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- I .N IF I CAN CE AND EXI ‘~~~AT I  N

• P roblems ~ r -
~ :~ -i in • I ~r t x . tnpt . •  • I hy ’~:~~s • 1 .oloq y and chemical

rea’-to: l ead to boundary v.i 1w’ problems f , z  ~~~~~ 1 :i.’ .~~: eli i jt  1 equations .

The ~u~’stion of identifyiri~ for which non l inearities these se*ilinear

~t~~b i ’ z~ . have soLutions i : .  by rio medus set t led . Rou ghly ~pe~ k i f l q, nonhm-dz-

ities which grow too r a p i d l y  y i e ld  unsolvable problems whi le  under other

conditions on the ;rowth existence can be proved . Here we improve some

conditions which were previously known to guarantee the existence of

•~~~xt ive solutions of such problems.
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A P~~I~~R I ; : M A : ~ ~~.: i x .  r .  zsutrs r *  - - : ;M .i ri r uilc I- i.

SI _  I . .

: ru I ~juu .

• .u~ •- r w~ ‘ .~~ .I~ r ’ ~~. II ~~ r u-i : r I- ••r i i i  .1 - ‘ . ‘ii • U

- .~u~~~~ (’ -. ’ in  ~~~~ .

U)
u O  on

f is a q v,’: ~u- r~~.ir ? .r i~~r; h th.t ( (01 — . ~~~~ ~ is a bo,.,nd.4

cioS.atn in ~~~~~ a - -~~ .- L I r y .  * \ ‘ .- -i tj~~~~° ~
(‘f .  I!~ a .‘ ion .f Ii). so i.. ~~~-

- :  a i~~n— t x t v i s L  sot - ( I • ar~i ~ ~us1 ly — ‘  s h a l l  . - . • • ‘~ rur ~~,- v.~~ o i .si

— “r . t . ’r v~ z -~ s .. ~~~‘ On • s ’ .- .- • ., ‘ . r .  • ‘ 5 - ‘ ‘y r . ‘ — :  lV i ar  • .~~~~~ .

( 1 ’  h~~u i r ~ -:~ ~: ~.- t , f - i  ~ . -o • . ~-y P. H. i’,ti~~ n~~~* t X  I~ l. (101 , A. A - ~~,”’i a r~i

P. H. — :  (8) . 5. 1. ~~. Dijrn. r ~: , 4. )• : : u .  and 5, E. I .  ~~u y r r r  ;

5. H,.i.sba~~~ 171. H. ~.-s .t . (~ 1, 5. . Pohojà~~, (87.

W~- ., .~~~ . b. •-r~~ .-~ .r.’ — . • •i- ..-. - ., •r if .%‘- ‘~ I -~~ We s~~a 1 al~~ rse 

• f. r ( .a t i . f i . s  ‘ - - - ‘r.-~ u ’ ton

(I. )ii. i
i

15 r~e ur •. — -;er.va 1 ~u.’ — ‘ , i.: • r : I L . .- • -~‘4.~: , condi t • n s  • re

— I. • • • 
• - .  - case is ‘ u i ’  .~i r. ~~~~ r- - ..~~ r -s f - - r ;’~~~

~- ‘  ‘~~~~ -r. ru . This don, in ( 1 1) .  ( 4 . . ...~atnq ~~-.i

— 0

- .. ‘ - ‘r i’  th a t q e c ’  iP.a~~eS can be obtained i (

kim f ;~ — 0 f - y r  ~~, 
~ ~

—
~-—j~ 

( i l  : ~ for any 0)
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(when N ‘ i)  has s~~s qsos.tr*cal : . u3 .- r t u . I.  Por sz~~~~ 1e . w’- proved

that there eau ~~ . a - r latar i t  C such : - ., ‘ i t  u b.,t r~~f i . •~

- .u~ in ~, u 0 t n  . . ,  u • 0 on

N
— ~ S 

~~~
‘—

~~~ 
and •, - u s ’ ,, ,. ,,

- —-- L (l~~

T’i.’ 55th neW t r u ir.’Ii,nt Used • - L~ 10 ~ucP. e P t i 5 5 t e a  is the . u f l V r r~~t , ’ r . t  a~ a ,,n t r i O

of so., a .  ,‘u r.markabl. rr~~a~r,. -f 5. .i~ias , W~~.- M t y u ~ Na and Nirnnb.rq (SI .

