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/ P.. ban ded matrixi H - (h. is one such that h . — 0 for j — i
/ 

ii i ,:j—O

~ 

r and for i - j  > s , whe re r and a are nonnegative intege rs . In (5~
W . F. Trench and I called i t  stri ctly bande d i f , in addition , r + a N.  We

t1~~C) :;~iow~ d that a necessary condi tion for a str ict l y ban ded matri x to have a

Tuep l i tz  inve rse is tha t i t  have a cert ain special structure fully character-

ize d by two polyno!Ttial~~, A ( x )  of degree r and 8 ( x )  of degree a. I

call  a m a t r i x  hav ing  this special structure a Trench matri x. It  was also

shown in t5~ that  ~ Trench ma t r ix  is  nonsingular  i f  and only i f  A (x )  and

8( x ) have no co~mson ze ro 1 and that  a s t r i c t ly  ban ded matri x has a Toepiitz

inve r se ~f an~ only  i f i t  i~~: a nonsingular  Trench m a t ri x .  In this pape r

there are established botm ds for  elgenvalues of He rmit ian Trench matri~~?s

that depend only on the polynomi als A ( x )  and 8(x )  and not on the orde r of

the mat r i  x.

AMS (!4DS) Subject Classific*tion : 15A09 , l5P~57.

Icey Worde : Toeplitz matri x , Band matri x , He rmi ti an matr ix ,
Mat r ix  eigenva lue , Ei~~~nval~~ botmd.
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I I F I ’;~N i -  ANt EXPLANAT fl :~

.‘.. band n i t r ~ x is  orw whLo ;(~ non zero eles~~n~ - - ar t ’ cOnhj n Qd to a diagonal

-un in~ ; t~~. r in  t j ~ t 1 diagonal.  I t  is called ~ t r i ctly bande d f the

~.i. ~. i  i ’ : h.~~; not e~x ’ .~~•d the orde r of the matri x. A Tueplitz matri x is one

in  ~~!i i c~ a l l  t~~it Ii~ i- jon ~il .~lemant s are equal , and all the elea~~nts along each

~~ i- . ; n ~t l l i n .  t - i r ~i u l t l t o  the main di agonal are equal . In TSR 01879 W. F .

:~ .- ~~ch tn~ I - ;h .wt d that a s t r i c t ly  ban ded matr ix  having an inverse that is a

- I tz m a t r i x  mus t have a certa in special structure fully characteri zed by

two ~i yT’. nTua l s  A ( x )  and 8 ( x ) . I cal l a stri ctly banded matri x having

~~ i s  ;~~~. ia l  s t ruc ture  a Trench matrix. If  A ( x )  and 8 (x)  have no COITVIK )fl

~~~~~~ . h~’ :‘ i -. . n c h  m a t r i x  i n  nonsingu.lar (en d has a ~~epl itz  inve r se ) .  I f  they

ror~si~)n ze ro , i t  t s i n g u l a r .

Fo r • n ~ ’ ur; o o.s i t  is use ful  to  know bow~ds for the eigenvalue s of a

~w r i  x H. For e xart~~le , in  moving-we ight ed-average smoothing (see TSR

• l 7 ~~~) .  the :;~~~ot~ i i n g  m a t r i x  G is of the form G I — k M. where H is a

singular He rm it i a n  Trench matr ix  and k is a positive consta nt. G is

~~~~~ ‘ t~~ - 1~ - i~~ ‘~~~~. -  l : r u t of as n- ’  exists . Botz~ds for the ei gen—

val u~ - ot H can be used to  de te rmine whethe r C is stable .

in  t ’ -~~ ; ~-~i~~’r we ~~ r i v e  botx i ds for the eigenva lues of a Hermitian Trench

x (w ’t h ~~ singular or n t )  that depend onl y rn A ( x )  and 8 ( x )  and

n on :o- order of t h. ’ matr ix .
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ROUN DS FOR EIGENVALUES OF HE RN ITIAN I RENCH MATRI CES

1’. N. E. Greville

Mathematics Research Cente r
t’niversity of Wisconsin - Mad ison
Madison , Wisconsin 53706

1. Introduction.

In  !5) W. F. Trench and I studied the conditions under which a ban d

matr ix has a Toeplitz inverse. Mor e specifically,  le t H — (h~~ )~~~~_ 0 be a

rt ~ i 1 or comp lex matrix , where

h.. — 0 for j  — > r or i — a

with
r > 0 , s > O

Such a ma t r ix  we called a band matrix. We called it str ict l y banded if , in
addit ion ,

r + s < N
Let

N
H. (x) — ~ h .

ij

be the generating function of the elements of the ith row of H. In this

pape r I d e f in e  a Trench :tatrix as a s t r i c t ly  ban ded matrix such that

i
x 1 A ( x )  Y b x~~ (0 c I <

-

( 1 .1) H~~(x )  • x~ A(x) B(l/x) (a < i N — r)

N-i
B (l/x) 

) a xV (N - r < i .- N)
—

where
r

A(x ) - ~ a , x~ B(z) — b
v 0  U 0  u

are polynomials with real or complex coefficients (accord ing as H is real

or complex) and a
~ 

b
0 ~

I 0.

