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Consider solutions (H(x,¢),G(x,€)) of the von Karman equations for the

L(p?nur. A
swirling flow between two rotating coaxial disks
\““f‘?‘ fer g L4 {l'
iv‘ " L]
P, 3 €H + HH + GG' = 0 ’
Soa eps: (on WAB L3 L d
wWeir pfrimesd
2 €EG" + HG' - H'G =0 . e
» aps tin du =10

We assume that ]H(x.c)P lH (x,gib + dG(x,Ez) ; é. This work considers shapes

abs val (N(‘ P “") T abs, vl ’(H’(y. eps lo-\) abs, vef (G (X, eptf faa )
' and asymptotlc behavior as ¢ > O+, We consider the type of limit functions
=4 2 SOpntan appeonche
Qﬂ(x)ﬁg(x)) that are permissible. In particular, if (H(x,€), G(x,f» also satisfy
Q. aye. Lepsiion
the boundary conditions H(0,e) = H(l g) = 0, H' (O, e) = H'(l,e) = 0 then H(x)
tep e lon 4 Lepsifon —md

has no simple zeros. That is, there does not exist a point 2z ¢ (0 y) such that

an elowmeuy at

?H(z) = 0, H (z) #\ Moreover, the case of "cells" which oscillate is studied in
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SIGNIFICANCE AND EXPLANATION

Under appropriate conditions the steady-state flow of fluid between two
planes rotating about a common axis perpendicular to them may be described by
two functions H(x,e), G(x,e) which satisfy the coupled system of ordinary
dirferential equations

e’V 4 HH™ + GG' = 0
€EG" + HG' - H'G = 0 .

The quantity € > 0 1is related to the kinematic viscosity and = R 1is usually

oM j=

called the Reynolds number.

These equations have received quite a bit of attention. First of all, people
who are truly interested in the phenomena modeled by these equations, e.g. fluid
dynamicists, are interested in this problem. However, as these equations have
been studied by a variety of mathematical methods, they have taken on an indepen-
dent interest. The major methods employed have been (i) Matched Asymptotic Expan-
sions and (ii) Numerical Computations. In both approaches technical problems have
appeared. There may be "turning points," i.e. points at which H(x,e) = 0. Such
points require special and delicate analysis within the theory of (i). As numeri-
cal problems, these equations are "stiff" - precisely because ¢ 1is small. The
occurrence of "turning points" only makes computation more difficult.

For these reasons, these equations have become "test" problems for methods
of "matching in the presence of turning points" and "stiff O.D.E. solvers." How-
ever, when one has "test problems," one needs to know the answers. Unfortunately
here the answers are largely unknown.

In this report we study the asymptotic behavior as € becomes small. We
concentrate on two main cases. First, the case where lH(x,c)l + |H'(x,£)l +
]G(x,e)[ < B. These bounds are reasonable because of the physical interpretation
of these values as velocities. Finally we consider the case when the limit func-

tion E(x) oscillates about zero. Such "cell" structure is both interesting and

important.
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i
ON THE SWIRLING FLOW BETWEEN ROTATING COAXIAL DISKS,
*h
ASYMPTOTIC BEHAVIOR II.
: ) (2)
Heinz Otto Kreiss and Seymour V. Parter
1. Introduction i

Consider the von Karman similarity equations for incompressible axi-symmetric fluid flow ! 2

between two rotating planes

’

1.1) EH'Y + HH™ +GG' =0, O0<x<1

1.2) €G" + HG' - H'G = 0, Oitgin <)

(A thorough discussion of the derivation of these equations is found in (2], [1]).

In [ 4] we considered the asymptotic behavior (as € =+ 0+) of solutions

(H(x,€), G(x,e)) under the basic hypothesis:

H.1) [H(x,e)| < B/, |cix,e)| <B .

In this paper we consider the asymptotic behavior under the assumption that

H.2) [H(x,e)| + |H'(x,0)| + Jotx,e)| < C

0 |

We recall that if q_, v are the components of velocity in cylindrical coordinates
r’ 9o I b

(r,8,x) then

|
|

- X T % vl
9, = 3 BH' (%), 9 = 3 G(x) ., q, H(x) .

Thus, assumption H.2 merely asserts that the velocities are bounded in bounded regions, i.e.

¥ < 'R

From the results of [ 4] we see that those solutions (H(x,e), G(x,e)) which satisfy H.1

also satisfy H.2. However, in this paper we are concerned specifically with the case where

* &

Will also appear as Computer Sciences Department Report #360.
(I)California Institute of Technology, Pasadena, CA.
(Z)University of Wisconsin-Madison, Madison, WI.

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024; and by the Office of
Naval Research under Contract No. N00014-76-C-0341.
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Hix.e) #0, 0<x <1,

Thus we will consider sequences of solutions (H(x,cn). G(x,en)) which satisfy

H.3) There is a point x_, ¢ (0,1) and a value § > 0 such that

Q
0 <8< luxgept <) .
When studying a singular perturbation problem such as (1.1), (1.2),it is natural to con-

sider the reduced equations

T3 ﬁﬁcn g C.;(-;' i R
1.4) HG' - H'G=0 ,

and the relationship of (H(x,sn). G(x,sn)) to (an appropriately chosen) pair (ﬁ(x).a(x))-

The solutions of (1.3), (l1.4) are given by

1.5a) G(x) = roﬁ(x) ’

and, if T, # 0 then, i

H
= ; AT “
1.5b) H(x) = Ho + (Hl/to) sin to(x xo) += (1 - cos to(x xo)) 3
[¢]
On the other hand, if T 0 then
1.50) Hix) = B 48 (x=x) + 28 (x-x)>
" x 0 1 (%% 5 Hy (x=x, :

In fact, H.2 implies that there are sequences g, -+ 0+ and a continuous function h(x)

such that
max{la(x.en) -h(x)|s 0<x <1} +0 as N0

In section 2 we discuss the convergence of (H(x,en). G(x,en)) to a solution (ﬁ(x),&(x))
on those intervals on which H(x) does not vanish.

In section 3 we consider the local behavior of (H(x.cn), G(x,e )) near a point 8 at

which H(g) = 0 but H'(B) # 0.
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In section 4 we show that if <H(x.¢“). G(n.rn)) satisfy the boundary conditions

1.0a} N(ﬂ.c“) - n(x.(n) = 0, (no penetration) "
1.6b) H'(O,e ) = H' (1,6 ) = 0, (no slip) ,
then H(x) cannot have a simple zero, 8.

