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A banded matrix| H = (hijij is one such that h”-o for 3/~ 4

>r and for i - j > s, where r and are nonnegative integers. /In (5]
W. F. Trench and I called it strictly banded if, in addition, r + s < N. We

also showed that a necessary condition for a strictly banded matrix to have a
Toeplitz inverse is that it have a certain special structure fully character-
ized by two polynomials, A(x) of degree r and B(x) of degree s. I

call a matrix having this special structure a Trench matrix. It was also

shown in [5] that a Trench matrix is nonsingular if and only if A(x) and
B(x) have no common zero, and that a strictly banded matrix has a Toeplitz
inverse if and only if it is a nonsingular Trench matrix. In this paper
there are established bounds for eigenvalues of Hermitian Trench matrices
that depend only on the polynomials A(x) and B(x) and not on the order of
the matrix.
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SIGNIFICANCE AND EXPLANATION

A band matrix is one whose nonzero elements are confined to a diagonal
Land cor aining the principal diagonal. It is called strictly banded if the
bad width does not exceed the order of the matrix. A Toeplitz matrix is one
‘n which all the diagonal elements are equal, and all the elements along each
diagonal line parallel to the main diagonal are equal. In TSR #1879 W. F.
Trench and I showed that a strictly banded matrix having an inverse that is a
Toeplitz matrix must have a certain special structure fully characterized by
two polynomials A(x) and B(x). I call a strictly banded matrix having
this special structure a Trench matrix. If A(x) and B(x) have no common
zero, the Trench matrix is nonsingular (and has a Toeplitz inverse). If they
have a common zero, it is singular.

For some purposes it is useful to know bounds for the eigenvalues of a
Trench matrix H. For example, in moving-weighted-average smoothing (see TSR
#1786), the smoothing matrix G is of the form G = I - kH, where H is a
singular Hermitian Trench matrix and k is a positive constant. G is
called "stable" if the limit of G as n+» exists. Bounds for the eigen-
values of H can be used to determine whether G is stable.

In this paper we derive bounds for the eigenvalues of a Hermitian Trench
matrix (whether singular or not) that depend only on A(x) and B(x) and

not on the order of the matrix.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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BOUNDS FOR EIGENVALUES OF HERMITIAN TRENCH MATRICES
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T. N. E. Greville

Mathematics Research Center
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Madison, Wisconsin 53706
1. Introduction.
In [S]) W. F. Trench and I studied the conditions under which a band

matrix has a Toeplitz inverse. More specifically, let H = (hij): =0 be a
’ 5

real or complex matrix, where

hij-o TOE Y =1 5% Oor % sms gt
with

r>0, e 08

Such a matrix we called a band matrix. We called it strictly banded if, in

addltim'
r+s <N .
Let
'f 3
H, (x) = n, . x
i 4=0 ij

be the generating function of the elements of the ith row of H. In this
paper I define a Trench matrix as a strictly banded matrix such that ]

i
(x A(x) Z B g (0 <i <s)
wo ¥
(1.1) H 00 = {x" AG) B(1/%) (8 <i<N-=r)
i N'i v (
X B(/%) ] a x (N=-xr<ic<N . :
v=()
where E
r s
Ax) = J a x', B(x) = [ b x¥
veo "V y=0 ¥

are polynomials with real or complex coefficients (according as H is real
or complex) and a, bo ¥ 0.

Though the form (1.1) in its full generality previously appeared in a
joint paper [5), it was first suggested by Trench, and, for a particular case,
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had been published by him in 1967 [8]. It is therefore appropriately called
by his name.

By Lemma 3 of [5) a Trench matrix is nonsingular if and only if A(x)

and x° B(1/x) have no common zero. (Both real and complex zeros must be
taken into account even if H is real.) In fact, it is shown in [5] that a
strictly banded matrix has a Toeplitz inverse if and only if it is a non-
singular Trench matrix.

It is also shown in [5]) that a Trench matrix is persymmetric: that is,
symmetric about its secondary diagonal, and is also quasi-Toeplitz. The

latter term implies that it has the Toeplitz property

bR a+1." Dag
so long as neither of these elements is in the s by r submatrix in the
upper left cormer or the r by s submatrix in the lower right corner.

