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ABSTRACT

Numerical solutions are presented for the two-dimensional flow past

a circular cylinder in an infinite domain. The flow is assumed to be

uniform at infini ty and the cylinder is allowed to rotate w ith a constant
- —-——-
angular velocity ~2 ,, ~ 2 is chosen to be in the range (0 — SW/a ) where

a is the radius of the cylinder and W is the mainstream velocity at

infinity. To incorporate visco-elastic properties into the flow, an

implicit four constant Oldroyd model is used , and the resultinq nonlinear

constitutive equations are solved in parallel with the equations of motion

as a coupled set of partial differential equations. The method of solu-

tion used is a finite difference technique with block over-relaxation.

The results are compared with those of other numerical computations as

well as with available experimental data. In particular, consideration

is given to the influence of cylinder rotation and of visco-elasticity

on the drag and lift experienced by the cylinder and on the streamline

patterns and vorticity distribution .
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SI GN I F I CANCE ANT) EXPL AN I~TION

I-~~~ t h ~ past three decades or so rheoloqists have at tempted to der iv e

be t te r  and better mathematical  models of rheoloq i c a lly  eompl t~x f l u i ds .

The testing ot such models, however , fo r  complex f low conditions , has to

some extent been neglected . This has been partly due to a lack of adequate

mathematical techniques and sufficiently powerful computers.

This report considers one model - the Oldroyd four constant model -
which is able to predict elastic and shear-thinning behaviour in a liquid.

Numerical solutions are obtained for the two-dimensional flow of such a

liquid past a cylinder which rotates about its axis. Such a flow is of

interest because the complex nature of the interaction of the main flow

and the flow due to the rotation of the cylinder represents a severe test

of the abil ity of the model to represent the true behaviour of the liquid.
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j A N t t M~:KICAL.  :~~l M U I . A i I t ’ N  I .Nr W ’I~~N I A N  ANI  V i .  - — I  i i~ I

— F ’ S  I A ’  ~1A I ’ l O N A l t Y  A N t ’  } ( (V I ’A T IFk .  c t i  I N t l k .

I N I k ~ ~~~~

I f  r t V . it  It~ T t Of  mOlt ’ aii~I f l b J l e  n ’~ 
h i  .t i C dt e t t  to’,’ l o i i .a l  ~~~ of  t’ t s~~, — , ’  l ,e ,t i c

1 i qu i d s  h,a~ , f s~~ n the 5u1, o t t  of  some t o m .. olm ’m t i b I c  st udy  ot ’c•m t ho past t h a  c c

and o n l y  somewhat 1 ,‘,o~ c’ i .it t oot  Ion hat .  boon ~~t i t 1  to us inq t f s •  im ic ’ I s  i n  , omn~ 1, 5

f l o w  s i t  uat jons .  Th~ , asoti t o ,  t h i s  h~~s t o sons ’ ex t en t  to, ’ , . t t ’ s c ’ i t , t of a~1c I u d t  0

n~i them. t t  t a l  techniques . i t id t h  t S par t  i t u l a r  ly  t h t o  ‘sc o t  t he  c~~it  l v  ns,dr l S

— the t ( t t i t o y d  n~ide1 . At t hough  ‘.omc It ~~ ( ‘ F  1(’d ( ~tt ( Unc ’t  i t 4 1  so lu t  t o l l s  wet, ’ c ’b t a im’ t f  t o t

0 t h em s imple f lows ot w i t h  f l o w  t - o m i , i  t t , , m t s  i t’vc’ c i  y r i s  t t t  c-si in  sante way by simp i i —

I y t n’t dssUmpt  1 ‘n ’; , t w,-i I tot  tint i 1 comparat i vel y m t ’o t tt  l v  11 — 4 1 t h a t  ‘m oq ro ’.s was

made • anti so 1 Ut t o l l S  oht~ i i t t ’ ,i , fo r more com( lex I 1, ‘w~. o t an ‘ 1 1  t ’y i m ode 1. (‘ar t  of

development has been l Inked  to the cons i t i e r a b t c ’  t n . ’m ati e in l ower of d i git a l

tcmpu t  ,‘i : ; ove ’,  the  last  few y c a t  5 , so that  mount ’ r i  cal mode is of sti f i t’ t e n t  at ’t ’ u ta c y

are now feas ib le .