The results of section 4 assert that if we insist on the boundary conditions (1.6a), (1.6h)
and the bounds H.2, we cannot expect the limit function H(x) to have nodal seros., In the case
where one assumes H.1 the results of [ 4] show that (after selecting a subsequence rn.>

h(x.rn) * Gy A constant, 0 < §' < x < 1=§'., Purthermore, if G ¥ 0 one can show that

H(x,e ) /Y, *constant, 0 < &' < x ¢ 1-8'

On the other hand, the computation of Mellor, Chapple and Stokes [9] and the computation of
Roberts and Shipman [10] produced solutions in which H(x.c“)/J?; oscillates about zero.
For these reasons the discussion in section 5 is concerned with the following general

sitnation. lLet (H(x,cn). Gix,e)) be solutions of {(1.1) and (1.2) which satisfy

-
1.7a) I(f;\"ﬂ(x.c)l:nc Y wom BuhiE 48
-0
1.7b) ‘(%)vc(x.c)l 8 Y, tym Aty

for certain fixed constants B, Py a, with

B wmy S

1.7¢) Po

Let 0 « ¢ < 1/2. Suppose there are two intervals (“0'50" (al.ﬂll with

1.8) 0 < “0 € 50 €a © By %X

and a constant R > 0 such that

()

1.9a) Hix,e)e 2 2R Oy £ X2 BQ .
Po
1.9b) Hix,e)e ~ < =R, a X< 81 '

e

A A

i
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We then discuss the possible limit behavior of (H(x,¢), G(xX.,¢)) as ¢ » O+, 1In particular,
with an appropriate definition of “limit cell®, we are able to show that there are at most four

cells in the case where the limit function oscillates about zero.
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2. Convergence of (Mx.tn).ma.wn,).

Let (M(x.;“).c(x.cn)) be solutions of (1.1}, (1.2) which alsoe satisfy H.2. Let
%, € (0.1) be a point at which

0«8 < Intxgee | <€

for all ¢ = L The major result of this section is the following:

Theorem 2.1: Let n be a constant with 0 < n < §/2, Let la,b] € [0,1] be the largest inter- i

val containing X, on which

2.1) IH(x.c“){ 20

&

Then there are constants x\‘. K\') depending only on v, n and Co such that, ‘“

2.2) Ly Veixe )] + 129 e )] <X, a+ k' eltne] <x<b=-kK cltnsel . s
dx *n dx Pt t =N N - - N

Once these estimates have been proven, it ig an easy matter to establish

- - - . < . 4 " #
Corollary: let Gixgee ) > Gou Hixgee ) > Hoy B'ixgee ) » Hyo RU(xqe ) + Hy. Lot

Lot  (H(x),3(x)) be the solution of the reduced equation given by (1.%a), (1.5p), (1.5¢). Then

L&
.

-
-

L S o g SL v , - < >
Max{ | (50 VG0 ) = ool |+ L T Mitxie) - Be0l], agx b} 20
We require the followinag basic lemma which was proven in [ 3 ).
Lemuma 2.1: (Consider the differential equation
2.4) € dy/dx + a(x)y = F(x), a < x<®

where a, P ave continuous functions with Real a > 0 and ¢ » 0 is a (small) positive con-

atant. The solutions of (2.4) satisfy the estimates

2.5) Iy | < e Mn-al Max |Fm)] ¢ six=a) [y |, x »
asnexX

i




2.6) lyx)| < max [F(m)/Re a(m | + stx-a) |lyta)], x > a
ninix

where

X
s(x-a) = expi{~ * [ Re a(f)af)
a

If Real a < 0 the corresponding estimates hold. We have to replace :(x-e)‘Y(u)l by

s(8-x)|y(8)| and a < n<x by x<nc<8.

Proof: See lemma 2.1 of [ 3]).

- & 4 H(xo,tn) < 0 we consider the functions

O e

2.7) n‘ux,cn) = -H(l-x,€ ), &(x,cn) = G(l=x,¢ )

These functions satisfy (1.1), (1.2) and H.2. Moreover

t H(1- .
: H(1 xo.cn) H(xo.cn) 28>0
$
3 i Since astimates on ﬁ(x.cn). &(x,cn) are easily translated into estimates on H(x.c“). G(x.cn) "
ﬂ: we may assume
2.8) Hixg,e) 26>0 .
Lemma 2.2: Let 0 < ¢ < 1. Let (H(x,e),G(x,e)) Dbe a solution of (1.1), (1.2) which satisfies
H.2. Then, for every positive integer p there is a constant Cp which depends only on p
and Co such that
P <
\ 2.92) I st | cce™® o =12,
P .
2 2.9b) I(adx_) H(x.:)l i C.€ p*ll - e 1,2, .
Proof: Let
x = x/¢ . 3
Then equations (1.1), (1.2) become
L
-6=
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.
a * P =
: (di)GQHdi -(di)(,-o T S AP Ty e
» 4 3
; d. a 2 a6 i
‘ (di)HOH(d’.‘)Hbt(-di:so,O_x_l/:
E | Thus, the estimates (2.9a), (2.9b) follow as in lemma 2.2 of (4].

Let ([a,b] be the largest interval containing X, on which

e Hix,e ) >n>0 .

Let

o = max(a - n/(2co). E.L'_:_E_L]

a’-a¢2€l:€ A

’

Then (see lemma A.l of [4))

2.10) H(x,t“) > n/2, a<x<b .

' For any function f ¢ Cla,b] and any B, x with a < f < x <b let {

el ximax(lf(c)lyeicf_x} ‘ 5

8,

Lemma 2.3: Suppose (H(x,e), G(x,e)) is a solution of (1.1), (1.2) which satisfies H.2.

v o

Suppose (2.8) and (2.10) hold. Then for every 8, B', x with a < B < B' < x < b we have

2.11a) Gt (x,e) ] shezmlly WHtl o+ s(x-8) [c'(8,&)|
2.11b) [r" (x,e) | < Mo/mllg, MGt ly,  + s(x-8") IR
2.11c) " (x,e)]| < Ne/mllg, . HH™ g, o+ s(x-8') [u"(8',e)| .

Proof: We obtain (2.1la) from equation (1.2) and lemma 2.1. We obtain (2.11b) from equation

(1.1) and lemma 2.1, Differentiating equation (1.2) we have

€G" + HG" = H"G .

Thus, (2.1llc) follows from lemma 2.1.

Proof of theorem 2.1: Differentiation of (1.1), (1.2) gives equations of the form

7=




K- K+
2.12a) atHRR) ) Hkm.u'.---u“ 1. 6,61, e0' 5t
2.120) L MLl B Gk(H.H'."-H(z'k), G,G', o006 ")
where Hk' Gk are quadratic functions of their arguments.