Though the form (1.1)  in its full generality previously appeared in a

joint paper 15) , it was f i r s t  suggested by Trench , and , for a particular case ,

Sponsored by the United States Army un de r Contract No. DAA029-75—C-0024 .
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had been p u b l i sh ed  by him in l-~&~7 (8~ . It in therefore appropriately called

by ~~t s  nan~’ .

By Lenisa 3 of (S~ a Trench matrix is ncrisingular if and only if A ( x )

ari d x5 
B(l/x) have no conmion ze ro . (Both real and comp lex zeros nii~~t be

taken into account even if H is real.) In fact , i t  is shown in [5] that a

strictly banded matrix has a Toeplitz inve rse if and only if it is a non-

singular Trench matrix.

It is also shown j r-i [5] that a Trench matrix is persysunetric: that is ,

synisetric about i t s  secondary diagonal , and is also quasi-Toeplitz. The

latter term i~~~lies that it has the Toeplitz property

h. — h .i 4 l ,j+l ii

so long as neither of these elements is in the a by r sukxsatrix in the

~ppe r left corner or the r by a submatrix in the lower right corner.

It is the ~‘urpose of t.~us ~apc r to establish certain bounds for the

eige n va lues of He rmi t i an  Trench matrices. More specifically , let the poly—

nimials A ( x )  and 8 ( x )  be gi ven , and conside r the correspon ding f amily of

Trench matri ces MN 
g iven by ( 1 . 1 )  of all orders f rom r + a + 1 to ~~~. We

wish  to establish bounds depending on A ( x ) and B ( x )  • hut  independent of

N , for the eigenva lues of MN
. As the re is an extensive l i terature on

bounds for eigenvalues of T~~plitz matrices (see , e.g. , [2], [9]), i t  is

ten~~ting to think that in the nonsingu lar case one could deduce bounds for

the Trench m a t r i c e s  from what is known about the i r  Thcp li tz  inverses. How-

eve r , i t t urn s out that this would i n~~ose se ye re rest r i Ct ion s on the choice

of the pol :n~ rtuals A ( x )  and B(x) .

Consider  the fam i l y  of Toepli tz  ma t r i ce s  TN characteri zed by the

doubly i n f i ni t e  sequence {t }  so that TN - (t i~
)
~~3_o

. where t~~. —

t~~ 1 , and note that , whi le  the Trench matrices are banded, their Toeplitg

inverses are not , so that the enti re sequence { t )  is involved. The

available theorems regard ing bounds for eige nvalues of sixth f amilies of

Toep l i t z  mat r ices  requi re that the t,aurent series

(1.2) ~ t~, x’
~

—2—
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converge in some fashion in an appropriate region of the complex plane . The

convergence may be weak (see, e.g., (9)), but we wish to extend our COm id-

eration to cases in wh i c h  the series (1.2) does not exist or its convergence

fails entirely .

Now , for the fami ly of Thep litz matrices whose inverses belong to  the

given family of Trench matrices, it was shown in [4] that (1.2) converges in

some part of the plane if and only if all zeros of x B(l/x) are smaller in

absolute value than all zeros of A ( x ) .  The case in which this condition is

fulfilled is an importan t one, as we shall see in Theorem 1 and its proof,

but by no me ins do we wish to limit our consideration to that case. More-

ver , v. shall rind it eqedient to take full advantage of the very special

s~ r n :tj r e  of Trench matrices by working directly with them rather than with

t’( i r i verses.

We do, howe ve r, ‘ O ~ fine our attention to He rmi ti an Trench matri ce s.

Whil .’ the -~~i:;e ‘1 greatest practical interest is that of a real sy~~ etric

matri x, our results have been extended to Hermitian complex Trench matrices,

as this was easily accomplished. I t  is hoped that someone will pursue a aim-

ilar investigation for the ~~~re d i f f i c u lt case of non -He rmii ti an Trench

mat ri~~~s. In this connection , some fragmentary results are available. Con-

~o.der, for example , a real trithagonal Trench matrix H: this implies that

b t h  A (x) and 8(x) are linear . If the single ze ro of A ( x )  and tha t of

H ( x )  have the same sign , it is easily shown that H is similar to a real

syunm~~r ic  (tridiagonal ) m a t r i x .  Thun the eigenva lues are real, and the

results of this paper app ly to the transfor med matr ix .

2 .  The Mai n F~~sults.