The main  . i i t t c r e , , e , ’  between e a r l y  s e m i — a n a ly t ’ a l i s e m i — n u m c rica l ‘.ol u t  j o l t s  of

Oldroyd models and the more recent n imler ic~~l so l u t  ions is  tha t  i n st  ead of  at tempt  i n i

to f i n d  approximate expressions fo r  the ,;t less tensor as a fun t’t io n of t I t t ’  v e lot i t y

d ist r i b u t i o n s, the stress components are considered as dependent vat jables along w i t h

the ve locity  components and pressure. In o the r  words , i t t  ~sh t i t  ion to  the  equa t ions  of

mo t ion  and c o n t i n u i t y ,  one solve s the co nst i tu t iV e  equat ions as a set of COUf ’ lo t l

partial differential equations.

In t h is  paper we apply this technique to a study of two-dimensional f l ow  of an

Oldroyd liquid past a circular cylinder , the cylinder rotating about its axis. Such

a flow is of interest because of its complexity and also because, even tot the special

case of a stationary clinder , there Is conflicting experimental and theoretical data

In the literature as to whether the streamline patterns atm ’ moVed upstream or

Sponsored by the United States Army under Cont ract No. DM ’i-7’~-C-OO24.
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it’Wtt st ! , e r  t .  t~~ c- ~ m , ’sc -’ n~ .’ ‘1 c - 1 . t~. t i c t ty .  ‘rho i n t e m a c t i o s  of th c  ~~~ ba~~t~ f l o w s .

c ’ . . a, iv t i ’ s  and the c i t  t u l a t  toO ~!ue t o  I t t  r o t a ti o n  of the cyl  1 n - I cr , r e s u l t, ,

in 4 it Tong ‘sit i. ’rLi l •i. ’~ ,o, i, n,’,’ of t he  t o t e  of st~~j j n  tensor.  The a b il i t y  of  the

- ~‘n,. t 1’ 0 it ’ .’ equat non to re~ ,‘st r;t such a comp lex f l ow  is  severe ly  tested.

It  has been foun d in t h e  , ts t  ( 5 )  tha t  for some fl ows  in w hic h  two s.’( ai at e  f low

mech*ntams in teract , a lt ho uq h the ‘ ldroyd model is well able to predict qualitatively

effec ts due to shear-tt~t rtntit.m , it tail s to adequately represent elastic behaviour.

The flow u t  a Newtonian li quid past a stationary cylinder is certainly not a prob-

lem which h~ s been neglected in the literature , sea for example (6 - li i. For this

special cas, we make no at tempt to add to existing knowledge, but the availability of

s.v•ral sets of data does provide a useful check on the numerical method employed in

this study.

In spi te of some very early experiments due to Prandtl and Tietjens (12). in which,

in addition to flow visualization studies, they also measured drag and lift forces on

the cylinder , there has been comparatively little effort directed to the flow of a

Newtonian fluid past a rotating cylinder. Thoman and Szewczyk (13) have calculated

tint, dependent high speed flows, with Reynolds numbers Re of 30, 200 and l0~’, and

Phuoc Loc (14) has presented results for very much slower flows (Re .~O) and slow

rotational speeds of the cylinder. Although the two investigations do not overlap,

they do draw some contradictory conclusions. In this paper we attempt to resolve some

of the contradictions, although since we make the basic assumption of steady flow we

do not attempt to consider the higher Reynolds ntm*ers considered by Thoman and

Szewczyk, and restrict attention to Re < 40. Experimental evidence suggests that

above a Reynolds nrrcber of 40 the flow past a stationary cyclinder becomes unstable

and one sees a cyclic time-dependent flow pattern in which vortices are alternately

shed downstream from the top and bottom of the cylinder. Where possible, some com-

parison is made with the experimental data of Prandtl and Tiet~ens.

If one introduces elasticity into the fluid, then for flow past a stationary

cylinder, two basic questions have been considered at length in the literature.
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i t  - - t I s i, ’, e l - ,  - ‘ i~ it v ’ ., .- , - -‘ . - , - “ . 5 ’ ’ , t t . 0’ I I t . - - I ’ ‘ c . c - - I I t t~~1 - i , . - -

sli t t t  t , c -- - I , , - c, ’,l i :,, -~~ . c’ . ‘ t  ‘st I t , , .  r , ’ I , , t  t v ,  , - I s -  c -  ‘, - .  I , - s t  .‘ -s ’ - -s , itt
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- - i I t o t  ‘ ‘ a ’ ., ’ - , t hc  it i ,  at h t ’ i t u - m  f,, ’ v t t , ’ t , j - - , t tsnI~.. m  ,i f s ’t ’ . tin t t - ‘n I ~,
- -~~~~,- -  I i t ,