Let

€= 2c¢|tnel/n .

let 8=a, and B' = %(GNI'M{)- Applying (2.11a) of lemma 2.3 and lemma 2.2 we sece

that

"G'“B‘.b % 2Cg/n v et expl=|tn €|} = ZCS/n +C

1 1

Thus, G' 1is bounded on the interval [8',b). Let B" = '12;(8'+l'¢6€). Then (2.11b) of lemma

2.3 and lemma 2.2 imply that

1 » ‘3 if
'H“.B“,b < (¢ /miic ‘B',b + cie " expl 3tn €]} .

Thus Ill"'la. b is bounded. Since 0 < n < §/2 we have
.

b - 8" >b = x, >min(l - x5, X5 + n/2Cy) = L

0

Applying Landau's Theorem [ 5] (lemma 2.1 of [4]) we have

" & _& "
wel £2S x‘lm IB“

8",b o? %

Thus, Hn"l &b is bounded. The complete Theorem now follows from a straight forward induction
.
based on lemma 2.1 and (2.12a), (2.12b).

Proof of the corollary: Let ﬁ(x.cn). E(x.cn) be the solution of the reduced equations (1.3),

(1.4) determined by H(xo.tn), H‘(xo.tn). H"(xo.tn). G(xo.tn). Then, from (1.2) we have

G(x.cn) G(xo.en) X G"(t,cn)

at

ROx,e) - Rk, mo e,

0




T = G(xo.cn)ln(xo.tn) .

&
PR 2 -
lGtxse ) = v Hixee )| < 3 K,Co

G(xo.t") = G(xo.c") -

(x.e ) 6" (x,e )
- - - HY - - i .
G'(xee ) = H'ix,e ) WO ) anH(x.cn)

% 1
L2
la'tx.e ) =y Rtxe )] e RO+ 5 .
n n n20 “2 n%;

Substitution into (1.1) gives

ln™ + t°R'] < e M
e n

where M is a constant depending only on K‘, K05 Q and n. Hence, in view of the initial

2 0

conditions we have

2.14a) H' (x,e ) = H' (ko€ ) + otre )
2.14b) Hixe ) = ﬁ(x.tn) + Otre))
2.14¢) Glx,e ) = &(x.:n) + otre + € )

Finally, the conclusion of the corollary follows from the continuous dependence of ﬁ(x.cn).

a(x.tn) on the initial conditions. That is

ﬁ(x.cn) > H(x) as

5(x.cn) + G(x) as
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3. Behavior at a point B with H(B) = 0, H'(B) # O.

The purpose of this section is to prove the following fact: Either B = 1 and H(x.en);
H'(x,e ), H"(x,e), G'(x,e ) are bounded for x,  <x <1, or g <1. If B <1 the
H(x,cn) has a "nodal" zero near x = 8, i.e. H(x,en) really changes sign about x = B (¢)
= 1 - - 2
and H'(B(e ),e ) < 3 H'(B). Moreover, H(x,e ), H'(x,e ), H"(x,€ ), G'(x,e ) are uniformly
bounded in a fixed neighborhood of x = R.

The arqument is carried out in three steps.

Step 1: There is a point X, = xz(sn) and a K, depending only on the Kv of Theorem 2.1,

such that

3.1) Xq < xz(en)

3.2) Hix,(e )€ ) = ke

3.3) H(x,e ) > K/E;, Xy S X <%,

and H(x,e ), H'(x,en), H"(x.en), H"'(x,en), G(x,en), G'(x,en), G"(x,en) are uniformly bounded

on the interval [xo,le.

Figure 1
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Step 2: We “shoot" through the zero of n(x.cn) or we shoot until x = 1, T accomplish this

wo make the change of variables

1.4) § e AVEE) = Hixe AR al6) = Glxee)

The solution (h(f), a(£)) is now continued to the right until either x =1 or £ = g where
a  1s any fixed constant. The corresponding functions (u(x.cn).u(x.c“)> are smooth for
Xy S X < %, af?;- Indeed we may take a logrithmically large and still show that H‘(x.rn)

and N“(x.tn) are bounded,

Step 3: If H # 1 one can actually shoot through until reaching a value X, > X, at whioh

H(x L =8, %0

‘05‘_‘)

wheve 63 is a constant independent of €

The complete smoothness now follows from “patching" the results foy H(n.e") < -K/:; with

the results already obtained in steps 1 and 2.
Before beginning this program wa observe that - as long as H(x,&) # 0 - (1.2) can be

rewritten as

"
48 .. %

1.5) .
dx 'H H2

Lemma 3.1: Let n = §/2 and let K, be the constants K (n) of Theorem 1.2. Let

1.6a) 1= G(xo.cn)/u(xo.en)
and
3.6b) My = Cg/8 2 1Y B
Assume that

M 8¢
ian € Ropee

Let lxo.xll & (uo.ll be the largest interval on which

1.8) lG(x.:n)/H(x.in) -t g w .

“11=

o
|
|
1
|
A

4
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Proofs Let  {(a,b]  be the (nterval on which

Rixee } > 8/2 = n

Then (1.5 fmplies that, {f x ¢ !lo.b] we have

X Jat(v,e |
lﬁ(u.c“)m(u.t“) -] s n / -5—-—-“- av s -% Ky o
X, N (t.tu) A

Since (1.7) holde, ve see that b x xj« Thus (3.9 holda, The eatimates (3.10a), (1.10m)
follow at once from lewma 2.1, The estimate (1.11a) follow fyom Theovem 2.1, The aut{mate
(11 (w Landau's Theovem, The eatimates (. 11e), (L 11 follow from lemma 2,4 and Theoren
% N

We now complete step 1,

Lomma 1,31 Lot

112) R - (n,/anoxl" 2L

i
!
i
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Then either X, = 1 or there is a point

x2. xn < x2 < xl such that (3.2) and (3.3) hold.

Moreover,

3.13) 'G(xz,tn)‘ < (|1} + 2M0)x/?n y

Proof:

Integration of (3.5) yields

M |G"(t.rn)(dt

lG(x,tn)/H(x,cn) - 1 <& f

XO Hz(t/En) K ,j

Suppose that at all points x « [xo,xll we have

Hix,e ) > x/E; ;

Then

X

Cn
't|.<_2 f

AR IR
n

1
IG(XI:Cn)/H(xlucn)

M3dt < 2M0
0

But, because of the strict inequality, either Xy = g ety Ixo,xll can be enlarged to the right

without violating (3.8). However was chosen as large as possible.

(xo'xll Hence if

x1 # 1, there are points x2 € [xo,xl] which satisfy (3.2). We choose x as the first such

2

point. Then (3.3) holds and (3.13) follows from the triangle inequality.

Having found x we now wish to "shoot" the right.