It is easily seen that the Tre n ch matri x H given by ( 1 . 1)  is He rm itian

if ~t n d  onl y i f  r — a ari d

(i.l) a b — a  b ( O c u , v < r )
V U v —

.k~ fi n.-

r 
—

(2.21 A (x) — a x” — A (x)
0 v

n~~- r i  ( ? . l )  i:~ easily seen to be equi valent to the con di tion

8 ( x )  — cA (x)

..ih~ re c is a non ze ro re al constant. If c i a ne get i y e ,  we can consi de r

the -nit rix -N , whose eigenva lue a are , of course , the negat ives of those of

-. 3— 

~~~~~~~~ ~~~~~ - --.- - - - ~~~~~~~~~



-~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~

H . I f  c is posi ti ve , A ( x )  and B(x) can be normalized so that 8( x ) —

A * (x). Thus there is no loss of gene rality i f  we limi t consideration to

He reitian Trench matrices with 8(x) — M (x) .

The function

(2.3) h (x) - A(x) B(l/x) - A (x) A’(l/x) - h
- r

will play an importan t role in th is paper , as it did in 14) . Consider the

v.ilues of this function on the unit circle . If x e’8, it follows fr ~~~

(2.2) and from the fact that for this x, x 1 x , that

— 2 iO
(2.4) h(x) — A ( x )  A ( x )  — I A ( z ) l (x • e

Therefore h Cx) is real and nonnegative on the unit circle , and ~~ reover

h(x) ~~( ‘ )  is a continuous periodic function of the real variable 8 with

pe ri od 2 ~~~. Hen ‘v i t has a ma xi mun and a am imun value , wh i ch we denote by

M and a, respectively.

The following two theorems are the main re sults of th is paper. Theorem

1 de al s wi th  the “ regular ” case in whi ch (1 . 2 )  con verges and Sze�’ s theorem

app I i e 9 ;  Theorem 2 assert a a weaker conclusion in a ~~ re gene ral con text .

Theorem 1. Let M
N 

be the He ram ti an Tren ch matrix of or der N + 1 > 2 r

+ 1 characteri zed by the polynomials A ( x )  and B ( x)  — A (x) of degree

r > 0. Then H.~ Is poe i ti ve definite i f and only if all the zeros of A C x)

are outside the unit circle . It is positive semidefinite if and only if all

the zeros of A (x) that are not aleo zeros of A (1/x) are outside the unit

circle . If it is positive definite , all its eigenvalues are greater than a

and less than M, and if  and denote the smallest and largest

eigenvalue , respectively,

lie p
1 

— m , lie ‘N+l 
— H

Theorem 2
• Let MN denote the Hermi t.ian Trench matrix of orde r N +

described in Theorem 1, and let denote its spectral radius. Then

N
M for all N , and

lim o  - M  -N

3. Some I~~~1i cati on s of the Theorern.

Be fore proceeding to th . proofs of the theore me , we shall brie fly

—4—
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4 ~t w  of their implications. In some appl ication s (see , e . g .,  ( 3 ] )

