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ABSTRACT
In a previous paper devoted to the numerical solution of the Stefan
problem, the author has proposed a numerical scheme to solve the heat
equation on a variable mesh; this scheme is a generalization of the
classical Crank-Nicolson scheme since it is identical to the Crank-
Nicolson scheme in the particular case of a fixed mesh. Numerical
experiments have been performed in one and two space-dimensions, but no
mathematical results had been proved. In the present paper, the sta-
bility and convergence of the scheme are established together with an

error estimate.
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SIGNIFICANCE AND EXPLANATION

Moving boundary problems occur in many areas of physics and engineer-
tng.  The best known example is the Stefan problem which represents the
melting of a solid:  the moving boundary is the interface between the
solid and the liquid; in each phase, the temperature satisfies the heat
equation. An efficient way of solving moving boundary problems is to use
a variable mesh. In a previous paper, such a method has been proposed
for the heat equation and numerical experiments have been performed. In

this paper, the stability and convergence of this method are proved.
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STABILITY AND CONVERGENCE OF A GENERALIZED CRANK-NICOLSON
SCHEME ON A VARIABLE MESH FOR THE HEAT EQUATION

»
Prerre Jamet
1) INTRODUCTION

Let x € R be the space variable and t the time. Let s (t) and s_(t) be two

1 2
given continuous functions defined for t > 0, such that sl(l) <va {t) . for all ¢.
: 0
let f(x,t) be a given function defined for sl(t) < 3 4 s’(t), t >0 and let u (x)

be a given function defined for 51(0) €% 52(0).
l We want to solve the following problem.

Problem (P): Find a function u = u(x,t) such that

2
[ i 3. < .
%) Lu T s £; for sl(t) < x sz(t), t 0.,
Ix
: 0
T P 4 u(x,0) = u (x), for SX(O) < x < 32(0) '
1. 3) u(sl(t)) = U(S2(t)) « O, Tox = ¥0 .,

We will assume that the functions sl(t) and 52(t) satisfy the two following

hypotheses.

1.4) s2(t) - sl(t) > io > @G, forald t>0,

3. 5) |s)(t') -ﬁj(t)' < c0|t' - t|, for all t and t' (Lipshitz continuity),
with j = 1 or 2, where 20 and ¢, are constants.

The numerical scheme

We consider a mesh arranged in the following way. Let 1 be a space index,

0«11, and n > 0 be a time index. The mesh-points are denoted by P? - (x?:tn).

n n+l n n
where to -0, € <% " x0 B sl(t ) TR

? < x:“, x? = sz(tn) (see Figure 1).
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Figure 1

We want to compute a function w, which approximates the solution u of problem
(P) at the mesh-points P:. We will denote u? = uh(P?). According to the method of
Bonnerot and Jamet (1], these values are determined by solving the following problem.

Discrete problem (Py)

Find lu?). 0<i<I, n>0, such that

n+l n+l, n+l n n n
o T Mot Wivy * Bpagihy *
1 n+l n n n+l 1 n+l n n n+l
7 e M P e T T e M T
1B & o un*l o SN R n+l _  n+l
PR TS . > il S . Gk S S W i-1) _
n w xn n+l _ xml n o_ xn n+l xn*l
el R T T T i-1
1 n+l n n n n n+l n+l n+l
3 (t -t )(()t“’1 x‘_l)f(Px) + (x“l xi-l)f(Pi W
for 1 ci<1-1 and n3>0,
1.7) u? = uo(x?), for lESisi~1,y
n n
1.8) uy = up e 0, for n>0
-2-
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i 3 n n n nel n+l
After v 1on by (t = £ )= - X ) 4 - X ))

X . WwWe can write (1.6)
1+l 1=1 14l 1=1

the form

£ & )H ,n
nn Ny
where L is a discrete operator which approximates the differential operator 1, as

n

‘ -n n
will be shown later (see lemma 3.1), and f 15 a weighted average of (P ) and
1 1

ne
hl‘\ l\.
i
In this paper, we will assume that the nodes l"“ are equally spaced for each n,
1.e,
n n n n n
1.10) - = h = t i 7 N . & -
X4 x, (s‘,( ) s\(t ¥l for G <1 <12 1
; n+l n
As already noted in (1], in the particular case of a fixed mesh we have h =l =h
nel n -
and x1 - xl = 0, for all 1; hence, the relation (1.6) yields the classical Crank-

Nicolson scheme.