-. t t  eam l in, - -.hi t nq ,  ‘,‘s -t’ .’ t , I h o t , ’ I~~ , - .stt , ‘ ‘ 1, - i t  - i ’m t . ’c~m.’nt . one m t . i hf  , - x j - -

I 1 s t  I :‘t ’ t , i $  I , ’ I t t , ’ i i ! 1 , - t i n t  t m - - l i - I  Ot to, , f s t  i ’ ’ - , ¶t  c ’~~ I c i  l t T h t t t , c f  . t ot c -n . ,

- - , ‘ i t t  r u - l i ,  t , ’ , V - f’,’t ho i - ~ 
,.t~-cm,, m m . , c o t ~~~ ‘, ,Ii~ ’ t o  M, t , , r  ,‘4 s i t  t 1 , ‘s ., ‘mm - I i ’ m h t  t o

I r ’ t l . ’ rt in  ‘ h i t  ( t o t ~‘l,i i nt I . ’ f ’ , .~b l e  i ,  - .15.5 expc.~ ir i , ’ t o , r l  I t  t . ’t f, t~ 
- t t e a m  . i t t , l

~~~~~~~~~~ t e at s  - ‘ 11 t t , m  t. I’c ..l.it! t t  on t he  S, ’ t ’ , , , ’ i t ’ c ’ m t l  ntunl~c~ t . In I i i , ’ t ~~~~~~ ~~ ‘t k , 1 ‘c i i i - ,

‘ t . t cml ’u t . a t t o na l r . ’s t m i , - t  i t ’ll , , ~~ a t , ’ to t .~~‘lc ’  t . . v o , v  .‘,t ,  flu i d pa m a ~ e tt’ts’ii ~ t l en t  l v

t , ’ i t t  , ‘nn I t . ’ I’ m .‘.f i  . 1  ts ’t it upit ream .in i .i,cwtc - , t I cant s l i t  f t  in .m . i i t  i t , ’i~~i t ’ - wc ’ c t . ’ at ’ l c ’ , I . ’

, ‘ ! t  .1 5 ,‘~~t c O t  . I , ’ I s.’ l i t , ’ t h~ ‘,c ’} ~~t a t , ’ ,‘f  I ,‘ , - t of c l . i s t  t - I t t -  ,in.t - ‘to r t  I ‘, i n t t t n.,

ts ’h.a v t ou t  o t t  t h e  streamline pat tern.

1’,’ our knowle,i ,e t t O r c ~ i ’, no ,‘x i s t  i n ~m tia t . a , m i t t , ,’ ,  t h , ’ , ’ t c ’ I i, ’. r(  01 c ’x l’t ’i t i n c ’ n t a l ,

‘n v i  sco— c ’l ,j ’i , f 1 .‘~~‘ past .c t ot  .tt i flt ~ ~~ 1 t s.f. ’ t a I t  h,’ugh it is fio1’c’d t h.at ‘,, ‘t,s’ w i l l  be

t lab I e sht ’i I l v  a ; .i result ‘i to c ’X(’ .’l In tent  a 1 i nvmo. I i ‘i~~t i ott by ~( , fi , l i t ,  ,l ,cn ,i R .  I -

Ch ris t tansen, ‘Si t .‘tct i v  in  l ’I o ’t t  c’st.  at I hc’ i ’ tt t vc ’t ,. t t v  ,‘ f Si ,., - or i,t  t ,t—M,i,it .‘n .  As f , t m

I he st at  t on a  m V ,‘,% sm , Sc’ c l i i  n at t em~’t I o t ’;.’ I a t e  e 1 .ast i .  .cn,i •th,’.c, — I li t t t n i n ’ m  behaviout

m d  f ’ i  ,‘scnt  drag ,m,t,i li ft coef fic tents , ‘t t a m  i o ns  Reynolds niu~ ’.’, ‘. . , ot at  tonal ,.I’c’c ’dS

anti f l ui d  p a r a m e t e r s .  St eaml inc l i t ’ t,’,- t i on’. .in i t’,’tt It ’ll V di  ~ t i ihut ion ,. a te also

t~ i ve’n t o t  ‘~,‘ le c t ,’ ,1 ‘as,’,, .
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NU M E N I CAL SOLUT I ON

When one refers to the Oldroyd model as a ‘simp le ’ model then one is talkinq about

t h e  ‘simple ’ representation of fluid properties. The coupled nonlinear p artial differ—

ential equations which one obtains for Stress and velocity components from using this

model are certainly far from simple to solve, and unless some very restrictive pertur-

bation analysis is employed , one mus t resort to numerical techniques. In an ea r l i e r

paper [11, a numerical fini te difference solution was presented for pUlsatile flow of

an Oldroyd fluid in a circular pipe. Itt this work the coupled stress/velocity equations

were solved as an initial value problem, star t ing from rest, and advanced in time until ‘

a steady,  or quasi—steady state was obtained. In the present paper, the problem is

treated as a boundary Value problem in which we seek coupled velocity and stress van-

ables consistent with conditions specified on closed boundaries. This technique has

been used by Wal ters and his co-workers 12—4) for flow through constricted channels

and flow around sharp corners.

In order to discretize our equations we need to adopt some finite difference grid.

A cylindrical polar grid does not give a very satisfactory distribution of grid points .

We need to concentrate grid points near to the cylinder where variables are changing

more rapidly, and where greater accuracy is required. Accordingly we set

~~= log r (20)

and work in terms of (~~,8) coordinates on the logarithmic grid shown in Figure 2.

Twenty grid points were used in the ~ direction and forty in the 8 direction.

Al though this is a somewhat coarser grid than perhaps desirable, one is severely

l imited by the very considerable amounts of computer arithmetic needed to solve

problems of this kind. ~ was taken to be 3.0 giving an outer non-dimensional radius

r * of 20.1.

In terms of (~~, 8 )  coordinates our modif ied momentum equations become

(21)iao ~ a~ ~ej R 1~~ 2 ae 2
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{
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and

+ = ~~~~~~~ (22)
~~2 ~3

2

and sim i l a r l y  for the constitutive equations.

We introduce discrete variables ~i , p , p , and p ,
ij i j  I n n )  Ir is )  , , (~~~~1)  -

13 2,)
for example

= (i&E ,j ~.8) i = 1,2 14 (23)

j 1, 2 , . . . ,  N

arid 2,i, arid ,~.Ij are the mesh spacings in the F and 8 directions respectively.

To discretize the Laplacian operators in (21) and (22) we use a standar d f ive

point approximation

A . , - 2A ., + A A.. - 2A ., + A , ,

V2A , , = i+lJ 13 i”lj 
+ 

i j+1 ij  i j•~1 (2 4 )
2,) (~~ ) 2 (~ O ) 2

For the nonlinear inertia terms in (21) it is necessary to take special measures to

ensure diagonal dominance of the difference equations. Otherwise it has been found

that the iterative scheme to be applied to solve these equations will not converge for’

Reynolds numbers in excess of unity. The technique we have employed is to make use

of so—called Upwind differencing where one—sided difference approximations to the

first derivatives of it are used, the particular approximation i.e. forward or back-

ward, being chosen according to the signs of the t), derivatives as follows .

— 