~~~~ ~~~~~~ u~tcreste 1 in matri ces of the form

(Li) — I - kH

.Qh.-rt II i~~ a He rmit ian  Trench matrix and k is a positive constant . In

.tr~~ic—i1 ~ir we woul d l i ke  to know i f  the limi t

n
(L2 ) G lie G

n

~~~~~~~~ We note that Oldenb urge r [6) and Dre sden [11 have shown that, for

:~~~~I~ia r t  ma trix G , G exists i f  and only if  e i ther  all the eigenval~~~s of

C are i nside  the u n i t  circle , or else +1 i~ a simple ze ro of the minia~~

~o1yn-~~u~il of C and all other zeros are inside the unit  circle . The fol-

lowing corolla ry (f i rs t conjectured by Trench ) is a consequence of Theorems

1 and 2 .

Corollary 1. Let C be given by (3 . 1) ,  where H is the Hermi ti an

1’rench matr ix  described in Theorem 1. Then the l imi t  ( 3 . 2 )  exists for all

~I i f  and only if

(3.3) k < 2/M

and n~ zero of A(x) i: ; inside th’~ unit circ le unless it i s a lso a zero of

A (1/x ) .

Proof. Let (~~. 3 )  and the condit ion on the zeros of A ( x )  be satisfied.

Then , H is ~- o s t t i v e  semi de f in i t e  by Theorem 1, since any zero of A ( x )

- - i r r i e  is a z. r -  ~f 1~’( l/x)  , i~n~ t h . re fore i ts  eigenva l ue s are

nonnegat ive .  By Theorem 2 the v igenvalues ~ f H are less than M. Since

th. ei genval ue s ~- - f  G are obtained by subtracting from u n i ty  k time s those

- ‘ H , th e  f~~r~~~r are greate r than 1 - kM and not greate r than 1. In

fa-:t , i f  H is singular , 1 is an eigenva lue - f  G. Since H (and the re-

fore ;) is He rmitian , all  zeros of the minimum ~-o1yn omial are simple , and

i s  at mos t a s i r ~ — le ze ro . Since k < 2/H , 1 - kM > -l and so the ei gen-

va 1 ~ic of are greate r than -1. Thus, the con di ti on of 01 denburge r and

— ~ resden is sat isf ied and exists .
~n the othe r han d , i f  a zero of A ( x )  that is not a zero of A (l/x)

i ;  ins ide  th e  un i t  ci rcle , by Theorem 1, H has a negative eigenvalue .

Since k is pos i. t i ye, thi a implies that C has an e i genval t~~ greater than

1. and so C ~~es not exist .  Alte rnatively , if A ( z )  has no zero inside
the un i t  ci rcle , but k ~ 2/H , then, for sufficiently larg e N , G has a

—5—
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negat i v~ e i - j t n value ~trbi t~~.tr i 1y clL se t~ I — k M —1 . Thus G f.t ils to

exi St t o r  ;~~n~ h .

4 .  Proots ot the  Theorems.

In these proofs we shall employ a curtain apecisi mat r ix  notat ion . L~ t

ci
P(x) 

~ 
p

v”O
~i - ;~~.en ~~~~~ - r u t l .  TLen we f r - t i n t -  t b . -  matrix

P (~~~~ . )
m ,n ij  i 1  )a1

whe re

i - . . — :  -

~1D ~J i

and it is understood t h a t  ~: — 0 for ‘u ~ 0 and for  V c i .
V

We shall also need to use the special matrix ) ,, , which is de f ined  as

the scj uare m a t r i x  of orde r ~-; having l’s on i t s  seconda ry diagonal and

0’s elsewhere. Note tha t mu 1t i~ - 1ying in m h-; n matrix on the left by

.~ reverses the orde r of the rows , and mul t i p ly i n g  it  on the right by J

re ye rs e s the o rde r - f the col un~ s .  0 course , - I~~. F- r con venience we

shall often omit the subscript of J when the context makes this clear. A

persyme~ tric matrix —: is  characterize d by the fact that

JQJ

In the proo f of Theorem 1 we shall f i~:d the case of a sinq~1iar Trench

matrix to be more th fficul t than the nonsingular case , and we shall need a

leriuna that eçresses a singular Trench matrix as the p roduct of a nonsingular

Trench mat r i x and two rectangular matri ce s. Be cause singular Trench matr i ce s

appear to be interesting in their own right , the leimna is stated with more

generality (i.e., without the restriction to Hermitian m a t r i c e s)  than is

requi red for  the ~urposes of this  paper.

Leme~a 1. St~ pose the polynomial

q
E(x) e x~V

divides both A ( x )  and x5 8( 1/ x)  and define

- E1 (x) — X~ E ( l/ x)

-ci-

—-—--—----5- —----- - rn-S~ ~~~~~~~S - -~ - - - 5- -
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(4.1) A(x) — A(x)/E(x) — a
uuO

ui - I

( 4 . 2 )  R ( x )  — B ( x ) / E ~ C x )  
- 

P

Let H P~ t he T r .-n~~P ~~- t t  i i x  of order N • 1 characterized by A ( x )  and

B (x) as in (1.1), and let  D be the Tre nch matri x of orde r N - q + 1

characterized by A ( x )  and B ( x ) ; thus , the generating function of the
ele n~ nts ~~I f  t he  ~th row ef P i s

lx~ ? ( x )  ~ ~ x~~ (0 < i < a - q)

( 4 . 3) D . ( x) ~ x’ A x  B(l/x) Cs - q i < N — r )

N-i
~~ H ( 1/x) a x V (N - r < i < N  — q) .

v—0

I T ’

‘4..:) H = E DE(
~~1, I~4 l N— q -4- l ,N+l

~r~ o f .  For convenience let us drop the subscripts of the rectangular

~r i • ri c.’; in (4.4). It follows f rom (4 . 3 )  and from the structure of E that

h i- ;e:.~~rating function of the elements of the ith row of DE is

Cx )  E(x). (~;c-t e that D is of order ~ - q 1, and that the “special

z .~s ” -~~~ the bottom of D are r - q in niaber, and (N - q + 1) - Cr - g)

— ~~ — r ~ 1 . )

Wi th the -s~de rstan ding that b — 0 for  ~ > a , the first bio parts of

( 1 . 1 )  can both be wr i t t en  in the form

i i
( 4 . 5~ H 1 ( x ) — A ( x ) 

~ 
b~ ~~~~ — A ( x ) 

~ 
b1_~ x~

u—O
T h u . , by ( 4 . 1 )  and ( 4 . 2 )  we have

A

~~~~e)  D~ (x ) — A (x ) ~ b~ x~

Ther e fore , the generating function of the e1e~~ nta of the ith row of
is

—7—
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F 5” ’— -r ~~~~~~~~~~~~~~ 5’ — -.,~~ — _- ~- ___________________________

e 
-~~ .~ D ( x ’ E ( x )  — A ( x) L C

k ! 
b
k- - x ’

k—0 
- .  

k=0

t~ ( 4 . 1 )  and (4. . - ) .  ~i -v e r ’ - i n g  t I’  ~ ~ r of sunzna! ion ~~ves

(4 .7)  A x )  x - b
~~ q— x -+ k k—~.

.~~— I the si~~~ati on wi th  resp ect to  k can be rewrit ten as

~ ‘ I -
Lj’ \ i i c Vv.’O

by (4.2). ~~u - - (.:.7) reduces f inal l y

A ( x )  b . X
V 

— 11 . (x)h.

u 0

by C 4. ’~) .  This proves ( 4 . 4 )  for rowi. 0 to N — r , incl usive , of H.

t~’t us now consider t he  matri x 3)43 , in whi ch the order of both rows

and c-oh ms-is of H is r e v er s e d .  By n~.aiis f (1.1) it is not d i f f i c u lt to see

h.. ’ this is a Tr en ch m a tr ix  in whi ch , as compari d w i th  H , the roles of

A ( x )  and 5 ( x )  ar e interchan ged. Tht r ’-~~u r .’ by t I e  f i r s t  p a r t  of t h i s

i — -  -~~~~, the equation

T U
(4 . 8)  JRJ E (3DJ) E

holds for  rnws 1) to N - s , inclusive, of the matrices on both sides.