Although successful numerical experiments, as well as practical computations for
moving boundary problems of Stefan type, have been performed by means of the foreqoing
method, no mathematical results had been proved yet. In section 2 of this paper, we
prove the stability of the method; in section 3, we establish an error estimate and
prove the convergence; finally, section 4 is devoted to several remarks and comments
relating the present method with other methods which have been studied to solve the

same problem.

.




2) STABILITY
We will use the following notation,
I-1
1Ny 1 ¥ n, 13172
i - - 2 (P
114 'lh (1_1 L |v(x) | =
1=l
for any function ¢ defined at the nodes P: for 1 €4 <1I=-1. Also, we will note
ltn = !n¢l - B
l Theorem 2.1
* As s ume
: 2.1) k" < A mint", 0"}, for anl n>o,
3
where )\ is a positive constant. Then, there exists three constants «,y and '
: which depend only on cn'to and )\  such that:
i) The discrete problem (Ph\ admits a unigue solution u = (u?‘ provided
k" < & for all n > 0.
11)  The following estimate holds
n 2 _ 8]
. LT Yt (TR t vel v vy
BN < e 12+ va™ (T ™ - ') .
h h h
V=0
for all n > 0.
Femark: Because of assumption (2.1), the condition K" < X 1S automatically satisfied
n
for h small enough.
Proof: For simplicity, we will omit the subscript h in the expression of the discrete

"
norm |-

e

First, we write two inequalities which will be useful later.

(1.5) imply
+
N lhr"l - hnl < cknnin(hn.h" l), with ¢ -2c-0
Hypotheses (1.4), (1.10) and (2.1) imply
+
2.49) Ix?'l - x:' < c'min(n",n" l), for all i
with ¢' = ¢

o\.

Note that a condition similar to (2.3) has been used by Lesaint and Raviart

ald=

Hypotheses (1.4) and

L
0

(91.




n+l n n nel
U )

Now, we multiply (1.6) by (h u + } and  sum tor 1 1 e I We  ge
2. 5) - ¢
2. Al 'A.‘ 0A‘ »\‘ +» With
1= n+l nel nn n+l n n n+l
K, ®»32° } u = hu)ih u + hu 5
1 . X 1
=1
1 il ne+l n n n+l n+l n n nel
A, =~ Y (x X ) (u +u ) (h n, *hu K
2 - U i+l i¢l iel 1+l i
i=1l
1 : nel n n nel n+el n n n+l
+ ) : - ) (u + ) (h u, + hu |
a > i-1 -1 i-1 i=1 1
1=l
foitt walh n o |
. + \ +
X ) |4 l“ (R T l‘ (hmlun » KPPy
iry | h h
1 unvl n+l nel nel
- +
-x" S‘ ul“.l 1 ] — i=1 n‘mlun + B0 1, y
i=1 h h . >
n . n n+l ol =non+dl n n nel
Ay =k ¢ nT ) £ el e e

We will consider separately each of the terms Al

Estimation of Al: We have

WAl e TRE L2 B 43
A, = 2h h [Y(u_ )'-S(u)')o
1 % 1 o 1
i=} i=1
Because of (2.1), we have
[(hml)’ " (hn,-[ lhml
2.0)
< ok"m" + A" Hmin(n"n
Hence, by Cauchy's inequality:
o D TAY n
All.hh (1 =ck')(2

- am™Ma «aMa

' A.‘. A} and A.‘ .