It is the purpose of this paper to establish certain bounds for the
eigenvalues of Hermitian Trench matrices. More specifically, let the poly-
nimials A(x) and B(x) be given, and consider the corresponding family of
Trench matrices "N given by (1.1) of all orders from r + s + 1 to =. We

wish to establish bounds depending on A(x) and B(x), but independent of

N, for the eigenvalues of l& As there is an extensiw literature on

bounds for eigenvalues of Toeplitz matrices (see, e.g., [2], [(9]), it is
tempting to think that in the nonsingular case one could deduce bounds for
the Trench matrices from what is known about their Toeplitz inverses. How-
ever, it turns out that this would impose severe restrictions on the choice
of the polynomials A(x) and B(x).

Consider the family of Toeplitz matrices TN characterized by the

N
i,§=0" where tij

and note that, while the Trench matrices are banded, their Toeplitz

doubly infinite sequence (tv}v--- so that T = (tij)

g
inverses are not, so that the entire sequence {tv) is involved. The
available theorems regarding bounds for eigenvalues of such families of
Toeplitz matrices require that the Laurent series

(1.2)




converge in some fashion in an appropriate region of the complex plane. The
convergence may be weak (see, e.g., [9]), but we wish to extend our consid-
eration to cases in which the series (1.2) does not exist or its convergence
fails entirely.

Now, for the family of Toeplitz matrices whose inverses belong to the

given family of Trench matrices, it was shown in [4) that (1.2) converges in

some part of the plane if and only if all zeros of xs B(l/x) are smaller in
absolute value than all zeros of A(x). The case in which this condition is
fulfilled is an important one, as we shall see in Theorem 1 and its proof,
but by no means do we wish to limit our consideration to that case. More-
over, we shall find it expedient to take full advantage of the very special
structure of Trench matrices by working directly with them rather than with
their inverses.

we do, however, confine our attention to Hermitian Trench matrices.
while the case of greatest practical interest is that of a real symmetric
matrix, our results have been extended to Hermitian complex Trench matrices,
as this was easily accomplished. It is hoped that someone will pursue a sim-
ilar investigation for the more difficult case of non-Hermitian Trench
matrices. In this connection, some fragmentary results are available. Con-
sider, for example, a real tridiagonal Trench matrix H; this implies that
both A(x) and B(x) are linear. If the single zero of A(x) and that of
B(x) have the same sign, it is easily shown that H is similar to a real
symmetric (tridiagonal) matrix. Thus the eigenvalues are real, and the
results of this paper apply to the transformed matrix.
2. The Main Results.

It is easily seen that the Trench matrix H given by (1.1) is Hermitian

if and only if r = s and

(2.1) a b =ab 0O < uyv 1)
v ¥ M v
I1f we define
r — -
(2.2) A®*(x) = z a x'=AaMx ,
v
v=0

then (2.1) is easily seen to be equivalent to the condition
B(x) = cA*(x) ,
where ¢ 1is a nonzero real constant. If ¢ is negative, we can consider

the matrix =-H, whose eigenvalues are, of course, the negatives of those of

«3=




H. If ¢ is positive, A(x) and B(x) can be normalized so that B(x) =
A*(x). Thus there is no loss of generality if we limit consideration to
Hermitian Trench matrices with B(x) = A*(x).

The function

r
2.3) h(x) = A(x) B(1/x) = A(x) A*(1/x) = ] h x
Vs=x

\Y

.
will play an important role in this paper, as it did in [4). Consider the

values of this function on the unit circle. If x = eie, it follows from

(2.2) and from the fact that for this x, x-l B ;, that

(2.4) hix) = A(x) A = |Alx0) | x= oY
Therefore h(x) is real and nonnegative on the unit circle, and moreover
h(x) = ¢(8) is a continuous periodic function of the real variable 8 with
period 2w. Hence it has a maximum and a minimum value, which we denote by
M and m, respectively.
The following two theorems are the main results of this paper. Theorem
1 deals with the "regular" case in which (1.2) converges and Szegl's theorem
applies; Theorem 2 asserts a weaker conclusion in a more general context.
Theorem 1. let l& be the Hermitian Trench matrix of order N + 1 > 2r

+ 1 characterized by the polynomials A(x) and B(x) = A*(x) of degree
r > 0. Then "N is positive definite if and only if all the zeros of A(x)

are outside the unit circle. It is positive semidefinite if and only if all
the zeros of A(x) that are not also zeros of A*(l/x) are outside the unit
circle. 1If it is positive definite, all its eigenvalues are greater than m
and less than M, and if »p

and »p denote the smallest and largest

1 N+1
eigenvalue, respectively,
limp, = m , lim p - N
e R

Theorem 2. Let l-lN denote the Hermitian Trench matrix of order N + 1

described in Theorem 1, and let %y denote its spectral radius. Then

"N <M for all N, and
lho“-n .