OT I
Now , it is easil’.’ verified that JE ’ 3 — F and JE 3 — F. Thus ,

~ u 1 ti F l y 1n ~i ( 4 . 8 )  by J both on the left arid on the right gives (4.4). As

rows 0 to - a of JHJ become rows s to N of H (with the order - i

the e lements reve rsed ) , this complete s th e  proof of the leimna .

Proof of Theorem 1. This proof consists of three part s . First , we

shall use Szeg~~s theorem to show that if all the zeros of A ( x )  are eut — ; i

the un it  c ircle , then H is Ios1~~ive definite , and the inequalities and

limiting relations for the eigenvalues follow . Second, we shall prove th~it

i f A ( x ) has one or more zeros on or inside the unit circle that are a~~-s

:.‘ros of r A• h/x (but all other zeros are outside the unit circle), ti.’”

H is positive semidefinite . Finally , we shal l show that i f  A ( x )  has a

zero inside the unit circle that is not a zero of ~
r A’ ( l/x )  as well .  is

not positive d e f i n i t e  or semi de f in i t c .

-8— 
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~a.t  all ~he zeros of A (x) be outside the unit circle . Then the zeros

of ~~ B ( l / x )  xr M ( l / x )  ar all inside the unit circle , and i t  was

; I ~~~ n In ( 4 1  that ( h ( x ) 1
1 

— ( A ( x )  A ( l / x ) 1~~~ has a La urent e~~~ansion ( 1 . 2 )

that con verge s in .tn annular region conta in ing the u n i t  ci rcle . t follows

f rom the discussion 1 rt’oeding Theorem 1 tl i ~j t  [h ( x )  1~~ i s n-al and ; - ~~s1 -

ive on the unit .-x rels ’ , it s max.imcmi an) minimcmi values there beiny 1/rn and

l,— M , respective1~’ . T~. r.- ~or. ’ , i ) - . Szeg~ ’ s theorem ( see CIs~1- t e r  S of (23 ) th e

.‘i qez;-~.t1 i.-s of ‘r~ are greater than l,’M and lt’ ;~ than 1/rn f -~r all

N , an I Ps -se bocs-i l: ar.~ the limits of the smallest and t I e  largest c igen—

val’i”s i - ;  N goes to m li ni t y. As the eigenvalues of I) ,, are the rt-cipro—

,tls - t~ t hose of 1 ,., the statements iS Theorem 1 concerning the p os itiv e

de l m it .- ca ;.-  f-~hlow at once.

In ord e r ~ -Seal wi P the case in which H is singular, we specialize

he I or~n~la (4.4) .‘ tabhi shed in Lesrita 1. Wi’ re call tI .tt t b ’ -  ze ros- 01

B (l/x) “ A ( h /x )  are the conjugates of the reciprocals of those of A(x) .

a ’ t  il l tb.’ zer of A (x) that arc not also z,-ros 0)  A ( 1 / x)  be outside

the unit c ir - c I.e. In fact , since tb . .  con)uqate of a point on tb.- unit circle

is also its reciprocal , any zero of A (x) that is on the unit circle is also

a zer 1 A ( 1/ x) .  There fore , let A(x) A (x) F(x) , when the zeros ‘1

A ( x) ire the:;.’ of A ( x )  that are outside the unit cir~- e , and the ze ros of

E(x) are those of A(x) tha t are also zeros of A (h/x). It follows that

F’(x) and ~~ (x ) have the same zeros, and are therefore identical. Since

E*(x) is obtained from E (x) by reversing the orde r of the coefficients ,

and E (x) by taking the conjugates of the coefficients, we must have

eq_v e C -. — 0, 1 , . . . , q)

It follows that E
T 

— E~~~, and ( 4 . 4 )  becomes

(4. ~) N — DE‘N N—q+l,N+l W.q+l,N”- l

If u i s  an arbitrary nonzero vector , and v - Eu. then by ( 4 . 9 ) ,  u~~ H
N 

U

Dv, whi ch is nonnegative , since D is positive definite . Therefore ,

H is positive seini definite .

