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\ ABSTRACT

Consider solutions ( H ( x ,~~) , G ( x ,~~) )  of the von K~rinSn equations for the

- - swi r l ing  f low between two rotat ing coaxial disks

1 14 PH ” + HH ” + OG’ 0

and
~~~~- -~~ • - —~~~~~~)

, 1. 2) ~G” + HG’ — H ’G = 0
. -

Wt ic.~umc that 1H (x,~ )I + lH’ (x,~)~ + ~G ( x , t . ) ~~ ~ B This work considers shapes
~~ (t ~~~ ~~~~~~ ~~, ~~~ - 

~~~~~~~~~ ~~~~~ ~~~~~~~• and asymptot ic  behavior as C 0+ . We consider the type of limit functions
-~~ — ~~~~~~~ -~fp. ~~~~~

çH ( x ) ~~G ( x ) )  that are permissible. In part icular , if (H (x , c ) , G(x , ) )  a lso sat isf y

J
the boundary condit ions H ( 0 ,~~) H ( l , t )  = 0 , H’(O ,~~) H’(l,k ) 0 then 8(x)

~~~~~~~~~ -~~~ ~~~~~

has no simple zeros. That is , there does not exist a point z ~o,i) such that
&

~ H ( z )  0 , H ’ ( z) ~ 0. Moreover , the case of “cells”~which oscillate is studied in
~~
,- ....

~~~~

d et a i l .~~
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SIGNIFICANCE ANP EXPLANATION

t~flLli’ L a~ ’ } z ~~~ ’t  i i t .  L ’~~n( I1 t i~~ns t ht ’ st t ~ i &1 y — ~; t . t t  f low of f l u i d  I > ’ t w . ’ ’ti two

I ~~~~ r t ~t i nq ~t~~’ i t  a common ax i s  t~rpt? nd i cu lar  to them may be descr ib~ d h ’’

t - ’~ fun t i~ )n~; H ( x ,~ ) , G ( x , * ) wh i ’h sa t isf y the ~‘ou~Oed sv st ’rn of o r I i n ~~-v

• ~ii : I ~ N t  1 dl k ‘
~ ~U~ L t L ) f lS

+ HI-I” + GG ’ = 0

~~
“ + HG’ — H ’G 0 .

quantity C ‘) is related to the kinematic viscosity and ~ - = R in usually

called the Reynolds number.

These equations have received qui te  a bit of attention . First of a l l ,  people

who are t r u ly  interested in the phenomena modeled by these equations , t . q .  f l u i d

~ i t , im ic i s t s , are in teres ted in this  problem . However , as these equations have

been studied by a var ie ty  of mathematical  methods , they have taken on an indepen-

dent  i n t e res t .  The major  methods employed have been ( i )  Matched Asymptotic Expan-

sions and ( i i )  Numerical  Computations. In both approaches technical  prob lems hwe

appeared. There may be “turning points ,” i.e. v oints at which H(x,c) = 0. Such 
- 

-

-

• hoints require special and delicate analysis within the theory of (i) . As numeri- 
-

- 
-

cal problems , these equations are “ s t i f f ”  - precisel~’ because is smal l .  The
- 

- occurrence of “ t u r n i n q  points” only makes computation more difficult.

For these reasons , these equations have become “test” problems for methods

of “matching in the presence of turning points” and “stiff O.D.E. solvers. ” How-

ever, when one has “test problems,” one needs to know the answers. Unfortunately

here the answers are largely unknown .

In th is  report we study the asymptotic behavior as c become s small .  We

— oncentrate on two main cases. First , the case where I H ( x ,r) I  + IH ’ (x ,t ) I  +

G ( x , c )  < B. These bounds are reasonable because of the physical interpretation

of these values as velocities. Final ly  we consider the case when the l imit  func-

t io n  11(x) oscillates about zero. Such “cell” structure is both interesting and

i rportant .
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ON THE SWIRLING FLOW BEThEEN ROTATING COAXIAL DISKS ,
**ASYMPTOTIC BEHAVIOR I I .

Heinz Otto Kreiss~
1
~ and Seymour V. Parter~

2
~

1. Introduction

Consider the von Karman similarity equations fo~ incompressible axi-symmetric fluid flow

between two rotating planes

1.1) cH” + MN” + GG’ 0 , 0 < x < 1 ,

1.2) ~ “ + HG’ — H’G 0, 0 < x < 1

(A thorough discussion of the derivation of these equations is found in (2J , (1)).

In [ 4) we considered the asymptotic behavior (as r -
~ 0+) of solutions

(H(x, f) , G(x ,c)  ) under the basic hypothesis:

H.l) H(x,~ ) j  < B V ’~~ G (x , c ) I  ‘ B •

In this paper we consider the asymptot ic behavior under the assumption that

H.2) I H ( x , c )  + IN’ (x ,c ) + G ( x , E )  < C0

We recall that if q ,  q
0, q~ are the components of velocity in cylindrical cc àrdinates

(r ,8,x) then

r r
q = H (x), q0 = G(x ) , q,~ = -H ( x )

Thus, assumption H.2 merely asserts that the velocities are bounded in bounded regions, i .e.

r < R.

From the results of (4) we see that those solutions (H(x~E), G(x,c)) which satisfy 5.1

also satisfy H.2. However , in this paper we are concerned specifically with the case where

**Will also appear as Cort uter Sciences Department Report #360.

~~ Ca1ifornia Institute of Technology, Pasadena, CA.

~
2> University of Wisconsin—Madison, Madison , WI.
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H ( x , E i  ~4O , O < x < 1

Thus we will consider sequences of solutions (H(X~ C n )
~ 

G( x , c 0)) which satisfy

H .3 )  There is a po in t  ~ (0 , 1) and a value 6 > 0 such that

0 6 < I s x 0 .t~ < C
0

When studying a singular perturbation problem such as (1.1), (1.2), it is natural to con-

sider the reduced equations

1.3) NH” + GG’ ~ 0

1.4) HG’ — H’G 0

and the relationship of (H(X
~

€ n)~ 
G ( X

~ C n ) > to (an appropriately chosen) pair ( H ( x )  ,G( x) )

The solutions of (1.3) , (1.4) are given by

l .5a)  G( x) r 0H( x )

and, if � 0 then, S

H
l.5b) HOc ) H

0 
+ (H

1/t0
) sin t 0 (x— x 0 ) + —

~~ (1 — cos ~0 (x-x 0) )

0

On the other hand , if ‘r
0 

0 then

l .5c) H( x ) = H
0 + H 1 (x—x 0

) + 4 N 2
( x—X 0)~

In fact, H.2 implies that there are sequences Cn -~ 0+ and a continuous function h(x)

such that

m a x ( IH (x . c - h ( x ) I ;  0 < x 11 0 as £ -‘ 04 .
n — — n

In section 2 we discuss the convergence of <H(X
~~

C
n

) G ( x , c ) )  to a solution (HOc) ,G(x))

on those interv&ls on which H(x) does not vanish.

In section 3 we consider the local behavior of (H(x.c~) , G(x , r ) ) near a point $ at

which H(~~ 0 but H’(~ ) ~ 0.

