12

.O.’5c121 .2.”5c122.8.5oT11
48oT12•

•1O .~ oi21 .7oT ,~ .L 11 . 1.2L
1

.L 21 +1.SL 22 •H 12 .1.2H 12•

.1.51122

The following data spec i fy the demand side of the economic

equilzbrium p roblem.

The initial center point of the consumer demand curve :

q° a 1000, 1000 , 1200 , 1200 . 1000 , 1000

p° 12, 12, 16 , 16, 12 , 12

The elasticity matrix e:

0 .1 0 .2 0 ’

o - .7S 0 .1 0 .2

.1 0 - .S 0 .2 0

0 .1 0 -.5 0 .2

.2 0 .1 0 -.5 0

0 .2 0 .1 0 -.5 .

—25—
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Newton ’s method is -i w e l l  known and often applied technique for computing a
zero of a nonlinear function . By using the theory of generalized equations, a
N ewton method has been developed to solve problems arising in both mathematical -
proqraa.~inq and mathematical economics (see Josephy (11)).

We show how Newton ’s method for  genera l ized  equations can be applied to the
economic equil ibrium problem of the Project Independence Evaluation System (PIES)
Energy Model. Solutions to a simplified version of PIES are obtained using a
‘;.-w on method , and comparisons are made to solutions which have appeared in the
literature (HoQan 191].
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