~~~~~~ ‘
~~~~ 

> 0

• ( 2 5 )
~~ 

~~i+lj — 
Iil

j j
)/ l t~ 

.
~* < 0

(w~~~,1 - it~~.)/ ~~8 ~~~ > 0

— 

(w~~~ — ~~, 1 )/A e . <

Clearly, in doing this, one must accept a loss of accuracy due to the first order (iatiirb

of the one—sided difference approximations. Greater accuracy can be recovered , ho ’.- ’ev€ t

if required , by applying a difference correction procedure (see , for example , (27)).
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+ ~
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+ ~~ ~~~~~ — , 
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(k—If
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A~’ — b
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The discrete forms of th~ rema inin g ,.tre’am function, and stress component

equations. and also the boundary s t ress  equations (c.f . (11)), take essentially the same

form as (28) and the sante block solution algorithm is used in each case. Again , one-

sided differences are used to ensure diagonal dominance for some of the nonlinear t e r ms

in the Stress equations.

The direct ion of the block iteration used, varies according to the boundary

conditions. For the stream function we iterate inwards f rom the non-zero condit ions

on the r,, boundary , while for i,s and 
~ (ik) we iterate outwards away f rom the

non-zero conditions on the cyl inder .

In order to obtain consistent approximations for all the variables an outer

iterative scheme is set up as follows

F:
( 31)

[P~~~)P~~~)P~~~)) 
boundary ,_J ( P P ~~~)P~~~)J 

boundary 

___
j 

[P~~~)P~~~)P~~~\} 
interior [P~~~)P~~~)P~~~)J 

interior

The outer iteration is continued until two successive iterates agree to some

predetermined tolerance.

In order to optimize the convergence of the scheme set out in (31), and indeed ,

for most cases, to obtain convergence at all, some considerable attention must be paid

to smoothing both interior and boundary values of variables. When, for example, a new

approximation *
1n
~
1) 

is computed, then a weighted mean ~ (n+1) of this value and the

I previous iterate given by

~
(n+l) 