J —~~ I
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2, ( ‘,, r I e , t , t e t s s , ’  - - I  ,) t ( X , , 
l-i~ 

, ; l x , , s t

I-, ’I ,t t l \ ~~~ ) , ‘ -%I ’ , , It I’,’ ’ s s ’ t , s I itiIi$ - I (1. 11 , (1..’I w t t I , - ts  g i s t ’  ‘,~~t i - . t ,  N..’ . L et

II t i

- (0 , 1)  ~~~ a ) .~~ t s s I  i l  i s h i s t s

0 * ~Hts i 5 .t I -~

t - ’t  a I L  — C . The in-a s -  - .‘s . n i t  - ‘ S  1 1 , 1 . .  - - .- ,‘ 5 ti lt II I he t’~ii I s’W I ltd I
n

i h , ’~’l .‘in .I .t t  s t  ss iii ’ a - ~ ‘ S I  - u t  S t  th 0 ‘s tS.”2 .  Let L t .L’I 10,1) 1’. t h e  L n i ’ t e s t  t I s t e l  — - , 
—

u 551  1 1 1 1 5  it It wii t h is5

2 . 1)  H ( X , t t  I .~, n

It i r is  %t 5 ‘ 1  . t t 5 t  - - N , N stet’t. Iiit I ltd i ’ll ly en V , n and c’~ s- us -is that . — -

• 2 .21 I i  ~ I ‘, l s x , C  ) • t 
‘
~ i’f lOc ,,~ I ) K 4 + K t ~ ss ,‘ S ‘ 1- — K , t n

dx ii ,ix ii — V V — — 5’

s~~IIs •’ I tsr sst’ C-s t imat ess h i v e  t’,’,’ss Ptswusl i  , it  is, 155 U45~~ mat tel I e est abi t ah

t~~ t c l ix ~. )  • c1~~, tt ( x 1,, ’ H0
, It’ t x 5 .C~~) • ~~~ H” 1x

11
.t I .11,. ~~~t

~ 5 1 
— ~~~ tt~ .

Let (H i x )  • G t x t ’  i’, the ~s,’.t t i t  t~~Ii ist t he rstu , ’eJ t s sIt l .’tt t , ’tS 4 t%’ t’li hi ’ ( . ‘5i t • i 1. ~‘tSI • ( l .”S ) • Tht ’t t

sax ~ 
“ 

~~l(x • , I — -~~x t  3 • ~~ ‘ “ I I t ( x ,. ‘ — N i x ) )  I • a ~~~‘ 
• 0

r~~st t i e  the t ,~ I 5 ’wi n.1 h*si~ I tsnina wh is ’h ~~~~ proven i l l  3

i.,’nvna 2 . 1 5  ~~‘ts ’s ide, I hr differenti~ i .‘s) si.i t l s ’l5

2 . -I )  C dv dx ~ 5 (x I y t’~ x i  • ,i it

wisel  .‘ a F arc ~~~t s t  inuous fun ~’t ions w i t h  keal a 0 and • 0 i’ a 1 5111411) ~‘,‘si it  lYe ,‘~‘s4i~

-i t  ~ t s t • ‘rhe sss’l t t t  tensi  5~r ( 2 .  .1) satisfy the es t im at es

2. ”’ Isix) I r t
I Max t ) ’ oi l • s ( x — ~~t v i a ) . x a

a- Ii-— X

— ‘5-

_ _  

~~ 

-

~~~~~~~~~~~~~~~~~ ~~~. - h
- - - i~~~~~~~~~~~ - L~~~~~~~~~~~~~ . 
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I yi x t - max t’ (n), R,’ u ( s S l  • 5 ( 5 — s i )  yIe) 
~~
, x -t

5 -  ‘5 :_ S

where

- ex~’~- 
1 ~

If Real a — 0 t he  corresponding estimates hold. We have to replace six— el y( -s) by

s(~i—x l y(8) and a r~ x by x n < B.

Proofi  See 1ei~sna 2.1 of I 3).

If H (x0. c )  - 0 we consider the f u n c t i o n s

2 , ’) H ( x , c ) — — H ( l — x , c  ) ,  G(x ,~ I — G( 1—x ,e I
Ii It n It

These functions satisfy (1.1), (1.2) and H.2. Moreover

H(l—x ,c ) — —H(X ,e ) “ 0
0 n 0 n —

Since estimates on H(x ,t ), G(x ,ts ) are easily translated into estimates on H (x,~ ), G (x,~ I
n n n n

we may assume

2.8) H(x ,c ) > 
~ > 0 .0 n

Laneta 2.2: Let 0 < c < 1. Let (H(x,t) ,G(x,c)) be a solution of (1.1) , (1.2) which satisfies

H.2 . Then , for every positive integer p there is a constant C which depends only on p

and C0 such that

2.9a) I (~ —) G(x, r) I < C c ~~ , p —

2.9b) I (~~
) H(x ,r ) l  < c r ~

”1, p —

— Proof: Let

Then equations ( 1. 1) , ( 1 . 2 )  become

~ 

~~~~~~~~~~~~ - -~~~~
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dli, )  s o , a x 1- ’.ix Ix dx -- —

I I ’
0 x ’ i / tdx dx ,tx -_ —

Thus , ‘ss~- “‘  tmat~ s I .I.9a) (2. ‘b) I I  l w  ,us in lt,rmna 2.2 s t -i l

l e t  ,•,b) be t he  1,tr’n~st issts- rval ss ’ si t atntsts i x ‘t ~ w h i c h

HOt ,. )  ‘s ~ 0

- S - •~ I5
— — max Ia — n51(2 C

1
) , -i--

I’h.’s (siee lemma A.l ‘t (41)

2 . 10)  H ( x , l ) ~ ‘s ’2 , a ~ x < b
I t —  — —

v ,1 J S S V  f u n c t i o n  f .: C(e,b) and any ~~, x with ci ~ x < b let

S t

~ . -“ ,~r , i 1, i :  Suppose (H(x, C), G (x,c)~ iss a solution of (1.1) , (1.2) which satisfies H.2.

Su~pese (2 .8) and (2.10) hold. Then for every B, B’ , x with a S < B’ x < b we have

2.lIa) I G ’ (x, c) I 
~ ~~“~~B,x ~~~~ 1 B ,x + s Ot-B) Ic ’ (S.d I

2.11’s) H ”  (x,c) I < If c/H fl 1~,, tI~;’ II~ + sOt—B ’) IN” (B’ . . )  I

lC~ (x,c) I < I1G,’HH 8, ,~~~ 
II H’ ~~ ,~~~ 

+ s O c — B ’ )  IH’(B , s’)

Proof: We obtain (2.lla) from equation (1.2) and lemma 2.1. We obtain (2.llb) from equation

(1.1) and emnla 2.1. Differentiating equation (1.2) we have

cc ” + HG” = H ” G

Thus , (2,llc) follows from lemma 2.1.

- f of theorem 2.1: Differentiation of (1.1) , (1.2) gives equations of the form

— 7 —
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• HH~~~~ * ~~~~~~~~~~~~ , c,~~’ . . . .  kK t l)
)

~~2 + ~~~+ 1)  
• }IG ’2 ’

~~~ — 
~K~~~

H ,“H~~ 
.k) 

, cl , . ’ . “~~~~~~~)

where p1
k ’ ~~ are quadratiV t c t t s t ions of thezi arguments.

Let 

- 2 ~ I t n  tH in

l e t  B — m, and 8’ — t + t ’ + 4 C )  . P.1-i-lying (2.llai of lemma 2.3 and lemma ..2 we S r

t hat

IIc lI 8~~b 
< 2C~/n + C1

, 1 
exp {-Itn c i i  — 2C~/n +

TI n- , LI ’ is  boun ded on the interval (B’ ,b) . l et  5” — ~iB’+a ’~ 6~) . Then (2.llb) c t  iea~ a

2 . 3  s i d  L emma 2 . 2  imply t h a t

IIH” 11 8,, b -~ 
(2C0/n)NG’(I B ,b + C3t exp{— 3 I t n  c l i

Thus 
~

H” II r b  is bounded. Since 0 ( n ~ ct / 2  we have

b — B” b — ~ min(l - x~ , x
0 + n/2C0) — L

Appl ying Landau ’S Theorem 1 5 1  (leases 2.1 of 1 4)) we have

flHI B b  ~. 
C0 + 

~ 
II H” ’fl B,. b

Thus, (Hit 
~~
‘. b 

is bounded . The complete Theorem now follows from a straight forward t n 5 l s t  ‘ ten

based on l emma 2.1 and (2.12a) , (2.12b) .

Proof of the corollary: Let H(x,c ) ,  G(x,C ) be the solution of the reduced equatic’n,s (1.3’

(1.4) determined by H(X
0
,c )~ H’(x

0
,t ) ,  H ”(x 0

,(
8
), G (x0

,e ) .  Then, from (1..’) we have

G(x ,c ) G(x ,c ) x G” (t,C

H (x ,C )  — 
H(x0.

t~ ) 
— ~~~~~ 

H
2( t ( )  

dt . 

. 
- ‘
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• ~~ , , 5 fI x , 1 5
- s  - 5

— I H i -it .’ ~! 
~
. 

Co
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C ’ ~ J -
~~~~~~