2 " xz(cn) In order to do this we must

establish the following facts:

3.14a) x2(€n) ks T

and, for € small enouqgh

3.14b) <= @ = -

H' (xz(ﬁn) 'Eh)

To do this we use a slight variant of the Ascoli-Anzela lemma. Let

"
H (x,cn) ' Xy S X 2 xl(c“)
3.15a) Qx,e ) =

. ot (xlvﬁn) ' *l(tl’l)

Ia

x <1

-13-
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' : Hipads 2
q(x.tn) = H(xo.rn) +H (xo,cn)(x-xo) +3H (xo,cn)(x-xo) +

3.15b)

- g MY )
'] ] oue)darasae

%5 20 %6

The functions q(x.cn) € Ca(xo.ll and q"‘(x.cn) are uniformly bounded. Thus, a subsequence
converges on [xo,ll in the C2[x0.1] topology. Moreover, on any interval (xo,bl on which
the limit function is strictly positive, that limit function is H(x). Thus, since we may
assume that

x, (e ) + ;2
and H(x2(:n),tn) + 0+ we see that

3.16) X2 = B8
Moreover,
[H'(x,e ) = B'(x,)| = |a'(x,,e) = A'(x,)] » 0
2" "n . 2°'n 2

Thus we obtain (3.14b).
Let us summarize our results at this point.
Theorem 3.1: Let (H(x,cn), G(x,cn)) be a sequence of solutions of (1.1), (1.2) which satisfy

H.2 and (2.8). Suppose

Hix,e ) + Hx), Glxpe ) » G(x)

as in the corollary to Theorem 2.1. Suppose that there is a point g > Xy such that

3.17a) H(x) >0, x <x<8

0
3.17b) H(B) =0, H'(B) ==24<0 .

Then, for = sufficiently small there is a point X, = xz(en) > x_  such that (3.2), (3.3),

0

hold. Moreover, there are constants M_, “2' M such that

1 3

-14-




3.18a) [Rell! + <M
xo,xz quxz

3.18b) (L <M

0'x2 2
0 M,
3.18¢) he "xo'xz M,
Finally
3.19a) xz(en) + 8
3.19b) H'(x,0€ ) € -4 .

We are now ready to shoot to the right. We make the change of variables (3.4) and note

that we have the differential equation
3.20a) g +hg - gh =0, 0t sf= (x)pfe,

3.20b) h +hh +gg=0, O0<E<E ,

. together with the initial conditions

3.21a) h(0) =X, h(0) < -A, h(0) = ot/e), "hio) = ote)
3.21b) a(0) = O(VE ), 9€0) = 0/E)  G(O) = ole) .
Furthermore

, 3.21¢) | + lg@r] <cp -

] We require two basic lemmas.

4 Lemma 3.3: Consider a function r(f) which satisfies
3.22) Y o+ he=f, G K
Let

5 3.23) A(E) = exp((K + C EIE) .

-15~
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Then
3.24) lF@ | < e [a@) «eacornsn,
Proof: Observe that
[hE)| <x +cut
and solve (3.22).
Lemma 3.4: Consider a function r(§) which satisfies
3.25a) Y+hr+Ur=f , 0<E
where
3.25b) v ] < v,
Let
3.26) B(E) = exp{[1 + Uy +x + COE]E) :
Then ]
3.27) lz@] + |x@] < dx@] + |zo] + llell, gB®) .

Proof: We write (3.25a) as the first order system

4 )0
: [g ;] :

fall, < Uy + 1 4K + CiE

where

>

Thus

and (3.26) follows from well known estimates.

Theorem 3.2: For every N > 0 such that xz(en) + Nv';:; £ 1 there is a constant B, = BI(N)

1
such that

< X < X +Nv€- .

3.28) [H"(xee )| + [H" (xe )| + le' txse )| + IG“(xoen)l < By x " %

2

3

RPN P s =]




e S ———— -

For every D > 0 such that

‘ (4DHK) o~
3.29) %, (8. )7 s /Tn % 2

there is an € = :(D) and an x3(cn) such that

: (13D#K)
3.30a) xz(cn) < xl(tn) < xz(cn) + A /S-;

and for O < € < & we have

n
3.30b) Hxyo€ ) = -o/E;
Moreover,
3.30¢) H'(xy.6) < =80 + BN » NE .

Proof: Consider the functions g(&), h(§) given by (3.4). Let U(f) = h(E). Let r(E) = g(&).

Applying lemma 3.4 obtain

3.31) lae)] + la@r] = o) . !

Let x(E) = h (£). Consider the equation (3.20b) together with the initial conditions (3.2la).

Applying lemma 3.3 and the estimate (3.31) we have i
3.32) I"i" @] < o’ mame) .

An integration, together with the initial conditions (3.2la) gives

3.33) V@] < O(Bz(N)A(N)Nfe—n) -

Differentiation of (3.20a) gives 4
3 ey = We .
Let r(§) = 6(&). Lemma 3.3, together with (3.21;5, gives &

3.34) |9 @] = O(BZ(N)A(N)Ncn) g

«1%e




Returning to the variables H(x.cn). G(x.cn) we obtain (3.28).

Suppose (3.29a) holds. Let

£ 14D4K
x = x,le) + (5 i .

Then

- o= = 1 " '_ 2
Hix,e ) < Kve = Alx-x,) + S H (E.cn)(x X,) .

That is

H(x,e ) < -(4D)VE +0(e)) .

X ™ “F-. b = 1
Thus, for €, small enough, H(x,€ ) < -DVe . Since Hix,,€ ) K/E; and H(x,€e ) isa

continuous function there exists an appropriate xa(cn).

If there are no D's so that (3.29) holds, then B = 1 and we have established smooth-

ness on the entire interval (xo,ll. In any case, we have now completed step 2.

Lemma 3.5: Assume that there is a value D > 0 such that (3.29) holds for all sufficiently

small € If B =1 let H(x,cn) satisfy the boundary condition

3.35) H(l.en) =0
Then there is an N1 and ;n € > 0 such that
3.36a) 1xyle) +N e, 0< €, €08

In that case Theorem 3.1 asserts that H(x.en) € C3(xo.1], G(x,en) € c2(x0.1] uniformly.

That is; H, H', H", H", G, G', G" are all uniformly bounded for x, < x < 1.

If B <1 there is a point x, > x

4 and a positive constant §

3 independent of €t

3'
such that

3.36b) Bixgie) £ =6, <0 ,

Proof: Suppose the lemma is false. In either case we have the following situation; given an

N >0 there is an € = E(N) such that

3.37) xle) + N <1, 0<e < e .