~~~~~ + (1 - 0 1 ~~(n+1 ) 
0 (0 < 1 (32)

is actually used for ~ for the next stage of the outer iteration procedure. For low

Reynolds nirtbers and low rotational speeds, little or no smoothing was necessary, but
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t s U h i , - I  t - ,,l -I tt 1 l i t ’  - 1 1 , - r n , c I f t , -  1 , 1 , 1  i - ’ n i , t l ‘ -‘ ‘ ‘ - f  i’ i t t - i ,  ,, ,, , I ,  N,, such I ’n oLil . ’ms

were  t~~ -~ .11  . 1 1  I - i  I he 1 1 -  k 1 ,’,  u t  i v , - - , ,  - ( t , ’rs- and we w e t , ’  ,i t ’I , ’  t o  extenil I f i r ’  l f t t u , ,,  la ’s ’

1 , 1 , ,  I , ’ .1 tii i f s  h i - nh - i  range ‘ 1 ( - . I i ~ sm. - l . - i

F t  I t t , ,  t i  ‘., ‘ — , ‘ I~s’-,t i i .’ I i  -~ t t i - l , fs,’w,’v,’ t , . - i ’ t i v c ’ n q t ’ r t - .’ i ’t t ’t ’ ,- , l to be t,ii Ilk) !, ’ ‘li f t  t t ’ul t

- ‘ S. (51, -v .- , I ‘in, ’ t’ , r c ’~ - ,i r ‘‘ .1 I t ’  ‘ u ’t ’u I i ’  w i t  hi stlk roth i no parst,tet . 1 , 1  t hc’n i t  may w e l l  be
1’

‘ ii S -;i ’l su t t i n  1’ - ~~ ‘- ,s1 b1 , ’ I i  t h y  ~‘(iy~~i ’~~liy t , ’,t’.,’ri.i f’l , - ‘ ‘ 1  i t t  flut t i I’.,t,1m~’t~ ’ t . .

Ph ‘s -i ’ ,’ I , iri i l t S  t ’X l’en  t,’nc,’, I ( u ~ ‘s l u t  t on  of t f i , ’  f u l l  V i - . ’ — , ’ I , , . t  I ’  t t ’b l , ’m u s .  v e t  v

expens iv,’ ‘n ‘ - ‘rn ~~’u I  ,‘ r time .in i with .1 t i n  i t , ’ s- , mi iutc .r l ’i i , l t t c ’t  there s c ’ c ’m, t t ,  be a l i m i t

t - ’ the -l,”u t , ’e ’ I n . -t n l  u i s , ’ . u i  i t  v in the equations that  on , ’ can .it’u ’O!tUTh,h ’id tc ’ . ‘( I I - , 1 im i ta—

n o n  ..t . been ~‘xi’. ’t u ” i i , ’ , ’,l by a number of other work,’t ,; in this field isec’ 14 1) . It

may well be that the t ype of t t , ’r a t i v e  scheme o u t l i n e d  in  t h i s .  paper i i i  u n su i t , ’.t Isi

htqhly nonlineat problems , and that one must. t u rn  t t i  other tc ’s’h n iqu c .s . The use t t f

higher order collocat ton, approximations together with more ~oph i s t i c . it e d  n o n l i n e a r

equation qolvers 12t4 1 may well prove to be one possibility.

The ma i t t  i t y  of the computation of the data presented in  t h i s  ;‘.t~ ’,’t wa nt ,,‘ai nled

out on two DEC VAX oompu t er s wi th run t ime s varying f rom severa l minu tes  to several

hours in ext reme oases.
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I f s , ~ 1 i I t  - - , t , ’  1 5 i - - 1 , 1 S t , Th,’ i - c s s : it  - ‘ 0 ‘, , ‘ f .  s i . ’ - - n, ’, S i t ’ t 515,515 1 i ’ s - -t nt i a I l v I u ,

t he  s;, ’ l t d  lines 5 , t r  Re • in , ind c- . ’ , but I i  such a i i r t i t , ’ ,l h u t s , : , ’ 51 Ii W L’~ . 5) t f : ,i ’,

?si’~
’ - 1 1 , ’ ’. tic l’s’ 1: in resolving t he usc ts’ss ,tls, -v between t h e  ‘5 Isn , ’s t ’s , s I.tt ., s;e  I S .