~‘,sLss t i t u t  s - ’s~ into (1.1) c J i V e ’t

N ”’ + H ’

w ’s ’  s .- M iss  a ~~~~~~~~ 5 5 1 s t  ,I, - j  - ‘.- , s i t  no en lv en K
4 , 

~2’ 
• C0 an d n. Hence, i n s i  ew eS t ?ss ’ initial

we have

2 . 1 4 5 5  } I ’ ( X .  I — H’ (x.s 1 4 0 1 S t  ) , a x < b

— 

n is — — -

—

.t ,14b 1 H ( x , e S — hl15( , + ~S(~~~ ‘I 
~ C X 1’n is — —

G(x , ) — ‘,~ ( x , t ) + O ( t t  + ~ I , a < x b
It n It It — —

1 i s s a l  L~~~ , t t~’.~ ,sc~t s~ - l u s  I c i t s  et ’ the cesel l ,at’v f~s lows f r o m  the continuous dependence of H (x,

s ; s x . c ) ‘Sn the s s s s t i a l  5’ots.l i t ics ns .  That i s

H (x ,d 1 * U ( s )  as c •
n n

c; ( i~) as c ~ 04 .n It
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3. Behavior at a point B with H ( 5 )  = 0 , H’(B) ~‘ 0.

The purpose of this section is to prove the following fact: Either 5 — 1 and H (x,~~ ) ,

H’ (x,r), H” (x,c )  , G ’ (x , c )  are bounded for x0 < x < 1, or 5 < 1. If B < 1 the - -

H (x,c ) has a “ nodal” zero near x — 13 , i.e. H (x,c )  really changes sign about x = 8(c)

and H ’ (B (c),c ) < H’(5) . Moreover, H (x~c~). H’(x~c~)~ H ” (x.c) , G’(x ,c ) are uniformly

bounded in a fixed neighborhood of x = B.

The argument is carried out in three steps.

Step 1: There is a point x2 = x2
(c) and a K , depending only on the K of Theorem 2.1,

such that

3 . 1 )  x
0 < x2(c)

3.2) H(x (e ) , c )  — K/c’2 n n n

3.3) H(x,c ) > ~~~~ X < X < Xn n 0 —  — 2

and H(x,c), H ’(x ,c), H” (x,c ), H ”(x ,e~). G( x , c ) ,  G’ (x ,c ) , G” (x,t )  are uniformly bounded

on the interval rx 0
,x 21.
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I i I h - i , -  s i t  a - l ist K
2

, x
0 

x , ‘ s i - lu l i t  1 1 . 2 )  , , t s , t  ( 1 . 1 )  t s ’ s I - I .

3. 1 1) lix , i I I ~ (I i I + ON I
- ‘ n —. 0 is

Proof :  l i s t  s-q i i t  Ion ,iI (1.5) s - i , -  id-

K s O ’  ( t , i I I d t
G ( X , ,, I — I l l s ,  I — t f

n ss — n 2
it 15 H ( t , . - )

sP i ( ’5’ S’;.’ I sot St ill ~‘.is s i t S  X )x 0 ~~ 
we have

H(x, I ‘ Kr ’s -Is —

‘ ‘ t i - i s

x 1
IG (X 1 , r I  /11 (x

1 • 55
) — ‘u ;-

~~ f M CIt  OM ,

- - 
But  • h~ , - ,st,ci - of t I e ’  strict ifl(’cjth-tl it ’,’ , ej t’ts , -i - x 1 — 1 or 1x 0,x 1 I i -a n  be s ’ i s S ~~ i ’ s , ’)  t o  t he  i’s o l i t

without violating (3.8) . tl ,iw ,’vor 1x 0 ,x 1 J was -Iio ’s . - ts  as larqe as poo~;ib 1e .  Il - i s ” i f

it
1 ~ I , t h or . -  a l e  p o i t s t ~; x 2 1x 0 , x 11 w l s s s ’Is s~1t l ; l y ( 5 . 2 ) .  We , h , s’,c , ’ x SIS I I i ’ f i r st st - I s

j o t  st . Then ( 1 .3)  holds and ( 3 . 11)  Isi S 1oW~ from I t o  I t  i ,- t t s q l i ’  i n i ’ sj si,i l t t  \‘ .

Having found x 2 — x2(c) we now wish to “ shoot ” I ( i i ’ r i o l i t  . in eider to do l i s t s  We ’ must

establish I i i , ’  f o l l o w i n g  fui , ’t

3.  14a) x ( c )  ‘

and , for t
n small enosi~h

l.14b) H ’(x (r ), , ) — 
1
; U ’ ( B )

2 a is — 
~, -

To do this we use a s li qht  var ian t  of the As co l i—Anze la  lemma . l o t

• 1~
” ~~~~ , ‘~ ~~ ~~

1

l .15a) Q (x ,tS) —~~

- 

I ~H”’  (x 1 ~s~~ ) , 5
1

) r )  ~ it I

- 1 * -
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-: Let
~‘ 1 2

( q x . t n
) • H (X

~~~
I
~ ,~
) + H’ (x 0 .r~ ) (x—x

0) + 
~~

- H”(x0
,i: ) (X—x 0

) +

3.15b)
i t t  S

L L J f f 0(A .c~)dAdsdt
it

0 
x0

Th. functions q ( x , c )  C
3
(x
0
,lI and q ”’ (x , c )  are uniformly bounded. Thus , a subsequence

- converg.s on 1x
0
,l) in the c2 (x 0

,1I topology. Moreover, on any interval (x 0,bI on which

t - th. limit function is strictly positive, that limit function is H(x). Thus, since we may

assume that

-it

and H(x
2
(c ) ,t ) -~ 0+ we see that

3.16) x2

Moreover ,

-~ IH ’(x 2 , e )  - ii’(x 2 ) I  — I~ ’ x2 1t~) - ii’(x 2 ) I  -
~ 0 . 

I,

Thus we obtain (3.14b)

— Let us sunvitarise our results at this point.

- Theorem 3.1: Let (H(x,s), C(x,c )) be a sequence of solutions of (1.1), (1.2) which satisfy

H.2 and (2.8). Suppose

H(x.c
~

) * (x) , G(x ,c ) -it ~(x)

as in the coro llary to Theorem 2.1. suppose that there is a point ~ ~ it
0 

such that

3.17a ) H ( x )  > 0, < x < B

-
~ 

- 

3.17b) ~ (8)  — 0 , ~ ‘ ( 5 )  — —21i < 0

Then , for c sufficiently Enall ther. is a point x2 — x2
( e )  ‘ such that ( 3 . 2 ) . ( 3 . 3 ) ,

hold. Moreover , there are constants 
~~~~ ~~ 

14
3 such that

-14-
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3. - h_ t i  fl ’lI -# (u ‘‘‘ ( I —‘ M
it ,x , x >