-18-




and let Xy ™ xl('n) be chosen so that

Hx ) = =N Ve
- v
3'%n o' 'n

3.38b) H'(x.,€ )
g

Since the lemma is false there must be a point X = xs(c“) such that

3.39a) H(xg,cn) + 0~ as kn >

' ‘}_v \.__1_
H (xs.a“) 3 H (xa,zn) 3 A

1
3.39¢) H'(x.cn) Y H'(x3.cn). X

<R LK

3 Bl

That is, take x as the first point after «x at which (3.39b) holds. If there is no such

5 3

point then either H(l,en) # 0 or (3.36b) follows from an integration of H'(t,cn). If (3.39a)

does not hold then (3.36b) holds and furthermore H.2 implies that x, < 1 - 63/Co which im-

4
plies that B8 # 1 (because of (3.14a)). Thus, (3.39a) must hold.

Moreover,

3.394) xs(cn) - x3(:n) ~0

If not,an integration of H'(t.cn) from x to x would once more imply (3.36b).

3 5

Finally, (3.37) and the fact (see theorem 3.2) that H" is bounded on [xz.x2+N/E;] to-

gether with (3.39b) implies that
i e Mg (e ) ve ) |

3.39e) Rl Sroteae e — - A0~

€ =0 /E;
n

Consider the change of variables
H(x.sn)

T = (x-x3)/|H(x5,cn)|, u(r) = Glx,e ), v(1) = m .

Substitution into (1.1), (1.2) gives

3.41a) En"v" +vv +ua=0

. .
+ vu «-va =0




o

B s i

where
3.41c) § =c/Hx.e )| »0 as € +0
n n $'"n n
The initial conditions are
3.42a) v(0) = -NOJ’;, v(0) = H'(xy€ ), VIO = H"(x3,cn)lutx5,cn);
e 2
= " =
3.42p) V0 = R ke ) rixg e ) 1) wio) ote [Hexge ) D
3.42¢) u(0) = G (xs,tn)lﬂ(xs,cn)‘
At 1o = (xg=xy)/|H(xg.e )| we have
= - 3 = ¢ = —1- ’
3.43) v(rs) 1, V(TS) H (xs.cn) 3 H (x3.:n) .
Moreover
s
Hixg,e ) = H(xg,e ) + £ H'(t,€ )at
3

Since H(xs,cn), H(xa.cn) are both negative and (3.39c) holds we have
IH(xs,cn)I > |H(x3.en)| + |H‘(x5.cn)|(x5-x3) i
Using (3.39b) we have

1 1
IH(xs.zn)l 1e |u (x3'€n)|(x5-x3) ‘

Therefore
lu(xs,en)l-quG; N 2|Hixge ) |
- - Al
o 5 3 |H (x3.en)|
and
2 1-u°/c';/lmx5,en)| Gt 3 -y
Co - - ‘H‘ (xa,tn)| -4

Thus, (v(T,En), u(r,En)) are solutions of (1.1), (1.2) on an interval of finite length

[0,151 satisfying the conditions (3.42a)-(3.42c) and (3.43).

=20~
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We wish to apply Theorem 2.1 and Theorem 3.2, Consider the change of variables

3.45) V(l.tn) - -v(15-1,en). ulx,tn) - u(xs-t,cn)

These functions now satisfy all the hypotheses of Theorem 2.1 and Theorem 3.2. Expressing the

results directly in terms of the original functions v(r.in). u(t,zn) we may assert the

following. There exists a subsequence which converges uniformly on [0.;51 where g is

the limit of 1

5(in). Moreover, if u(t) and v(1) are the limit functions, then

v (t,e.) v (1)
n

v (!,en)

v (1,cn) (1)

u (Y.cn) (1)

u (tee ) > u (V) <x e

These results, together with the initial condition (3.42a), (3.42b), (3.42¢) imply that

3.46) V() = V(0 + VT, 0T ST
for some constant vl.

However (3.43a) and (3.42a) imply that

3.47) v(0) = -;— 7(}'5) .

Since (3.46) and (3.47) are in contradiction, the lemma is true.

We have now completed step 3.

We conclude this chapter with the following summary and extension of these results.
Theorem 3.3: Let (H(x.cn). G(x.cn)) be a sequence of solutions of (1.1), (1.2) which satisfy

H.2 and (2.8). Suppose
Hix,e ) » H(x), Glxse ) + G(x)

in an interval [xo, xo+u].
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Suppose there is a point B8 > a such that (3.17a), (3.17b) hold. The functions
(H(x), G(x)) are the solutions of the reduced equations (1.3), (1.4) and are given by (1.5a),

(1.5b), (1.5¢), depending on the limit values of G(xo.cn). H(xo,cn). H'(xo.ﬁn), H"(xo.cn)-
If B = 1 assume that

3.48) H(l.cn) L ¢ TS

In this case there is a constant i such that

A
ol
x

Ia
x®

{a
—

3.49a) |H(x.cn)\ + \H'(x,en){ + IH“(x,cn)‘ + ln“'(x.cn)l 7

—
.

3.49b) letxie )] + lG'(x.cn)I +|G”(x,¢:n)l <B, x

Ia

o e

If B <l; 1let 81 be the next zero (if one exists) of H(x) and let

3.50) B, = min(Bl,l) .

2

Then, for any constant g, 0 < q < %(82-8) we have the uniform convergence

da. k=, !
3.51a) o ree) » ., k=012, x <x<8-q .
d d.j=
3.51b) (E)jc(x,cn) » (a;)jG(x)' j = 0,1, xo _(_ X i 82 e

Proof: It is only necessary to establish (3.5la), (3.51b). However, once

H(xs.c“) < -63 < 0 we may apply Theorem 1.2 on the interval on which ﬁ(x,cn) < 0. Theorem
3.2 assures us that H"'(x.cn) and G”(x,tn) are bounded in a transition layer in which
H(x.:n) goes from K/E; to -i/:; for any K. Arguing as in lemma 3.5 we consider the
change of variables (2.7). The region where H(x,e) < 0 now becomes a region where

H(x,e) > 0, and B8, which was to the left of the negative values, goes over to 8' =1 - 8
which is to the right of the positive values. Therefore, we may apply Theorem 3.2 and match

bounds in the overlapping regions to see that H"'(x.cn) and G“(x,cn) are bounded on

(xo. Bz-ql. Thus, (3.5la), (3.51b) follow at once.
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4. Non-Existence Theorems

In this section we consider solutions (H(x,cn), G(x,en)) which satisfy the boundary
conditions (1.6a), (1.6b) and prove a basic non-existence result: there do not exist limit
solutions H(x) which satisfy (3.17a), (3.17b). Our first result is an immediate consequence
of theorem 3.3.