In view n, ’l t f s , ’ ,- i ’u’ssti,i,st - ,thi,’ chars~ t’ u - i s  i i  ~- t  as t f s , s  I-cs ,tt  u~srs a I s’s’ s’n ’d is- it5’ i  e, ls. ,’.l ,

i t  is;  - ‘ 1  i n t o - r e - s t  t o  ~- 1 , ’l t h e  s t r e a m lin e  i s I s t i’ c t u i’n ~
; t s r  .i n ursis s ’s of s1ts~.tt 1,’05.

F s-lure,; h t — ’ P )  ‘h ow - ,t  t ,‘,t iIi ’, i t t , .’ 1-r i ’  se c t  t O l l s; fstu a N,.’vrss’i,fs number t ’t 30 o i l  n,’ ,, r u , ’us

rot .it ion s I speeds. I t  can is,’ seen t h a t  the ~‘~t i  ci  Vi’ r t  usn ,’ ss fo tm’d L~, ft I I S P  S I s , - cvl i ride r

in the stationary cast ’ are soon s;wet’t 5rwa’,’ by the rotation ,‘5 tb , cv i  inn , l e t  , i s s .P  t h ~

streamlines near the c yl i nd er  an ,’ drawn c lo s e lt ,’ aroun d i t  u n t i l  one sect ; a t iI i~ i

trapped fluid rotating with the cylinder. Tf~t’ss’ results .r1,~ in excellent ,t~i t , ’ ,’me t s t

with the flow visua l izat ion s;t u,f i s ’ ~~f Pra ndt  1 and -r i , ’t i n n s  II ~ 1.

( t i n )  V i s c i n -e la s t ic  flow past a ‘stationary cylindet

From the many invest  iqat  no n ’s  a v a i l a b l e  in the 1 it , ’r at u re , both ~‘X1 ’i’I t 5’seItt t i  ,t s t . I

t h e o r e t i c a l , two fac ts  emerge. F i r s t , i t  seems q e ner a l ly  ,,tir , ’ ,’.l that the s ’ i n ,’sestcs ’ of
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e l a s t i cit y  induces an i n i t i a l  sma l l  decrease in drag at low Reyt to l ds  numbers , which

charges to a somewhat larger increase in drag as the Reynolds number is increased.

Secondly, there is complete disagreement as to whether elastic behaviour in the liquid

shifts the streamline pattern upstream or downstream relative to the Newtonian stream-

lines. The various positions adopted by the many investigations are Set out in Table 1.

Some related work on flow past a sphere is also included. Recent experimental data

presented by Mena 1241 suggests that either an upstream or downstream shift are possible

depending cnn the value of the Weissenberg number.

Of the available theoretical investigations, a number have used implicit differ-

ent ial  f l u id  models, but in a l l  cases very res t r ic t ive s impl i fying approximations are

employed to make the equations tractible.  In some cases, these simplifying assumptions

have been severely criticised in later work. The present investigation represents the

first full numerical solution of the problem for an implicit visco—elastic model and

for the range of parameters considered , a small downstreautn shift in the streamline

pattern was found. The results are shown in Figure 10 where in addition to the

Newtonian streamlines, those of two other fluids are plotted. The equivalent vorticity

distributions are given in Figure 11. In an attempt to isolate the influence of elastic

and shear thinning properties, two sets of Oldroyd parameters were selected. In one of

these is set to zero which results in a liquid of constant viscosity but, provided

> 

~
‘2’ 

a positive non—zero first normal stress di fference, We shall make reference

in the results to an ‘elastic ’ liquid meaning the constant viscosity case, and to a

‘visco—elastic’ liquid meaning the full four constant model where shear thinning effects

are included. The results given in Figure 10 indicate that the small downstream shift

due to elasticity is increased when a shear—rate dependent viscosity is included. The

streamline projections for the ‘elastic ’ liquid compare favourably with those of Pilate

and Crochet (211 who used a constant viscosity second order fluid model. It is

unfortunate that computational limitations with the solution technique employed here

do not allow us to investi gate a wider range of parameters and attempt to reproduce
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both upstream an,.! .jowli- .t  1 t ’,t t t ’  I s i t t  l I s t  ‘5 U - I - l n ’ t . t t ’ d  i ,., ’ sPsn  1- u t n t  n’x~~-, ’r  im, ’n s t  ,, 1 n v  i ,l n ’t i ,’,’

Ot Me na ( 2 4 J .