,x , — 1

I - I oh ” ) ) c
— 

x
0
,x 2 — 2

3. 1 ‘l~ ) (I C”)) —~ M
— x0 ,x 2 

— 3

Fi nal ly

X 2
( i ’ )  ‘ B

3.19b) h-I’(x2,c) < -

We are now ready to shoot to the riqht . We make the chanqe of variables ( 1 . 4 )  and note

that we have the differential equation

3.20a) g + hg - qh = 0, 0 < i~ < — (1-x 2)fV’E

3.20b) h + h h  + qg = 0 , 0 < C

together with the initial conditions

3. ~1a) h ( 0 )  = K, 
~ (0 )  < -~~~, ~~(0 )  O( ,

~~~~) ,  ~~O) 0(. )

3.21b) g(0) - 0(”~~~( ,  ~ (0J O(~~~) ~~(~ ) 0(i )

Furthennore

3.2l~-l I h ( ~ ) I C0

We require two basic lemmas.

- - Leiruna 3 . 3 :  Consider a function r ( ~~) which sa t isf ies

~~22)  r + hr f , 0 < 1 .

I t t

3 , 1 ) )  A( ~~) - exp( (K + C0~~~
1 .

L 
_ _ _  

_ _

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____________ 

— 

— ______



Then

3.24)  I r ( ~) I I (o) IA (~) + ~A ( h ) f t f ( I  -

P roof : Observe that

IhU) I ~~K +

and solve (3.22) ,

LeImna 3.4: Consider a function r (F~) which satisfies

3.25a) r + hr + Ur = f • 0 <

where

k
3.2 5b) I U ( ~) I < u0 •

Let

3.26 )  B(~~) — exp{ (1 + U0 +~~ + C0U~~
)

Then

3.27) I r (~~I + I ’r(~) I  .~. 
(
~r(0)I + I~~° - I  + ~IIf II0~~B(U

Proof: We write (3.25a) as the first order system

~~~~~where

- 1 0 1  
-

-
A LU h

Thus

hAi l 2 < U0 + 1 + I( + C0~

and (3 . 26) follows from well known estimates. -

Theorem_3 . 2 :  For every N ~ 0 such that x2(c~) + NV’~~ < 1 there is a constant B1 =

such that

3.28) lH”(x,i
~
) I + IH” (x~c~) + Ic ’ (x,€ )  + IG” (x,c ) < 

~~ 
it

2 
it ‘- it

2 
+ •

—1 6-
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F i s t  c v i i v 0 > 0 such that

‘ ( 1+D-H~) --‘ - 
-

• 
5 .  •‘ ‘ I) 

~ 2 ~
‘ n1 

~ ti 
i ’

~~~ 
1

t h e - i ’ -  i- an t- (D) and an X 3
( C

n
) such that

(1+0* )
5 ,30a) 

~2~~n
1 -z x3

(~ a1 ~~- 
x (c ) + 

~ 
‘‘ n

and t ot -  0 t ~ we have

3 .30b)  H (x3
,i )  — —D o

Moreover ,

3.30c) H’ (x3
,.)  ~ ~~ + 8 (N) - N .~~ .

Proof: Consider the functions gU). h (~~) given by ( 3 . 4 ) . Let U(~ ) —h (1) . Let r (~ ) — gR ) .

Applying lemma 3.4 obtain

3.31) ~g(F,) I + q(~) = 0(B(N)v’~~) . ; 
-

Let r(i~) h(~ ). Consider the equation (3.20b) together with the initial conditions (3.21a).

Apply ing lemma 3.3 and the estimate (3.31) we have

3.32) IT ~ I < 0(8
2 (N)A(N) c )  -

An integration , together with the initial conditions (3,21a) gives

3.33) I h ( ~
) I < 0(B2(N)A (N)N~~~) -

Differentiation of (3.20a) gives

g + h g —  hg .

Let r ( E ~) — qua . Lenina 3.3, together with (3.21a) , gives

3 . 3 4 )  f g(~)~ — 0(B 2 (N)A(N) Nc~ ) •

—1 7—
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Returning to the variables H ( X
~ C n

)
~ 

G ( x , C ) we obta)n (3..’B).

Suppose ( 3 . ’)a( holds. Let

- 1+04K
it — x2 ( r~) + 

~~~~~~~~~~ 
-

Then

H(x ,c 1 < KI’~~ — A ( x—x ) + ~- H ”(~~,c ) (x — x )2 -
— n —  a 2 2 n 2

Thet is

H(x ,t ) ~ —(l+D)J~~ +

Thus , for c small enough, H(x,c I < — D /~~ . Since H ( x  , c ) — K/v’ and H(x,c ) is a
a n — n 2 n n a

continuous function there exists an appropriate 53
(5 ) .

If there are no D’s so that (3.29) holds, then B — 1 and we have established smooth-

ness on the entire interval (x0,l). In any case, we have now completed step 2. — 

-

Leema 3.5: Assume that there is a value 0 > 0 such that (3 .2 9)  holds for all suf f ic ien t ly

small c~ . If B — 1 let H(x.c~) satisfy the boundary condition

3.35) H U . c ) — 0 .

Then there is an N1 and an — 0 such that

3 36a ) 1 < it (~ ) + N /~ , 0 c < £ -— 2 n 1 n —

In that case Theorem 3.1 asserts that H (x,e )  € C3 (x0
,l), G (x,c ) c C2(x0,lJ uniformly.

That is; H, H’ , H” , H” , 0, G’, G” are all uniformly bounded for x~ < x < 1.

If B < 1 there is a point 5
4 ‘ it

3 
and a positive constant s5~ , independent of c ,

such that

3.36b) H (x
4~

c~) 
~ 

< 0 -

Proof ; Suppose the lenina is false . In either case we have the following situation; civen an

N > 0 there ii an c — c ( N )  such that

3.37) x2 (c) + N ,/~ 1, 0 < < c (N) .

~

-

~

‘- - - - --- - - -- ~ ‘- --~ ‘--o 
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l,o i  N ~ , r xe’~ ~ - ,t i~~t x ~ (~ ) ts~ -t s ~ -~;, - s  - s o  t i l t3 5 n

i S a 5 H I S  . i  I - — N
I n - ,

a ) < ‘

~ a

Si t r , ’ e ’ ‘he lemma is  t . i l - - ’ - 1 , - s e - r i - I  be _t p o in t  it — x ( t ~~) such t hat

5, S’ S _i - - H (it , s I i l— as • 5~~
- n is

3 , ’ i t s I  Il ’ (x ,, 1 ~~ H ’ ( x  , e  I
., a - 5 it 4

3.39c) H ’ ( x s )  4 H’(x~ , ) ,  5
3 X ~ 55 -

That is, take as the first point after at wh ich (3.39b ) holds. It there is no such

poist thea either H(l ~s )  ~ 0 or (3. 31-1, 1 rel lows from an jntoqr,st ion  of H ’ ( t , c 1 . If ( 3.39a) ‘ - - 
-

,I~~-s not  hold then (3.3Gb) holds and furthermore H.2 implies that x4 “ 1 — which in—

s-l i es that i~ ~ 1 (because of (3.14e)). Thus , (3.39a) must hold .  - -

-

Moreover,

3.3qd) it ( c  I — it (c ) - U -S n  3 a

If rot.an integration of H’(ta~ ) from 5
3 

to x
5 

would once more ins1’lv (3 .3Gb) .

Finall y , (3.37) and the fact (see theorem 3.2) that H ” is bounded on Ix  ,x + N ’t  1 to—- 2 2  a
qeV’s-r with (3,39b) implies that 

-I I (x  (e. I . e )
3 .3-lot Lim ~ —fl— -— = +~

~n b

Consider the change of variables

H (x.s t
3.40 )  (x—x 5 )/!H(x 5 , c ) I ,  u(’r) = G (x,t S , v (-r) — IH(x c ,~

’
~

’
~
’T -

Substitution into (1.1) , (1.2) gives

1.41a) i V + v v  + uu — 0
a

I . ~~~ l L -t  s~ u + v u  - v u O
a

—1 °-

L~. ~~~ , 
—
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where

3.41c) • c / IH
2

(x  ,c I I  • 0 as * 0 -
- _ a a S n  a

The initial conditions are

3.42a) v (0) — —w0
/U, v(0) — H’(X 3.