R e

3. Some Implications of the Theorems.
Be fore proceeding to the proofs of the theorems, we shall briefly

-d=
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discuss a few of their implications. In some applications (see, e.g., [3])
we are interested in matrices of the form

£3.3) G=I-kH ,

where H is a Hermitian Trench matrix and k is a positive constant. In
particular we would like to know if the limit

(3.2) G = lim G

n4+e

exists. We note that Oldenburger [6] and Dresden (1) have shown that, for

any square matrix G, G exists if and only if either all the eigenvalues of
G are inside the unit circle, or else +1 is a simple zero of the minimum
polynomial of G and all other zeros are inside the unit circle. The fol-
lowing corollary (first conjectured by Trench) is a consequence of Theorems

e .

Corollary 1. Let G be given by (3.1), where H is the Hermitian
Trench matrix described in Theorem 1. Then the limit (3.2) exists for all
N if and only if
(3.3) k < 2/M
and no zero of A(x) is inside the unit circle unless it is also a zero of
A*(1/x).

Proof. Let (3.3) and the condition on the zeros of A(x) be satisfied.
Then, H is positive semidefinite by Theorem 1, since any zero of A(x)
on the unit circle is a zero of A*(1/x), and therefore its eigenvalues are
nonnegative. By Theorem 2 the eigenvalues of H are less than M. Since
the eigenvalues of G are obtained by subtracting from unity k times those
of H, the former are greater than 1 - kM and not greater than 1. 1In
fact, if H is singular, 1 is an eigenvalue of G. Since H (and there-
fore G) is Hermitian, all zeros of the minimum polynomial are simple, and 1
is at most a simple zero. Since k < 2/M, 1 - kM > -1 and so the eigen-
values of G are greater than =-1. Thus, the condition of Oldenburger and
Dresden is satisfied and G exists.

On the other hand, if a zero of A(x) that is not a zero of A*(1/x)
is inside the unit circle, by Theorem 1, H has a negative eigenvalue.
Since k is positive, this implies that G has an eigenvalue greater than
1, and s0 G does not exist. Altematively, if A(x) has no zero inside
the unit circle, but k > 2/M, then, for sufficiently large N, G has a

oS
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negative eigenvalue arbitrarily close to 1 = kM < -1. Thus G fails to
exist for some N.

4. Proofs of the Theorems.

In these proofs we shall employ a certain special matrix notation. Let

g v
P(x) = ) p x
v ¥
be a given polynomial. Then we define the matrix
m ln

Pain ™ ®4)ia) l5a1

'
whe re
pi] - pj"i ’
and it is understood that " O for » <0 and for v > 4.

TP

We shall also need to use the special matrix JN' which is defined as

the square matrix of order N having 1's on its secondary diagonal and
0's elsewhere. Note that multiplying an m by n matrix on the left by
Jm reverses the order of the rows, and multiplying it on the right by Jn
reverses the order of the columns. Of course, J: = IN' For convenience we
shall often omit the subscript of J when the context makes this clear. A
persymmetric matrix Q is characterized by the fact that

3 = Q"
In the proof of Theorem 1 we shall find the case of a singular Trench
matrix to be more difficult than the nonsingular case, and we shall need a
lemma that expresses a singular Trench matrix as the product of a nonsingular
Trench matrix and two rectangular matrices. Because singular Trench matrices
appear to be interesting in their own right, the lemma is stated with more
generality (i.e., without the restriction to Hermitian matrices) than is
required for the purposes of this paper. f
lemma 1. Suppose the polynomial

q
E(x) = § e x’
v=0 "

divides both A(x) and x° B(1l/x) and define

B 0 = o B0,

b=




iy

< tmprts

. o
(4.1) Ax) = AlX)/E(X) = | a x’
v=()
and
) ' s=q
(4.2) B(x) = B(X)/E (x) = ) b x" .
u=0

let H be the Trench matrix of order N + 1 characterized by A(x) and
B(x) as in (1.1), and let D be the Trench matrix of order N - q + 1
characterized by A(x) and B(x); thus, the generating function of the

elements of the ith row of D is

: i
[x' Atx) § B x* 0<i<s-q)
7] -
u=0
(4. 3) D, (x) = {xi A(x) B(1/x) (s -q<i<N-rx)
' Nei
x" Bl/x) | a x (N-r<i<N-=gq).
v=0
Then,
(4.4) H = e DE
; EN-q+1,N+1 N-g+1,N+1

Proof. For convenience let us drop the subscripts of the rectangular
matrices in (4.4). It follows from (4.3) and from the structure of E that
the generating function of the elements of the ith row of DE is
D;“) E{x). (Note that D is of order N - g + 1, and that the "special

rows" at the bottomof D are r - g in number, and (N -gq + 1) -~ (r - q)
= N-r +1.)