We have chosen I t ’t I t ’ I 1 , 5 , 5 1st I t t - I  s u I t  I .  i , ’ Ii t  r ,~su1 ts  nt l i s t ,  - - t , t - t i  since they

w i l t  appear in t he  nex t  se c t i o n  as a ‘s!~ -’,’i5, l - a t e  of the t t ’t at ing ,-y l nnd~- r data. We

remark in ,  ).~assing , however ‘ s l a t  it was found tl sat for small Reynolds numbers (Re ‘ 0.1),

elasticity j’roduce,i a small decrease in iraq , while for higher speed flows (Re ‘ 5) an

increased drag was found. This observation again agrees with the numerical predictions

of Pila te and Crochet , and wit h  experimental data given by James and Acosta 1171, and

Broadbent and Mena 119). For the parameters considered the shear thinning properties

of the liquid appear to have little effect on the drag . it could be argued, however ,

that shear—thinning properties become apparent only at higher shear rates or with - ‘

higher values for ‘l’~~2 
and than considered here , and cer ta i n l y  we do see later

a much greater effect of shear thinning at higher rotational speeds of the cylinder.

(iv) Visco—elastic flow past a rotating cylinder

The flow past a rotating cylinder represents an interesting test problem for a

mathematical model of a visco-elastic liquid in that the interaction of the two

separate flow mechanisms produces a very complex flow situation. Experience in the

past (5) has Indicated that for some flows in which one has interacting steady and

oscillatory flow mechanisms, the Oldroyd model was qualitatively well able to predict

effects due to shear-thinning behaviour but failed even qualitatively to represent

elastic effects.

Figures 12, 13 and 14 show drag and lift coefficients plotted against rotational

speed for the purely elastic liquid, the ful l visco—elastic liquid and the equivalent

Newtonian liquid. Dealing with the drag first, it can be seen that elasticity appears

to contribute an almost constant additional drag independent of the rotational speed.

The shear—thinning behaviour, on the other hand has little or no effect at low rota—

tional speeds , but , as the speed increases, the thinning of the liquid seems to reduce

the total drag below the purely elastic case, and eventually below that of the

Newtonian liquid.
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.. s I hi - , , r s’ , s ’ , , ’ , ’ n t  I v ’ S  - t  ‘s til l I l i , lJI tn ’t  I n i  s-5,i ‘ ‘ 5 ’ ’  I t  t n  5 ’  - - ,. ‘I  ,n t ‘ ‘ s t

I i ’ . ’ ‘ ‘ I i i ”~’ ,i I s  i~~~ 1 ~ s t 5 t  .1 5 . ‘ 1 . i t s s I - i  ,“~‘iI ss- S ’ , ,

, ‘ - s’q n i  u - t n ,  ‘ ‘ s  S I ’ , -  i i -  si I - I I i N , ’ u . s t ’ ’ , s  i , i i n  I I ’ ~~U i t  n i t I - t  S n  xs ’tI ‘‘ ‘ i  i s i - I t - i , u.- u  I Is

,,f ‘-s’ ,’t ,, l n s I ~~. ‘ i S  i t s  ‘ s t :  l i l t . n t s l i , ’  s s u ’ I ’ I t ’ s , t ’ -s I l s i t  t l t ,  t s , s l i , u ’ ’ , ‘t  l It, ’ ~s s, I l t , ’ , I  ‘ 555 5

h - s n ’ , s ’ s s  - s l i t  n ’  ‘‘ I I S i s  u , - ‘S a ois t , ’wl ; , t t  - , ‘ n i  ‘ ,‘ I i t n i t , -  - l i t  t , ’ i , - s u ,  i i - I , is  , t , i , ” s s i , , I , ’  ‘ s t - F

1” t r  ‘ s t s n ’  N, ’ w t t t n u a s t  ‘si, ’w p 0;! 0 r o t a tI n g  ssy l i r t , h ’ i  , t i, - . 1 , 1  ‘ I s  of th,.’ ‘yl  i ts - li - i i s i s -

,t s u i r u i f  - ‘ n t ’ u ’ t I , ’ c t  on l b . ’  f low , ‘V I) at low s ’ s t . n t  i , t i s.t l . 1 - , , 1 - 5 . - i l i s O I . - Ii.iu. nfl