5~ ). 
v(Q) = H”(x3

,5) IH (X 5,5) i - ‘

3 42b) v (0) — H (x
3 ~~~~~~~~~~~~~ 

u(0) — 0(~~~ IH (x 5 
t ) I) 4

3.42c) ~(0) — G’ (X
3
,E )IH(X 5

,c )  -

At = (x5-x3)/)H(x5~r~)I we have

3.43) v(t5
) = -1, v (t5

) — H’(X 5,t )  — 4H ’(x 3 .c~
)

P~ reover - - ‘

• x5

• 
H(x 5

,s ) — H (X
3

, t )  + 5 H’(t,t )dt .

*3

Since H(x5~c~). H(x3,E ) are both negative and (3.39c) holds we have

~ 
t HCX ~~1 C ) I  + H ’(X5~

tn)I (X 5~
X
3
)

Using (3.39b) we have

IH(x
~
.c )I 

~.4 
H’(x 3 .c~)I (X 5—X 3) -

-_ There fore

IH (x5.t~) I—N 0/~ 2 ) H ( x 5, c )  I
C0 

~ X
5 

— 53 
< IH’ (X3~tn) F

3.44) 
l-N0~~~/tH (x5

,c )  I 
(
~~~

tn
) I ~~ 

A -

Thus, (v(T.~~ )~ u (t,c ) ) are solutions of (1.1) , (1.2) on an interval of finite length

satisfying the conditions (3.42a)— (3.42c) and (3.43).
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We sigh 1,0 -ip ply i t i e , !  ~-m 2 . 1  i i i -  1 ’ I ~ - - i , ’m 3 .2, ‘ ss - , t , i o i  t u e  s_ l i s t i s le t v a t  iable-’-

5 .45) ~‘ I , e ) • — v 1  — t , t ) , U ( t . , I — u ( t  ~~T , e ) -n a it S is

These s i lo - t i ’l l - , t s -  ‘s at  i s  t y a l l  t tie- \‘ • t  hess-s sd ‘ l t i . ’ox ern 2 . 2  and Theorem 3 . 2 .  Express i nq t h~-

c-su Its si t  !e~~t lv  in I s -unit of the ’  -~~~ i i i  ti.t i t s i i i , t lOf l i t  V t  : , t ) , u (i ,~~ I we may assert the
a n

ol low 5ni ~ , FI~e’tC i~X t st s a su_b~ e~~iu- i t s ’ e- whi te s ’ s i i i vei  s te -s uniformly on )0,i5
) whe r e ‘

~ 
is

the limit s ’t  t
5

( t )  - ‘-h~~~i e’s sv e t , it zt ~~t )  and v (st are the limit functions , then

,~ ( t ,~~ S • v I t )  , 0 — t
a _- — S

v ( t .~ I ‘ v I t )  , 0 < -T
n — — 5

v ( ’ - . •  I • v ( r )  , 0 ‘ -r
a —. — S

u ( r , t 1 • u (il , 0 — ‘t
a — — S

u ( t , t  i • U , ~ ‘- t -
a — — 5

These results , together with the initial condition (3.42a) , (3.42b) , (3.42c5 imply that

3 . 4 5 ’ )  v (-r) — v (0)  + v11. 0 <

for some constant v1.

However (3.43a) and (3.42a) imply that

3 471 v(0) — 4~- v (r5) -

Since (3.46) and (3.47) are in contradiction, the lemma is true.

We have now completed step 3.

We conclude this chapter with the following summary and extension of these results.

Theorem 3.3: Let (H(x,€ ) ,  G(x,c)) be a sequence of solutions of (1.1), (1.2) which satisfy

H..~ and (2.8). Suppose 
-

H (X
~
5n) H(x) , G(x, c )  * G(x)

in an interval )x0, x0+a).

— —2 1—

—~~~~~~ ~~
—-
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Suppose there is a point  ~S such t h a t  ( 3 . l 7 a ) , (3 .17b) hold. The functions -

(H(s), -~(x) ) are th,- solutions of iNs~ reduced equations (1.3), (1 .4 )  and are given by ( 1.Sa) , -

— (l.Sb) , (l.Sc ), depending on t h ~ lim it values of G (x , s I, H(x ,c 1, H ’(x , I , H ” (x , e S .
-
~ ii 0 Ti 0 ii 0 ii

If B — 1 assume that

3.48) H (la I — 0 . 
-

a

In this case there is a constant B such that

3.49a ) H (x ,t 1 + H (x ,r I I + H” (x,r I I + iF” ( x ’c  ) I B, x < x < 1a n n a — 0 —  — -

3.49b) lG (x,c )I + 1G ’(x , C ) I  +Ic ’ ( x , c ) I  < B , x
0 x < 1 -

If $ < 1, let be the next zero (if one exists) of H(x) and let

3.50) B2 — min (8
1
,l) - 

- 
- - - I

Then, for any constant ci , 0 < q < 
~~~~~~ 

we have the uniform convergence 

- 

(
3.Sla) (~~) H(x,c ) . (__)kR(x) , k — 0 , 1 , 2 , 

~~0 
x — q 

~ ; -i- -s~
3.Slb) (~~)~ G(x,r )  -. (~~ )~~~(x), j  — 0,1, x0 < x < - q .

Proof: It is only necessary to establish (3.Sla) , (3.Slb) . However, once

H(x
5
,c) < sS~ < 0 we may apply Theorem 1.2 on the interval on which H(x,r )  < 0. Theorem

3.2 assures us that H”(x,c ) and G”(x,t I are bounded in a transition layer in whicha n

M(x,E ) goes from KV’~~ to -K/c for any K. Arguing as in lemma 3.5 we consider the

change of variables (2.1). The region where H(x,c) < 0 now becomes a region where

H (x,E) > 0, and B, which was to the lef t of the negative values, goes over to 8’ — 1 - B

wh ich is to the right of the positive values. Therefore, we usay apply Theorem 3.2 and match

bounds in the overlapping regions to see that H” (X
~
Cn) and G”(X

~
C
n
) are bounded on

(x e , B2—qJ . Thus, (3.Sla) , (3.Slb) follow at once.

—22— -
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- 4. Non-Existence Theorems

- In this section we consider solutions <H (x,C ) ,  G (x,c)) which Satisfy the boundary

S conditions (l.6a) , (l.6b) and prove a basic non—existence result: there do not exist limit

- 

- solutions H(x) which satisfy (3.l7a) , (3.l7b). Our first result is an immediate consequence

- 
of theorem 3.3.

Theorem 4.1: Let (H(x, c ) ,  G (x,c)) be a sequence of solutions of (1.1), (1.2), (l.6a) ,

(1.6b) which satisfy H.2 and (2.8). Suppose that

4.1) H (X ,E ) -
~ H (x)

uniformly on (0 1) Suppose that B • 1 is the first  zero of ~ (x) with B > x~ Then

4.2) H’(l) 0 -

Proof : From the form of 13(x) given by (l.5a) or (l.5b) we see that either (4.2) holds or

— (3.17b) holds. Suppose (3.17b) holds. Then we may apply Theorem 3.3. h oWever , (3.49) of

Theorem 3.3 and (1.6b) imply that we may extract a subsequence which will converge to a litTlit

- H(x) and this convergence will be C~’tx0
,1) convergence. Hence H’(l) 0. But, of course,

H(x) — 13(x ) and the theorem is proven. -

We now turn our attention to the case where B the first zero of 11(x) greater than

satisfies - 
-

x0
< 8 < l  -

In this case we make use of the properties of the function

4.3) ~(x,s) — (G’(x, e)1
2 + (H” (x,c)J

2

-j The basic result is due to McLeod 1 7 1 ,  ( a ] .