With the understanding that bu =0 for u >s, the first two parts of
(1.1) can both be written in the form

i i
i-p u
(4.5) Ho(x) =A(x) | b x "=aA(x) ] b _ x" .
i el u 0 i~y
Thus, by (4.1) and (4.2) we have
g % X "
(4.6) D, (x) = A(x) b X
i -/ i=-u

Therefore, the generating function of the elements of the ith row of l" DE

is

-Ya




i i k
; u
kEO Sa-iin DL RO =) kgo “q-i+k uzo Pxep ¥

by (4.1) and (4.6). Reversing the order of summation gives
i i

(4.7 Ale) ) K w)oomua d
=0 k=y R

and the summation with respect to k can be rewritten as
i-u

& Sn Biapen i

o % b ¥

by (4.2). Thus (4.7) reduces finally to

i
u L
Alx) b, X H, (x)
u=0

by (4.5). This proves (4.4) for rows 0 to N - r, inclusive, of H.

Let us now consider the matrix JHJ, in which the order of both rows
and columns of H 1is reversed. By means of (1.1) it is not difficult to see
that this is a Trench matrix in which, as compared with H, the roles of

A(x) and B(x) are interchanged. Therefore by the first part of this
proof, the equation

(4.8) JHI = ET(JDJ)E“
holds for rows 0O to N - 8, inclusive, of the matrices on both sides.
" #T

and JE“ J = E., Thus,
multiplying (4.8) by J both on the left and on the right gives (4.4). As
rows O to N-s of JRI become rows 8 to N of H (with the order of

Now, it is easily verified that JE J = E

the elements reversed), this completes the proof of the lemma.
Proof of Theorem 1. This proof consists of three parts. First, we

shall use Szegd's theorem to show that if all the zeros of A(x) are outside
the unit circle, then H is positive definite, and the inequalities and
limiting relations for the eigenvalues follow. Second, we shall prove that

if A(x) has one or more zeros on or inside the unit circle that are alsc

zeros of x" A*(1/x) (but all other zeros are outside the unit circle), then
H is positive semidefinite. Finally, we shall show that if A(x) has a

zero inside the unit circle that is not a zero of x* A*(1/x) as well, H is
not positive definite or semidefinite.




let all the zeros of A(x) be outside the unit circle. Then the zeros
of x B(l/x) = x' A*(1/x) are all inside the unit circle, and it was

shown in [4) that [h(x)]'-1 = [A(x) A'(l./x)]-1 has a Laurent expansion (1.2)

that converges in an annular region containing the unit circle. It follows

from the discussion preceding Theorem 1 that [h(x)l.1 is real and posi-
tive on the unit circle, its maximum and minimum values there being 1/m and
1/M, respectively. Therefore, by Szegl's theorem (see Chapter 5 of [2]) the

eigenvalues of 'I‘N = H;l are greater than 1/M and less than 1l/m for all

N, and these bounds are the limits of the smallest and the largest eigen-

values as N goes to infinity. As the eigenvalues of HN are the recipro-
cals of those of '!‘N, the statements in Theorem 1 concerning the positive

definite case follow at once.
In order to deal with the case in which H is singular, we specialize
the formula (4.4) established in Lemma 1. We recall that the zeros of
B(1/x) = A*(1/x) are the conjugates of the reciprocals of those of A(x).
Let all the zeros of A(x) that are not also zeros of A®*(l/x) be outside
the unit circle. In fact, since the conjugate of a point on the unit circle
is also its reciprocal, any zero of A(x) that is on the unit circle is also
a zero of A*(1/x). Therefore, let A(x) = A(x) E(x), where the zeros of
A(x) are those of A(x) that are outside the unit circle, and the zeros of
E(x) are those of A(x) that are also zeros of A*(1l/x). It follows that ]

E*(x) and B.(x) have the same zeros, and are therefore identical. Since

B
E (x) is obtained from E(x) by reversing the order of the coefficients,
and E*(x) by taking the conjugates of the coefficients, we must have

e = @ tv=0, 1, .0+« ¢9q) &

T _CT

It follows that E E , and (4.4) becomes

cr
Ve By " Bneqel, el PBaqel, el

If u is an arbitrary nonzero vector, and v = Eu, then by (4.9), “C'r BN u

= VCT Dv, which is nonnegative, since D is positive definite. Therefore,
H is positive semidefinite.