-9-
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%&~ come l i t i . . U- .- t O  t h . - third part ~,t  •, : . -  ~: x ~~~ t . L . - t  A ( x )  : .~v.- a 1.-ru ,

x — ~~, cn:.ide the ij- iit c ir c l e  suc h t l . t ’, A 1( , t
) � 0. ~ m r u -~’ H is a Trench

nat ri x , a ) ~d 0, and so I~ # 0. I t  follows t hat  
-1 

(whi di i s  ol

-c-~t sm ~~ the - m it ‘i ic-i.-) i a zero f A (l/x) . Now let v be tb. vector

whose ith componen ’ (it trti n-; t b,’ inhering w i t h  0) is 
— i  

. I t  ! 1i - ’ w - -

f rom the  3,’ m m t  ion of  the -~t ’r , .  r at  l i m  ; I ~mnct ‘n that the ith component of

Hv is (r  1) :- r all l o t  t I t -  f i i ; t  z co5~ionents ( i . e . • t hese ntlTmbered

f rom 0 t —  — 1), A ’ ( ) — 0 is  a t ,i - t r  el H V  ), si-md so t h e - - .- i -uni~

n i o t ;  vanish . For 0 i

- 4.11 ~4 (~ 
1 ) - A(~ 

1) .

Ncs~, let - ‘ e

F ! x )  — f
v.0

L 
be del m~ ed I~-

~4 . 11) t ( X )  — (x — !)F(x ) — —~~ u — x F(x

Then,

F ( x ) — (
1(j — x~~

1
)

1 A (x )

a;.I conseqt*ntly,

- ‘— — 1 - - — 1
f — —  a t~~~ ~~~~~~~~~~ L~~ ~. (0~~~j~~~~r)

v.0 
- , 0 

-

or

- - -3(4. 12) a — —~~f
v—0 

-

Sul s ’ m t u t i on of (4.11) and the conjugate of (4.12) in (4.10) gives

H~ 
(
~ 

1) — - t ( r  —l 
- r f l - ( t  1: ij  — ~~~ — 1)F(~ ~~~

) ?‘

and so

- r—~ -

Hv — T .
~~~~~ H 1 (~. 

I ) — (
~ C — 1 ) F ( 1  l ) F U ~ 

1 )
m—0 

A

an expressio n which is clearly negative, since ki c I and

— in —
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1) — A (~ 

1 ) — ( r  
-i  

- i - ) F ( ~~ 

_ l
)

so t h a t  ~‘ ( t , 
1
) ~ ~~ I t  I lluw s that U iS  net  ~ . , c mt i v e  3 , - ) x~~i t , -  r

k - t i n  t .-  . This comp : . -  . -s tb. proof of Theorem 1

In t h . -  i -r - .ul of The r.’n 2 we shall need a le~~a that e q r e  - It. .

He rnitmas Trench matrix H i n  1 .- rn - , 01 s irn~ i c r  matr ic es .  Pet -is define

A ( x )  by

A ( x )  — 
r 
A •(l/x)

i!; ! i , t  us I - - t i n . -  A .- l b .  n o , -  m a t r i x  1 orde r N + 1

- ro 0
( 4 1 3) A

~~~ ,
.
‘

‘ a- .’.-

-~~ 
—
~~

-.. m . .  It hi s P.’ 1) rst m t m .mn Tr ench  matrix 3,-fined mr  Thi -  r em 1

Cl’ - A  A
~~~~ 1 , b. l N . 1 ,N.  I

- F t r ;~ we S - 1 . -  t h a t  11 and t b .  t i r t t , ’n , o! t h e  right memi~~r of

‘4 . 1 4 )  t ;ree in m11 the m r . ‘leDiw ’ fl ’ : e x~~e~~-t  the  squs re subma tri ces of orde r r

i s  the I c .-. ~-;~ .t corner. : - r  all i-ut the las t r rows , t h i s  f o l l o w s

. m m m l y t~~-~~ ( 1. 1 ) tak i r.-; B ( x )  • A ( x ) .  ~-~r t h e  last r r-~~s , excluding the

sqm ~ r.- : tc— i~ r i x  i n  the r i  ;ht corne r , i t  fellows fr~in the He nsi ti an sy~~~ try

- . na~ ri~~-~~. ‘~- r ” . -v .-r, the secon d t erm of “ he  r i 3h t membe r of ( 4 . 1 4 )

has  1cr-c - . e v e rse ,e : , -  e xce~-t  is t I - c corne r s ub m at r ix  mentioned. These obser—

‘. t  mon c ~~~~~ (4 .14) . • I . -as plausible , and ernu I us to l imi t our attent ion

‘P. r by - ; I - ~~~ t~~ m ;t ’ s in the l ower right corner.

the - - - - ‘  - l  t h e  fmrst term -~~~ the right member of (4.14), this corner

c m k ~~~t r m x  is a m n e d  by multiplying the last r rows of the first factor by

~~~~~~~~ r co -xr ,~s f the :;e-~ond factor. Takini into account that some of

-e eLe~~ r.ts ‘f t h e - u -  row s and colusris are zeros, this product can be written

—I ..-

- .  A A
CT

r , 2 r  r , 2r

Moreover , by ; - a r t m  i - - r i ng  the f i r s t factor of this latter product inth the

~~~r . t  r res-m s an -I the i — i -~~ r coltmvms . and the secon d factor similarly

r~~~s ,

- -
~~~~~ ‘Cl ’ CT

A A 7~ A + A  Ar , 2r r , 2r r , r r , r r , r r , r

— 1 1 —
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r ,z r ,r i ,2r r ,2r r ,r r , i