Lemma 4.1: The function s~(x , c ) satisfies the differential ecuation

4~ 4) ce” + IHe ’ — 2cj(G”)2 + (H”)2] ,

and the function

- -*~~ -- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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1~

— 
F’ (s ,, I i ’ x 5 - ~ 

- 
H( l  , e t ilt )

X I

ole -‘ I S C s i  I s il ts ’  ~c. t o . l t s s ss I t s , - t~e3o* ’s s o t  , i t  t h e  I i t t t s t t o t e  ~ (~~~~, t S t s 1 e  - _ t shed i i i  s i ts ,- ~ o f  I ‘s,

t o t  liw 5 5 5 5 5  I S i s  ,-, ‘ w~~v, ,

- i - i ) • 15 i l e o t io t  s~ t ii l i t  s~~t s~~5 I t s 5  s i t  it s in t e’, s-al se f  slot m i t  l i ii .

1 t ~ ) ‘I l i-s r n s ’t e s , t s s I s e ,  S t i s ’ i e a s s t i s t  s e t s it s m t i t , ’ t v s i S set s t e t i s i m t  ion ,

- - 1 1)  t h o t  s- 5 is a l t  s t i l e - i 5 s 51 1i i l  1st -s~~s h i  that  • ~ i~ t t  ~ ~, aisd i ’  — 0 t o t  S -. •

L.esssa 4. 2 Sr - i (H (x . t  , C~ (x , • 5s~’ ~ sequence of solutions of (1 .1) , I - :1 whi s-h sat s ~ t y

the hvnothestss of theorem 1 , 3 le t 
~. the fit~ t sero s et 11(x) sireater than x~ , eat i s t~

j 
~0
’ B < l  .

Po i t s  I t i ,~s ’l  Otis I • 1 let t~ tir- the tsext zeis s  s it  I-I(s)  and let t~ lie sj Iv els by ( t - ~e0 )  • I - e l

a the l’ mrit t sew ot I t ( s )  to the left of Let

a’ — max(a ,0) -

Then, u(x) tim a s3uadrat m~- of the form (1,Sc) on the open interval a’ — x

Proof i From theorem 3 .3 and theorem 2.1 and its corollary we see that (t i s  sufficient (~

-
~~ 

- show that 11(x) Is a quadratti - on a subinterva l ~st ( a , B2). We focus sink attent ion on an

interval tx0,x 3~~ 1 on which

H(x, s )  -• 5S /2  -

Suppose the l emma is false and Si(s ) is given 1w (l.~ t,) wi th d s~5 . We claim that , if

1 
i Is sufficiently email,

- 
4.6)-~ •‘(x.r ) -. 0, — x

To see this we observe that theorem 2.1 and the for-in of H(~ ) together with the s l it fssren tl*1

equation (4.4) imply that

r~i 
- ~‘(x , e )  — 0(r). x~ s 513

+ 1 -

I_

~~~~~~~~~

_ _ _ -

~~~~~

~~~~~~ ~~~~~~~~~~~ k~—---- — _ - .  - — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ L~
_ I Z ~~~



~ 
~~~~~~~~~~ fl

s.,S~

— v-~~~~~~’~ 
- - 

- ~~~~~~~ ~~~~~~

Thus, since •“ is bounded on that interval , Landau’s theorem implies that

— 0(5 1/2)

and

H ~~‘ — 2 
~n

1
~~~

1 + (13W)2J + 0(5
3/2) -

Thus, we have (4.6 ) . From lemma 4.1. we see that

•, (x,c~) > 0, < x < 1 -

However , let (a ,b ’ 1 c ( 8 . 8 2 ) be an interval on which H(x ,r )  < 0. Applying the

argument above, we see that

< 0, a < x < b’ -

Thus the lemma is proven.

Remark: As we shall see , the results of section S show that the quantity

11’” (‘T~~t~~
) I + G (x .5~ ) I + IG ’ (x , r )  I

is exponentially small (in e )  on

Theorem 4.2: Let (H(x ,c), G(x , cn ) > be a sequence of solutions of (1.1) , (1. 2) , (l .6a)

* which satisf y 11.2 and (2.8). Suppose that (4.1) holds uniformly on 10, 11. Let 8, with

0 < B < 1 be the first zero of ~(x) with 8 > Then

- - 4.7) 13(8) — 0 -

Proof: Suppose the theorem is false. Then we may apply lemma 4.2 to see that H(s) is a

quadratic in the interval (a ’,82). Since ~ ( B)  — 0, i~(x) can have only one other zero. Thus,

either H(s) ~- 0 for all x < 8 or 0(x) < 0 for all x > 8. Whichever case occurs, the

boundary condition (1.6a) is violated either at x — 0 or at x • 1.

—26—
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- - - i~~,5s t I I st m ti s 5 ~ s i  I itt  t s i i i , _

I t s  t Ill s ~~~~ O t t  WI~’ i i s i i ’ 5  s lOt  I S O  is5 I s i t S  se t  s l e s c i  the- st t o  t h e -  m i s t  t o d s m i t t s t t i  by 11 .  f a )  — ( 1 .  I s )

( 1 . sst , (1 1l~~) ( 1  .~4hS - Ns I  i s - ’ that we - !; I ’ e ’o t t  u~~ lly  SII V I u~ t h e  b t v I s s t h i i - - ; 5 ~ II... I l s

in t i i u - ~t r at e s i  its I l u s t r e -  I -

(1
55 (x, ’ I

-* 3

~ —i~ ~B0 Z ( i i  

I
(1

• Fig ure 3

(1Our f i r s t  qoal is to establish the f&ct that e H(x,f I ,  c U ’ (x ,~ ) , t: 11 (5,’ 1,is n a n a 0
P0 00
In G (x,r ),  tn 

G’(x,e )  are uniformly bounded on (a~-i-s3 ’, Bi— iS’) for any c~’ 0. Thus,

af te r  extracting a subsequence , we may assume that

5.1) s~ 0 (~~ ) VH ( x , r )  (d )V~ () ~~~ + ~ x — ~~~, v — 0 , 1,

005.2) 5
n G(5,c )  

-
~ g(x) ‘ + ~~‘ < x B~ — ~~

‘ -

- 
- 

Our major result is that h(s) is a piecewise quadratic- with at most two pieces. More-

over

£
P0 (IH.,, (X ) I  + IG(x , s

11
) I)

is exponentially small in any sub interval on which h(s) is a quadratic .

1—
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Si nce ( l .7 c)  holds , i .e . , po 
— — 1 we nay normalize the problem so that  for approprs s~ s

constants C0 
> 0, o ) 0 we have

5.3) IH(X , C) I ~~. C
0

, a
~ 

< x < 8 1

I (~~)~~ 1H (X,c )  I + I (~~ )VG (x, r) I C0r
°~ v - 0,1,2,3,4, < x < -

To see this we observe that if 

-
H (x ,c) — c H(x ,C)

p
0e G (x,t) — c G(x,C)

~~_ c
l+p

0

2p
0 - -

then multiplication of (1.1), (1.2) by r shows that (H(x,c), G(x,c)> satisfies (1.1). 
j

(1.2) with r replaced by c . Moreover, c -
~ 0 as C -. 0.

Let ‘i~ — ‘~ (c)  be the point at which 4~(x, C) assumes its minimum. Let Z • Z(r) be

the first zero of H(x,C) greater than 80
. Since we may always apply the transformation

(2.7), we may assume that

< z (c )  < y ( c )  -

Throughout this section we will assume 0 ~ £ ~ 1 and that (5.3) , (5 . 4 )  and ( 5 . 5 )

hold. In particular, the situation depicted in figure 3 holds with po 
—

In order to obtain the desired uniform bounds and (5.1), (5.2), (5 3) we make use of the

function $( x ,c )  given by (4 . 1) .  The basic result 1st if H(x,e) is bounded away from zero

on an interval and

• ‘ ( x , c ) H ( x , t)  < 0

then

- 
- IH” (x,c) + G (x,c) + ~G’ (x ,c) I

is exponentially small. 