We come finally to the third part of the proof. Ilet A(x) have a zero,
X = ¢, inside the unit circle such that A'((-l) # 0. Since H is a Trench
matrix, ‘0 ¥ 0, and so £ » 0. It follows that Z - (which is of course

outside the unit circle) is a zero of A*(1/x). Now let v be the vector

whose ith component (starting the numbering with 0) is 2. -1. It follows

from the definition of the generating function that the ith component of

Hv is H1 3 -1). For all but the first r components (i.e., those numbered

from 0 to r - 1), A*(f) = 0 is a factor of ui(E "1y, and so these com-

ponents vanish. For O < i < r,

(4.10) ui(f "y e AME T

Now, let the polynomial

be defined by

(4.11) Alx) = (x = E)P(x) = =E(1 - x£ )F(x)
Then,

Plx) wonl P - 2 0) ALK .,

and consequently,

M. v—j-l_--J-l 2 v
fj g .\, L £ ».~ .\) §

(4.12) i a, g
v=(

b

Substitution of (4.11) and the conjugate of (4.12) in (4.10) gives

L%

M (T h = -EE - OFE THE = T - DRETHE

r=1 - o o e,
T | ra@He@@-vr@He@™
i=0

an expression which is clearly negative, since |[f| < 1 and




-3 e |

o eAaG e @ @ ™hH .

so that F(L -1) # 0. It follows that H is not positive definite or semi-~
definite. This completes the proof of Theorem 1.

In the proof of Theorem 2 we shall need a lemma that expresses the
Hermitian Trench matrix H in terms of simpler matrices. Let us define
Alx) by

Alx) = x° A%LY/x)

and let us define A as the square matrix of order N + 1

(4.13) A= ;

™hen we have
lemma 2. If H is the Hermitian Trench matrix defined in Theorem 1,
~CT %

(4.14) v

o3 ‘\aczhmx A1, Nel

Proof. First we note that H and the first term of the right member of
{4.14) agree in all their elements except the square submatrices of order r
in the lower right cormmer. For all but the last r rows, this follows
easily from (1.1) taking B(x) = A*(x). For the last r rows, excluding the
square submatrix in the right corner, it follows from the Hermitian symmetry
of both matrices. Moreover, the second term of the right member of (4.14)
has zeros everywhere except in the corner submatrix mentioned. These obser-
vations make (4.14) at least plausible, and permit us to limit our attention
to the r by r submatrices in the lower right corner.

In the case of the first term of the right member of (4.14), this cormer
submatrix is obtained by multiplying the last r rows of the first factor by
the last r columns of the second factor. Taking into account that some of

the elements of these rows and columns are zeros, this product can be written

as

s CcT
A!:.2:' b Y § o

Moreover, by partitioning the first factor of this latter product into the
first r columns and the last r columns, and the second factor similarly

by rows, we obtain

- -CT YR A

A1',‘4.’:' A1'.2:“ ” Ar,x' r,r At,t Ar,r .

ell=




ar

¥ . C cT
(4.15) il A = A i ;
I P45 E.4r BT Y.X v

Now, the left member of (4.15) is precisely the square submatrix of
order r in the upper left corner of H. Since H is Hermitian and persym- \
metric, the one in the lower right corner is obtained from it by reversing
the order of both rows and columns and then taking the conjugate. According-
ly, let us perform these operations on the right member. As the first term
is Hermitian and Toeplitz, the effect of the operations is to leave that term
unchanged., Coming now to the second term, since

: ~CT 5 G
3 A A J = J A o e b A
r r,xr X!:X ' 4 r r,r r r r,r r

we can perform the operations on each factor separately. We note also that

the effect of the three operations on a matrix Pz . is to take the conju-

gate transpose. Thus the result is R?t it .+ In view of (4.13), this
. .

proves (4.14).
Proof of Theorem 2. Let us denote by K and L the respective
products in the right member of (4.14), so that
He=K-L .
Clearly KX is Hermitian positive definite and L is Hermitian positive semi-

definite. Let v be an arbitrary nonzero vector of complex elements. Then
the Rayleigh quotients satisfy