‘s 5 t ’,ul’s i i I i~~’O i f i  ‘ W r , I p t — ,_i FOt .ifltj ’ t , t s . l t  i t s O  ,u r , t ’ , s s s  I t Iu~ V i s  s , . i , - i  S-it ’  5 5 s 5 1 0 1 s  sst , t n t  nt

ti i dtS n ’t 1 - 5 . 1 1  i , -rt ,nl ap;n’,s’,ls; us,’ ss, ’n- ~; a b~~i1’,’ 01 li quid t t u ; - t - .a in ‘n ‘ ‘s:’. t isO - i t  - s t i n t  i t t i s

,ti, .’.s ss ,l it s ,- -s v I  s s t  I t ’ I .  ‘ l i t , -  , ! i a t p  ,tn’I l i ft ~‘u~~ ’i  I I s ’ i t ’ I i t s s  i s i s ; , ’  ts~ - s I l y  s - i t ’ , i t s - i  , , i F . i l t s l

i s ’ s ’  .t I - - ,-, ‘ ,l t o  a t - , ‘,tk n,’ ,i in , ’ , , n t  ‘1 , i n  t i n , .’ - os~~’ n ’s I ;, - l i l t  ‘ ‘ ‘i ’ S  l , ’ i’ ’ I l  1 t o ) , ’

- n’t ’~ S-n5lly r a p i d  ,i,.’cO , ’ as 5 ; , - rotationa l p ‘n ’~”! inu,’t n ’s,- n ’’,: st i ll t a t  I m r

Th, ’ i i  I ,  : 5  of ,.s l , n s ; t  i s i t y  on th._’ , t i , - 5tt t m l i n e  p ,tt 1, - F I t  1 , 5 5  5 s s t . n t  i s ~ i t t t ’ .- ,- !  sim I, ’n us :

t o  ‘s - - ssi ’~’ a s~- nr ’.’ small sill ft downstream. This shift is i l s , i t ’  .tnn ’,I Pm ’, ’ I t s . ’ ‘i ,‘,snitc , ’ of

- h o n t  — t l s n r s n sn~~ p ’ r o p s~ - r t  u’s; . A small sI,’ci,’ao,’ in drag is found fo r  both e i , n , s l  i t ’ and

so  l iquids at low Reynolds  n umbers , becoming a somewhat i , . i ’ q , ’t’  I nc r  (‘ , Is , , ’ in

a t  ~n -a a’5 1 - s S ~h’ -r Reyr so  l Oss ninisbe rs.

Wh rl i  the cy l inder  i s ro tated , the elastic and shear—thinnints -lop’ ,’ rt i n ’ s ;  would

a r t ’s ’  n ’ s  to have o p t l  t. s s r t, ’ ef f e c ts, the fo rme r t’’,itli no to draw t he  5!  i o uts; ! inc p s c t  t , ’F t t

in  even c loser  aroun d the c y l i n d e r  compared with the Newtonian c,ts,’, w h i l e t h e  ‘ ; I t n - , ut -

h u r l s  i n st pro;scrt ies seem to have the reverse effect. At low rot at  l s , I i , t l ,;p ~ ’~’ I s -  and

Reynolds numbers in excess of 5 an in c r n ’ a s s n ’ t l  drag and lift i s ’s s u n i t  f rom the  v is , -u —

t,’ I , ’. s t i’ . p ’r c - ; n ’r t i , . ’ s;  of the l i q u i d ,  but for the s in , ’, u r  thinning liquid on,’ ’s,’,’s- an

- vn r t t ual  decay in drag at h igher  ro tational speeds to below the N ew t o t s l a t n  va l u e .  I ,’i

t u e  11 1 p t  f i t ’s ‘nt , for both elastic alt, !  visco—ehas;t i s ’ l i qu ids , th~ i’ . t r l l’ I t iu ’t~~’, t 5 i ~ ’ii

l i f t  d r ’ c , i y su  a t  h i g h e r  r o t a t i o n a l  speeds to ,u value below tine Newtonian lift , l it,’ deca y

bt ’ i n .j acer ’ s,tt~~t more i - op-i,! isir the visco—elas ;tie liquid.

I
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The very expensive nature of the solution techniques used us , this i s ’ ,” .’ i ’ ~~, ’ si ~

sugges ts that for  highly nonlinear problems there is a need for faster , rm, r-

t i ca ted  numerical  algorithms to solve the coupled momentum and c o n st i t u ti ’j e -s - s , n t i , ’ tO -
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