- - -: ~~~~~~ ~~~~~~~~~~~~~~
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Lemma S .ii Lot (H(x ,s ) • G(x ,e 5) he’ a solution of (1.1), (l.~~) on ( s
~~

.B i
1 . Let be

a t mx ed constant with

0 ‘ (B ~~5~~)

— 
- and let y 1 be the first point greater than Bo 

- it such a point exists - at which

y l
5.6) f H (t,e)dt — R6

~ 
-

If no such point exists, then y
1 — 81 . Let

5.7) y — min(y
1
,y) -

Then there is a constant K , depending only on C0
, such that , on the interval (cr0+~1 ,y1

we have the estimates

5.8a) I~’ (x .c) < K~
2°exp {-RS 1

/e)

5.8b) IN” (x,t) I + IG” (x,c) I < Kc°exp{— Rs51
/4C}

5.8c) c ’ (x ,c) I~. Kc0exp{—R s51/16
c)

5.8d) 111’ (x,C) I + IH” (x ,c ) I K (1 + r °exp {— R ~1/4r })  -

Proof : Frees (4.3) we see that

— 2~H”H” + G’G” j < 4C~~c
2
~~ -

Applying lemma 4.1 we have

0 •‘(x,r)exp{~ J H(t ,c)dt ) •‘(x 0
,c) -

~0

Since

H(t,c)dt Rs51, ~~ + < x < y

-29-
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we obtain (5.8a). Thus Landau’s theorem implies that

< Ct 2°exp( 1161/2 c} -

The d i f ferent ia l  equation (4 .4 )  now yields (S .B b ) . In order to prove (5 .8c) we consider two

cases.

Case 1: There is a point, say a s (o
0
+6

1,y) at which (5.8c) holds. In this case (S.Sc)

holds on the entire in terva l (c1
0

+6
1
,yI by vir tue of (5.Bb) and an integration.

Case 2: There is a constant, say E, so that: at every point x ~ (cz0
+sS

1
,y) we have

5.9) IC ’ (x ,c) I > Ec0exp{—RsS1/l6r} - 41;
However, (5.8b) and (5.4) together with Landau ’s theorem imply that - 

-

I < Cc0exp(-ReS1/8r )  -

Substitution into (1.1) now yields

IG(x,z G’ (x,c ) I < Cc0exp~—R61/8c) - J
Thus, (5.9) implies that

5-1.0) IG(x ,t) I < ~~ exp{—R61/16c) -

However , if (5.10) holds, (5.8c) follows from (5.8b) and Landau ’s theorem.

- - Finally (5,8d) follows from (5.8b) and Landau’s theorem.

Having obtained these estimates we are able to establish the basic bounds.

Theorem 5,1: Let (H(x ,t), C(x.c~ )) be a sequence of solutions of (1.1) , (1.2) on the in-

terval (a
09$ 1

). Suppose that (5.3), (5.4) and (l.9a) , (l.9b) hold (the problem has been

normalized so that p
0 — 1). Let

5.11) -
~~ inin (80—a0

, Bl~
S1l) •

Then there is a constant N > 0, depending on 
~~ 

such that, on the interval

tao+6l~ 
Bi—6 i1 we have

— 30—
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It
S - ) ~ ) I I 1I (x , e I + I G~x , I 11, — 0,1 ,~~~, It ~ 0,1 -sIx fl Ix n —

i s  ‘ e t  , s) tt t he’ t f l t o t  ‘_~il I i ~~+~~ ~~

~.l ~ ~~~~ 
) I Me * - X I { R ~ 55~n — i s 1

m d.d t hat t s stn~t It e’nouqh -

W~ s - sill S tiles twi t C.35,O -

s ’- ISt e 11 -

i n t I-s s~~5 5 S C ’ , ~l tt, -s- the s -h~rnqe  ot  ‘~ir tMi h-s (.i,71 w~’ may apply lemma 5.1 to find that

-t(x , t ) < K , 8 — ~~‘ - x — — ~
— 

~~
‘ .n — i  1 — — 1

That s, using Landau ’s ths , s tm e sm ,

‘- - 14) k (X . t~ 3 I + In” ix , e
13

s I H’ (x,c ) I - K2
, 

~ 
- 

~~
‘ x < -

—\~- s -l vit s~ lemma 4.1 , i .e. , t h e ’  f act tha t  ~ ( x ,  ,- ) assumes its maximum at the end po int is , we

- using Landau’s theorem -

5.15) k;’ (x , e - ) I  + H”(X,c ) I  + IH’(x, C ) I  
~ 
N
i~ 

n + s~’ -~ x — sc ’  - -~~

The function Ft(x,c )  is converging to a quadratic funct ion on J~~~+s~’ , y) which has

t~ ‘Icast oat’ zero in the interval 180 • y l .  Thus , there are points in the interval

at which H’ (x,t ) I  . R. The estimate ( 5 . 1 3 )  follows from ( 1 . 2 5  and (5.5th ) , (5.8c) •

Finally, the complete estimate (5 . 12)  follows from (5.15) , (5.13) and an integration .

Raving established this basic result, we may apply the theory developed in sections 2 , 3 ,

and -1 .

W~’ now analyze the limit functions 0(x), C(s). Let

‘- .16a) H (x,r ) H (s) , s~~ + ~~ ‘ < 5 ~ 5
) 

—

c 16b) G(x, e
0
) ~ C(s) , + s~ ’ < 5 — 81 — -

— 11—
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Let

5.i7a) y y

5.17b) Z(c~ ) * 2
0

~ ‘V -

Finally, let Z 
~
‘ 20 be the first “crossing” zero of H(s) - That is, there is a positive 

— 
-

constant p ‘- 0 such that

5.l8a) H (s) > 0, < * ‘ Z - - 
- 

-

5.18b) 0(Z) — 0, - 
-

-

5.lSc) ii(x) < 0, 2 ‘~ x < Z + p

S .lRd) H(Z+p) < 0 .

Theorem 5.2: LOt the hypothesis of theorem 5.1 hOld. Let (5.16*) - (5.18d ) hold. Suppose

5.19) Z~~~’r .

Then

5.20) H’(i) < 0 ,

and H(s) is a piecewise quadratic with at most two pieces . Furthermore

5.21) Iø” x.s~~ + IG(*~c~) I + I G ’ (*~z~ )~

is exponentially small in c on a proper subinterval of the interval on which H(s) is a

quadratic.

Proof s From the definition of y in the construction of lemma 5.1 we see that

• - -

Thus , the estimates of lemma 5 1 .  hold on the entir. int.rval tu 0+~ 1 , 4(~+ if l . Therefo re ,

H (s) is a quadratic on this interval. If (5.20) did not hold , Z would not be a crossir--t

zero. Hence, (5.20) hold.. Moreover

N ( s)  ‘ 0,

~~(x) ~ 0 , j  < z ~(i+~)

-32-
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Thus we may ~~- I -1 ~- lemma 4..~ to see that H(s) is a quadratic until the “nex t ” ~ et ~ i (4tte -t ~ l

~t t  H(x l • Mo t ,-ssve ’t , from the t”-t ixnate s of lemma 5.1 and ( 5 . 1 3 )  we see that (5.21) is

- 

- 
e x p s s i i e ’ l i t  t5i i lv small on the i n terva l  (~~~ +~S ’ , ~(Z+y)1. A standard singular perturbation argu-

ment ts. ew shows that , in fact, this quantity is exponent ia l ly  small in an interval

(n 5
e 5~’ , t~ ,- 5t~~I where 82 

is the nex t zero of 0(x) (if it exists) and 6 2 is any pos]t2ve

constant .

Case 1: 2 is the only zero of H(s) on the interval 1n0,811. In this case H(x) is a

quadratic on the entire interval fo 5~,~~ ) and the theorem is proven.