They r - that ‘ . ii .~ ;~~-~~ 
t v~ s~u 1u~ ion ‘f (1). then ! ‘ c set f r i t i  - al  points

is ~~~ir;r~1 in a r . •it i e’ -f (independent Of .a a?~~ f~ • if 0

( fo r N ~ 3~ has s~~~ qe~ met: ii :-~~~~rt  I.-.. ‘n~~u,: t P ~~ ’. r e s u l t  • an easy met hod is

then used r . - - : ave  the usr c~1.—i a ~z iori ,- n ’ imate s  and the exis tence of p o sita r . ru - - it  a u n t .

cf ii) .

Th, author wishes ~~ thank Prof.. P1. -~~ . C~andal1. ~4 . Gida s , L , Ntrenberq and

5. 5. L. lurner f -r various i~ c- - -i sntcnI on r.lat.d n c u 1 - i - s .

fl A ~~iori eStiSates :

Let ~. be a hounded , connected domain w i t h  a ssooth boundary a

Th .cure~ We -lcsIae that f is locally I.aj s~-hitz from P t u -  } ,  satisf i es

and (3) . We also ass ume ~‘ a! .‘ ~~ . •. as  convex . Then ther. e*ists a - -ons ant

• C such tha t f r  .ru~~. u f C ’ ( u ~) sat isfying 1’~

ft t i ) in 0
4

u~~~ O in •., u - O  on

have

I. I..)

!e~ ark la Instead -- f assusinq ~ convex . we could have asmmsd

• J 1.,’ proper cloSed subset of 0 such that for all  positive u satisfying

U’) the set ‘a • C. Vu la -  — 0) C ~~
‘

Zn view ‘f the results -~f s. Gidas , Wei—Kinq Ni and I.. Nir.nberq IS) . ( )  is satisfi d

for every domain Q in ~2, and for COnYSS domains in P5 (5 ‘ 3) .  other cases
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0,  - 7 t ’.’i,I, a: :  1 S J . ThC -j u.’  • On w i . - ‘ l ,~~ t ’  ~$ - . 0 t s f r ~~1 I i  .iic- du55ar. in I.’ ,~~ ~ I

:5 ,.) ( ‘iq-i ,.:-.‘ 3 ( . w . ’ t V~ i — ‘  ~. .ld .r.~ - i . , ’ i . - i . - ’- a.. • r • ~~. w ’!, - ,’ ’: ,.- r ,- • ’  r tu ’ —

t a

i z c i - i - t ~~~: . - r , - ~~~. T h ; :  1 ts -iiVi.3,.j a~ - ’ ‘‘ . - - ‘ . , - 1) — ’ ; ’ . ’ ‘),at -u and f

. m e  i.u:and,..I in L.~ iO), we l,. I . .‘ ‘ - . (LI es t iSate .

1) : . - ‘ ‘
~~ 

r . -  a . : n ’ -  I — : - I , — n ! ~~1n: - ! :  ci — ‘ - u i  r ,’’- : . ,,. i .  : i —  ‘ I . . -  f a r , - ! i - i - i i ’ n

V 3 f l a ,  i .C,i

- - — A
1 1  in - ,  r

~~ 
— 0 on ~~~~ ~1 ‘

— W~ Say c hooSe ?.-~ ‘L.l t 

~~~ 
~ 0 in ... - w (as in (ill, ~~ , (7) .  13)) — , Suit ii i~

(1) - -
~ and w.- ‘ a t  it::

1 U - 1,

~.it . u r u . n q  ( )  there r t . i S t’. i i~~, C ‘ 0 ‘u 1: !h.~t ! • ‘ ‘‘ — C 1 :  every t ~

w,’ i,~ i -,a:c - a ’  - c u, ’  . . arid f u • i flit - 0, 4’ - ~ 0 in - . ,  we

have an eutiSation ut u and f l u)  i~~

fl ‘thus , - ‘..a .i~ .1 -u are a ru a bounded Iu~bset -r  C:,). Iii! n h t i ~ imp l i es

• by standard re- ~u l a r a t ~~ ~~~~~~~~~~ . .~ -~~ze and a t . —  L 1 C W~~~~’ V ; ,~
-
~~~~~