~~
- .. , “h e  1. - tI ~~‘n t i - r  of ( 4 . 1  ) is ~-r t c i s e l y tb . - ; q u i ~~. sub m a t rix  I

is tb .  o’~~~.
- i i c - t t  ~

-‘,i nc’r o f H . - . -  H is Hermitian arid . -~~5 1Tl —

r~ - i  i i  s , P. - ~~~ in 1 - .- l owe r r ig h t  ~
- x n . - r  i s  o l t . ~i : ed  f r om i t  l - ~- . vt - i - - 1:. -;

‘I;. - - -r - t.- ’. ~ t b-uth t - arid - - ‘1~~~~~~is arid ~hc-n I -tk m~ ;~; t~~ . - ~c- 4 - : :  ~ - A- or-ling—

I:’ , - . 
~-~~~- p.-rf n’-: ‘ - - - c  - c! - t - ! . ~t~~ c.n 5 -n tb .  right member. As t s .  l i r - ; t  t ’ - r r

m -; ble rmi in and “~~i 1 m ’: • he e f t e ’ -t of be operations i s  t - - leave hat

-mn -i. -~n~;.’t. Corun-~~n - ~ t o  the s t - - c s !  1 . - m m , ~t 1 f l C~

3 A A
C”t’ 

-~ — j  \ 3 ~ 
•

r , r r ,r r r r ,r r r r ,r r
can ~.- rform !h.- ‘~ . - r , ~t~~- - ’n- - ‘n - i - -b I - .  t c ’ r u 1 ar a t c ’ 1- ; . We note .1 -

~~ ‘ . -~- - t  of ~~~~~~~~~ - s - . ’r at i on ; ;  on a matrix ~ is to tak e t b .  cir ;
r ,r

• ! anc: - ‘ c . . :‘.~~~
- - the result is A 

T A . In view of ( 4 . 1 3 )  , thms
m- ,r r,r

- . (4.: 4).

i rut’f jf ~~.‘uren 2. Let us 3, ’r iotc ’  i-s V and L the res1-. - -t m vt-

- ; in t .’..’ i ;gtr -‘.‘n:~~r f ~4.l4), so that

H . V - L

V is ~k’ r n . m t i a ~; posit i ve def in i t,  and I. is Hermitian ~ o s i t 1 ve  semi-

~~~m nm t . ’ . &• v be arm arbitrary non ze ro ve ’to r of co~~mlex •‘ .-n-st ~ . The n

. -d. I c - i  ;l-- ~-~~‘t i cn t~; Sat  s f - ,

Cl’ CT CTv htv v Ky y Lv v Ky
-- • - _____ _ _ _ _ _

CT CT - C F
v v v v V v v V

N 
i tV ( t )  - v -

be the characteristic fisic-tion of v. Then ,

— i t  N i~~A (e ) V ( t )  — W 0
V

v —— r
where, ‘-cm 0 < v N , w is the ‘th cosçon.nt of ~~~~~~~~~ V. (I t  may be

he1~~f-iI to the reader to think of the Vector v as being extended by annex-
ing a ntssber of  ;.- m ~ at the bottos.) 8y Par-e.val’s form ula (see (7) ,

~~

‘ .

— 1 2 -
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— — ‘.‘ ( t )  - i t  ,

0

whi 1.’

- 

~~~~i~~~~ i v 1
2 

~~~~~~~~~~~~~ 
~A ( c . it

) \ ‘ ( t ) ~~
’ f~

- - 
i t  2 —it -‘ - C by .4 )  , .~ (e ) • h (e ) , ~x . t  t ~~.‘ m c -  fore

CT 1 ’ ~ - m t  2 CT
-L17) v Vv < ——— h i , -  )~~V~~~ ) - I t  ‘ M v v

— .-
,

~~~ 

‘
0

‘~‘ t . -  - -  c si n - .’ . - ~~~~ -I V(’ ) ar’ a se’ ot meas ure : . -x  - - , I n c - . - ‘ot.

is.- -~~-ntlm t y om (4.17) coul d I’.- rc-~ I~~ - . -d by equalit-; only I L ( x )  ms a con — 

1 ~g m , : t  i - ci , ~ nmch would iir~ l y that H is diagonal , . i, ,l  t : - . - m c -  lu r e  a

us  t i - I l  matrix. This is .i~~t i.~rp ’ un t to - ;a ir -;  t h a t  r — 0, S L I l t r a m y t o  b y —

~- th esm ~ (see )e. ; - - m i ~ l i o n of H in T’.- -- rem 1).