Theorem 4.1: Let (H(x,en), G(x,en)) be a sequence of solutions of (1.1), (1.2), (1l.6a),

(1.6b) which satisfy H.2 and (2.8). Suppose that

4.1) Hix,e) > H(x)

uniformly on ([0,1]. Suppose that B8 =1 is the first zero of H(x) with B8 > X Then
4.2) H'(1) =0 .

Proof: From the form of E(x) given by (1.5a) or (1.5b) we see that either (4.2) holds or
(3.17b) holds. Suppose (3.17b) holds. Then we may apply Theorem 3.3. However, (3.49) of
Theorem 3.3 and (1.6b) imply that we may extract a subsequence which will converge to a limit
ﬁ(x) and this convergence will be Cllxo,ll convergence. Hence H'(1l) = 0. But, of course,
ﬁ(x) = H(x) and the theorem is proven. ;

We now turn our attention to the‘case where B the first zero of ﬁ(x) greater than

x satisfies

ol

X < ol .
In this case we make use of the properties of the function

4.3) d(x,e) « [G' (x,€112 + [H™(x,e)12 ..
The basic result is due to McLeod [71, [8].

Lemma 4.1: Thelfunction ®(x,e) satisfies the differential ecuation

‘

4. 4) o ed" + HO' = 2:-:[((;")2 + (H"‘)Z]

and the function

“24= 1
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. o
' (x,8) uxp(;f H(t,e)dt}

*o

has at most one zero., Thus the behavior of the function ®(x,e) 18 described in one of the
following three ways

(@)  ® is monotone decreasing on its interval of definition,

() ¢ is monotone increasing on its interval of definition,

(y) there is an interior point y such that &' < 0 for x < y and &' » 0 for x > y.

lLemma 4.2: Let (H(x.cn). G(x.en)) be a sequence of solutions of (1.1), (1.2) which satisfy

the hypotheses of theorem 3.3, Let #, the first zero of H(x) greater than X satisty

< <
X, B <1

As in theorem 3.3 let Bl be the next zero of H(x) and let 82 be given by (3.50)., Let

a the first zero of H(x) to the left of Xy Let E

4.9) a' = max(a,0) .
Then, H(x) is a quadratic of the form (1,5¢) on the open interval a' < x < 52.

Proof: From theorem 3.3 and theorem 2.1 and its corollary we see that it is sufficient to
show that H(x) is a quadratic on a subinterval of (a.sa). We focus our attention on an

interval lxo.x0+o] on which
ﬁ(X.tn) > 82

Suppose the lemma is false and H(x) is given by (1.5b) with To # 0. We claim that, if

€n is sufficiently small,
4.6) O (xie) >0, Xy <X € Xt

To see this we observe that theorem 2.1 and the form of i(x) together with the differential

“equation (4.4) imply that

' (xee ) = Ofe )y Xy X< XpHp

28
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Thus, since ¢"' 1is bounded on that interval, Landau's theorem implies that

" iz 1/2
¢ (x,cn) O(En )

and

/2

L = " 2 " 2 3
H ¢ 2 cn[(G )T+ (H")7)] + o(en S

Thus, we have (4.6). From lemma 4.1 we see that

®'(x,e ) >0, x5 <x<1 .

0

However, let [; DYNe (8,82) be an interval on which H(x,en) < 0. Applying the

argument above, we see that
®lx,e) <0, a<x<b .
Thus the lemma is proven.
Remark: As we shall see, the results of section 5 show that the guantity

]H"'(x,en)l + lG(x,en)| + IG'(x,en)l
is exponentially small (in cn) on (a'+6',32-6').

Theorem 4.2: Let (H(x,en), G(x,en)) be a sequence of solutions of (1.1l), (1.2), (l.6a)
which satisfy H.2 and (2.8). Suppose that (4.1) holds uniformly on [0,1]. Let B, with

0 < B <1 be the first zero of H(x) with B8 > Xq+ Then

4.7) H(B) = 0 .

Proof: Suppose the theorem is false. Then we may apply lemma 4.2 to see that H(x) is a
quadratic in the interval {a',le. Since H(B) = 0, H(x) can have only one other zero. Thus,
either H(x) > 0O for all x < B or H(x) <0 for all x > B. Whichever case occurs, the

boundary condition (1.6a) is violated either at x =0 or at x = 1.

-26~
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5. Oscillating Solutions

In this section we consider the situation described in the introduction by (1.7a)-(1.7¢),

(1.8), (1.9%), (1.9b). Notice that we specifically give up the hypothesis H.2. The problem

is illuitrated in figqure 3.

N
1 1 \
] T ! \\
| R \ \
i : 5
. : _
\ i L \
a 8 ; § Y
0 0 Z(¢) a, ! T '8,
e
Ll
)
Figure 3
p P P

Our first goal is to establish the fact that enontx,cn). cnon‘(x,tn), cnOH“(x,an),
0 0
cnoG(x,cn), cnOG'(x,cn) are uniformly bounded on [uo+6‘, 61-6'] for any ¢' > 0. Thus,

after extracting a subsequence, we may assume that

[}
0,d,v 4a.v X T -
5.1) cn (dx) H(x,tn) > (dx) h(x), % 8 < w < 81 ', v 0.1,
o
5.2) €, Glxee ) > gix), ay + ' < x < Rysmigti

Our major result is that h(x) is a piecewise quadratic with at most two pieces. More-

over

o
e O(lum (e )|+ lateee ) )
is exponentially small in any sub interval on which h(x) is a quadratic. )

«27
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Since (1.7¢) holds, i.e., Py > -1 we may normalize the problem so that for appropriate

constants C, > 0, 0 2 0 we have

£.3) Inteoed | 2 ¢ By Ex 2B .
|
d v+l d v - i
5.4) 5] H(x,e)| + |(a;) G(x,e)| < Cot + V= 0,1,2,3,4, aj < x < B . |

To see this we observe that if j
- Do »
H(x,€) = € H(x,€)

s Py
G(x,€) = € G(x,€)

then multiplication of (1.1), (1.2) by € ° shows that (H(x,€), G(x,€)) satisfies (1.1),

E (1.2) with € replaced by €. Moreover, €+0 as € + 0.

Let Y = Y(€) be the point at which ®(x,e) assumes its minimum. Let 2 = 2Z(€) be

the first zero of H(x,e) greater than 80. Since we may always apply the transformation

(2.7), we may assume that

5.5) B

By < 2(e) < v(e) .

Throughout this section we will assume O < € < 1 and that (5.3), (5.4) and (5.5)

hold. In particular, the situation depicted in figure 3 holds with Po = 1.