Case 2: There is a t~~ with

2 8~ < 
—

and ‘2 
is the next zero of 0(x) , i.e. ,

6 .22b) 0(82) — 0

In this case, since H (s) is a quadratic on the interval (Z,8
2
) and H’(x) is continuous ,

H’ (82) — —H ’ (Z) � 0 -

Fur thermore, there must be a third zero , say $3 . with

< 8~ ~

and

H(s) 0. < x <

However, from theorem 2.1 and its corollary we see that

H’ (8
3) — —H’($2) — H ’ ( Z )  ~‘ 0

-33- 
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Figure 4

Thus we may apply lemma 4.2 to see that 0(x) is a quadratic on the interval

‘ * < ~

where S is the next zero of H(s) beyond 83
. But , of course. H(s) is a quadratic which

vanishes ~~ and 83~ Hence there is no 8. Thus, ~i (x )  is a piecewise quadratic with

a break in Ir(x) at 82. Moreover, the quantity (5.2 1) is exponentially small in any inter—

val 
~~~ ~2

’
~2~~

It remains to show that the quantity (5.21) is exponentially small on 1 + .

We sketch the argument.

Case 2.1: -

In this cas, we apply th. change of variables (2.7) and repeat the above arguments.

Cal. 2.2t ~ -

In this case we apply leisusa 5.1 on the interval + 
~~ ~ 3’ ~~~ — ~ 

6~ ) to obtain the initial

exponential bounds on the quantity (5 .2 1) .  Then, we merely repeat the above discussion .

Case 2.3: 83 — ‘
~ -

In this case we must match the exponential bounds to the right and left of 83. TO complete

th. proof “&t 83” we use a “shooting” argument as in section 3.

Theorem 5.3: Let the hypotheses of Theorem 5.1 hold. Let (5.16*) - (5.l8d) hold . Suppose

5.23) Z — y

and

— 34- 
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‘ ( 7 )  ( V -

rs , —t- th e- ~- s ’ii ~- l u i s t s s n - - - s i  Theorem 5.~ li- -Id.

- I : o o~ Sn t se s o - ~ ot  TtiI-~~s e ’tn ‘e ..~ tie ee~ :s’I i t  l ois ( ‘ - - 1 ’)) is  st se ’i  only t~ ’t two purpose’s - t - ‘

- t - civ. - (5. .~~l )  — whi s~Is w.’ h ive s-x p t  s~- i t ly  assumed in (5 .  ~4) and to ~-i ov , - that (“ - 1) is exponent —

I i i i  ly  -~n~1 1 on & non v,sss t zh ing S lit 0 rval beyond ~ . Thus , we need only pi ov&- that  (5 • 1) is

- - x)5~-nent tal ly small. However , (S.~’1t is exponentially small whenever H+’ 0. Thus , s

H(s) has snI ~ one .~ e - s o , ~., we rn~tts - h the exponential decay ots either side of 7. If there

sre  at least two other zeros , 8
2 

— we apply the transformation (~~.7) and apply the

- 
~- above argument.

- Theorem 5.4: Let the hypotheses of Theorem 5.1 hold . ret (5.l6a) - (ns .18d) hold . Suppose

‘ .25) — ~ ,
and - - - . - -

- 
- 

5.26) H’(Z) = 0 -

Then H ( x ~ is a quadratic on (cs 0+6 ’ ,~~) and ii(x) is a quadratic- on I Z ,  Moreover

. (5.:1) is exponentially small on every interval )1 S’ , Z - 2)~ 
[
~
+62, 8i—6 ’).

Figure 5

P~ .tof: Apply lemma 5.1 on every interval 
~~o+6

~~ 
2 6 21. Thus, 0( x ) is quadratic on

-~ 

- 

(ei
0
+6’, ~1 and (5..’l) is exponentially small on (o

~
+6’, ?-~‘~,1. To complete the proof we

apply the change of variables (2,7) and argue on the interval

—35— 
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1 - (z+a) < x < 1 Z - I-
-rhus , to  the right of Z, 0( x ) is a quadratic as long as i t  is negativel However, s1ri~~e’

and 0(x) is negative a bit to the right of 2, it is always negative .

A simple argument shows that the case

is  impossible. Thus, we have established the major result of this section: On the interval

~°o ~~ ~~~ ~~~~~~ ~~~ ~ ~~~~~~~~~~ quadratic !~!~ ~~ 
two pieces Moreover or’

~~~ proper subinterval of an interval on which H(s) is quadratic, (5.21) is exponentially

small in t -— —  n

Now , let us turn to “oscil lating cells” .

Defini t ion:  Let (H(x ,r }, G(s,c )) be a sequence of solutions of (1.1), (1.2) which

satisfy (1.7*), (1.7b). Suppose that

0
Cn
°H(5

~
Cn) 

-
~ h(s), 0 < 6’ < x < 1 — 6’ < 1 ‘ I

for every 6’ , 0 < 6’ ~
-. A “cell” is an interval (a,$) with 0 < a < B < 1 such that: - ‘

5 27a) either a — 0 or h(a) — 0, and

5.27b) either B — 1 or h(8) • 0, and

5.27c) )h(x)~ > 0, a < x < B

1~Note : As an example, the solutions obtained in (8) satisfy (l.7a) , (l.7b) with p
0 

— - — .

The resul ts of 1 81 show that those solutions converged to a function h(s) with two cells.

In this context, theorems 5.2, 5.3 , 5.4 assert that if h(s) has two cells, (a
0
,~i ) ,

and -~~. 

-

5.2 8a) h (s) > 0, <

5.28b) h(s) 0, a
~ 

< x < - - 
—

- 
- 

—36—
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Then h(x) has at most four cells. To see this , let be the “first’ interval on

which h(s) ) 0 and (a1 ,8 1) be the “last ’ interval on which h(s) < 0. Applying Theorems

5.2, 5.3, 5.4 we see that h(x) is a piecewise quadratic with at nost two pieces.

Case 1: h(s) is a quadratic on the entire interval (cs
0
,81
). Then since h(x) has an odd

number of zeros in (a0,81
), h(s) has exactly one zero, say B, in a0 ~ 

x ‘ 

~~~~ 
We note

that h(x) remains a quadratic~ for x < a0 as lonq as h (x )  > 0 and h(s) remains a cuadra-

tic for x 6
1 

as lonq as h(x) ~ 0.

Case 1.1: h” (x) > 0, a0 
< x ~ -

In this case h(x) ‘ 0 for 0 < x < B and we have two or three cells depending on whether

or not h(x) becomes positive to the right of B -

Case 1.2: h”(x) < 0, a
0 

< x  < 
~l 

-

In this case h(s) < 0 for ~ x < 1 and we have two or three cells depending on whether

or not h(x) becomes negative to the left of a
0
.

Case 2: There is a point B c (a
0,81> and h” (x) jumps at B. That is ~~~~~~ 

-
-

• (h 1(x) . a
~ 

< x < 8 - - 
-

h(x) — th2 ( c ) , 62 
< x < 

~l 
-

- 

- 
-

and h1 ( x ) ,  h2 (x) are quadratic polynomials.

Case 2.1: h’(B) — 0 -

In this case we have

h~ ( x )> 0

h (x) < 0

and

(h 1 (x) , 0 < x < B
h (x) 

~,h2 (x) , B < x C 1

and we have a two cell solution.

—37—
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- 
Case 2.2; 

- 
h’ (B)  ~~ 0 -

- . 

- 

Applyina 1ei~sa 4.3 we see that B is the second zero of h(s) for a0 
< ~ C 6

1
.

- - ~~~~~~~ Thus - /

— 

— 

— h
1 

> 0 ,

and h(x). > 0 for 0 <~~~ < 
~~~~

- Also, there must be a third zero , saj 8
3 

and

-

‘ 

-
~~ ~-

- 

- - 
~~~~~ h (x) > 0, 8 < x < 8

3 - 
-

- - Hence
— 

- 5
- h ’~’ < 0

and h (x) < 0 for 8 < x < 1. In this case we have a four cell solution.
1 -.

- 
4

t ¶- / 
— 

,

‘I

— -sj
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