I-1

:“hnﬁl‘- T lh“‘.) i\ n n+l
i=1
N, B0 n+l
= R Ik &K )
n+l, < .‘c\\"h"h“”
+ 2
SR U1 N

- Dligli

Estimation of A : Shifting the index 1 in the second summation of the expres-

2

sion of Ag and taking account of the boundary conditions (1.8), we get:

-Ke




Hence, we can write

I-1
n+l B .0 n+l Ll N n+l
Aw -2 =« RIA AN ) 'Z (o, 0 Mg, 4 a0
i=1
Lot ny s O LB SR Pth | e
4 g3 BT TEE e T ey i
-2 o™ Y Iil P ol o T i T o SRR
4 i=1 i i i i i+l i+l

Applying (2.6) and the inequality
n+ n;| n+ n n n+
[n } . h llxi % - xi[ < cc'th h : ’

which follows from (2.3) and (2.4), we get

-1
1 n+l n n+l n n+l
2.8) Il =% ck™h"h [2 121 LS el APRE o B
1-1 -1
+1 +1 n +1 +1
tor § lug, ¢ wialley -l + e 121 lug + i iy -

i=1
Apply the inequality

4
(a1 +ta)la; +a,) < 1 (a

2
o

for all real numbers .j'

1-1
to1 * Bin1

i=1

-6-
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sid the same timate | valid for the two other sums in the right hand si1de membo:r

fen
2 3. 9) X e ."‘k”)\,“h'”!‘] T, _‘.u‘.‘ > ntlyd,
- ~h 41
Estimation of A,
n nel
u u
n 1
et \‘ & ot -“--'—i. Then,
n h
n 0 nel it n n N n
A, ==K hh Y (v —v)-(v“- M) -
3 i+l 3 ! i=-1 1
1=1
NN Nt i n n 2
khh Jir ol -v) -
. 1 i
1=0
+ 2
i n n n+l ek (uvol = "";: o
“ X'h'h P ARk ]
1=0 t h h J
Hence,
Y
2.10) a2 MW e - il e MUY,
X X X
. (n) . : (n) n
where B denotes the forward difference quotient at the time step n, 1i.e. (x 4,
1s the vector with components (u'.:’l - u?)"hn.
Estimation of A‘: We have
IA boe knmn & h“'l)(l .3 l)(hn’]x, nll i h“”‘nOI.",‘w;!\x
7L 1.\1}“ | lh s
But, (2.3) implies
+ +1
PR AR P AP L PRPN TS
Heunce
n n n+l n nel Ny
Ia | < @+ k"IN = v allagll T IDHET
Finally
E b i 1 .n n n+l nyd nelpd L pip?d
2.11) Al £ 3 %@ + ox )Yt il b S0 Ol « g™ S e 2l 25
! s S n,_n+l
Taking (2.7), (2.9), (2.10) and (2.11) into (2.5) and dividing by 2h'h (1 - 1),
we qget:
A A S A

ST Y




nn, ) ntlpe 1 .nysln) n ((n+l) n+dl 2
2.132) (1 - ak 1y i + X 1|0 u + O | S
. *n 2 x h X .
nye nng-npd
< (1 +axM NN+ 8% e with
o )
n 1 1 n
1 c ¥ 3 il + ') » 4 2 BAEY
8"« 2 2+ ™
2
n A , n X
Assume that the time increments Kk are uniformly bounded; for example, assume k - .

n n 1
Then, we can replace a and @ in (2.12) by two constants a = = (4c + cc' + 1) and

Let y > 2a, for example y = 3x. Then, there exists a constant ¥ > 0 which

depends on a and y such that

=-Yy/2
> Y

1~ay?> poloder O R YK,

Let « = mini2,x}. Then, for k" < x, we have

n+l n
+1,2 (t -t 2 5z 2
ey 17 e’ O T it N R

/2
with y' = ge'"/*°

The estimate (2.2) follows by mathematical induction. The constants a,H,y,x and

Y depend on ¢ and c', i.e. on c_,1 and \. The estimate (2.2) implies the

Lo S
uniqueness and therefore the existence of the solution ‘$ of the system of linear

algebraic equations (1.6), (1.7), (1.8). Therefore, the Theorem 2.1 is proved.