11 1 1 1 ~~ ‘ :- f rom (4. 1.-) tn~-I (4.17) that

(4.18) I
HV

M

~~~ 
sio • t : - 0- ;r .- 1t.-~~t 0 :  n v a l u e  -~~~ H is th e ma x im~~ v,~l~~t - - I t b .

~-r’ 1ei ;P ~ uc- t ie s t in the i c - f t  ~~ mbc r of (4.18), w.- h - mv -s t I ct the great-

est .‘m ~ enva iuc’ of H U; l e s s  than “1.

1 w i l l  ba -’ n o t c~ c! tC. at  i f l  Theorem 2 we h,~v.- not i~~ioeed lb .

~~‘s i : t : n t h a t  woul I make H , :-. m t m v e  definite or :o’~~~d e f m n i t , - . Thus H

r..m - - s -is”- n. - ;a i ye c i  ~c ’nv ,~l :s- 5 , and i t  i s  m vab le that such a negative

e igenva l t s  m.i ;ht e xceed M in  absolute valu.’ . Wc must prove that this i s

n t  t h e  case . Th.- algebraically smallest ~‘m j e r v a i m . *  is the nmxnimtrm value of

• e S i . .l p ig b ;u - I m e n t  in the l e f t  member of (4.18). Since K and L are

both Hermitian ~ e c i t i v~ semideuinite , this minimue value is greater than , or

a 1 least equal to the negative of the maximum value of the Rayleigh quotient

w i t h  respe ct to L.

It follows from (4.13) and ( 4 . 1 4 )  that the elements of L are all zero

w i t h  the e xception of the sq uare submatrix of orde r r in the lowe r ri ght

—‘orner.  Because of this structure , the cigenvalues of 1., other than zero,

ar c ’ t I - ec-;C o’ - A
C’!’ 

A . The refore the maximue Rayleigh quotient withr ,r r , r
rr ” ; ;’4— rt  to L is the sai~~ as that wi th  respect to L . The refore , a lower

— 13— 
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boun d to the eigenvalnx -: - i  H i s  -~~, where c is the largest eigenva lue

of :.. In orde m to cori~~let. the i - roof that the spectral radius of H is

less than M , we must show that < “. In fact , it v is an arbitrary

vector of r complex components and its characteristic function is

r—l -

V(t) — v i j t

~ “0

then , by reasoning closely parallel to that used in the first part of this

p roo f , we conclude that

Lv 
~~ j  

A* (e Lt
) V ( t ) j 2 dt MV

CT 
v

Since L is He r ini ti an , is the maximue value of the Rayleigh quotient.

To prove the second part we let H’ be an arbitrary posi tive constan t

less than H and show that , for a suitable vector v and for sufficiently

larg e N,  the Rayleigh quotient ~~ v can be made larg er than

~~~~. Since h (e tt ) is a continuous function of t and H is its ma3cimue

value in (0 , .~
- ) ,  the re is soa~ value t — ‘r, such that

h (e
it
) > H’ .

Let us choose v — (v0
, v 1 , . . . , V~~J so that v~ 

- e~~~
’
~ for 0 ~ v ‘- N.

Then , • xcept for the fi rst r and the last r components , the Vth co~~o-

mont of Mv is h (.~~t ) v . The refore

( 4 . 1 9 )  vCT Hv — (N — 2r ~ l ) h ( e it ) + C

whe re C is the contribution of the f i rs t  r and the last r c~~~Onents.

Since eve ry c~~Qonent of v has absolute value 1, an ~~per botmd to the

absolute value of C is the sue of the absolut e values of the elemants in

the first r and the last r rows of H. Call thi. C’ , and note that C’

does not depend on N.

Now choose N sufficiently larg e so that

C’ + 2r h(e~
’)

N + 1 ~~ h(s iT ) _ M t

Then

(N + 1 ) f l - m (e~~~) — H ’ )  C’ + 2r h (e ul )

— 1 4 —
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2r + l ) h (e it ) > (I-i + 1 ’ -Y + id

and - o:m -. .- ~ u snt 1y

( 4 . 2 :)  — 2 r  1~~~~~(
i t

) • C > lb $ l)M’

~~il i ci 
~
‘ a ~ for eve ry v ,

c-i
v v — N + l

and ‘ ‘ .c- r . fore by (4.1-.) and (4 .20 )

v
CT

V V

as ~o- ~~~rc”I . This completes the i—roo f of Theorem 2.

;~-k ,wl.~ l -nto. ~~~.ty indebte~~’m e s- to W . F. Trench is obvious. He has

also kindly read a draft of this aper and made some suggestions that

re .-: i. ’ - - 1  in groat im ~ rove men ts .  My t hanks are also d lx? to H . V.  Subba rao ,

-.~- l - -~- u - i  -
• ~is1s arranged for me to visit the University of Alberta ueder his

: & -  .-i r .~h ;xaJ-mt from ‘~, t t - ~~- ,i1 Sciel-ire- -, and Engineering i~~search Couecil Can ada .

cm ;: irm -; that visit an impo rt an t part ~~ the research described herein was

~‘o~n~ l.’t.• 3 , and this paper has benefi ted significantly from discussions with

‘ mm.
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• Abstract (ContA n~~ d)

call a matri x having this special structure a Trench matrix. It was also shown
in ( 5 )  that a Trench matr ix  is nonsing ular i f  and only i f  A ( x ) and 8(x) have
no coimion zero, and that a strictly ban ded matrix has a Toepi i tz inverse i f and
only if  it is a nonsirigular Trench matrix. In this paper there are established
boun ds for eigenvalue s of He rm iti an Trench matrices that depen d only on the
polynomials A ( x )  and 8(x)  and not on the orde r of the matrix.
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