In order to obtain the desired uniform bounds and (5.1), (5.2), (5.3) we make use of the
function ¢(x,c) given by (4.1). The basic result is: if H(x,e) is bounded away from zero

on an interval and
o' (x,e)H(x,€) < O

then

" (x,e)| + |ex,e) | + |6 (x,0) | i

is exponentially small. 3




Lemma 5.1: Let (H(x,e), G(x,¢)) be a solution of (1.1), (1.2) on [“O‘Bl]' Let 61 be

a fixed constant with

1
0« 51 3 (Bo-ao)

and let Y1 be the first point greater than 80 - if such a point exists - at which |
3 |
Vl /|
5.6) [ nt,eae = s .
a

9 0 /|
If no such point exists, then ¥y . 81. Let
5.7 y = min(y,,v) .

Then there is a constant K, depending only on CO' such that, on the interval [ao+61.y]

we have the estimates

1 , 5.8a) lo' 00| < k£ ¥ exp(-RS, /€) |

i |
E A 5.8b) [ (x,0) | + |G (x,€) | _<_KE°.xp{~R61/4c) :
1 5.8¢) l6* (x,€) |« X exp(-RS, /16¢)

5.8d) [u o) | + [H"xie) | < KL+ ¢ exp(-R8, /ae)) . ;

Proof: From (4.3) we see that

2 =20
€

[#*] = 2|u"u"™ + g'c"| < ¢y 1

Applying lemma 4.1 we have

| deri i
=1 0 o'(x.c)exp{%f H(t,e)dt} > ' (x .€) .
X

0
j ? Since
b x
4 f H(t,e)dt > RGI. ay + 61 <x <y
;. a
;.‘ 0
-29—
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we obtain (5.8a). Thus Landau's theorem implies that

|or| < szoexp{-nél/zc)
The differential equation (4.4) now yields (5.8b). In order to prove (5.8c) we consider two
cases.
Case 1: There is a point, say a ¢ (uo+61,y] at which (5.8c) holds. 1In this case (5.8c)
holds on the entire interval [ao+61.yl by virtue of (5.8b) and an integration.

Case 2: There is a constant, say E, so that: at every point x € (uo+61,y] we have

5.9) |Gt (x.e) | > EEoexp{—Rclllée}
However, (5.8b) and (5.4) together with Landau's theorem imply that
v -
IHI (x,e)| < Ccoexp(-Rdl/Se}

Substitution into (1.1) now yields

\

[etx,e) G6'(x,e)] < CEaexp(-Rél/ee}

Thus, (5.9) implies that

5.10) fetx,e) | < % exp{-RS, /16¢}

However, if (5.10) holds, (5.8c) follows from (5.8b) and Landau's theorem.

Finally (5.8d) follows from (5.8b) and Landau's theorem.

Having obtained these estimates we are able to establish the basic bounds.
Theorem 5.1: Let (H(x,en). G(x,sn)) be a sequence of solutions of (1.1), (1.2) on the in-
terval [uo.sll. Suppose that (5.3), (5.4) and (1.9a), (1.9b) hold (the problem has been

normalized so that Do =1). Let
5.11) & <%ning ~a, 8.-a.)
% 1 -2 o i« e 1 HLSRE

Then there is a constant M > 0, depending on 61, such that, on the interval

(00061. 61-61] we have
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$.12) (i&)!u(x,~n\\ + (ﬁk) Glx,e )| <N, Vve=0,1,2) k=01
Moreover, on the interval luooél,y]

5.10) lotxie )| < M(;Oexp{-k61/16rn}

provided that € is small enough.

Proof: We consider two cases.

Case 1: XZ Bver .

In this case, after the change of variables (2.7) we may apply lemma 5.1 to find that

xse ) < Ky el -8 < x < 31 - % 8%,
That is, usina Landau's theorem,
3
3:14) le* e ] & [mixe )] + [0 Gxe )] <X, B - 8 <x B =58 .

Applying lemma 4.1, i.e., the fact that Oﬂx,en) assumes its maximum at the end points, we

have - using Landau's theorem -

5.15) !G“(x.en)l + lu"(x,cn)l + |H'(x,cn)| SN a ¢ 8 smcp =8 .

The function H(x,cn) is converging to a quadratic function on [uo+6', y] which has
at least one zero in the interval [ao.y]. Thus, there are points in the interval lao*é'.yl

at which |H'(x,e )| > R. The estimate (5.13) follows from (1.2) and (5.8b), (5.8¢).

Finally, the complete estimate (5.12) follows from (5.15), (5.13) and an integration.
Having established this basic result, we may apply the theory developed in sections 2, 3,
and 4,

We now analyze the limit functions ﬁ(x). G(x). Let

5.16a) Hixpe ) > Hix) 0, + 8 <x< B -8 ,
5.16b) Glxee) » G(x) o WL B R L
«“3)1=-
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Let

5.17a) y*y
5.17b) zte) * 2, .
5.17¢) vie) + i

Finally, let 2 > 2. be the first "crossing” zero of H(x). That is, there is a positive

0
constant p > 0 such that

5.18a) Hix) 20, a, <x<2
5.18b) R(Z) = 0,

5.18¢) H(x) <0, Z<x<Z+p
5.18d) H(Z+p) < O

Theorem 5.2: Let the hypothesis of theorem 5.1 hold. Let (5.16a) - (5.18d) hold. Suppose

5.19) 2<y .
Then
5.20) R'(B) <0 ,

and H(x) is a piecewise quadratic with at most two pieces. Furthermore

5.21) [B" xie ) |+ [atxie )| + |6 (xue )|

is exponentially small in €, ©On a proper subinterval of the interval on which H(x) is a
quadratic.

Proof: From the definition of y in the construction of lemma 5.1 we see that

Edyay

Thus, the estimates of lemma 5.1 hold on the .ntir.. interval (aow‘. !-(iﬁ)) . Therefore,
H(x) is a quadratic on this interval. If (5.20) did not hold, ¥ would not be a crossing
zero. Hence, (5.20) holds. Moreover

H(x) > 0, u°<x<i

—

Hix) <0, 2<x<=(Bsy) .

=32~
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Thus we may apply lemma 4.2 to see that ﬁ(x) is a guadratic until the “next" zero (after z)

. of H(x). Moreover, from the estimates of lemma 5.1 and (5.13) we see that (5.21) is
exponentially small on the interval 100*6'. %(i+§)]. A standard singular perturbation argu-
ment now shows that, in fact, this quantity is exponentially small in an interval

(qoos'. 82-62] where 82 is the next zero of H(x) (if it exists) and 62 is any positive

constant.

Case 1: Z is the only zero of H(x) on the interval !uo,BI). In this case ﬁ(x) is a

quadratic on the entire interval (00'81’ and the theorem is proven. i

Case 2: There is a 82 with

5.22a) < B¢

3 and 8, is the next zero of H(x), i.e.,

5.22b) H(By) =0 .
In this case, since H(x) is a quadratic on the interval (2.82) and H'(x) is continuous,
H'(By) = -H'(D) ¥ O .