(4.16) vﬂﬂv_vmm_vﬂl.v vﬂltv
vCT v vcr v vcr i vcr v
let
N
vit) = ] v st
v
v=(
be the characteristic function of v. Then,
N |
A v = T v etV |
Va=g J

where, for 0 <V <N, w  is the vth component of AL, .., V. (It may be

helpful to the reader to think of the vector v as being extended by annex-
ing a number of zeros at the bottom.) By Parseval's formula (see (7],
p. 699)

‘12-




e

2 2
ove vP =] [viv]® e ,
0
while
2 ;
oy g | - U _L | o % - 2
v Kv iN*l,N"’l Vl < 5u {) IA(Q ) V(t)! dt
; -it 2 -it
But by (2.4), |A(e "7)|" = h(e "7), and therefore
2% : 5 ~r

(4.17) v et [ neHlvir|? ae cm vy

Note that since the zeros of V(t) are a set of measure zero, the second
inequality of (4.17) could be replaced by equality only if h(x) is a con-
stant function, which would imply that H is diagonal, and therefore a
scalar matrix. This is tantamount to saying that r = 0, contrary to hy-
pothesis (see description of H in Theorem 1).

It follows from (4.16) and (4.17) that

cT
(4.18) !'&'—nl <N,
v v

and, since the greatest eigenvalue of H is the maximum value of the
Rayleigh quotient in the left member of (4.18), we have shown that the great-
est eigenvalue of H is less than M.

However, it will be noted that in Theorem 2 we have not imposed the
condition that would make H positive definite or semidefinite. Thus H
may have negative eigenvalues, and it is conceivable that such a negative
eigenvalue might exceed M in absolute value. We must prove that this is
not the case. The algebraically smallest eigenvalue is the minimum value of
the Rayleigh quotient in the left member of (4.18). Since K and L are
both Hermitian positive semidefinite, this minimum value is greater than, or
at least equal to the negative of the maximum value of the Rayleigh quotient
with respect to L.

It follows from (4.13) and (4.14) that the elements of L are all zero
with the exception of the square submatrix of order r in the lower right
corner. Because of this structure, the eigenvalues of L, other than zero,

are those of f.-icr A

i B There fore the maximum Rayleigh gquotient with
’ ’

respect to L is the same as that with respect to L. Therefore, a lower
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bound to the eigenvalues of H is =~3, where ¢ is the largest eigenvalue

of L. In order to complete the proof that the spectral radius of H is
less than M, we must show that § < M. In fact, if v is an arbitrary
vector of r complex components and its characteristic function is

r-1
vie) = § v otV
v=0Q v

then, by reasoning closely parallel to that used in the first part of this
proof, we conclude that

cT . 0 -it 2 CcT

v o tve=—/[ |a*E@ ) vit)]  at <mv " v .

-2
0
Since L is Hermitian, § is the maximum value of the Rayleigh quotient.
To prove the second part we let M' be an arbitrary positive constant

less than M and show that, for a suitable vector v and for sufficiently

large N, the Rayleigh quotient g "N v/vcr v can be made larger than

M'. Since h(ou) is a continuwus function of t and M is its maximum
value in [0, 27], there is some value ¢t = 1, such that
T
h(o1 : R
v -iv

: o
let us choose v-(vo.vl....,vN] so that vy . foro_<_v_<_u.
Then, except for the first r and the last r components, the Vth compo-

nent of Hv |is h(oh) vv. Therefore

(4.19) vigys ~2r+0H) v,

where C 1is the contribution of the first r and the last r components.
Since every component of v has absolute value 1, an upper bound to the
absolute value of C is the sum of the absolute values of the elements in

the first r and the last r rows of H. Call this C', and note that ('

does not depend on N.
Now choose N sufficiently large so that
it

“‘1>C' 4‘2th$l )
hie'™) - m
Then

N+ Dhtel®) - n'] > ¢ + 2e ntelD)




AT

or

o -2r+ Dheel™ > s w4 el
and consequently

(4.20) (N=-2r + 1)hiel™) + c > (N + 1)n*

Since lvvlz-l for every v,

VCT v=N=+1
and therefore by (4.19) and (4.20)

vCTllv

cT
. D

> M

as required. This completes the proof of Theorem 2.
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call a matrix having this special structure a Trench matrix. It was also shown
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no common zero, and that a strictly banded matrix has a Toeplitz inverse if and
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bounds for eigenvalues of Hermitian Trench matrices that depend only on the
polynomials A(x) and B(x) and not on the order of the matrix.