-8~




ROR ¢ MATE AN NVERGENCE
let T be the final time at which we want to stop the computations and let R
be the rresponding domain in the (x,t)-plane, i.e. R L ix, t); al(t) X %),
: = 4 3
t ¥« Tor any function ¥ ¢ € (X)), let
- { ‘-
v < Max Sug D e{x.t)| .
m,~,R
)| =m (x,t)eR
where D denotes an arbitrary derivative of order m with respect to x and ¢t,
m < 4.
. n n, -
let h = Max {(h'}! and k = Max tk }, where the maximum is taken for all n >
the tn‘._r
such that t" < T. The squares of h and k will be denoted by h® and k°
] . n | -
respectively; they should not be confused with the values of h and Kk for n = 2

which are needed nowhere in the paper.
Let L, Dbe the discrete operator defined in (1.9) i.e. such that

Batmd + 2™,

where (M u‘\.\n 1s the left hand side member of (1.6).
hhi

Lemma 3.1 (Truncation error)

n+l

n
Let the assumptions be the same as in Theorem 2.1. Let P and P1 be two mesh-
R~ e R o B N

points, 1 < i < I -1, such that the straight segment which joins them is contained

in R. Then

i n n+1/2 2 2
!(H\H. S i | < ¢, (x® + x°) Max |e]
i i - % m,«,R,
2<m<4
. 4 arl/a
for all functions ¢ € C (k), where (b‘)i 4 is the value of I¥ at the mid-point
n+l/2 1 n n+ . :
Px e (P.1 + Pi l) and C1 is a constant which depends on ¢, and )
2 " 6" "0 S
" n+l n n : 2 n+l1,/2
Proof: Let xi - xi - di' Then, by a Taylor expansion at the point l‘1 '
we get




WP T

2 n+l/2
n B, n n+l, (oy¥ Iy
3 " = s
2) (th)i kdn =h )(at ax? i ;

,2, n+1/2 o 52, A*L/2 ; 329y 1*1/2 :
11 '9xat’ i L

@
fo
~—
-
@
(a3

i
a%'ﬁuz a%fnuz
ox 4 at™ i

+ terms of order 4, with

IR TR R R..2 n, 2 n+l,2
a, 3 (h h )((di) + thid = & thic sy,
o Rl L e ne N
all > (h h )dik .
Bz 'O

1 +
ay, =35 (0" +n" L mmP? = aPm™ & s h? - (d:)z)d: o T nhalk"

2
321 - %; [%(hn 5 hn+1)(d:)2 = % (hn+1 = hn)2(hn % hn+1) X (hn+1 5 hn)kn] ¢
o
agy = 35 @+ n™ o

Apply the inequalities

1

3.3) T L B S Tl i

N =

1

3.4) jal] 2 eX" 2z erm® 0™,

N =

which follow from (2.3), (1.5) and (2.1). Then, each of the coefficients of (3.2)
satisfies

laggl < ™™ + n™h (m? + w0?)

where C' is a positive constant which depends on c¢,c' and co, for 0<a <3,

0<B <3, a+B =2 or 3. The coefficients of the terms of order 4 are of degree 4 in

n n+1

B, R and kn and satisfy the same estimate (for which (2.3) is not even needed).

Hence, after dividing (3.2) by kn(hn + hn+1), we get (3.1) and the lemma is proved.

i "2 + hn+1P:+l)/ ®" + 1™y s more

complicated and does not give a better estimate for the truncation error.

Remark: A Taylor expansion at the point P

AT I Sy AT T

5
.
2
1:
1:
s
i
g




W
t e \WMe assumptions as an Lemma 3,1, we have
n nels/2, 2
I t | « C.k" Max |f] $23
i \ 3 m, >, R
m=1,
2 g n
't all functions f e O (R), where f 15 the weighted average of t detined in
i { 2 AHE NRATEES AVe. '} - il
nel o2 nel/2 . {
(A ' o ) and C  is a constant which depends on e, and R
) \ . : " . LR L. ( - (
Proo We have