- - ) bat u is

bOunded in :.~ i .. ) V~ - 
i

- --- -- if 3 , v~ — : f  . . Now we use (3) and

we “ 

t i  bounded in 1. I..) w i t h  - -i, ~

This isp lies a ’  bounded un N1
’ (~~ .,nd l y  a standard bootstrap arqument

obtain af ter  a f ini te number -- f i terat ions ‘~~ ‘ Le  pr.c.d t nq argument

a. bounded in  W 2”
~ l ,. : w i th -;b c  2

i n  particular u is hounded i n L (fl). To conclude , w apply the previously sen—

tioned result of fS)a ind eed , there ex ists som e open set ~‘ ( ind ependent ‘f f and u)

a u b  that if u 5 0
C

x • fl V~ (~
) 0~ C ~l’ C ?i• C ~ 

-- - -
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thu,. II-’n — 
• ~-~ : : — 

, and hu l l  const.
C. (‘ i) C. a- ’) C.

~~~~* r i,~~~ : 1) 1! N - :. with a slight refinement uC the second part of the proof .

can I’ ve ‘heorem 1 w a t h  the assu mpt ion

( a ’) li-a f t ) . xp ( — t - ’a. ’ — 0

where C us some conatant dep.ndtnq only on ~~. and -i: lie . Indeed , if u

Ii su ch that - ‘~u as in bounded subset of C.’ (0) (and •, C P
2
) then for som.

b c
- t . t , * r .’ :~

cap I L1 (a.’) (a . ’ choosen as above )

:1 C ‘ C’ , 1.tS implies that f u u  • • C/C 
•~~~~~~• Thus u S  ~

2
~
C
~
’c 

(.~ ‘) and th isb c  b c

implies the bou nd .

:~~z .  The ex istence resu lt:

The’ ‘n C O .’ : Under the as su.pt ions if Theorem 1 and a 4’ , in add I t ion • V. as sum.

4
t I 

&
then then, e x i s t s  a p o s i t i v e  solution of ( l l a  that is . u ( x )  0 in a and ii s a t i s f i e s

(1! -Au - f u ’ in C , u — 0 on ~ a a , U S C 2 (L ~)

Rr ark~~~: Ac tually. Theorem 1 implies (as in (4 ) )  the existence of a branch of positive

eo.-.a -. -‘ns U ,u ~ of the .igenvalu. problem

—Au — •f(u) in C ,  u — 0 on ~~~~ u I C2 (Q)

provided f satisf ies, instead of (4).

( 4’ )  t im — 0
t.o, -

Remark 4a Theorem 1 can .l so be used in order to obtain existence results in the

case wh ere f (0 )  0 (see 16)).

Proof of Theorem 2: We use the sem. arg~~.nt as ira (43 . To this end we hav, only

to establish the statemen t (3) below. We can then apply the proof of (41 (which ases

-4—
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— a sie~ 1 ‘- t ixu’.~ j ’  a a! ar qums.nt) a

2 -f t  It ,u) sat isfy — •‘a~ — S a ,i~ • i ‘

~ 

an ... u • C CL) , ,~ ‘ 0 ii,

-~ 0 on ~~~~~ :0  t h e n  ‘ ‘ • at , C0 .

as  ii a -  in t !., ‘ aj . f c~f ‘theorem 1.

tat a ,~v.’ (c )  • we cOflS let U a solution - if

— a — 1 (u) • 
~~~~ 

in

- I —
a a 4’ -

. C ’ .  . u 0 in .., u — 0 on “~

w a Pt 0. The i n  - ,‘ s t e~ ‘f ‘1.’ , : ,,. f ‘i f Thc’.- i  em 1 ti:.: shows that Wi . have

. ( ‘ -

1 . -  se ’o rwj  . ,‘~ - S : - ‘ I  .t.~ ui ’ s, t. a :  .- h - .’ a n j  t i of IS) at a l l  h.~, ~~ for at

wta ich a m  sol ut a . -r . -f

- — ‘ ut — f(x,u : ir: ~

a a I C ’ (0) , ., 0 ar . .., u - 0 on ..-

• - ,U, S ( x . ’u -  ! ( u  • ‘ ‘ l x ) .  nde*d we have

—~‘(- a’ 4’ 0 on
—

where v is the unit qtx• er uu -’r norma l vector , and this enables us t” appl y the ~ e~~~ f l tu

and the methods of ‘ ).

—3—
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