Furthermore, there must be a third zero, say 53, with

82 < 83 < ay

H(x) >0, B <% e B

2
However, from theorem 2.1 and its corollary we see that

H'(By) = -H'(B)) = H'(2) ¥ O .

. ! . ..

«33=- -
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Figure 4

i Thus we may apply lemma 4.2 to see that H(x) is a guadratic on the interval

82 <x <8

where 8 is the next zero of Hix) beyond 83. But, of course, H(x) is a gquadratic which

{ vanishes at 82 and 83. Hence there is no 8. Thus, H(x) is a plecewise gquadratic with
A

a break in H"(x) at 82. Moreover, the guantity (5.21) is exponentially small in any inter-

val luo+6'. 82—62).

It remains to show that the quantity (5.21) is exponentially small on l82*52. 81-6'].

We sketch the argument.

Case 2.1:

In this case we apply the change of variables (2.7) and repeat the above arguments.

2 |
Case 2.2: 53 i e B

; In this case we apply lemma 5.1 on the interval 3

1 .
(82 + 3 62. 83 et 62] to obtain the initial

exponential bounds on the quantity (5.21). Then, we merely repeat the above discussion.

Case 2.3: 8y = Yy .

P S—

In this case we must match the exponential bounds to the right and left of 83. To complete

the proof "at 83" we use a “shooting" argument as in section 3.

Theorem 5.3: Let the hypotheses of Theorem 5.1 hold. Let (5.16a) - (5.18d) hold. Suppose
5.23) Z=y
and

«34=

; 1 orie
4 1, = alhadl 8
1 m.‘.:.“.‘.bwﬂ FEREES =
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5.24)

Then the conclusions
Proof: In the proof
prove (5.20) - which
ially small on a non

exponentially small.

of Theorem S.2 hold.

of Theorem 5.2 the condition (5.19) is used only for two purposes, to

we have explicitly assumed in (5.24) and to prove that (5.21) is exponent-
vanishing interval bevond 2. Thus, we need only prove that (5.21) is

However, (5.21) is exponentially small whenever H¢' < 0. Thus, if

H(x) has only one zero, Z, we match the exponential decay on either side of 2. If there

are at least two other zeros, 82 < 83 < a, we apply the transformation (2.7) and apply the

above argument.

Theorem 5.4: Let the hypotheses of Theorem 5.1 hold. Let (5.16a) - (5.18d) hold. Suppose

5.25)
and

5.26)

Z';’ v

R'(Z) =0 .

Then H(x) is a quadratic on (a0+6',il and fi(x) is a quadratic on (Z, 8,~8']. Moreover

% (5.21) is exponentially small on every interval [a0+6'. 5-62). (5*62. Bl~6‘).

Proof: Apply lemma 5.1 on every interval [ +8', 2-8

Figure 5

5]+ Thus, H(x) is quadratic on

(uo+6'. 7] and (5.21) is expenentially small on [0046‘, 5-62]. To complete the proof we

apply the change of variables (2.7) and argue on the interval

*38w
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Thus, to the right of 2, H(x) is a guadratic as long as it is negative! However, since
H(Z) = H'(2) = 0
and H(x) is negative a bit to the right of Z, it is always negative.

A simple argument shows that the case

~< 1
A
0t

is impossible. Thus, we have established the major result of this section: On the interval

luo. Bll the function H(x) i a piecewise quadratic with at most two pieces. Moreover, on

any proper subinterval of an interval on which H(x) is quadratic, (5.21) is exponentially

small in € .
——— g\

Now, let us turn to "oscillating cells".
Definition: Let (H(x,sn). G(x.cn)) be a sequence of solutions of (1.1), (1.2) which
satisfy (1.7a), (1.7b). Suppose that

(&)

cnoutx.en) +hi{x), 0<& <x<1-4¢"'<1l

L

for every &', 0 < §' < F. A “cell” is an interval (a,B) with 0 <a < B <1 such that;

5.27a) either a=0 or h(a) =0, and
5.27b) either B=1 or h(B) =0, and
5.27¢) Ih(x)l >0, a<x<B .
Note: As an example, the solutions obtained in [8] satisfy (1.7a), (1.7b) with B W %.

The results of [ 8] show that those solutions converged to a function h(x) with two cells.

In this context, theorems 5.2, 5.3, 5.4 assert that if h(x) has two cells, (ao.Bo).

(01.81) and
5.28a) hi(x) > 0, b ek R Bo
5.28b

) h(x) < 0, °1 < x < 81 .

-36~
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Then h(x) has at most four cells. To see this, let (00,80) be the "first" interval on
which h(x) > 0 and (01,81) be the "last" interval on which h(x) < 0. Applying Theorems
5.2, 5.3, 5.4 we see that h(x) 1is a piecewise quadratic with at most two pieces.

Case 1: h(x) 1is a quadratic on the entire interval (00,81). Then since h(x) has an odd
number of zeros in (00,61), h(x) has exactly one zero, say B, in ao < x < 81. We note

that h(x) remains a quadratic for x < a. as long as h(x) > 0 and h(x) remains a guadra-

0
tic for x > 81 as long as h{x) < 0.
Case 1.1: h"(x) > O, ao < % B1 =

In this case h(x) > 0 for 0 < x < 8 and we have two or three cells depending on whether

or not h(x) becomes positive to the right of 81.

Case 1.2: h"(x) < O, a, L% S 81 %

In this case h(x) < 0 for Bl < x <1 and we have two or three cells depending on whether

or not h(x) becomes negative to the left of ay-

Case 2: There is a point B € (uo,al) and h"(x) Jjumps at é. That is

hy(x), aj <x< 8
h(x) = { e
hy(x), B, <x <8

and hl(x), hz(x) are guadratic polynomials.

Case 2.1: n'(B) =0 .
In this case we have
h;(x) >0
h;(x) <0

and

A

A
% %
A A
= ™

™ O

{hl (x),
h(x) =
hz(x) ’

and we have a two cell solution.

e - Bl g
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#
; 55t ? n(@ £o .
< =0 ¢ - e
o 3 Applying lemma 4.3 we see that ,B is the second zero of h(x) for a, < x < 81-
3 gas Thus /- 4
- e \ .‘ \ ’:," _ h; w0

Also, there must be a third zero, say 8, and

k. 3 and h(x) >0 for 0 <x <a.

,:Q ; h(x) > 0, B <x< 83' :

Hence

E ‘ s o & 3 h; <0

E and h(x) < 0 for Bl < x < 1. In this case we have a four cell solution.
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