n n n nel ne n n+l
£, = thfip,)) + h f£(p l\\ th + h )
\ 1 \
¢ . r no.n
et D f denote the derivative of f along the vector ¢ = \\1‘,\ ), with
n nel n Q
i X = X, and let DI f Qenote the corresponding second order derivative.,
1 \ \ £
- n+l/2
A Taylor expansion at the point S“ gives
nel n
n nelo2 158 1 - h n+1/2 B
-t ; *2 o nel l“'\ *e D f(PY) ,
1 2 ¢ A
¥ h ot h a
n.nel

where  P* is located on the straiaht seqgment (l"‘l‘i ¥4
But, taking account of (1,4), we have

n 3f n af

) - + K =] < (1 + c )kif 5 ¥
Iogel = lay 55 U L L R
P 2 2
ngfI < Ak *e,0"% lf].".‘_'k, 5
Hence, after using (3. 1), we qet
n n+l/2 ) 2 1 2 5.1
- ¢ < = + e K ! g L e B B '
H\ 1 I - a Q “‘l."‘,k‘ a U Q Kl l.‘.-“.R
which ends the proof of the lemma, with
S e g A T A o=/t
€y 4 ( € 8 ( € and e/t

Theorem 3.1

let Hmu,\‘;zsi\mt fons

as in Theorem 2.1, Assume that cach .-n”l_,\h_x_luhn_ggm‘_nl

ntl
(l‘“l‘".l‘ ig contained in R for 1 <« i < 1 =1 and ¢t < T Iet u and W, bhe
£°4 AR R s - e LA A

4
the solutions of problems (M and (l‘h) tespectively and assume v e O . 1"!\@_9,

_l]-




n

[ SR 2 n

L ‘M + k) Max  u o: for 0 <t
w, R

1l n ﬂ‘v T 'n
i.6 U = njl, <Cvt" e
) " h''h =

2<m<4

s

where C 15 a constant which depends on \0,\’0 and

+n +1/2 n+1/2
Proof: lLet e = u-~ u. we have (1 u})‘,1 = P Papa) R /2 | ¢ /‘. Hence
Al h ) hh'i i i 1

(@ L fn+1/.‘) pEN

n+1/2) =y
i i i i

e S n o
hth)l (!..h\))i i th“’i (Lu)
Applying lemmas 3.1 and 3.2 and the inequality

<2 Ma ' ¢ = ] d 2

(which follows from (1.1)), we get

2 2
”an < Max ’(n < C,(h® + k%) Max |ul ¢
b= 1£i<1-1 1’ ok, 2<m<4 m, =, R

with C_ = ¢+ 2C . Then, we apply Theorem 2.1 to the function e, and we get

|lenl|2 < Y'tnevtn Max “cvnz
AL T ; h''h'
0=v<n-1

from which the estimate (3.6) of the theorem follows at once.

Remark 3.1

n _n+l

The condition that all straight segments (Pipi ) must be contained in R, for

1 €5<I=) and tn*l < T, is satisfied even if the boundary of R admits

+
re-entrant corners provided K" < (hn + " 1)/co.
Remark 3.2: Uniform convergence and approximation of the derivative.

We have

1-1
4SS |e;‘|2)l/2 = T lepll, = 0th¥?), (since k<o),

Max Ie‘
1<i<I-1 i=1

which implies uniform convergence of % to u. Moreover

W=t ae] - e
b el Lovom!?) - 2 oM s o),
A" Wt x i

which implies the uniform convergence of 5xuh to

e N o —————




catl s inias o

These results are not optimal: the numerical experiments of [1] have shown

. . 3
quadratic uniform convergence of u, and second order approximation of 35 (P?) by

n 1 l.n n n n n
B —— - - - -2 +
(Duh)i hn [ 2(ui*2 ui) (ui+2 ui+1 ui)]

This approximation of %& was used to compute the free boundary of the Stefan problem
with second order accuracy.

Remark 3.3

The foregoing results can easily be extended to the partial differential operator

du ) Ju
Lu = ol = (alx, t) Qx)

where a(x,t) is a given function of x and ¢t.

-13-




4)  COMMENTS

Since the publication of [1], other schemes have been proposed for the numerical
solution of the heat equation on a variable mesh.

The scheme of Mori [12] (13]) is very closely related to the scheme of [1]; both

schemes relate the values of the approximation uh at the six mesh-points

n
i-1’

n + +
is1’ p" 1 pq'l and " 1; but, the coefficients of the equations are

P '
i-1 i i+l

A
1

different (compare equation (29) of [1]) with equation (3.3) of [13) with 6 = 1/2);

both schemes reduce to the Crank-Nicolson scheme in the particular case of a rectan-

gular mesh. The scheme of Mori is derived from the application of the generalized

Galerkin method using time-dependent basis functions as in Mignot [11), whereas our

scheme is derived from trapezoidal finite elements in space and time. Mori proves
the stability and the convergence of his scheme in the maximum norm under a severe
condition of the form k < C(hn)z. where C 1is a certain constant, C < 1; under
this condition, the scheme is of positive type and the maximum principle is valid;

the proof is completed for the Stefan problem, including the computation of the free

boundary, in the case of one phase [13] and in the case of two phases [14]. Let us
remark that the same analysis can be applied to our scheme, since it is also of positive
type under the same condition as above, just like the Crank-Nicolson scheme. However,
this condition is too severe and is not satisfied in practical computations.

Another closely related scheme has been proposed and experimented by Miller,

Morton and Baines [10]. This scheme is derived from the Galerkin method with time-
dependent basis functions vi(x,t), just like the scheme of Mori; but, at each time

step, the test functions, say wi' are different from the basis functions ¢ and

i
n+l n 1

n+
independent of the time; more precisely, wi(x,t) =¢, (x,t Y, for ¢ <t <t .

i

An integration with respect to both variables x and t is performed in the strip

t" < L tn*l. as in [1]. No mathematical analysis of the method has been given,
A general class of numerical methods using finite elements of arbitrary shape

in space and time has been proposed by the author [5] [6]. These methods differ from

the previous ones by the property that the approximations admit a discontinuity with




n

respect to t  at each time ¢ t . Unconditional stability and convergence are
proved for general parabolic equations of order 2, in one ar several space-
mensions.  Applications of this method have been made with curved trapezoidal finite

clements for the Stefan problem in one space-dimension (Bonnerot and Jamet [3]).
However, since numerical quadrature formulae have been used to compute the integrals
involved in the method, the mathematical results of [6] which assume exact integration
Ao not apply. The numerical results show that the method is third order accurate. The
same method has also been applied to multi-phase Stephan problems with appearing and
disappearing phases [4]; in this case, curved triangles are used at the points which
cotrespond to the appearance or disappearance of one of the phases.

Other methods based on straight trapezoidal finite elements in space and time
have been studied by lLesaint and Raviart [9] and Lesaint (8]. The principle of these
methods 18 to write the heat equation as a system of two differential equations of the

first order:

% !
4.1)
%%-v-o

In [9), collocation methods are proposed for the numerical solution of (4.1); the
stability and convergence of these methods are proved under the too stringent condition
that the domain should be expanding, i.e. s‘(t) should be a non-increasing function
and sztt) should be a non-decreasing function, which excludes the application to the
multi-phase Stefan problem.

The methods studied in [8) are based on an integration in the whole strip
t" e < t“‘1 as in (1), [5), (6], [10]. The functions u and v are approximated
by functions w and b It is possible to choose . auh/ax; then, the corres-
ponding methods are analogous to the methods of (1] or [5) according to whether the
function uy is continuous or discontinuous across the lines t = . But, it is

also possible to choose v, different from auh/ax. which yields methods which are

h




more general than the previous ones; in particular, the approximation W, May admyt

discontinuities with respect to x. Stability and convergence proofs are given,
assuming exact computation of the integrals. These results do not apply to the method
of (1] studied in the present paper, since this method was obtained by using the
trapezoidal rule for the computation of the integrals.

Finally, let us mention that the method of [1] has been extended to the two-
dimensional Stefan problem (2], to systems of non-linear hyperbolic equations with

application to fluid dynamics (7] and to problems of heat diffusion with convection

(15].
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